
TAIWANESE JOURNAL OF MATHEMATICS

Vol. 20, No. 2, pp. 431–447, April 2016

DOI: 10.11650/tjm.20.2016.5665

This paper is available online at http://journal.tms.org.tw

On Nonhomogeneous Elliptic Equations with Critical Sobolev Exponent and

Prescribed Singularities

Mohammed Bouchekif and Sofiane Messirdi*

Abstract. In this paper we consider a class of nonhomogeneous elliptic equations

involving multi-polar Hardy type potentials and a Sobolev critical nonlinearity in an

open domain of RN , N ≥ 3. By Ekeland’s Variational Principle and the Mountain

Pass Lemma, we prove the existence of multiple solutions under sufficient conditions

on the data and the considered parameters.

1. Introduction

In this paper we study the existence of multiple solutions to the following problem:

(P)


−∆u−

k∑
i=1

µi

|x− ai|2
u = |u|2

∗−2 u+
k∑
i=1

λi

|x− ai|2−αi
u+ f in Ω

u = 0 on ∂Ω,

where Ω is an open smooth bounded domain of RN , N ≥ 3, k ∈ N∗; for i = 1, 2, . . . , k,

ai ∈ Ω with ai different from aj for i 6= j, λi and µi are nonnegative parameters and αi

are positive constants; f is a given bounded measurable function. Here 2∗ = 2N
N−2 denotes

the critical Sobolev exponent.

This model problem has a loss of compactness phenomena, since the nonlinearity has a

critical growth imposed by the critical Sobolev exponent and / or the presence of singular

potentials. In these situations, the classical methods fail to be applied directly which make

the study more harder.

This class of elliptic equations contains singular potentials which arise in many fields,

such as quantum mechanics, nuclear physics, molecular physics and quantum cosmology,

for more details we refer to [6] or [7].

We start by giving a brief historic.
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The regular case i.e., λi = µi = 0 for i = 1, 2, . . . , k has been studied by Tarantello [14].

By using Ekeland’s Variational Principle [5] and the Mountain Pass Lemma [1], she proved

the existence of multiple solutions for f 6= 0 and satisfying a suitable assumption. They

are nonnegative if f is also nonnegative.

For k = 1, Kang and Deng [11] proved the existence of at least two weak solutions in

H1
0 (Ω) for the singular critical inhomogeneous problem:

−∆u− µ u

|x|2
=
|u|2∗(s)−2 u

|x|s
+ λu+ f

under some sufficient assumptions on f , λ and µ, where 2∗(s) = 2(N−s)
N−2 is the critical

Hardy-Sobolev exponent with 0 ≤ s < 2.

In [3], Chen studied the following problem:−∆u− µV (x)u = K(x) |u|2
∗−2 u+ θh(x) in Ω,

u = 0 on ∂Ω,

where the linear weight V has m singular points, K is a positive bounded function defined

on Ω and h ∈ H−1 (topological dual of H1
0 (Ω)) is a positive function. Under some

hypothesis on V, θ and µ, he obtained the existence of at least m positive solutions.

Chen and Rocha [4] proved the existence of at least four nontrivial solutions in H1
0 (Ω)

for the following problem:

−∆u− λ

|x|2
u = |u|2∗−2 u+

µ

|x|2−α
u+ f

and showed that at least one of them is sign changing for 0 < α < 2.

The question is: can we have at least 2k solutions for the problem (P)? The answer is

affirmative. More explicitly, important informations for the existence of multiple solutions

of the considered problem are obtained. Our work generalizes the results obtained by

Chen [3] and Chen and Rocha [4]. In our knowledge they are new and interesting.

In what follows, we state the main results for which we consider the following hypoth-

esis

(F) A
λ̃,µ̃

(f) := inf

{
CN (T (u))(N+2)/4 −

∫
Ω
fu dx : u ∈ H1

0 (Ω),

∫
Ω
|u|2

∗
dx = 1

}
> 0

where λ̃ = (λ1, λ2, . . . , λk), µ̃ = (µ1, µ2, . . . , µk), CN = 4
N−2

(
N−2
N+2

)(N+2)/4
and

T (u) =

∫
Ω

(
|∇u|2 −

k∑
i=1

µi

|x− ai|2
u2 −

k∑
i=1

λi

|x− ai|2−αi
u2

)
dx.

