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GROWTH AND OSCILLATION OF SOLUTIONS TO LINEAR
DIFFERENTIAL EQUATIONS WITH ENTIRE COEFFICIENTS
HAVING THE SAME ORDER
BENHARRAT BELA [ DI
ABSTRACT . In this article , we investigate the growth and fixed points of solu -
t ions of the differential equation

FO 4 A () fF Y o Ay (2) f 4+ Ao(2)f =0,

where Ag (Z), e Akfl(z) are entire functions . Some estimates are given for
the iterated order and iterated exponent of convergence of fixed points of
solutions of the above equation when most of the coefficients have the same
order with each other .
1. INTRODUCTION AND STATEMENT OF RESULTS
For the definition of the iterated order of an entire function , we use the same
definition asin [16],[6,p. 317],[17,p. 129]. ForallreR,we
define exp; r :=e"
and exp,, 7 = exp (expp r),p € N. We also define for all r sufficiently large
logy 7 := log r and log,, ; 7 := log (logp r),p € N. Moreover , we denote by exp, r :=

r,logyr :=r,log_; r := exp; randexp_; r := log; .

Definition 1 . 1 . Let f be an entire function . Then the iterated p— order p,(f)
of f is defined by

. logp T(T7 f) . longrl M(?“, f)
Pp(f) - TEI;POO sup W - TEI}:IOO sup T

(1.1)
where p is an integer ,p > 1,T(r, f) is the Nevanlinna characteristic function of f

and M (r, f) = max;—, | f(2) [;see [15,20] . For p = 1, this notation is called order
and for p = 2 hyper - order [ 24 ] .

Definition 1 . 2 ([6,17]). The finiteness degree of the order of an entire
function f is defined by

. min® {j alljeN.
i(f) = {1 Ve N p;(f) < +oo},  pi(f) <™ e .

ansce sntalexists :
when for f transcendental§; polynomlal,. N forwhich
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2 B.BELA I DI EJDE-20/70 Definition 1 . 3. Let f be an entire function .
Then the iterated p— type of an entire
function f, with iterated p— order 0 < p,(f) < oo is defined by

swplog,  T'(r, f) — suwe log, M(r, f) .
Tp(f) = lim =T lim ST (1 < paninteger). (1.3)

r—-+ r—+

For k > 2, we consider the linear differential equation

FP 4 A1 () OV 4+ AR+ Ao(2)f =0, (1.4)

where Ag(2), ..., Ax—1(z) are entire functions . It is well - known that all solutions of
equation ( 1 . 4 ) are entire functions and if some of the coefficients of (1. 4 ) are
transcendental , then (1. 4 ) has at least one solution with order p(f) = +o0.
A natural question arises : ~ What conditions on Ag(z), 41(2), ..., Ax—1(2) will guar-
antee that every solution fequivalence — negationslash 0 has infinite order 7  Also
For solutions of
infinite order , how to express the growth of them explicitly , it is a very important
problem . Partial results have been available since in a paper by Frei [ 1 2 | . Extensive
work in recent years has been concerned with the growth of solutions of complex
linear differential equations .  Many results have been obtained for the growth and
the oscillation of solutions of the differential equation (1.4 ) ;seee. g. [2,3,4,
5,7,8,9,10,11,16,17,18,19,21,22,23]. Examples of such results
are the following two theorems :
Theorem 1. 4 ([16]). Let Ao(2),..., Ag—1(2) be entire functions such that
i(Ag) = p(0 < p < o0). If e dither max {i(4;) : j =1,2,...,k — 1} < p or max
{pp(4;) :j =
1,2,..,k—1} < pp(Ap), then every s o lution fequivalence — negationslash0 of (1.
4 ) satisfies i(f)=p+1

andpy+1(f) = py(Ao)-

Theorem 1. 5 ([22]). Let Ag(z),...,Ar—1(z) be entire functions such that
p(Ag) = p(0 < p< +o0) and 7(4) =7 (0 <7 < +400), andlet
p(4;)  <p(do) =p

(G=1,2,.k—1),7(4;) <7(Ao) =7 =12 ... k—1) ifp(A;) = p(Ao)

