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Nonhomogeneous linear differential polynomials
generated by solutions of complex differential

equations in the unit disc

Benharrat Beläıdi

Abstract. We consider the complex oscillation of nonhomogeneous lin-
ear differential polynomials gk =

∑k
j=0 djf

(j)+b, where dj (j=0, 1, . . . , k)

and b are meromorphic functions of finite [p,q]-order in the unit disc ∆,
generated by meromorphic solutions of linear differential equations with
meromorphic coefficients of finite [p,q]-order in ∆.

1. Introduction

Throughout this paper, we assume that the reader is familiar with the
fundamental results and the standard notations of Nevanlinna’s value distri-
bution theory on the complex plane and in the unit disc ∆ = {z : |z| < 1}
(see [11], [12], [16], [17], [25]).

First, let us recall some notations about the finite iterated order and the
growth index to classify generally meromorphic functions of fast growth in ∆
as those in C (see [6], [15], [16]). Let us define inductively, for r ∈ (0,+∞),
exp1 r = er and expp+1 r = exp

(
expp r

)
, p ∈ N. We also define, for all r

sufficiently large in (0,+∞), log1 r = log r and logp+1 r = log
(
logp r

)
, p ∈

N. Moreover, we use the notations exp0 r = r, log0 r = r, exp−1 r = log1 r,
and log−1 r = exp1 r.

Definition 1.1 (see [8]). The iterated p-order of a meromorphic function
f in ∆ is defined by

ρp (f) = lim sup
r→1−

log+
p T (r, f)

log 1
1−r

(p ≥ 1) .
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For an analytic function f in ∆, we also define

ρM,p (f) = lim sup
r→1−

log+
p+1M (r, f)

log 1
1−r

(p ≥ 1) .

Remark 1.1. It follows by M. Tsuji [25] that if f is an analytic function
in ∆, then ρ1 (f) ≤ ρM,1 (f) ≤ ρ1 (f) + 1. However, by Proposition 2.2.2 in
[16], we have ρM,p (f) = ρp (f) (p ≥ 2).

Definition 1.2 (see [8]). The growth index of the iterated order of a
meromorphic function f(z) in ∆ is defined by

i (f) =


0, if f is non-admissible,

min {ρj (f) <∞ : j ∈ N} , if f is admissible,

+∞, if ρj (f) =∞ for all j ∈ N.

For an analytic function f in ∆, we also define

iM (f) =


0, if f is non-admissible,

min {ρM,j (f) <∞ : j ∈ N} , if f is admissible,

+∞, if ρM,j (f) =∞ for all j ∈ N.

Definition 1.3 (see [7]). Let f be a meromorphic function. Then the
iterated p-convergence exponent of the sequence of zeros of f (z) is defined
by

λp (f) = lim sup
r→1−

log+
p N

(
r, 1
f

)
log 1

1−r
,

where N
(
r, 1
f

)
is the integrated counting function of zeros of f (z) in {z ∈

C : |z| ≤ r}. Similarly, the iterated p-convergence exponent of the sequence
of distinct zeros of f (z) is defined by

λp (f) = lim sup
r→1−

log+
p N

(
r, 1
f

)
log 1

1−r
,

where N
(
r, 1
f

)
is the integrated counting function of distinct zeros of f (z)

in {z ∈ C : |z| ≤ r}.

Definition 1.4 (see [7]). The growth index of the convergence exponent
of the sequence of the zeros of f(z) in ∆ is defined by

iλ (f) =


0, if N

(
r, 1
f

)
= O

(
log 1

1−r

)
,

min {λj (f) <∞ : j ∈ N} , if λj (f) <∞ for some j ∈ N,
+∞, if λj (f) =∞ for all j ∈ N.
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Remark 1.2. Similarly, we can define the growth index iλ (f) of λp(f).

Definition 1.5 (see [11]). For a ∈ C = C∪{∞}, the deficiency of a with
respect to a meromorphic function f in ∆ is defined as

δ (a, f) = lim inf
r→1−

m
(
r, 1
f−a

)
T (r, f)

= 1− lim sup
r→1−

N
(
r, 1
f−a

)
T (r, f)

provided that f has unbounded characteristic.

Consider the complex differential equation

f (k) +Ak−1 (z) f (k−1) + · · ·+A1 (z) f ′ +A0 (z) f = 0 (1.1)

and the kth order nonhomogeneous linear differential polynomial

gk = dkf
(k) + dk−1f

(k−1) + · · ·+ d0f + b, (1.2)

where Aj (j = 0, 1, . . . , k − 1), di (i = 0, 1, . . . , k), and b are meromorphic
functions in ∆. Let L (G) denote a differential subfield of the field M (G)
of meromorphic functions in a domain G ⊂ C. If G = ∆, we simply write L
instead of L (∆). A special case of such a differential subfield is

Lp+1,ρ = {g meromorphic: ρp+1 (g) < ρ} ,

where ρ is a positive constant. In [18], Laine and Rieppo considered value dis-
tribution theory of differential polynomials generated by solutions of linear
differential equations in the complex plane. After that, Cao et al. [7] stud-
ied the complex oscillation of differential polynomial generated meromorphic
solutions of second order linear differential equations with meromorphic co-
efficient in ∆, and obtained the following result.

Theorem A (see [7]). Let A be an admissible meromorphic function of
finite iterated order ρp (A) = ρ > 0 (1 ≤ p <∞) in the unit disc ∆ such that

δ (∞, A) : = lim inf
r→1−

m (r,A)

T (r,A)
= δ > 0,

and let f be a non-zero meromorphic solution of the differential equation

f ′′ +A (z) f = 0

such that δ (∞, f) > 0. Moreover, let

P [f ] =

k∑
j=0

pjf
(j)

be a linear differential polynomial with coefficients pj ∈ Lp+1,ρ, assuming that
at least one of the coefficients pj does not vanish identically. If ϕ ∈ Lp+1,ρ
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is a non-zero meromorphic function in ∆, and neither P [f ] nor P [f ] − ϕ
vanishes identically, then

i (f) = iλ (P [f ]− ϕ) = p+ 1

and

λp+1 (P [f ]− ϕ) = ρp+1 (f) = ρp (A) = ρ

if p > 1, while

ρp (A) ≤ λp+1 (P [f ]− ϕ) ≤ ρp+1 (f) ≤ ρp (A) + 1

if p = 1.

Recently, the author and Latreuch investigated the growth and oscillation
of higher order differential polynomial with meromorphic coefficients in the
unit disc ∆ generated by solutions of equation (1.1). They obtained the
following results.

