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Introduction

Nevanlinna theory is a branch of complex analysis that deals with the study of meromor-
phic functions. It was introduced by a Finnish mathematician Rolf Nevanlinna in the early
20th century [21].

This theory has applications in many areas of mathematics, including algebraic geom-
etry, number theory, and differential equations.

The main focus of Nevanlinna theory is on the distribution of values of meromorphic
functions.

It provides a way to measure their growth, using the Nevanlinna characteristic function.
And that’s the reason why, this theory has became an important tool in the study of differ-
ential equations.

Wittich was the first one who made a systematic study in the application of Nevanlinna
theory into complex differential equations in [26]. Since that, many problems has been
studied and solved by several mathematicians.

Several researchers have studied the properties of solutions of linear differential equa-
tions of the second order or of higher order with entire or meromorphic functions by giv-
ing information on the hyper order, iterated order and the [p, g]-order of the solutions of
these equations (see [2], [15], [16],[18], [22]....etc).

In recent years, some scientists have been interested in determining the properties of the
solution of equations whose coefficients are entire or meromorphic functions in the com-
plex plane (see [5],[20], [24]...etc)

As far as we know, in [6] Chyzhykov, Heittokangas and Réttyd introduced the concept of
order -order in order to study the growth of solutions of linear differential equations in

the complex plane.

Inspired by these works, in this thesis, we have studied some properties of solutions to
certain differential equations of complex variable function coefficients.

This work is composed of an introduction, and three chapters.

In the first chapter, we introduce the elementary definitions of the Nevanlinna theory,
and some other notations that we will need in the next chapters.

In order to demonstrate the results mentioned in the third chapter, besides some proved



Introduction

lemmas, we needed to demonstrate some auxiliary lemmas, that are mentioned in the
second chapter.

The last chapter is devoted to the results obtained in the article [23], where we have stud-
ied the growth and oscillation of solutions to the homogeneous differential equation

Ar@) P+ A @ fR V4 1 AL (2) f + Ao (2) £ =0, o))

where Aj(z) (j=0,1,---, k) with Ai(z) # 0 are meromorphic functions with finite [p, g] — ¢
order.

Under some conditions, we have proved that every non-transcendental meromorphic
solution f # 0 of (1) is a polynomial with deg f < s— 1 and every transcendental mero-

morphic solution f of (1) with A, 4 (%,(p) <min{o, up,q (f, @)} satisfies

Pip.al (> @) = Up,q1(f,9) = +00,0 < p(p+1,q1 (f, @) < P(p,q1 (As, ).

As a result, under the same hypothesis we have obtained that if v is a transcendental
meromorphic function that satisfies a certain condition then, every transcendental mero-

morphic solution f of equation (1) with Ay, 4 (%, cp) < Up,q (f, @) satisfies

0= Ape1,q1(F =W, @) = Aps1,q(f — W, @)
=P1p+1,q1(f =W, @) =p1p+1,q1(f, P) < Pip,q1 (As, ).

In the second part of this chapter, we have studied the growth of solutions to the non-
homogeneous differential equation

Ar(@ fP 1A @ fF V4 1A (2) f + Ao (2) f=F(2), @)

where Aj(z) (j=0,1,---, k) with F(z) # 0 are meromorphic functions with finite [p, g] — ¢
order.

Under some conditions, we have obtained that every non-transcendental meromor-
phic solution f # 0 of (2) is a polynomial with deg f < s—1 and every transcendental

meromorphic solution f of (2) with Ay, 4 (%, (p) <min{o, up,q (f, )} satisfies

X (@) = At (@) = P1p,q1 (> 9) = Wip,q1 (fr @) = +00

and
0 = Ap+1,q1 ([ P) =Aps1,q1 (@) =Pp+1,q1 (> @) < Pp,g1 (As, ).

As a result, under the same hypothesis we have obtained that if v is a transcendental
meromorphic function that satisfies a certain condition then, every transcendental mero-

morphic solution f of equation (2) with Ay, 4 (%, cp) < Up,q (f, @) satisfies
0= Ape1,q1(F =W, @) = Aps1,q (f — W, @)
=Pip+1,q1 (f =W, ) = P1p+1,01(f, P) < P1p,q1 (As, ).

These results can be considered as a generalization of some previous results.
We conclude this work with a conclusion and some perspectives.



Chapter 1

Nevanlinna theory

In this chapter we introduce some necessary and elementary definitions, notations and
results that we will need later in the next two chapters.

1 Poisson-Jensen and Jensen formula

Theorem 1.1 (Poisson-Jensen formula [7],[9]) Let f be a meromorphic function such that
f(0) #0,00 and let a, ay,...(resp. b1, b,...) denote its zeros (resp. poles), each taken into
account according to its multiplicity. If z=re'® and 0 < r <R < oo, then

1 2m itp Rz_rz
l = — l R d
oglf(2)| ano ogl|f(Re™)| R2 — 27 cos(0 — ) + 12 ¢
R(z—a R(z—b
b log|RETA Ly g M (L.1)
a<r | RS @21 50 - biz

Theorem 1.2 (Jensen formula[17)) Let f be a meromorphic function such that f(0) #0,00
and let ay,ap,...(resp. by, by,...) denote its zeros (resp. poles), each taken into account
acording to its multiplicity. Then, we have

1 27 .
10g|f(0)|=—f log‘f(re“")‘d(p+ Z 10g( ) Z log( ) (1.2)
21 Jo | ]| laj|<r | ]|
Proof. Proving formula (1.2) when f has no zeros or poles on |z| = . Let
r’-a;z r2-Dbrz)
g(2):=f(2) (—’ ) (— , (1.3)
MEIQ r(z—aj) |blk|_[<r r(z—by)

then g #0,00 in |z| < r and log|g(z)| is a harmonic function. By the mean property of
classical harmonic functions, we have

1 27 i
loglg(0)|:—f log g(re“")‘dcp. (1.4)
21 Jo
Since
r r\7!
ig@I=1fO1 ] || II (b—) ) (1.5)
laj|<r |aj| [bgl<r | b
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we obtain
r r
loglg(0)] =log | fO) + Y. log(—)— 3 log(b—). 1.6)
|a]-|<r |a]| Ibk|<r | kl
For z = re'®, we have o
r’-ajz| |r’-biz|
riz—ay)| |rz=bp)|
for all a;, by. Then
log’g(rei‘p)) = log‘f(re“")‘ . (1.7)

Substituting (1.6) and (1.7) in (1.4), we obtain

1 27 .
loglf(O)+ ) log(L)— Y log(L):gf0 log’f(re”p)’d(p,

ag<r  \ail) ipger bk

hence, the formula of Jensen. m

2 Nevanlinna characteristic function

Definition 1.1 (Integrated counting function [17]) a € C is given. Let f be a meromorphic
function such that f # a.

Then n(r, a, f) denotes the number of roots of the equation f(z) —a=0 in the disc {z: |z| <
r}, each root according to its multiplicity.

Similarlyn(r, a, f) counts the number of distinct roots of f(z) —a =0 in the disc{z:|z| < r}.
And n(r,00, f) denotes the number of poles of f in the disc{z: |z| < r}, each pole according
to its multiplicity.

Similarly n(r,o0, f) counts the number of distinct poles of f in the disc{z:|z| < r},.

Example 1.1 Let f(z) = sin?(z), we have

n(r,O,f):2+4[%] and ﬁ(r,O,f):l+2[%].

Example 1.2 Let f(z) = m?#, we have
n(r,00, f)=4 and n(r,o00,f)=1.

Definition 1.2 (Counting function [9]) Let f be a meromorphic function. For a € C, we
define the a-point function of f by

) ) f’ n(t,a, f)—n(0,a, f)
0

A

N(r,a,f):N( dt+n(,a, f)logr, f#a,

1
r,
f—-a
and

N(I‘,oo,f) :N(I‘,f) ::j; n(t,oo,f) —t n(0,00,f)

Similarly, we define the a-point distinct function of f by

)._frﬁ(trayf)_ﬁ(oya)f)
" Jo

dt+n(0,00, f)logr.

dt+7n(0,a, f)logr, f[#a,

N(r,a, f) :N(r, n

f—a

and

N(r,00, ) =N(r, f) ::f n(t,00, f) = n(o’oo’f)dt+ﬁ(0,oo,f)logr.

0 t
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Example 1.3 Let f(z) = %;Z), we have
n(t,o00, f)=n(0,00,f)=3 and n(t,oo, f)=n(0,00, f)=1,

hence

r _
N(r’f):fo n(t,o0, f) n(o’oo'f)dt+n(O,oo,f)log:3logr

t
and

— f n(t’oo’f)_n(o’oo’f)dt+ﬁ(0,oo,f)log7‘:10g7‘-

N()- [ t

Lemma 1.1 (19],[17]) Let f be a meromorphic function with a-points «1,Q2,...,0, in{z:
|z| < 1} such that 0 < |ay| < |az| < ... <|ay|l <1, and f(0) #0, each counted according to its
multiplicity. Then

f n(t,a,f)dt
0

f’ n(t,a,f)—l’l(O,d,f)dt
t 0

t

y 1og(L). (1.8)

0<|aj|<r |(xj|

Proof. ((9],[17]) Denoting |«;| =rj for j=1,...,n, we obtain

£l

n n
Zlog(i) =nlogr-)_logr;
0<|aj|=r |aj| j=1 Fj

j=
n

= ) j(logrji1—logr;)+n(logr—logry)

n Tj+1 g rn
=) ldt+f —dt
oyt o t

_ f n(t,a,f)dt.
0

t

~
—

| |
Proposition 1.1 ([9],[17]) Let f be a meromorphic function represented by its Laurent ex-
pansion in original point
+00 .
f(z)= Z cjz!, cn#0, meZ.
j=m
Then

1 [2r i 1
10g|cm|:£f0 log‘f(re )‘d(p+N(r,f)—N(r,?).

Definition 1.3 [17] For any real number x = 0, we define
log™ x := max(0,log x).
The following lemma contains some properties of log™ x.
Lemma 1.2 [17] Let x,y,x;, j =1,..., n strictly positive real numbers. Then we have

1. logx<log"x,
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2. logtx<log'y (0O<x<y),
3. logx=log"x-log*l (x>0),
4. |logx|=log" x+log*1 (x>0).

5. logx<logx (x=0),

n n
6. log® (H xj) <) log* xj,
j=1 =1

n n
7. log* (Z xj) <logn+)_ log"x;.
j=1 j=1
Proof. The properties 1, 2 are immediate consequences of the Definition 1.3 and the
monotonicity of the logarithmic function.
Proving 3, 4, 5 et 6. For 3, we have ([1])

1 1
logx* —log* ; max (log x,0) — max (10g;, 0)

max (log x,0) — max (—logx,0)

log x.

