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Abstract. In this paper, we deal with the growth of solutions of homo-
geneous linear complex differential equation by using the concept of lower
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1 Introduction and main results

Throughout this paper, we shall assume that readers are familiar with the
fundamental results and the standard notations of Nevanlinna’s theory in the
complex plane and in the unit disc A = {z € C : |z] < 1} ,see [5,6,7,9, 15, 23].

Consider for k > 2 the complex differential equation
FP )+ A1 (2) f& D 4ok Ag(2) f =0, (1.1)

where coefficients A; (j = 0,1,...,k — 1) are analytic functions in the unit
disc A. It is well-known that every solution of (1.1) is analytic in A, and
there are exactly k linearly independent solutions of equation (1.1) (see e.g.
[7]). The theory of complex differential equations in the unit disc has been
developed since 1980’s, see [13]. In the year 2000, Heittokangas in [7] firstly
investigated the growth and oscillation theory of equation (1.1) when the
coefficients A; (7 = 0,1,...,k — 1) are analytic functions in the unit disc
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A by introducing the definition of the function spaces. His results also gave
some important tools for further investigations on the theory of meromorphic
solutions of equations (1.1). In 1994, S. J. Wu [17, 18] used the Nevanlinna
theory in an angle to study the order of growth of solutions of the second-
order linear differential equation in an angular region. Later Xu and Yi
[22], N. Wu [19], N. Wu and Y. Z. Li [20], Zhang [24] generalized some
results of [17,18] to the case of linear higher order differential equations in
angular domains by using the concepts of iterated p—order and the spread
relation. Recently, Wu in [21] developed a new investigation related to linear
differential equations with analytic coefficients in a sector of the unit disc

Qup={z€eC:a<argz<pf, |z| <1},

and obtained some results about the order of growth of solutions of the
differential equation

Ap(2) fP(2) + A1 (2) fEY 4o 4 Ag(2)f =0, (1.2)

where coefficients A; (j = 0,1, ..., k) are analytic functions in the sector 2, g.
After that, Long in [11,12], Zemirni and Belaidi in [25] obtained different
results concerning the growth of solutions of (1.1) and (1.2) by using the
concepts of iterated p-order and [p,q]-order in the sector €2, . In this paper,
we continue to investigate this new problem and study the growth of solutions
of equation (1.1) when the coefficients A; (j = 0,1,...,k — 1) are analytic
functions of [p,q]-order in the sector 2, g. Before stating our main results,
we give some notations and basic definitions of meromorphic functions in the
unit disc A and in a sector €, g of the unit disc. The order of a meromorphic
function f in A is defined by

) log T (r,
p(f) = imsup BT 7S]
r—1- 08 1=

)

where T'(r, f) is the Nevanlinna characteristic function of f. If f is analytic
function in A, then

) log log M (r,
o (1) = tim sup BV T)
r—1- 08 1=

where M(r, f) = :|rn|ax |f(2)| is the maximum modulus function.
Z|=Tr
zEA



Remark 1.1 The following two statements hold [15, p. 205].
(a) If f is an analytic function in A, then

p(f) <pu(f) <p(f)+1

(b) There exist analytic functions f in A which satisfy py (f) # p(f). For
example, let © > 1 be a constant, and set

h(z)= exp{(l —z)_“},

where we choose the principal branch of the logarithm. Then p(h) = u — 1
and par (h) = p, see [4].

In contrast, the possibility that occurs in (b) cannot occur in the whole
plane C, because if p (f) and pys (f) denote the order of an entire function f
in the plane C (defined by the Nevanlinna characteristic and the maximum
modulus, respectively), then it is well-know that

1 log T’ T . log log M T,
p(f):thUPMZpM(f):hmsup g log M ( f)
rotoo  logr r— o0 log r

The meromorphic functions in the unit disc can be divided into the following
three classes:
(1) bounded type if T'(r, f) = O (1) as r — 17;
(2) rational or non-admissible type if 7' (r, f) = O (ﬁ) and f does not
belong to (1);
(3) admissible in A if

lim supT (r, lf) =

r—1- logﬁ

Definition 1.1 [2,3] Let p > ¢ > 1 be integers. Let f be a meromorphic
function in A, the [p,q]-order of f is defined by

log, T'(r, f)
Pip.g (f) = limsup—2————~
[pq}( ) o logqﬁ

where log}" r := log™ r = max (0,logr) , log/", , r := log™ (log; r), p € N. For
an analytic function f in A, we also define

