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ABSTRACT. In this paper we consider the Schrédinger operators
P = —% + V, where V is a periodic real function. Essentially we
show that the spectra of these operators can be determined by a smooth
function «, the phase of the eigenvalues of a matrix M (E, z, V') express-
ing the states of a particle in a L— periodical structure. The recurrent
spectrum and the transient spectrum of P are also calculated. Such
structures are met meet, for example, in solid state physics in the study
of a linear molecule formed of regularly spaced atoms.
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solutely continuous spectrum, transient and recurrent spectrum.
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RESUMEN. En este trabajo se estudian los operadores de Schrodinger
P = —;;—22 4V, donde V es una funcién periddica real. Esencialmente,
mostramos que los espectros de estos operadores pueden determinarse
con mediante una funcién suave «, que es la fase de los valores propios
de una matriz M (E,z,V) que expresa los estados de una particula en
una estructura L—periddica. También calculamos los espectos recur-
rente y transiente de P. Estas estructuras se encuentran, por ejemplo,
al estudiar en la fica del estado sélido una molécula lineal formada por
atomos regularmente espaciados.
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1. Introduction

We know that the spectral properties of Schrodinger operators P = —— +

V' on L?*(R) depend mainly on the behavior of the real potential function V'
at infinity.

Basically, in spectral theory we distinguish four distinct classes of Schrodin-
ger operators P. In the first class V(z) — oo as |z| — 400, and has empty
essential spectrum. The next simplest class consists of Schrodinger operators
for which V(z) — 0 as |z|] — +o0o0. Under fairly general hypotheses these
operators have oes5(P) = [0, +00[ for essential spectrum and empty singular
continuous spectrum os.(P) = (). The essential tools used to establish these
results are the min-max principle, Weyl’s theorem, perturbation theory of linear
operators, etc. (See [ReSi, theorems x11115, x11116, and xm33|]; [CyFrKiSi],
[Ka] and [DalLi].)

The third class is made up of the N—body Schrédinger operators for which
V(z) — 0 as |z|] — 4oo in most directions (e.g., Coulombic interactions).
Under specialized hypotheses, for these operators we have o.55(P) = [a, +00]
and o4.(P) = 0, where o > 0. (See [ReSi, theorems x11117 and X11136].)

In the fourth and last class one finds Schrodinger operators P where V is
a periodic real function. These operators, considered as unbounded and self
adjoint on L?(R), are important in solid state physics. Indeed, periodicity is
the property that characterizes the potential to which a particle in a crystal is
submitted.

If V is L—periodic it has not a limit as || — 400, so the spectral analysis of
periodic Schrodinger operators is difficult (see e.g. [AvSi2], [Ea]). Nevertheless,
the property that allows the study of these situations is that P has a large
symmetry group

[P,U(L)] =0,

where U(L) is the unitary operator defined on L?(R) by U(L)p(z) = p(z + L),
and [P,U(L)] is the commutator of P and U(L).

It is known that (see eg. [AvSi2|, [Ea], [DaLi]) the study of these operators
has been based on the concept of decomposable operators by the direct integral
decomposition so far. Also, the classification of the spectrum of these opera-
tors is done naturally studying the spectrum of their fibers. It follows that
Schrédinger operators with sufficiently smooth potentials and 2m-periodical
have purely absolutely continuous spectrum and are unitarily equivalent to the
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Hilbertian integral operator

d? do
where the fiber P(6) is the operator P = —W—H/ defined on L? ([07 27], 2) )
x ™

with boundary conditions:
P(2m) = ey(0), ' (2m) =Py’ (0).

For all 6 € [0, 27], P(0) has a compact resolvent and a discrete spectrum, which
reveals the existence in the spectrum of P continuous bands of energy known as
allowed bands, possibly separated by energy bands known as forbidden bands.
The spectrum of P on L?(R) is the union of all the allowed bands.

Several recent papers have treated the localization of bands of energy and the
estimation of their width. For this we refer to results obtained by OUTASSOURT
in the semi-classical case [Ou].

The main difficulties appear while extending the analysis of the fibers of
P. For this analysis depends critically on the simplicity of the eigenvalues of
P(0), simplicity which fails in the multidimentional case since eigenvalues are
not necessarily analytic at degeneracy points [Me].

Here we plan to give a new and original spectral analysis of the Schrodinger
operators with real and continuous L—periodical potentials. Our method is
also valid in the degenerate case and will allow us to obtain all the quoted
results by using direct and easy proofs. In particular, we obtain in this way a
precise refinement of the absolutely continuous spectrum of P.