The property 4. is obtained as follows ([1])

1 1
logx* +log* — max (log x,0) + max (log -, 0)
x x

max (log x,0) + max (—logx,0)

llog x|.

n n
For the property 5., if [] x; < 1, then the inequality is obvious. Suppose that []x; > 1.
Jj=1 j=1
Hence,

n
log* (ij)
j=1

Il 1
M= g
S -/
R T
\k =
<
N ——

IA
1=
—_
o
oQ
+
=
~.
o
Q
(@]
o
=
Q.
=
=
aQ
—t+
o
=

Finally, we get the property 6. using properties 2 et 5. In fact

n
log* (ij
=1

< log" (n max x;)
1=j=n

< logn+log*(max x;)
l=<j=<n

n
< logn+) log"x;.
=1
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Lemma 1.3 [9] Forall a € C, we have

1 27 0
log+|a|:§f0 log‘a—e’ do. (1.9)

Definition 1.4 (Proximity function)(19],[17]) Let f be a meromorphic function. For a € C,
we define the proximity function of f by

mUaf%w4r—LJ- 1fhb§¥——l———d¢ f#a
) ) ,f_a . 0 |f( | ) )

T on rei®)—a

and

1 on + i
m(r,00, f) =ml(r, f) := gfo log f(re ‘P)’d(p.

Example 1.4 Let f(z) = M, acC*, meN*. We have

Zm
1 an + i
m(r,f) = gfo log f(re“’)’d(p
1 (27 |exp(lale'®8%rel?)
= — [ ___
2n Jo (reie)

ar mlogr

T 2

Definition 1.5 (Characteristic function)([17]) For a meromorphic function f, we define its
characteristic function as

T(r, ) :==m(r, f) +N(r, f).
Example 1.5 Let f(z) =exp (az"), ae C*, m e N. We have

1 2m
— | log*

m(r, f) ol

Flre) o

2n +
= — lo
21 Jo &

lalr™

. . n .
eXp(ldle’arg“(re“P) )‘d(p (a=lale'®8% —m<arga<m)

L

Since fis an entire function, then

lalr"

T(r, )=m(r, )= .
U
Example 1.6 Let f(z) = %,(;m), meN*. We have

n(t,00, f)=n(0,00, f) =m,

then
N(r, f) =mlogr.

According to Example 1.4 we have

1
m(r, f)=r1— m ogr.
2
Hence 1
mlogr
T(r, f) = 2g .
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3 The first main theorem

Theorem 1.3 (First main theorem of Nevanlinna)(19],[17]) Let f be a meromorphic func-
tion with the Laurent expansion

+00 X
f(@=) cjz!, cn#0, meZ, zeC.

j=m

Then, for all complex number a, we have

1
T(r,f a):T(r,f)—loglcchp(r,a) (1.10)
where
lp(r,a)| <log" |a| +log2.

Proof. Assume first that a = 0. By Proposition 1.1 and Lemma 1.2(3), we obtain

~ 1 2m . i 1 2n . 1 1
loglcm| = gfo log™ | f(re )‘d(p—gfo log mdcp+N(r,f)—N(r,?)
1 1
= mf(r, )—m(r,— + N(r, )—N(r,—)
P=m{ng )+ NP =N{n 5
1
= T(r) )_T(r)_)
D=t n g
hence

1
T(r,f_a):T(r,f)—IOg|Cm| (].11)

with ¢(r,0) = 0. Suppose now, that a #0. We define h(z) = f(z) — a, then
M)l
n—1= T, )
h f—a

1 1
m(r,ﬁ) :m(r,m),
N(r, h) =N(r, ).
Moreover,
log™ |h|
log™ | fl

Integrating these inequalities we see that

log* |f —al <log" |a| +1og2,
log"|f —a+al=log" |h+a| <log® |h|+log" |a| +log2,

m(r,h) < m(r, f)+log" |al +1og2,
m(r,f) < m(r,h)+log" |al +log2.
we put
@(r,a) :=m(r, h) — m(r, f)
satisfies |@(r, @)| <log™ |al + log2. By applying the formula (1.11) for &, we obtain

T(r,fia)

1
T(r,ﬁ) =T(r, h) —loglcml

m(r, h) + N(r, h) —log|cp|
@(r,a)+ m(r, f) +N(r, f) —loglcml

hence, the result. m
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Theorem 1.4 ( Nevanlinna)([17]) Let f be a meromorphic function not being identically
equal to a constant. Then, for all a € C, we have

1
T(r’f—a) =T(r, /)+0Q1) r— +oo.

The following diagram summarises the properties of the Novanlinna characteristic func-
tion

Proposition 1.2 (17],[9],[17]) Let f, fi, f2,..., fn (n = 1) be meromorphic functions and
a, b, c and d be complex constants such that ad — bc #0. Then

1. T( Z ) Xn: T(r, f) +logn,

S

2. T(r ]_[fk) < ZT(r,fk),
(nf
(&

3. T(r,f™)=mT(r,f) VY meN~,
4. T ) T(r, f)+0(1) as r—+oo f#-<.
Proof.
1. We have
n n
T(r,ij):m(r,Zf] +N r,ij)
j:l j:l j:l
and

-(reie) do

3
—_——
>

M=
=
~————
Il
\

5
=)
oQ

N
[\J
:1
5
.
M=
=)
GQ

(re’e)‘ +logn) do

= Zm(r,fj) +logn.
j=1

n
On the other hand, since the the multiplicity of the pole of ) f; in zy does not exceed the
j=1
sum of the multiplicities of the poles of f;(j =1,...,n) in zo, then

r,ifj)éiN(r,fj).
j=1 j=1
Hence,
T(r,zl:fj) = m(r,ij +N r,zifj)
j= = Jj=

n
< ZT(r,fj) +logn.
j=1



3. THE FIRST MAIN THEOREM

2. We have
n n n
T(r,Hfj):m(r,Hfj +N r,l_[f]-).
j=1 j=1 j=1
Since
n 1 27 n i
m(r[]fi| = = f log* Hfj(rele)
j=1 27 0 j=1

2n n

L ) log*
=1

N

21 Jo

do

fi(re™)| ao

n
and the fact that the multiplicity of the pole of [] f; in zp does not exceed the sum of the

j=1
multiplicities of the poles of f;(j =1,..., n) in 2, gives

N(r, fj) < YN ).
=1 j=1

J

Asa consequence
n n
T (r, Hfj) < Y T, f)).
j=1 j=1

3. We have | f| < 1is equivalent to | f|" < 1.
a)If |f| <1, then

1 en + 10
m(r, f*) = ﬂfo log™ [f"(re' )‘dG:O

and
N(r, f™) =nN(, f).

Hence
T(r, f™") = nT(r, f).

b)If |f]|>1, then

1 21 X
m(r, f" = — f log* f”(re’e)) do
21 Jo
= nm(r, f),
and
N(r, f™) = nN(r, f).
Therefore,
T(r, f™")=nT(r, f).
4.letg= %, with ad — cb #0 then we have
b—gd
d= b = .
gef+gd=af+b o f gc—a

10
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Therefore, it is sufficient to show prove that T(r,g) < T(r, f) + O (1) . We distinguish two
cases. Case 1. If c =0, then

Trg = T (r, afd+ b)

< T (T, g) +T(r )+T (r,g) +log2

T(r, f)+0().

Case 2. If ¢ #0, then

Thg = T af+b)

heftd
%(cf+d)—“—cd+b)

= Tlr,
: cf+d

T a+cb—ad 1
= r,— .
c ¢ f+d

C
cb—ad 1

c? f+%

VAN
—

r

)+O(1)

N
=~

r,%)+0(1)
f+s

c

N

T r,f+g)+0(1)

N

T(r, /)+0().
|

Theorem 1.5 ([17]) A meromorphic function f is rational if and only if T(r, f) =0(ogr).

4 The growth of an entire or meromorphic function

4.1 Order of growth

Definition 1.6 ([9],[17]) Let f be a meromorphic function. The order of growth of f is de-
fined by

. logT(r, f)
=1 —_—
o(f) lﬂfgop logr

and if f is an entire function, then

1 T s l l M :
o(f) =limsup 2EL L) _jipy gy 10BL0BMIL /)
r—+oco  logr oo log r

Proposition 1.3 (17],[9],[17]) Let f, g be non-constant meromorphic functions. Then
L p(f +&) < max{p(f),p(g)} -
2. p(fg) <max{p(f),p(g)}.
3. Ifp(g) = p(f) thenp(f +8) =p(fg) =p(f).

11



4. THE GROWTH OF AN ENTIRE OR MEROMORPHIC FUNCTION

Example 1.7 Let f(z) = cosh(z), we have

er
M(r, f) =coshr ~ PX r — oo.

Hence

. loglogM(r, f)
:1 —_— = 1
P(f) lrn—l»igop logr

4.2 Hyper-order of function

Definition 1.7 ([16],[17]) Let f be a meromorphic function. The hyper-order of f is defined

by
1 loglogT(ry f)
=1 5 o 7
p2(f) imsup o7
and if f is entire, then
loglogT(r, logloglogM(r,
pz(f):hmsupwzhm up ogloglogM(r f).
r—-+00 logr 100 logr

Remark 1.1 Ifp(f) < +oo, thenpa(f) =0.

4.3 p-Iterated-order of function

In order to generalize some results on the properties of solutions of certain differential
equations, we need to define the p-iterated order of a meromorphic or entire function,
but first we need to define the following expressions on the exponential and its reciprocal
function.

For all r € R, we define exp, r := e’ and exp,,, 1 := exp(exp, ), p € N. And for all r €
(0, +o0) sufficiently large log, r :=logr and log,, ., r :=log(log,, 1), p € N.

Proposition 1.4 ([4]) Let x; e R such that x; >1 andi=1,...,n, we have

n n
1. log, (Z xl-) < Zlogp x; +0(1),

i=1 i=1
n n
2. log, (H x,') < Zlogp x; +0(1),
i=1 i=1
Proof. In order to prove the proposition, we use the mathematical induction.

n n
1. For p =1, we have log (Z xi| <) logx; +0().
i=1 i=1

n n
Suppose that log,, (Z x,-) < ) log, x; +O(1) is verified, and proving it For the p + 1 order.

i=1 i=1
n
log (logp (Z xl-))
i=1

log (Z logp Xx; + O(l))

i=1

We have

n
l0gp+l (Z xi)
i=1

IA

IA

n
> log,.; xi +O(1).
i=1

12



5. THE [PQ]-ORDER, LOWER [BQ]-ORDER AND [BQ]-CONVERGENCE EXPONENT OF
AN ENTIRE OR MEROMORPHIC FUNCTION

n n
2. For p=1, we have log(l_[ x,-) < Zlogxi +0().
i=1 i=1

n n
Suppose that log,, (H x,—) < Z log,, x; + O(1) is verified, and proving it For the p + 1 order.
1 i=1

i=

We have
n n
logp+1(Hxi) = log(logp(nxi)
i=1 i=1
n
< 10g(210gpx,-+0(1)
i-1
n
< ) log,,; x;+0Q).
i=1
m

Definition 1.8 ([15],[17]) Let f be a meromorphic function. The p-iterated-order of f is
defined by

log, T(r, f)
—1i _°op
Pp(f) imsup — =7
and if f is entire, then
log, T(r, f) log, ., M(r, f)
=i oy 0
Pp (/) lgiip logr lrn—l»ig)p logr

5 The [p,q]-order, Lower [p,q]-order and [p,q]-convergence
exponent of an entire or meromorphic function

5.1 The [p,q]-order
Definition 1.9 ([14],[18]) Let f be a meromorphic function. The [p,q]-order of f is defined
by

log, T(r, f)
=i op -
Pip,q () :=limsup log, 7

and if f is entire, then

log, T(r, f) log, ., M(r, f)
—1i 2P T Py 7
Pip.a () 1:222? logq r II‘IE-?—EOP logq r

23
Example 1.8 Let f (z) = ¢, we have pr2 () =3.

5.2 The Lower [p,q]-order
Definition 1.10 [27] Let f be a meromorphic function. The lower [p,q]-order of f is defined

by
~ log,T(r, /)
Hip.a ()= liminf —=——
q
and if f is entire, then
log, T(r, f) log,., M(r, f)
Hip,q(f) —liminf—2—"" = liminf—2"L """
r—+oo  log,r r—+o0o log, r

13



5. THE [PQ]-ORDER, LOWER [BQ]-ORDER AND [BQ]-CONVERGENCE EXPONENT OF
AN ENTIRE OR MEROMORPHIC FUNCTION

Remark 1.2 For p = q =1 in Definition 1.10, we obtain the definition of lower order of f .
For p=2,q=1 in Definition 1.10, we obtain the definition of lower hyper order of f .