. logy, M (r, f)
Pt ) (f) = Tim sup—He ——==.
r—1- 08¢ 17—+
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It is easy to see that 0 < pq(f) < +oo. If f is non-admissible, then

Pip,q (f) = 0 for any p > ¢ > 1. By Definition 1.1, pp 1 (f) = p(f) is
the order of f in A, pp1(f) = p2(f) is the hyper-order of f in A and
P (f) = pp (f) is the p-iterated order of f in A.

Proposition 1.1 [2] Let p > ¢ > 1 be integers, and let f be an analytic
function in A of [p,q]-order. The following two statements hold :
(2) If p = q, then

P (F) < paripa (F) < pog (f) + 1.
(i) If p > g, then
Pip.a) () = parjp.g (f) -

Proposition 1.2 [8] Let p > ¢ > 1 be integers, and let f be an analytic
function in A of [p,g]-order. The following two statements hold :
(7) If p=q, then

tipg (f) < bt g (F) < pipgy (F) + 1.
(ii) If p > g, then
fipa) (f) = Barfp.g (f) -

In what follows, we give some notations and definitions of a meromorphic
function in a sector in unit disc. Throughout this paper, €2 usually denotes
the sector Q2,5 (0 < o < B < 2m) of the unit disc, and for any given
€€ (O, B_TO‘) , Q. denotes the sector

Qupe={z€Ciate<argz<f—eg, |2|<1}.

In [21], Wu has used the Ahlfors-Shimizu characteristic function to measure
the order of growth of a meromorphic function f in 2. We recall the defi-
nition of the Ahlfors-Shimizu characteristic function, see [5,6]. Let f be a
meromorphic function in €2, set

Qr)=0Qn{zeC:0< |z <r <1}
={zeC:a<argz<pf, 0<|z| <r<1}.
Then, the Ahlfors-Shimizu characteristic function is defined by
"S(t,Q
TO (Ta Qa f) = / Mdta

0
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where

1/ (2)] )2 8 g
S(r,Q, f)= //<1+|f(z do, z=re"”, do = rdrdf.

It follows by Hayman [6], Goldberg and Ostrovskii [5] that
To(r,C, f)y=T(r,f)+0(1), 0<r<1.

The meromorphic functions in a sector €2 of the unit disc can be divided into
the following three classes:
(1) bounded type if Ty (7,2, f) =0 (1) asr — 17;
(2) rational or non-admissible type if Tg (r,, f) = O (=) and f does not
belong to (1);
(3) admissible in 2 if

1 TO (Tv Qv f) _

imsup—————- =

r—1- lOg 11—

Now, we introduce the concept of [p,q|-order and [p,q]-type of meromor-

phic functions in a sector 2.

Definition 1.2 [12,25] Let p > g > 1 be integers. Let f be a meromorphic
function in Q, the [p,q]-order of f is defined by

. 10g+ TO (T, Q> .f)
Pp.g.e (f) = limsup pl I :
r—1- qu 1—r

It is clear that 0 < ppg.o(f) < +oo. If f is non-admissible in €, then
Pp.g.e (f) = 0. By Definition 1.2, pp 1.0 (f) = pa (f) is the order of f in Q,
see [21], ppaya (f) = ppa (f) is the iterated p-order of f in €, see [11,24].

Definition 1.3 [25] Let p > ¢ > 1 be integers and f be a meromorphic
function in  with [p,¢]-order 0 < py, g0 (f) < 400. Then, the [p,q]-type of
f is defined by

. 10g+_1 TO (Ir7 Q7 f)
T (f) = lim sup————"—.
r—1— (Iqu—l E) P

Now, we introduce the concept of lower [p,g|-order and lower [p,q|-type
of a meromorphic function in a sector 2.

