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RELATION BETWEEN SMALL FUNCTIONS WITH
DIFFERENTIAL POLYNOMIALS GENERATED BY
MEROMORPHIC SOLUTIONS OF HIGHER ORDER LINEAR
DIFFERENTIAL EQUATIONS

BENHARRAT BELAIDI! AND ZINELAABIDINE LATREUCH!

ABSTRACT. This paper is devoted to studying the growth and oscillation of higher
order differential polynomial with meromorphic coefficients generated by meromor-
phic solutions of the linear differential equation

f®+AR) f=0 (k>2),

where A is a meromorphic function in the complex plane.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we shall assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna value distribution theory of
meromorphic functions see [10, 17]. For the definition of the iterated order of a
meromorphic function, we use the same definition as in [11] , ([2], p. 317), ([12], p.
129). For all r € R, we define exp, r := €" and eXp, 1 T = exp (expp T) ,peN. We
also define for all r sufficiently large log; r := logr and log,,,, r := log (logp r) ,peN.
Moreover, we denote by exp, r := r,logyr := r,log_; r := exp, r and exp_;  := log, .

Definition 1.1. [11, 12] Let f be a meromorphic function. Then the iterated p—order
pp (f) of f is defined as

oo (f) = lim sup &2 ("> )

(p>1 is an integer),
r——400 10g r

Key words and phrases. Linear differential equations, Differential polynomials, Meromorphic so-
lutions, Iterated order, Iterated exponent of convergence of the sequence of distinct zeros.

2010 Mathematics Subject Classification. Primary: 34M10. Secondary: 30D35.

Received: March 21, 2013

Revised: May 6, 2014.

147



148 B. BELAIDI AND Z. LATREUCH

where T (r, f) is the Nevanlinna characteristic function of f. For p = 1, this notation
is called order and for p = 2 hyper-order, see [10, 17].

Definition 1.2. [11] The finiteness degree of the order of a meromorphic function f
is defined as

0, for f rational,
o min{j € N: p; (f) < +oo}, for f transcendental for which
i(f)= some j € N with p; (f) < +o0 exists,
+00, for f with p; (f) = +oo for all j € N.

Definition 1.3. [4, 6] The type of a meromorphic function f of iterated p—order p
(0 < p < o0) is defined as

o (f) = lim sup 2= L (2 S)

» (p>1 is an integer).
r—-+00 r

Definition 1.4. [11] Let f be a meromorphic function. Then the iterated exponent
of convergence of the sequence of zeros of f (2) is defined as

log, N (r, %)
M (f) = hrgiupT (p > 1 is an integer),

where N (r, %) is the counting function of zeros of f (2) in {z: |z| <r}. For p =1,
this notation is called exponent of convergence of the sequence of zeros and for p = 2
hyper-exponent of convergence of the sequence of zeros, see [9]. Similarly, the iterated

exponent of convergence of the sequence of distinct zeros of f (z) is defined as

log N (r, i
Xp<f>:nmsupog”—m (

p > 1 is an integer),
r—+00 log r

where N (7’, %) is the counting function of distinct zeros of f (2) in {z : |z| < r}. For

p = 1, this notation is called exponent of convergence of the sequence of distinct zeros
and for p = 2 hyper-exponent of convergence of the sequence of distinct zeros, see [9)].

Consider for k > 2 the complex linear differential equation

(1.1) f® 4+ A(2) f=0

and the differential polynomial

(1.2) gr = dpf® + dp 1 fEV 4+ dif 4+ dof,

where A and d; (j = 0,1,...,k) are meromorphic functions in the complex plane.

In [9], Chen studied the fixed points and hyper-order of solutions of second order
linear differential equations with entire coefficients and obtained the following results.
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Theorem 1.1. [9] For all non-trivial solutions f of
(1.3) f"+A(2) f=0,
the following hold:
(i) If A is a polynomial with deg A =n > 1, then we have

M2 =p()="2"

(ii) If A is transcendental and p (A) < oo, then we have
A(f = 2) = p(f) = oo

and
X (f=2)=p2(f) =p(A4).
After him, in [16] Wang, Yi and Cai generalized the precedent theorem for the

differential polynomial g; with constant coefficients as follows.
Theorem 1.2. [16] For all non-trivial solutions f of (1.3) the following hold:
(i) If A is a polynomial with deg A =n > 1, then we have
n+ 2

AMgr—2)=p(f) = 5

(ii) If A is transcendental and p (A) < oo, then we have

AMgr—2)=p(f) =00

and
A (gr —2)=p2(f) = p(4).

