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Résume:

En s’inspirant des récents travaux de Chyzhykov-Semochko et Belaidi sur le ¢ -
ordre, on étudie dans ce mémoire la croissance des solutions de I'équation
différentielle linéaire complexe suivante £ +A _,(2) f*?+..+ A (z)f =0, ou

A, (2).... A, (z) sont des fonctions analytiques dans C\{z,}, z, eC. Sous

certaines conditions sur les coefficients, on établit des estimations sur le ¢ -ordre
des solutions de ces équations.

Abstract :

Inspired by the recent works of Chyzhykov-Semochko and Belaidi on the ¢ -
order, we study in this thesis the growth of the solutions of the following
complex linear differential equation £ +A_,(z) f*? +..+ A (z) f =0, where

A (2),-.A(z) are analytic functions in C\{z,}, z, eC. Under certain

conditions on the coefficients, we establish some estimates on the ¢ -order of the
solutions of these equations.
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INTRODUCTION

"The shortest path between two truths is the real
domain passes through the complex domain "

Jacques Hadamand

Complex analysis is all about the unite number i satisfying the quadratic 2 + 1 = 0 which
was the biggest concept ever in the mathematical analysis history. It is helpful in many areas of
mathematics, including specially the analytic branches, for instance, algebraic geometry, analytic

number theory and analytic combinatorics.

As years passed, a lot of new concepts and theories has been built in order to develop the field
of complex analysis. In 1925, a new theory was devised by Rolf Nevanlinna [21] and Hermann
Weyl [24]. It’s the so called Nevanlinna Theory which deals with meromorphic functions
as the main object in an analytical way, it describes the asymptotic behavior of such functions
around some point zy on the extended complex plane, i. e., the analysis of the given equation

f(2) = a, where a € C and f is any meromorphic function, for more one can checks ([17] and [25]).

Nowadays many contexts of science can be expressed by the language of applied mathematics

as equations, models or some other problems and specially in the form of a differential system.

Throughout this work we will study the equation
FB 4 A1 (2) fED 4 Ag(2)f =0, (0.0.1)

where the A; (0 < j < k — 1) are all analytic in a complex domain and f is a meromorphic func-
tion in the punctured plane C — zy (here zp represent a singular point). As in [20] Long and Zeng
gave a generalization for the work of Hamouda and Fettouch, see [8] by introducing the [p, ql-

order of growth of the solutions for the complex linear differential equation near a singular point.
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Over the days many efforts has been done by a numerous searchers and collaborators to study the
solutions of equation (0.0.1) under some additional conditions, such works have been done using

the out breaking discovery of Nevanlinna by introducing the fundamental properties and theorems.

In order to study the behavior of the solutions for the equation (0.0.1) we’ll represent new
concept for the usual order of growth and type of growth namely the p-order and the o-type of
a holomorphic function, here the ¢ is function of a special class, the idea was found on [6,23]. A

well known result can be stated as the following theorem: The equation
g%+ A 1(2) g5V 4 4 Ap(2)g =0, k=2 (0.0.2)
with analytic coefficients (A;)o<j<k—1 and a leading coefficients Ag with infinite order has all its

nontrivial solutions of infinite order.

Proof outlines comes by using the two main Nevanlinna theorems and their reflections. For

the rest denote by an A; any holomorphic function on C — {20} — 20, 20 is a singular point.

By first Chapter 2 there will be listed some definitions. Concerning ¢- order and ¢ - type,
related background with a tricky lemmas and main results obtained. Sketches of the proofs will

be found on the second chapter.




Chapter 1

Nevanlinna Theory Near an Essential
Singular Point

"T tell you, with complex numbres
you can do anything "

John Derbyshire

1.1 Motivation

Taking a look at a given meromorphic function as a mathematical object inspires minds to
ask how it actually behaves at each point? The interesting topic to study here is the growth of
such objects : some of which may fastly grow up while the other ones act lazy. The creation of
the tools for the success of the study comes intuitively and step by step. The first move were
done by Rolf Nevanlinna (see [17] and [25]), then numerous researches have been done, some of
such arrived to a fascinating, outbreaking results. A first motivational observation is the obvious
question : how can we compare two holomorphic functions, which one leads in the sense of the
growth 7 Yes, they came up to compare each function with a model of the form z‘sz , Where

constants a and b refers to the order and the type of the growth respectively. As in [4] Belaidi

came to find a comparison is another sense (see the definition the ¢- order and - type) , while

2

the magnitudes |a| and |b| on the tower 2%~ can be found by applying successive logarithms of

the form loglog ...log. Instead of taking logarithms some authors replaced it by special class of
—_——

p—times
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function having common properties with log,,.

We aim to study the growth of solution of (0.0.1) providing comparison for the coefficients A;
(0 < j < k—1), by each others, this comparison may show which coefficient leads the differential
equation and how this will change thing about the behavior of f. By the following, we will

emphasize the results obtained by Long and Zeng on [20] through the ¢-order, p-type concepts.

