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Abstract. In this paper, we investigate the relationship between small functions and non-homogeneous differ-
ential polynomials gy = dy (z) f*) +---+d; (z) f +do (z) f+ b (2), where dg (z), d) (z) -, di (z) and b(z) are
finite [p, g] —order meromorphic functions in the unit disc A and k > 2 is an integer, which are not all equal to
zero generated by the complex higher order non-homogeneous linear differential equation f*) +A;_; (@) f (k=) 4
4+ A1(2) f + Ao (2) f =F, for (k>2), where Ay (z), A1 (z), -, Ax—1 (z) are finite [p,g] —order meromorphic
functions in unit disc A.
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1. Introduction

The study on value distribution of differential polynomials generated by solutions of a giv-
en complex differential equation in the case of complex plane seems to have been started by
Bank [2]. Many authors have investigated the growth and oscillation of solutions of complex
linear differential equations in C, see [2, 6, 7, 19, 20, 22]. In the unit disc, there already exist
many results [3,4,5,8,9,10,11,12,15,16,23,24] but the study is more difficult than that in the
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complex plane. In [11] Fenton-Strumia obtained some results of Wiman-Valiron type for power
series in the unit disc, and Fenton-Rossi [12] obtained an asymptotic equality of Wiman-Valiron
type for the derivatives of analytic functions in the unit disc and applied to ODEs with analytic
coefficients.

Throughout this paper, we shall assume that reader is familiar with the fundamental results
and the standard notations of the Nevanlinna’s value distribution theory on the complex plane
and in the unit disc A = {z: |z| < 1} (see [14],[15],[20],[21],[25]).

Firstly, we will recall some notations about the finite iterated order and the growth index to
classify generally meromorphic functions of fast growth in A as those in C (see [7],[19],[20]).
Let us define inductively, for r € (0,+), exp, r := ¢" and eXP 41 I i= €XP (expp r) ,p € N. We
also define for all r sufficiently large in (0, 4o0) , log, r :=log r and log,, r:=log (logp r) ,PE

N. Moreover, we denote by expyr :=r, logyr :=r,exp_;r :=log,r,log_,r:=exp; .
Definition 1.1. [8] The iterated p—order of a meromorphic function f in A is defined by

log! T (r,
Py (f) = 1imsupgp—<lf) (p > 1is an integer) ,

r—1-  logi=

where T (r, f) is the characteristic function of Nevanlinna of f, and logfr x=log™ x = max {logx,0},
log; X = log™ (logl;,Ir x). For p = 1, this notation is called order and for p = 2 hyper-order

(see [15,21]). For an analytic function f in A we also define

log"  M(r,f
Pmp(f) = limSllle() (p > 1is an integer),
r—1- logm

in which M (r, f) = rr1ax |f ()| is the maximum modulus function.
z|l=r

Remark 1.1. It follows by M. Tsuji in [25] that if f is an analytic function in A, then p; (f) <
pu.1 (f) < pi(f)+1. However, it follows by Proposition 2.2.2 in [20] , that we have py , (f) =

pp(f)aforpzz-

Definition 1.2. [9] Let f be a meromorphic function. Then the iterated p—convergence exponent
of the sequence of zeros of f(z) is defined by
+ 1
log, N (r, 7)

Ap (f) =limsup————* (p > L is an integer),
re1- logy—
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where N (r, %) is the integrated counting function of zeros of f(z) in {z € C: |z| < r}. For
p = 1, this notation is called exponent of convergence of the sequence of zeros and for p = 2
hyper-exponent of convergence of the sequence of zeros. Similarly, the iterated p—convergence
exponent of the sequence of distinct zeros of f (z) is defined by

o logiN(r) .

Ap(f) =limsup————= (p > 1 is an integer),

r—1- log 1

where N (r, }) is the integrated counting function of distinct zeros of f (z) in {z € C: |z| < r}.

For p = 1, this notation is called exponent of convergence of the sequence of distinct zeros and
for p = 2 hyper-exponent of convergence of the sequence of distinct zeros.

In the following, we will give similar definitions as in [17, 18] for analytic and meromorphic
functions of [p, g|-order, [p,g|-type and [p, g]-exponent of convergence of the zero-sequence in

the unit disc.

Definition 1.3. [4] Let p > ¢ > 1 be integers, and let f be a meromorphic function in A, the
[p,g]-order of f(z) is defined by

. log; T (r, f)
Plp.g (f) =limsup . 1
r—1- log,

For an analytic function f in A, we also define

. long 1M<r7 f)
Put ) () = timsup 21T
ro1- log, 1=

Remark 1.2. It is easy to see that 0 < py, ;1 (f) < +o0 (0 < pyy (g (f) < +o0 ), for any p >

g > 1. By Definition 1.3, we have that p,, 1) = p, (f) (Pa,[p,1] = Pm.p (f))-

In [24], Tu and Huang extended Proposition 1.1 in [4] with more details, as follows.

