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Abstract

The main focus of this thesis is applications of integral inequalities, in as many ways
as possible, on hybrid differential equations of fractional order. For this purpose,
generalizations of a certain type of integral inequalities are obtained. In addition to
that, applications on a class of fractional hybrid differential equations using fixed
point theory are established.

First, we present generalizations to some integral inequalities of Gronwall-Ballman
type. This type of integral inequalities has many uses when it comes to differential
equations. In that light, some applications to fractional hybrid differential equations
with Hadamard derivative got included in this thesis.

Then, we present a different sense of applications of integral inequalities to a
certain class of fractional hybrid differential equations. We study a boundary value
problem which is a system of n-hybrid differential equations with Caputo deriva-
tive and nonlocal conditions. Accordingly, some results that address existence and
uniqueness of the solution of the system are given. For the existence of at least one
solution, two approaches are used: Shaefer fixed point theorem and another theo-
rem developed by the mathematician Dhage. Illustrative examples will be presented
as well to validate the results.

For stability of the system, we proceed through Ulam-Hyers stability as the main
way to study it. We try to establish the necessary results that validate the stability
of the system mentioned above.

Keywords : Hybrid differential equation, Caputo derivative, Hadamard deriva-
tive, integral inequalities, fixed point, existence, uniqueness, Ulam-Hyers stability,
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Résumé

L’objectif principal de cette these est les applications des inégalités intégrales, avec
autant de manieres que possible, aux équations différentielles hybrides fraction-
naires. Des généralisations de quelques inégalités intégrales sont abouti pour ce
but la. En plus, des applications sur une certaine classe d’équations différentielles
hybrides fractionnaires, en utilisant la théorie des points fixes, sont obtenues.

D’abord, on présente des généralisations de quelques inégalités intégrales de
type Gronwall-Ballman. Ces inégalités intégrales ont plusieurs utilisations quand
les équations différentielles sont concernées. Quelques applications a des équations
différentielles hybrides fractionnaires avec la dérivée de Hadamard sont aussi in-
clues dans cette these.

Ensuite, on présente des applications des inégalités intégrales dans un autre
sens a une certaine classe d’équations différentielles hybrides fractionnaires. On fait
I’étude a un probléeme aux limites qui est un systeme de n-équations différentielles
hybrides avec la dérivée de Caputo et avec conditions non-locales. Des résultats
qui adressent I’existence et 'unicité de solution du systeme sont bien donnés. Pour
I'existence d'une solution au moins, deux approches sont utilisées: le théoreme de
point fixe de Shaefer et le théoreme de point fixe développé par le mathématicien
Dhage. Des exemples illustrant la validité des résultats sont aussi présentés.

Pour la stabilité du systeme, on a pris la stabilité au sens de Ulam-Hyers comme
la méthode principale pour l'étudier. On cherche a établir les résultats nécessaires

pour valider la stabilité du systeme mentionné ci dessus.

Mots clés : Equation différentielle hybride, dérivée de Caputo, dérivée de Hadamard,
inégalités intégrales, point fixe, existence, unicité , stabilité Ulam-Hyers,

Mathematical Subject Classification (2010) : 34A38, 26A33, 32A65, 39B05,
39A30
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Introduction

One of the beauties of science is that it is progressive in its nature. It builds up on
what was found yesterday to create what is new today. What was once a scientific
truth can turn to be a false hypothesis later in years just to be found useful in differ-
ent ways as we go in time. Science grows through trial and error. No information is
ever a waste. Every new perspective brings something new to the table and so did
fractional calculus theory to many aspects of mathematics.

Fractional Calculus is a branch of mathematics that had seen huge development
in the last few decades.

A conversation took place in 1695 between two great mathematicians Leibnitz
and L'Hospital. It started with a notation and a question: Leibnitz gave the deriva-
tive of order n by £ and L'Hospital asked if n can take the value of 1 "What if n
be 3?", asked L'Hopital. It will lead to a paradox","From this apparent paradox, one
day useful consequences will be drawn." responded Leibnitz [50]. More than a cen-
tury later, hints of a derivative of arbitrary order were mentioned by S. F. Lacroix,
Euler, and Fourier. The year 1832 was marked in the historical development of frac-
tional calculus by the works of N. H. Abel who used the concept in solving an in-
tegral equation that has a crucial part in what was called tautochrome problem (or
isochrome problem)[50]. His work was considered the first official application of
fractional calculus in physics even though it didn’t have the proper representations
back then, but the idea was there[50]. Between 1832 to 1855, Liouville was the first
to make serious attempts to give this derivative a shape and form in a mathematical
sense. He applied some of his works to address problems in potential theory. The
works of Riemann followed through as well as O. Heaviside, P. A. Nekrassov, A.
Krug, Laurent, ... The subject went dormant for few years between 1940s and 1960s
to come back to the spotlight again around 1960s and 1970s. [50], [51].

A turning point this theory had seen was around the 1980s when physicists
showed interest in the integral and derivative concept of arbitrary order. From this
point on till now, fractional calculus knew huge development in the area of applied
mathematics. It touched variety of subjects as it is mentioned in the book of [59],
"from inverse mechanical problems to control theory and dynamical chaos, heat
flow spreading, electrical and radio engineering to astrophysics and cosmology not
forgetting biophysics and medicine" as we see in [8], [10], [11],[13], [22], [34], [42],

7



Introduction

[49], [52], [53], [54], [56], [59], [60]. Mainly, it is fractional differential equations that
are used as substitutes to old known models that represent the physical phenomena.

In this thesis, we address a certain class of hybrid differential equations with ar-
bitrary order. Hybrid differential equations are results of perturbation techniques
that were applied to unsolvable models. These techniques are not exactly speci-
fied but they are a common tool that is used as an approach to solve mathematical
models. Since we are interested in the arbitrary order of these equations, and since
these equations are not linear, we explore through both axes of fractional calculus :
integration and derivation, many techniques in order to apply them to these equa-
tions as in Gronwall-Ballman type inequalities, Banach contraction principle, Shae-
fer fixed point theorem and some other tools to achieve results that help in solving
and probably finding approximations to the solution of these equations. The stabil-
ity of these equations is also addressed using Ulam-Hyers stability.

This thesis is ordered as follow:

8. Chapter one: In this chapter, we present some of the fundamental notions of
fractional calculus like special functions, integral operators and derivative operators
and their properties as well. We also find it useful to mention some of the basics of
analysis and topology as a helpful mean to understand functional analysis theorems
and how they work.

9. Chapter two: This chapter takes you first to a place where you can understand
hybrid differential equations better. Then, generalizations of some integral inequal-
ities of Gronwall-Ballman type are established to accommodate fractional hybrid
differential equations. As a mean of application, the generalizations are applied on
hybrid differential equation with Hadamard derivative.

8. Chapter three: This chapter is dedicated to another type of applications of
integral inequalities. It is through existence/ existence and uniqueness of solution
for a system of n hybrid differential equations with fractional order by using fixed
point theorems like Banach contraction principle, Shaefer fixed point theorem, and
another fixed theorem developed specifically for hybrid differential equations.

9. Chapter four: In this chapter, we cover specifically the stability of the system
studied in chapter three. For this purpose, Ulam-Hyers stability is used to prove the
desired results.

Finally, we conclude our work by summarizing the whole process while express-
ing some possibilities and aspects that can be addressed as future perspectives to
new areas hoping that it will help in expending the research.



Notations index

For the sake of practicality, we found it important to first clarify some of the nota-

tions used in this thesis.

R

a
CDg

HIa

HDa

The set of the real numbers,

The set of the complex numbers,

The set of natural numbers,

The infinity norm,

Gamma function of Euler,

Beta function of Euler,

the natural logarithm with base number e (e ~ 2.718),

The Riemann-Liouville integral of order o (noted /* when a = 0).
The Riemann-Liouville derivative of order a (noted g, D when a = 0).
The Caputo derivative of order « (noted © D® when a = 0).