1.2 Concepts near a singular point

Let f be a meromorphic function defined in the punctured plane C — {2} for some complex
singular points.
The Nevanlinna’s fundamentals are the most important tool for our study. For that reason, we
dedicate the entire chapter to fully developing the theory for a function with singular point zg.
In order to develop our study, we firstly recall some related notations. Let f be a meromorphic
function in C — {2}, where C = C U {00} is the whole extended complex plane, zg € C is some
essential singularity.
Define the counting function of f near zg by the following formula

’"n(t,f)—n(oo,f)d
t

t — n(oo, f)logr,

Na(rif) = [

o
where n (¢, f) denote the number of poles of f in the region {z € C: ¢t < |z — 20|} U {00} counting

its multiplicities, we also define the proximity function near zy by
1 2 )
map(r ) =5 | log™ |0 - re) o
T Jo
Summing up together, the characteristic function of f near zy will be
Tzo(rwf) = mZO(r, f) + Nzo(""7 f)
For k > 2 a positive integer, consider the following complex linear differential equation
FO 4+ Apa(z) FED 4+ A (2) f 4 Ao(2)f =0, (1.2.1)

where the coefficients are analytic in some complex domain. Since it’s hard to find some general

forms for the solutions of (1.2.1), many searchers are interested on the study of the behavior of
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such solutions and specially the notion of the growth. The strongest tool they used for establishing
their results is the Nevanlinna theory which can be found in [1], [9], [11], [17] and [25].

In [13, 14], Juneja, Kapoor and Bajpai have investigated some properties of entire functions of
[p, ¢]-order and obtained some results about their growth. In [18], in order to maintain accordance
with general definitions of the entire function f of iterated p-order [16], Liu-Tu-Shi gave a minor
modification of the original definition of the [p, ¢]-order given in [13,14]. With this new concept
of [p, g]-order, Liu, Tu and Shi [19] have considered equation (1.2.1) with entire coefficients and
obtained different results concerning the growth of their solutions. After that, several authors
used this new concept to investigate the growth of solutions in the complex plane and in the unit
disc [2, 3, 18].

In [6], Chyzhykov and Semochko showed that both definitions of iterated order and of [p, ¢]-
order have the disadvantage that they do not cover arbitrary growth, i.e., there exist entire or
meromorphic functions of infinite [p, gl-order and p—th iterated order for arbitrary p € N, i.e.,
of infinite degree, see Example 1.4 in [6]. They used more general scale, called the p-order (see
[6,23]). In recent times, the concept of g-order is used to study the growth of solutions of complex
differential equations which extend and improve many previous results (see [4, 6, 22]).

As in [20] Long and Zeng gave a generalisation for the work of Hamouda and Fettouch (see
[8]) by introducing the [p, q]- order near a essential singular point. So, we find it very interesting
to generalize the work done on [20] by introducing the concept of the ¢- order near an essential
singular point, that is the coefficients of (1.2.1) are all analytic in C — {29}

Recently, Chyzhykov and Semochko [6] have given general definition of growth for an entire func-
tion in the complex plane by introducing a new class of functions. So, as in [6], let ¢ be the class

of positive and bounded increasing functions ¢ on [1,00) such that p(e?) is slowly growing, i.e ,

ct
Ve>0: lim ple ):1.
t—+o00 cp(et)

Here some useful properties of a function ¢ € ¢.

Proposition 1.2.1 ([6]) If ¢ € ¢, then the following holds

-1
i) VY6 >0: lim log ((} +9)z) = +00,
v=too logpl(z)

—1 1 m
i) Ym>0,k>0: mlf—3§32:+m.
Tr——+00 €T
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i) Ve >0, p(ct) < et < (1+0(1))e(t), t— +oo.

Definition 1.2.1 ([6]) Let ¢ be an increasing unbounded function on [1,+00). The p-orders of a

meromorphic function f are defined by

T(r.f)
0 N ¥ (6 ) 1 1 (p(T(T7 f))
G T

If f is an entire function, then the p-orders are defined by

A1) = tmsup ZALID) gy i g 2UOB M)

r—-—400 IOg r r——+00 1Og r

Proposition 1.2.2 ([6]) Let ¢ € ® and f be an entire function. Then
Pe(f) =pp(f), 3 =0,1.

We now turn our attention to the basic definitions which may be are new concepts. Below,

we will define the growth for a meromorphic function of f near a singular point.

Definition 1.2.2 ([15]) Let ¢ be an increasing and unbounded function on [1,4o00). Then, the
orders of the growth of a meromorphic function in C — {29} is given by

TZO (T7f) T
00 (7. 20) = limsupZ T (7 ) =t sup 2 Lo )
r—0 log r—0 log -

If f is an analytic function in C — {2}, then the p-orders are defined by

- . M, (r, - . log M, (r,
Pg,(f, ZO) _ hmsupgp( 0(1 f))7 p}p(fa ZO) _ hmsup(p( g 01< f))
r—0 lOg - r—0 ]'Og r

T

here M, (r, f) = max{|f(2)| : |z — 20| = 7}.

I

Remark 1.2.1 A motivational observation for the creation of the above definition is that ¢ (r) =
loglogr € ¢ it’s also obviously that ﬁg (f,20) = pg (f,z0) due to the double inequality between M
and T in [11, p.41].

Definition 1.2.3 ([15]) Let ¢ be an increasing and unbounded function on [1,00). Then, the types
of the growth of an analytic function in C—{z} with Z)g(f, 2p) € (0, +00) and 'ﬁ}o(f, 2p) € (0, +00)

are defined by

exp {o (M, (r, f))}
1 9
A% (f20)
~ 1 M 7
711; (fs20) = limsupeXp {p( Ogl 20 (T f))}
r—0 m

?g (f,z0) = lim sup

r—0
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Recently, Long and Zeng have investigated the [p, g]-order of growth of solutions of equation
(1.2.1) and obtained some estimations of [p, g]-order of growth of solutions of such equation which
is a generalization of previous results from Fettouch-Hamouda [8]. Before stating the results of
Long and Zeng, we give here the definitions of the [p, g]-order and the [p, g]-type of a meromorphic

function near a singular point.