Our technique is based on the behavior of the eigenfunctions of P at the
time of the crossing of the totality of the successive barriers created by the
periodic potential V. For this, we introduce for E real a matrix of transi-
tion M(FE,z,V) with eigenvalues e**(¥)L such that w(E) = v(E) + ia(E).
M(E,z,V) describes the states of a particle in a L—periodical structure V' at
the energy E and the position x.

The function « is known as the phase function. We show that « is differen-
tiable and obtain our main result

o(P) = {EER; j%(E) ;éo}
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(Here o stands for the spectrum). The function v(E) characterizes the spec-
trum of the fibers of P and its resolvent set and v(E) vanishes on the allowed
bands.

Using the function « it is now possible in this case to deduce the spectral
measure and the various components of the absolutely continuous spectrum:
the transient spectrum o,,.(P) and the recurrent spectrum o,.(P) of P. This
decomposition is possible thanks to a partition of the positive density of the
spectral measure of P in two essential parts: the essential interior and the
essential frontier (see. [GhMe],[AvSil]).

2. Behavior of the solutions in a periodic structure

Consider
d2
s+ (V@) - B)| =0 (€)
where V' is a real continuous function on R which is constant in the exterior of
the compact [0, L]:

V)=V, VYzeR\NI[0,L],
(Vo=V(0)=V(L)), L,E€R, suchthat Vy<E.

Let ¢1(E,z) and ¢2(F,x) be two linearly independant solutions of (£), then
0i(E,x) ,i=1,2, is analytic in E and C? for each z by the standard theory
of ordinary differential equations.

In particular,
ek if <0
F(E)e®*® + G(E)e % if z>1L

SDI(va) = {

(B,2) e~thr if 2 <0

L) = . .

72 F/(E)e™ + G'(E)e~** if z>L

with k = VE - V,. F(E),G(E),F'(E) and G'(E) are coefficients depending
on V and analytically on F.

Since V is real, we see that if ¢ is solution of (£) its conjugated is also
solution. One can take therefore F'(E) = G(E) and G'(E) = F(E).

All other solutions of (£) are of the form
SO(E’ '7;) - A1<,01(E,l‘) + A/1<p2(Eax) , ¢ €R.
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Thus - ik
A1611+A/1€—1$ if =<0
B =1 A€ 41c = 2.1
90( 71') { Alezkm + Allefzkm if z>1L ( )
and N _
Ay = F(E)A + G(BE)4, (2.2)
Ay = G(B)Ay + F(B)A; '

where Ap, Af, Ay, and :471 are some complex constants. The coefficients F(E)
and G(F) allow us to know the behavior of the solution ¢ on the left of the
potential from its behavior on the right of V.

We now want to study the behavior of the solution at the time of the crossing
of all the successive barriers, that is to find the solution ¢(FE, x) of the equation
() where V is a L—periodical superposition on R of functions of the previous

type.
By virtue of the previous calculus, the general solution of (£) is given on R
by:
Arp1(E,x) + Alpa(E,z) if 0<z<L
Asp1(E,x — L)+ Abpo(E,x — L) if L<az<2L
LP(E7 1‘) -
Apprpi(B,x —nl) + Ay, 1p2(E, v —nL) if
nL<z<(n+1)L,neZ
Moreover, it is easy to calculate the values of ¢1(F,x) and ¢1(FE,x), as well

as those of their derivatives at the extremities of every period. So, p(F,x) has
the same value and the same derivative than the function

A eik(ac—(n—l)L) +Ae —ik(z—(n—1)L)
at the extremity on the left of the n—th period. In the same way, on the right,
it has the same value and the same derivative than

Eleik(x—(n—l)L) + ;476 —ik(z—(n—1)L)

Then,

Aneik:(an(nfl)L)+:4\;efik(nl/7(nfl)[,) —A »k(annL)+A;1+167ik:(nL7nL)

n+1€ ¢
and
(k[ A, e (nL=(n=1L) _ A7, —ik(nL—(n—1)L)]

= Z’]{;[An_‘rleik(annL) _ A;H_lefik(annL)]
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and therefore, for all n in N*,

e
Api1 = €A,

/ _ —ikL A7
A =e Al

Using (2.2), we obtain
An+1 _ n Al *
() @@y (4) - wen. 23)

where

eikLF(E) ek LG E) >

F) = . .
Q( ) <eszG(E) e kL E)
Now the characteristic equation of Q(E) is

N _-DEN+1=0,

where D(E) = Tr(Q(E)) = e*' F(E) + e "*'F(E) = 2Re (¢*'F(E)).