Proposition 1.1. [24] Let f be an analytic function of [p,ql|-order in A. Then the following five
statements hold:

) If p=q=1,thenp(f) <pm(f) <p(f)+1.

(i) If p=gq =2 and pj, 4 (f) <1, then pj, 5 () < Pa,fp.g (f) < 1.

(iii) If p=q >2and p, 4 (f) > 1,0r p>q > 1, then pi, 4 (f) = Py [p.g (f) -
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(iv) If p > 1 and pjp 1) (f) > 1, then D(f) = h:ii‘jP% = o if Ppppi1) (f) < L, then
D(f)=o0.

(V) If p= 1 and py [ p11) (f) > 1, then Dy (f) = lirrislup% = if Pag [p,p+1] () <1,
then Dy (f) = 0.

Definition 1.4. [23] Let p > g > 1 be integers. The [p, ¢]-type of a meromorphic function f (z)
in A of [p,q]-order py, ;1 (f) (0 < pjp 4 (f) < 4o ) is defined by

10g+_1 T (r7f)
Tip,q (f) = limsup P .
pq ] (10gq_1 ﬁ)p[p,q] (f)

For an analytic function f (z) in A, the [p,q]-type about maximum modulus of f of [p,q]-order
Pm.[p.q] (f) (0 < Pm,[p,q (f) < —|—°°) is defined by

. log, M (1, f)
T, [p,q) (f) = limsup :
pq PN (logq_l 1lr)pMﬁ[p7q] (f)

By Definition 1.4, we have that TUp1] = Tp (f) (IM7[p7l] =TM,p (f)) and U1 = T(f) <TM>[171} =
™ (f))-

Definition 1.5. [23] Let p > g > 1 be integers. The [p,qg]-exponent of convergence of the

zero-sequence of f(z) in A is defined by

log;N (r, ]lt)
ﬂ,[p7q] (f) = limsup————+.
ro1- log, 1

Similarly, the [p,g]-exponent of convergence of the sequence of distinct zeros of f(z) is

defined by

o logy N (r, 1)
Ao (f) = limsup———~.
[p/q] r—1- logq ﬁ

~l

Consider the complex nonhomogeneous linear differential equation
fT+AL (@) f +A(2) f=F, (1.1)

where Ao (z), A1 (z) and F are analytic functions in A of finite order. In [22], Laine and Rieppo
considered value distribution theory of differential polynomials generated by solutions of linear
differential equations in the complex plane. It is well-known that all solutions of equation

(1.1) are analytic functions in A and that there are exactly two linearly independent solutions
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of (1.1), see [15]. In [10], El Farissi, Belaidi and Latreuch studied the complex oscillation of
differential polynomial generated by solutions of second order linear differential equation (1.1)

with analytic coefficients in A and obtained the following results. Set

Ay = do—drAg, Po=drAoA1 — (drAg) —d1Ag+dy,

o = di—dA1, i =dAT— (dA1) —diA1 — dAg+do +df,

h= a1 By — o (1.2)
and
l[/(z) _ o ((Pl_(dZF)/_(le) _ﬁl ((p—sz)

Theorem A. [10] Let A| (z), A (z) # 0 and F be analytic functions in A of finite order. Let dy (z),
d (z), d> (z) be analytic functions in A that are not all equal to zero with p (d;) <o (j =0,1,2)
such that h # 0, where h is defined by (1.2). If f is an infinite order solution of (1.1) with
p2 (f) = p, then the differential polynomial gy = dy f" +d, f' +do f satisfies p (gf) =p(f)=oo
and py (g5) = p2(f) = p.

Theorem B. [10] Let A (z), Ao(z) #Z 0 and F be analytic functions in A of finite order. Let
do (z), d1 (z), da (z) be analytic functions in A which are not all equal to zero with p (d;) < o
(j=0,1,2) such that h # 0, and let ¢ (z) # 0 be an analytic function in A of finite order such
that y (z) is not a solution of (1.1). If f is an infinite order solution of (1.1) with p> (f) = p,
then the differential polynomial gy = dp f" +d\ f' +do f satisfies

Algr—0)=2A(gr—@)=p(f) =,
2 (gr—0)=N(gr—9) =p2(f) =p.