Theorem B (see [20]). Let Ai (z) (i = 0, 1, . . . , k − 1) be meromorphic
functions in ∆ of finite iterated p-order. Let dj (z) (j = 0, 1, . . . , k) be fi-
nite iterated p-order meromorphic functions in ∆ that are not all vanishing
identically such that

hk =

∣∣∣∣∣∣∣∣∣
α0,0 α1,0 . . . αk−1,0

α0,1 α1,1 . . . αk−1,1
...

...
. . .

...
α0,k−1 α1,k−1 . . . αk−1,k−1

∣∣∣∣∣∣∣∣∣ 6≡ 0, (1.3)

where the meromorphic functions αi,j (i, j = 0, . . . , k − 1) in ∆ are defined
by

αi,j =


α′i,j−1+αi−1,j−1−Aiαk−1,j−1, if i, j = 1, . . . , k − 1,

α′0,j−1−A0αk−1,j−1, if i = 0, j = 1, . . . , k − 1,

di − dkAi, if j = 0, i = 0, . . . , k − 1.

(1.4)

If f (z) is an infinite iterated p-order meromorphic solution in ∆ of (1.1)

with ρp+1 (f) = ρ, then the differential polynomial gk =
∑k

j=0djf
(j) satisfies

ρp (gk) = ρp (f) =∞ and

ρp+1 (gk) = ρp+1 (f) = ρ.

Furthermore, if f is a finite iterated p-order meromorphic solution in ∆ such
that

ρp (f) > max
i=0,1,...,k−1
j=0,1,...,k

{ρp (Ai) , ρp (dj)} ,

then ρp (gk) = ρp (f).
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Theorem C (see [20]). Under the hypotheses of Theorem B, let ϕ (z) 6≡ 0
be a meromorphic function in ∆ with finite iterated p-order such that

ψk (z) =

∣∣∣∣∣∣∣∣∣
ϕ α1,0 . . . αk−1,0

ϕ′ α1,1 . . . αk−1,1
...

...
. . .

...

ϕ(k−1) α1,k−1 . . . αk−1,k−1

∣∣∣∣∣∣∣∣∣
hk (z)

,

is not a solution of (1.1). If f (z) is an infinite iterated p-order meromorphic
solution in ∆ of (1.1) with ρp+1 (f) = ρ, then the differential polynomial

gk =
∑k

j=0djf
(j) satisfies

λp (gk − ϕ) = λp (gk − ϕ) = ρp (f) =∞

and

λp+1 (gk − ϕ) = λp+1 (gk − ϕ) = ρ.

Furthermore, if f is a finite iterated p-order meromorphic solution in ∆ such
that

ρp (f) > max
i=0,1,...,k−1
j=0,1,...,k

{ρp (Ai) , ρp (dj) , ρp (ϕ)} ,

then

λp (gk − ϕ) = λp (gk − ϕ) = ρp (f) .

Juneja et al. [13, 14] investigated some properties of entire functions of
[p, q]-order, and obtained some results concerning their growth. In 2010, Liu
et al. [22] firstly studied the growth of solutions of equation (1.1) with entire
coefficients of [p, q]-order in the complex plane. After that, many authors
applied the concepts of entire (meromorphic) functions in the complex plane
and analytic functions in the unit disc ∆ = {z ∈ C : |z| < 1} of [p, q]-order
to investigate complex differential equations (see [2]–[5], [19], [21], [23], [24],
[26]). In this paper, we use the concept of [p, q]-order to study the growth and
zeros of differential polynomial (1.2) generated by meromorphic solutions of
[p, q]-order in the unit disc to equation (1.1).

In the following, we will give similar definitions as in [13, 14] for analytic
and meromorphic functions of [p, q]-order, [p, q]-type and [p, q]-exponent of
convergence of the zero-sequence in the unit disc.

Definition 1.6 (see [2]). Let p ≥ q ≥ 1 be integers, and let f be a
meromorphic function in ∆. The [p, q]-order of f (z) is defined by

ρ[p,q] (f) = lim sup
r→1−

log+
p T (r, f)

logq
1

1−r
.
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For an analytic function f in ∆, we also define

ρM,[p,q] (f) = lim sup
r→1−

log+
p+1M (r, f)

logq
1

1−r
.

Remark 1.3. It is easy to see that 0 ≤ ρ[p,q] (f) ≤ +∞ (0 ≤ ρM,[p,q] (f) ≤
+∞ ) whenever p ≥ q ≥ 1. By Definition 1.6, we have that ρ[1,1] = ρ (f)

(ρM,[1,1] = ρM (f)) and ρ[2,1] = ρ2 (f)
(
ρM,[2,1] = ρM,2 (f)

)
.

In [23], Tu and Huang extended Proposition 1.1 in [2] with more details,
as follows.

Proposition 1.1 (see [23]). Let f be an analytic function of [p, q]-order
in ∆. Then the following five statements hold.

(i) If p = q = 1, then ρ (f) ≤ ρM (f) ≤ ρ (f) + 1.
(ii) If p = q ≥ 2 and ρ[p,q] (f) < 1, then ρ[p,q] (f) ≤ ρM,[p,q] (f) ≤ 1.

(iii) If p = q ≥ 2 and ρ[p,q] (f) ≥ 1, or p > q ≥ 1, then ρ[p,q] (f) =
ρM,[p,q] (f).

(iv) If p ≥ 1 and ρ[p,p+1] (f) > 1, then D (f) = lim sup
r→1−

T (r,f)

log 1
1−r

= ∞; if

ρ[p,p+1] (f) < 1, then D (f) = 0.

(v) If p ≥ 1 and ρM,[p,p+1] (f) > 1, then DM (f) = lim sup
r→1−

log+M(r,f)

log 1
1−r

=

∞; if ρM,[p,p+1] (f) < 1, then DM (f) = 0.

Definition 1.7 (see [19]). Let p ≥ q ≥ 1 be integers. The [p, q]-type of a
meromorphic function f (z) in ∆ of [p, q]-order ρ[p,q] (f)

(
0 < ρ[p,q] (f)<+∞

)
is defined by

τ[p,q] (f) = lim sup
r→1−

log+
p−1 T (r, f)(

logq−1
1

1−r

)ρ[p,q](f)
.

Definition 1.8 (see [19]). Let p ≥ q ≥ 1 be integers. The [p, q]-exponent
of convergence of the zero-sequence of f (z) in ∆ is defined by

λ[p,q] (f) = lim sup
r→1−

log+
p N

(
r, 1
f

)
logq

1
1−r

.

Similarly, the [p, q]-exponent of convergence of the sequence of distinct zeros
of f (z) is defined by

λ[p,q] (f) = lim sup
r→1−

log+
p N

(
r, 1
f

)
logq

1
1−r

.