Let µ :=
(
N−2

2

)2
be the best Hardy constant. Now we are in measure to give our main

results:
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Theorem 1.1. Assume that the parameters λi, µi are nonnegative numbers for i = 1, . . . , k

such that
∑k

i=1 λi < λ1,
∑k

i=1 µi < µ and f is a bounded measurable function which is

positive in each neighborhood of ai and satisfies (F). Then the problem (P) has at least

2k solutions in H1
0 (Ω) if 0 < αi <

√
µ− µi.

The positive constant λ1 will be given later.

This paper is organized as follows: in the forthcoming section, we give some prelimi-

naries used in our work. Section 3 is concerned by the proofs of our main results.

2. Preliminary results

We give some preliminaries which play important roles in sequel of this work.

2.1. Definitions and notations

In what follows we denote the norms of Ls(Ω), (1 ≤ s < ∞) and H−1 by |·|s and ‖·‖−
respectively,

∫
Ω u dx by

∫
Ω u, Br

a is the ball in Ω with center a and radius r, on(1) is any

quantity which tends to zero as n goes to infinity and O(εs) verifies |O(εs)| /εs ≤ C for

some a positive constant C.

Problem (P) is related to the Hardy inequality [9]:∫
RN

u2

|x− a|2
≤ 1

µ

∫
RN
|∇u|2 , for all a ∈ RN , u ∈ C∞0 (RN ),

where µ is the best Hardy constant.

We define for µ ∈ (0, µ) and a ∈ Ω the constant:

Sµ(Ω) := inf
u∈H\{0}

|∇u|22 − µ
∣∣∣ u
|x−a|

∣∣∣2
2

|u|22∗
.

From [10], Sµ is independent of any Ω ⊂ RN in the sense that Sµ(Ω) = Sµ(RN ) = Sµ. In

addition, it is achieved by a family of functions

Uε,a(x) :=
[4ε(µ− µ)N/(N − 2)](N−2)/4(

ε |x− a|γ−/
√
µ + |x− a|γ+/

√
µ
)(N−2)/2

, ε > 0,

where γ− =
√
µ−
√
µ− µ and γ+ =

√
µ+
√
µ− µ.

Moreover the functions Uε,a satisfy−∆u− µ u
|x−a|2 = |u|2

∗−2 u in RN \ {a}

u→ 0 as |x| → ∞
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and ∫
RN
|Uε,a|2

∗
=

∫
RN

(
|∇Uε,a|2 − µ

U2
ε,a

|x− a|2

)
= SN/2µ .

In the sequel of our work we consider λi, µi ≥ 0 for i = 1, 2, . . . , k such that
∑k

i=1 λi < λ1

and
∑k

i=1 µi < µ.

Denote H by the completion of C∞0 (Ω) with respect to the norm

‖u‖ :=

(∫
Ω

(
|∇u|2 −

k∑
i=1

µi

|x− ai|2
u2

))1/2

.

Using Hardy’s inequality, this norm is equivalent to the usual norm
(∫

Ω |∇u|
2
)1/2

.

For any u ∈ H \ {0}, define the positive value

tmax = tmax(u) =

(
T (u)

(2∗ − 1) |u|2∗2∗

)1/(2∗−2)

and the functional J : H \ {0} → R by

J(u) = tmaxT (u)− t2∗−1
max |u|

2∗

2∗

= CNT (u)(N+2)/4 |u|−N/22∗ .

The energy functional associated to (P) is given by the following expression:

I(u) :=
1

2
T (u)− 1

2∗

∫
Ω
|u|2

∗
−
∫

Ω
fu.

We see that I is well defined in H and belongs to C1(H,R).

A function u ∈ H is said to be a weak solution to the problem (P) if 〈I ′(u), ϕ〉 = 0,

for all ϕ ∈ H, where

〈
I ′(u), ϕ

〉
=

∫
Ω

(
∇u∇ϕ−

k∑
i=1

µi

|x− ai|2
uϕ−

k∑
i=1

λi

|x− ai|2−αi
uϕ

)

+−
∫

Ω
|u|2

∗−2 uϕ−
∫

Ω
fϕ.

More standard elliptic regularity argument implies that a weak solution u ∈ H is indeed

in C2(Ω \ {a1, a2, . . . , ak}) ∩ C0(Ω \ {a1, a2, . . . , ak}) and we can say that u satisfies (P)

in the classical sense.

Definition 2.1. A functional I ∈ C1(H,R) satisfies the Palais–Smale condition at level

c, ((PS)c for short), if any sequence (un) ⊂ H such that

I(un)→ c and I ′(un)→ 0 in H−1 (dual of H),

contains a strongly convergent subsequence.
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As I is not bounded from below on H, we consider it on the Nehari manifold:

N =
{
u ∈ H \ {0} :

〈
I ′(u), u

〉
= 0
}
.