In 2011, Belaidi studied the growth, the oscillation and the relation between small functions
and some class of differential polynomials generated by non-homogeneous second order linear

differential equation (1.1) when the solutions are of finite iterated p—order (see [3]). Set
Bo = dy—diAo, Bi = dj +do — diAy,

h = di o —dopi (1.3)
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and

N =9 (QD'—b'—dl;)—ﬁl (p—b)

Theorem C. [3] Let A| (z), Ao (z) Z 0, F be analytic functions of finite iterated p—order in A.
Let dy(z), dy (z), b(z) be analytic functions of finite iterated p— order in A such that at least
one of dy, dy does not vanish identically and that h % 0, where h is defined by (1.3). If fisa

finite iterated p—order solution of (1.1) such that

max {p, (4;), Py (d;) (j =0,1), pp(B). pp(F)} <pPp(f), (1.4)
then the differential polynomial gy = d, f' +do f + b satisfies p, (gf) =p,(f)=p.

Theorem D. [3] Assume that the assumptions of Theorem C hold, and let ¢ (z) be an analytic
function in A with p, (@) < p, (f) such that 1 (z) is not a solution of (1.1). If f is a finite
iterated p—order solution of (1.1) such that (1.4) holds, then the differential polynomial gy =

dlf'—l—dof—I—bsatisﬁesI(gf—(p) =A (gf—(p) =pp(f).

The remainder of the paper is organized as follows. In Section 2, we shall show our main
results which improve and extend many results in the above-mentioned papers. Section 3 is for

some lemmas and basic theorems. The last section is for the proofs of our main results.
2. Main results

In this paper, we continue to consider this subject and investigate the complex oscillation
theory of differential polynomials generated by meromorphic solutions of non-homogeneous
linear differential equations in the unit disc. The main purpose of this paper is to study the

controllability of solutions of the non-homogeneous higher order linear differential equation
O+ A @+ 1A @) f + A () f = F k=2 2.1)
and the differential polynomial
g1 =de (@) fY ey (@) f5V - do (2) f +0(2), (2.2)

where A; (z) (i=0,1,--- ,k—1),F (z) anddp (z) ,d1 (2),--- ,dk (z) , b(z) are meromorphic func-

tions in A of finite [p,g] —order.
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There exists a natural question: How about the growth and oscillation of the differential
polynomial (2.2) with meromorphic coefficients of finite [p, g|-order generated by solutions of
equation (2.1) in the unit disc?

The main purpose of this paper is to consider the above question. Before we state our re-
sults, we define the sequence of meromorphic functions o j, Bj, (i=0,--- ,k—1;j=0,--- ,k—1)
in A by

Ot,'/,jfl ‘|‘(Xi71,j71 —Aiak,lvj,l, foralli = L. ,k— 1,

o= / (2.3)
aO,jfl —A()Otk_l’j_l, fori= 0,

Oti’():dl'—dkAi, fOI‘i:O,--- ,k—l (2.4)
and
/ .
- to_ 1 Fforall j=1,--- k—1,
B — 13] 1 k—1,j—1 J 2.5)
dyF +b for j =0,
we define also /i by
00,0 oo - - Og1p0
0,1 o - - Ok
hy, =
Wik—1 O1p—1 - - Ok—1k-1
and y; (z) by
¢ — o aio - - O%k-10
¢ — B a0 -1
. e ¢ R 11 S o 7 A
Z) = )
Vi I ()

where iy Z0Oand o j, B; (i=0,..,k—1;j=0,--- ,k— 1) are defined in (2.3) — (2.5) ,and ¢ (z)
is a meromorphic function in A with py,, ;1 (¢) < .

The main results of this paper state as follows.
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Theorem 2.1. Ler A;(z) (i=0,1,---,k—1), F(z) be meromorphic functions in A of finite
[p,q] —order. Let dj(z) (j=0,1,--- k), b(z) be finite [p,q] —order meromorphic functions in
A that are not all vanishing identically such that h £ 0. If f(z) is an infinite [p,q| —order

meromorphic solution in A of (2.1) with py 1 (f) = p, then the differential polynomial (2.2)

p+17q

satisfies
Pip.g) (&) = Ppg) (f) =
and
Pip+1,q) (8K) = Plpr1.g (f) = p-

Furthermore, if f is a finite [p,q| —order meromorphic solution of (2.1) in A such that

Pipg () > max{ max pp, g (Ai), max pp,g (d;),Pipg (F), Plpg (b)}’ (2.6)

0<i<k—1 < j<k—1

then

Pip.g (8k) = Pp.g (f) -

Remark 2.1. In Theorem 2.1, if we do not have the condition & # 0, then the conclusions of
Theorem 2.1 cannot hold. For example, if we take d; = djA; (i =0,--- ,k—1), then h =0. It

follows that gy = diF +b and py, g (8k) = P|p.q (diF +b) . So,if f(z) is an infinite [p,g] —order