There exists a natural question: how about the growth and oscillation
of the differential polynomial (1.2) with meromorphic coefficients of finite
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[p, q]-order generated by solutions of equation (1.1) in the unit disc? The
main purpose of this paper is to consider the above question.

2. Main results

Before we state our results, assuming that b and ϕ(z) are meromorphic
functions in ∆ with ρ[p,q] (ϕ) <∞, we define the functions ψk (z) by

ψk (z) =

∣∣∣∣∣∣∣∣∣
ϕ− b α1,0 . . . αk−1,0

ϕ′ − b′ α1,1 . . . αk−1,1
...

...
. . .

...

ϕ(k−1) − b(k−1) α1,k−1 . . . αk−1,k−1

∣∣∣∣∣∣∣∣∣
hk (z)

,

where hk 6≡ 0 and αi,j (i, j = 0, . . . , k − 1) are determined, respectively, in
(1.3) and (1.4).

The main results state as follows.

Theorem 2.1. Let Ai (z) (i = 0, 1, . . . , k − 1) be meromorphic functions
in ∆ of finite [p, q]-order. Let dj (z) (j = 0, 1, . . . , k) and b be finite [p, q]-
order meromorphic functions in ∆ that are not all vanishing identically such
that hk 6≡ 0. If f (z) is an infinite [p, q]-order meromorphic solution in ∆ of
(1.1) with ρ[p+1,q] (f) = ρ, then the differential polynomial (1.2) satisfies

ρ[p,q] (gk) = ρ[p,q] (f) =∞

and

ρ[p+,q] (gk) = ρ[p+1,q] (f) = ρ.

Furthermore, if f is a finite [p, q]-order meromorphic solution in ∆ such that

ρ[p,q] (f) > max
i=0,1,...,k−1
j=0,1,...,k

{
ρ[p,q] (Ai) , ρ[p,q] (dj) , ρ[p,q] (b)

}
, (2.1)

then

ρ[p,q] (gk) = ρ[p,q] (f) .

Remark 2.1. In Theorem 2.1, if we do not have the condition hk 6≡ 0,
then the conclusions of Theorem 2.1 cannot hold. For example, if we take
di = dkAi (i = 0, . . . , k − 1) , then hk ≡ 0. It follows that gk ≡ b and
ρ[p,q] (gk) = ρ[p,q] (b). So, if f (z) is an infinite [p, q]-order meromorphic so-
lution of (1.1) , then ρ[p,q] (gk) = ρ[p,q] (b) < ρ[p,q] (f) = ∞, and if f is a
finite [p, q]-order meromorphic solution of (1.1) such that (2.1) holds, then
ρ[p,q] (gk) = ρ[p,q] (b) < ρ[p,q] (f).
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Theorem 2.2. Under the hypotheses of Theorem 2.1, let ϕ (z) be a mero-
morphic function in ∆ with finite [p, q]-order such that ψk (z) is not a solu-
tion of (1.1). If f (z) is an infinite [p, q]-order meromorphic solution in ∆
of (1.1) with ρ[p+1,q] (f) = ρ, then the differential polynomial (1.2) satisfies

λ[p,q] (gk − ϕ) = λ[p,q] (gk − ϕ) = ρ[p,q] (f) =∞
and

λ[p+1,q] (gk − ϕ) = λ[p+1,q] (gk − ϕ) = ρ[p+1,q] (f) = ρ.

Furthermore, if f is a finite [p, q]-order meromorphic solution in ∆ such that

ρ[p,q] (f) > max
i=0,1,...,k−1
j=0,1,...,k

{
ρ[p,q] (Ai) , ρ[p,q] (dj) , ρ[p,q] (b) , ρ[p,q] (ϕ)

}
, (2.2)

then

λp (gk − ϕ) = λp (gk − ϕ) = ρ[p,q] (f) .

Remark 2.2. Obviously, Theorems 2.1 and 2.2 are generalizations of
Theorems A, B and C.

From Theorems 2.1 and 2.2, and Lemmas 3.4 and 3.5 below, we easily
obtain the following corollaries.

Corollary 2.1. Let p ≥ q ≥ 1 be integers. Let H be a set of complex
numbers with dens∆ {|z| : z ∈ H ⊆ ∆} > 0, and let A0 (z) , . . . , Ak−1 (z) be
analytic functions in the unit disc ∆ satisfying

max
i=1,...,k−1

ρ[p,q] (Ai) ≤ ρ[p,q] (A0) = ρ.

Suppose that there exists a real number µ satisfying 0 ≤ µ < ρ such that for
any given ε (0 < ε < ρ− µ) sufficiently small, we have

T (r,A0) ≥ expp

{
(ρ− ε) logq

(
1

1− |z|

)}
and

T (r,Ai) ≤ expp

{
µ logq

(
1

1− |z|

)}
(i = 1, . . . , k − 1)

as |z| → 1− for z ∈ H. Let dj (z) (j = 0, 1, . . . , k) and b be finite [p, q]-
order analytic functions in ∆ that are not all vanishing identically such that
hk 6≡ 0. If f 6≡ 0 is a solution of (1.1) , then the differential polynomial (1.2)
satisfies ρ[p,q] (gk) = ρ[p,q] (f) = ρM,[p,q] (f) =∞ and

ρ[p,q] (A0) ≤ ρ[p+1,q] (gk) = ρ[p+1,q] (f) = ρM,[p+1,q] (f)

≤ max{ρM,[p,q](Ai) : i = 0, 1, . . . , k − 1}.
Furthermore, if p > q, then

ρ[p+1,q] (gk) = ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρ[p,q] (A0) .
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Corollary 2.2. Let p, q and H be as in Corollary 2.1, and let A0 (z) , . . . ,
Ak−1 (z) be analytic functions in the unit disc ∆ satisfying

max
i=1,...,k−1

ρM,[p,q] (Ai) ≤ ρM,[p,q] (A0) = ρ.

Suppose that there exists a real number µ satisfying 0 ≤ µ < ρ such that for
any given ε (0 < ε < ρ− µ) sufficiently small, we have

|A0 (z)| ≥ expp+1

{
(ρ− ε) logq

(
1

1− |z|

)}
and

|Ai (z)| ≤ expp+1

{
µ logq

(
1

1− |z|

)}
(i = 1, . . . , k − 1)

as |z| → 1− for z ∈ H. Let dj (z) (j = 0, 1, . . . , k) and b be finite [p, q]-
order analytic functions in ∆ that are not all vanishing identically such that
hk 6≡ 0. If f 6≡ 0 is a solution of (1.1) , then the differential polynomial (1.2)
satisfies ρ[p,q] (gk) = ρ[p,q] (f) = ρM,[p,q] (f) =∞ and

ρ[p+1,q] (gk) = ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρM,[p,q] (A0) = ρ.