5.3 The [p,q]-convergence exponent

Definition 1.11 ([18],[19]) Let f be a meromorphic function. The [p,q]-convergence expo-
nent of the sequence of a-points of f is defined by

A (f ) A (f ) li logpN (I‘, fla)
—a)= ,a):=1msup ————.
[p,q] [p,q] s 1 gqr

Ifa=0, then the [p,q]-convergence exponent of the zero-sequence of f is defined by

_ 1ogpN(r,%)
Aip,q(f) :==limsup ————.

F—+00 logq r

If a= o0, then the [p,q]-convergence exponent of the pole-sequence of f is defined by

1 logpN(r, 1)
A —|=limsup ———.
p.4] (f) r—>+oop logq r

Similarly, the [p,q]-convergence exponent of the distinct zero-sequence of f is defined by

_ . logpN(r, %)
)\[p,q] (f) :==limsup ————=

r—+oo  log,r

)

and the [p,q]-convergence exponent of the distinct pole-sequence of f is defined by

_ 1 logpN(r, 1)
A —|=limsup ———.
[p.q] (f) r_,+oop log, r

Remark 1.3 For p=q =1 in Definition 1.11, we obtain the definition of convergence expo-
nentof f.
For p=2,q =1 in Definition 1.11, we obtain the definition of hyper convergence exponent

of f.

For q =1 in Definition 1.11, we obtain the definition of p-iterative convergence exponent of

f.

5.4 [p,q]l—y orderand [p, g] — ¢ lower order of meromorphic functions
and entire functions

Definition 1.12 (/24])Let ¢ : [0, +o0) — (0, +00) be a non-decreasing unbounded function,
and p, q be positive integers satisfying p > q > 1. Then, the [p, q]l — ¢ order and [p, q] — ¢
lower order of meromorphic function f are respectively defined by

log T(r)f)
@) =limsu p—’
Pip.a (fr @) ,_,+oop log, ¢(r)

o long(r! f)
Hipa (o) =liminf 0y

14



5. THE [PQ]-ORDER, LOWER [BQ]-ORDER AND [BQ]-CONVERGENCE EXPONENT OF
AN ENTIRE OR MEROMORPHIC FUNCTION

Definition 1.13 (/24]) Let f be a meromorphic function. Then, the [p, q] — ¢ exponent of
convergence of zero-sequence (distinct zero-sequence) of f is defined by

1

logpﬂ(r»f)
@) =1i -
Mpar (£ 0) =lim s )

_ logpﬁ(r,%)
R (10) =timsup =

Remark 1.4 (/24]) If (r) = r in the Definitions 1.12 and 1.13 then we will get the standard
definitions of the [p, q]— order and [p, q]— exponent of convergence.

Remark 1.5 (/24]) Throughout this manuscript, we assume that ¢ : [0, +oo0) — (0,+00) is
non-decreasing unbounded function and always satisfies the following two conditions:

log,. .7
1. lim ol .
r—>+oo]0gq(p(r)
logq(p((xlr)
2. ——— =1 for somea; > 1.

lim
r—-+o00o logq (p(r)
By using Remark 1.5, we are able to obtain the following proposition.

Proposition 1.5 (/5]) Assume that @ satisfies conditions 1 —2 of Remark 1.5.
1. If f is a meromorphic function, then

lOg n r’l log N r,l
)\[P"I] (f’ (P) :HmsupM — limsupM,
r—+4o00 logq(p(r) F—+00 logq(p(r)

_ logpﬁ(r,%) logpN(r,%)
Aip,q1 (f> @) =limsup——————= =limsup————
r—+oo 108, @(r) r—+co log, (1)

2. 1. If f is an entire function, then

log, T(r, f log,.  M(r, f
Pip.q (f, (P) = 1imsup¢ — 1imsupL()
r—+o00 logq(p(r) 4o logq(p(r)

log,T(r,f)  log, M(r,[)

@) =liminf—?—""" _liminf
Mip.q1 (f,¢) =limini log, ¢(r) S log, (1)

Example 1.9 Let ¢(r)=log, r, and f(z) = e . For p=4, and q =1 we have

1 M(r,
limsup—0g4+1 (r.f)
r—+o0  log@(r)
logs e®

P11 (f, @)

li —
lrn—l»igop loglog, r

= 1.
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6. RESULTS FROM FUNCTION THEORY

6 Results from function theory

6.1 Hadamard factorization theorem

Definition 1.14 (Canonical product)(171,(17]) Let f be a transcendental meromorphic func-
tion such that zy, 2, ... denotes its zeros with 0 < |z| < |zp| < .... Let p be the smallest integer

+00
such that the series ) W converges. We call
n=112n
E(u) 0) = (1 - u))
u? uP
E(u,p) = (l—u)exp(u+7+...+? p=12,...

principal factors. the infinite product

+00 z
P(z) = HE(—,p)

n=1 <n

converges uniformly in each bounded domain in C andP(z) is called the canonical product
of f formed by the zeros of f. The integer p is called the genus of the canonical product.

Theorem 1.6 ([7],[17]) Let f bea meromorphic function of a finite orderp(f) and let ay, ay, . ..
and by, by, ... the zeros and the poles of f in C\ 0, respectively. Suppose that f can be repre-
sented as

f(2) = ck2® + cre1 2" + ..., (Ck #£0),

in the neighborhood of z=0. Then

0 P1(2)

.k
J@=2 ey @

such that Q(z) is a polynomial with degree less or equal to p(f) and Py (z) and P,(z) are the
canonical products of f formed by its zeros and poles of f .

7 Some elements of Wiman-Valiron theory

Definition 1.15 ([10],[25],[26]) Let f(z) = Z anz" be an entire function. We define the
n=0
maximal term of f by

u(r, f) =max|a,|r"
n=0
and we define the central index of f by
vr(f) =max{m: u(r, f) = lam|r"}.

Example 1.10 LetP(2) = a,z" + an_12"!

+...+ ay. For sufficiently large r, we have
u(r, f)=max|anlr" =la,|r"
n=0

Hence

v, (f)=n.
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8. MEASURE AND DENSITY OF SETS

8 Measure and density of sets

Definition 1.16 (Linear measure) ([15],[16]) The linear measure of a set G c [0,+00) is
given by

m(G) :f dt.
G

Example 1.11 LetG=[0,7] U [5,9], we have

m(G):fdt:f dt=4+m.
G [0,7]U[5,9]

Definition 1.17 (Logarithmic measure) ([15],[16]) The logarithmic measure of a set G
[1, +00) is given by
d t

m(G) = T

Example 1.12 Let G =[1,e°], we have

m(G) = f f =
G 1,€°] Tt

Definition 1.18 (Upper density)([15],[16]) The upper density of a set G c [0, +00) is given

by
—_— GnIo,
dens(G) =limsup M
r—+oo

Example 1.13 Let G = [0, +o0), we have

dens(G) = limsup M

r—+00
. m([0, r])
= limsup ———

r—+00 r

= 1L

Definition 1.19 (Upper logarithmic density) ([15],[16]) The upper logarithmic density of
a set G c [1,+00) is given by

S GnIl,
logdens(G) =limsup M
r—+00 logr

Example 1.14 Let G=[1,+00), we have

. m(GNI[L,r])
limsup ——
F—+00 logr

. m([1,71])
limsup ———
r—+oo  logr

= 1.

logdens(G)

17



Chapter 2

Auxiliary lemmas

Introduction In this chapter, we will demonstrate some auxiliary lemmas that we will
need in the proof of our results.

Proposition 2.1 ([2]) For all G c [1,4+00) the following statements hold:
1. If my(G) =+oo, then m(G)=+oo,
2. If dens(G) >0, then m(G)=+oo,

3. If logdens(G) >0, then m;(G)=+oo.

Lemma 2.1 ([8]) Let f be a transcendental meromorphic function in the plane, and let
o > 1 be a given constant. Then there exist a set E, c (1,+00) that has a finite logarithmic
measure, and a constant B > 0 depending only on o and (i,j) ((i,j) positive integers with
i > j) such that for all zwith |z| =1 ¢ [0,1] UE;, we have

(log*r)logT(ar, f)

’ f(i) (2)

(T((xr, f i=j
P (z) '

Lemma 2.2 (Wiman-Valiron, [10],[25] ) Let f be a transcendental entire function, and let z
be a point with |z| = r at which | f(z)| = M(r, f).Then the estimation

() J
ff(;)z) _ (sz(r)) (1+0(1))(j = lis an integer)

holds for all |z| outside a setE of r of finite logarithmic measure, where v ¢ (r) is the central
indexof f.

Let p, g be positive integers and satisfy p = g = 1.

Lemma 2.3 (/27]) Let f be an entire function of [p, q] — @ order and let v ¢ (r) be the central
index of f. Then

log, v¢(r)
limsup B Y1

r—+oo log, (1) = Hip,q (> ).

=Pip,q1(f>9), liminf

Lemma 2.4 (/24]) Let f and g be non-constant meromorphic functions of [p, ql — ¢ order.
Then we have

Pip.q1(f + & @) <max{p(y,q1(f, ), P1p,q1 (& P)}

18



and
Pip.q1 (f 8 @) < max{pip,q (f,9), Pip,q1 (8 P} -
Furthermore, if  p(p,q(f,®) > pp,q1(&, ®), then we obtain

Pip.g) (f + & @) =Pip.q(f&P) =Pip.g(f ).

Lemma 2.5 (/5]) Let p = q = 1 be integers, and let [ and g be non-constant meromorphic
functions pp,q(f, ) as [p,ql — ¢ order and |y q(g, ) as lower [p, q] — ¢ order.Then we
have

Hip,q1 (f + & @) < max{pip,q1 (f, ), Kip,q1 (8 )}
and

Hip.q1(f& @) <max{p(p,q (f, P), ip,q1 (8 P}
Furthermore, if  Up,q1(&,9) > Pip,q1(f,P), then we obtain

Hip,ql (f + & P)=Wip,q(f&P)=Up,q (8 P).

Lemma 2.6 (/18]) Let f be a meromorphic function of [p, q] — ¢ order. Then
Pip.g1(f,®) =Pip,q (f', ).

