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NONHOMOGENEOUS ELLIPTIC PROBLEMS OF KIRCHHOFF
TYPE INVOLVING CRITICAL SOBOLEV EXPONENTS

SAFIA BENMANSOUR, MOHAMMED BOUCHEKIF

ABSTRACT. This article concerns the existence and the multiplicity of solu-
tions for nonhomogeneous elliptic Kirchhoff problems involving the critical
Sobolev exponent, defined on a regular bounded domain of R%. Qur approach
is essentially based on Ekeland’s Variational Principle and the Mountain Pass
Lemma.

1. INTRODUCTION

In this work we study the existence and the multiplicity of solutions for the
problem

—(a/ Vul2dz + b)Au = [uf'u+ f in Q,
Q
u=0 on 01,

where € is a smooth bounded domain of R3, a,b are positive constants and f
belongs to H~! (the topological dual of Hi()) satisfying suitable conditions.

The original one-dimensional Kirchhoff equation was introduced by Kirchhoff [§]
in 1883. His model takes into account the changes in length of the strings produced
by transverse vibrations.

Problem is called nonlocal because of the presence of the integral over the
entire domain €2, which implies that the equation in is no longer a pointwise
identity.

Problem is related to the stationary analog of the Kirchhoff equation

(1.1)

Upt — (a/ |Vu|?dz +b) Au = h(z,u) inQx (0, T),
Q
u=0 indQx (0, T),

u(x,0) = up(x), u(x,0) =wui(x),

where T' is a positive constant, ug and u; are given functions. It can be seen as
a generalization of the classical D’Alembert wave equation for free vibrations of
elastic strings. For such problems, u denotes the displacement, h(x, u) the external
force, b is the initial tension and « is related to the intrinsic properties of the strings
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(such as Young’s modulus). For more details, we refer the readers to the work of
D’Ancona and Shibata [6] and the references therein.

Nonlocal problems arise not only from mathematical and physical fields but also
from several other branches. When they appear in biological systems, u describes a
process depending on the average of itself, as population density. Their theoretical
study has attracted a lot of interests from mathematicians for a long time and
many works have been done. We quote in particular the famous article of Lions
[10]. However in most of papers, the used approach relies on topological methods.

In the last two decades, many authors have considered the stationary elliptic
problem

—(a/ |Vu|2dx+b)Au =h(z,u) inQ
Q
u=0 on 0f,

where 0 C RY and h(x,u) is a continuous function, see for example [I]. Alves and
colleagues were the first to obtain existence results via variational methods. After
this breakthrough, many works have been done in this direction. One can quote [2]
for the case where h(z,u) is asymptotically linear at infinity.

Problem has also been extensively studied in the whole space when the
potential function has a subcritical or critical growth, for more details see [9].

In the case of a bounded domain of RY with N > 3, Tarantello [I1] proved,
under a suitable condition on f, the existence of at least two solutions to for
a=0,b=1and h(z,u) = [u[*/N=2Dy + f.

A natural and interesting question is whether results in [I1] remain valid for
a > 0. Our answer is affirmative and given for N = 3. To our best knowledge, this
kind of problems has not been considered before.

We will use the following notation: S is the best Sobolev constant for the em-
bedding from H{(2) to L5(Q); || - || is the norm of H} () induced by the product
(u,v) = [, VuVudz; ||| - and ||, == ([, |-[Pdz)/P are the norms in H~*and LP(Q2)
for 1 < p < oo respectively; we denote the space HJ(2) by H and the integrable
fQ udz by [wu; Bl is the ball of center ¢ and radius r; 0,(1) denotes any quantity
which tends to zero as n tends to infinity, O(¢®) means that |O(e¢®)e~®| < K for
some constant K > 0 and o(e%) means |o(e®*)e™*| — 0 as ¢ — 0.