>



Definition 1.4 Let p > ¢ > 1 be integers. Let f be a meromorphic function
in €, the lower [p,ql-order of f is defined by

log;;— TO (Tv Qv f)

g (1) = T =

It is clear that 0 < ppq.0(f) < +oo. If f is non-admissible in 2, then
B (f) = 0. By Definition 1.4, pup 1.0 (f) = pa (f) is the lower order of f
in Q and g0 (f) = tpo (f) is the lower iterated p-order of f in Q.

Definition 1.5 Let p > ¢ > 1 be integers and f be a meromorphic function
in Q with lower [p,q]-order 0 < jup g0 (f) < +00. Then, the lower [p,q]-type
of f is defined by

o 10g+_1 TO (Ta Qa f)
Tipql.Q (f) = hrrgi{lf - 1 \Hpq,e(f)’
(Iqu—l )

1—r

Several authors [2, 3,8, 10, 16] have investigated the growth of solutions
of the equation (1.1) by using the concepts of [p,q]-order in the unit disc
A. Recently in [25], Zemirni and Belaidi have investigated the growth of
solutions of equation (1.1) in a sector of the unit disc with analytic coefficients
of finite [p,q]-order, and have obtained the following results.

Theorem A [25] Let p > q > 1 be integers and ¢ € (0, B_TO‘) Let Ag(z), A1(2),
ooy Ap_1(2) be analytic functions in Q. If

max {p[p,q},ﬂ (Aj)} < Plp,q], 0 (AO) )

1<j<k—1
then every nontrivial solution of (1.1) satisfies pp.q.0 (f) = +oo and

Pipa,0- (A0) < pprig.0 (F) s Pprtg.o. (f) < ppg.o(Ao) + 1.

Furthermore, if p > q, then

Plp,q],.Q (AO) < Plp+1,4,0 (f) » Plp+1,q),Qe (f) < Plp,a,Q (AO) .

Theorem B [25] Let p > q > 1 be integers and ¢ € (0, B_TO‘) Let Ag(z), A1(2),
ooy Ax_1(2) be analytic functions in €. Suppose that

1<% {Ppae(45)} < ppag. (Ao) =p (0 <p < +00).



and
max {7, 4.0 (45)  ppg.e(4j) = ppg.e. (Ao)}

1<j<k—1
< Tpg.0. (Ao) =7 (0 < 7 < +00).

Then every nontrivial solution of (1.1) satisfies pp.q.0 (f) = +oo and

P2 (Ao) < pprig.e (f)s Pprig.e: (f) < ppg.a(Ao) + 1.

Furthermore, if p > q, then

p[p,q},ﬂs (AO) < Plp+1,9],02 (f) y Plp+1,q],0Q¢ (f) < Plp,ql,Q (AO) .

Thus, the following questions arise naturally: (i) Whether the results
similar to Theorem A can be obtained in  if Ay (z) to dominate other
coefficients in the sense of lower [p,q]-order?

(ii) If we use the lower [p,q|-type of Ay (z) to dominate other coefficients,
what can be said about 41,40 (f) similar to Theorem B? In this paper, we
give some answers to the above questions. We mainly obtain the following
results.

Theorem 1.1 Let p > q > 1 be integers and € € (0, B%O‘) Let Ayp(z), A1(2),
oy Ap_1(2) be analytic functions in Q. If

(Jnax {ppge (4)} < Hpge. (o),

then every nontrivial solution of (1.1) satisfies ppg.0(f) = tpge(f) =
~+00,
Hipgl0. (Ao) < Bprrge (f) < ppirrge (f)
and
Hipr1a.0. () < ppg.a (o) + 1.

Furthermore, if p > q, then

Lip.a).: (Ao) < pprig.a (f) < pprrga(f)

and
Hip+1,q],0 (f) < Hip,q),Q (Ao) .

Remark 1.2 The Theorem 1.1 is similar to Theorem 2.2 (i) in [16] in the
unit disc A.