(j=1,2,....,k—1). Then every s o lution fZ0of (1.4) satisfies p(f) =400 and

P2(f) = p(Ao) = p-

The purpose of this paper is to extend and to improve the results of Theorems 1 . 4
and 1. 5. We will prove the following theorems :
Theorem 1. 6 . Let Ag(2),..., Ak—1(z) be entire functions , and le t i(Ag) = p(0 <
p < 00). Assume that max {p,(A;):j=1,2,...k—1} < pp(Ag) =p(0 < p <
+00)  and max {1,(4;) :pp(4;) =pp(Ao)} < 1p(Ag) =7(0 <7 < +00). Then
every s o lution fequivalence —negationslash0 of (1. 4 ) satisfies i(f) =p+1 and
pp+1(f) = pp(Ao) = p.

Combining Theorems 1. 4 and 1. 6 , we obtain the following result .

Corollary 1. 7. Let Ao(2),..., Ap—1(2) be entire functions , and le t
i(Ag) = p(0 <



p < o0). Assume that e ither

max{i(A;):j=1,2,..,k—1} <p

or

max{pp(A4;):j=1,2,..,k—1} < pp(Ao) =p (0<p < +00)

and

max{7,(A;) : pp(A4;) = pp(A0)} < 7p(Ao) =7 (0 <7 < +00).

Then every s o lution f # 0 of (1. 4) satisfies i(f) =p—+1 and ppil(f) =
pp(Ao) = p.
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Let Ao(z),..., Ak—1(2) be entire functions , and le t i(A;) =p(j =

0,...k—1),(0<p<o0). Assumethatp,(A;)=p(j=0,..,k—1),(0<p<
+00) and max {1,(4;):7=1,2,..,k—1} <7,(Ap) =7(0 < T < +00). Then
every s o lution fequivalence —negationslash0 of (1. 4 ) satisfies i(f) =p+1 and

pp+1(f) = p.
Corollary 1. 9. Let hj(z) (j=0,1,...,k—1) (k> 2) be entire functions with
ho equivalence — negationslash 0, pp(h;) < n (0 <p < o0), andlet

Aj(z) = hj(z)exp,(P;(2)), where
Pi(z) = Ylgauzt (G = 0,...k—1) are po lyn omials with degree
n > 1, ajy

(j=0,1,....k — 1) are complex numbers . If |agn |[>max {|ajn|:j=1,..,k—1},

then every s o lution fZ£0 of (1.4) satisfies i(f)=p+1and ppi1(f) =n.
Replacing the dominant coefficient Ay by an arbitrary coefficient Ay, where s €

{1,...,k — 1}, we obtain the following result which is an extension of Theorems

1.4,1.5and1.6.

Theorem 1. 10. Let Ao(z),...,Ax—1(2)  be entire functions . Suppose

that th ere exists an Ag(1 < s <k —1) with i(A;) =p(0 <p < o0). Assume that

max {pp(4;) :

i #F sh <pp(ds) =p0 < p< 4oo) andmax{7,(4;) :pp(4;) =pp(4s)} <

Tp(As) = 7(0 < 7 < 400). Then every transcendental s o lution f of (1. 4)
satisfies

p<i(f) <p+1 and pp1(f) < pp(4s) < pp(f), and every non -
transcendental

solution fof (1.4)isapolynomial of degree deg (f) <s—1.

Many important results have been obtained on the fixed points of general tran -
scendental meromorphic functions for almost four decades (see [25]). However
, there are a few studies on the fixed points of solutions of differential equations . It
was in year 2000 that Chen first pointed out the relation between the exponent of
convergence of distinct fixed points and the rate of growth of solutions of second order
linear differential equations with entire coefficients (see [10] ) .

In the following , we investigate the relationship between solutions of the differ -
ential equation ( 1 . 4 ) and entire functions with finite iterated p — hyphen order .
We obtain some precise estimates of their fixed points .