In what follows, we fix b > 0 and consider a as a positive parameter. To state
our main results, we need the following hypothesis

(H1) | [ fv| < K4(v), for all v € H such that |v|g = 1, where
Ko (v) := 107°/2[12a%|[v]|* + 80b]|v[|* + daljv]|* Aa (v)]Ballv]|* + Aq(v)]'/?
with A, (v) == ||lv||(9a2||v||® 4 20b)/2.
We shall prove the following results.

Theorem 1.1. Assume that f # 0 satisfies (H1). Then problem (1.1) admits at
least one weak solution in H. It is nonnegative if f is also nonnegative.

(1.2)

Theorem 1.2. Under hypothesis of Theorem[I.1] and for a a small positive number,
problem (L.1)) admits at least two weak solutions in H. They are nonnegative if f
is also monnegative.

Remark 1.3. In dimension 1 and 2, our problem becomes subcritical and standard
compactness argument applies to get the existence of solutions. This also happens
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for f = 0. For dimensions higher than three, the problem under consideration
turns out to be “supercritical” thus no existence result is suspected directly via
variational methods

Theorem [[.1] remains valid when f satisfies

|/fv’ < Kq4(v), for all v € H such that |v]g = 1.

These remarks clarify the purpose of restricting this study to dimension three in
this paper. This work is organized as follows: in Section 2 we give the definition
of Palais-Smale condition and some preliminary results which we will use later.
Section 3 is devoted to the proofs of Theorems [I.1] and [T.2}

2. PRELIMINARY RESULTS

We define the energy functional corresponding to problem ([1.1)) by
1~ 1
I(u) = §M(||7_LH2) — 6|u|g — /fu, forallue H

where M\(t) is the primitive of M (t) = at + b with M\(O) = 0. It is clear that I, is
well defined and of C!' on H and its critical points are weak solutions of problem

i.e. they satisfy:
(alful® + b)/VWU - / Jul *uv — /fv =0, for all v € H.

The functional I, is not bounded from below on H but it is on a subset of H. A
good candidate for an appropriate subset of H is the so called Nehari manifold

defined by
N ={u e H\{0} : {I.(u),u) = 0}.
Let hy(t) = I,(tu) for t € R* and w € H\{0}. These maps are known as fibering
maps and were first introduced by Drdbek and Pohozaev [7]. The set A is closely
linked to the behavior of h,(t), for more details see for example [5].
It is natural to split AV into three subsets:

Nt i={ueN:h'1)>0}, N°:={uecN:hr(l)=0}
N~ ={ueN:hl(l) <0},

where h!(t) = —5lul8t* + 3al|ul[*t? + b|jul|?>. These subsets correspond to local
minima, points of inflexion and local maxima of I, respectively.

Definition 2.1. A sequence (u,) is said to be a Palais-Smale sequence at level ¢
((P-S). in short) for I in H if

I(up) = ¢+ 0,(1) and I'(u,) = 0, (1) in H~ L.
We say that I satisfies the Palais-Smale condition at level ¢ if any (P-S). sequence
for I has a convergent subsequence in H.
Put
Hy(t) = hy,(t) + /fu = —Jult® + al ul|*¢> + bl|ul*t.

The function H,(t) attains its maximum K, (u) at the point t“ where

a,max

Ko(u) := 1072 [ul® [12°||u]® + 80bJulg ul|* + 4aful|* Aq (u)] [Ballul* + Aq(w)]"/
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= 10712 |ulg Balful* + Aq ()"

and
tZ max
with A, (u) == ||ul|(9a2||ul|® + 206]u$) /2.
For a > 0, let
it (Kalo) = | [ fol) uagi= int (Ka@) - [ fo.

el ey
Remark 2.2. (i) If fi, ; > 0 then g4, f >0
(ii) We have, for a > 0, fiq,y > fio,f- Under the hypothese (H1) with a = 0
Tarantello has proved that po ¢ > 0. Thus we deduce that ji, ¢ > 0.
The following lemmas play crucial roles in the sequel
Then, for any u € H\{0}, there exist three