2]
meromorphic solution of (2.1), then ) = diF +b) < =oo, and if fis a
p ( )7 Plp.q) (g ) Pip.q) ( ) Plp.q) (f) f

finite [p, g] —order meromorphic solution of (2.1) such that (2.6) holds, then
Pl (8x) = Pipg) (diF +b) < max{pyyq) (de),Pipg) (F): Plpg) (B)} < Plpg ()

Theorem 2.2. Under the hypotheses of Theorem 2.1, let ¢ (z) be a meromorphic function in
A with finite [p,q| —order such that . (z) is not a solution of (2.1). If f(z) is an infinite
[p,q] —order meromorphic solution in A of (2.1) with py,11 4 (f) = p, then the differential
polynomial (2.2) satisfies

g (8= @) = A g (8K — @) = Pppg (f) =20

and

)’[p—l—l,q] (8 — @)= A‘[p—i—l,q} (gr—o)= Plp+1.q] (f)=p.
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Furthermore, if f is a finite [p,q| —order meromorphic solution of (2.1) in A such that

Plp.g) (f) > max {ng?gg Pl (Ai) s max pip.g (d)) Py (F)s Plpg) (0):Pipg <‘P>} )
2.7)

then

Apg (8k— @) =Ap g (8 — @) = Pppg (f)-

Remark 2.2. Obviously, Theorems 2.1 and 2.2 are a generalization of Theorems A, B, C and

D.

Remark 2.3. By setting b(z) =0, ¢ (z) =0 and k = 2 in Theorem 2.2 we obtain Theorem 1.1
in [13].

We consider now the differential equation

" +A1(2) f+Ao(2) £ =0, (2.8)

where A (z) , A1 (z) are finite [p, g] —order analytic functions in the unit disc A. In the following
we will give sufficient conditions on Ag, A; which satisfied the results of Theorem 2.1 and
Theorem 2.2 without the conditions ” /i # 0 ” and ” W (z) is not a solution of (2.8) ” where

k=72.

Corollary 2.1. Let p > q > 1 be integers, and let Ay (z), A1 (z) be analytic functions in A.
Assume that py, 5 (A1) < Ppq (Ao) = p (0 < p < +o0) and 1)) 5 (Ag) =T (0 < T < +o0). Let
do(z), di(z), d2(z) and b(z) be analytic functions in A that are not all vanishing identically

such that

max {p(y.4) (b), Plpg) (d)) ] = 01,2} < ppp g (Ao).-
If f(z) # 0 is a solution of the differential equation (2.8), then the differential polynomial
g2 =dof" +dif' +dof +b satisfies py, 4 (82) = Plp.q (f) = o and

Pip.gl (A0) < Plpri1 g (82) = Prpi g (f) S max {py (p 4 (Ai) (i=0,1)}.

Furthermore, if p > g then

p[p+l,q] (gZ) = p[p+1,q] (f) = p[p.,q] (AO) .
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Corollary 2.2. Let p > q > 1 be integers, and let Ay(z), A1 (z) be analytic functions in A.
Assume that p, g (A1) < p[pg (Ao) = p (0 < p < +o0) and T, 4 (Ag) = T (0 < T < +o0). Let
do(z), di(2), d2(z) and b(z) be analytic functions in A that are not all vanishing identically

such that
max {4 (b), Pipg) (d)) ] = 01,2} < ppp g (Ar).

Let ¢ (z) be an analytic function in A of finite |p,q] —order such that @ —b £ 0. If f(z) Z0isa
solution of the differential equation (2.8), then the differential polynomial g, = dp f" + dy f' +

dof +b satisfies Ajp g (82— @) = Ajp g (82— @) = Pp.g) (f) = oo and

Pl (A0) < Ay (82— @) =2Apr14 (82— @) =Plpi14 (82)

Plpiiqg (f) < max{pu [y (A0) s Pt pg (A1)} -

Furthermore, if p > q then

Apitg (82— 0) =Api14 (82— @) = P14 () = Pppg (Ao)-

Remark 2.4 By setting b (z) = 0 in Corollaries 2.1 and 2.2 we obtain Theorems 1.3 and 1.4 in
[23].

3. Auxiliary lemmas

Lemma 3.1. [4] Let p > g > 1 be integers. Let f be a meromorphic function in the unit disc A

such that pj, 1 (f) = p < oo, and let k > 1 be an integer. Then for any € > 0,

(- 57) oo fieonm, (+)))

holds for all r outside a set Ey C [0,1) with [, 1d—_rr < oo,

Lemma 3.2. [1,15] Let g: (0,1) - R and h: (0,1) — R be monotone increasing functions
such that g (r) < h(r) holds outside of an exceptional set Ey C [0,1) for which [, % < oo,
Then there exists a constant d € (0,1) such thatif s(r) =1—d (1 —r),then g(r) < h(s(r)) for
allr€[0,1).
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By using similar proof of Lemma 3.5 in [16], we easily obtain the following lemma when
Pipg (f) = Feo.