Definition 1.2.4 ([20]) Let f a meromorphic function in C—{z}, for p,q two integersp > q > 1,
the [p, q] —order of growth is defined by

lOng 120 (T7 f)
Pro.al(F> 20) = lim sup—F———-
[p.g] r—0 logq(%)

If f is an analytic function in C — {2}, then the [p, q] —order of growth is defined by

i

10g++1 Mzo (T7 f)
Pt (f220) = limsup— 2
Pl r——0 logq(%)

where M, (r, f) = max {|f(2)| : |z — 20| = r}.

Definition 1.2.5 ([20]) Let f be a meromorphic function in C — {z} with p = P (f:20) €
(0,00). Then the [p,q]—type of f is defined by

Tipsdl (f, z0) = lim sup

If f is an analytic function in C — {29} with p = Pip,q (f>20) € (0,00), then the [p, q]—type of f is
defined by

log,\, 1 M.y (r, f)
TM,[p,q(f, 20) = limsup P
[Pl r—0 logq—l(%)p

Theorem 1.2.1 ([20]) Let Ag(2), A1(2), ..., Ax_1(2) be analytic functions in C — {2} satisfying
max{p[p’q] (Aj,20): 7 # O} < Plp,q (Ao, 20) < 00. Then, every nontrivial solution of (1.2.1) that

is analytic in C — {2}, satisfies Pip+1,q (fr20) = ppp,q (Aos 20)-

Theorem 1.2.2 ([20]) Let Ao(z), A1(2), ..., Ap_1(2) be analytic functions in C — {2z} satisfying

the following conditions

7’) max {p[p,q](AjazO) ] 7& 0} < p[p,q}(AO’ZO) < o0,
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i1) max {T[p’q}(Aj,zo) L Plpg (A 20) = p[p7q](Ao,zo)} < Tip,q (Ao, 20)-
Then, every nontrivial solution of (1.2.1) that is analytic in C — {20}, satisfies
Plp+1,g (f520) = pip g (Ao, 20)-
Theorem 1.2.3 ([20]) Let Ag(z), A1(2), ..., Ar_1(2) be analytic functions in C — {29} satisfying
max {P[p,q](AﬁZo) ] # 3} < Plp,q) (As, 20) < 00,
Then, every nontrivial solution of (1.2.1) that is analytic in C — {20}, satisfies
Plp+1,g (5 20) < ppp g1 (As, 20) < ppp.g ([ 20)-

Here is the full generalization for the work of Long and Zeng given on [20] by using the
concept of the p-order. The following theorem seems like to be a classical version that describes

the impact of Ag.

Theorem 1.2.4 ([15]) Let Ag(2), A1(2), ..., Ag_1(2) be analytic functions in C—{zo}, all together
satisfying max {ﬁg (Aj,20): ] # 0} < ﬁg (Ao, 20) < co. Then, every nontrivial solution of (1.2.1)
is analytic in C — {2}, satisfies 'pvglo(f, 20) = ﬁg(Ao, 20).

The following theorem discusses the case of the quality in the condition, namely Ag still a dominant

coefficient but not the only one.

Theorem 1.2.5 ([15]) Let Ag(2), A1(2), ..., Ax_1(2) be analytic functions in C— {29} all together

satisfying the following conditions
. ~0/ 4. - >0
i) max {p,,(Aj,20) : § # 0} < pg(Ao, 20) < 00,
i) max {7 (A, 20) : po(Aj, 20) = Py(Ao, 20) } < To(Ao, 20).
Then, every nontrivial solution of (1.2.1) that is analytic in C — {20}, satisfies
~1 _~0
P[5 20) = pyp(Aos 20)-

For the last Theorem we suppose that the dominant coefficient runs over the set {0,1,2,...,k — 1}.
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Theorem 1.2.6 ([15]) Let Ao(z), A1(2), ..., Ag_1(2) be analytic functions in C—{zy} all together

satisfying the following condition
max {ﬁg(Aj,zo) j#s)< f)g (As, z0) < 0.
Then, every nontrivial solution of (1.2.1) that is analytic in C — {20}, satisfies
P1(f,20) <Py (Ass 20) < (S, 20)-

Remark 1.2.2 ([7]) The condition that f is analytic in C — {29} is necessary. The following
ezample shows that there exists a solution f (z) of (1.2.1) such that f (z) is not analytic in C —
{20} provided that all coefficients Aj(z) (j =0,....k — 1) of (1.2.1) are analytic in C — {zo}. For

instance, we consider the equation

1 1 2 1
"+ (epr{ } - ) I+ expz{ }f =0. (1.2.2)
zZ0 — % 20 — % zZ0 — % zZ0 — %

The function f (z) = (20 — 2)? solves (1.2.2), and f (z) is not analytic in C — {z}. So, in our

results, we suppose always that f (2) is analytic in C — {z}.