Lemma 2.7 ([17]) Let @ : [0,+00) — R and y : [0,+00) — R be monotone non-decreasing
functions such that ¢(r) <y (r) forallr ¢ (E3U10,1]), whereEs is a set of finite logarithmic
measure. Let ap > 1 be a given constant. Then, there exists an r; = ry(az) > 0 such that
@(r)=wl(ogr) forallr > ry.

Lemma 2.8 ([9]) Let f be a meromorphic function and let k € N. Then,

outside a set E4 (0, +00) with a finite linear measure, and if f is of finite order of growth,
then

m (r, %k)) =0 (logr).

Lemma 2.9 (/5]) Let f1, f> be a meromorphic functions of | p, q1—¢ order satisfying  p(p,q(f1,9) >

(for ), wh yy satisfies tim 21917
Oip,q1(f2,9), where ¢ only satisfies lim log, ()
set E5 c [1, +00) having infinite logarithmic measure such that for all r € Es we have

im It f2) =0.
r—+o00 T(r, f1)

=1 for somea; > 1. Then there exists a

Lemma 2.10 [23] Let f(z) = % be a meromorphic function , where g(z), d(z) are entire
functions satisfying Wip,q (8 ®) = Wip,q) (f, @) = U = P1p,q1 (f, @) = Pip,qi (8, P) < +oo  and
Aip,q1(d, ) =pp,q1(d, ) = A(p,q) (%,(p) < WU. Then there existsa set Egc (1,+00) offinite
logarithmic measure such that for all |z| = r ¢ ([0,1] UEg) and |g(z)| = M(r, g), we have

n

(14+0(1)),neN,

™ (z) _ (vg(r)
f(2)

where v¢(r) denote the central index of g.
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Proof. We use the mathematical induction in order to obtain the following expression

(n)  n-1 () a i . i
My Cjjr..j (_) ( ) 2.1
f d ]go d (]lzfn) Hteedn d Xoee X d ) ( . )

where Cjj, . j, are constants and j + j; +2j2 +...+ nj, = n. Then

f(l’l) g(n) N nil g(j) (d/)fl (d(n) )]n
= e jitein| X...X .
f 8 j0 8 (rjn 1 d da

(2.2)
By Lemma 2.2, we can find a set E; < (1, +00) with finite logarithmic measure such that
for all z satisfying |z| = r ¢ E2 and |g(z)| = M(r, g), we get

) Ve (r))/
géé?:( E )(1+mnxj:L&~~"% (2:9)

where vg(r) is the central index of g. By replacing (2.3) into (2.2) we have
M (2) (Vg(r))" Vg(r))j‘" (d/)jl (d(n))fn
= 1 1 C:. =
f(Z) Z (1+o0(1) (jIZJn) JI1-Jn d X X p
(2.4)

From the fact that pjp, 4 (d, ) = p < Y, we obtain for all €(0 < 2¢ < p —f) and sufficiently
large r

-1

n
(1+o0(1))+
=0

T(r,d) <exp, {([3 + g)logq(p(r)}.

From Lemma 2.1, for some «a; (0 < a; < a) with a be a given constant, there exista setE;
(1, 400) with m;(E;) < 400 and a constant B > 0 so that for all z verifying |z| =r ¢ [0,1]UE,,
we have

< B[T(ar,d)™"!

‘ d™ (z)
d(z)

m+1

IA

B [expp{(ﬁ+ g)logqtp((xlr)}

ey 1og, @lanr)
{3 S )

m+1

B

(2.5)

By remark 1.5, we obtain

'd(m) (z)
d(z)

By using Lemma 2.3 and pp,41(g, ®) = Hip,q (f, @) = Y, as a result we have

m
Sexpp{(ﬁ+e)logq(p(r)} ,m=1,2,...,n. (2.6)

vg(r) > exp, {(p—e) logq(p(r)}
for sufficiently large r. Since j; +2jo +...+ nj,=n— j, we get

(Vg(r))j—n(i/)jl . (d(n))jn expp{(p—e)logqcp(r)}j
z d d

r

p

n-j

X

[expp {([3 +€) logq(p(r)}]
rexp,{(B+e)log, ¢(r)}
rexpp{(p —€) logq(p(r)}

n-j

-0, (2.7

20



as r — +oo, where |z| =r ¢ [0,1] UEg, Eg =E; UE; and |g(2)| = M(r, g). Using (2.4) and (2.7),
we obtain our assertion. m

Lemma 2.11 [23] Let f(z) = % be a meromorphic function, where g(z), d(z) are en-
tire functions satisfying Uip,q1(8 ®) = Uip,q1 (f, @) = L = P1p,q1 (f, ) = Pp,q1 (&, P) < +oo and
Aip,q1(d, @) = pip,q1(d, ®) = Ajp,q (%,cp) < . Then there exists a set E; < (1,400) of finite

logarithmic measure such that for all |z| = ¢ ([0,1] UE7) and |g(z)| = M(r, g), we have
‘ f(2)
f(S) (2)

Proof. From Lemma 2.10 we can find a set Eg of finite logarithmic measure such that the
estimation

<%, (seN).

(s) s
ff(;)z) — (ng(r)) (I+o0(1)) (s=1isaninteger) (2.8)

is verified for all |z| = r ¢ ([0,1] UEg) and |g(z)| = M(r, g), where v¢(r) is the central index
of g. Then again, from Lemma 2.3, for any given €(0 < € < 1), we can find R > 1 such that
for all r > R, we have

Vg(r) >expp{(p—s)logq(p(r)}. (2.9)

If p = +o00, then we can replace | — € by a large enough real number M. Let E; = [1,R] UEg,
then m;(E7) < +oo. Finally, by (2.8) and (2.9) we get

f(2)
f(s) (2)

z
Vg(r)

* 1 rs 2s
< <r (2.10)
11+ o0(1)]

(epr{(u—e) logcp(r)})s
where |z| =7 ¢ [0,1]UE7, r — +oco0and |g(2)|=M(r, g). =

Lemma 2.12 (23] Let f be an entire function such that pp,q (f, ) < +oo. Then there exists
entire functions P, (z) and D(z) such that

f(2) =Pp2(2)eP?

Pip.q1 (F,¢) =max{ppp,q (B2,9),pip.q) (eD(Z)’q’)}
and
logpN(r,%)
o) =li L )
Pip.al (B2, 9) ‘Efgop log, (1)

Moreover, for any given € > 0, we have

|B2(2)| = exp{—expp {(p[p,q] (B2, @) +e))logq(p(r)}} (r ¢ Eg),
whereEg c (1,4+00) is a set of r finite linear measure.

Proof. Using Theorem 12.4 in [13] and Theorem 2.2 in [11], we obtain that f(z) can be
written as

f(2)=P2(2)eP@,
such that
Pip.a1 (@) =max{pip,q1 B2, 9), pip,q1 (€7, 9)}-

On the other hand, by a similar proof in Proposition 6.1 in [12], for any given € > 0, we
obtain

IB2(2)| = exp {— exp, {(p[p,q] B2, ) +¢) logqcp(r)}} (r ¢ Eg),

where Eg < (1, +00) is a set of r of finite linear measure. m
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Lemma 2.13 [23] Suppose that f is a meromorphic function such that p(p, 4 (f, ) < +o0.
then, there exists entire functions hy(z), hy(z) and L(z) such that

hi(z)et@
= 2.11
f(2 5@ (2.11)
Pip,q1 (f> @) = max{p(p,q (h1, ®), P1p,q1 (2, 9), Pp,g) (eL(Z),(P)}- (2.12)

Moreover, for any given € > 0, we have

exp {— exp, {(Pip,.q1 (f, @) +€) logtp(r)}} <|f(2)]
<exp,,1 {(Pip.q(f,9) +e)loge(r)} (r ¢ Eg) (2.13)
WhereEq c (1, +00) is a set of r of finite linear measure.
Proof. By Hadamard factorization theorem, f can be written as f(z) = %, where g(z)
and d(z) are entire functions satisfying

Hip,q1(& @) = Wip,q1 (f,9) = L= Pip,q1 (f, ) =P1p,q1 (8, ) < +00

and

1
Aip.qi(d, @) =Pip,q1(d, @) = Ap,g) (?,(p) <

Using Lemma 2.12, we can find entire functions /(z) and L(z) such that

g(2)=h(2)e"?, py,q (8 ®)=max{pp,q (), ppq (", )}
Then there exists functions /(z), L(z) and d(z) such that

h(z)e™®

f2)= e

and
Pipg () = max{p[p,q] (h,@),01p,q1(d, @), Pp,q) (eL(Z)»(P)}-

Therefore (2.11) and (2.12) hold. By setting f(z) = hl,(fz)(e;@, where h;(z), ho(z) are the
canonical products formed with the zeros and poles of f respectively. By using the defi-

nition of [p, g] — ¢ order, for sufficiently large r and any given € > 0, we have

€
lhi(2)| < epr+1{(p[p,q](h1,cp)+g)logqtp(r)}

€
|hy(2)] < expp+1{(p[p,q](h2,(p)+g)logq(p(r)}. (2.14)

From max{p(p,q1(h1,9), p(p,q1 (h2, ®), P(p,q1 (e“2, 9)} = pp,q1 (f, ) we get

€

|h1(2)] < exp .4 {(p[p,q] (f, )+ g)logq(p(r)} (2.15)
€

|h2(2)| < exp 4 {(p[p,q] (frp)+ 5) logq(p(r)}, (2.16)
4 €

|eL( )| <expp; {(p[p,q] (f, @) + g)logqtp(r)}. (2.17)
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Through the use of Lemma 2.12, we can find a set Eg c (1, +o0) of r with a finite linear
measure such that for any given € > 0 we have that

|h1(2)] = exp{—expp{(p[p,q](hl,(p) + g)logq(p(r)}}
zexp{—expp{(p[p,q](f,cp)+g)logq(p(r)}}, (r ¢ Eg), (2.18)

|ho(2)| = exp{—expp{(p[p,q](hg,(p) + g)logq(p(r)}}
Zexp{—expp{(p[p,q](f,(p)+g)logq(p(r)}}, (r ¢ Eg). (2.19)

By (2.15), (2.17) and (2.19), for sufficiently large r ¢ Eg and any given € > 0, we have

|h1(2)||e"?)|
|ho(2)]

eXPp+1 {(p[p,q] (f @)+ 5)log, cp(r)} €XP 11 {(p[p.cn (f9)+5) logqcp(r)}

|f (2

eXp{_epr {(P[pyq] (f @)+ 5)log, ‘p(r)}}

IA

€XPp+1 {(p[p,q] (f, ) +€) log, (p(r)}.

On the other side, we know that p(,-1,4 (L, 9) = p(p,q1 (el ) < Pip,q1(f> ), and
el > o=l Erom the definition of [p, g] — ¢ order, we get

A

IL(z)] = M(r,L)
€
exp, {(p[p—l,q] L) + §) log,, (p(r)}

IA

IA

exp) {(pip.a (.9 + 2 | log 0.

Then, for any given € > 0 and sufficiently large r, we have
L(@)| 5 ,-IL@)| _ £
e =ze zexp{ expp{(p[p,q](f,cp)+3)logq(p(r)}}. (2.20)
By making use of (2.16), (2.18) and (2.20), we can get
| (2)lle"?]
|72 (2)]
exp {— exp,, {(p[p,q] (f, ) +35)log, tp(r)}} exp {— exp,, {(p[p,q] (f, ) +35) logqcp(r)}}

|f(2)]

v

eXPpy1 {(P[p,ql (f, )+ g)logqcp(r)}
= exp{-3exp, {(Pipa1(f,9) + 5 ) log 0}
> exp{—expp{(p[p,q](f»(P)+s)logq<P(r)}}.