Corollary 1.1 Let p > q > 1 be integers and € € (O E52). Let Ao(z), Ai(2),
, Ap_1(2) be analytic functions in Q. If

max {pp.g.0(4;)} < bpg.a. (Ao) = pp.g.e. (Ao,

1<j<k—1

then every nontrivial solution of (1.1) satisfies pyp.q.0 (f) = tpq.0 (f) = +00
and

Hip.q),Qe (AO) < Hip+1,4],Q (f) < Plp+1,q],0 (f) )

Hp+1,q],9 (f) < Plp+1,q],9 (f) < Hip,q),02 a(Ao) +
Furthermore, if p > q, then

Hip.q),Qc (AO) < Hp+1,g,0 (f) < Pp+1,.0 (f)
and
tipr,a.0: (F) < pprig.e. (f) < ppga (o).

Theorem 1.2 Let p > q > 1 be integers and € € (0,552). Let Ag(z), Ai(z),
, Ap—1(2) be analytic functions in Q0 such that 0 < p = ppqg.0. (Ao) <
Plp.al.0. (Ao) < +00. Suppose that

1<r;1<a]§< 1 {p[P ql, o ])} < Wp,gl. 0. (Ao)

and

(nax {Tpqe (4)  Ppa.a (As) = Hpa.e. (o)} <Zpga. (Ao) < +oo.

Then every nontrivial solution of (1.1) satisfies ppg.0(f) = tpgoe(f) =
+oo and

Lip.a 0. (Ao) < tprig.e (f) < ppiige (f),

tpt1,g.0. (f) < ppge(Ao) + 1.
Furthermore, if p > q, then

Lp.g.0. (Ao) < tprrge (f) < pprige (f)
and
Hp+1,q],Q (f) < Hip,q,0 (AO)

Remark 1.3 The Theorem 1.2 is similar to Theorem 2.1 in [8] in the unit
disc A.



2 Auxiliary lemmas
Lemma 2.1 [14] Let

(ze_wo)w/é 19 (Ze_wo)ﬂ/(%) 1
(Ze—wo)ﬂ/é _9 (Ze—i90>7r/(25) 1

u(z) = , (2.1)

where 0 < 6y = O‘Qﬂ <2m, 0<d= B_TO‘ <. Then u(z) is a conformal map

of angular domain Q, (0 < 5 — a < 2m) onto the unit disc A. Moreover, for
any positive number ¢ satisfying 0 < & < §, the transformation (2.1) satisfies

1
u({z:§<\z\<r}ﬂ{z:\argz—90\<5—£})

£

u ({u: |u| < o}) C <{z Dzl <1 - %(1 — g)} N{z:largz — 6| < 5}) )

where o < 1 is a constant. The inverse transformation of (2.1) is

28

s(w) = o <—(1 +u) ++/2(1 +u2)) B 22)

1—u

Lemma 2.2 [21] Let f be a meromorphic function in Q, where 0 < f—a <
2. For any given ¢ € (O,B_Ta), set § = ﬁ_TO‘ and b = smsrrs. Then the
following statements hold

167

To (0,C, f(z(u))) < TTO (1 — 8% (1—-0),Q, f(z)) + O(1), (2.3)

Ty (1,00, £(2)) < 3T (1= b(1=1),C.f (o) + O(1),  (2.4)

where z(u) is the inverse transformation of (2.1).

Remark 2.1 By applying the formula T (r, f) = Ty (r,C, f)+0(1) (0 <7 < 1),
Lemma 2.2, the definition of [p,q|-order and lower [p,q|-order, we immedi-
ately obtain that

Pz (f(2)) < ppg (f (2 (W) < ppga(f(2))

9



and
ipa.0. (F(2) < bpg (f (2 (@) < ppgo(f(2)-

Lemma 2.3 [21] Let f be a meromorphic function in Q, where 0 < f—a <
21 and z(u) be the inverse transformation of (2.1). Set F(u) = f(z(u)),

Y (u) = fO(z(u), then
4
Ulu) =D o PO w), (2.5)

where the coefficients «; are polynomials (with numerical coefficients) in the

variables V (u) <: Tlu)) ,V'(u), V"(u), . ... Moreover, we have

1
T (o, ;) :O<log1_g

), jg=12,...¢( (2.6)

For the convenience of the readers, we give the statement and the proof of
Lemma 2.4 [25, Lemma 3.4] with more precisions.