To give the precise estimate of fixed points , we define the following concept .
Definition 1. 11 ([16,18]). Let f be a meromorphic function . Then the
iterated
exponent of convergence of the sequence of distinct zeros of f(z) is defined by

1
% (1<paninteger ), (1.5)
where -N(,,1/f) is the counting function of distinct zeros of f(z) in {| z |< r}. For
p = 1, this notation is called exponent of convergence of the sequence of distinct zeros
and for p = 2 hyper - exponent of convergence of the sequence of distinct zeros .
Definition 1. 12 ([18]). Let f be a meromorphic function . Then the iterated

exponent of convergence of the sequence of distinct fixed points of f(z) is defined by

— 1

“Aps — 2) = limy 4 oo sup Log logiv(r’ﬁ) (I<paninteger ). (1.6)
For p = 1, this notation is called exponent of convergence of the sequence of distinct
fixed points and for p = 2 hyper - exponent of convergence of the sequence of distinct
fixed points (see [19,23]) . Thus -\, — 2) is an indication of oscillation of distinct
fixed points of f(z).

*/\p(f) = 1imr—>+oo sup
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We obtain the following results . Theorem 1 . 13 . Suppose that Ay(2),..., Ax—1(2)
satisfy the hypotheses of Theorem

1.6, andlet @ %0 be a finite it erated p— o rder entire function . Then every s o
lution

fequivalence — negationslash0Q of (1.4 ) satisfies

“Apts — ©) =Xp(f —¢) = pp(f) = +00

andp11(f = ¢) = Aps1(f = ¢) = pps 1(f) = p-

Setting ¢(z) = z in Theorem 1 . 1 3 , we obtain the following corollary . Corollary 1
.14 Under the hypotheses of Theorem 1. 1 8, every s o lution f #0 of
the equation (1.4 ) satisfies -N\,s —2) = A\p(f—2) = pp(f) = +o0 and N, y1(s—2) =

Ap+1(f = 2) = ppt 1(f) = p-

Corollary 1 . 15 . Suppose that Aj;(z) = hj(z)exp,(P;(2))(j =0,1,...,k — 1) and
the complex numbers aj, (j=0,1,....,k—1) satisfy th e hypotheses of Corollary 1 .
9. If pequivalence —negationslashO is a finite it erated p— o rder entire function
, then every s o lution fequivalence — negationslash(Q

of  (1.4) satisfies M(f-9) = MF-9) = plf) = +oo and
Ap1(f—0)  =Xps1(f—9) = pp+1(f) =n.  In particular, every s o lution f(z) #0
of (1.4) satisfies

Ap(f = 2) = XM (f = 2) = pp(f) = +ooandApi1 (f — 2) = Apga (f — 2) = pp+ 1(f) = 1.

2. PRELIMINARY LEMMAS
Our proofs depend mainly upon the following lemmas . Before starting these
lemmas , we recall the concepts of linear and logarithmic measure . For E C [0, +00),

we define the linear measure of a set E by m(E) = 0+°o xE(t)dt and the logarithmic
measure of a set ' C  [l,400) Dbylm (F) = 1+w(xF(t)/t)dt, where xH
is the characteristic function of a set H.

Lemma 2 . 1 ([13,p. 9 1]) . Let f(z) be a transcendental
meromorphic function , andlet o >1 be a given constant . Then th ere exist

aset FEy C(1,400) of finite logarithmic measure and a constant B > 0 that
depends only on « and (m,n)(m,n positive integers with m < n) such that for all z
satisfying | z |= relement — slash[0,1] U Ey, we

have
(n)
L@ TS ey 10g T(ar, ln—m. (2.1)
fm(z) r
Lemma 2 . 2. Let f(z) be an entire function of it erated p— o rder

0 < pp(f) < +o0 and it erated p— type 0 < 7,(f) < oco.  Then for any given
B <T1p(f), thereexistsa set Eo C[l,4+00) that has infinite logarithmic measure
, such that for al l r € FEs,



we have

log, M(r, f) > prerd). (2.2)

Proof . When p = 1, the Lemma is due to Tu and Yi [22]. Thus we assume that
p > 2. By definitions of iterated order and iterated type , there exists an increasing
sequence {r,},r, — oo satisfying (1 + }L)rn < rpy1 and

log, M (rn, f)

Nn,.—+00 npp(f) = Tp(f) > ﬁ (23)

Then there exists a positive integer ng such that for all n > ng and for any given ¢

(0 < e <7(f) — B), wehave
log, M (s, f) > (7,(f) — e)ntrt. (2.4)
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there exists a positive integer n; such that for all n > nq,
we have

n )/Jp(f) B

(n—i—l >Tp(f)—5'

(2.5)