Lemma 3.3. Let p > g > 1 be integers. Let A;i(z) (i=0,--- ,k—1), F # 0 be meromorphic

functions in A, and let f (z) be a solution of the differential equation
FOL A @D 4 A Q) f + A0 () f=F

satisfying max { p, 5 (A;) (i=0,--- ,k—=1),pp, 4 (F)} < Pppq (f) = p < +oo. Then we have

Alp.g) () = Aip.q) (F) = Pp.q) ()

and

I[p+17q] (f) = Mp+1,9 (F) = Pps1,g (f)-

Lemma 3.4. 23] Let p > q > 1 be integers, and let A;(z) (i =0, --- ,k — 1) be analytic functions

in A satisfying
max {p), 1 (A) (i=1,--,k—1)} <pp,q(Ao).
If f(z) #Z 0 is a solution of the differential equation
FO+A @S 4 AL R) f A0 (2) f =0,

then pj, 4 (f) = +oo and

Pip.g (A0) < Ppps1 g (F) Smax{py . (Ai) (i=0,--- k—1)}.
Furthermore, if p > q then

p[p+1,q] (f) = p[p,q] (A ) .

Lemma 3.5. [5] Let p > q > 1 be integers, and let f be a meromorphic function of |p,q| —order
in A. Then pyy, g (f) = Pip.q (f)-

Lemma 3.6. [5| Let p > g > 1 be integers, and let f and g be non-constant meromorphic

functions of [p,q|-order in A. Then we have

p[p,q] (f+g) < max {p[p,q] (f) ap[p.,q] (g)}
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and
Pip.g (f8) <max{p|, (). Ppq (8)}-

Furthermore, if py, g (f) > P|p.q (8), then we obtain
Plp.g) (f +8) =Pp.g) (f8) =Pppg (f)-

Lemma 3.7. [23]| Let p > q > 1 be integers, and let f and g be meromorphic functions of

[p,q]-order in A such that 0 < Plp.d (f) +Plp.d] (g) <ocand 0 < U] (f) s Tpg] (g) < o0. We have
(1) If p[p,q} (f) > p[p,q] (g) , then

Up.q] <f+g) = TUp.qg| (fg) = Tp,ql (f) .
(ii) If p[p,q] (f) - p[p,q] (g) and Tp.q) (f) 7é Tp.ql (g) , then

p[p,q] (f+g) = p[p,q] (fg) = p[p,q] (f) = p[[yq} (g) .

Lemma 3.8. Assume that f (z) is a solution of equation (2.1). Then the differential polynomial
gk defined in (2.2) satisfies the system of equations

¢

si—Bo=0wof +arof +- -+ a_10f*Y,
si—Bi=oo f+af + -+ fEY,
Sl —B=aoof +aiaf + -+ 2f %Y,

k—1 _
L g,(c )_Bk—l = Qo 1f + st f + o i fED,

where

o - ai/,j—l + 01,1 —Ai0_1 1, foralli=1,--- k-1,

ij =
a(l),j—l —A()(kal,];l, fori= 0,

o = d,'—dkA,', fOIiZO,--- ,k—l

and

ﬁ le'_l"_ak—l,j—lFa forall j=1,2,--- k—1,
j:
dyFF +b, for j=0.



ON THE VALUE DISTRIBUTION THEORY 13

Proof. Suppose that f is a solution of (2.1). We can rewrite (2.1) as

s :F—IEAif(i), (3.1)
i=0
which implies
g=difO+d 1 f% V1 rdif vdof +b= ki; (di— i) fO +deF +b. (3.2)
We can rewrite (3.2) as 7
&—m=§%MW (3.3)

where @;( are defined in (2.4) and By = diF + b. Differentiating both sides of equation (3.3)
k—1 ,

and replacing f (®) with f ®) = F — Y Aif (), we obtain
i=0

k1 k-1 k-1 k
g&—B=Y, a{,of(’) +) aiof Y = ) a{,of(’) +Y 10t
i=0 i=0 i=0 i=1
k-1 kel .
=aof+ Y %of ® 4 Y aiiof @ oy_y o f W
i=1 i=1

k-1 k-1 k-1
=apof + Y. of ® 4 Y aiiof o Y a1 0Aif O+ oy oF
=1 i=1 i=0

k—1
= (09— 0—1040) f+ Y (0 g+ 01,0 — 01 0A;) 9O+ o1 0F. (3.4
i=1
We can rewrite (3.4) as
k-1
g—Br =Y arf, (3.5)
i=0
where
oG+ 0_10—Ai0_19, foralli=1,--- k—1,
o1 = W 10 (3.6)
a(/),O —A()Otk_Lo, fori=0
and