Corollary 2.3. Under the hypotheses of Corollary 2.1, let ϕ (z) be an
analytic function in ∆ with finite [p, q]-order such that ψk (z) is not a solution
of (1.1) . If f 6≡ 0 is a solution of (1.1) , then the differential polynomial (1.2)
satisfies

λ[p,q] (gk − ϕ) = λ[p,q] (gk − ϕ) = ρ[p,q] (f) = ρM,[p,q] (f) =∞

and

ρ[p,q] (A0) ≤ λ[p+1,q] (gk − ϕ) = λ[p+1,q] (gk − ϕ)

= ρ[p+1,q] (f) = ρM,[p+1,q] (f)

≤ max{ρM,[p,q] (Aj) : j = 0, 1, . . . , k − 1}.

Furthermore, if p > q, then

λ[p+1,q] (gk−ϕ) = λ[p+1,q] (gk−ϕ) = ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρ[p,q] (A0) .

Corollary 2.4. Under the hypotheses of Corollary 2.2, let ϕ (z) be an
analytic function in ∆ with finite [p, q]-order such that ψk (z) is not a solution
of (1.1) . If f 6≡ 0 is a solution of (1.1) , then the differential polynomial (1.2)
satisfies

λ[p,q] (gk − ϕ) = λ[p,q] (gk − ϕ) = ρ[p,q] (f) = ρM,[p,q] (f) =∞

and

λ[p+1,q] (gk − ϕ) = λ[p+1,q] (gk − ϕ) = ρ[p+1,q] (f)

= ρM,[p+1,q] (f) = ρM,[p,q] (A0) = ρ.
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We now consider the differential equation

f ′′ +A (z) f = 0, (2.3)

where A (z) is a meromorphic function of finite [p, q]-order in the unit disc
∆. In the following, we will give sufficient conditions on A which satisfied
the results of Theorem 2.1 and Theorem 2.2 without the conditions “hk 6≡ 0”
and “ψk (z) is not a solution of (1.1)”, where k = 2.

Corollary 2.5. Let p ≥ q ≥ 1 be integers, and let A(z) be a meromorphic
function in ∆ with 0 < ρ[p,q] (A) = ρ <∞ such that δ (∞, A) > 0. Let d0, d1,
d2, b be meromorphic functions in ∆ that are not all vanishing identically
such that

max
j=0,1,2

{
ρ[p,q] (dj) , ρ[p,q] (b)

}
< ρ[p,q] (A) .

If f 6≡ 0 is a meromorphic solution of (2.3) such that δ (∞, f) > 0, then
the differential polynomial g2 = d2f

′′ + d1f
′ + d0f + b satisfies ρ[p,q] (g2) =

ρ[p,q] (f) =∞ and

ρ[p,q] (A) ≤ ρ[p+1,q] (g2) = ρ[p+1,q] (f) = ρM,[p+1,q] (f) ≤ ρ[p,q] (A) + 1.

Furthermore, if p > q, then

ρ[p+1,q] (g2) = ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρ[p,q] (A) .

Corollary 2.6. Under the hypotheses of Corollary 2.5, suppose that 0 <
τ[p,q](A) < +∞, and let ϕ be a meromorphic function in ∆ such that ϕ−b 6≡ 0
with ρ[p,q] (ϕ) < ∞. If f 6≡ 0 is a meromorphic solution of (2.3) such that
δ (∞, f) > 0, then the differential polynomial g2 = d2f

′′+d1f
′+d0f + b with

d2 6≡ 0 satisfies

λ[p,q] (g2 − ϕ) = λ[p,q] (g2 − ϕ) = ρ[p,q] (f) =∞

and

ρ[p,q] (A) ≤ λ[p+1,q] (g2 − ϕ) = λ[p+1,q] (g2 − ϕ)

= ρ[p+1,q] (f) = ρM,[p+1,q] (f)

≤ ρ[p,q] (A) + 1.

Furthermore, if p > q, then

λ[p+1,q] (g2−ϕ) = λ[p+1,q] (g2−ϕ) = ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρ[p,q] (A) .



NONHOMOGENEOUS LINEAR DIFFERENTIAL POLYNOMIALS 55

3. Auxiliary lemmas

Lemma 3.1 (see [3]). Let p ≥ q ≥ 1 be integers, and let f be a meromor-
phic function of [p, q]−order in ∆. Then ρ[p,q] (f ′) = ρ[p,q] (f).

Lemma 3.2 (see [3]). Let p ≥ q ≥ 1 be integers, and let f and g be
non-constant meromorphic functions of [p, q]-order in ∆. Then

ρ[p,q] (f + g) ≤ max
{
ρ[p,q] (f) , ρ[p,q] (g)

}
and

ρ[p,q] (fg) ≤ max
{
ρ[p,q] (f) , ρ[p,q] (g)

}
.

Furthermore, if ρ[p,q] (f) > ρ[p,q] (g), then

ρ[p,q] (f + g) = ρ[p,q] (fg) = ρ[p,q] (f) .

By using similar proof of Lemma 2.6 in [3] or Lemma 2.6 in [19], we easily
obtain the following lemma.

Lemma 3.3 (see [3], [19]). Let p ≥ q ≥ 1 be integers. Let Ai (i = 0, . . . ,
k− 1) and F 6≡ 0 be meromorphic functions in ∆, and let f (z) be a solution
of the differential equation

f (k) +Ak−1 (z) f (k−1) + · · ·+A1 (z) f ′ +A0 (z) f = F

satisfying

max
i=0,...,k−1

{
ρ[p,q] (Ai) , ρ[p,q] (F )

}
< ρ[p,q] (f) = ρ ≤ +∞.

Then

λ[p,q] (f) = λ[p,q] (f) = ρ[p,q] (f)

and

λ[p+1,q] (f) = λ[p+1,q] (f) = ρ[p+1,q] (f) .

Lemma 3.4 (see [4]). Let p ≥ q ≥ 1 be integers. Let H be a set of complex
numbers satisfying dens∆ {|z| : z ∈ H ⊆ ∆} > 0, and let A0 (z) , . . . , Ak−1 (z)
be analytic functions in the unit disc ∆ satisfying

max{ρ[p,q](Ai) : i = 1, . . . , k − 1} ≤ ρ[p,q] (A0) = ρ.