Theorem 1.1 has been generalized from entire to meromorphic solutions for higher
order differential equations by the author as follows, see [3].

Theorem 1.3. [3] Let k > 2 and A(z) be a transcendental meromorphic function

of finite iterated order p,(A) = p > 0 such that § (00, A) = limjnf’;((:’j)) =4>0.
r—+400 )

Suppose, moreover, that either:

(i) all poles of f are of uniformly bounded multiplicity or that
(ii) 0 (o0, f) > 0.

If o (2) # 0 is a meromorphic function with finite iterated p—order p, () < 400,
then every meromorphic solution f(z) Z0 of (1.1) satisfies

Xp(f_QD):Xp(f/_‘P):"':Xp(f(k)_gp) :pp(f)z—l—oo,

Mot (f= @) =Nt (f =) = = N1 (f® —9) = ppsr (f) = p.
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Let £ (G) denote a differential subfield of the field M (G) of meromorphic functions
in a domain G C C. If G = C, we simply denote £ instead of £ (C). Special case of
such differential subfield

L1, ={g meromorphic: p,41 (9) < p},

where p is a positive constant. In [13], Laine and Rieppo have investigated the fixed
points and iterated order of the second order differential equation (1.3) and have
obtained the following result.

Theorem 1.4. [13] Let A(z) be a transcendental meromorphic function of finite
iterated order p, (A) = p > 0 such that § (0o, A) =6 > 0, and let f be a transcendental
meromorphic solution of equation (1.3). Suppose, moreover, that either:

() all poles of f are of uniformly bounded multiplicity or that
(ii) 6 (o0, f) > 0.

Then pp1 (f) = pp (A) = p. Moreover, let
(1.4) Plfl=P(f,f- - f™) =D pifV
=0

be a linear differential polynomial with coefficients p; € Lp41 ,, assuming that at least
one of the coefficients p; does vanish identically. Then for the fized points of P [f], we
have Ay 1 (P [f] — 2) = p, provided that neither P [f] nor P [f]—z vanishes identically.

Remark 1.1. ([13], p. 904) In Theorem 1.4, in order to study P [f], the authors
consider m < 1. Indeed, if m > 2, we obtain, by repeated differentiation of (1.3), that
fO = qrof + @i s Gos Gy € Lpi1, for k= 2,... m. Substitution into (1.4) yields
the required reduction.

The present article may be understood as an extension and improvement of the
recent article of the authors [14] from usual order to iterated order. The main purpose
of this paper is to study the growth and oscillation of the differential polynomial (1.2)
generated by meromorphic solutions of equation (1.1). The method used in the proofs
of our theorems is simple and quite different from the method used in the paper of
Laine and Rieppo [13]. For some related papers in the unit disc see [7, 8, 15]. Before
we state our results, we define the sequence of functions o, ; (j =0,...,k—1) by

P CY;-’jil—i-Oél',Lj,l, for all 1 = 1,...,k—1,
b oz{)’j_l — Aoy—y jo1, fori=0

and
- d;, foralli=1,...,k—1,
.0 dy — dyA, for i = 0.
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We define also

Q0 Q1o - - Qk_10

Qo1 a1 - Q1,1
h =

k-1 A1k-1 - - Ok—1k-1

and

¥ (2) = Cop + Crop' + -+ + Gy oY,
where C; (j=0,...,k—1) are finite iterated p—order meromorphic functions de-
pending on «;; and ¢ # 0 is a meromorphic function with p, (¢) < co.

Theorem 1.5. Let A(z) be a meromorphic function of finite iterated p—order. Let
dij (2) (j=0,1,...,k) be finite iterated p—order meromorphic functions that are not
all vanishing identically such that h % 0. If f(z) is an infinite iterated p—order
meromorphic solution of (1.1) with pyr1 (f) = p, then the differential polynomial
(1.2) satisfies
pp(9r) = pp (f) = o0
and
Pp+1(91) = pp+1 (f) = p.