Lemma 2.3. Suppose (H1) holds.
tF(u), t— =t (u) #0 and t = t3 (u) such that

unique values t1 =
(i) tF < —tY paxs t1w €N, and I,(tu) = | max I,(tu),
(i) =t pax <t <t o t7u € NT and I, (1~ uts mdxltlgtlir,lnaxl (tu)
= max I,(¢ )_

(ili) t3 >t paxs T3 w € N7 and I,(tu) = L
Proof. An easy computation shows that H,(t) is concave for ¢ > 0 and attains its
maximum K, (u) at ¢y ... As H,(t) is odd and under the hypothesis (H1) we
obtain the desired results. (]

For t > 0, we have
U(tu) = t¥(u), where U(u) \/fu|
and for a given v > 0, we derive that
inf () > ia s (2.1)
[ule >y
In particular if f satisfies (H1) this infimum is bounded away from zero
Lemma 2.4. If f satisfies (H1), then N = ().
Proof. Arguing by contradiction we assume that there exists u € N, i.e.,
Ballull* + bflul?* = 5lulg;
thus, we obtain:
Aa(w) = 3allull* + 2b]Jul*, and (£ ax)* = 1.
Consequently,
V() = o) = | [ ful < Katu) = [ fu=1.00) = [ fu=1i1) =0
Condition ([2.2) implies that
b
lule > (55)1/4 =

From (2.1) and (2.3) we obtain
0< ’Vﬁa,f < ¥(u) =0,

which yields a contradiction.
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Lemma 2.5. Suppose that f # 0 satisfies (H1), then for each u € N, there erist
e > 0 and a differentiable function t : B(0,e) C H — RY such that t(0) = 1,
t(v)(u—v) €N for ||v|| <€ and
2(2allul|* +b) [ VuVv — 6b [ |ultuv — fv
((0).0) - L
allul[* + bl|ul]? - 5|ulg

Proof. Define the map F': R x H — R, by

(2.4)

F(s,w) = as’|Ju — wl|* + bsllu — w||* = s”|u — w[§ — /f(u - w)

Since F(1,0) = 0, 2E(1,0) = 3alju|* + b|ju||> — 5|u|¢ # 0 and applying the implicit

> Os
function theorem at the point (1,0), we get the desired result. (]
Define
co = vg/l\%l «(v), = Uéljlj;l a(V). (2.5)

Moreover if ug is a local minimum for I,, then we have 3a||ug||* +b||uol||? —5|ug|d > 0
and since N = ), we obtain ug € N't. Consequently cq = inj{f[a(u).
ue

Lemma 2.6. The functional I, is coercive and bounded from below on N .

Proof. For u € N, we have aljul|* + b||u[|? = |u|$ + [ fu. Therefore, we get
b
Iu(u) = fyllal + 3l = 2 [ fu
b )
> *||u|\2 = g Al llull,

> 22
> NI,

Thus I, is coercive and bounded from below on N O

In particular, we have cy > 135 || fII2. To prove that ¢y < 0, we need an upper
bound for ¢y. For this, consider v € H the unique solution of the equation —Au = f.
Then for f # 0 we have [ fo = |[v]|? = ||f||~.

Let to = t~(v), v € H\{0} defined as in Lemma [2.3] So tov € N'* and conse-
quently we have

5
I (tov) = _*t()” I+ - *tOHU”Q + t olvlg

< Lablol ~ 23l <0,
thus ¢y < 0.
Lemma 2.7. Let f verifying (H1), then there exist minimizing sequences (uy) C
N and (v,) C N~ such that
(i) La(un) < co+ L and I(w) > Io(un) — 2w — uy| for all w € N'*.
(ii) Ia(vn) <ec1+ 1 and Io(w) > Io(vy) — Lljw — vy,|| for allw e N~
Proof. It is easy to prove that I, is bounded in A, then by using the Ekeland

Variational Principle to minimization problems (2.5)), we get minimizing sequences
(un) CNT and (v,) C N satisfying (i) and (ii) respectively. O
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Let (un,) C N be the minimizing sequence obtained in the above lemma. For
n large enough, we have

a 5 1
Ia(un) = EH%H4 *ll ol = = /fun <eot o< tollfll
this implies
2
[ fun = 203012 >0, (26)
and consequently we have
fbt _ < ||upn _. 2.7
2171 < lunll < 1] (27)

So, we deduce that (u,) is bounded in H.
Lemma 2.8. Let f verifying (H1), then ||I)(uy)| tends to 0 as n tends to +oc.