Suppose that there exists a real number µ satisfying 0 ≤ µ < ρ such that for
any given ε (0 < ε < ρ− µ) sufficiently small, we have

T (r,A0) ≥ expp

{
(ρ− ε) logq

(
1

1− |z|

)}
and

T (r,Ai) ≤ expp

{
µ logq

(
1

1− |z|

)}
(i = 1, . . . , k − 1)
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as |z| → 1− for z ∈ H. Then every solution f 6≡ 0 of (1.1) satisfies
ρ[p,q] (f) = ρM,[p,q] (f) =∞ and

ρ[p,q] (A0) ≤ ρ[p+1,q] (f) = ρM,[p+1,q] (f) ≤ max
i=0,1,...,k−1

ρM,[p,q] (Ai) .

Furthermore, if p > q, then

ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρ[p,q] (A0) .

Lemma 3.5 (see [3]). Let p ≥ q ≥ 1 be integers. Let H be a set of complex
numbers with dens∆ {|z| : z ∈ H ⊆ ∆} > 0, and let A0 (z) , . . . , Ak−1 (z) be
analytic functions in the unit disc ∆ satisfying

max{ρM,[p,q](Ai) : i = 1, . . . , k − 1} ≤ ρM,[p,q] (A0) = ρ.

Suppose that there exists a real number µ satisfying 0 ≤ µ < ρ such that for
any given ε (0 < ε < ρ− µ) sufficiently small, we have

|A0 (z)| ≥ expp+1

{
(ρ− ε) logq

(
1

1− |z|

)}
and

|Ai (z)| ≤ expp+1

{
µ logq

(
1

1− |z|

)}
(i = 1, . . . , k − 1)

as |z| → 1− for z ∈ H. Then every solution f 6≡ 0 of (1.1) satisfies
ρ[p,q] (f) = ρM,[p,q] (f) =∞ and

ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρM,[p,q] (A0) = ρ.

Lemma 3.6 (see [11], [12], [25]). Let f be a meromorphic function in the
unit disc and let k ∈ N. Then

m

(
r,
f (k)

f

)
= S (r, f) ,

where

S (r, f) = O

(
log+ T (r, f) + log

(
1

1− r

))
possibly outside a set E1 ⊂ [0, 1) with

∫
E1

dr
1−r <∞.

Lemma 3.7 (see [2]). Let p ≥ q ≥ 1 be integers. Let f be a meromorphic
function in the unit disc ∆ such that ρ[p,q] (f) = ρ <∞, and let k ≥ 1 be an
integer. Then for any ε > 0,

m

(
r,
f (k)

f

)
= O

(
expp−1

{
(ρ+ ε) logq

(
1

1− r

)})
holds for all r outside a set E2 ⊂ [0, 1) with

∫
E2

dr
1−r <∞.
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Lemma 3.8 (see [1], [12]). Let g : (0, 1) → R and h : (0, 1) → R be
monotone increasing functions such that g (r) ≤ h (r) holds outside of an
exceptional set E3 ⊂ [0, 1) for which

∫
E3

dr
1−r < ∞. Then there exists a

constant d ∈ (0, 1) such that if s (r) = 1 − d (1− r) , then g (r) ≤ h (s (r))
for all r ∈ [0, 1).

Lemma 3.9 (see [10], Corollary 2.5). Suppose that 0 < ρ < r < t < R <
∞ and the path Γ = Γ(θ0, ρ, t) is given by the segment

Γ1 : z = τeiθ0 , ρ ≤ τ ≤ t < 1

4
(3r +R) ,

followed by the circle

Γ2 : z = teiθ, θ0 ≤ θ ≤ θ0 + 2π.

We suppose that f is a meromorphic solution of the equation

f (k) + ak−1 (z) f (k−1) + · · ·+ a1 (z) f ′ + a0 (z) f = 0,

where the coefficients a0 (z) , a1 (z) , . . . , ak−1 (z) are meromorphic in the disc
|z| ≤ R. We also define

C = C (an, ρ, r, R) = (k+2) exp

[
20R

R− r

k−1∑
n=0

T (R, an) +

(
k−1∑
n=0

pn

)
log

(
R

ρ

)]
,

where pn is the multiplicity of the pole of an at the origin if an (0) =∞, and
pn = 0 otherwise. If δ = δ (∞, f) > 0 and 0 ≤ ε < δ, then

T (r, f) ≤
(

1

δ − ε

)
(2π + 1)RC, r1 (ε) < r < R.

Lemma 3.10. Let p ≥ q ≥ 1 be integers, and let A(z) be a meromorphic
function with 0 < ρ[p,q] (A) = ρ < ∞ such that δ (∞, A) > 0. If f 6≡ 0 is a
meromorphic solution of

f (k) +A (z) f = 0 (3.1)

such that δ (∞, f) > 0, then ρ[p,q] (f) =∞ and

ρ[p,q] (A) ≤ ρ[p+1,q] (f) = ρM,[p+1,q] (f) ≤ ρ[p,q] (A) + 1.

Furthermore, if p > q, then

ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρ[p,q] (A) .

Proof. First, we prove that ρ[p,q] (f) = ∞. We suppose that ρ[p,q] (f) =
β < +∞ and then we obtain a contradiction. It follows from the definition
of deficiency (see Theorem A) δ (∞, A) that, for r → 1−, we have

m (r,A) ≥ δ

2
T (r,A) .
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So, when r → 1−, we get by (3.1) and Lemma 3.7 that

T (r,A) ≤ 2

δ
m (r,A) =

2

δ
m

(
r,
f (k)

f

)
= O

(
expp−1

{
β logq

(
1

1− r

)})
holds for all r outside a set E2 ⊂ [0, 1) with

∫
E2

dr
1−r < ∞. Therefore, by

Lemma 3.8 we obtain ρ[p−1,q] (A) <∞ which is a contradiction since A is a
meromorphic function with ρ[p,q] (A) = ρ > 0. Hence ρ[p,q] (f) =∞.

Now, we prove that

ρ[p,q] (A) ≤ ρ[p+1,q] (f) ≤ ρ[p,q] (A) + 1

and

ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρ[p,q] (A)

if p > q. Since ρ[p,q] (f) = ∞, by (3.1) and Lemma 3.6 it follows from the

definition of deficiency that, for r → 1−, we have

T (r,A) ≤ 2

δ
m (r,A) =

2

δ
m

(
r,
f (k)

f

)

= O

(
log+ T (r, f) + log

(
1

1− r

))
.