The calculus of (Q(E))™ will be easy if one changes the basis to get a diagonal
form of Q(F). This is the reason why we are going to study the spectrum of
QE).

Then, the eigenvalues of Q(E) can be expressed in the form Ay (E) =
e T (B with w(E)=y(E) + ia(E), v(E) > 0; such as:

Propisition 2.1.
(i) ¥(E) =0« [D(E)| < 2

y oE)=n/L if D(E)>0
WIDE) > 2= {a(E) —0 it D(E)<0

Proof. We only prove (ii). Indeed, for |D(E)| > 2, the eigenvalues of Q(E) are
Ai(E) = e B e = 41,
If

e=-1, D(E)<0, M(BE)=er0EFE/DIL - then o(E) =

SIE
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3. Original calculus of the continuous spectrum

By virtue of Proposition 2.1, we note that there are two types of energy E.
The energy E such that |[D(E)| <2 or |[D(E)| > 2.

‘We show that:

o(P) =B <R D(E) <2} = {EeR: J2(E) 0}

for that we are brought more particularly to study the properties of the function
a(F) when V is a real continuous function and periodic on R.

Let @1 (E, z) and p2(F, x) be two independent solutions of the equation (&),
such that

e1(E£,0) =1 ¢2(E,0) =0
and

d<p1 d(pg

—(E,0) = —=(E,0)=1

£1(5,0)=0 22 (5,0)

Consider the matrix M (E,z,V) defined by

@1(E7x) @Q(E’x)

M(E,z,V) = (3.1)

dpr
dz
then by using (2.1) and (2.2) we have

Re (e"'F(E)) + Re (e " G(E))
—kIm (e**F(E)) + kIm (e"*G(E))

dpa

(B,2) dx

(E,x)

M(E7L,V)=<

%Im (e P (E)) + %Im (e7*G(E))
Re (e""F(E)) — Re (e"* G(E))

We observe that Tr(M(E,L,V)) = Tr(Q(F)) = D(E), thus M(E,L,V)
and Q(F) have the same characteristic equation and therefore the same eigen-
values.

Consequently, we obtain the following corollary:

Corollary 3.1. The following assertions are equivalent:
(1) [D(E) <2

(2) v(E)=0
(3) e *(B)L s an eigenvalue for Q(FE)
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(4) e )L s an eigenvalue for M(E, L, V).

Let us consider P(f) the operator P defined on L? ([0, L]) with the boundary
conditions

Y(L) = e"1(0)
Y'(L) = e %' (0)
where 0 € [0, 27]. Then,

Theorem 3.2. v(E) = 0 if and only if there exist § € [0, 7], such that E is an
eigenvalue for P(0). In this case, we have:

0 =a(E)L

Proof. If ¢ is a solution of (£), then
(B, x) = cip1(E,z) + cap2(E, ) .

Thus,
QO(Ea L) = Cl(pl(E7L) + 02902(E7 L)
dy _dypy dpo
I (E,L)=c¢ Ir (E,L)+c . (E,L)
©(E,0)=¢;
d
ﬁ(E,O) =
and then
¢(E,L) ¢(E,0)
=M(E,L, V)
dy B dy
Y(E.L —(F
d.T( b ) dl'( ’O)

If " (E)L is an eigenvalue for M(FE, L, V), there exist ¢{ and c4 such that
(¢f,c4) # (0,0) and
/ ) /
M(E,L,V) <Cl,> = ¢l(B)L <Cl,) :
Co Co

1,[}(E,.T) = Cll‘)pl(va) + 6/2902(E? I) .

1 is thus an eigenfunction associated with the eigenvalue E of the operator
P(a(E)L). Conversely, if E is an eigenvalue for P(6) and 6 € [0, 7], then there

We put
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exist U(FE,.) # 0 solution of (£) such that:

U(E, L) U(E,0) U(E,0)
=t = M(E,L,V)

A A T A ’

—(E, L —(E —(E

7 (B L) 7 (E0) 7 (E0)

which shows that e is an eigenvalue for M (E,L,V) and 6 = o(E)L.
We are thus brought to study the operators P(6), 8 € [0, 7]. We recall some
properties of these operators.