Furthermore, if f is a finite iterated p—order meromorphic solution of (1.1) such that

(1.5) pp (f) >max{p, (4),p,(d;) (j=0,1,....k)},
then
Pp(gf) :Pp(f)-

Remark 1.2. In Theorem 1.5, if we do not have the condition A # 0, then the con-
clusions of Theorem 1.5 cannot hold. For example, if we take d, = 1,dy = A and
di=0(=1,...,k—1), then h = 0. It follows that gy = 0 and p, (g9y) = 0. So,
if f(z) is an infinite iterated p—order meromorphic solution of (1.1), then p, (gs) =
0 < pp(f) = o0, and if f is a finite iterated p—order meromorphic solution of (1.1)
such that (1.5) holds, then p, (g¢) =0 < p, (f).

Corollary 1.1. Let A(z) be a transcendental entire function of finite iterated order
pp(A) = p >0, and let d;(z) (j=0,1,...,k) be finite iterated p— order entire
functions that are not all vanishing identically such that h £ 0. If f # 0 is a solution
of (1.1), then the differential polynomial (1.2) satisfies

pp(Qf) :pp(f) = o0
and
Ppi1 (97) = ppr1 (f) = pp (A) = p.

Corollary 1.2. Let k > 2 and A(z) be a transcendental meromorphic function of
finite iterated order p, (A) = p > 0 such that 6 (00, A) =6 > 0, and let f # 0 be a
meromorphic solution of equation (1.1). Suppose, moreover, that either:
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(i) all poles of f are of uniformly bounded multiplicity or that

(ii) 0 (o0, f) > 0.
Let d;(z) (j =0,1,...,k) be finite iterated p—order meromorphic functions that are
not all vanishing identically such that h % 0. Then the differential polynomial (1.2)

satisfies p, (95) = pp (f) = 00 and ppi1(g5) = pp+1 (f) = pp (A).

Theorem 1.6. Under the hypotheses of Theorem 1.5, let ¢ (2) #Z 0 be a meromorphic
function with finite iterated p—order such that ¢ (z) is not a solution of (1.1). If f (2)
is an infinite iterated p—order meromorphic solution of (1.1) with py+1 (f) = p, then
the differential polynomial (1.2) satisfies

Ao (95 =) =N (g5 —0) = pp (f) = 00

and

A1 (97 = ) = Apr1 (9 — @) = ppsr (f) = p.
Furthermore, if f is a finite iterated p—order meromorphic solution of (1.1) such that

(1.6) pp (f) > max{p, (A),p, (@), pp(d;) (j=0,1,lcdots, k)},
then

Ao (g5 = 0) = Ao (g5 —0) = pp (f)
Corollary 1.3. Under the hypotheses of Corollary 1.1, let v (z) Z 0 be an entire func-
tion with finite iterated p—order such that v (z) #Z 0. Then the differential polynomial
(1.2) satisfies B
Mo (95 = @) =X (95 =) = pp (f) =
and

i1 (95 — @) = X1 (97 — @) = ppia (f) = pp (A).

Corollary 1.4. Under the hypotheses of Corollary 1.2, let ¢ (z) # 0 be a meromor-
phic function with finite iterated p—order such that 1) (z) Z 0. Then the differential
polynomial (1.2) satisfies

Ao (95 =) =N (g5 —0) = pp (f) = 00
and

Apt1 (95 =) = Mo (97 — @) = ppa (f) = pp (4).

In the following we give two applications of the above results without the additional
conditions h # 0 and v is not a solution of (1.1).

Theorem 1.7. Let A(z) be an entire function of finite iterated p—order satisfying
0<pp(A) <00 and 0 < 7,(A) < 00, and let d; (z) (j =0,1,2,3) be finite iterated
p—order entire functions that are not all vanishing identically such that

max {p, (d;) (7 =0,1,2,3)} < p, ().

If f is a nontrivial solution of the equation

(1.7) "+ AR) f=0,
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then the differential polynomial
(1.8) g5 = dsf® + dof" + dif' + dof
satisfies

pp(Qf) :pp(f) =00
and

Ppi1(95) = ppra (f) = pp (A).
Theorem 1.8. Under the hypotheses of Theorem 1.7, let v (z) #Z 0 be an entire

function with finite iterated p—order. If f is a nontrivial solution of (1.7), then the
differential polynomial g; = d3f® + dof” + di f' + dof such that d3 2 0 satisfies
Ao (97 = 0) =X (g7 = 0) = pp (f) = o
and
Ap+1 (95 — @) = M1 (97 — ) = ppi1 (f) = pp (A) -

2. AUXILIARY LEMMAS

Here, we give a special case of the result due to T. B. Cao, Z. X. Chen, X. M.
Zheng and J. Tu in [5].