The Hadamard integral of order « (noted I* when a = 1).

The Hadamard derivative of order a (noted ¥ D® when a = 1).



Chapter 1

Basic and Important Notions in
Fractional Calculus and Functional

Analysis

1 Elementary Notions of Fractional Calculus

1.1 Special Functions in Fractional Calculus

One of the most basic aspects that the theory of fractional calculus was built on is
the famous Gamma function of Euler. As it is considered a generalization for the
factorial, it was used to develop what we now call fractional operators for integral

and derivative.

Definition 1.1 [46], [33] We call a Gamma function the following integration

I(x) = /;OO X Lexp (—t)dt

where x € Rand x > 0.

Some of the properties of this function ([46], [33]) :
a). Ix +1) = xIx), (x > 0).
b). Iln+1)=nland I(1) =1 (n € N).

¢). The gamma function has simple poles at the points xy = 0, -1, -2, ....

ITx —n)
X(x+1)..(x+n-1)

d). For x € R?, the following equality is valid: I(x) =
(n € N).

Another special function is what is called the beta function of Euler

10



1. ELEMENTARY NOTIONS OF FRACTIONAL CALCULUS

Definition 1.2 [46], [33] The beta function of Euler is the function defined by

1
B(x,A) :== / wWXH1 =) (x> 0,0 > 0). (1.1)
0
* Some of the properties of the beta function of Euler is that it can be written as
follow ([46]):
JCOIACY,
B(x,\) = =———, >0,\>0). 1.2
N =T (X ) 1.2

* Another property to this function that is related to the previous property is
that ([46])
B(x,A) =B(Ax), (x>0,A>0). (1.3)

Next, we present some of the commonly used approaches of integration and
differentiation in fractional calculus. But before that, let us introduce L, spaces.

"Let [a,b] C R. For 0 < p < +o0, the space L,([a, b]) is the collection of all equiva-
lence classes of measurable functions f for which the p-norm

i = b\f(t)|”dt>; .

LP([a,b]) ={f : [a,b] — C, fmeasurable, and | f||, < +oo}.

" [5]

1.2 The Riemann-Liouville Approach

Definition 1.3 [33] Let h be a continuous function on [a,b] (—oo < a < b < 400). The
integral of h of an arbitrary order o (o € R, o« > 0) with the approach of Riemann-Liouville

is introduced as follow:

(I2h)(t) = / t %h(@dc, (1.4)

where I'is given in Definition 1.1.

Definition 1.4 [33] Let h be a continuous function on [a,b] (—oo < a < b < +00). The
derivative of h of an arbitrary order o (o € R, > 0) with the approach of Riemann-
Liouville is introduced as follow:

n

(D)0 = () (en

@) [RSes

11



1. ELEMENTARY NOTIONS OF FRACTIONAL CALCULUS

withn = [a] + 1.

Before the definitions above took form, specifically between 1832 and 1880, many
attempts had been taken to give meaning to the fractional derivative of arbitrary or-
der. Abel, Liouville, and Riemann are the most famous ones in that era to give some-
thing meaningful. However, there were obvious differences between the operators.
The scientific committee of that period decided on some criteria that a fractional
derivative should fulfill. One of these criteria is linearity. Accordingly we have the
following property:

Property 1 [33] Let o« > 0, f,g € L,(a,b) (1 < p < o0) and let 5,7 € R. Then

(o f(x) +v9(0)] = oI5 f(x) + 715 9(x)- (1.6)

Property 2 [33] For o > 0, and 8 € R (8 > 0), we can obtain the following equalities:

113) tanl
W(X —a)’ (a>0),

b). (LD (x —a)’™") = %

Proof: Let us have o, 3 € R (a > 0, 8 > 0).

a). (Ig(x —a)’!) =

(x —a)’ 1 (a>0,8>a).

a). Using the definition of Riemann-Liouville integral, we have

(190 — a1 = ﬁ / Y= 9" (s — a)Ads 17)

Let us put v = =2 Then, the equation becomes

xX—a

for -1 _ (X — CL)OH_B_l ' a—1, -1
rte=ap) = S [t
(1.8)
B (X _ a)a—s-ﬁ—l
= TB(% p)
Thanks to the property(1.2) of the function B, we get
a -1\ __ F<5) a+p8—1
(Ie(x —a)™h) = W(X —a)*” (1.9)
b). We have: .
(D50 =) = (1) (1o (110)

12



1. ELEMENTARY NOTIONS OF FRACTIONAL CALCULUS

Thanks to the previous property, we have
_ d\" ) et
a . B—1 _ el - n—a+p—1
moze-ar = () (raramart= ™) am

By calculating the term under the derivative (%)” and using the property (d)

of the Gamma function, we get

(reDg(x —a)’™") = —r(g(é)a) (x —a)’". (1.12)

|
One of the special traits of Rieman-Liouville derivative is that applying it to a

constant does not mean the derivative is equal to 0.

Property 3 [33] Let f = 1 and with o > 0, we have

(x—a)®

i/. (RLDg(l)) = F(l _a)

(0<a<l),

ii). Yet, for j = 1,2, ..., [a] + 1, we have (g, D% (x — a)*7) = 0.

Property 4 [33]”Semi-group property”

For o > 0 and 3 > 0, we have
(I I h)(t) = (17 h)(t) (1.13)
at almost every point t € [a,b] and h € L,(a,b) (1 < p < +00).

Proof
For t € [a, b], we have :

1

T = / (t - O (IPh)(C)dc

1 t s B ol B 51
I(a)I(B) / / (t = Q)" (¢ = x)" h(x)dxd¢ (1.14)

_ 1 ! . a—1 . B—1
= T [ 00 [ (€= 00 g

We chose u = g:—;g as a change of variables. Then (1.14), becomes:

13



1. ELEMENTARY NOTIONS OF FRACTIONAL CALCULUS

I(IPR)(E) = m / B0 — )+ / (1 — )" dudy
(1.15)

B(O[”B) ! . a+pB-1
Fosrs [ (=0

Thanks to the properties of beta function, we have :

IO = ey [ 00—y

1

I SR AP (1.16)
- F(a+6)/a(t X) g h(X)dX

(Ie+7n)(1)

which is the desired result.

Lemma 1.1 [33] If « > 0,and h € Ly,(a,b), (1 < p < 00), then the following equality
(reDZIZh) (x) = h(x) (1.17)
holds almost everywhere on [a, b].

Proof: Let us have for « > 0 and h € L,(a,b)

(reDSIZh)(X) = ()" InI¢h(X) (1.18)

Using the semi-group property, we get the desired results.

Property 5 [33] If « > 3 > 0, then for h € L,(a,b), (1 < p < 00), we have
(reDJISH)(X) = 127 h(x) (1.19)

holds almost everywhere on [a, b].

This property is proved similarly to Lemma 1.1 .

1.3 The Caputo Approach

Since Riemann-Liouville derivative has its own flaws when it comes to the use of it
in practical matters as it is indicated in I. Podlubny’s book [46], Caputo developed a

derivative operator that covers the blind side of Riemann-Liouville

14



1. ELEMENTARY NOTIONS OF FRACTIONAL CALCULUS

Definition 1.5 [33] Let h be a function in C"([a,b]). The derivative of h of an arbitrary
order o (n — 1 < o < n) with the approach of Caputo is introduced as follow:

°Deh(t) = I""hM(t)
(1.20)

=0
= /a]—'(n——a)h (C)dC7 a<(<t<b,

withn = [a] + 1.

Property 6 [33] Let a« > 0, 8 > 0, and n is given by n = [o] + 1.

I(B)
1B —a)

o (‘D¥(x —a)f) =0, where k =1,2,...,n — L.

o (‘D(x—a)’ ) = (x — @)~ such that (8 > n).

® (°D21) = 0. This is one of the main differences between Caputo derivative and

Riemann-Liouville derivative.