Proof. Assume that || I}, (u,)| > 0 for n large, by applying Lemma 2.5 with u = u,
and w = 6 2+l%) 5 > 0 small, we find #,(5) = t[52+%L ] such that

(117 (un)|l? 117 (un)l
I (uy)
__a\""/ 6./\/
TACIL

From the Ekeland Variational Principle, we have

ws =t (6)[un — &

1
s = tn | = Talun) = Ta(ws)

1o (un)
(176 (un)

Dividing by § and passing to the limit as § goes to zero, we get

%(1 + 1t (O)llunll) = =t (0){15 (un), tn) + [T (un) || = 1T (un)l,

= (1= tn(0)){La(ws), un) + 0tn (6) (Lo (ws), )+ on(9).

where t/ (0) = (¢'(0), Hﬁégiz:ﬁ” ). Thus from (2.7, we conclude that

7wl < 0 18, 0)),

We claim that |t],(0)| is bounded uniformly on n; indeed, since (u,) is a bounded

sequence, from (2.4)) and the estimate (2.7]), we have

C
t,(0)] < '

Hence we must prove that |3a||u,||* + bu,||* — 5|u,|$] is bounded away from zero.
Arguing by contradiction, assume that for a subsequence still called (u,), we have

3al|un|* + bl|un || = 5lunl§ = on(1). (2.8)
From (2.7) and (2.8) we derive that

|tunle > 7, for a suitable constant ~y

In addition (2.8) and the fact that u, € A also give

/fun = —2a[un|* + 4|un§ + 0n(1),
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which together with the definition of fi, y imply that

0 < Vfia,r < V(Kalun) — [ fun) +on(1)
=l (1) + 0n(1) = 0n(1).
which is absurd. Thus ||} (u,)|| tends to 0 as n tends to . O

3. PROOFS OF THEOREMS [I.1] AND

3.1. Existence of a local minimizer on A'". In this subsection, we prove that
I, achieves a local minimum in /" by the Ekeland Variational Principle.

Proof of Theorem[I.]. Since (u,) is bounded in H, passing to a subsequence if
necessary, we have u, — ug weakly in H, then we get (I’ (ug),w) = 0, for all
w € H. So ug is a weak solution for .

From , we deduce that [ fup > 0, then ug € H\{0} and in particular
ug € N. Thus

a b 5 .
co < Io(up) = —|luol|* + =|luoll®* = = [ fuo < liminf I, (u,) = co,
12 3 6 n— 00

then ¢ = I, (ug). It follows that (u,) converges strongly to up in H and necessarily
ug € NT. To conclude that ug is a local minimum of I, let us recall that for every
u € H, we have

I, (su) > I, (t7u) forevery 0 <s <ty

a,max’
in particular for u = ug € N'", we have t~ =1 < 49, .. Choose ¢ > 0 sufficiently
small to have 1 < t9, 1 and t(w) satisfying t(w)(uo — w) € N for every [Jwl|| < e.

Since t(w) — 1 as |w|| — 0, we can always assume that
t(w) < tgSmax for every w such that [Jw| <e,
so t(w)(up —w) € N and for 0 < s < tl9 " we have

Ta(s(uo — w)) = Lo (t(w)(ug — w)) > Ia(uo),

taking s = 1, we conclude that I,(ug — w) > I,(uo), for all w € H such that
lw] <e. O

To see that ug > 0 when f > 0, it suffices to take to = ¢~ (|ug|) such that
to|ug| € NT. This implies that necessarily

Io(toluol) < La(fuol) < La(uo).