Lemma 2.1. [3] Let p > 1 be an integer and let Ay, Ax,..., Ax_1, F £ 0 be finite
iterated p— order meromorphic functions. If f is a meromorphic solution with p, (f) =
+00 and pyi1 (f) = p < +oo of the differential equation

(2.1) FO 4+ A () Y b A (2) f + A (2) f = F,
then A, (f) = Ap (f) = pp (f) = 00 and Aps1 (f) = Xy (f) = pps1 (f) = p-

Lemma 2.2. [5] Let p > 1 be an integer and let Ay, Aq,..., Ax_1, F Z 0 be mero-
morphic functions. If f is a meromorphic solution of equation (2.1) such that

(i) max{i(F),i(4;) (j=0,....k—=1)} <i(f)=p or that
(i) max{p, (F),pp(A;) (= 07-_- k= 1)} < pp (f) < +oo,
then ix (f) = ix (f) =i (f) = p and A, (f) = X (f) = pp (f)-
[

The following lemma is a corollary of Theorem 2.3 in [11].

Lemma 2.3. Assume A is an entire function with i (A) = p, and assume 1 < p <
+o00. Then, for all non-trivial solutions f of (1.1), we have

pp (f) =00 and ppy1 (f) = pp (A).

Lemma 2.4. [3] Let k > 2 and A(z) be a transcendental meromorphic function of
finite iterated order p, (A) = p > 0 such that 6 (00, A) =6 > 0, and let f # 0 be a
meromorphic solution of equation (1.1). Suppose, moreover, that either:

(i) all poles of f are of uniformly bounded multiplicity or that
(i) ¢ (o0, f) > 0.
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Then py (f) = 400 and ppy1 (f) = py (A) = p.

Remark 2.1. For k = 2, Lemma 2.4 was obtained by Laine and Rieppo in [13].

Lemma 2.5. [4] Let f, g be meromorphic functions with iterated p—order 0 < p, (f),
pp(g9) < oo and iterated p—type 0 < 7, (f),7(9) < o0 (1 < p < o0). Then the
following statements hold:

() If pp (9) < pp (f), then

T (f+9) =7 (f9) =7 (f).
(i) If pp (f) = pp (9) and 7, (g) # 7, (f) , then

pp (f +9) =pp(f9) =pp(f).

Lemma 2.6. [11] Let f be a meromorphic function for which i(f) = p > 1 and
pp (f) =p, and let k > 1 be an integer. Then for any e > 0,

f(k)
m (r, T) =0 (exp]%2 {7"’+5}) ,

outside of a possible exceptional set Ey of finite linear measure.

Lemma 2.7. [1] Let g : [0,400) — R and h : [0,4+00) — R be monotone non-
decreasing functions such that g (r) < h(r) outside of an exceptional set Ey of finite
linear measure. Then for any X\ > 1, there exists ro > 0 such that g (r) < h(Ar) for
all r > ry.

Lemma 2.8. [14] Assume f % 0 is a solution of equation (1.1). Then the differential
polynomial g5 defined in (1.2) satisfies the system of equations

9s = apof +aiof +- - +ap1of*Y,

95 =ap1f+aif +- o+ oo fEY,

9y = apof +araf + -+ ap12f*Y,

gj(ck_l) =aor1f toarpaf +-+ g1 p 1 fEY,
where

s — O‘é,jﬂ"‘ai—l,j_l, for qlli =1,...,k—1,
" g1 — Aag_1j-1, fori=0

and

o d;, forallv=1,... k—1,
YOT N dy—dy A, fori=0.
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3. PROOFS OF THE THEOREMS AND THE COROLLARIES

Proof of Theorem 1.5. Suppose that f is an infinite iterated p—order meromorphic
solution of (1.1) with p,+1 (f) = p. By Lemma 2.8, g satisfies the system of equations

9 =ooof +o1of +---+ Oélc—1,0f(k71),
g} =1 f+oi f +--+ Oékq,lf(k_l)a
(3.1) g5 = agaf +anaf + -+ aporof Y,
Qj(vk_l) =g f+arpf ++ Oék—1,k—1f(k_1);
where
Oé/-; + o151 foralli=1,...,k—1
. = 3,j—1 »J ) ’ ) )
(3.2) Q; { O‘(),j—l — Aog_1j_q, fori=0
and
d;, foralle=1,...,k—1,
(3-3) @0 = { do — dA, fori—=0.
By Cramer’s rule, since h # 0 we have
gy Q1o - . Op_1p0
9} oy .. 011
g(k._l) Qi k-1 Of—1k
— .o —1k—1
(34) f="t ’ ’
h
Then
(3.5) f=Cogs+Cigy+ -+ Croagd ™Y,

where C; are finite iterated p—order meromorphic functions depending on «; ;, where
a; ; are defined in (3.2).