Taking n > ng = max {ng,n1}. By (2.4 )and (2.5) for any r € [r,, (1 + =)ry],
we obtain

log, M(r, f) > log, M (ry, f)
> (rp(f) — e)nprtd)

> (1p(f) = 5)(m7“)p”(f) (2.6)
> Bree(f)
Set By = U2, [rn, (14 1)r,], then there holds
n=nz (1+1)r, dt n=nga 1
Im(E;) = g / <= g log(1 + —) = +o0. (2.7)
]

Using similar arguments as in the proof of Lemma 2 . 2 | we obtain the following
result .
Lemma 2. 3. Let f(2) be an entire function of it erated p— o rder
0 < pp(f) <+o0
and it erated p— type 0 < 7,(f) < 0o. Then for any given B < 1,(f), th ere exists a
set F3C|[l,4+00) that has infinite logarithmic measure , such that for all r € E3,
we have

log,_, m(r, f) =log,_, T(r, f) > prevtV), (2.8)

To avoid some problems caused by the exceptional set we recall the following
Lemmas .
Lemma 2.4 ([1,p. 68]). Let ¢:[0,400) = R and h:[0,+00) = R be
monotone non - decreasing functions such that g(r) < h(r) outside of an exceptional
set FE4 of finite linear measure . Then for any « > 1, there exists 19 > 0
such that g(r) < h(ar) for all r> 1.
Lemma 2 . 5 ([14]). Let ¢ : [0,+0) — R and ¢
[0,400) — R  be monotone non - decreasing functions such that (r) < ¥(r) for
al I relement — slashEs U [0, 1], where Es C (1,400) is a s e t offinite logarithmic

measure . Let v > 1 be a given constant . Then there exists an 11 =1r1(y) >0
such that (r) < (yr) for al l r > ry.

Lemma 2. 6 ([5, 7]). Let Ay, Ay,..,Ar_1, F equivalence —
negationslash 0  be finite it erated p— order meromorphic functions . If f
is a meromorphic s o lution with p,(f) = 400 and

Pp+1(f) = p < +00 of the equation

FO LA B L A Agf=F, (29)
then-Apr = Ap(f) = pp(f) = +ooand-Apr1(p) = Ap+1(f) = pp+ 1(f) = p-



Lemma2. 7 ([6,17]). Suppose that k > 2 and Ag(z2),..., Ag—1(z
entire func - tio ns of finite it erated p— order . If f(2) is a s o lution of (
), then i(f)<p+1and

) are
1.4

P+ L(f) < max{py(A;) 1 j =0, ...k — 1} = p.



6 B.BELA I DI EJDE-29/70 3. PROOF OF THEOREM 1 . 6
Suppose that fequivalence — negationslashQ is a solution of equation (1.4 ). From (1. 4 ), we can write

f(kfl) /
ol A [ (3.1)

(k)
| Ao(2) < ITH | Ag—1(2) | |

By Lemma 2 . 1, there exist a constant B > 0 and a set F; C (1,400) having finite
logarithmic measure such that for all z satisfying | z |= relement — slashFE; U [0, 1], we
have

f(j)(z) k+1 -
) | < BT, O (G =1,2,...,k). (3.2)

If max {pp(A4;):7=1,2,....,k — 1} < pp(Ag) = p, then by Theorem 1 . 4 , we obtain

i(f) = p+ landpy4 1(f) = pp(Ao) = p-

If max {pp(4;) : Jj = 12,.,k—1} = p,(4) = p (0 <
p < 4oo) and max {7,(A;) : pp(4;) = pp(Ao)} < 7(Ag) = 7(0 < 7 < 400).
Then , there exists a set I C {1,2,...,k — 1} such that p,(A;) = pp(Ao) = p(j € I) and
Tp(A4;) < 1p(Ao) (j € I). Thus, we choose aq, g satisfying max {7,(4,) : (j € )} <
o < as < Tp(Ag) = 7 such that for sufficiently large r, we have

| Aj(2) [< exp,(arr?)  (j € 1), (3.3)
| A;(z) |< expp(ro‘o) (je{1,2,..,k=1}\1), (3.4)

where 0 < ap < p. By Lemma 2 . 2, there exists a set Es C [1,400) with infinite
logarithmic measure such that for all r € Fy, we have