Lemma 1.2 [33] Let o« > 0, and y € C(a,b). Ifa ¢ N, or o« € Nand n = [a] + 1, then
(“Da15y) (x) = y(x)- (1.21)

Lemma 1.3 [33] Let y € C"([a;b],R). For a > 0, the fractional differential equation
°D%y(x) = 0 has a general solution given by:

withe, e Rji=0,1,2,..,n—1,andn = [a] + 1.

Proof: Let a« > 0 and y € C"([a; b], R).
‘Day(x) = 0= 1;7*Dgy(x) = 0. (1.22)

We apply D} ~* and we get

Diy(x) = 0= () = ) el - a)'. (1.23)

I(Diy)(x) = y() + Y alx —a),
withe; e R,1=0,1,2,....,n— landn = [a] + 1.

15



1. ELEMENTARY NOTIONS OF FRACTIONAL CALCULUS

Proof: Let« > 0 and y € C"([a; b],R).
L Dgy(x)) = 131 Diy(x) (1.24)
If we use the semi-group property, we find that

I3(°Dgy(x)) = 1;Dgy(x)
(1.25)

The Link between Riemann-Liouville Derivative and Caputo Deriva-
tive

If we want to give Caputo-derivative a meaning through Riemann-Liouville deriva-

tive it would be given by the following representation: [33]

n—1 ( ) a
(“Day)(x) = (RLDE‘ [y(x) -y ! kk,( )(X - a)’“]) (1.26)

k=0

where y € C"(a,b), and n = [a] + 1.
This representation can be simplified by applying the necessary tools that we
presented and we can get the following formulation:[33]

(k
C « (07 y
(“Dgy)(x) == (reDgy Tk o + 1 —a)* (1.27)

Mf
o —

where y € C"(a,b), and n = [a] + 1.
This type of links serve as a good tool for the flexibility between derivative op-

erators.

1.4 The Hadamard Approach

In 1892, the famous mathematician Hadamard, propose a new model of fractional
operator that was later named after him. In their book [33], Kilbas et al. presented
the definitions and properties of this operator.

Definition 1.6 [33] For a continuous function h on the interval (a,b) (0 < a < b < +00),
the Hdamard integral of order o (o > 0) is given by the mathematical expression

1

(T12h)(x) == e /X (log?>a iy )dt (a<yx<b) (1.28)

where I'is given in Definition 1.1.

16



1. ELEMENTARY NOTIONS OF FRACTIONAL CALCULUS

Definition 1.7 [33] Let [a, b] be a finite interval such that —oo < a < b < 400 and let
ACa, b] be a space that contains all absolutely continuous functions on [a, b]. Let us denote
6 =t and define the space

ACP[a,b) = {h : t € [a,b] — R such that (6" 'h) € AC]a,b]}. (1.29)
Clearly AC}[a,b] = AC|a,b] forn = 1.

Definition 1.8 [33] Let h be in the space AC}[a,b], with 0 < a < b < o0, § = t<4, and

n = [a]+1 (o > 0 ). The derivative of the function h of an arbitrary order o with Hadamard
approach is defined as

H o = a S [ eghyrerin
Diht) = oy e /a(logc) MOT (1.30)

= s (T Ieh)(t).

Property 7 [33]"Semi-group property” Let o > 0, 3 > 0,and1 <p < oco. If0 <a <b <
oo, then for h € LP(a,b),

a. HIx(H[PR) =H [o+8]
b, HDA(H[ep) =H [o-8},
c. TD2(H[h) = h.

Proof: a. Let A be in LP(a,b) and o > 0. Then,

20 = e [ (10t) [ (1002) ™S s

We notice that a < y < s <. Accordingly, we get

o) = ot [ (1o0d) (100) T B0 a2

log
log

Now, let’s put w = x. If we accommodate (1.32) according to w, then, we get
X

t a+p-1 1
TN = e / <log§) / (1= )t ()

R

17



1. ELEMENTARY NOTIONS OF FRACTIONAL CALCULUS

Thanks to the property of the beta function of Euler, we get

t a+p-1
TEEO) = ot [ () a0
= (Izn)()

which achieve the point.

Property 8 [33]Ifa > 0,and B > 1and 0 < a < b < oo, then

(v ()" ()

+ (0 ) ) = A )

Proof: Let & > 0, o« > 0. We have

(11 2) ) = gy [ () (2) 2

If we put u = %, then we get

(752 (1002) ") = i (a®) ™ [t

Using the property of the function beta of Euler, we get

() = )™

Similarily, we get the second equation.

Remark 1.1 [33]
*x If B=1,and a > 0, then " D>C # 0 where C is a real constant.

1 X\ ¢
If O 1, then D01 = —— (l —> .
* If0<a< en = D¢ =) o9

x For j = [a] + 1, we have (HDZ‘ <log X>a]> =0.
a

(1.34)

(1.35)

(1.36)

(1.37)
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2. IMPORTANT ELEMENTS OF FUNCTIONAL ANALYSIS

Corollary 1.1 [33]Leta > 0,n = [a]+1,and 1 < a < b < oo. The equality (¥ D2y)(x) =
0 is valid if, and only if,

n

y(0) = D ¢y(log )" (138)

Jj=1

and the following formula holds:
a a X\a—j
"I DIy () = 00 + ) ¢j(log )™

wherec; € R, j=1,2,...,n,andn -1 < a <n.

Remark 1.2 [33] When 0 < o« < 1, the relation (¥ D%y)(x) = 0 holds if and only if
y(x) = ¢ (log )"

2 Important Elements of Functional Analysis

Since everything is connected in mathematics, it is important to clear some of the
fondamental concepts that keeps the process of work flowing. The following notions

create a map for the reader to follow through.

2.1 Banach Space

Definition 1.9 [58] Let B be a vector normed set and o a metric on B. A metric pace (B, o)
is complete if every Cauchy sequence in B has a limit.

Definition 1.10 [39] We call a Banach space every normed vector space where the induced
metric is complete.

2.2 Completely Continuous Operators

Definition 1.11 [39] A function f : X — Y between metric spaces is continuous when
it preserves convergence,

Xn = X E€EX = f(xa) = f(x) €Y. (1.39)

where {Xn }nen-
In this case, f( lirf Xn) = lm f(xn).
n——+0o0o

n——4o00
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2. IMPORTANT ELEMENTS OF FUNCTIONAL ANALYSIS

Definition 1.12 [39] A set B is bounded when the distance between any two points in
the set has an upper bound,

Ir>0, Vx,y€ B, d(x,y) <r (1.40)

Definition 1.13 [47] Let us have the spaces X, Y that happens to be Banach spaces and let
T -DCcX—=Y.

(a) We say that the operator T' is bounded if it maps any bounded subset of D into a
bounded subset of Y.

(b) We say that the operator T is completely continuous if it is continuous and maps
any bounded subset of D into a relatively compact subset of Y.

2.3 Ascoli-Arzela Theorem

Ascoli-Arzela theorem is one of the most used theorems in fixed point theory. It is a
theorem that provided a simpler way to use fixed point theorems and add the factor
of practicallity to them. It has created a bridge beween the concepts that are easily
applied and those that are a bit harder to put to immediate use.

To be more clear, let (K, d) be a compact metric space and C'(/, R") be the famous
Banach space that encompasses all continuous functions from K to R", under the
sup-norm |.|o

Theorem 1.1 [47] A subset Y of C'(K,R") is relatively compact if and only if the fol-
lowing conditions are satisfied:

(i) Y is bounded, i. e., there exists a constant ¢ > 0 such that
lu(x)| <c (1.41)

forally e Kandu €Y.
(ii) Y is equicontinuous, i.e., for every ¢ > 0, there exists a 6 > 0 such that for all
u€ey,

u(x) = ulx)| <e (1.42)

whenever x, x1 € K and d(x, x1) < 6.