Finally Lemma 2.13 is proved. m

Lemma 2.14 [23] Let G < (1,+00) be a set with a positive upper logarithmic density, and
let Aj(2)(j =0,1,...,k) with Ax(z) #0 and F(z) (F(z) =0 or F(z)#0) be meromorphic
functions with finite [p, q] — ¢ order and f is a solution of equation

Ac@ P+ A1 @ FF V4 + A2 f +Ao(2) f =F(2). (2.21)
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If there exist a positive constant o > 0 and an integer s, 0 < s < k, such that for sufficiently
smalle >0, we have

IA5(2)] = exp,,1 { (@ — &) log, o(r)}

as|zl=reG,r — oo cmdmax{p[p,q] (Aj,(p)(j ¢s)’p[p,q] (Ey)} <o, then we have
Pip,q(As, @) =8=0.

Proof. By using the proof by contradiction, we assume that p(y,4)(As, ) =8 < 0. From the
hypotheses of Lemma 2.14, we can find a positive constant o > 0 such that for sufficiently
small € > 0, we have

IAs(2)] = exp,,,.1 {(0 - &) log, p()} (2.22)

for |z| = r € G, r — 400, where G c (1,+o0) is a set that has a positive upper logarithmic
density (by Proposition 2.1, we have m;(G) = +00). By Lemma 2.13, there exists a set Eg
(1, 4+00) with finite linear measure such that for |z| = r ¢ E9, we have for any given €(0 <
2e<0—9)

|Ag(2)] Sexpp+1{(8+s)logqcp(r)}. (2.23)

Using (2.22) and (2.24), we get as |z| =r € G\ Eg,r — +00

eXpPp41 {(0 —€) logq(p(r)} <|As(2)| < eXp i1 {(6+8) logq(p(r)}.

Hence
o—-e<0+e¢

which is a contradiction with the fact that 0 < 2e <6 - 8. Then py, 5 (A5, ) =0=0. m

Lemma 2.15 [23] Let f(z) = % be a meromorphic function, where g(z), d(z) are entire
functions. If 0=<pp,q(d, ) <Up,q(f, @), thenupq(8 @) =Wpq(f,9) and ppq(g P)=

Pip.q(f,@). Moreover, if ppq(f,p)=+00, thenppi1,q (8 P)=pp+1,q(fr@).

Proof. Case 1. p(p 4/ (f, ¢) < +oo. Using the definition of the [p, g] —¢ order, we can find an
increasing sequence {r,}, (r, — +00) and a positive integer ng such that for all n > ny and

a1 (@) —P1p,q1(d, )
0, el PraleP) (hecause 0 < piy,q)(d,9) < Mipql(f9) < Pipai(F-®)),

foranygivene € (
we obtain

T(rn, 1) = exp, { Pip.a1 (f, 9) — ) 108, @)}, (2.24)

and
T(rn,d) < exp,, {1y (d, @) +©) logq(p(rn)}. (2.25)

Using the properties of the characteristic function we get
T(r,f)<T(r,g) +T(r,d)+0(). (2.26)
By substituting (2.24), (2.25) in (2.26), for all sufficiently large n, we obtain

exp,, {Pipar (F,0) —e)log ()} = T(r,@)
+expp{(p[p,q](d,cp)+8)logqcp(rn)} + 0(). (2.27)

Using the fact thate € (0, Pip.qlf ’(p);p[’” 0 d.¢) ), then (2.27) will be

(1 - 0(1)) exp,, {(P1p,a1 (F,®) ~ ©)10g, @(ra) } < T(rs, £) +O(1),
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for all sufficiently large n. Then

Pip.a1 (> @) = pip,q1 (8 @)
From the other side, we have

T(r,g) <T(r,)+T(r,4d),

and from

Pip.q1 (@, @) <Pip,q1 (f, P)
we get

Pip.q1(&P) = Pp,q ([, ).
By (2.28) and (2.29), it results then that

Pip.q1(& ) =Pip,q1 ([, P).

Similarly, we will prove that pp,q(g,¢) = Uip,q (f, ).

(2.28)

(2.29)

Using the definition of the lower [p, g] — ¢ order, we can find an increasing sequence
{rn}, (r, — 4+00) and a positive integer n; such that for all n > n; and for any given € €

(0 Bip,q1 (FP)=Hip,q1 (d,9) )
’ 2

T(ry, f) z exp,, {(u[p,q] (f,9)—¢€) logqtp(rn)},

and
T(ry,d) < exp, {(p[p,q] (d,p)+¢) logq (p(rn)} .

Using the properties of the characteristic function we get
T(r, /) <T(r,g) +T(r,d)+0(),
by substituting (2.30), (2.31) in (2.32) we obtain

epr{(u[p,ql(f,cp)—e)logqtp(rn)} < T(rn,g)
+expp{(p[p,q](d,(p)+e)logq(p(rn)} + o).

Using the fact that e € (0, Fip.g) (f’(p);“[”"” (@) ), (2.33) becomes

(1= 0(1)) exp,, { (ip,1(f, @) ~ ©) 108, @(ra)} < T(ry, ) +O(1),
for all sufficiently large n. Hence
Hip.a1 (> @) = Uip,q1 (8, ).
From the other side, we have
T(r,g) <T(r, /)+T(r,d),
and from pp, 41(d, ) < Uip,q (f, ), we get

P-[lMI] (g’ (‘p) = ”[Prﬂi] (f’ (P)

(because 0 < pp,q1(d, P) <Pp,q1(d, P) < Yip,q(f, ), we obtain

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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From (2.34) and (2.35), it results then that

Hip,q1(& @) = Uip,q (f, ).

Case 2. p(p,q/(f, ) = +oo. Through the absurd. We suppose that p(y 41(g, ) # p(p,q1 (f, ).
Note first that by Lemma 2.4, the inequality p(p 41 (g, ®) > p(p,q1 (f, @) is impossible. Assum-
ing that p(p,4) (8, @) < p(p,q1(f, ). Using the definition of the [p, g] — ¢ order, there exist an
increasing sequence r,, (r, — +00) and a positive integer rny such that for all n > ny and
for any given € > 0

T(rn, 8 < epr{(p[p,q](g,(p)+e)logqcp(rn)},
T(r,,d) < expp{(p[p,q](d,(p)+£)logq(p(rn)}.

From the fact that
T(rp, f)<T(rp, 8 +T(ry,d)+0(Q1)

we obtain, for all sufficiently large n,
Pip,q1 (f>®) < max{p(y 41(&,9),Pip,q1(d, )},
and this contradicts what we had assumed.

Similarly, we prove Wy 4(8,9) = Up,q(f, ). Note first that the inequality pp 4 (g, @) >
Hip,q1(f, @) is impossible because by Lemma 2.5 we have

Hip,q1 (& @) = Wip,q1 (f d, @) < max{p(p,q1 (f, @), Hip,q1 (d, @)},

and the fact that pp, 4)(d, 9) < p(p,q1(d, P) < Wip,q ([, P) gives Wip,41(&, @) < Uip,q (f, ). As-
suming that yy, 4(8g,®) < Up,q (f, ). Using the definition of the lower [p, g] — ¢ order
there exists an increasing sequence ry, (r, — +o00) and a positive integer n(’) such that for
all n > n and for any given € > 0

T(ry,8) < expp{(p[p,q](g,q))+8)logq(p(rn)}
T(ry,d) < expp{(p[p,q](d,(p)+£)logq(p(rn)}.

From the fact that T(r, f) < T(r,, &) + T(rn, d) + O(1) we obtain, for all sufficiently large n,

T(ry, f) <exp, {(p[p,q] (8, ¢) +¢) logqq)(rn)} +exp, {(p[p,q] (d, ) +¢€) logqq)(rn)} +0(1),

then Wiy, q (f, ) < max{pp,q(8 @), Hip,q (d,®)}. This is a contradiction with our assump-
tion.
Case 3. yp,q (f,9) < +ooand p(p,q(f, ) = +oo. We can prove case 3 by using the similar

method we used to prove Cases 1 and 2.
At last, we will prove p(p+1,41(&, @) = p[p+1,q1 (f, ). We assume that p(p, 4 (f, ) = +oo. There
exists an increasing sequence {r,}, (r, — +00), such that we have

log +1T(rn’f)
@)= lim 2 e
Pip+1,q1(f> @) o logq(P(rn)
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Using p(p,q1(d, ®) < Wip,q(f, ) and the definitions of the [p, g] — ¢ order and the lower
[p, q] — ¢ order, we obtain
T(rp,d)

im =
n—+o0 T (ry, f)

)

hence )
T(rnyd) = ET(rnyf)

Therefore, there exists a positive integer N, such that n >N
T(ry, f) =2T(rp, g) +O(1).

It results then that py+1,4(f, @) < P(p+1,41(8, ). By using the same arguments as in the
proof of Case 1, from T(r, g) < T(r, f) + T(r,d), we can find a positive integer N, such that
foralln >N

T(rp, 8 <2T(rp, f).

Then, p(p+1,41(& ®) < Pp+1,q1(f, ). Thus p(p+1,41(f,P) =Pp+1,41(&, P). W

Lemma 2.16 [23] LetAj(z)(j=0,1,---,k), Ax(2) (£ 0), F(2) (£ 0) be meromorphic functions
and let f be a meromorphic solution of (2.21) of infinite [p, q] — @ order satisfying the fol-
lowing condition

b=max{p(p+1,q EP),pip+1,0 A}, 9 (=01, )} <Ppp+1,q1(f, ),

then _
Ap+1,q1 ([ @) =Api1,q1 (F, @) =pp+1,q1 (> ).

Proof. Assuming that f is a meromorphic solution of (2.21) that has infinite [p, g] — ¢
order. The first thing to notice is that by definition we have

Np+1,q1(F @) < Aipr1,q1 (£ @) < pips1,q1 (F9),

we need then to demonstrate that

X[p+1,q] (L9) Z A pr1,q1(F,9) Zpp+1,q1 (Fr ).