Thus u ∈ N if and only if:

T (u)− |u|2
∗

2∗ −
∫

Ω
fu = 0.

It is natural to split N into three subsets:

N+ =
{
u ∈ N :

〈
I ′′(u), u

〉
> 0
}
, N− =

{
u ∈ N :

〈
I ′′(u), u

〉
< 0
}

and

N 0 =
{
u ∈ N :

〈
I ′′(u), u

〉
= 0
}
,

with 〈
I ′′(u), u

〉
= 2T (u)− 2∗ |u|2

∗

2∗ −
∫

Ω
fu

= T (u)− (2∗ − 1) |u|2
∗

2∗

= (2− 2∗)T (u) + (2∗ − 1)

∫
Ω
fu.

2.2. Eigenvalues problem

Due to the Hardy inequality, the operator

Lµ̃u = −∆u−
k∑
i=1

µi

|x− ai|2
u, with µ̃ = (µ1, µ2, . . . , µk)

is positive definite on H. Moreover the following eigenvalues problem with Hardy poten-

tials and singular coefficient, for j fixed in {1, 2, . . . , k},

(Ej)

−∆u−
∑k

i=1
µi

|x−ai|2
u = λ u

|x−aj |2−αj
in Ω,

u = 0 on ∂Ω.

where 0 < αj < 2, λ ∈ R, has a sequence of eigenvalues
{
λkµ̃(|x− aj |αj−2)

}
for k ∈ N∗

such that

0 < λ1
µ̃(|x− aj |αj−2) < λ2

µ̃(|x− aj |αj−2) ≤ · · · ≤ λkµ̃(|x− aj |αj−2) · · · → ∞ as k →∞.

The first eigenvalue of (Ej) is simple, positive and given by

λ1
j := λ1

µ̃(|x− aj |αj−2) = inf
u∈H\{0}

∫
Ω

(
|∇u|2 −

∑k
i=1

µi
|x−ai|2

u2
)

∫
Ω

u2

|x−aj |2−αj
.

Let

(2.1) λ1 := min
i=1,2,...,k

{
λ1
i

}
.
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2.3. Some lemmas

Lemma 2.2. Define

M := inf
{

(T (u))1/2 : u ∈ H and |u|2∗ = 1
}

then M is positive.

Proof. We know that

λ1
i

∫
Ω

u2

|x− ai|2−αi
≤
∫

Ω

(
|∇u|2 −

k∑
i=1

µi

|x− ai|2
u2

)
,

we deduce that

T (u) ≥

(
1− 1

λ1

k∑
i=1

λi

)∫
Ω

(
|∇u|2 −

k∑
i=1

µi

|x− ai|2
u2

)
dx.

Thus by Hardy’s inequality, we get∫
Ω
|∇u|2 ≥ T (u) ≥ K

∫
Ω
|∇u|2 ,

with

K :=

(
1− 1

λ1

k∑
i=1

λi

)(
1− 1

µ

k∑
i=1

µi

)
.

Then

T (u)1/2 ≥ K1/2S0 > 0, for all u ∈ H such that |u|2∗ = 1.

Here S0 is the best Sobolev constant for the embedding of H into L2∗(Ω).

Let δ > 0 and ϕa be a smooth cut-off function centred at a such that

0 ≤ ϕa(x) ≤ 1, ϕa(x) =

0 if |x− a| ≥ 2δ,

1 if |x− a| ≤ δ,
and |∇ϕa(x)| ≤ C.

Put uε,i = ϕaiUε,ai for i ∈ {1, 2, . . . , k}.

Proposition 2.3. Let ω ∈ H be a solution of the problem (P). Then, for ε > 0 small

enough, we have

(i)

∫
Ω

(
|∇uε,i|2 −

µi

|x− ai|2
u2
ε,i

)
= SN/2µi +O

(
ε(N−2)/2

)
,

(ii)

∫
Ω
u2∗
ε,i = SN/2µi −O

(
εN/2

)
,

(iii)

∫
Ω
ωu2∗−1

ε,i = O
(
ε(N−2)/4

)
,
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(iv)

∫
Ω
|x− ai|αi−2 u2

ε,i = O
(
εαi
√
µ/2
√
µ−µi

)
when 0 < αi < 2

√
µ− µi.

Proof. The proofs of (i), (ii) and (iii), (iv) are similar to the proofs of [8, Lemma 11.1]

and [4, Proposition 2.4] respectively.