2.4 About Fixed Point Theorems

Banach Contraction Principle

Definition 1.14 [39] A function f : X — Y is called a Liptschiz map when

dec > OvahXQ € X7 dY(f(Xl)?f(XZ)) < CdX(X17X2)' (143)
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2. IMPORTANT ELEMENTS OF FUNCTIONAL ANALYSIS

where (X, dx) and (Y, dy ) are metric spaces. Furthermore, it is called a contraction when

it is Lipschitz with constant ¢ < 1.

Theorem 1.2 [43], [35] Let (E, ||.||) be a Banach space, and let B C E be nonempty and
closed. If the function T': B — B satisfies

\Tx —Ty|| <qllx —vyll, forall x,y€ B (1.44)

with ¢ < 1, then within B there exists a unique fixed point x* of T'.

Shaefer Fixed Point Theorem

Lemma 1.5 [43],[35] In a Banach space named A, we define the completely continuous
operator ¢ : A — A. Iftheset F = {x € A, x = Ap(x), A €]0,1[} is bounded, then, we
can consider that ¢ has at least one solution.

Dhage Fixed Point Approach

Lemma 1.6 [15] Let F (F # @) be a subset of the space A where A is a Banach space and
I is bounded, closed, and convex. Now, let us have the following operators: A : A — A and
O : | — A. These operators satisfy the following conditions:

a) A must be a Lipschitzian with Lipschitz constant noted ~,

b) © is completely continuous,

c) the equation x = AxOy amplies that x isin | forally € |, and
d) we have yM < 1, where M = ||O(F )|| = sup{||O(x)|| : x € F }

Therefore, we can say that the operator equation

AxOx = x

possibly has a solution.

2.5 Additional Concepts and Tools

As another set of useful tools, here we present some notions that are important links

to create a clear picture of the works presented in Chapter 2.

Theorem 1.3 [21] "Cauchy-Schwartz Inequality" Let a,,as, ..., a,, and by, bs, ..., b, be

< (; |az~|2>

real numbers. Then, we have :

N|=
N

n

Z aibi

=1

+ (Z |bi|2) (1.45)

=1
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2. IMPORTANT ELEMENTS OF FUNCTIONAL ANALYSIS

As an extension to the theorem, for f,g € L*([a, b]), we have

/ bf(x)g(x)dx‘ <(/ b |f<><>|2d><)é (/ b |g(x)|2dx)% (146

Theorem 1.4 [21] " Holder Inequality" Let ay, as, ..., a, and by, bs, ..., b, be real num-

bers.If we have p, o € [1,+00) such that % + £ =1, then we have

1

< (me) + (Z\bﬁ) (1.47)

Let f,g € L*(|a,b]). Then, Holder’s Inequality extension is given by

n
E a;b;
i=1

1
o

/abf(x)g(x)dx‘ < (/ab!f(x)‘pdx); (/ab\g(x)l"dx> (1.48)

Definition 1.15 [39] A finite (or infinite) inequality is positive if all variables a, b, ... in-

volved in it are real and non-negative.

The following Jensen Lemma is also needed in chapter2.

Lemma 1.7 [55] Let n € N, and let ay, ..., a,, be nonnegative real numbers. Then, forr > 1,

(i ai> <n"! i a; (1.49)
i=1 i=1
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Chapter 2

Applications of Integral Inequalities
to Fractional Hybrid Differential

Equations

Gronwall-Ballman type inequalities are a type of inequalities that can be used in
many ways to study differential and integral equations. Whether it is for the effect
of the order of the equation on the solution itself or on its uniqueness, or to find an
approximation in someway to the said solution, in literature we find many works
in that context as we see in the works of [1], [6], [7], [9], [14], [36], [45], [48], [55],
[57], [62], [64], [65]. In this chapter, we present some of the results we obtained
while addressing the heart of this thesis. To achieve our purpose of applying in-
tegral inequalities to fractional hybrid differential equations, first it is necessary to

understand what are hybrid differential equations.

1 About Hybrid Differential Equations

Fractional hybrid differential equations are simply hybrid differential equations that
have been generalized to their arbitrary order. In literature, specifically in the work
of the mathematician B. C. Dhage [16], we understand that hybrid differential equa-
tions are the consequence of applying perturbations techniques on dynamical sys-
tems that are represented by nonlinear equations. These perturbation techniques are
used due to the difficulty of solving the nonlinear differential equations for various
reasons. He goes far in explaining : "For any closed and bounded interval J = [0, T']
of the real line R, consider the initial value problem of nonlinear first order ordinary

differential equation

2.1)

{x’<<> = h(¢(,x(C), aeCelJ
X(O> = xo0 €R.
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2. ABOUT GRONWALL-BALLMAN INEQUALITIES

where h: J x R — R."
If h is nonlinear and difficult to deal with, here the perturbation techniques be-
come useful.

We usually notice two types of perturbed differential equations:

* "Perturbation differential equation of first type: It is when the free unknown

function is the part that has been perturbed in some way." [16]

* "Perturbation differential equation of second type: It is when the unknown

function under the derivative has gone under the process of perturbation.”
[16]

"Now, if the perturbation of second type involves multiplication or division, it is
called quadratic perturbation. It has the following form

40 Y
i (@(C,X(O)) o) aeced (2.2)

x(0) = xo€R.

If the perturbation of second type involves addition or subtraction, it is called linear
perturbation. It has the following form

d

(MO =aCX@) = 6iCx(Q), aecer

(2.3)

x(0) = xo€R.

where ¢; and ¢, has a direct relation to h.
In literature, these types of equations are named by hybrid differential equations."[16]
It is important to mention that in this dissertation, we focused on studying hy-

brid differential equations of second type with quadratic perturbation.

2 About Gronwall-Ballman Inequalities

In his book [12], C. Corduneanu states that a positive function x for 7 € [ty,T)
(T < +00) satisfies

) <o)+ [ "R OX(OC, 2.4)

to
where ¢ is a continuous function on [ty, T'), and « is a positive function on the same

interval, then the Gronwall-Ballman inequality implies that
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2. ABOUT GRONWALL-BALLMAN INEQUALITIES

Lemma 2.1 [12] For any function that satisfy the above inequality (2.4) and its assump-
tions, we have

/ $(O)k(C) exp [ / ' (g)da] ¢, 7€ [to,T). (2.5)

In 2013, J. Shao and E. Meng [55] considered a class of nonlinear Gronwall-Ballman
inequalities that has generalized some results that was applied to fractional differ-

ential equations with Caputo derivative.

Lemma 2.2 [55] Let I = [ty,T) € R, k,¢,¢ € C(I,R"), (T < o0). Suppose that x €
C(I,R*), and

; +/tOT¢(¢) dg+/ HONO)e, T €T, 2.6)

where 0 < v < 1.
Then, for T € 1, we have

V() < [A ()1 / " exp (m ) / f ¢<a>do—) H(O)de] Y xexp ( / ¢<<>dc) ,

2.7)

Theorem 2.1 [9] Let x,a,b, h;, (i = 1,...,n) be real valued nonnegative continuous func-
tions and there exists positive real numbers py, pa, ..., p, and x(t) that satisfies the following
inequality

t =n

X(t) < a(t) +b(t) [ ) hi(s)x” (s)ds, (2.8)

0 =1
with t € R*.
Accordingly, we can get that

0= {1030 [ Ft (014 252) e [ 0 5 o) o]

(2.9)
forp> p* =maxp;,i=1,..,n

An attempt of extending results to inequalities of Gronwall-Ballman type to
cover equations with Hadamard derivative has been established for problem with
maxima by [57].