Consequently, we can always take ug > 0.

3.2. Existence of a local minimizer on N ~. This subsection is devoted to the

existence of a second solution u; in N~ via Mountain Pass Lemma such that ¢; =

I,(uqp). First we determine the good level for covering the Palais-Smale condition.
The best Sobolev constant S is attained in R? by

Ue 2 (z) = 51/2(52 + [z — $0|2)_1/2=

where xg € Q and € > 0. We have the following important result.
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Lemma 3.1. Let [ satisfying (H1), then I, satisfies the (P-S). condition for

ab 5 a® 5 b a
= — — -SE, + —S°E
c<c 45 +24S +6.S' 1+24S 1+ co,

where Ey = (a?S* + 4bS5)'/2.

Proof. Let (u,) be a (P-S). sequence with ¢ < ¢*, then (u,) is a bounded sequence
in H. Thus it has a subsequence still denoted (u,,) such that u, — v in H, u, — u

strongly in L*(Q) for all 1 < s < 6 and u,, — u a.e. in Q.
Let w,, = u,, — u. From the Brezis-Lieb Lemma [4], one has:

= llwnl® + lull® + 0n (1), uall* = llwnll* + 2llwn|*[Jull* + [Jull* + 0n (1),

|un|g = |wn|g + |u|2 +on(1).

Since I, (u,) = ¢+ 0,(1), we get

a b a 1
ZHwnH4 + §HwnH2 + §HwnHQIIUH2 - glwn\g = Io(un) — Ia(u) = ¢ — Io(u) + 0n(1).

By the fact that I/ (u,) = 0,(1) and (I’ (u),u) = 0, we obtain
aflwp||* + bl|wn[* + 2alfwn*|[ull® — w,[§ = 0n(1).
Assume that ||w,|| — ! with [ > 0, it follows that
lwald = al* + bi* + 2al?|Ju||* + on(1) .
From the definition of S, we have
|wn||? > S|w,|2, foralln..

As n — +o00, we deduce that
1
2> gs +55(a*s" +4S(b+ 2al[ul|2))"/?

Consequently we obtain

b a

4422 20,112

= — — I

12[ 3l —|—6l llul|* 4+ o (w)
b

> 44 Op

= 712l 3l +Co

>7S3+656+QSE +ﬁS4E+ =c*
4 247 T oL T gy T =

which is a contradiction. Therefore [ = 0, then u,, — u strongly in H.

Now, we shall give some useful estimates of the extremal functions.

O
Let ¢ €

C§°(9) such that ¢(z) =1 for € By, ¢(x) = 0 for z € R¥*\BZ', 0 < ¢ < 1 and

V| < C.
Set Ue g, () = ¢(2)Ue 4, (x). The following estimates are obtained in [3], as ¢
tends to 0:
‘uemo‘g =A+ 0(53) and  ||uc,a, H2 =B+ 0(e),
where

A:/( + |o — 20]?) / VUL 4 (2)]7,
]R3

and from [11], we have [u?, ug = O('/?) + o(e/?).
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In the search of our second solution, it is natural to show that ¢; < ¢*. For this
let ' C Q a be set of positive measure such that ug > 0 on Q" (if not replace wug
and f by —ug and — f respectively), where ug is given in Theorem

Lemma 3.2. Assume that the hypothesis (H1) is satisfied, then there exist ag
and €9 small enough such that for every 0 < € < g9 and 0 < a < ag we have
I (ug + tue o) < ¢ for allt > 0.