Lemma 2.4. Let f 6= 0 satisfying the condition (F) then N 0 = ∅.

Proof. Suppose that N 0 6= ∅. Then for u ∈ N 0 we have

T (u) = (2∗ − 1) |u|2
∗

2∗ ,thus

(2.2) 0 = T (u)− |u|2
∗

2∗ −
∫

Ω
fu = (2∗ − 2) |u|2

∗

2∗ −
∫

Ω
fu.

From (F) and (2.2) we obtain

0 < CN (T (u))(N+2)/4 −
∫

Ω
fu

= (2∗ − 2) |u|2N/(N−2)
2∗

( T (u)

(2∗ − 1) |u|2∗2∗

)(N+2)/4

− 1

 = 0,

which yields a contradiction.

Lemma 2.5. Suppose that f 6= 0 satisfies the condition (F), then for each u ∈ N+ (or

u ∈ N−), there exist ε > 0 and a differentiable function t : B(0, ε) ⊂ H → R+ such that

t(0) = 1, t(v)(u− v) ∈ N+ for ‖v‖ < ε and

〈
t′(0), v

〉
=

∫
Ω

{
2
(
∇u∇v −

∑k
i=1

(
µi

|x−ai|2
− λi
|x−ai|2−αi

)
uv
)
− 2∗ |u|2

∗−2 uv − fv
}

T (u)− (2∗ − 1) |u|2∗2∗
.

Proof. Define the map F : R×H → R, by

F (s, v) = sT (u− v)− s2∗−1 |u− v|2
∗

2∗ −
∫

Ω
f(u− v).

Since F (1, 0) = 0, ∂F
∂s (1, 0) = T (u)− (2∗ − 1) |u|2

∗

2∗ 6= 0 and applying the implicit function

theorem at the point (1, 0), we get the desired result.

Define, for i ∈ {1, 2, . . . , k},

βi(u) :=

∫
Ω ψi(x) |∇u|2

|∇u|22
where ψi(x) = min {δ, |x− ai|} and δ > 0. Take r0 = δ

3 with δ < 1
4 mini 6=j |ai − aj | and let

N+
i =

{
u ∈ N+ : βi(u) ≤ r0

}
and N−i =

{
u ∈ N− : βi(u) ≤ r0

}
.

Denote

m+
i := inf

u∈N+
i

I(u) and m−i := inf
u∈N−i

I(u).
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Lemma 2.6. [3] Let δ > 0 and r0 defined as above. If βi(u) ≤ r0 then∫
Ω
|∇u|2 ≥ 3

∫
Ω\Bδi

|∇u|2 .

Lemma 2.7. Let f satisfy the condition (F). Then for any u ∈ H \ {0} there exists a

unique t+ = t+(u) > 0 such that t+u ∈ N−,

t+ >

(
T (u)

(2∗ − 1) |u|2∗2∗

)(N−2)/4

:= tmax(u) = tmax

and I(t+u) = maxt≥tmax I(tu).

Moreover, if
∫

Ω fu dx > 0, then there exists a unique t− = t−(u) > 0 such that

t−u ∈ N+, t− < tmax and I(t−u) = min0≤t≤tmax I(tu).

Proof. The lemma is proved in the same way as in [14].

3. Proof of Theorem 1.1

From now we consider j fixed in {1, 2, . . . , k}.

3.1. Existence of solutions in N+

Using Ekeland’s Variational Principle we will prove the existence of k solutions in N+.

Proposition 3.1. Let f be a bounded measurable function, locally positive in each neigh-

borhood of ai and satisfying (F). Then m+
i = infv∈N+

i
I(v) is achieved at a point ui ∈ N+

i

which is a critical point and even a local minimum for I.

Proof. We start by showing that I is bounded from below in N . Indeed, using Holder’s

inequality and the fact that u ∈ N we get

I(u) =
1

2
T (u)− 1

2∗
|u|2

∗

2∗ −
∫

Ω
fu

≥ −1

16NK

[
(N + 2) ‖f‖−

]2
in particular

m+
j ≥ m0 ≥

−1

16NK

[
(N + 2) ‖f‖−

]2
,

where m0 = infu∈N I(u).

We claim that m+
j < 0. In fact, we have for some 0 < ε < ε1,

∫
Bεj
fuε,j > 0.