Lemma 2.4 Suppose f # 0 is a solution of (1.1) in Q. Then F(u) =
f(z(w)) is a solution of

F®(u) + Bp_y(w) F* Y (u) 4 - - 4 Bo(u)F(u) =0 (2.7)
in A, where .
By(u) = a_kAO (2 (u)) (2.8)
and for j =1,2,...,k—1
k—1
Bj(u) = Z_i + Z—Z Z A (2 (1)) (2.9)

Consequently,

! Q) (2.10)

and

k—1 1
T(0.B;) <Y T(r, A, (z(w)+0 <log - Q) : (2.11)



Proof. Suppose that f # 0 is a solution of (1.1) in the sector 2. By using
Lemma 2.3, we have

FOE @)+ An (2 () £ (2 () + Ao (2 () £ (2 (u))
=D o F9(u) + 4, (2 (u)) Z%‘F(J)(U) + Ao (2 () f (2 (u))
=3 0O + Y <a; JPHE <u>>) FOu) + Ao (= ) f (= (u)
= ap FW (u) + ,_ (O‘a Z Ay (2 (u)) + %’) FO (u) + Ay (2 (u)) F (u)
It follows that F'(u) = f (2 (u)) is a solution of
F® () + B_1(w)F* Y (u) + - - - 4+ By(u)F(u) = 0,
where By(u) = aikAO (z (u)) and
k-1
B](u):Z—Z Z—iZAn(z(u)), j=1,2,... k-1

By the proof of Lemma 2.3, we can get that [21, p. 63]

w |- U g wrviTe )
e\ (1) 20T ) V2(1+u)—2y1+a2 |’
a+

which is analytic in A, where fy = *3~ and w = g% Since oy, = VE(u) # 0

in A, then By(u) = aiAO (z(u)) and
k




are also analytic in A. Because

T(Q,aj):O(log ), j=1,2,...,k,

1-0

it follows from this and the properties of Nevanlinna’s characteristic function
that

T(0.By) < T (g, ai) T (0, Ay (= ()
— T g an) + T (e, Ao (= (w)) + O (1)

— T (0, Ay (2 () + O <10g ! ) ,

and for j =1,2,...,k—1

=T (0, 05) + T (0, ) + Z T (0, An (2 (u))) +0O(1)

k—1

IET(Q,An(z(u)))+O<logl ! )

-0

Lemma 2.5 [16] Let p > g > 1 be integers. If By(u), Bi(u), ..., Bg_1(u)
are analytic functions of [p, q]-order in the unit disc A, then every solution
F #0 of (2.7) satisfies

Hipria (F) = parprrg (F) < max {parfpq) (Bo) s parjpa) (By) )

Lemma 2.6 Let p > q > 1 be integers. If Ag(2),..., Ax_1(2) are ana-
lytic functions of [p, q|-order in sector ) satisfying max {ppaa(4;)} <
<j<k—

Lipa.0. (Ao), then for any given e € (0, ﬁ_Ta) , every solution f £ 0 of (1.1)
satisfies

Kip+1,q],9 (f) < Hip,q],Q (Ao) + 1.

12



Furthermore, if p > q then

Pip+1,q,0- (f) < ppgo (Ao) -

Proof. Let f # 0 be a solution of equation (1.1). Then by Lemma 2.4,
F(u) = f(2(u)) is a solution of equation (2.7) and by using Remark 2.1,
Proposition 1.1, Proposition 1.2 and Lemma 2.5, we obtain

Hip+1,q],9 (f) < Hp+1,q] (F) = UM, [p+1,q] (F)

< 1;?2]?_1 {,uM,[p,q} (BO) » PM,[p,q] (BJ)}

< max {,u[p,q] (BO) » Plp,q] (Bj)} +1

T 1<i<k—1

< max {u[p,q],ﬂ (Ao) ) Plp,ql,© (Aj)} +1

T1<<k-1

< max {ppqe(Ao) . tpge. (o)} +1= ppge(Ag)+ 1.