Theorem 3.3. [See. [GhMe],[ReSi]]

(i) for all 0 € [0, 7], P(0) has purely discrete spectrum (FEy,(0))nen~, such
that for any n, E,(.) is analytic on ]0, 7| and continuous at 0 and .
(ii) P(#) and P(2m—0) are antiunitarily equivalent under ordinary complex
conjugation. In particular, their eigenvalues are identical and their
eigenfunctions are complex conjugates.
(iii For n odd (respectively, n even) E,(.) is strictly increasing (respec-
tively, strictly decreasing) as 6 increases from 0 to 7. In particular,
0< El(O) < El(ﬂ') < Eg(ﬂ') < EQ(O) < -
< E2n1(0) < Eap1(m) < Eop(m) < E2p(0) < -+
We can now combine Corollary 3.1 and Theorems 3.2 and 3.3 to get:

2

d
Theorem 3.4. If P = gz T V is now defined on L?(R) with domain
T

H%*(R) = su € L*(R); u € L*(R)
B " da?
and V is a continuous real and periodic function on R, we have
{EeR;y(E)=0= ] U {E.0)}
neN* 9€[0,n]

and, if p designates the resolvent set,

{E ;~v(E) >0} Cp(P).

Proof. Indeed, if v(E) > 0, by the standard theory of ordinary differential
equations, we obtain two linearly independent functions 1 (FE,.) and ¢o(FE,.)
analytic in E and C?(R) solutions of the equation (£) such that

p1(E,x) = v1(B,2)e™FT 1 0y(B,x) = vp(B,z)e )",
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where v1 (E, ) and vo(F, x) are two periodic functions. Moreover, for all z € R:

1 (E, x)%(E, x) — pa(E, x)%(E, x) = constant=c # 0. (3.2)

Let us define the function

01(E,x)p2(E,y)

Gp(r,y) = Grly,r) = —

, <y,

and consider the integral operator G with kernel Gg(z,y) acting on L?(R)
by

(G f)(z) = / G (e, ) f(y)dy

R
x “+ oo
—2ea(B.) [ By +ei(Ba) [ B (63

Now G is a bounded operator on L?(R). Indeed, since there exist ki, ko > 0
such that for all z in R,

[o1(B. @) < kB 5 Jpa(B, )| < ke 1,

it suffices to establish that the operators
xT —+o0
K_f) = [ @0 |y Kofta) = [ 021y

—c0 T

map continuously on L?(R).
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In particular, we see that K. are well defined on L?(R). By partial integra-
tion and Schwarz’ inequality we see that, for any 7" > 0,

x

T T
|K_f(@)[de= [ e B[ [ X EW|f(y)|dy)da
/ Jo

z )"
_ —ﬁe’w)w / e EW | f(y)| dy
o z=—T
., .
WlE)ge-wEmﬂx) 4 B | f(y)|dy | do
T
ST l (K f(@)] | ()| d
S sz) (rfeny
- 1/2 T 12
L 4 K_f@) ds /T (@) do

However, Tlir}_l K_f(-=T) =0, so that

1
K flliem) < 7= 2(R) -
1K sy < =y Wl

We obtain the same estimation for K. Consequently, for arbitrary f, g €
L?(R), we have

1
1K+ f — Kigllpag) < +E) If = 9gllr2w) - (3.4)

Then the K4 are continuous. This is so since Gg is the inverse operator of
(P — E) and then E € p(P). Indeed,
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(i) For all f in H?(R) we have (by using derivatives in the generalized
sense)

(P~ E)Gif(x) = [— T w0 [ B -

dxz?

U2 B oyor (B, 2)f(2) + L (E, ) pa( B, 2) f (x)
dI’ 9 ©1 , L X dI , L)P2 y L xr
+oo

2
om0 [ B iyt

x
x

(V(#) = E)ps(E, 7) / o1 (E, ) (v)dy+

— 00

+o00
(V(z) = E)p1(E, z) / wg(E,y)f(y)dy] = f(=)

T

(ii) After two partial integrations we obtain

—+o0

(Gu(P — E)f)(x) = / Gr(z,y)(P - E)f(y)dy

— 00

dz dx
(Ge(P = E)pi(E,2)f)(z) + (Gu(P — E)p2(E, ) f)(z) = f(x)
for all f € H*(R)

Now, consider the bijective mappings

E, :[0,7] = [En(0),E,(7)] , 60— E,(9)

~ o L ) - r(B0) 22 B 01+

if n is odd, and
Ey [0777} - [E7L(7T)7 En(o)] 0 — E,(0)

if n is even.