Let 0 < t−ε,j < tε,j,max defined in Lemma 2.7 such that t−ε,juε,j ∈ N+. Since βj(t
−
ε,juε,j)

tends to 0 as ε goes to 0, we get for r0 > 0 the existence of ε2 such that βj(t
−
ε,juε,j) ≤ r0
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for 0 < ε < ε2 < ε1. Then t−ε,juε,j ∈ N
+
j whence

I(t−ε,juε,j) =
(t−ε,j)

2

2
T (uε,j)−

(t−ε,j)
2∗

2∗
|uε,j |2

∗

2∗ − t
−
ε,j

∫
Ω
fuε,j

= −
(t−ε,j)

2

2
T (uε,j) +

N + 2

2N
(t−ε,j)

2∗ |uε,j |2
∗

2∗

< −
(t−ε,j)

2

N
T (uε,j) < 0,

this leads to −∞ < m0 ≤ m+
j < 0.

Claim 3.2. N+
j is a closed set in H1

0 (Ω), j ∈ {1, 2, . . . , k}.

Proof. By Lemma 2.4, we deduce that N = N− ∪N+ (N± are closed subsets in H1
0 (Ω) \

{0}).
We have N+

j = N+ ∩ β−1
j ([0, r0]). For this, it suffices to prove that βj is a continuous

function on N+.

Let (un) ⊂ N+ such that un → u in H1
0 (Ω) i.e., ∀ ε > 0, ∃N0(ε) > 0, ∀n ≥ N0,

|∇(un − u)|2 < ε,

|βj(un)− βj(u)| ≤ 1

|∇un|22

∫
Ω
ψj(x)

∣∣∣|∇un(x)|2 − |∇u(x)|2
∣∣∣ dx

+

∫
Ω
ψj(x) |∇u(x)|2

∣∣∣∣∣ 1

|∇un|22
− 1

|∇u|22

∣∣∣∣∣ dx.
Using the Hölder inequality, we obtain

|βj(un)− βj(u)| ≤ 4
δε

|∇u|2
.

Ekeland’s Variational Principle gives us a minimizing sequence (uj,n)n ⊂ N+
j with the

following properties:

(i) I(uj,n) < m+
j +

1

n

(ii) I(w) ≥ I(uj,n)− 1

n
|∇(w − uj,n)|2, for all w ∈ N+

j .

By taking n large, we have for some ε ∈ (0, ε2)

I(uj,n) =
1

N
T (uj,n)− N + 2

2N

∫
Ω
fuj,n < m+

j +
1

n
≤ −

(t−ε,j)
2

N
T (uε,j).

This implies that ∫
Ω
fuj,n ≥

2

N + 2
(t−ε,j)

2T (uε,j) > 0.
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Consequently, uj,n 6= 0 and we get

2

N + 2

(t−ε,j)
2

‖f‖−
T (uε,j) ≤ ‖uj,n‖ ≤

N + 2

2K
‖f‖− .

Thus there exists a subsequence labeled (uj,n)n such that uj,n ⇀ uj weakly in H.

Lemma 3.3. Let f satisfy the condition (F), then ‖I ′(uj,n)‖ tends to 0 as n goes to +∞.

Proof. Assume that ‖I ′(uj,n)‖ > 0 for n large. By applying Lemma 2.5 with u = uj,n and

w = δ
I′(uj,n)
‖I′(uj,n)‖ , δ > 0 small, we find tn(δ) := t

[
δ
I′(uj,n)
‖I′(uj,n)‖

]
such that

wδ = tn(δ)

[
uj,n − δ

I ′(uj,n)

‖I ′(uj,n)‖

]
∈ N+.

Thus there exists δ0 such that wδ ∈ N+
j for any 0 < δ < δ0.

From (ii), we have

1

n
‖wδ − uj,n‖ ≥ I(uj,n)− I(wδ)

= (1− tj,n(δ))
〈
I ′(wδ), uj,n

〉
+ δtj,n(δ)

〈
I ′(wδ),

I ′(uj,n)

‖I ′(uj,n)‖

〉
+ on(δ).

Dividing by δ and passing to the limit as δ goes to zero we derive that

1

n
(1 +

∣∣t′j,n(0)
∣∣ ‖uj,n‖) ≥ −t′j,n(0)

〈
I ′(uj,n), uj,n

〉
+
∥∥I ′(uj,n)

∥∥ =
∥∥I ′(uj,n)

∥∥ ,
where t′j,n(0) =

〈
t′(0),

I′(uj,n)
‖I′(uj,n)‖

〉
. As (uj,n) is a bounded sequence, we conclude that

∥∥I ′(uj,n)
∥∥ ≤ C

n

(
1 +

∣∣t′j,n(0)
∣∣) .