B = By+ o—1oF.
k—1 .
Differentiating both sides of equation (3.5) and replacing f ®) with fO =F — ¥ A;fO, we
i=0
obtain

k=1 k-1 k-1 k
g—Bi=Y o "+ Y o f =Y o i fO+ Y
i=0 i=0 i=0 i=1

k-1 kel .
=0g1f + Zail,lf(l) + ZOCi—mf(’) + oy 1 fW
i=1 i=1
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k-1 k-1 k-1
=aoh o f+ Y ol fO+ Y o f 0= Y A1 fY + o1 F
i=1 i=1 i=0

k—1

= (0‘671 —0y_1140) f+ Z (0‘{,1 + 011 — A1) O+ 0y—1,1F,
i=1

which implies that
k—1
g;{’ — B = Z O‘i,zf(l)7
i=0

where

oci/,l +0i_11—Ai0g_11, foralli=1,--- k-1,
oo =
oy 1 —Ao—1,1, fori=0

and
B =Bl +ou_1,F.

By using the same method as above we can easily deduce that

. k—1 .
gl(cj) _ﬁj = Zaiajf(l)v ]20,1, 7k_ 1,
i=0

where
o ai,,j—l +Oi—1,j-1 —A,'OCk_lJ_l, foralli=1,--- ,k—1,
ij =
a(l),j—l _AOOCk—l,j—la fori=0,
o =d;—diA;, foralli=0,1,---  k—1
and
B ﬁ;_1+ak—1,j—1F7 forallj:1,2,~--,k—1,
j:

dyF +b, for j=0.
By (3.3) — (3.12) we obtain the system of equations

(

gk —Bo=oof +aiof + -+ og10f*Y,
gi—Bi=ao1f+aif + -+ oy f*D,
gl —PBo=cof +aiaf +-+ g2 f %D,

(k=1)
L 8k -

Beo1 = Qo1 f+ 0ot f + 4 o fE.

This completes the proof of Lemma 3.8.

4. Proof of the theorems and corollaries

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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Proof of Theorem 2.1. Suppose that f(z) is an infinite [p, g] —order meromorphic solution of

(2.1) with pj, 41 4 (f) = p. By Lemma 3.8, g; satisfies the system of equations

(

gi—Bo=0wof +anof +- - +a_10f*Y,
gi—Bi=oof+taf + -+ fE,
gl —Br=aoaf +aiaf + oy 2f %Y,

\ gl(ck_l) — Bt = Qo1 f+ oot f 4 o fE,
where
B ai/,jfl +01,j-1—AiG_1 j_1, foralli=1,--- k—1,
H a(’)vjfl —AoOy_1 j—1, fori =0,
o0 =d; —diA;, foralli=0,1,--- k-1
and
5 — Bi i+ j1F, forall j=1,2,-- k-1,
=

dyF +b, for j=0.

By Cramer’s rule, and since /; # 0, then we have

gk — PBo o - - Ok_1p
/
gk_Bl o - - Ok
(k=1)
/ g B k-1 o 01k
_ m

It follows that

f=Co(gr—Po)+Ci (g —Bi1)++Cii (gi"‘” —ﬁk_1>

k-1
k-1
=Cogx +Cigp+ - +Ck—1g,(< - Z C;Bj,
k=0

4.1)

(4.2)

4.3)

(4.4)

4.5)

where C; are finite [p,g] —order meromorphic functions in A depending on ¢; ;, where ; ; are

defined in (4.2), (4.3) and B; are defined in (4.4).

If py, g (8k) < +oo, then by (4.5) we obtain py, 4 (f) < +oo, which is a contradiction.

Hence Pip.q) (gx) = Pip.q) (f) = +oo.
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Now, we prove that Plp+1,4] (gk) = Plp+1,4] (f) =p.By (2'2)’ We et P[p11,4) (gk> < Plp+1,4] (f)
and by (4.5) we have p[,1 14 (f) < P[p+1,4) (8)- This yield pj,1 14 (8k) = Ppps1,4 (f) = P-

Furthermore, if f(z) is a finite [p,g| —order meromorphic solution of equation (2.1) such

that

Pip.q) (f) > max {Oggglp[m} (A1) 2max iy (d)) Pl (F): Plpg (b)} . (40
then

Plp.g () >max{py, g (0ij) Pppg (CiBj) 1i=0,-- k—1j=0,--- k—=1}.  (47)