By Lemma 3.8, there exists a constant d ∈ (0, 1) such that if s (r) = 1 −
d (1− r), then

T (r,A) ≤ O
(

log+ T (1− d (1− r) , f) + log

(
1

d (1− r)

))
for r → 1−. Hence, by the definition of [p, q]-order,

ρ[p+1,q] (f) = lim sup
r→1−

log+
p+1 T (r, f)

logq
1

1−r
≥ ρ[p,q] (A) = ρ.

On the other hand, if δ (∞, f) > 0, then by Lemma 3.9, for any fixed ε,
0 ≤ ε < δ1 := δ(∞, f), and r1(ε) < r < t < R := 1+r

2 < 1,

T (r, f) ≤
(

1

δ1 − ε

)
(2π + 1)RC (3.2)

holds on the path Γ = Γ(θ0, ρ, t) chosen in accordance with Lemma 3.9,
where

C = (k + 2) exp

[
20R

R− r
T (R,A) + p0 log

(
R

ρ

)]
,

p0 is the multiplicity of the pole of A at the origin if A(0) =∞, and p0 = 0
otherwise. By (3.2), we immediately get that

ρ[p+1,q] (f) = ρM,[p+1,q] (f) ≤ ρ[p,q] (A) + 1
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and

ρ[p+1,q] (f) = ρM,[p+1,q] (f) ≤ ρ[p,q] (A)

if p > q. Therefore,

ρ[p,q] (A) ≤ ρ[p+1,q] (f) = ρM,[p+1,q] (f) ≤ ρ[p,q] (A) + 1

and

ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρ[p,q] (A)

if p > q. �

Remark 3.1. Lemma 3.10 was proved for q = 1 by Cao et al. [9].

Lemma 3.11 (see [19]). Let p ≥ q ≥ 1 be integers, and let f and g be
meromorphic functions of [p, q]-order in ∆ such that 0 < ρ[p,q] (f) , ρ[p,q] (g) <
∞ and 0 < τ[p,q] (f) , τ[p,q] (g) <∞. The following statements hold.

(i) If ρ[p,q] (f) > ρ[p,q] (g), then

τ[p,q] (f + g) = τ[p,q] (fg) = τ[p,q] (f) .

(ii) If ρ[p,q] (f) = ρ[p,q] (g) and τ[p,q] (f) 6= τ[p,q] (g), then

ρ[p,q] (f + g) = ρ[p,q] (fg) = ρ[p,q] (f) = ρ[p,q] (g) .

4. Proofs of main results

Proof of Theorem 2.1. Suppose that f is an infinite [p, q]-order meromor-
phic solution of (1.1). By (1.1) we have

f (k) = −
k−1∑
i=0

Aif
(i) (4.1)

which implies

gk − b = dkf
(k) + dk−1f

(k−1) + · · ·+ d0f =
k−1∑
i=0

(di − dkAi) f (i). (4.2)

We can rewrite (4.2) as

gk − b =

k−1∑
i=0

αi,0f
(i), (4.3)
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where αi,0 is defined in (1.4). Differentiating both sides of equation (4.3)
and using (4.1), we obtain

g′k − b′ =
k−1∑
i=0

α′i,0f
(i) +

k−1∑
i=0

αi,0f
(i+1) =

k−1∑
i=0

α′i,0f
(i) +

k∑
i=1

αi−1,0f
(i)

= α′0,0f +
k−1∑
i=1

α′i,0f
(i) +

k−1∑
i=1

αi−1,0f
(i) + αk−1,0f

(k)

= α′0,0f +

k−1∑
i=1

α′i,0f
(i) +

k−1∑
i=1

αi−1,0f
(i) −

k−1∑
i=0

αk−1,0Aif
(i)

=
(
α′0,0 − αk−1,0A0

)
f +

k−1∑
i=1

(
α′i,0 + αi−1,0 − αk−1,0Ai

)
f (i).

(4.4)

We can rewrite (4.4) as

g′k − b′ =
k−1∑
i=0

αi,1f
(i), (4.5)

where

αi,1 =

{
α′i,0 + αi−1,0 − αk−1,0Ai, if i = 1, . . . , k − 1,

α′0,0 −A0αk−1,0, if i = 0.
(4.6)

Differentiating both sides of equation (4.5) and using (4.1), we obtain

g′′k − b′′ =
k−1∑
i=0

α′i,1f
(i) +

k−1∑
i=0

αi,1f
(i+1) =

k−1∑
i=0

α′i,1f
(i) +

k∑
i=1

αi−1,1f
(i)

= α′0,1f +
k−1∑
i=1

α′i,1f
(i) +

k−1∑
i=1

αi−1,1f
(i) + αk−1,1f

(k)

= α′0,1f +
k−1∑
i=1

α′i,1f
(i) +

k−1∑
i=1

αi−1,1f
(i) −

k−1∑
i=0

Aiαk−1,1f
(i)

=
(
α′0,1 − αk−1,1A0

)
f +

k−1∑
i=1

(
α′i,1 + αi−1,1 −Aiαk−1,1

)
f (i).

(4.7)

This implies

g′′k − b′′ =
k−1∑
i=0

αi,2f
(i), (4.8)

where

αi,2 =

{
α′i,1 + αi−1,1 −Aiαk−1,1, if i = 1, . . . , k − 1,

α′0,1 −A0αk−1,1, if i = 0.
(4.9)
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By using the same method as above we can easily deduce that

g
(j)
k − b

(j) =
k−1∑
i=0

αi,jf
(i), j = 0, 1, . . . , k − 1, (4.10)

where the coefficients ai,j are determined by (1.4). By (4.3) – (4.10) we obtain
the system of equations

gk − b = α0,0f + α1,0f
′ + · · ·+ αk−1,0f

(k−1),

g′k − b′ = α0,1f + α1,1f
′ + · · ·+ αk−1,1f

(k−1),

g′′k − b′′ = α0,2f + α1,2f
′ + · · ·+ αk−1,2f

(k−1),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

g
(k−1)
k − b(k−1) = α0,k−1f + α1,k−1f

′ + · · ·+ αk−1,k−1f
(k−1).

By Cramer’s rule, since hk 6≡ 0, we have

f =

∣∣∣∣∣∣∣∣∣
gk − b α1,0 . . . αk−1,0

g′k − b′ α1,1 . . . αk−1,1
...

...
. . .

...

g
(k−1)
k − b(k−1) α1,k−1 . . . αk−1,k−1

∣∣∣∣∣∣∣∣∣
hk

.

Then

f = C0 (gk − b) + C1

(
g′k − b′

)
+ · · ·+ Ck−1

(
g

(k−1)
k − b(k−1)

)
, (4.11)

where Cj are finite [p, q]-order meromorphic functions in ∆ depending on
αi,j , where αi,j are defined in (1.4).