Inspired by the above works, we established some results that extend J. Shao
et al. results in Lemma 2.2 and generalized some results of [9] mentioned in The-
orem 2.1 to be applied to hybrid fractional differential equations with Hadamard

derivative.
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3. MAIN RESULTS

3 Main Results
We propose the following main result that generalizes Theorem 4 of [55]. We have

Theorem 2.2 [19] Let I = [ty,T],to > 1, « > 0,0 < v < land a,b,p € C(I,R"). For
the case when x € C(I,R") and it satisfies

t

X0 < o)+ [ g5 ben()s s + [ (tog()pls) (5)s s,

to to
(2.10)
As a mean of approximation, the following two cases are valid:
(1) If a > 1/2, then
wt) < [AW) +(1-9)Gy
exp < -1 G1 (0)0_1d0> p*(s)sds ]2(1 R (2.11)
t3/2exp(G1/2 _1d8>, tel,

with A (t) = max. 3s73a?(s), and G = I'(2a — 1)/927 1.
(i) Suppose that a€(0,1/2], ¢ = (1+a)/a,and p = 1 + . Then, we have

() < [A77() + (1= 9)Ge

. tpq(s)sq(W(pTﬂ)_z)eXp (v = DG2 qu(a)a‘q(%l)da ds =
I (-10: )ol

to to

1 t p—
xt' exp (%/ bq(a)a_q<p1)da) ,
q to

9
where Ay(t) = max 3‘1‘13_‘1(%)@%3), and Gy = 3171 <£J(ﬁ()°1‘,(;a{)$ﬂ> '

to<s<t

(2.12)

Proof:
Lett € I. We have:

X0 < a0+ [ og(D) s Is(o)ds + [ (gl pls)s s ()ds
’ (2.13)
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3. MAIN RESULTS

(i) With the help of the famous Cauchy-Schwartz inequality, we can get:
t 1/2 3 1/2
W0 < o)+ ([ ogCestas) ([ Bt s)ds)
to S to

t

+</t(ZOQ(é))2(a_l)52ds>1/2(/ p2(s)s—4x2w(5)ds> i

to ' (2.14)
< atn) + (B ([ s o)™
+<%)1/2</totp2(5)54X2ﬂ/(8)d3> 1/2

where o > 1/2.
Using Jensen Lemma (Lemma 1.7) for r = 2, the above inequality becomes

YA(t) < 3d(t) + (%) < /tot62(3)3_4x2(s)ds)

# (P ([ o)

As a transitional mean, let us introduce the function w(t) := [x*(¢)t~?]. By adjust-

(2.15)

ing (2.15) according to w, we get:

wt) < A1)+ G ( / tb2(s)s_1w(s)ds)+G1 ( /tp2(8)837_4w7(s)d8) (2.16)

to to

Since A, (t) is nondecreasing, then by Lemma 2.2, it yields that:

w(t) < {A}—W(t)ﬂl—y)c:l

X /ttp2537—4(3) exp (('y - 1)Gy /8 b2(0)0_1da) ds] R (2.17)

to
¢
X exp (Gl/ b2(s)slds> :
to

Replacing w by its quantity, we get (3.2).
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3. MAIN RESULTS

(ii) Taking o € (0,1/2], ¢ = (14+«)/a, and p = 14+« , then we get (1/p)+(1/q) = 1.
Thanks to Holder inequality, we obtain

X(t) < a(t)+ ( /t: <109§>”(“_1) Spd5>é < /t: bq(5>xq(8)82qu>é

t t p(a—l) % t q
+ /(logg> sPds (/ pq(s)xqv(s)s_qus)
to to

As a direct consequence,

(2.18)

; (/t: b(s)x(s)s™ ds) i

X0 < a0+ (ot e = D + D)

(et 0)f ([ o)
(2.19)

By taking the aid of Jensen Lemma (Lemma 1.7) with r = ¢, we can write

— _ tptl %
XU(t) < 397lad(t) + 3771 ((p " 1)p(a_1)+lr(p(a — 1)+ 1))
(2.20)
t t
X (/ bq(S)Xq(S)SquS—l—/ pq(S)XW(S)SZ‘]ds),
to to
Considering the function w(t) := (x(t)t~P+*D/P)4 it yields that
t L " .
U)(t) < A2(t)+G2/ bq(s)s_q(p;>w<5)ds—|—G2/ pq(s)uﬂ(s)sq(’y(T)_Q)d&
to to
(2.21)

Due to Lemma 2.2, we notice that

w(t) < [Ay7(1) + (1 -7)Gy

<[ ' (5)s1 () e (w _ 16, / bq<0)a_q<ppl)d0> ds] 1)

to to

X exp <G2 /tt bq(a)aq(p;1>da> :
’ (2.22)

By replacing w with its value, we get the inequality (2.12). The proof is thus achieved.
|
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Example: Letty = 1, T = ¢, and a(t) = exp(t), b(t) = \/_t‘ ,p(t) = t=20. Ttis
obvious that a, b, and p are in C'(I,R"). So, for v = 5 and a = Z' we have:

1

Wt < ep(t)+ [ (og(0)T VIS5 s+ [ og(0) T T (s)s s

(2.23)
Since, o > 1/2 and thanks to (3.2), we get:
B 1 N 17-1
X0 < [Broepen e (- Lo - 1) -
[ Jr 3 2v/3 3} (2.24)
3/2 axepy [ = MV (43 _
Xt>/< exp ( 2\/5(15 1))

We propose this second main result that generalizes Theorem 2.1 ([9]).

Theorem 2.3 [19] Let x, a, k; real nonnegative functions defined on t € [to, T where ty >
Lo <lfori=1,...nlIf

x(t) <alt)+ /t <log 2)0‘ 1 i Ei( ‘(s)s tds, (2.25)

to

as a consequence, we’d have these possible results:
() If « > 1/2, then

2 6t3 2(
x(t) < {2& (t)+9 2o —1) /an Y (6,2a(s) +1—6;)
" =1 (2.26)

teo 3 n 1/2
X exp (/S %%F(Qoz —1) Znéik?(a)(a)_4da> ds}

=1

(i1)Suppose that o € (0,1/2], ¢ = (1 + ) /ev, and p = 1 + a.. Then, we have

p+ 1t

/ an Tkl (s)s™ (5 277 1a4(s) + (1 — (51))

to j=1

p+1 qa/p
x(t) < {Qq—laq(t) 4+ 941 << t _ )+1F(p(04 —-1)+ 1))

t . P+l a/p n ) )
xexrp / 241~ ((p D Ip(a— 1) + 1)) an_ diki(o)o™*1 | ds
s i=1

(2.27)

Proof:
For t € [ty, T], we have

x(t) <alt) + /t (log é)a_l s i ki(s)x% (s)s~2ds. (2.28)
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(i) Using Cauchy-Shwartz inequality and Lemma 1.7, we can write:

t 2(a—1) 1/2 ¢ i=n 1/2
x(t) <af(t) + </t (IOg é) 32d3> (/t anf(s)x25i(8)8_4ds> . (229)

This leads to

3 1/2 ¢ i=n 1/2
x(t) <alt)+ (%F@a — 1)) </ anf(s)x25i(s)s4ds> (2.30)

to =1

where o > 1/2.
Thanks to the inequality (2.30) and Lemma 1.7, we get:

X2(t) < 2a*(t) + <g—ff(204 —1) ) (/ttinlﬁ s~ ( )ds> (2.31)

0 =1

Now, if we put j = 2, j; = 25, hi(t) = nk2(t)t =, a(t) = 2a*(t), b(t) = L1120 — 1),
the inequality would take the following form:

XP(t) < a(t) +b(t) (/t i izi(s)xﬁ"(s)ds) (2.32)

to j=1

which, thanks to Theorem 2.1, gives

x(t) < { / a(s) +1—19;) xexp (/ Zéh da) ds}l/Z,

(2.33)
from which we conclude (2.26).
(ii) Leta € (0,1/2], ¢ = (14+ a)/a,and p = 1 + o, then we get (1/p) + (1/q) = 1.
Using Holder inequality and Lemma 1.7, the inequality (2.28) becomes