Claim 3.4. The sequence
(∣∣∣t′j,n(0)

∣∣∣)
n

is bounded uniformly on n.

Proof of Claim 3.2. Indeed, (uj,n) is a bounded sequence and w ∈ Bδ, we have∣∣t′j,n(0)
∣∣ ≤ C∣∣∣T (uj,n)− (2∗ − 1) |uj,n|2

∗

2∗

∣∣∣ .
Hence we must prove that

∣∣∣T (uj,n)− (2∗ − 1) |uj,n|2
∗

2∗

∣∣∣ is bounded away from zero. Arguing

by contradiction, assume that for a subsequence still called (uj,n), we have

(3.1) T (uj,n)− (2∗ − 1) |uj,n|2
∗

2∗ = on(1).

From (3.1) we derive that |uj,n|2∗ ≥ γ, for a suitable constant γ and the fact that uj,n ∈ N
also gives ∫

Ω
fuj,n = (2∗ − 2) |uj,n|2

∗

2∗ + on(1).
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This together with (3.1) imply that

0 < γA
λ̃,µ̃

(f) ≤ CN (T (uj,n))(N+2)/4 |uj,n|−N/22∗ −
∫

Ω
fuj,n = on(1),

which is absurd. Thus ‖I ′(uj,n)‖ tends to 0 as n goes to ∞.

From the previous lemma we deduce that

(3.2)
〈
I ′(uj), w

〉
= 0, for all w ∈ H

i.e., uj is a weak solution of (P).

In particular uj ∈ N , and we have∫
Ω
fuj = lim

n→+∞

∫
Ω
fuj,n ≥

2

N + 2
(t−ε,j)

2T (uε,j) > 0.

Thus uj 6= 0. Also, from Lemma 2.6 and (3.2) it follows that necessarily uj ∈ N+.

By the fact that βj(uj) = limn→∞ βj(uj,n) ≤ r0, then uj ∈ N+
j . Hence

m+
j ≤ I(uj) =

1

N
T (uj)−

N + 2

2N

∫
Ω
fuj ≤ lim

n→∞
inf I(uj,n) = m+

j .

Then uj,n → uj strongly in H and I(uj) = m+
j . By Lemma 2.6, we deduce the existence

of k solutions to the problem (P).

3.2. Existence of solutions in N−

In this subsection, we shall find the range of c where I verifies the (PS)c condition.

Lemma 3.5. The functional I satisfies the condition (PS)c for all c < 1
N S

N/2
µl , where

S
N/2
µl = min

(
S
N/2
µ1 , S

N/2
µ2 , . . . , S

N/2
µk

)
.

Proof. Let (un) be a (PS)c sequence for I with c < 1
N S

N/2
µl . We know that (un) is bounded

in H, and there exist a subsequence of (un) (still denoted by (un)) and u0 ∈ H such that

un ⇀ u0 weakly in H,

un ⇀ u0 weakly in L2(Ω, |x− ai|−2) for 1 ≤ i ≤ k and in L2∗(Ω),

un → u0 strongly in L2(Ω, |x− ai|αi−2) for 1 ≤ i ≤ k,

un → u0 strongly in Ls(Ω) for all s, 1 ≤ s < 2∗.

By a standard argument, we deduce that u0 is a solution of problem (P). Thus

I ′(u0) = 0 and

∫
Ω
fun =

∫
Ω
fu0 + on(1).
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Next we verify that u0 6= 0. Arguing by contradiction, we assume that u0 ≡ 0. By the

Concentration-Compactness Principle [12, 13], there exist a subsequence, still denoted by

(un), an at most countable set = of different (xj)j∈= ⊂ Ω \
⋃
j∈=\{1,2,...,k} {aj} and sets of

nonnegative numbers µxj , νxj for j ∈ =; µai , γai , νai for 1 ≤ i ≤ k such that:

|∇un|2 ⇀ dµ ≥
∑
j∈=

µxjδxj +

k∑
i=1

µaiδai ,
|un|2

|x− ai|2
⇀ dγ = γaiδai

and

|un|2
∗
⇀ dν =

∑
j∈=

νxjδxj +
k∑
i=1

νaiδai

where δx is the Dirac mass at x.

By the Sobolev-Hardy inequalities, we get

(3.3) µai − µiγai ≥ Sµiν2/2∗
ai , 1 ≤ i ≤ k.

Claim 3.6. The set = is finite and either νxj = 0 or νxj ≥ S
N/2
0 for any j ∈ =.