If ρ[p,q] (gk) < +∞, then by (4.11), and Lemmas 3.1 and 3.2, we obtain
ρ[p,q] (f) < +∞, and this is a contradiction. Hence ρ[p,q] (gk) = ρ[p,q] (f) =
+∞.

Now, we prove that ρ[p+1,q] (gk) = ρ[p+1,q] (f) = ρ. By (4.2), Lemma 3.1
and Lemma 3.2, we get ρ[p+1,q] (gk) ≤ ρ[p+1,q] (f), and by (4.11) we have
ρ[p+1,q] (f) ≤ ρ[p+1,q] (gk). This yields ρ[p+1,q] (gk) = ρ[p+1,q] (f) = ρ.

Furthermore, if f is a finite [p, q]-order meromorphic solution in ∆ of
equation (1.1) such that (2.1) holds, then

ρ[p,q] (f) > max
{
ρ[p,q](αi,j) : i = 0, . . . , k − 1, j = 0, . . . , k − 1

}
. (4.12)

So by (4.2) we have ρ[p,q] (gk) ≤ ρ[p,q] (f). To prove the equality ρ[p,q] (gk) =
ρ[p,q] (f), we suppose that ρ[p,q] (gk) < ρ[p,q] (f). Then, by (4.11) and (4.12),

ρ[p,q] (f) ≤ max
{
ρ[p,q] (Cj) (j = 0, . . . , k − 1) , ρ[p,q] (gk)

}
< ρ[p,q] (f)

which is a contradiction. Hence ρ[p,q] (gk) = ρ[p,q] (f). �
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Remark 4.1. From (4.11) it follows that the condition hk 6≡ 0 is equiv-

alent to the condition that gk − b, g′k − b′, . . . , g
(k−1)
k − b(k−1) are linearly

independent over the field of meromorphic functions of finite [p, q]-order. As
it was noted in the paper by Laine and Rieppo [18], one may assume that

dk ≡ 0. Note that the linear dependence of gk− b, g′k− b′, . . . , g
(k−1)
k − b(k−1)

implies that f satisfies a linear differential equation of order smaller than k
with appropriate coefficients, and vise versa (e.g., Theorem 2.3 in the paper
of Laine and Rieppo [18]).

Proof of Theorem 2.2. Suppose that f is an infinite [p, q]-order meromor-
phic solution of equation (1.1) with ρ[p+1,q] (f) = ρ. Set w (z) = gk − ϕ.
Since ρ[p,q] (ϕ) < ∞, by Lemma 3.2 and Theorem 2.1 we have ρ[p,q] (w) =

ρ[p,q] (gk) =∞ and ρ[p+1,q] (w) = ρ[p+1,q] (gk) = ρ . To prove λ[p,q] (gk − ϕ) =

λ[p,q] (gk − ϕ) = ∞ and λ[p+1,q] (gk − ϕ) = λ[p+1,q] (gk − ϕ) = ρ, we must

show that λ[p,q] (w) = λ[p,q] (w) = ∞ and λ[p+1,q] (w) = λ[p+1,q] (w) = ρ. By
the equalities gk = w + ϕ and (4.11),

f = C0w + C1w
′ + · · ·+ Ck−1w

(k−1) + ψk (z) , (4.13)

where

ψk (z) = C0 (ϕ− b) + C1

(
ϕ′ − b′

)
+ · · ·+ Ck−1

(
ϕ(k−1) − b(k−1)

)
.

Substituting (4.13) into (1.1), we obtain

Ck−1w
(2k−1) +

2k−2∑
j=0

φjw
(j) = −

(
ψ

(k)
k +Ak−1 (z)ψ

(k−1)
k + · · ·+A0 (z)ψk

)
= H,

where Ck−1 and φj (j = 0, . . . , 2k − 2) are meromorphic functions in ∆ with
finite [p, q]-order. Since ψk (z) is not a solution of (1.1) , it follows that
H 6≡ 0. Thus by Lemma 3.3, we obtain λ[p,q] (w) = λ[p,q] (w) = ∞ and

λ[p+1,q] (w) = λ[p+1,q] (w) = ρ, i.e., λ[p,q] (gk − ϕ) = λ[p,q] (gk − ϕ) = ∞ and

λ[p+1,q] (gk − ϕ) = λ[p+1,q] (gk − ϕ) = ρ.
Suppose that f is a finite [p, q]-order meromorphic solution in ∆ of equa-

tion (1.1) such that (2.2) holds. Set w (z) = gk − ϕ. Since ρ[p,q] (ϕ) <
ρ[p,q] (f) , by Lemma 3.2 and Theorem 2.1, we have ρ[p,q] (w) = ρ[p,q] (gk) =

ρ[p,q] (f) . In order to prove that λ[p,q] (gk − ϕ) = λ[p,q] (gk − ϕ) = ρ[p,q] (f),

we must show that λ[p,q] (w) = λ[p,q] (w) = ρ[p,q] (f) . Using the same reason-
ing as above, we get

Ck−1w
(2k−1) +

2k−2∑
j=0

φjw
(j) = −

(
ψ

(k)
k +Ak−1 (z)ψ

(k−1)
k + · · ·+A0 (z)ψk

)



NONHOMOGENEOUS LINEAR DIFFERENTIAL POLYNOMIALS 63

= F,

where Ck−1 and φj (j = 0, . . . , 2k − 2) are meromorphic functions in ∆ with
finite [p, q]-order ρ[p,q] (Ck−1) < ρ[p,q] (f),

ρ[p,q] (φj) < ρ[p,q] (f) (j = 0, . . . , 2k − 2) ,

and

ψk (z) = C0 (ϕ− b) + C1

(
ϕ′ − b′

)
+ · · ·+ Ck−1

(
ϕ(k−1) − b(k−1)

)
,

ρ[p,q] (F ) < ρ[p,q] (f) .

Since ψk (z) is not a solution of (1.1) , it follows that F 6≡ 0. Then by
Lemma 3.3, we obtain λ[p,q] (w) = λ[p,q] (w) = ρ[p,q] (f), i.e., λ[p,q] (gk − ϕ) =
λ[p,q] (gk − ϕ) = ρ[p,q] (f). �

Proof of Corollary 2.5. Suppose that f is a nontrivial meromorphic solu-
tion of (2.3). Then, by Lemma 3.10, we have ρ[p,q] (f) =∞ and

ρ[p,q] (A) ≤ ρ[p+1,q] (f) = ρM,[p+1,q] (f) ≤ ρ[p,q] (A) + 1.

Furthermore, if p > q, then

ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρ[p,q] (A) .