If p, (gf) < +00, then by (3.5) we obtain p, (f) < +o00, and this is a contradiction.
Hence p, (97) = py (f) = +00.

Now, we prove that p,i1(g97) = pp+1 (f) = p. By (1.2), we get ppr1 (97) < ppt1 (f)

and by (3.5) we have p,y1 (f) < ppy1(gr). This yield pyi1 (gr) = ppia (f) = p-
Furthermore, if f is a finite iterated p—order meromorphic solution of equation

(1.1) such that

(3.6) pp (f) > max{p, (A),pp (d;) (j=0,1,....k)},
then
(3.7) pp (f) >max{p,(e;):i=0,....,k—=1,j=0,...,k—1}.

By (1.2) and (3.6) we have p, (97) < pp (f) Now, we prove p,(g9f) = p, (f). If
pp (9r) < pp (f), then by (3.5) and (3. 7) we get

pp (f) <max{p, (Cj) (G=0,....k=1),p(97)} < pp(f)
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and this is a contradiction. Hence p, (97) = p, (f) - O

Remark 3.1. From (3.5), it follows that the condition h # 0 is equivalent to the
condition gy, g}, ggﬁ Sy gj(ck_l) are linearly independent over the field of meromorphic

functions of finite iterated p—order.

Proof of Corollary 1.1. Suppose that f # 0 is a solution of (1.1). Since A is an entire
function with i (A) = p, then by Lemma 2.3, we have p, (f) = oo and pyi1 (f) =
pp (A). Thus, by Theorem 1.5 we obtain p, (gf) = p,(f) = oo and p,+1(gf) =

Ppi1 () = pp (A). O

Proof of Corollary 1.2. Suppose that f Z 0 is a meromorphic solution of (1.1) such
that

(i) all poles of f are uniformly bounded multiplicity or that

(ii) 6 (o0, f) > 0.
Then by Lemma 2.4, we have p, (f) = oo and pyi1(f) = pp(A). Now, by using
Theorem 1.5, we obtain p, (g7) = pp (f) = 00 and pp11(97) = ppi1 (f) = pp(4). O

Proof of Theorem 1.6. Suppose that f is an infinite iterated p—order meromorphic
solution of equation (1.1) with p,1 (f) = p. Set w(z) = gf — ¢. Since p, (¢) < oo,
then by Theorem 1.5 we have p, (w) = p, (97) = 00 and pp41 (W) = ppy1 (g5) = p. To

prove nggf — ) =X (g7 — ) = 00 and A\pi1 (g5 — ) = Apr1 (g5 — ) = p we need
to prove A, (w) = A, (w) = 0o and A\,+1 (w) = A\py1 (w) = p. By gf = w4+ ¢ and (3.5),
we get

(3.8) f=Cow+ Crw' + -+ Cp_yw* ™D 19 (2),
where

¥ (2) = Cop + Crop' + -+ + Gy V.
Substituting (3.8) into (1.1), we obtain

2k—2

Crow® 1 4 Z@w(i) = — (WP +A(x)0) = H,
i=0

where ¢; (i =0,...,2k — 2) are meromorphic functions with finite iterated p—order.
Since 1 (z) is not a solution of (1.1), it follows that H # 0. Then by Lemma 2.1,
we obtain A, (w) = Ay (w) = 00 and App1 (W) = Apr1 (W) = p, 1. e, Ay (9r — ) =
Ap (95 — ) =00 and Api1 (97 — @) = Aps1 (97 — @) = p.