¢ pla—1) 1/p ¢ i=n 1/q
x(t) < al(t) + (/ <log é) spds> (/ an_lkf(s)xqéi(s)s_qus> (2.34)
o to =1

Therefore, we get

1/q

p+1 1/p t i=n
X(t) < alt) + ((p i f);_(al)+1p(p(a -1+ 1)) (/to ;nq_lkf(s)xq‘si(s)s_zqu>
(2.35)
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Thanks to (2.35) and using Lemma 1.7, we obtain

tp-‘rl q/p t i=n
Vi = 2 ((p el e D+ 1>> ( > ntk (s)xq‘sf(s)s%ds)
to ;=1
(2.36)

If we take the following notations p = ¢, p; = qd;, a(t) = 297 a%(t), b(t) =
» a/p 3 B
271 (e Dpla = 1) 1)), hu(t) = nt R (1)t 2, then,

V() < aft) + b(t) < /t 5 ﬁ(s)xﬁi(s)ds) | (2.37)

According to Theorem 2.1, we have

x(t) < {d(t) +b(t) /0 ZMS) (;a(s) + (1 —8,)) x exp ( / b(o) Z(Siﬁi(a)) ds

Therefore, we have (2.27) which completes the proof. B

4 Applications on Fractional Hybrid Differential Equa-

tions

In this section, we are concerned with the following hybrid differential problem:

H o Z(t) _ P P (6]
P (f(t,z<t))> AR, LSt 0 s s (2.39)

Tr=ez®l= = n,

We take note that f € C([1,7] x R,R\{0}), g € C([1,T] x R,R), h € C([1,T],R),
H D> is the derivative of order o with Hadamard approach, 7'~ is the integral of
order 1 — a with Hadamard approach, and n € R.

It is to note that in the case where h is identically zero, the associated problem
has been discussed by B. Ahmed et al., see [2].

Thanks to [2], the integral equation that is equivalent to (2.39) is given by:

£(0) = £ 2(0) (s oot + s [ G092 (oo, 2() +(5)2() D) 1€ 1T
(2.40)
Introducing the following two hypotheses,

(H.1) Ast € [1,T1, there exist a positive constant F, such that |f(t, z(¢))| < F.
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4. APPLICATIONS ON FRACTIONAL HYBRID DIFFERENTIAL EQUATIONS

(H.2) For b,p € C([1,T],R"), 0 < v < 1, we assume that |h(t)z(t) + g(t, 2(t)] <
b(t)|2(t)] + p(t)|z(0)]",

we prove the theorem:

Theorem 2.4 [19] Let us consider that the hypothesis (H.1) and (H.2) are valid. If z(t) is
a solution of (2.39), then the following estimations hold:
(i) Suppose that o > 1/2. Then

0 < [A70+ 0=
« [ oo (W S <Z> / ’92(0)01‘1") A vas] T @a

I
3/2 GlF2 ' 2 -1
xt>< exp 2[Q<)/b(s)s ds |, tel

where A (t) = max3s™ 3}121(72 (logs)**=Y, and G, = I(2a — 1)/9%7 L.
(ii) Suppose that a€(0,1/2],¢q=(1+«a)/a,and p =1+ . Then

0] < [A00+0- D7
% /qu(S)sq(v(p:l) 2 exp ((7— 1)?5({1; /13 (o) ( )d0> ] }1/q( )

ptl Gqu /t 7(&) )
Xt P ex bl (o)o \"% Jdo
p(qma)l (@)

(2.42)
~ (PN la e Tip(a a/p
where As(t) = lnglgé?ﬂ 1gma(® )%(Z)(logs)“ ,and Gy = 3171 ((le()(—al,)lﬁ) .
Proof:
Let ¢ € [1,T]. Then, we can have:
n a—1 1
< -
O] < IF( A )\(rp( o9+ s d
s
[ og by h(s)=(5) + ol )| (2.43)
Thanks to hypothesis (#.1) and (#.2), we get:
F
z(t) < F logt)* ! 4+ ——
|2(2)] | Tla )( ) (o) .41

< [ 1oy b =(6) + )
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If we rewrite (2.44) as

ds ! ds
Z(s )|?+/ (logé)a_lP(sﬂz(s)P? (2.45)
1

0] < AW+ [ Gogl) Bl

where A(t) = F%Klogt)a_l\, B(t) = i5b(t), and P(t) = 75p(t), we notice that
the inequality is similar to (2.10).

Using Theorem 2.2, we get the desired results. B

Now, let’s consider the following equation:

H pha ﬂ — o . z (07
b (f(t,z(t))> B ;gl(t’ Ok tsrshisast (2.46)

Ar=ez(t)=r = n,

We take note that f € C([1,7] x R,R\{0}), g; € C([1,T] x R,R) (i = 1,...,n), LD
is the derivative of order o with Hadamard approach, 1!~ is the integral of order
1 — a with Hadamard approach, and € R.

The equivalent integral representation of (2.46) can be represented as follow:

2(0) = 10020 (s ooty + 1 [ ttogy 129132 ©). rep)
(2.47)

Introducing the following hypothesis,
(H.3) For i = 1,..n, k; € C([1,T],R"), 0 < & < 1, we have |g;(t,2(t)] <
ki(t)|=(0)]"

we present to the reader the following main result.

4

Theorem 2.5 [19] Suppose that (H.1) and (H.3) are satisfied.
Then, the following two cases are valid:
() If « > 1/2, we have

- 63 F2 1 2a —1)
< 2 2(5)s™4 2 _
()] < {QA (t) + Wﬂ /an (6242(5) +1 - )
e 1/2
Xerp (/8 6o };QFZZQ D Zné k(o 4da> ds} ,

where, A(t) = (F%\(logtﬂa_l).

(2.48)
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4. APPLICATIONS ON FRACTIONAL HYBRID DIFFERENTIAL EQUATIONS

(ii) Suppose that o € (0,1/2], ¢ = (1 + o)/, and p = 1 + «. Then, we have

A ¢ tl o — a/p
o e () ()

xfltinq—lkg( )52 (5 211 Aa(s) + (1—@))

t o F N\ (o (pla— 1)+ D\ PN B
q—1 =159 2q

Xexp (l 2 (F(O[)) ( <p + 1)p(a—1)+1 > ;n (szk'z (0>0

(2.49)

Proof: Let ¢t € [1,7]. Accordingly, it is obvious that
201 < 100 (sl togt + 1 [ on - lzmz ()|
e) e)
(2.50)

Thanks to (#.1) and (H.3), we can write:

01 < (Fhiosn + s [ tost C“Zuf =1 %) @

If we rewrite (2.51) as

=n
ds

0] < AW+ [ GogD) Y Kalo)lH o) T @52)

where A(t) = F%\(Zogt)]a_l, and K;(t) = 75 [ki(s)| (i = 1,....n), we notice that

the inequality is similar to (2.25).
Thanks to Theorem 2.3, we achieve the proof of this theorem. l
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Chapter 3

Investigation of Existence of Solutions
of a Boundary Value Problem

In recent years, researchers focused on developing as many types of fractional dif-
ferential equations as possible. They have shown special interest to this domain.
One of these types of equations that has got special attention is hybrid differential
equations. We see a lot of good works that addressed both types quadratic and lin-
ear as we see in [2], [3], [4], [16], [23], [24], and also in [25], [28], [37], [38], [40], [41],
[63].

In this chapter, we mainly present another way of how we can apply integral
inequalities to highlight the existence/ existence and uniqueness of the solution of
a certain class of hybrid differential equations of fractional order.