Proof of Claim 3.4. In fact, let ε > 0 be small enough such that ai 6∈ Bε
xj for all 1 ≤ j ≤ k

and Bε
xi ∩B

ε
xj = ∅ for i 6= j, and i, j ∈ =.

Let φjε be a smooth cut-off function centred at xj such that

0 ≤ φjε ≤ 1, φjε =

1 if |x− xj | < ε
2 ,

0 if |x− xj | > ε,
and

∣∣∇φjε∣∣ ≤ 4

ε
,

then

lim
ε→0

lim
n→∞

∫
Ω
|∇un|2 φjε = lim

ε→0

∫
Ω
φjε dµ ≥ µxj ,

lim
ε→0

lim
n→∞

∫
Ω

|un|2

|x− ai|2
φjε = lim

ε→0

∫
Ω
φjε dγ = 0,

lim
ε→0

lim
n→∞

∫
Ω
|un|2

∗
φjε = lim

ε→0

∫
Ω
φjε dν = νxj ,

lim
ε→0

lim
n→∞

∫
Ω
un∇un∇φjε = 0,

thus we have

0 = lim
ε→0

lim
n→∞

〈
I ′(un), unφ

j
ε

〉
≥ µxj − νxj .

By the Sobolev inequality, we get

S0ν
2/2∗
xi ≤ µxj ,
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hence we deduce that

νxj = 0 or νxj ≥ S
N/2
0 ,

which implies that = is finite.

Consider the possibility of concentration at points ai, with 1 ≤ i ≤ k. For ε > 0 be

small enough such that xj 6∈ Bε
aj for all j ∈ = and Bε

ai∩B
ε
aj = ∅ for i 6= j and 1 ≤ i, j ≤ k.

Let ψiε be a smooth cut-off function centred at xi such that

0 ≤ ψiε ≤ 1, ψiε =

1 if |x− xi| < ε
2 ,

0 if |x− xi| > ε,
and

∣∣∇ψiε∣∣ ≤ 4

ε
,

then

lim
ε→0

lim
n→∞

∫
Ω
|∇un|2 ψiε = lim

ε→0

∫
Ω
ψiε dµ ≥ µai ,

lim
ε→0

lim
n→∞

∫
Ω
|un|2

∗
ψiε = lim

ε→0

∫
Ω
ψiε dν = νai ,

lim
ε→0

lim
n→∞

∫
Ω

|un|2

|x− ai|2
ψiε = lim

ε→0

∫
Ω
ψiε dγ = γai ,

lim
ε→0

lim
n→∞

∫
Ω

|un|2

|x− aj |2
ψiε = 0 for j 6= i,

lim
ε→0

lim
n→∞

∫
Ω
un∇un∇ψiε = 0,

thus we have

(3.4) 0 = lim
ε→0

lim
n→∞

〈
I ′(un), unψ

i
ε

〉
≥ µai − µiγai − νai .

From (3.3) and (3.4) we deduce that

Sµiν
2/2∗
xi ≤ νai

and then either νai = 0 or νai ≥ S
N/2
µi for all 1 ≤ i ≤ k.

Consequently, from the above argument and (3.1), we conclude that

c = lim
n→∞

(
I(un)− 1

2

〈
I ′(un), un

〉)
=

1

N
lim
n→∞

∫
Ω
|un|2

∗
=

1

N

∑
j∈=

νxj +
k∑
i=1

νai

 .

If νai = νxj = 0 for all i ∈ {1, 2, . . . , k}, j ∈ =, then c = 0 which contradicts the assumption

that c > 0. On the other hand, if there exists an i ∈ {1, 2, . . . , k} such that νai 6= 0 or

there exists an j ∈ = with νxj 6= 0 then we infer that

c ≥ 1

N
SN/2µl

= c∗.

Therefore u0 is a nonzero solution of the problem (P).
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Lemma 3.7. Under the hypotheses of Lemma 3.3 then for 0 < αl <
√
µ− µl and all

s > 0, there exists ε0 > 0 such that for 0 < ε < ε0 we have

sup
s>0

I(uj + suε,l) < m+
j +

1

N
SN/2µl

.

Proof. Since uj is a solution of (P), then we obtain∫
Ω

(
∇uj∇uε,l −

k∑
i=1

µi

|x− ai|2
ujuε,l −

k∑
i=1

λi

|x− ai|2−αi
ujuε,l

)

=

∫
Ω

(
|uj |2

∗−2 ujuε,l + fuε,l

)
.