M (r, Ag) > exp,(aar?). (3.5)
Hence from (3. 1) - (3. 5), for all z satisfying | Ao(z) |= M(r, Ap) and for
sufficiently large | z |=r € E2 \ E1 U0, 1], we have

exp(asr?) < kB exp, (aar?)[T(2r, ). (3.6)

Since ag > a1 > 0, we get from ( 3. 6 ) that

exp((1 — ) exp,_; (azr”)) < kB[T'(2r, f)]k'H, (3.7)

where 7(0 < v < 1) is areal number . By (3. 7 ), Lemma 2 . 5 and the definition
of iterated order , we have i(f) > p+ 1 and p,+1(f) > pp(Ao) = p. On the other hand
by Lemma 2 . 7 , we have i(f) <p+1 and pp4+1(f) < pp(Ag) = p, hence i(f) =p+1

andpp11(f) = pp(Ao) = p.

4. PROOF OF THEOREM 1 . 1 0 Assume that f is a transcendental solution of ( 1
. 4 ). It follows from (1. 4 ) that
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derivative [1 5] and (4. 1), we obtain

T(r,As) = m(r, As)

)
< m(r, % + 3 m(r, A;) + O(log(rT(r, £))) (4.2)
Jj#s
)
— mir, % + YT, A7) + OQog(rT(r, £))
s

holds for all  outside a set E C (0,400) with a finite linear measure m(FE) < +oo.
Noting that

)
. %) < m(r, f) +m<n%

m(

<T(r, f)+T(r, %)

=T(r, )+ T(r, f*)) + O(1)
< (s+2)T(r, f)+o(T(r,f))+ O(1).

For sufficiently large r, we have

O(logr +logT(r, f)) < =T'(r, f). (4.4)

DN =

Thus ,by (4.2)-(4.4), for sufficiently large relement — slashE, we have

T(r,As) < cT(r, f) + ZT(n Aj), (4.5)
J#s
where ¢ is a positive constant .
If max {pp(4;) 5 =0,1,..,s—1,s+1,...k—1} < py(As) = p, then for
sufficiently large r, we have
T(r,A;) <exp,_1(r’®) (j=0,1,..,s—1,s+1,..,k—1), (4.6)

where 0 < 0 < p. Since p,(As) = p, there exists {r], }(r;, = +o00) such that

log,, T(r] As)

plim = p. 4.7
A Ty p (4.7)
Set the linear measure of E,m(E) =dJ < 400, then there exists a point r,, €
—FE.From
log, T(rn, As) _ log, T(r}, As) _ log, T(r/, A,) s
log 7, ~log(rl, +0+1) logr! +log(l+ (6 +1)/r)) (4.8)

we get



log, T'(ry, As)
li —r_ T — ), 4.9
nes O log 7y, P (4.9)

So for any given £(0 < € < p — 0), and for j # s,

T(ry, Aj) < exp,_,(n}°) (4.10)
T(rn, As) > exp,_q (nf77) (4.11)

hold for sufficiently large r,. By (4.5),(4.10),(4.11)and Lemma 2. 4, we
obtain for sufficiently large r,

epr—l(nﬁia) S CT(’I’n, f) + (k - 1) Gpr_l(nfO). (412)
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suplog, T'(rp, f)
li L T >p— 4.1
ra oo log ry, =pPTE (4.13)

On the other

and since e > 0 is arbitrary , we get p,(f) > pp(4s) = p.
) < pp(4s). Hence , we

hand by Lemma 2 . 7 , we have i(f) <p+1 and pp+1(f
obtain

p < i(f) < p+landppi 1(f) < pp(As) < pp(f)-

Imax{p,(4;):j=0,1,...,s —1L,s+1,....k — 1} = pp(A4s) = p(0 < p < +00)
and max {7,(4;) : pp(4;) = pp(As)} < 7(As) = 7(0 < 7 < +00).  Then , there
exists a set J C {0,1,...,s —1,s + 1,....k — 1} such that p,(4;) = pp(4s) = p(j €

J) and 7,(4;) < 17,(A45)(j € J). Thus , we choose (52,83 satisfying max {7,(4,) :
(j € )} < p2< B3 <T1y(As) =7 such that for sufficiently large r, we have