1.3 Preliminary results

We now concentrated on the main preliminaries needed for establishing the proofs of our

results. We firstly clarify some notations. Denote, the logarithmic measure of a set £ C (0, 1) by

dt

We also denote by v(r, g) the central index of an entire function g (z) in C, for more properties,
see [12, p.33 — 35]. Finally, denote the central index of an analytic function f in C — {zo} by
Vs (7, f) (reader may check [10, p.996]).

Lemma 1.3.1 (As in [20], Lemma 2.5). Let g : (0,1) — R, h : (0,1) — R be a monotone
decreasing function such that g(r) > h(r) possibly outside an exceptional set E C (0,1) that has
finite logarithmic measure. Then, for any given B > 1, there exists a constant 0 < rg < 1 such

that for all r € (0,70), we have g(r®) = h(r).
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Proof. Set a = [, % < 00, and choose ro = exp (ﬁ) € (0,1). So that for all 0 < r < rg, the
interval I, = [r?, r] meets E°. Since,
dt " dt
/ — :/ —={1-=p8)logr > (1—-p)logry = .
I t rB t
Therefore, by the monotonicity of g and h, there exists t € I, for which
g(r’) = g(t) = h(t) = h(r).

+o00o

Lemma 1.3.2 ([12]) Let f(z) = > an2" be an entire function. Let pu(r) and v¢(r) denoting
n=0

respectively the maximum term and the central index of f, i.e., u(r) = max {|a,|r";n =0,1,...}

and v¢(r) = max {n : pu(r) = |ap|r"™}. Then, we have

oz u(r) = toglaol + [t (o] 0) (1.3.1)

M(r, f) < p(r) {l/f(R) + R}E r} (R>r). (1.3.2)

Lemma 1.3.3 ([15]) Let ¢ € ® and f be an entire function. Then, we have

. eXp UV slT
r—-+4o00 OgT’

where v¢(r) is the central index of f.

w(expvy(r)

Proof. Denote p := lim sup—— or )T hen, for any given € > 0 and sufficiently large r, we have

r—+00
vi(r) < log o '(logr’™e). (1.3.3)
By setting R = 2r in (1.3.2), we get
M(r, £) < p(r) (vp(2r) +2) = |a,,, (|7 ") (vy(2r) +2). (1.3.4)
Since {|an|},~¢ is a bounded sequence, then by using (1.3.3) and (1.3.4), we obtain
M(r, f) < 1" (vp(2r) +2)
< crlose (logr™e) (log o (log (2r)PT%) + 2)
_ Celogwl(logrﬁf)logr (log (p—l(log (2T)p+€) + 2)

< elogcp’l(logr’ﬂrss) — gp_l(log 7/4""35)7 (135)
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where ¢ > 0 is a real constant. From (1.3.5), by the monotonicity of ¢, we get

p(M(r, f))

< p+3e.
logr

By arbitrariness of € > 0 and Proposition 1.2.2, we obtain

pg(f) <pi= limsupw. (1.3.6)

r—+00 logr

Now, we prove the reverse inequality. Without loss of generality, we may assume |ag| # 0. It

follows from (1.3.1) that

log pu(2r) = log |ao| + /02T Vft(t) dt > log|ag| + v¢(r) /QT %
.,
=log|ao| + v¢(r) log 2.
By Cauchy’s inequality we have p(2r) < M (2r, f) and then
vi(r) < log M(2r, f) _ log |ao| < ¢ log M (2r, f), (1.3.7)

log 2 log 2

where ¢; > 2 is a real constant. It follows from (1.3.7) and Proposition 1.2.1, especially case (i),

that
plexprs(r) _ o(M(2r, f)) log2r _ (1+0(1) p(M(2r.f) log2r
log r = log 27 logr log 27 logr
Hence
lim supM < lim supw = pg(f). (1.3.8)

400 logr r—too  log2r

We deduce from (1.3.6) and (1.3.8) that

. expvs(r
pg(f) = hmsupiso( ] i ))
r—-+o00 ogr

Lemma 1.3.4 ([15]) Let f be a non constant analytic function in C —{z9}. For a function ¢ € ¢

one has
Vz (T7f)
tmsup 2 0 (5.
r—0 log P

Proof. Set g (w) = f (zo - %) As the function g is entire [10, Remark 7], it turns out that

v (r, f) = v(R,g), R= %
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By Lemma 1.3.3, we have
v(R,g)
0 . G )
pr— 1
Pel9) notey log R

By Lemma 2.2 in [8], we have
T(R,g) = Ty (r, f)-
That gives

. eXp(Vy (1, g

Lemma 1.3.5 ([15]) Let f be a non constant analytic function in C — {20} with p(f,z0) = p.
Then, there exists a set E C (0,1) with my(E) = +o0 such that for all |z — zo| =7 € E,
Oy ()

r—0 log %
Proof. By Definition 1.2.1, there exists a sequence {r,,},-; tending to 0 satisfying 7,41 < e mEAY
and
Agmﬂﬁizjﬂzp

_n_

n+1
P(My (rn, £)) (M (1, £)) (Moo (27700 F))

Therefore, there exists ng € N such that for all n > ng and for every r € [-Z=ry, 1] , we get

log nilﬁ“n =X ]og% < log %
Therefore, since
i P Mo £)) M1¢W%@%mjth
n—-4o0o Iog nL_Fllrn n—-+00 log %n )
then yielding
hm@(quD_p
r—0 log =
o0
for all r € [niﬂrn,rn} . By setting £ = | [niﬂrn,rn], the conclusion follows since E fulfills
n=ng
my(E) = +o0.