If for instance n is odd and E € [E,(0), E, ()] then there is a unique
6 € [0, 7] such that E = E, (), and e%is an eigenvalue for M(E, L, V). Con-
sequently a(FE)L = 6 according to Theorem 3.2. While using Theorem 3.3, we
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obtain that
a. )L : [E,(0), E,(m)] — [0,7], Ew— «(E)L,
is the inverse mapping of
E, :[0,7] = [E,(0), E,(7)], 6+— E,(0).

It is then continuous and strictly monotone, and thus strictly increasing on
10, 7[, because E,, is analytic

a(E,(0)L =0
a(E,(m)L=m.
Therefore, « is differentiable on the interval |E,(0), E,(7)[. By the same
method, we show that for n even the application
a(.)L:[E,(7),E,(0)] = [0,7], E— «(E)L,
is the inverse of
E, :[0,7] = [En(7), E,(0)], 6+— E,(0).
It is continuous and strictly decreasing on |0, 7[, so it is differentiable on this
interval.
Put
| E,(0) if n is odd 3, — E,(m) if n is odd
An = E, () ifniseven 7 7" | E,(0) if n is even

We have obtained the following result:

Lemma 3.5. The phase « is possibly constant on the intervals | By, ap1[. Or
it is strictly increasing for n odd and strictly decreasing for n even on | o, Bp|.
Let
0 if Fe ]Bn,an_H[

f(E) = (3.5)
(1192 B) i B e o bl
dE 9, n
According to Lemma 3.5, f is dE—almost everywhere defined on R. More-
over it is locally integrable because it is bounded, so the corresponding abso-

lutely continuous measure dv = f(E)dFE is then well defined (where dE is the
Lebesgue measure in R denoted by | .| in section 4).

Theorem 3.6. If V is a continuous real and periodic function on R , then the
spectrum of the operator P on L?(R) is purely absolutely continuous.
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Proof. Let us define for all n in N*

Hn = {\If € L?(R,dz); 3g € L? ([0,27r] , §9> , U(z+kL)=
s
2m

/eikeg(Q)\I/n(Q,m);i—a 0<z<L, ke Z}

’
™

where {W,,(0,.)}, cn- is an orthonormal basis of eigenfunctions associated with
the discrete spectrum (E,(0)),cy- of P(0). H, is a closed subspace of
n=-+oo
L? (R,dz) and L? (R,dx) = H,. On the other hand, P preserves all
n=1
the spaces H,,, n € N*. Indeed, for all ¥ € H,, N H?(R), we have:
2m
ik0 dg
(PU)(x+kL)= [ e g(G)En(G)\IJn(G,x)T ; VkeZ
T

0

and since E,, (. ) is analytic on [0, 27] then g(.)E,(.) € L? ([O, 27], ;l&) Con-
T

sequently,
n=-+o0o
oP)y=|J o(Pn,) (3.6)
n=1
In particular, if we set for all n in N*

U, : H, — L? ([O,QW],da) , U—yg
21

such that
27
do

Vo ) = [ 9O, 0,005,
0

we then see that 24 is unitary. We get P, = U,PU, ", then P,(g(.)) =
E.(.)g(.), for all n € N*. Furthermore,

L? ([0,27r] , ;‘:) =17 ([o,w] , ;f:) P ([ﬂ,27r] , ;ﬁ)

and P, preserves these two spaces. If for instance n is odd,

a(.)L: [Ey(0), Ey(r)] —[0,7], Ew~ «(E)L= E;l(E),
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ais a C! function and da is absolutely continuous with respect to the Lebesgue
measure.

For the operator U from L2 ([0,7‘(] , (210> into L?([E,(0), En(m)],dx), de-
7r

fined by
—1/2
da\'/? dE,
o) = (43)  ateen - |(52) ] o(a(B)).
0=a(E)

we have

o dE !

||(u.g)||2L2([En(0),En(fr)],dm) = /|Q(OZ(E))|2 {(d;)e—a(m] dE

(

En(0)
— [ lgte)do
0
We see that U is a surjective isometry, i.e. unitary. Moreover,
UPU ") g(E) = Eg(E); (3.7)
then each P,, has an absolutely continuous spectrum, and so does P according
(3.6).

Theorem 3.7. If V is a continuous real and periodic function on R and p the
spectral measure associated with the operator P, then p is equivalent to v.