From the estimates given in [2], we have

|uj + suε,l|2
∗

2∗ = |uj |2
∗

2∗ + |suε,l|2
∗

2∗ + 2∗s

∫
Ω
|uj |2

∗−2 ujuε,l

+ 2∗s2∗−1

∫
Ω
u2∗−1
ε,l uj + o

(
ε(N−2)/2

)
.

Then we get

I(uj + suε,l) = I(uj) + J(suε,l)− s2∗−1

∫
Ω
u2∗−1
ε,l uj dx+ o(ε(N−2)/2)

where

J(suε,l) = I(suε,l) + s

∫
Ω
fuε,l dx.

Note that

sup
s>0

J(suε,l) = sup
s>0

(
s2

2
T (uε,l)−

s2∗

2∗

∫
Ω
|uε,l|2

∗
)

=

(
1

2
− 1

2∗

)
(T (uε,l))

2∗/(2∗−2)

(∫
Ω
|uε,l|2

∗
)2/(2∗−2)

=
1

N

(
SN/2µl

+O
(
ε(N−2)/4

)
−O

(
εαl
√
µ/2
√
µ−µl

))N/2
×
(
SN/2µl

−O
(
εN/2

)1−(N/2)
)

=
1

N
SN/2µl

−O
(
εαl
√
µ/2
√
µ−µl

)
.

From Proposition 2.3, we obtain

sup
s>0

I(uj + suε,j) ≤ I(uj) + sup
sε>0

J(sεuε,l)− s2∗−1
ε

∫
Ω
u2∗−1
ε,l uj

≤ m+
j +O

(
ε(N−2)/4

)
+

1

N
SN/2µl

−O
(
εαl
√
µ/2
√
µ−µl

)
−O

(
ε(N−2)/4

)
= m+

j +
1

N
SN/2µl

−O
(
εαl
√
µ/2
√
µ−µl

)
< m+

j +
1

N
SN/2µl

since αl <
√
µ− µl.
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We know by Lemma 2.6 that for u ∈ H such that ‖u‖ = 1 there exists a unique

t+(u) > 0 such that t+(u)u ∈ N− and I(t+(u)u) = maxt≥tmax I(tu). The uniqueness of

t+(u) and its extremal property give that t+(u) is a continuous function of u. Let

U1 = {0} ∪
{

v

‖v‖
< t+

(
v

‖v‖

)}
and U2 =

{
v

‖v‖
> t+

(
v

‖v‖

)}
.

We remark that H \ N− = U1 ∪ U2 and N+ ⊂ U1. In particular uj ∈ U1 for all j ∈
{1, 2, . . . , k}. As in [14], for sl carefully chosen and for any 0 < ε < ε0, we have ûj =

uj + sluε,l ∈ U2. Set

£j = {h : [0, 1]→ H continuous with h(0) = uj , h(1) = ûj} .

Let h ∈ £j defined by h(t) = uj + tsluε,l for t ∈ [0, 1].

We get the following lemma.

Lemma 3.8. For a suitable choice of sl > 0 and 0 < ε < ε0 the value

c∗j = inf
h∈£j

max
t∈[0,1]

I(h(t))

defines a critical value for I and c∗j ≥ m
−
j .

Proof. We have

I(h(t)) < m+
j +

1

N
SN/2µl

, for h ∈ £j

and hence

c∗j < m+
j +

1

N
SN/2µl

Also, since the range of any h ∈ £j intersects N− we obtain:

c∗j ≥ m−j .

Lemma 3.8 results by applying the Mountain Pass Lemma.

Proposition 3.9. Suppose that f verifies the condition (F) and 0 < αl <
√
µ− µl then

I has a minimizer vj ∈ N−j such that m−j = I(vj). Moreover, vj is a solution of the

problem (P).

Proof. There exists a minimizing sequence (vj,n) ⊂ N−j such that I(vj,n) → m−j and

I ′(vj,n)→ 0 in H.

By Lemma 3.8, we have m−j < m+
j + 1

N S
N/2
µl . Using Lemma 3.7, we deduce that vj,n

converges strongly to vj in H. Thus vj ∈ N−j (vj ∈ N−, N− is closed and βj(vj) =

limn→∞ βj(vj,n) ≤ r0) and m−j = I(vj).

Then I ′(vj) = 0 and so vj is a solution of the problem (P) thus we conclude that (P)

admits also k solutions in N−.

Proof of Theorem 1.1. By Propositions 3.1 and 3.9, we deduce that the problem (P) ad-

mits at least 2k distinct solutions in H.
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