Suppose that f is a finite iterated p—order meromorphic solution of equation (1.1)
such that (1.6) holds. Set w(z) = gr — ¢. Since p, (¢) < p, (f), then by Theorem
1.5 we have p, (w) = p, (97) = pp (f) . To prove A, (91 — ) = Ay (g5 — ) = pp (f) we
need to prove A\, (w) = A, (w) = p, (f) . Using the same reasoning as above, we get

2k—2

Croaw® ™D 43 " g = — (™ + A(2)9) = F,
1=0
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where Cy_1, ¢; (i =0,...,2k —2) are meromorphic functions with finite iterated

p—order p, (Cr-1) < pp (f) = pp(w), pp (1) < pp(f) = pp(w) (i=0,...,2k—2)
and

P (2) = Cop+ O + -+ Croyp® ™V p, (F) < pp (w).
Since 1 (z) is not a solution of (1.1), it follows that F' # 0. Then by Lemma 2.2, we
obtain A, (w) = A, (w) = p, (f), 1. e, A (97 =) = X (97 — @) = (f) - O

Proof of Corollary 1.3. Suppose that f # 0 is a solution of (1.1). Then by Lemma
2.3, we have p, (f) = oo and pp41 (f) = pp (A) . Since ¢ # 0 and p, (1) < oo, then @

cannot be a solution of equation (1.1). Thus, by Theorem 1.6 we obtain

Mo (g5 = @) =X (97 — ) = pp (f) =

and

A1 (97 — @) = Xpr1 (95 — ©) = pp1 (f) = pp (A).
0

Proof of Corollary 1.4. Suppose that f # 0 is a meromorphic solution of (1.1).
Then by Lemma 2.4, we have p, (f) = oo and pp41 (f) = pp (A). Since ¢ # 0 and
pp (¥) < 0o, then 1 cannot be a solution of equation (1.1). Now, by using Theorem
1.6, we obtain

Ao (g7 —0) =X (97 — ) = pp (f) =
and

A1 (g7 — @) = Xpr1 (95 — ©) = pprr (f) = pp (A).
O

Proof of Theorem 1.7. Suppose that f is a nontrivial solution of (1.7). Then by
Lemma, 2.3, we have

pp () =00, ppr1(f) =pp(A).
We have by Lemma 2.8

gr =aoof +arof +aaof”,
(3.9) 9y =aoaf+aiaf +aanf”,
9 =aoaf taiaf +asaf".

By (3.3) we obtain

(3.10) o — { d;, for all i = 1,2,

do — dgA, for i = 0.
Now, by (3.2) we get

S o+ i1, foralli=1,2,
7,1 — / M
apo — Aagp, fori=0.
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Hence

Qo1 = 0[670 — AO@»O = (do — d3A)/ — Adg = d6 — (dg + dg) A— dgAl,
(311) a1 = 04/1’0 + Qoo = do + dll — dgA,

Qg1 = 0/2’0 + Q10 = d1 + d/2

Finally, by (3.2) we have

b — Oé;;’l + a-11, for all 1 = 1, 2,
4“2 04671 — AOﬁQJ, for i = 0.

So, we obtain

G0 =l — Aoy = df — (dy + 2} + df) A — (dy + 2d4) A’ — ds A",
(312) Q12 = Ckll,l + Qp1 = 2d6 + dlll - (dg + ng) A— 2d3Al,
Qo9 = 0/2’1 +a = do + Qd/l + dg — d3A

Hence
(3.13)
gy = (do — d3A) f+dif' +daof",
gy = (dy — (2 +d5) A= dzA') [+ (do + dy — dz A) [' + (d1 + dy) [,
g7 = (dy — (di +2dy + d3) A — (dy + 2d3) A" — d3A") f
+ (2dy + df — (do + 2d5) A — 2d3 A" f' + (do + 2d} + dy — dsA) f".

First, we suppose that d3 #Z 0. By (3.13), we have

Hy H H,
h=|Hs Hy, Hs|,
H¢ H; Hg

where H() = do — d3A, H1 = dl, HQ = dQ, H3 = d6 - (dg + dg) A — d3Al, H4 =
do +d} —dsA, Hs = dy + dy, Hs = djy — (dy + 2d}, + df) A — (dg + 2d4) A" — ds A",
h = (3dodydy + 3dodydly + 3dodad), — 6dodsd,, + 3dydad, + 3dydsd)

dodadly — 2dodsdy + dydydly + dydsd! + dodsdly + 2dodydy + 2dyd'dy — Adydld,

2dod,dy + 2dsdydy — didydl + dididl + dod,dl — dod!dly — dsd'd)

tdsdyd] — db — 3d2ds — 2dy (dy)® — 3d3d) —2ds(d})? — d2d) — d>d} — 3d2d)) A

+ (2dodad,y + 2dodsdy — dydody + 2dydsd, — Adadsd) + dydsd

—dydsd — 2dydydly + 2dyd,dl + 3dodyds + dod2 — d3dy + d3d, — 2d3dy) A’