T1<<k-1

If p > q, we obtain

Hip+1,q],0 (f) < Hp+1,q] (F) = UM,[p+1,q] (F)

< max {,uM,[p,q} (Bo) » PM,[p,q] (Bj)}

1<k —1

= max {,u[p,q} (Bo) ;s Plp.al (BJ')}

1<j<k-1

= 1%’1313{—1 {“[MLQ (Ao) 1 Plp,g,02 (AJ'>}

< 15?15(—1 {1pg.0(A0) ;s ipg 0. (Ao)} = pipg .0 (Ao) -

Lemma 2.7 [7,15] Let f be a meromorphic function in the unit disc A and

let k € N. Then
f(k)
m (r, —f ) = S(r, f),

where S(r, f) = O (log™ T'(r, ) + log (1)), possibly outside a set F C [0,1)
with [, 2 < co.

T

Lemma 2.8 [1,7] Let g : (0,1) - R and h : (0,1) — R be monotone
increasing functions such that g (r) < h(r) holds outside of an exceptional

13



set E C [0,1) for which [, < oo. Then there exists a constant d € (0,1)
such that if s(r)=1-d(1 —7“), then g (r) < h(s(r)) for all r € [0,1).

Lemma 2.9 [25] Let p > g > 1 be integers. If Ao(z), ..., Ax—1(z) are analytic
functions of [p, qf-order in sector Q satisfying ,Jnax l{p[p7q]7g (A} <,
<j<k—

then for any given e € (0, B—Ta) , every solution f £ 0 of (1.1) satisfies

Ppt+iqg.0 (f) <n+1.

Furthermore, if p > q then

Pp+1.q.0. (f) <.

3 Proofs of the Theorems

Proof of Theorem 1.1. Suppose that f # 0 is a solution of (1.1) in the
sector €2. From Lemma 2.4, the function F' (u) = f (2 ((u)) is a solution of
(2.7), where z (u) is defined by (2.2) . Then, by Lemma 2.2 and the properties
of characteristic function of Nevanlinna, we have

T (0, Bow)) =T (g, Lo <u>>) > T (0, 4o (= () — T (0, 00)

=To (0, C, Ao (2 () + O(1) = T' (0, cu)

b 1-—

> §T0 (1 — TQ’ Qg,Ao(z)) +0(1) =T (0, ax) - (3.1)

By (2.3), (2.11) and the formula T (r, f) = To (r,C, f) + O(1) (0 <r < 1),
for j=1,2,...,k—1 we have

(0.5 ) < YT (0,4 (=) + 0 (1o =)

n=j

_ ;Ta (0,C, Ay (2(u)) +O(1) + O (log 1 i @)

g%kz:: <1—8i(1—Q)QA())+O<log1ig>. (3.2)

14



Set

n= 1<m<a]§< . {p[p g ])} < fip.g.0. (Ao) = p.

Then, for any given € (0 < 2¢ < y—n)andr — 17, wehavefor j = 1,2, ... k—
1

1
T 1,9 4,(2) < exp, { 0+ g, 1 }. (33)
By the definition of lower [p, g] order
1
To 1 Aul2) > ex, { (1= ) log, 1 }. (3.4
Now, as |u| = ¢ — 17, it follows from (3.1), (3.2), (3.3) and (3.4) that
b 1—0p
T(Qa BO) 2 §TO 1- T)QEaAO(Z) ‘I‘O(l)_T(Q,Oék)

~0 (expp ((u —¢)log, (1%@))) T (0, 00) (3.5)

and for j=1,2,...,k—1

T (0, B;) < 16Tw(k—j)expp ((?7+€)10gq (%)) +0 (loglig)

)
_0 (n+)log, [ —— ) ) +log — (3.6)
= exp, | (n+¢€)log, o Ogl—g . .
By (2.7), we can write
k= k FG)
T (0, By) = m (0, Bo) < Z )+ m (g, ?) +0(1)
: j:l

= b ()
Z B+ ) m (@, F?) +0(1). (3.7)

j=1
It follows by (3.5),(3.6),(3.7) and Lemma 2.7 that

0 o (i oms (75 ) =0 (o (s (75 ) v )

15




1
+ T (0,a) + O (log+ T (o, F) + log = g) (3.8)

holds for all u satisfying |u| = o ¢ E as o — 1~ and E C (0,1) is a set with
I 1dng < 400. By using Lemma 2.8 and (3.8), for all u satisfying |u| = ¢ as
o — 17, we obtain

esp, (0= tox, (75 ) ) <0 (exn, (0 s, (1) ))

1
+0 (lo _—
Sd1-0)
Thus, from (3.9) we get oppq (F) = ppt1,q (F) = +00 and oppi1,4 (F) >
Pip+1,g (F7) > p. Then, by Remark 2.1, we get that

)+O(log+T(1—d(1—9),F)). (3.9)

P (f(2)) = ppg (f (2)) = +oo and ppr1g.0(f (2) = pprige(f(2) = p.