Proof. From the above estimates and the Holder Inequality, we obtain

I, (up + tue )

= L) + Lo+ 2Pt |2 — e~ E [
— Lq(UQ 4 us,xo” +2 ”Ue,xo” 6 |’U457x0|6 5 uug
2 1
JratQ[(/VUOVlLE) +||U"SH2<§HUOH2JFt/VUQVUE)} +0(51/2)
a b 1 t5
<1 ZHB2 4 2B 2484 (/2
< Lofuo) 4 5087 6 SO0 ?)+
3 )
+at*[S[luol*B + B2 |lug||] + o(e"/?)
= co+Q:(t) + R(t),
where
Lo Cpepn g Lpe - B 1/2
Qe(t) = —At® + 5B + I Bi* — “0(c'/2) + o),
6 4 2 6
and

3
R(t) = a[§t2||u0||23 + t3B3/2||u0||].

We know that lim;_. o Qc(t) = —o0, and Q(t) > 0 for ¢ near 0, so sup;>q Q-(t)
is achieved for t =T, > 0 and T satisfies:

—AT® + aB*T? + bBT. = O(¢*/?).
Also @, (t) attains its maximum at Tp given by
aB? + (a?B* + 4bAB)'/?
2A '

It is clear that T tends to Ty as € goes to 0. Write T, = To(1 £ d.), hence d. tends
to 0 as € goes to 0.

Moreover, since I,(up + tu.) — —oo as t approaches oo, there exists T, < T;
such that

T2 =

I (uo + tue ) < ¢ + Q:(T:) + sup R(1).
t<Th

On the other hand, we have

1 a b
—gATf + ZBQTE4 + §BT€2 — O(eY?) + o(c'/?)
1
= —CATS + %BQTé + gBTg + aTA B2, + bI2BS. F TOAS.

_ 0(81/2) +0<51/2>

Q- (1)

(3.1)

1 b
=~ ATS + %BzTé + 3BT = 0("/2) + o('/?).
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Now substituting the expression of Ty in (3.1]), we obtain

abB? N b(a’B® +4bB3A)'/2  a3BS  a?(a®B'? + 4bB° A)'/?
4A 6A 24 A2 24 A2
— O(eY?) + o(e'/?)

Qe (Te) =

_ s, fsﬁ - (és + “—254)(a254 +4bS)'/2 — O(e'/?) + o(e'/?)
4 24 6 24
< ¢ —c¢o— O(Y?) 4 o(e/?).
Thus we have

To(uo 4 tue 2y) < ¢ — O(e'/?) + 0('/?) + sup R(t)
t<Th

< ¢ —0(EY?) 4+ o(eY?) + aK,

where K := 3T2||ug||2B + T{ B2 ||ug|.
Consequently, there exist ag and €g small enough such that I, (ug + tue z,) < c*
for every 0 < e < gg and 0 < a < ag. ([l

Proof of Theorem[1.3 By Lemma there exists an unique ¢*(u) > 0 such that
tT(u)u € N~ and Io(ttu) > I,(tu), for all [t| >t .. and every u € H such that
[Juf| = 1.

The extremal property of ¢*(u) and its uniqueness give that it is a continuous
function of u. Set

u u
Vi ={0} Ufu:flull < t+(m)}v Vo ={u: ul > t+(m)}~

As in [T1], we remark that under the condition (H1), we have H\N~ = V; UV, and
NT C Vi, up € Vi and g + tou. € Vs for a tg > 0, carefully chosen.

Let T' = {h : [0,1] — H continuous, h(0) = ug, h(1) = ug + touc}. It is obvious
that h: [0,1] — H given by h(t) = ug + ttoue belongs to I'. We conclude that

= inf I, (h(t)) < c*.
¢ = inf max (h(t)) <c

As the range of any h € T intersects N, one has ¢ > ¢1.

Applying again the Ekeland Variational Principle, we obtain a minimizing se-
quence (u,) C N~ such that

Ia(un) — e and I (un)] — 0.

We also deduce that ¢; < ¢*. Consequently, we get a subsequence (un,) of (uy)
and u; € H such that

Up, — U1 strongly in H.
This implies that u is a critical point for I, vy € N~ and I,(uy) = ;. O
Finally for f > 0, let tT = t*(Jus|) > 0 satisfying t*|u1| € N~. From Lemma
2.3l we have I,(u1) = max I,(tuy) > I,(tTuy) > I (t1|u1|). So we conclude that
t>ta, max
Ui Z 0.
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