We can rewrite (2.21) as

FF Ak(z)7+---+A1(z)7 +Ao(2)

From Lemma 2.8 and (2.36) we get for |z| = r outside a set E4 < (0, +oo[ of finite linear
measure

L] ( f(k) I ) . (2.36)

S
>
|~

|

m(r%)+im( f(j))+ém(r,Aj)+0(1)

nh—
j:l f

IA

k
m(r,%)+Zm(r,Aj)+O(long(r,f)). (2.37)
=0

By noticing from (2.21) that if f has a zero at zj of order a(a > k), and Ag,Ay,---, Ay are all
analytic at zy, then F must have a zero at zy of order at least a — k, we obtain

n(r,%) < kﬁ(r,%)+n(r,%) +£H(T,Aj),

j=0
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and

N(r,%) skﬁ(r,})+N(r,%)+]éN(r,Aj). (2.38)

Combining (2.37) and (2.38) we get for sufficiently large r ¢ E4

T(r, f)

1
T r,—)+0(1)
7

IA

k
T(F)+ ) T(r,Aj)+ kN(r, %) +0(og rT(r, )), (2.39)
Jj=0

For sufficiently large r, we have
1
O(ogrT(r, f)) < ET(r,f). (2.40)

From the definition of the [p, g] — ¢ order, for sufficiently large r and for any given
€(0 <2& <p[p+1,q1(f,9) — b), we have

T(,F) < expp, {(b+€)log, 9(r)}, (2.41)

T(rAj) < exp,,, {(b+e)log, @}, =01, k. (2.42)
By substituting (2.40), (2.41) and (2.42) in (2.39), for all sufficiently large r ¢ E4, we obtain

T(r, f) < 2kN(r, %) T (k+2)expp. {(b+ £) logq(p(r)}. (2.43)

Using Lemma 2.7, from (2.43), for any given v > 1 there exists a r; = r1(v) and sufficiently
large r > ry, we get

T(r, f) szm(w,%

+(k+2)exp,,, {(b+e) logq@(vr)}

which gives _
Pip+1,q1 (@) = Ap+1,q1(f, ),
therefore B
Pip+1,g1(, @) = Apr1,q1 (F, ) < Apprr,q1 ().

And from X[pH_q] (f,9) = Ap+1,q1(f, @) < pp+1,q1(f, @), it results that

X[p+1,q] (L9)=Ap1,q1 ([ @) =p1p+1,q1 (> ).
| |

Lemma 2.17 [23] Let G c (1,400) be a set with a positive upper logarithmic density (or
infinite logarithmic measure), and let Aj(z)(j =0,1,---, k) with Ay(z)(# 0) and F(z)(# 0)
be meromorphic functions with finite [p, q] — ¢ order. If there exist a positive constant
o > 0 and an integer s, 0 < s < k, such that for sufficiently large € > 0, we have |A¢(z)| =

€XPp 41 {(0 —¢)log, (P(T)} aslzl=r €G, r — +oo and

max{pp,q (A}, P)(j #5),p1pq EP)} <0,

then every transcendental meromorphic solution f of equation (2.21) satisfies p(p,q (f, ) =
o.
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Proof. Through the absurd, suppose that f is a transcendental meromorphic solution of
equation (2.21) such that p(, 4 (f, ) < 0. By (2.21), we get

F k f(j)

" LN
i#s

A, (2.44)

From the hypothesis of Lemma 2.17, we have max{p[p,q] (Aj,@)(j#9),p1p,q1 (B (p)} <o and
our assumption p(p 4 (f, ) < o, then we get from (2.44) by using Lemma 2.6

P2 = p[p,q](As»(P)
< max{p(,qA;,P)(J #$),Pip,q1 EP),pip,q(f,9)} <o0.

Using Lemma 2.13 for any given (0 < 2e < 0 — p»), we can find a set Eg < (1, +oo) that has
a finite linear measure such that

[A(2)] < exXpPpi1 {(p[p,q] (As, @) +€) logqcp(r)} =€Xppy1 {(pg +¢€) logq(p(r)}, (2.45)

holds for all z satisfying | z| = r ¢ Eg. By the hypotheses of Lemma 2.17, there exists a set G
satisfying logdensG > 0 (or m;(G) = +o00) such that

|As(2)] zexpp+1{(0—s) logqcp(r)} (2.46)

holds for all z satisfying |z| =r € G, r — 4+00. Combining (2.45) and (2.46) it results that for
all z verifying |z| =r € G\ Eg, r — 400

eXp 41 {(0 —€) logq (p(r)} < |As(2)| = €Xp 41 {(pg +¢€) 1ogq(p(r)},

hence
O—€<py+E.

This contradicts the fact that 0 < 2e < o0 —p,. Consequently, any transcendental meromor-
phic solution f of equation (2.21) satisfies p(p, 4 (f, ) = 0. =
Lemma 2.18 [23] Let Ag,Ay,---,Ax Z0, F #0 be finite [p, q] — ¢ order meromorphic
functions. If f is a meromorphic solution of the equation (2.21) with p(p,q (f, ) = +oo and
p[p+1'q] (f, q)) =p < +o0o, then

X[p,q] (F,@0) =Aip,q(f, ) =pip,q (f, ) =+o0

and _
Ap+1,q1(F @) = Apr1,q1 (F, @) =p1p+1,q1 (f, @) =p.

Proof. Assuming that f is a meromorphic solution of (2.21) that has infinite [p, g] — ¢
order and p(p+1,4)(f, ) = p < +oo. The equation (2.21) can be rewritten as

l_l(A()ﬂ+...+A()£+A()) (2.47)
f_F k(z 7 1Zf 0l2)]. :

From Lemma 2.8 and (2.47) we get for |z| = r outside a set E4 of finite linear measure and

anye>0
1 ()
m(r,_) T
f

f

m(r,

I\

3
—_——
>
T =
N ——
_|_
M~

k
) +> m(rA;)+0()
Jj=0

m(r,Aj) +O(ogrT(r, f)). (2.48)

IA

3
—_—

>
el
P

+
M=
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On the other, from (2.21), if f has a zero at zy of order a(a > k), and Ay, Ay,---, Ay are all
analytic at zy, then F must have a zero at z of order at least a — k. Then

n(r, %) < kﬁ(r,%

k

1
r,—) +Y n(nAj)
F) &

+n

and
N(T—1)<kQ(7‘—l)+N(T—1)+zk N(TA') (2.49)
’] ’f 'F j=0 I .

By (2.48) and (2.49) we get for sufficiently large r ¢ E; and any given € >0

T(r, ) T(r,%)+0(1)

IA

k
T(rnF)+) T(rAj)+ kN(r, %) +0(ogrT(r, ). (2.50)
J=0

From the hypothesis of Lemma 2.18, we have

Pip.g1 (@) >Pipg(E@) and pipq(f,0) >pipaAj, @), j=0,1,....k.
Using Lemma 2.9, we can find a set E5 c [1, +00) having infinite logarithmic measure such
that for all r € E5 we have
{T(r,F) T(rAj) |
ax ) ] =
T, f) T, f)

0,1,...,k}—>0,r—>+oo

hence
T(nF)=o(T(r, ), TrA)=0T(r[f) j=01,...,k. (2.51)
Since loo'T
log1(r./) —0 for r— +oo,
T(r, f)
we have for sufficiently large r
log(T(r, f)) = o(T(r, f)). (2.52)

Substituting (2.51), (2.52) in (2.50) we get for r € E5 \ E4

— 1
T(r, f) < kN(r,—
d 7

+0o(T(r, f)) + O (logr).

Hence

(1-o(W)T(r, f) < kN(r,% +0 (logr) (2.53)

Therefore, by making use of Proposition 1.5, Lemma 2.7, Definition 1.12, Remark 1.5 and
(2.53) we get for any f with p(p 4 (f, ) = +oo and p(p+1,4)(f, @) =p
+00=p(p, g1 (s ) < Aip.gi (F,9),  Pip+1,g1 (1) < Nips1,g1(f, @)
Hence .
Pip+1,q1 (> @) < Apr1,q1 (F, @) < App1,q1 (F, ).
On the other hand, we know that by definition we have
X[p+1,q] (L0 = Api1,0(F, @) < pp+1,q1(F @),

it results then _
Ap+1,q1(F, @) = Apr1,q1 (F, @) =p1p+1,q1 (f, @) =p.
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Lemma 2.19 [23] Assume that k =2 and Ay, Ay, ,Ar(Z 0),F are meromorphic functions.
Let py = max{pp,q1(A;,®)(j=0,1,---,k),p(p,q) EP)} < co and let f be a meromorphic so-
lution of infinite [p, q] — ¢ order of equation (2.21) with \p, 4 (%,cp) < Wip,q (/> ®). Then,
Pip+1,q1(f>®) < p1.

Proof. We suppose that f is a meromorphic solution of (2.21) with infinite [p, g] — ¢ order

and App,q) (%,(p) < Hip,q (f>¢). By using the Hadamard factorization theorem, f can be

written as f(z) = % where g(z) and d(z) are entire functions such that

Hipql (& @) = Wip,q1 (F,9) = H=P1p,q1 (F>®) =P1p,q1 (& ®) < +00,

and

1
Aip,g1(d, @) =pip,q1(d, @) = Ap,q) (?cp) < M.

By making use of Lemma 2.13, we can find a set Eg c (1, +00) of r of finite linear measure
such that for any €(0 < 2e < Hp,q1 (f,®) = Pip,q1(d, ®)) and all |z| = r ¢ Eg, and by using the
hypothesis, we get

IAj(2)] < exp,i {(p[p,q] (Aj, @) +¢)log, (p(r)}

exppa {(p1+8)log, @}, j=0,1,, k-1, (2.54)

IA

Ar(2)| = exp{—expp{(p[p,q](Ak,(p)+s)logqcp(r)}}
> exp{—expp{(p1+e)logqcp(r)}}, (2.55)

and

[E(2)| < exp,y.{ (pip.1 B ) +€)log, (1)} <exp, ., {(p1 +e)log, o)} (2.56)

From the definition of the [p, g] — ¢ order, the lower [p, g] — ¢ order and (2.56) for all z
satisfying |z| = r ¢ Eg with |g(2)| = M(r, 8) and any €(0 < 2€ < W(p,q1 (f,9) — Pip,q1(d, P)), we
obtain
F(z)
f(2)

|F(2)]
= d
|g(z)|| (2)]

expp.1 {(p[p.q] (d, ) +¢) logqtp(r)}eXPpﬂ {(pl +€) logqcp(r)}

(2.57)
exXpPpy1 {(H[p,ql (f, ) —¢€)log, tp(r)}

expp+1{(p1 +€) logq(p(r)}. (2.58)

IA

From Lemma 2.10, we can find aset Eg (1, +00) of finite logarithmic measure such that
forall |[z]=7 ¢ ([0,1] UEg) and |g(2)| = M(r, ), we have

() j
ff(z()Z) :(ng(r)) (1+0(1),j=0,1,---, k. (2.59)
By (2.21) we get
0 () 1 Fo)| ko ’f(j)(z)‘
' o | ST Ao (2)] + @ +]ZI A (2)] ol (2.60)
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Replacing (2.54), (2.55), (2.57) and (2.59) in (2.60) we obtain

k 1
1rotll= exp{—expp{(pl +€) logq(p(r)}} "

Vg(r)

Vg(r)
V4

k-1 j
(expp+1 {(91 +€) logq(p(r)} +exp,.; {(p1 +€) logqcp(r)} { 1+ 1+ 0(1)] })
=1
NG |
< R+ DEE 11 o) exp {2exp, { (o1 + ) log, 01}
Therefore
[ve(r)]I11+0(1)| = (k+ 1)r|1+0(1)|eXp{2eXP,,{(pl +€)10gqtp(r)}} (2.61)
holds for all z verifying |z| = r ¢ ([0,1] UEs UEg) and |g(2)| = M(r, g), r — +oo. From (2.61)
we obtain

log, . Ve(r)

<p +e. (2.62)
r—+oo log, (1) o1

Using the fact that € > 0 is arbitrary, by Lemma 2.3 and Lemma 2.7 we obtain from (2.62)
Pip+1,41(8 @) = p1.
Since p(p,q)(d, ) < Uip,q(f, ), then by using Lemma 2.15 we get

Pip+1,q1(& ) =Pip+1,q1 (> P).