By (2.2) and (4.6) we have Pp.ql (gr) < Pp.ql (f). Now, we prove Pyl (gf) = Pp.ql (f). If
Pip.q (8k) < Pp.g (f), then by (4.5) and (4.7) we get

Pipg (f) Smax{pj, (CiB;) (=0, k=1),ppq(86)} <Ppg (f)

which is a contradiction. Hence py,, 4 (8k) = P[p.q (f) -

Remark 4.1. From (4.5) , it follows that the condition & # 0 is equivalent to the condition g —
Bo,gr—Bi,--+, g,((k_l) — Br_1 are linearly independent over the field of meromorphic functions
of finite [p,g| —order. As it was noted in the paper by Laine and Rieppo [22], one may assume
that d = 0. Note that the linear dependence of g — Bo, g, — B, - » g,(ck_l) — By implies that f
satisfies a linear differential equation of order smaller than k£ with appropriate coefficients, and

vise versa (e.g. Theorem 2.3 in the paper of Laine and Rieppo [22]).

Proof of Theorem 2.2. Suppose that f(z) is an infinite [p, g] —order meromorphic solution of
equation (2.1) with pj,, 1 o (f) = p. Set w(z) = gx — @. Since py, ;) (¢) < oo, then by Lemma
3.6 and Theorem 2.1 we have py, ;1 (W) = P[4 (8k) = o and pj, 11 g (W) = Plp+1,4 (8) = P-
To prove A, 41 (8 — ) = Ajpg (8 — @) = o0 and A}y g (& — @) = Appy1,q (& — @) = p We
need to prove A, ;1 (W) = Ajpq (W) = 0 and A1 g (W) = A1 (W) = p. By g = w+ 9,

and using (4.5), we get
f:C0w+C1w/+---+Ck_1w(k*l)+l[/k(z), (4.8)

where

Vi (2) =Co(@—Po)+Ci (¢ —B1) +-+Ciy <<P(k_1) _ﬁk—1> :
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Substituting (4.8) into (2.1), we obtain

2k—2

Ck_lw(zkfl) + Z ¢]W(J) =F — (ll/lgk) +Ak—l (Z) wlgkfl) 4. _|_A0 (Z) Wk> =H
j=0
where ¢; (j =0,---,2k —2) are meromorphic functions of finite [p,g]-order. Since yj (z) is

not a solution of (2.1), it follows that H # 0. Then by Lemma 3.3, we obtain I[pﬂ] (w) =
A[qu} (W) = o0 and I[p-i—l,q} (W) = A[P‘Q‘LQ] (W) = p’ i. e.,

I[qu] (gk - (P) = ;L[p,q} (gk - (P) =

and

Api1.g) (8= @) = Api1qg) (86— @) = p-
Suppose that f(z) is a finite [p,g] —order meromorphic solution of equation (2.1) such
that (2.7) holds. Set w (z) = g — @. Since py,, ;) () < |4 (f) , then by Lemma 3.6 and Theo-
rem 2.1 we have pj, 4 (W) = p|, 4 (8k) = P[p 4 (f) - Toprove A, 1 (g — @) = App g (86— @) =

Plp.g (f) we need to prove Z[p,q] (W) = Appg) (W) = Plpg (f) - Using the same reasoning as
above, we get

2k—2

w1 4 Z ow) = F — (W/Ek)JrAk—l(Z) vV A0 (2) Wk) =H
Jj=

where ¢; (j=0,---,2k—2) are meromorphic functions in A with [p, g] —order such that p|,, ()
<Plpg (f) (j=0,--,2k—2) and

Vi(2) =Co(@—Po)+Ci (¢ —B1) +-++Ciy (fp(k_]) _Bk—1> ,

Pp.q) (H) < Prpg (f)-

Since y (z) is not a solution of (2.1), it follows that H # 0. Then by Lemma 3.3, we obtain
Apg) (W) = Apg (W) = Pipg) (1)1 1 € Ay (85— @) = Appg) (85— @) = Pipg ()

Proof of Corollary 2.1. Suppose that f # 0 is a solution of (2.8). Then by Lemma 3.4, we
have py,, 1 (f) = o and

Pip.g (A0) < Plpr1g) (f) = Pua fps1,g) (f) <max{ppy g (A) (i=0,1)}.
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Furthermore, if p > ¢, then
Pp+1.q) () = P p+14) () = Plpg) (Ao)-
On the other hand, we have
g =dof" +dif +dof +D. (4.9)
It follows by Lemma 3.8 that

g2—PBo=awof +auof,
S—PBi=aif+ou.f.

(4.10)

By (2.4), we obtain
d] —dzAl, fori= 1,
oo = 4.11)
d() — dzA(), fori=0.