On the other hand, by Lemma 2.6 we have pp41.4.0. (f) < tpg.0(Ao) + 1,
and if p > g, we have i g, (f) < ipgie (Ao).

Proof of Corollary 1.1. By using Theorem 1.1 and Lemma 2.9, we easily
obtain Corollary 1.1.

Proof of Theorem 1.2. Suppose that f # 0 is a solution of (1.1) in the
sector 2. From Lemma 2.4, the function F' (u) = f(z((u)) is a solution of
(2.7), where 2z (u) is defined by (2.2). If pp,q.0 (A4;) < tpg.0. (Ao) = p for
all j = 1,--- ,k — 1, then Theorem 1.2 reduces to Theorem 1.1. Thus, we
assume that at least one of A; (j = 1,---,k — 1) satisfies ppq.0(A4;) =
Hip.q.0. (Ao) = . So, there exists a set 1 C {1,---,k—1} such that for j € I

we have pp,q).0 (A;) = pip.g.0. (Ao) = p and

= I?g;({T[p,q],Q (Aj) : ppp.go (A)) = tpg 0. (Ao)}t < Tip,q),0e (Ag) = 7 < +o0.
and for j € {1,---,k — 1}\/, we have b = maxc(i,... 1)\ 1{Pp.q.0 (4;)} <

Pipg,0. (Ao) = p. Then that for any given e (0 < 2¢ <min{y —b,7 —7})
and for r — 17, we have for j € {1,--- bk —1}\/

7o 2. 4,0)) < exp, {0+ ) log, 1 b < exp, { (0= ) o, 7 )
(3.10)

16



and for j € I, we get

To (r,Q, Aj(2)) < exp, {(71 +¢) (logq_1 1—;)? : (3.11)

By the definition of lower [p, q] order, we have for r — 1~

To (r, e, Ag(2)) > exp, {(T —¢) (logq_l 1%)”} . (3.12)

Then, by (3.1) and (3.12) as |u| = 0 — 1~

(0, Bofu) = T (2 -Au = (1))

> gexpp_l {(T —¢) (logq_l %@)M} +0(1) =T (0, )

~0 (expp_l {<T — o) (logq_l %@)M}) ~T (0, 0). (3.13)

JA].SO7 by (32) y (310) Hd (311) fOI' j - 172, ey ]f — 1
)
0

T (0, B;) gT”kz:: (1—5(1_9) O, A, ())—I—O(logl

<o (e fir-ovn5)
20 om0 ) }) o i)
=0 (epr_l {(71 +€) <1ogq_1 1%9)“} +1log - i Q) . (3.14)

It follows by (3.7),(3.13), (3.14) and Lemma 2.7 that

om0 () ) <0 (om0 (e ) )
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1
+ T (0,a) + O (log+ T (0, F) + log = g) (3.15)
holds for all u satisfying |u| = 0 ¢ E as ¢ — 17, where £ C (0,1) is a
set with fE 1dTQQ < 400. By using Lemma 2.8 and (3.15), for all u satisfying
|lu| = 0 — 17, we obtain

espya {7 =0) (101 7 )} <0 (e, {0 (1m0 775 ) })

+ O (log ﬁ) +0(log"T(1—d(1-0),F)). (3.16)

Thus, from (3.16) we get ppq (F) = ppq (F) = 400 and ppy1q (F) >
Wip+1,q (F) > p. Then, by Remark 2.1, we get that

P (f(2)) = ppg (f (2)) = +oo and ppr1g.0(f (2) = pprige(f(2) = p.

On the other hand, by Lemma 2.6 we have ppp41.9.0. (f) < tpg.0(Ao) + 1,
and if p > ¢, we have pup119.0. (f) < pipg .0 (Ao) -
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