By analogous logic, we establish the same lemma with the limit.

Lemma 1.3.6 ([15]) Let f be a non constant meromorphic function in C—{zy} with pg(f, 20) = p.
Then, there exists a set E C (0,1) with m;(E) = +oo such that for all |z — 2| =1 € E,

T (r,f)
lim 7§O(e ° )

o ]Og % = p.
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Lemma 1.3.7 ([15]) Let f be a non constant analytic function in C — {zo} with ﬁg(f, 20) =p €
(0,00) and ?g(f, 20) = 7 € (0,00), for any given 5 € (0,00), there exists a set E C (0,1) of

infinite logarithmic measure such that for |z — zo| =1 € E,

o (M, (1, f)) > log (5) .

P
Proof. For the proof, by the same reasoning as the previous Lemma 1.3.5, we obtain the desired

conclusion. Here we omit the details.

Lemma 1.3.8 ([15]) Let A;(z) be analytic in C — {z0} satisfying all together, the inequality
Po(Aj,20) < p<o0, j=0,1,...,k—1.

Then every solution of (1.2.1) that is analytic in C — {29} satisfies ﬁ;(f, 20) < p.

Proof. The equation (1.2.1) implies

f(k)
f

(k—1)

f

< JAy1(2) + [4o(2)]. (1.3.9)

+o o A (2)] ‘J;

By the definition of ﬁg(f, z0) and since one has the bound f)’g(Aj,zo) <p(j=0,1,..,k—1),

then for any given ¢ > 0, there exists 79 € (0,1) such that for all |z — 29| =7 € (0,79), we get

14;(2)] < " ((p—f— e) log i) L (=01, k—1). (1.3.10)

By throughing reader back to ([10], Theorem 8), there exists a set £ C (0,1) that has infinite

logarithmic measure, such that for all j € {0,1,...,k} and r ¢ E, we have

f(]) (Z) V2o (Tv f) 7
=11 | —————= — 1.3.11
‘f(z) 1+ o) (2l f) o, (1311)
for z in the cercle [z — 20| = r and |f(z)| = max|,_, -, |f(2)|. Together, combining the three

estimations (1.3.9), (1.3.10) and (1.3.11), we get for all |z — zg| = r € (0,79)\F and |f(z)| =
MZO (T7 f)
1
Vao(rf) S kr¢—1 <(p +¢)log r) |14 o(1)]. (1.3.12)

Finally by Lemma 1.3.1, the last claim, and (1.3.12), the desired conclusion follows.
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Lemma 1.3.9 ([5]) (Logarithmic Derivative Lemma) Let f be a non constant meromorphic func-

tion in C — {2} and k > 1 be an integer. Then, we have

(k)
M, (r, ff> =0 <Iog T, (r, f) + log i)

for all v € (0,1)\E, where m; (E) = [, % < oo. If p(f,z0) < 00, then

(k)
m|r, f— =0 logl .
f r
Then the following lemma helps to complete the proof of the third theorem.

Lemma 1.3.10 ([20]) Let f be a non constant meromorphic function in C —{z}. Then f enjoys

the following two properties

i) T (}) — Too(r, ) +O(1),

1
ii) Too (1, f') < O <TZ0(’I”, f) +log 7“) , 7€ (0,70)] \F, where E C (0,r0] with m; (F) < oc.

Proof. By Lemma 2.2 in [8], it is easy to see that T, shares some same familiar properties as T

on the Nevanlinna theory. So a suitable substitution may prove the lemma. Set

g(w)=f<20;>-

Then Lemma 2.2 of [8] shows that

By the first main Nevanlinna theory, we get

T (R, ;) _ T(R,g) + O(1).

Thus
TZO <T; }) = TZo (T’, f) + 0(1)

So, the conclusion (7) holds. By definition, one has

Too(rs ') = Mg (7, f) + Noo (s ') < 2100 (7, £) + 12, < ) .



1.3 Preliminary results 16

From the last inequality and Lemma 1.3.9 it follows that there exists a set £ C (0, 7] that has

finite logarithmic measure an for all |z — zg| =7 € (0,ro\E,

1
Tzo (Ta f/) < 0O <TZO (T7 f) + IOg T)
Hence, (i7) is established.

Lemma 1.3.11 ([15]) Let f1, fo be analytic functions in C — {zo} satisfying p?o(fl, 20) = p1 >0,
p?p(fg,Z()) = py < 00 and py < py. Then, there exists a set E C (0,1) having infinite logarithmic

measure such that for all |z — zo| = r € E one has

hm TZO (717 f2)

= =(.
r—0 TZO (Ta fl)

Proof. By Definition 1.2.1, for any € > 0 with € < @, there exists 79 € (0,1) such that for all

|z — 20| =7 € (0,7r0) the following holds

Too(r, f2) < log o~ (<p2 +¢)log 1) . (1.3.13)

Concerning the Lemma 1.3.6, we have deduce the existence of some sets E C (0,79) of infinite

logarithmic measure such that for all |z — 29| =r € E

T.,(r, f1) >logp! ((pl —¢)log i) . (1.3.14)

Combining (1.3.13) and (1.3.14), it follows that for all |z — zg| =7 € EN(0,79)

Ty(r. f2) _ log e ((py +e)log?)