In order to show this theorem we are going to need the following fundamental
results:

Lemma 3.7. [See. [Is],[Pa],[JoMo], [Ko],[Ri]]

(1) In the general case v can be extended to continuous potentials, not
necessarly periodic, using the expression

1
v(E) = ‘ |lim 2l log |M(E,z, V)| . (3.8)
x|——+o00
(2) Let dpa.(E) = g(E)dE the absolutely continuous part of the spectral
measure u with respect to the Lebesgue measure dF, then for all Borel
sets B of R, we have y(E) = 0, dE—almost everywhere on B = g(E) #
0 dE—almost everywhere on B.
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Proof of theorem 3.7 Let B be a Borel set of R. Then, we have

v(B) = 0= f(F)=0,dE- almost everywhere on B
do
dE
= ~(E) >0, dE- almost everywhere on B.

= (E) =0, dE- almost everywhere on B

Now thanks to Lemma 3.4, we know that E € p(P) if v(E) > 0. Thus
v(B)=0=FE € p(E) = p1a.(B) =0.
d
Moreover, v(B) # 0 = f(E) # 0, dE—almost everywhere on B = %(E) #0,
dE—almost everywhere on B = v(E) = 0.

According to Lemma 3.8, we also have v(E) = 0, dE—almost everywhere on
B = f(F) > 0, dE—almost everywhere on B. Then v(B) # 0 = u4.(B) # 0,
and

Oac(P) = supp flac = suppf

d
Z{EER;dz(E)#O}:{EGR;V(E):O}
According to Lemma 3-4,
+oo
Uac(P) = U(P) = {E eR ; FY(E) = O} = U [an;ﬁn]
n=1

and dv(F) = dpa.(E) = f(E)dE.

4. Decomposition of the absolutely continuous spectrum

In this section we give a refinement of absolutely continuous spectrum of the
operator P on L?(R), when V is continuous real and periodic function on R.

Now, using results from the articles of AVRON-SIMON [AvSil] and GHERIB-
MEsSIRDI [GhMe], it is easy to establish that o(P) is decomposed into two
disjoint sets called respectivelly the transient oiq.(P) and reccurent o,q.(P)
absolutely continuous spectrum of P.

Set

+o0
B = lan fu] = {E € R 1(E) =0} (4.1)

n=1
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For that it is enough to determine the event oés of the essential interior of
the [B] and the event [C] of the essential frontier of the event [B]. Where the
event of the borelian set B is

[B] = {A borelian set of R ; ’AAB’ = 0} ;

its essential interior noted OB?S is defined by
{z € R; 3t > 0 such that|]z — ¢,z + t[N B| = 2t}

and the essential frontier of B is the event [C], where C is a borelian set of
R satisfying ‘CA(B ~ oj%s)‘ = 0, A denotes the symmetric difference between
subsets of R.

Since the essential interior contains the topological interior, then

+oo
oes

U lan, B[ CB .

n=1

In the other hand if «, is a degenerate point for P(7) if n is even and for P(0)
if n is odd, then there exists ¢ > 0 such that :

]an—t,an—l—t[ﬂa(P)’:Zt

Thus a, €B. Now, if a,, is a nondegenerate point for P(rw), if n is even (n is
taken to be odd for the case P(0)), then for all ¢ > 0:

]an—t,an—i-t[ﬂa(P)‘ <2t

and «,, must belong to C. In the other hand, if 3,, is a nondegenerate point for
P(m), if n is odd (n is taken to be even for the case P(0)), then for all ¢ > 0:

Consequently, £, must belong to C' and

0€Ss +OO . .
B = U ctn, Bn| U {an; ay is a degenerate point for
n=1

P(m)if n is even and for P(0)if n is odd}
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C ={a, ; o, is a nondegenerate point forP(m)if n is even
and for P(0) if n is odd}
U{Bn ; Bn is a nondegenerate point for P(0) if n is even
and for P(r) if n is odd}

Since
2 BN T2 2 2
Ltac = p( B )Lac and Lrac =D (C) Lac (42)
where p (Oéé) and p (C) are respectively the orthogonal projections on 0]? and
C and L2, is the absolutely continuous space associated with the operator P

on L?(R), then

Otac (P) =0 (P\L3a0> CB
and
Or0eP) = 0 (Piz,,) € O

0€es
In addition B and C are a partition of o, then

oes
Otac(P)=B and 0.q.(P)=C (4.3)
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