Hence
Pip+1,q1(f, @) < p1.
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Chapter 3

On the growth of solutions of LDE with
meromorphic coefficients with finite

[p, q] — @ order

1 Introduction

In this chapter, we investigate the growth of meromorphic solutions to higher order ho-
mogeneous and non-homogeneous linear differential equations with meromorphic co-
efficients of finite [p, q] — ¢ order. We obtain some results about [p, g] — ¢ order and the
[p, g1—¢ convergence exponent of solutions for such equations. In [20], Liu, Tu and Zhang
studied the growth and zeros of solutions of equations

FO LA fR D4 F A +Af=0 (3.1)

et
FO A fE D4+ A f +Af=F(2), (3.2)

where Ay (z)(Z 0), Ag(2),...,Ax—1(z) and F(z) (£ 0) are entire functions of [p, g] —¢ order and
they obtained the following results.

Theorem 3.1 [20] LetA;(2)(j =0,1,...,k—1) be entire functions satisfying
maxip(p,q(Aj, @), j =1,..., k= 1} < p[p,q1 (Ao, ) < 0.

Then every solution f # 0 of equation (3.1) satisfies pp,q(f,®) = P(p,q (Ao, P).

And they obtained the following results in the case of non-homogeneous equations.

Theorem 3.2 [20] LetA(z)(j =0,1,...,k—1) and F(z)(# 0) be entire functions and let f be
a solution of equation (3.2) satisfying

max{p(p,q1(Aj,9),P1p,q BEP)j=1,...., k= 1} <ppp,q (Ao, ) < 0.
Then Aip,q1(f, @) = Aip,q1 (f, ®) = Pip,q1 (f, ©)-
Theorem 3.3 [20] LetAj(2)(j =0,1,...,k—1) and F(z)(# 0) be entire functions satisfying
max{pp,q1(Aj, @), Pp+1,q EW)j=1,..., k= 1} <pip,q1(Ag, p) < 0.

Then every solution f # 0 of equation (3.2) satisfies X[p,q] (L0 =Aip,g(f, @) =pp,q(f,9) =
Pip,q1 (Ao, P).
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After this, Saidani and Belaidi studied some of the properties of the solution of the higher
order linear differential equation

ArfP A f5 V4 1A+ A f=0 (3.3)

et
Akf(k) +Ak_1f(k_l) +... +A1f, +A()f: F(z), (3.4)

and they obtained the following results.

Theorem 3.4 [22] Let H c (1,+00) be a set with a positive upper logarithmic density (or
m; (H) = +oo) and let Aj(z) (j=0,1,---, k) withAy(2)(#0) be meromorphic functions with
finitelp, q]-order. If there exist a positive constant o > 0 and an integer s, 0 < s < k, such
that for all sufficiently small e > 0, we have |A; (2)| = exp,,,; {(0 —€)log, r} as|z|=reH,
r — +oo and p =max{p(p,q (A;) (j #$)} < 0, then every non-transcendental meromorphic
solution f # 0 of (3.3) is a polynomial with deg f < s —1 and every transcendental mero-
morphic solutionf of (3.3) with A, g (%) < Wip,q (f) satisfies

p[lﬂvq] (f) = H[Pﬂ] (f) = +00,
0 <pp+1ql () <Pipg (AS).

Theorem 3.5 [22] Let H c (1,+00) be a set with a positive upper logarithmic density (or
m;(H) = +oo) and let Aj(z) (j=0,1, -+, k) with Ar(z)(Z0) and F(z)(#0) be meromorphic
functions with finitelp, q]-order. If there exist a positive constant o > 0 and an integer s, 0 <

s < k, such that for all sufficiently small € > 0, we have |As(z)| = exp, 1 {(0 —€) logq r} as
|z|=reH, r - +ooandp = max{p[p,q] (Aj) Pip,ql ) (J ;Zs)} < 0, then every non-transcendental
meromorphic solution f # 0 of (3.4) is a polynomial with deg f < s—1 and every transcen-
dental meromorphic solutionf of (3.4) with \p,q) (%) <min{o, Wip,q (f)} satisfies

Nipat (@) = Mgt (F @) = 01p,q1 (F> 9) = Kip, g1 (fr @) = +00

and
o= )\[p+1,q] (fy Q)= )\[p+1,q] (f» P) = Pip+1,q1 (f) = Pip,q] (Ag).

So we ask: What about the growth of meromorphic solutions of equations (3.3) and (3.4)
with meromorphic coefficients of finite [p, q] — ¢ order when the dominant fixed coeffi-
cient is the arbitrary coefficient A?

2 Main results

The main purpose of this work is examine the above question. We now present our main
results, so for the homogeneous differential equation (3.3), we obtain the following result.

Theorem 3.6 [23] Let G c (1,+00) be a set with a positive upper logarithmic density (or
m(G) = +oo) and let Aj(z) (j =0,1,---, k) with Ai(z) # 0 be meromorphic functions with
finite [p, q] — ¢ order. If there exists a positive constant o > 0 and an integer s,0 < s < k such
that for sufficiently small e > 0, we have |As(2)| = exp 4 {(0 —€) logq(p(r)} aslzl=regqG,
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3. PROOFS OF THE MAIN RESULTS

r — +oo and p = max{p,,q(Aj,9)(j #5)} < 0, then every non-transcendental meromor-
phic solution f # 0 of (3.3) is a polynomial with deg f < s—1 and every transcendental

meromorphic solution f of (3.3) with Ay, q) (%,(p) < Uip,q1(f,P) satisfies

Pip.g) () = Hip,q1(f, @) = +00,0 < Ppp+1,q1(f, @) < Pip,q1 (As, ).
Remark 3.1 Putting ¢(r) =r in Theorem 3.6, we obtain Theorem 3.4.

Corollary 3.1 [23] Under the hypothesis of Theorem 3.6, suppose further that v is a tran-
scendental meromorphic function satisfying pp+1,q (W, 9) < 0. Then, every transcendental

meromorphic solution f of equation (3.3) with Ap, q) (%,(p) < Up,q (f, @) satisfies

0= Ape1,q1(F =W, @) = Aps1,q (f — W, )
=Pip+1,q91(f =W, ) =Pip+1,91(f, ) < pip,g1 (As, ).

Considering non-homogeneous linear differential equation (3.4), we obtain the following
results.

Theorem 3.7 [23] Let G < (1,+00) be a set with a positive upper logarithmic density (or
m(G) = +oo) and let Aj(z) (j =0,1,---, k) with Ax(z) # 0 and F(z) # 0 be meromorphic
functions with finite [p, q] — ¢ order. If there exists a positive constant ¢ > 0 and an integer
$,0 < s < k such that for sufficiently smalle > 0, we have |As(2)| = exp ;. {(0 —¢)log, cp(r)}

as|zl=r €G, r — +oo and py =max{p(p,q)(A;,®) (J#S),pip,qE @)} <0, then every non-
transcendental meromorphic solution f # 0 of (3.4) is a polynomial with deg f < s—1 and

every transcendental meromorphic solution f of (3.4) with A ) (%, cp) <min{o, up,q(f, )}
satisfies _
Aipg1 (@) = Aip,q1 (f, ) = Pip,q1 (F @) = Hip,q1 (f ) = +00
and _
0 = Ap+1,q1 (L, 9) = Aip+1,01(F, @) = Pip+1,q1 (F, @) = Pip,q1 (As, ).

Remark 3.2 Putting ¢(r) =r in Theorem 3.7, we obtain Theorem 3.5.

Corollary 3.2 [23] LetA;(z) (j=0,1,...,k), F(2), G satisfy all the hypothesis of Theorem3.7,
and let y be a transcendental meromorphic function satisfying pp+1,q (W, ) < 0. Then,

every transcendental meromorphic solution f with A q) (%,(p) < Up,q1(f @) of equation
(3.4) satisfies

0 < Api1,g (f =W9) = Api1,q (f — ¥, @)
=P1p+1,q1(f — W, 0) = P1p+1,q1(f, P) < P1p,q1 (As, ).

3 Proofs of the main results

3.1 ProofofTheorem 3.6

Let f # 0 be a rational solution of equation (3.3). At the beginning, we will prove that f
must be a polynomial with deg f < s—1. If either f is a rational function, which has a pole
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3. PROOFS OF THE MAIN RESULTS

at zo of degree m =1 or f is a polynomial with deg f = s, then f¥)(z) # 0. From equation
(3.3) we have

k .
AR V==Y Aj@fY.
o
J#s

By Lemma 2.4, and Lemma 2.14 we obtain

0 < Pp,q(As,P) Pipg Asf, @)

k .
Pl |~ | LA@FY | @

i=0

j#s

{P[p a(Aj, @)},

IA

]01

and this contradicts the fact that p = max{pp,4(A;,®)(j #$)} < 0. Hence, f must be a
polynomial with deg f < s—1.

Assuming now that f is a transcendental meromorphic solution of (3.3) that satisfies
Aip,gl (%, (p) < HUp,q (f,9). Using Lemma 2.13, we can find a set Eg < (1, +00) of finite linear
measure (and so of finite logarithmic measure) such that for any € (0 < 2e < o —p) we have

|Aj(2)] < expp+1{p+s)logq(p(r)} j=0,1,---k,j#s (3.5)

holds for all z verifying |z| = r ¢ E9. By making use of Lemma 2.11, we can find a set
E; c (1, 4+00) of finite logarithmic measure such that for all |z| = r ¢ ([0,1]UE7) and |g(z)| =
M(r, g) and for sufficiently large r we have

S
f(s) (z)

From Lemma 2.1, we can find a set E; c (1, +o0) that has a finite logarithmic measure, and
a constant B > 0 such that for all z verifying |z| = r ¢ [0,1] UE;, we have

<r?®, (s=1isan integer). (3.6)

B[TCr ], j=1,2, k j#s. 3.7)

‘f(]')(z)
f(2)

According to the hypothesis of Theorem 3.6, we can find a set G c (1, +00) with a positive
upper logarithmic density (or m;(G) = +o00) , such that for all z verifying |z| =7 € G, r — 400
and sufficiently small € > 0, we have

|As(2)] ZexppH{(G—e)logq(p(r)}. (3.8)
By (3.3) we have
f o
|Asl = 'W |Aol +]ZIIA] f 3.9)
J#s

Replacing (3.5), (3.6), (3.7) and (3.8) in (3.9) we get for all z verifying |z| =r € G\ ([0,1] U
EiUE;UEg), r — +00

exppH{(cr—e)logq(p(r)} < Bkrzsexppﬂ{(p+e)logq(p(r)}[T(2rf)]kH
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3. PROOFS OF THE MAIN RESULTS

From 0 < 2¢e < 0 — p, we obtain

k+1

exp{(l —o(1) exp, {(o —g) logqcp(r)}} < Bkr® [T2r, f)] (3.10)

Using Lemma 2.7 and (3.10) for any given v > 1 there exists an r; = r;(v) and sufficiently
large r > ry, we get

exp{(1-o(1)exp, {(0 - )log, p(r) }} < Bk(vr*[T(2vr, )],
By making use of Definition 1.12 and Remark 1.5, we get
Pip.q1(f> ) = Wip,q1(f, ) = +00,
and
0 =Pp+1,q (f, @)
Therefore
Pip.gl (F>®) = Uip,q1(f,9) =+00, 0 <pppi1,q(f ). (3.11)

From Lemma 2.14, we have
max{p(p,q A, 9):j=0,1,---,k} =pp,q A5 @) =P < +o00.
Making use of Lemma 2.19, and the fact that f is a meromorphic solution of equation
(3.3) of infinite [p, q] — ¢ order such that A, 4 (%, (p) < Up,q1(f, @) leads to
Pip+1,g (f, @) <max{pp,q (A, @) :j=0,1,--,k} =pip,q (As, ). (3.12)
Thus (3.11) and (3.12) yield pp, 41 (f, @) = p(p,q1 (f, @) = tooand 0 < p(p+1,41 (f, P) < p(p,q1(As, @).