0< <
To(r; f1) ~ logo! ((py —€)logt)

as py + & < p; — ¢, by setting (py + €) log% = z and Z;i =146 (6 > 0) and making use of

Proposition 1.2.1 (i)

. logo ™ ((pate)logr)  loget((py+e)log )
lim = lim

r—0log o=t ((py —¢)logy) =0 log p—1 (ﬁ;f (py +¢)log %)

log ™! (x)
= 1m
e—+oo log ™1 ((1+6)z)

Therefore yielding
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Lemma 1.3.12 For a sequence (xj)jeNn of no negative reals the following hold.
o log" (z;,z;) < log" z; +log™ x;
* long(ngn «Tj) < ngn 10g+ Tj+ logn

Proof . 1) For the first property we have to treat two cases.
Case 1 : If z;z; < 1, then log™ rix; =0 < log™ z; +log™ x; because the log™ is positive valued
function

Case 2 : If z;z; > 1, then logt z;z; = log x;xj = logx; + logx;. Since log™ x > log x, we obtain
log™ TiTj < < log™ z; + log™ T
2) Without loss of generality suppose that

T1 <22 <. KXy

Then
n
logn + Z logt z; > logt n +log™ z,, > log™ (nz,) < log™ Z x;
j=1

The next lemma finishes the preliminaries.

Lemma 1.3.13 ([8]) Let f be a nonconstant meromorphic function in C — {2}, let v > 1,
e > 0 be given real constants and k € N. Then there exist a set E C (0,70}, (ro € (0,1))
having finite logarithmic measure and a constant A > 0 that depends on v and k such that for all
|z — 20| =7 € (0,70] \ E, we have

¥ (2)
f(z)

1 1 k
<A[ T, (ﬁf) log T, <r,f>] |

r2




Chapter 2

Growth of Solutions of Complex
Linear Differential Equations Near an
Essential Singular Point

"Mathematical Analysis is as
extensive as nature herself"

Joseph Fourier

In this chapter, we perform initial and essential manipulation toward establishing the three the-
orems mentioned earlier. So, we will find it convenient to use the lemmas listed on the second
chapter in order to emphasize the theorems with no other technologies. All such proofs were
explored in a straight direction. These arguments are generalizations of the ones performed by

Long and Zeng in [20] but a good remark can be observed.

Remark 2.0.1 In [20] Long and Zeng used some positive integers q > 1 while we took ¢ =1 on
the definition of the w—order, that is I really can, let q be random on Z~q while the results remain
almost possibly similar based all on the estimation obtained by the definition in a combination with

the fundamental results obtained by the other searchers.
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2.1 Proof of Theorems
Proof of Theorem 1.2.4 Set 'ﬁg(Ao, zp) = p. Choose a and S such that
max {ﬁ?a(Aj,zo) 1j # O} <P <a<p.

By Definition 1.2.1, for any ¢ € <0,min(ﬂ M)>, there exists r1 such that for all |z — 2| =

2 0 2
r<rTi,
|A;(2)] <t <(ﬁ +¢)log i) L i=1,2,..,k—1. (2.1.1)
By Lemma 1.3.5 for all ¢ given above, we conclude the existence of some r9 and a set Ey C (0,1)
with infinite logarithmic measure such that for all |z — zg| = 7 € (0,72) N E7 and |Ag(2)| =
M., (r, Ao)
401> ¢ (= 2)10g ). (2.1.2)

Now, let 79 = min(ry,7r2) and v > 1. By Lemma 1.3.13, there exists a set Fy C (0,79] that have
finite logarithmic measure and a constant A that depends on 7 such that for all |z — 29| = r €

(0,79] \ E2 the following occurs

o (e (G st (L)) =
‘ 8 <A TQTZO 7,f log T%, 7,f , j=0,1,.. k. (2.1.3)
By (1.2.1), we get
(k) () /
402 < | 5 +---+|Aj<z>r‘f; ot M) | (2.1.4)

As the last step, let Eg = (0, 7] N E1 \ E2, obviously Fy has infinite logarithmic measure. Conse-
quently, the combination between (2.1.1), (2.1.2), (2.1.3) and (2.1.4) gives for all |z — 29| =1 € Ej,

_ 1 1 r o 1
ot (<p1 ~ o) log) <Ak <TZO <f)> o ((ﬁm 1og) | (2.1.5)
r r ~y r
Without loss of generality assume that ¢ is fixed small as we want. By contradiction suppose that
pi(f,20) < p.
Then we obtain for all such z as above

T f) <7 (- €)log ) (2.1.6)
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for some p; < p. By (2.1.5) and (2.1.6), we obtain
_ 1 e /o Y\\2¢F _ 1
1 _ ) AR 1 _ o 1 2\
@ ((p g) log T) S % (@ ((pl g) log T)) ¢ <(B +¢)log 7,)

Since p — e > max(p; — &, + ¢€), we get

—1 B 1 Ak B V) 2R+
¥ ((p 5)logr gr% (go (max(p]L 5,B+5)logr>> . (2.1.7)

Applying the logarithm on both sides, we find

2klogr N log ™1 ((p —¢)log %)
(2k +1)log o' (max (p; —¢,8+¢)log2)  (2k+ 1)logy~! (max (p; — ¢, 8+ ¢)log 2)
log Ak
< +1 2.1.8
(2k + 1) log =1 (max (p; —,8 +¢)log 1) ( )
Notice that ¢! is increasing, so by applying the Proposition 1.2.1 (ii), we get
1
lim 08T =0 (2.1.9)

r—=0log o~ (max(p; — ¢, 8 +¢)log 7)

As we did earlier in Lemma 1.3.11, we have

log o=t ((p—¢)logd
lim 08" ((p—¢)log,) = +o0. (2.1.10)

r—0log p~! (max(p; —¢,8 +¢)log 1)

The right hand side on (2.1.8) is finite while the left hand side is infinite, thus contradiction holds
ie.
py (f,20) = p.