+ (dodsd, + dodods — dydsdy, — d2dy) A" + (2dodsdly — 3d1d2 + 2d2d; — 2d2dy) AA’
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+ (d3 — 3dydads — 3dydsdly — 3dadsdy — dadsdy — 2dsdydy

+3dod3 + 3d5d, + 2dy(dy)® + 3d3dy + didy) A®

— d3A3 + 2dyd2(A')? — dydiAA” — 3dydyd) — dodyd — dodadly — 2dod)d)

+ dydydly + dodydy — doddy + di + 2do(d})? + 3did) + 2da(d)?

+ d2dy + d3dly — 2dydyd, 4 dodydly — dodyd! — dydyds.
Byds #0, A # 0,0 < p,(4) < 00, 0 < 7,(A) < oo and Lemma 2.5, we have
pp (h) = pp (A), hence h # 0. For the cases (i) d3 =0, dy # 0; (ii) d3 = 0,d> = 0 and

dy #Z 0 by using a similar reasoning as above we get h # 0. Finally, if d3 =0, dy = 0,
dy =0 and dy # 0, we have h = d3 # 0. Hence h # 0. By h # 0, we obtain

gy dl dg
7, do+ d, — ds A dy + d
gh 2y dl — (dy+ 2d) A — 2z A" dy+ 2 + df — dy A

f=

?

1
h
which we can write

1
(3.14) f= 7 (Dogf + Dlg} + D2g}/) ;

where

Dy = (dydy — 2dyds + 2d1dy + dod)y — 3dsd) — dsdly + 2dbdy) A
+ (2dyd3 + 2dgdy) A" + A*dj + 3dod) — 2dyd) + dodly — dyd
—2dydy 4 ddf — dyd! + d2 + 2(d})?,
Dy = (dids — 2dodly — d3) A+ dod — dody — 2d1d}; + 2dadpy — dydy,
Dy = dyds A + d? — dyd', + dydly — dods.

If p, (9f) < 400, then by (3.14) we obtain p, (f) < +o0, and this is a contradiction.
Hence py (45) = pp () = +00.

Now, we prove that p,1(g7) = pp+1(f) = pp(A). By (1.8), we get pyi1(g5)
pp+<i4 ()f ) and by (3.14) we have ppy1 (f) < ppr1 (g7). This yield pyi1 (97) = ppr1 (f)
Pp :

Proof of Theorem 1.8. Suppose that f is a nontrivial solution of (1.7). By setting
w = gf — ¢ in (3.14), we have

O IA

1
(315) f = E (Do’w —f- Dlw' + Dgw”) + 77/1,

where

_ Dy" + D1y’ + Dy

(3.16) " -
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Since ds # 0, then h # 0. It follows from Theorem 1.7 that g; is of infinite iterated
p—order and py11(gr) = pp (A) . Substituting (3.15) into (1.7), we obtain

D2 13 g = — (99 + A(2) )

where ¢; (i =0, ...,4) are meromorphic functions with finite iterated p—order. First,
we prove that ¢ Z 0. Suppose that ¢» = 0, then by (3.16) we obtain
(317) DQ(,O” + D1Q0, + D()QO =0

and by Lemma 2.5, we have

(3.18) pp (Do) > max{p, (D1), pp (D2)} -

By (3.17) we can write
1 /
Do=— (1)2si + Dlﬁ) .
2 ¥
Since p, (p) = f < 00, then by Lemma 2.6 we obtain

T (r,Do) < T (r,D1)+ T (r,Ds) + O (exp,_o {r’™°}), r ¢ E,
where F is a set of finite linear measure. Then, by Lemma 2.7 we have

pp (Do) < max{p, (D1),pp(D2)},

which is a contradiction with (3.18). Hence ¢ # 0. It is clear now that ¢ Z 0 cannot
be a solution of (1.7) because p, (1)) < co. Then, by Lemma 2.1 we obtain

Xp(“’):)‘p(w):Xp(gf_@):Ap(gf_Sp):Pp(f):OO
and

Xerl (w> = )‘p+1 (w) = Xerl (gf - 90) = )‘p+1 (gf - 90) = Pp+1 (f) = Pp (A) .
]
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