By the same reasoning as before we obtain that{
g2 − b = α0,0f + α1,0f

′,
g′2 − b′ = α0,1f + α1,1f

′,
(4.14)

where

α0,0 = d0 − d2A, α1,1 = −d2A+ d0 + d′1
and

α0,1 = −(d2A)′ − d1A+ d′0, α1,0 = d1.

First, we suppose that d2 6≡ 0. We have

h2 =

∣∣∣∣ α0,0 α1,0

α0,1 α1,1

∣∣∣∣ = d2
2A

2 −
(
−d′2d1 + d′1d2 + 2d0d2 − d2

1

)
A

+ d1d2A
′ − d′0d1 + d0d

′
1 + d2

0.

Since d2 6≡ 0, A 6≡ 0, by Lemma 3.11 we have ρ[p,q] (h2) = ρ[p,q] (A) > 0.
Hence h2 6≡ 0. Now suppose that d2 ≡ 0, d1 6≡ 0; then

h2 = d2
1A− d′0d1 + d0d

′
1 + d2

0,

and, by Lemma 3.2, we have ρ[p,q] (h2) = ρ[p,q] (A) > 0. Hence h2 6≡ 0.

Finally, if d2 ≡ 0, d1 ≡ 0 and d0 6≡ 0, then h2 = d2
0 6≡ 0. By (4.14), since

h2 6≡ 0, we obtain

f =
−α1,0 (g′2 − b′) + α1,1 (g2 − b)

h2
. (4.15)
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It is clear that ρ[p,q] (g2) ≤ ρ[p,q] (f) (ρ[p+1,q] (g2) ≤ ρ[p+1,q] (f)) and, by
(4.15), we have ρ[p,q] (f) ≤ ρ[p,q] (g2) (ρ[p+1,q] (f) ≤ ρ[p+1,q] (g2)). Hence
ρ[p,q] (g2) = ρ[p,q] (f) (ρ[p+1,q] (g2) = ρ[p+1,q] (f)). �

Proof of Corollary 2.6. Set w (z) = d2f
′′+d1f

′+d0f + b−ϕ. Then, since
ρ[p,q] (ϕ) < ∞, we have ρ[p,q] (w) = ρ[p,q] (g2) = ρ[p,q] (f) and ρ[p+1,q] (w) =

ρ[p+1,q] (g2) = ρ[p+1,q] (f). To prove that λ[p,q] (g2 − ϕ) = λ[p,q] (g2 − ϕ) =

ρ[p,q] (f) and λ[p+1,q] (g2 − ϕ) = λ[p+1,q] (g2 − ϕ) = ρ[p+1,q] (f), we only need

to prove that λ[p,q] (w) = λ[p,q] (w) = ρ[p,q] (f) and λ[p+1,q] (w) = λ[p+1,q] (w) =
ρ[p+1,q] (f). Since g2 = w + ϕ, from (4.15) it follows that

f =
−α1,0w

′ + α1,1w

h2
+ ψ2, (4.16)

where

ψ2 (z) =
−α1,0 (ϕ′ − b′) + α1,1 (ϕ− b)

h2
. (4.17)

Substituting (4.16) into equation (2.3), we obtain

−α1,0

h2
w
′′′

+ φ2w
′′

+ φ1w
′
+ φ0w = −

(
ψ
′′
2 +A (z)ψ2

)
= F,

where φj (j = 0, 1, 2) are meromorphic functions in ∆ with ρ[p,q] (φj) < ∞
(j = 0, 1, 2). First, we prove that ψ2 6≡ 0. Suppose that ψ2 ≡ 0; then by
(4.17), since ϕ− b 6≡ 0, we obtain that

α1,1 = α1,0
ϕ′ − b′

ϕ− b
.

Since ρ[p,q] (ϕ− b) ≤ max
{
ρ[p,q] (ϕ) , ρ[p,q] (b)

}
= η < ∞, by Lemma 3.7, it

follows that

m(r,A) ≤ m(r,
1

d2
) +m(r, d0) +m(r, d′1) +m(r, d1)

+O

(
expp−1

{
(η + ε) logq

1

1− r

})
+O(1)

for all r outside a set E2 ⊂ [0, 1) with
∫
E2

dr
1−r <∞. Thus

δ

2
T (r,A) ≤ m(r,A) ≤ T (r, d2) + T (r, d0) + T (r, d′1) + T (r, d1)

+O

(
expp−1

{
(η + ε) logq

1

1− r

})
+O(1) (r /∈ E2) .

By d2 6≡ 0 and Lemma 3.8 we obtain the contradiction

ρ[p,q] (A) ≤ max
j=0,1,2

ρ[p,q] (dj) .
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Hence ψ2 6≡ 0. It is clear now that ψ2 6≡ 0 cannot be a solution of (2.3),
because ρ[p,q] (ψ2) <∞. Thus, by Lemma 3.3,

λ[p,q] (g2 − ϕ) = λ[p,q] (g2 − ϕ) = ρ[p,q] (f) =∞

and

ρ[p,q] (A) ≤ λ[p+1,q] (g2 − ϕ) = λ[p+1,q] (g2 − ϕ) = ρ[p+1,q] (f)

= ρM,[p+1,q] (f) ≤ ρ[p,q] (A) + 1.

Furthermore, if p > q, then

λ[p+1,q] (g2 − ϕ) = λ[p+1,q] (g2 − ϕ) = ρ[p+1,q] (f) = ρM,[p+1,q] (f) = ρ[p,q] (A) .

�
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[13] O. P. Juneja, G. P. Kapoor, and S. K. Bajpai, On the (p,q)-order and lower (p,q)-
order of an entire function, J. Reine Angew. Math. 282 (1976), 53–67.

[14] O. P. Juneja, G. P. Kapoor, and S. K. Bajpai, On the (p,q)-type and lower (p,q)-type
of an entire function, J. Reine Angew. Math. 290 (1977), 385–405.

[15] L. Kinnunen, Linear differential equations with solutions of finite iterated order,
Southeast Asian Bull. Math. 22(4) (1998), 385–405.

[16] I. Laine, Nevanlinna Theory and Complex Differential Equations, de Gruyter Studies
in Mathematics 15. Walter de Gruyter & Co., Berlin – New York, 1993.

[17] I. Laine, Complex differential equations, in: Handbook of Differential Equations: Or-
dinary Differential Equations. Vol. IV, Elsevier/North-Holland, Amsterdam, 2008,
pp. 269–363.

[18] I. Laine and J. Rieppo, Differential polynomials generated by linear differential equa-
tions, Complex Var. Theory Appl. 49(12) (2004), 897–911.
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