Thus by Remark 1.2.1 and as ¢ € ¢ we obtain

Py (f,20) = p-

By Lemma 1.3.8, we get
Py (f20) = Py(Ao, 20).

Proof of Theorem 1.2.5 By an analogous progress set ﬁg(Ao,zo) = p, ?g(Ao,zo) =7. If
max{ﬁg (Aj,20) :g=1,..,k—=1} < f)g (Ao, z0) = p, then by Theorem 1.2.4, we obtain f)}p (f,20) =
[)?0 (Ao, z0). Suppose that max{f)g (Aj,20) : g =1,2,..,k—1} = [)g (Ag,20) = p (0 < p < +00)

and max{%?p (Aj, 20) : f)g (Aj,20) = ﬁg (Ao, 20)} < %g (Ag,20) = 7 (0 < 7 < 400). Then, there
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exists a set I C {1,2,...,k — 1} such that ﬁg (Aj,z0) = bg (Ao,20) =p (j €1) and %g (Aj,20) <

%g (Ao, 20) (7 € I). Thus, we choose (31, 3, satisfying
max{7) (Aj,20) : (j € )} < By < By < 7% (Ao, 20) = 7.

From Definition 1.2.3, there exists ro € (0,1) such that for all |z — 29| =7 € (0,79)

|45 ()| < 7! <logf,§> (el (2.1.11)
and
|4; ()] <7t (log T;) <ot <log f;) Ge{l,..k—1}\1), (2.1.12)

where 0 < p; < p. We now turns to Lemma 1.3.13, it claims the existence of a set Ey C (0,7o]
having finite logarithmic measure and a constant A > 0 that depends on some given v > 1 such

that for all |z — 29| = r ¢ E1, we have

| < (e (5 0) e (5))
<A 5T | = f)logT.y | —, f (2.1.13
N A Y R O )
By Lemma 1.3.7, there exists a set Fy C (0, 1) of infinite logarithmic measure for which
Ba
¥ (Mzo (’I”, AO)) > log 7"7
equivalently
e > o () w110
T

Set Ey = FEy \ E1, for sure Fy has infinite logarithmic measure. Combining (2.1.11), (2.1.12),
(2.1.13) and (2.1.14) with (2.1.4) we get for all |z — 29| = 7 € Ej,

2k
! <log ﬁQ) < Ak (iTzO(;,f)) ot (log 61) . (2.1.15)

7 7
The last inequality implies p(lp( f) = p . To see why assume there pi,( f) < p. Then there exists
pa < p such that

Too(r, f) <ot <p2 log i) . (2.1.16)

Consequently, by (2.1.15) and (2.1.16)

2k
—1 Ba 1 ~1 P2 -1 b1
% (log T‘P> < )\kr% (go <log e )) % <10g rf’) .
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Applying the logarithm on both sides, we find

2klogr
(2k + 1) log 1 (log ’f—,})

- B
log o~ (log 52 ) _ log (k)

+ <
(2k +1)log 1 (log %) (2k +1)log 1! <log ’f—;)

+1. (2.1.17)

As we did before

1
lim os T —0

=0 ]og o1 <log %)

and
log ot (1og f—g)
lim
"0 (2k + 1) log 1 (log %)

because log > log 3 51 Since the right hand side of the inequality (2.1.17) is bounded by 1, thus
taking limits yielding +0o < 1 which is a contradiction, hence the conclusion. As 5 < (; and
© € ¢, we get p}o( fy20) = p. Finally, by applying Lemma 1.3.8, the desired theorem will be proved.
Proof of Theorem 1.2.6. For this section, suppose that the dominant coefficient is unique and

runs over the set {0, 1,...,k — 1}. In other words, there exists s € {0, 1, ...,k — 1} such that
max {7 (4;,70) : j # 5} < P(As, 20)-

The equation (1.2.1) yields

Mo (1, As) ZmZO ( T, > —I—ZmZO r, A;) +logk. (2.1.18)

J#s J#s
By Lemma 1.3.10, there exists a set Ey C (0,79] for fixed ro € (0,1) which has finite logarithmic

measure such that for all |z — 29| =r € (0,79] \ E1

Ty ) < O (Tafrf) 4108 ).