Now, by (2.3), we get

/ .
o) o+ 0o — A1 o, fori=1,
i1 = /
0y o — Aol o, fori =0,

and by (2.5) we get

Po=d2F+b=0b, B :ﬁé—i-a],oF:b/ (F=0).

Hence
0.1 = drAgA| — (daAg) — dyAg +d), 4.12)
o = dzA% — (dzAl)/ —di1A| —drAyg+dy+ di
and
&0 010
hy = = d3A} + dodrAT — (—djdy +didy +2dody — d7) Ag
Op1 011
— (dydo — dodyy+ dody ) Ay — d1daA1Ag + d1doAfy — dodb A
—d3ALA | + d3AVA] — djdy + dod) + dj. (4.13)

First we suppose that d, 0. By d» # 0, Agp # 0 and Lemmas 3.6-3.7 we have pj, , (h) =
Plp.d (Ap) > 0. Hence h # 0. Now suppose d =0,d; Z0ord, =0,d; =0 and dy # 0. Then,

by using a similar reasoning as above we get iy % 0. By h; # 0 and (4.10) , we obtain

PT (gz—ﬁo)h—z%,o (g—B1) _ o11(g2—b) f_lzaw (& =) (4.14)
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By (4.9), Lemma 3.5 and Lemma 3.6, we have py,, ;1 (82) < P (f) (P[p+1,4 (82) < P[p+1,9 ()
and by (4'14> we have Plp.ql (f) < Pip.q] (82) (p[p+l,q] (f) < Plp+1,4] (g2>)~ Hence

Pip.g (82) = Pip.g (f) (Ppt1,q (82) = Plpt1,4 (f))-

Proof of Corollary 2.2. Set w(z) = dof” +d1f'+dof +b— ¢. Then, by py, ;1 (¢) < oo, we

have py, 41 (W) = Py 4 (82) = Pip.g) () and ppp11.9) (W) = P11, (82) = Plpr1.4) (f)- In order
to prove A, (82— @) = Ajpg (82— @) = Plpg (f) and Appi g (82— @) = Apy1q (82— @) =
Plp+1.4) (). weneed to prove only A, ) (W) = Ajp.q) (W) = pipq) (f) and A1 gy (W) = Appy ) (w)
= Plp+1,4 (f) - Using g2 = w+ ¢, we get from (4.14)

- —OCl,owl + o1 w

f= n

+ya, (4.15)

where

—b . /_b/
v (2) = o1 (9 —Db) h206170(<P )_ 4.16)

Substituting (4.15) into equation (2.8), we obtain

-
iy O o 0w = — (W AL Wi+ A (D)) =G, @417)

where ¢; (j = 0,1,2) are meromorphic functions in A with pj, (¢;) <eo (j=0,1,2). First,
we prove that Y, Z 0. Suppose that y» = 0. By ¢ —b % 0 and (4.16) we obtain
o -
o—>b
Since py, 4 (¢ —b) < max {pmq] (@) :P[p.q (b)} = ot < oo, then it follows that by using Lemma

01 =010

(4.18)

3.1, we have

m(r,on1) < m(r,an0) +0 (exppl {(a L) (logq 1 L) }) ,

holds for all r outside a set £, C [0,1) with [, HAr < oo, that is,

m(r,dgA% — (dzAl)/ —d1A1 —drAg —|—d()—|-di) < m(r,d1 —dzAl)

1
+0 (exppl{((x+£) (logql—_r>}>, r¢ Ej. (4.19)
(i) If d» # 0, then by Lemma 3.2 and (4.19) we obtain

Pip.q) <A0> < Pip.ql (Al)a
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this is a contradiction.

(ii) If d, = 0 and d; # 0, by Lemma 3.2 and (4.19) we obtain

Pip.q (A1) < Plp.ql (d1),

this is a contradiction.
(iii) If d = d; = 0 and djp # 0, then we have by (4.18)

(P/—b/
o—b

dy =0 x 0,

which is a contradiction. It is clear now that y, # 0 cannot be a solution of (2.8) because

Plp.g (W2) < . Hence G # 0. By Lemma 3.3, we obtain I[p,q] (W) = Aypq (W) = oo and
Aipatg W) = A1 g W) = Plps1g (F) s i Aip g (82— @) = App g (82— @) = Pipg () = o0

and
Pp.gl (A0) S Appi1g (82— @) =Aipi1 g (82— @)
= Plp+1,4 (f) < max {pM,[p,q} (Ai) 1 i=0, 1} .

Furthermore, if p > ¢, we have I[erl,q] (82— 0) = Apt1,4 (82— @) = P[pr1,4 (f) = P[p.g (A0) -

This completes the proof.
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