3.2 Proof of Corollary 3.1

Let y be a transcendental meromorphic function with p,11,41 (W, ) < 0. Puttingn= f—y.

By Lemma 2.4, we obtain p,+1,41 (N, ®) = Pp+1,q1(f — W, @) = Pp+1,41(f, ). By making use
of Theorem 3.6, we obtain 0 < p(p+1,4)(N, ) < p[p,q1(As, 9). Replacing f =n+y into (1.3)
gives

AP + A @n* TV + .+ AL (@ + Ao (2
=— (Ak(z)w(k) + A @UEV 4 1A (Y +A0(z)1|1) =U(2). (3.13)

Since p(p+1,4) (W, @) < 0, then according to Theorem 3.6, we can see that \ is not a solution
of equation (3.3), hence the right side U of equation (3.13) is non-zero. Furthermore, by
Lemma 2.4, and Lemma 2.6 we get

Pip+1,q1(U, @) <max{pp+1,q (W, 9), prp+1,q1Aj,9)  (j=0,1,---,k)} <o.
As a consequence
max{pp+1,q1 (U, 9),pp+1,q1Aj,9)  (j=0,1,--+,k)} <0 <ppp+1,41(N, ).
From Lemma 2.16 we get
0 < Nip+1,0 (@) = Aips1,41 (N, @)
=Pip+1,91 (M @) =P(p+1,q1 (f, ) < P1p,q1 (As, ),

which gives

0 = Ap+1,(F =W, @) = Aps1,q1 (F — W, @)
=Pip+1,a (f =W, @) =P1p+1,q1(f, @) = Pip,q1 (As, ).
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3. PROOFS OF THE MAIN RESULTS

3.3 ProofofTheorem 3.7

Let f # 0 be a rational solution of (3.4). To begin with, we will prove that f must be a
polynomial with deg f < s — 1. If either f is a rational function, which has a pole at zy of
degree m = 1, or f is a polynomial with deg f = s, then f¥(z) # 0. From (3.4), we have

k .
As@fY=F-Y A;)fV.
j=0
Jj#s
By Lemma 2.4, and Lemma 2.14, and the fact that py,4 (f,¢) = 0 (because f is a non-
transcendental so T(r, f) = O(logr)) we obtain

0=PpgAs,P) = Pipgl (Asf(s)»(P)

k .

= ppal||F-2A@F | @
=0
s

= max A, @), E ’
j:(),l)...yk,j;gs{p[pvq]( ] (P) p[p,q]( (p)}

and this contradicts the fact that p; = max{p,,q(Aj,9) (j #5),p1p,q EP)} < 0. Hence, f
must be a polynomial with deg f < s-1.
Assuming now that f is a transcendental meromorphic solution of (3.4) that satisfies

Aip,q) (%,(p) < Up,q1(f>¢). By Lemma 2.17 we have p(p, 4 (f,¢) = 0. Since Ay g (%,(p) <
Hip,q1(f, @), then by Hadamard factorization theorem, there exists entire functions g(z)

and d(z) such that f can be written as f(z) = 812)

d@)’ and

Mip,q1(& @) = Uip,q1 (f,®) = L= P(p,q1(& P) =Pip,q1 (> ®),

1 .
Pip.q(d, @) =Ap,q) (?:(P) =p< mln{(r, Hip,q1 (f> (P)}-

From the definition of the [p, g] — ¢-order and the lower [p, g] — ¢-order, we obtain

821 = Mg zexp,.i{(Hipa (8,) ~€)logg ()},
@) <= M(,d) <expyur {(Pipa @) +€)log, o)} (3.14)

Let
P1 :max{p[p,q] Aj, @) (J#9),Pp.q (Eg)} <o.

From (3.14) and Lemma 2.13, for any € verifying

0 <2e <min {0 —P1 Hip,q1 (& P) —Pip,qg) (d,tp)},

there exists a set Eg < (1, +o00) of finite logarithmic measure such that for any given z veri-
fying |z| = r ¢ Eg at which |g(z)| = M(r, g), we have

F(=) |F(2)|
_- — d
[0 524!

exp 41 {(p[p_q] (d, ) +¢) logq(p(r)}exp,g+1 {(pl +€) logq(p(r)}

IA

eXPpy1 {(H[p,ql (g, ¢) —¢€)log, tp(r)}

IA

expp+1{(p1+e)logq(p(r)}. (3.15)
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Using the similar way in proving Theorem 3.6, for all z satisfying | z| = r € G\ ([0, 1]JUE; UE;U
Eg), r — +ooatwhich |g(z)| = M(r, g), and forall € (0 < 2e < min{o — p1, Uip,q1(& ®) —P1p,q1 (d, P)})
we obtain (3.6), (3.7), (3.8) and

IAj(z)ISexpp+1{p1+e)logq(p(r)}, j=0,1,---, k,j#s. (3.16)

The equation (3.4) gives

f k f(j) F
|A|s‘— [Agl+ ) |Ai||—|+]|=I]. (3.17)
Ve LM 7
Jj#s

Replacing (3.6), (3.7), (3.8), (3.15) and (3.16) in (3.17), for all z such that |z|=r € G\ ([0, 1] U
E; UE7UEg), r — 400, at which |g(z)| = M(r, g), and for all € satisfying

0 < 2e <min {0 —P1 Hip,q1 (& P) —Pip,qg) (d,tp)},

we get

eXpPp41 {(0 —€) logq(p(r)} < rzs(exppH {(p1 +¢€) logq(p(r)}
k

+ ) expy {(pl +¢) logqcp(r)}B [T@r, )]
j:l
s

+ exp,,; {(pl +¢€) logq(p(r)}

k+1
)

< Blk+Dr*exp,,, {(pl +e)logq(p(r)} [T(Zr,f)]kH.
(3.18)
The fact that 0 < 2e < 0 — p; gives
exp{(1-o(1)exp, {(0 - e)log, p(r)}} < Bk + Dr*[T(2r, )], (3.19)

Using Lemma 2.7 with equation (3.19) for any given v > 1 there exists an r, = r2(v) and
sufficiently large r > r,, we get

exp {(1 —o(1)exp, {(0 —¢) logq(p(r)}} <B(k+1)(vr)* [T@vr, f)] S (3.20)
By making use of Definition 1.12 and Remark 1.5, we get
Pip.a1 (> @) = Hip,q(f, ) =+00,  Prp+1,q(f @) = 0. (3.21)

According to Lemma 2.14, and the hypothesis of Theorem 3.7 we get

maX{p[p,q] (A]; (P) (] = 0) 1) ceey k)) p[p,q] (E (P)} = p[p,q] (Asr(p) = B < +o00.

Using Lemma 2.19, and the fact that f is a meromorphic solution of (1.4) of [p, g] —¢-order
with A g (%,Lp) < Hip,q (f ), we obtain

Pip+1,q1(f, @) =max{p,q(Aj, @) (j=0,1,...,k),015,qE @)} =pp,q1(As, P). (3.22)

From Lemma 2.18, and since F # 0, we obtain
Nipat (Fr9) = X ip,g1 (F, 0) = Hip, g1 () = Pp,q1 (> @) = +00 (3.23)
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and
0= A1, ([ 90) =Api1,q1 (@) =P1p+1,q1 (> ). (3.24)
It results from (3.22), (3.23), and (3.24) that
Nip,a1 (@) = Xip,q1 (2 @) = Wip,q1 (@) = Pp,q) () = +00
and

0 < Nip+1,q1(F @) = Aipr1,q1 (> ©) = Pip+1,01(F @) < Py, 1 (As, 9).-

3.4 Proof of Corollary 3.2

Let y be a transcendental meromorphic function with p(,+1,4 (W, 9) < 0. Putting

O=f-w.Since pip+1,41(f,9) = 0 and pp+1,q) (W, @) <0 then, pp+1,41 (W, P) <Pp+1,41(f, @)
Hence, by Lemma 2.4 we obtain p(,+1,4) (9, ) = p(p+1,q1 (f —W, @) =pp+1,41(f, ). By making
use of Theorem 3.7 we obtain 0 < p(p+1,4) (9, @) < p(p,q1(As, ). Replacing f =9+ into (3.4)
gives

Ar(29P + A1 (29% V4 +AL1(2)Y +Ag(2)D
—F(z) - (Ak(z)qj(k) + A @WE D 4+ A (Y +A0(z)w) ~V(2). (3.25)

Since pp+1,4) (W, ) < 0, then according to Theorem 3.7, y is not a solution of equation
(3.4), hence the right side V(z) of equation (3.25) is non-zero. Furthermore, by Lemma
2.4, and Lemma 2.6 we have

Pip+1,g (Vo) < max{pp+1,q (W, 9),pp+1,q1Aj, @) (j=0,1,-+,k),pp+1,q EP)}
= Pp+L,q (W, ) <0O.

As a consequence
max{pip+1,qV, ®),Pp+1,qAj,9) (j=0,1,---, )} <0 <pp+1,9 (D, @).
From Lemma 2.16, we get

0= X[p+1,q] D, 9) =Ap+1,4 D, @)
=Pip+1,10, @) =P1p+1,q1 (f, @) = Pip,q1(As, P),

which gives

0 = Ap+1,g1(F =W, @) = Aps1,q1 (F — W, @)
=Pip+1,a (f — W, @) =P1p+1,q1(f, @) = Pip,q1 (As, ).

The proof of the Corollary is finished.
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Conclusion and Perspectives

Throughout this work, by using a generalized concept of order called ¢-order, we have
discussed the possibility of extending some results about the growth of meromorphic so-
lutions to linear differential equations of the form:

Ac@ P +A @ FE V4 kAL (2) f+Ag(2) f=0 (3.26)

Ac@ P +Ar @ FE V4 kAL (2) f +A0(2) f=F(2), (3.27)

where A and F are meromorphic functions of finite [p, q] — ¢ order.

We have obtained the relationship between the solutions and the meromorphic coeffi-
cients in terms of ¢-order, estimations about the [p, g] — ¢ order and the [p, g] — ¢ con-
vergence exponent of the solutions to such equations.

Now, some open questions and problems are proposed.
Problem 1. Can we get the similar result using the (a,f3, v) -order defined in [3]? In other
words what can be said about the growth of solutions of the differential equations (3.26)
and (3.27) if the coefficients are meromorphic functions of (a, 3, v) -order?

Problem 2. What are the hypothesis on the dominant coefficient that guarantee that the
solutions of the above equations have a finite (o, 3, v) -order?
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