Consequently

(1) < O (T (r ) + 1oz ).
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Then, it follows
1
Zsz ( ,S> <0 (Tzo(r, f) +log r) . (2.1.19)

By Lemma 1.3.11, there exists a set Eo C (0,79] with infinite logarithmic measure such that for

all |z — 29| =1 € Es

T (1, Aj)

M T (r A 0 IES
. 1
so for any given € € (O, 2(,{71))
Mo (1, Aj) < emyy(r, As), § # s. (2.1.20)

By (2.1.18), (2.1.19) and (2.1.20), we conclude that for all |z — 29| =7 € E \ Ej,

1

§mZO(7‘, As) <O <TZO(T, f) +log i) +O(1).

using this, we get

T, (r, log 1
lim Supgo(exp(mzogr, 4.) < lim Supso(eXp(C( o(r, f) +log r))

r—0 log = r—0 log %

i

where ¢ > 0 is some constant. Using the fact that ¢ is slowly growing we get

hmsupw(exp(mzogr, A))) hmsupw(eTzo(:’f ) _ o 20).
r—0 log = r—0 log =
Therefore,
P (Asy 20) < p(f, 20).
It remains to show that p@(f, 20) < (AS, 20). By Lemma 1.3.8, it follows

py(f,20) < P2(As, 20)-

So we have the double inequality

py(f,20) < P (As, 20) < pQ(f, 20)

and by Reamark 1.2.1 this leads

vac,lo(fv ZO) < ﬁg(ASv zO) < fvaOO(f’ ZO)'
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Examples

Here we provide some examples that illustrate all what we did before.

Example 3.0.1 Consider the equation

f//_<( 1 n 2 )f/+( 1 46T2—zf:0_ (3.0.1)

z2—20)% 20—z z—20)

Z—Z

It is not hard to see that f(z) = exp (exp ! 0) which is analytic in C — {2} is a solution for
(3.0.1). Notice that, the function ¢(t) = loglogt = logy t is a function of ¢, that is ¢ is unbounded,

increasing and 1 (t) = p(e!) = logt is clearly slowly growing. A hand wavy calculations give
Py(A1,20) =0, P(Ag, 20) =1
Lossly speaking Ag is a dominant coefficient so by Theorem 1.2.4 we conclude that
~1 _~0 _
pcp(fa ZO) - pap(AOa ZO) =1

On the other hand, a simple computation gives

3=

M., (r,f) =¢€°".
Therefore
1
log M log log log e°”
ﬁ;(f, 20) = limsupgo( °8 Zol(T’ ) = limsupgo( 08 208 ](L)ge ) =1.
r—0 log T r—0 log P

This emphasizes the conclusion of the first Theorem 1.2.4.
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Example 3.0.2 Consider the equation

2
1 1 2z+1 ez
"+ <<1— 22) e - — >f’+z2f:0. (3.0.2)

It is not hard to see that f(z) = exp (exp 1) which is analytic in C\ {0} is a solution for (3.0.2).

Notice that, the function ¢(t) = loglogt = logyt is a function of ¢, that is ¢ is unbounded,

increasing and ¥ (t) = p(e!) = logt is clearly slowly growing. A hand wavy calculations give
Py(A1,0) = 5y (Ag,0) =1,
and
?g(Al,O) =1< ?3(140,0) = 2.
Lossly speaking Ag is a dominant coefficient so by Theorem 1.2.5 we conclude that
Po(f,0) = p2(Ag,0) =1
p<p(f7 Ppl 420, :
This emphasizes the conclusion of the second Theorem 1.2.5.

Example 3.0.3 Consider the equation
" 1y 2 5 6 1 / 2 1
E B ol B -t — — + — =0.
f7+e f+<z 3 o [+ z3+z4 f

This equation accepts the analytic function f in C\ {0} given by f(z) = er — 1. By letting
© = logy € ¢ and setting

2 1
Aole) =5+
2 5 6 1
A =C-ma

We see that Apﬂ,(Ag,O) = ﬁg(Al,O) =0 and }3?0 (A2,0) = 1. So the coefficient Ay is the dominant.
Therefore, by the Theorem 1.2.6 one gets,

P (£,0) <1< B%(f,0).

While simple calculations give

o log log (e% — 1)
po(f,0) =limsu =1,
Pp(f,0) = lim sup log 1
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. log log log <e% — 1)
PL(f.0) = limsup 1
r—0 IOg P

Consequently the conclusion of the third Theorem 1.2.6 holds.

=0.



CONCLUSION

We have seen throughout this work that the growth of the solutions of some given linear
differential equations with complex analytic coefficients {A4;}, <j<k-1 in the whole extended punc-
tured plan denoted by C — {20}, where zp is an essential singularity is linked to the nature of
these coefficients. In other words, we found that the growth of the nontrivial solutions can be
determined or estimated by the one of the dominant coefficient which has the greatest growth
among all the other coefficients. In particular, we demostrated firstly that if Ay is the unique
dominant coefficient then the ﬁi,—order of any nontrivial solution which is assumed to be analytic
in C — {20} is equal to the order of Ay and we write ﬁ;(f, 20) = ﬁg(Ao, 29). Then we have dis-
cussed the case when Ay isn’t the unique dominant coefficient so that we added an hypothesis
that Ag still dominant by considering its type of growth and as a result ﬁ(lp( fi20) = ﬁg,(Ao, 2p) for
nontrivial analytic solutions.

Finally we treated the case when the dominant coefficient A is unique and runs over the set
{0,1,...,k — I} and here we get the double unequality pi,(f, 20) < pg(As,zo) < p?o(f, 2p) for non-
trivial solutions.

Toward establishing the theorems we made use of some strong lemmas and we worked by the
equivalence A = B if only if A < B and A > B which can be seen as a principal argument in
the proofs. By last, we would like to say that this work and other similar researches helped to
understand the behavior of the complicated solutions of our differential equation which can’t be
given in some explicate formulas and as a perspective we can arrive to derive similar results by

considering the lower limit as we can define,

(Mo, 1))

~0 L 4
=1 f
fp(fs20) := limin log 1
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