T(r, Aj) < exp, 1 (B27) (j € J), (4.14)
T(r,Aj) <exp, (r1) (j€{0,1,..,s—Ls+1,...,k—1}\J), (4.15)

where 0 < 81 < p. By Lemma 2 . 3, there exists a set F3 C [1,400) with infinite
logarithmic measure such that for all » € F3, we have

T(r,As) > exp,_,(83"). (4.16)

Hence from (4. 5),(4.14),(4.15),(4. 16 ) and Lemma 2. 4, for
sufficiently large | z |=

r € E3, wehave
exp,_1(837) < eT(r, f) + (k= 1) exp, 1 (82).  (4.17)
By this inequality and the definition of iterated order , we have i(f) > p and p,(f)

pp(As) = p. On the other hand by Lemma 2 . 7, we have i(f) < p+1 and pp;1(f)

pp(As). Hence , we obtain p <i(f) <p+1and ppi 1(f) < pp(As) < pp(f)-
Suppose that  fis a polynomial of deg f = m >

{pp(4;) = J =

s. If max

0,1,..,s—1,s+1,...,k—1} < pp(As) = p, then
i(0) = i(f® + A1 () fEY + o+ A(2)f + Ao(2)f) = i(As)  (4.18)

and

pp(0) = pp(f®) + Ap 1 (2) fED 4o A () F + Ao(2)f) = pp(As) >0 (4.19)

this is a contradiction by (1. 4) .

Ifmax{p,(A4;):7=0,1,...,s —1,s+1,....k— 1} = pp(As) = p(0 < p < +00)

and max {7,(4;) : pp(4;) = pp(As)} < (As) = 7(0 < 7 < 4+00).  Then , there
existsaset K C {0,1,...,s—1,s+1,...,k—1} such that p,(A4;) = pp(As) =p(j € K)



and 7,(4;) < T7(4s) (j € K). Thus, we choose 54, [5 satisfying
max {7,(A4;): (j € K)} < p4 < 85 < 7,(As) = 7 such that for sufficiently large r,
we have

| 4j(2) [S exp,(B47) (j€K),  (4.20)
| Aj(2) |< exp,(r®®) (j€{0,1,..,s —1,s+1,...,k—1}\ K), (4.21)

where 0 < 86 < p. By Lemma 2 . 2, there exists a set Eo C [1,400) with infinite
logarithmic measure such that for all » € Fy, we have

M(r,A,) > exp,(B5™"). (4.22)
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(4.20)-(4.22), forall zsatisfying |As(z)| = M(r,A;) and for
sufficiently large | z |=r € E2, we have

dyr™ " exp,,(B57) <| A(re') f©) (re®) |
<Y [ A(re) f9 (re®) | (4.23)
J#s
< dor™ expp(ﬁélrp),
where dy, dy are positive constants . By (4. 23 ) , we get
da

eXP{eXPp—1(ﬁ5TP) - epr—1(ﬁ4Tp)} < a0

re. (4.24)

Hence by 5 > 4 > 0, from ( 4 . 24 ) we obtain a contradiction .  Therefore , if f is
a non - transcendental solution , then it must be a polynomial of deg f < s—1. This
proves Theorem 1. 10 .
5. PRrROOF OF THEOREM 1. 1 3

Suppose that f # 0 is a solution of equation (1.4 ). Then by Theorem 1. 6,
we
have p,(f) = oo and pp41(f) = pp(Ao) = p. Set w = f — . Since p,(p) < 0o, then
we have p,(w) = pp(f — ) = pp(f) = 00 and ppy1(w) = pp+ 1(f — ) = pp11(f) =
pp(Ao) = p. Substituting f = w + ¢ into equation ( 1. 4 ) , we obtain

w® + A1 (2)wFD o Ag(2)w = = (e 4 A1 (2)p T - Ag(2)9)
=W.

(5. 1) Since pequivalence—negationslash0 and p,(¢) < oo, we have Wequivalence—
negationslash0. Then by Lemma 2 . 6 , we obtain

*)‘p@ﬁ = )‘p(w) = pp(w) = OO{J‘HCL)‘p+1(w) = >‘p+1(w) = pp+1(w) = pp(AO) = p;

i.e,-Nu—9) =XN[-9) =pp(f) =ocand-Nir—9) =Xpulf-p) =

Pp+1(f) = pp(Ao) = p-
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