1 Boundary Value Problem

(
c

[e3] Xl(t> o
<f1<t7X1(t),X2(t),,Xn<t))) - hl(t7X1<t)7X2 t)a?Xn(t))
+161k1(t7X1(t yX2(t), o xn(t)), teJ

e <f2<t7 Xl(t)a);z((tt)), ceey Xn(t)>) - hQ(tv X1(75>7X2 t)v 7Xn(t>)
+ 1%k (t, x1 (1), X2(1), ..., Xu(t)), tE€J

(
)
(
)

s Xn () _
D (fn<t,xl<t>,><2<t>,...,xn<t>>) = nlbxa(t) (), xn(0)
1%k, (t, x1(t), x2(t), ...y xu(t)), tE€J

Bi
xi(0) = 9@/ ©i(s)xi(s)ds,
0
0<pBi<1l,1=1,2,...,n.

(3.1)

For our problem, we consider D the Caputo derivatives with 0 < «; < 1,
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1. BOUNDARY VALUE PROBLEM

the symbols 1% denote the RL-( Riemann-Liouville) fractional integrals of order §;,
with 0 < ¢; < 1,i = 1,...,n, J = [0, 1] represents the time interval, §; are real num-
bers, ¢; are continuous functions on [0, 5;], fi € C(J x R",R —{0}) and h;, k; €
C(JxR"R).

The Integral Representation

Since the system we have is not linear, we consider what is called "integral repre-
sentation" or "integral solution" of the given problem.

We also note that in order to make it easy to concentrate, we note: x = (x1, X2, ---s Xn)

and x(t) = (x1(1), xa(1), s xa(1)).
The following lemma is an auxiliary result that highlights the integral represen-

tation of the system (3.1) which is very important for the main results.

Lemma 3.1 [17] Leti = 1,2,....nand 0 < a;,9; < 1. For f; € C'(J x R",R — {0}) and
hi, k; € C (J x R, R), we can consider as a solution for the equation:

¢ Mo Xi(t) _ 5iy.
Do (K05 = mtexo) + It x(0) (32)

with the associated condition:

Bi
0

the integral equation given by:

alt) = fi<t,x<t>>(n;) [ e=rrnmnar

1 ' aj+6;—1
+m/o(t—7) %k (7, x (7)) dT
0 " s (s)eis)
+ ilS, S i\S
F10x(O) — 6 [P Fi(sx(s)g(s)ds Jo 7T (3.4)

o [ 6= (e

1 ’ aj+0;—17,
J“F(ai +5¢)/o S kZ(ﬂX(T))dT] ds)
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1. BOUNDARY VALUE PROBLEM

with: f;(0,x(0)) # 0 f," fi(s, x(s))pi(s)ds.

Proof.
Fori =1,...,n, we consider:

cpai (X0 Y _ 5i..
D <f¢(t,x(t))) hi(t, x(t)) + I°k;(t, x(t)),t € J (3.5)

To be able to obtain the general solution for the equation (3.5), we put lemmas

1.3 and 1.4 into perspective and we get:

Xi(t)
fi(t, x())

where ¢j € R is an arbitrary constant.

= I hi(t, x(1) + Ik (t, x (1)) = co (3.6)

From (3.6), we get:
Xi(t) = fit, x(O) I hi(t, x () + T ki(t, x (1)) — co] (3.7)

On the other hand, we multiply both sides of (3.7) by 6,¢;(s), we get:

Oipi(s)xi(s) = 0Oipi(s)fi(s,x(s))

N - (3.8)
X[I%h;(s, x(s)) + 1% k;(s, x(s))] — cobi fi(s, x(s))pi(s)

The equation (3.8) gives us the privilege to have:

Bi Bi
9@'/0 pi(s)xi(s)ds = 9i/0 wi(s) fi(s, X () hil(s, x(5)) + 19k (s, x(5))]ds

Bi
a0 [ Oufi (o))
0
(3.9)
With the help of (3.7) and the condition given in (3.3), we get

cO (fz-(O, o) - [ ' 9ifi(8,x(8))90i(8)d8) 7 " o) s ()

[T hi(s, x(s)) + 17 ki(s, x(s))]ds
(3.10)
and therefore, we establish that

0;
(5000 = [ s () eil5)s)

(3.11)
Bi
/0 wi(s) fils, x(8)) [T hils, x(5) + 1%k (s, x(5))]ds
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1. BOUNDARY VALUE PROBLEM

Replacing ¢ by its value in (3.7), we obtain (3.4). m
Now, we introduce the following Banach spaces:

Xi={xii=1,...,n:x; € C(J,R)} (3.12)

with the norm:
Ixillx, = sup{|x:(t)| : t € J} (3.13)

wherei =1, ..., n.
We bring to the attention that for i = 1,2, ..., n, (X, ||.||y,) is a Banach space [58].

The product space with its norm

(Hxi,n.um_lxi) with ]
=1

is also a Banach space [58].

X, (3.14)

n
e = Il
i=1

Let Q be an operator defined by:
Q: L Xi— I X

X — Qx

such that fort € J,
Qx(t) = (Qix(t), Qox(t), .., Qux(t)) (3.15)

where:

Qix(t) = fi(t,x(t))<ﬁ/o(t—T)ai_lhi(ﬁX(T))dT

1 ' aj+o;—1
+m/o (t — )0 ey (1, x(7))dr

0, Bi
+
fi(0,x(0)) = 0; [y fi(s, x(s))i(s)ds Jo

fis;x(s)ei(s)  (3.16)
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2. EXISTENCE AND UNIQUENESS

2 Existence and Uniqueness

Theorem 3.1 [17] We suppose that:

H1. There exist constants &;; , G;; for i, j = 1, ...,n where we’d have:

|Ri(t, X1 s Xn) = hi(t, Y15 s yn) | < Zfij!xj — ] (3.17)
j=1
and .
j=1

when all values of t are in J, and x,y € R™.

H2. There exist nonnegative constants F;,i = 1,...,n such that for all t € J and
x(t) € R™ [fit, x (1)) < .

H3. >0, <¢i Z;Ll &ij + ¥ Z?:l Cij) < 1, where:

F F2|0;lsuplei(s)] 57
7 seJ

b, = ;
Moy + 1) - HNay + 2)]£:(0, x(0)) — 6; fo " fi(s, x(8))wi(s)ds|

F2|0;]sup|pi(s)| B0t
E seJ

oy +6; + 1) " Iy + 0; 4+ 2)| f:(0, x(0)) — 6 [, fi(s, x(s))i(s)ds]

Wi =

are satisfied. Then, there exists a unique solution to (3.1) provided that 6; and f;(0, x(0))
satisfy the condition of Lemma 3.1.

Proof

To achieve the desired results, we chose to proceed on two steps:
Step 1: Let 9B, be given by B, = {x € [[_, X, : [x|
by:

n x, < r} where r is defined
i=1 T

> Z?:l qjin‘O + y—/iKzQ
r=z n 0 T )
1—- Zi:l (2 Zj:l §ij +¥; Z]’:l ng)

Let us have H; and K; which are constants given by HY := sup|h;(t,0, ...,0)| < oo
teg

(3.19)

and K := suplk;(,0,...,0)| < oo, fori =1,....n.
teJ
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2. EXISTENCE AND UNIQUENESS

We notice that using (H1), for x € B,, we can write:

’hl(t7X177Xn>’ S

<

IN

and

|kl(t7X17aXn)| S
<

<

‘hz(t,xl, 7Xn) — hz<t,0, ,0)| -+ |h1(t,07 ,O)‘
> i &gl + HY

> &+ HY

|kl(t>X17 aXn) - kl(tvoa 70)| + |k2(t707 70)|
> i Giglxl + K

> i Gy + K7

On the other hand, we have:

[Qix(1)] < |fi(taX(t))|<ﬁ/o(t_T)ai_1|hi<T7X(7—))|dT

1

|6i|

+

1

1
+

) =0 Jy" fi(s, x(s))pi(s)ds|

< | = oo

] /08(8 - T)ai+5i_1|k:z-(7', X(T))|d7’] ds)

(3.20)

(3.21)

Bi
/0 s xO)es)] 3.2
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2. EXISTENCE AND UNIQUENESS

So, using (H1), (H2), (3.20), and (3.21), we get:

1 t a;—1 . 0
|Qix(t)] < Fz‘(@/@ (t—1) dr (Zfijr—i_Hi)

7j=1
+—1 /t(t - T)ai+5i71d7' i Cijr -+ K?
F(O[Z + 61> 0 j=1
F;|0;]sup|ei(s)]

sed

" | £i(0,x(0)) — 0; [y fi(s, x(s))pi(s)ds] (3.23)

X /Oﬁi F(;) /Os(s — )% dr (i &ir + HZ.O)

j=1

—1 ’ a;+6;— - y
+F(ozl- 5 /0 (s —7)*t0i1dr (Z Gijr + K?) ]ds)

Jj=1

From this, we can easily conclude that

P F2Bilsuplei(s)|7 !
i o : i Ho
1Qixllx; < (r(aiJr D Nai + 2)£:(0,x(0)) = 0; o fi(s. ()i dS\) <Z§ o >

EQIHASUDI%(S)W?#&“ )

+(ml+5 Ny oy + 6 +2) £:(0, x(0)) — 0; [0 fi(s, x(5))gi(s)ds]

n

X Gijr + KO>

7=1

b, (Z Ei7 + H°> : (Z Cir + K?)
j=1 j=1

3

(3.24)
fori=1,...,n
So (4.17) implies that:

< @ (Z iy + HS) + ¥ (Z Gijr + K?) Ji=1,..,n. (3.25)
j=1 j=1

1Q:

Hence,
1QixIIm, x, < 7 (3.26)
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2. EXISTENCE AND UNIQUENESS

which leads to the conclusion that Q;(*8,) C B, .
Step 2: Let x,y € X,. For t with all its values in J, we have:

1Qix(t) — Quy(t)] < |f@-(t,x(t))!< /Ot(t = 1) Hha(r x(7)) = hi(,y(7))ld7

Ioy)

1 ! o;+6;—1
e+ 67 / (t=7) |Ki (7, X(7)) = ki(r, y(7))|d7

Fz|91| Bi "

1 ) = (7 (7)) = h; (T, (7)) |dT
X{W/O@—r) ha(r, x(7)) = halr, x(7)|d

1 ’ a;+6;—1
+ m/o (s —7) k(T x(T)) — ki(T,y(q-))\dT] ds)

(3.27)
Thanks to (H1) and (H2), we get:
1 t L e
Qix — Quyllx, < F /t—Tai_dT Siillxs — villx;
|| ||X F(Ozi) 0( ) ; J” J ]HX.
1 ‘ 5i—1 -
- - _ ) @itoi— g Ly
E|01| Bi
" i | sl
1£i(0,x(0)) — 0i [y fi(s, x(5))pi(s)ds| Jo  se7
[ [ =mrtar g~
Iew) J, p i1l Xj JIX;
; ’ _ A\eitdi—1 - M — g
+F(ai+5i)/0 (S T) dT;QJ”XJ y]HXj] ds>
(3.28)

This leads to
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3. EXISTENCE : FIRST APPROACH

HQiX -9,

. F2|6:]sup|es(s) |57+
< ( i 4 scJ : )
Mai +1)  Mag +2)£(0,x(0)) = 6; [ fi(s, x(s))gi(s)ds]|

X (Z &ijlixg — yj||xj>
j=1

Ffwilsupl%(s)lﬁ? o )

+ +
(Faﬁ—é +1) 0 Mag+ 6+ 2)[£:(0,x(0) — 0; [ fi(s, x(5))pi(s)ds]

X ( CZ]HX] CUJ”X>
7j=1

P ( &ijlixs — y]HX) + Y (Z GijlIx; —?/j||Xj)
Jj= j=1

From (3.29), we have:

3

—_

(3.29)

HQiX - Q;

n n n (3.30)
< (@Z&j +WiZQj> X <Z 1 —yjHX])

=1 =1 j=1
fori=1,...,n

Therefore,

19x — Qyllsr , xi < Z (@ Z&j +¥; ZQ;‘) X (Z Ix; — Z/J'HXj> (3.31)
i1 =1 =1

A\

Since (H3) assures that ) ., (@i i & T (ij> < 1, then the operator Q
is contractive. According to Banach contraction principle, the system (3.1 ) has a
unique solution on [0, 1].

3 Existence : First Approach

Let us introduce the following hypotheses:
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3. EXISTENCE : FIRST APPROACH

H4. Fori =1, ..., n, the functions f;, h;, and k; are continuous in | xR".

Hb5.There exist nonnegative constants H; and K, for i = 1, ..., n, such that for all
te Jand y € R", |hi(t, x)| < H; and |k;(t, x)| < K .

HG6. There exist constants v,;, for i,j = 1,...,n, when for allt € J and x,y € R",

we have:

£t x) = filt, )] <) vl — wil-
j=1

Theorem 3.2 [18] Under the hypotheses (H2), (H4) and (H5), the problem (3.1) has at

least one solution.

Proof.
We use Schaefer fixed point theorem to prove that (3.1) has at least a solution. To

do that, we go through the following steps:

Step.1: We show that Q is a continuous operator.

Due to the fact that f;, h; and k; are continuous functions on J x R"”, then O, is a
continuous operator for ¢ = 1...,n. As a consequence, Q is continuous.

Step.2 : We make sure that the operator Q maps a bounded set into another
bounded set.

Let B, be given by B, = {x € [[_; Xi : lIxllfi~_, x, < 7}. Therefore, for x € B,,

fort € J, we have:

/0 (t — 1) |h(r, x(7)) dr

[Qix(®)] < \ﬁ(tx(ﬂ)l(nai)

1

(e R RO

10
+|fz‘(UaX(0)) —0; fo" fi(s,x(5))pi(s)ds]

Bi
/ (5 () ()]
0 (3.32)

<\ | = e

1

+—F(ai 5 /0 (5 — 7)> % ki (T, X(T))]dT] ds)
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3. EXISTENCE : FIRST APPROACH

Thanks to (H2) and (H5), we can write:

H; t ai—l K : a;+6;—1
|Q1X<t)’ < E(m/(;(t—T) dT—i_m/o(t_T) dr

F; 61| Bi "
+|fi<O,X(0)) — 0, foifi(S,X(S))QOi<S)d8‘ /0 |90z( )l

H s . K; s 5
v _ ai—1g e o al—l—éz—ld d
X (o) /0 (s —1) T+ Ton 07 /0 (s —1) T] s),

(3.33)

The above step leads to having the following estimation

HQiX|

x, <

v F216,185* suploi(s)
) seJ
IMai+1) Moy +2)|£:(0, x(0)) — 6; Jo " fils, x(8))wi(s)ds|

E216:] 37 suplipi(s)|

—|—K< E 4 scJ
@i+ 0 +1)  Iag + 6+ 2)1£:0, x(0)) = 0 [ fi(s, x(5))i(s)ds]

(3.34)

fori=1,...,n.

From (3.34), we can deduce that
||QiX||H?:1Xi < YU H® + KW < +oo.

Consequently, Q is bounded.
Step.3: We prove that Q maps bounded sets into equicontinuous sets.
Let t1,t5 € J, such that t; < ¢,. We have:
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3. EXISTENCE : FIRST APPROACH

|Qix(t2) — Qix(t1)] =

fi(t?’X(h))(%ai)/OQ(h — )% hy(r, x(7))dr

1

| 2=t ar

0;
T OA) — 6 7 Fi(5 () u(s)ds

Bi
/0 fi(sx(5)i(5)

/0 (s = 7)o, (7)) dr

F(OZZ)

L ’ a;+0;—17.
T+ 0) /0 (s =)™ kl(TaX(T»dT] d8>

it x(t) (%a) / (1 — 1)y, (7)) dr

1

t1
+ / (b — 1) (7, x (7)) dr
0

- [fi
fi(0,x(0)) = 0; [, fi(s, x(s))gi(s)ds

Bi
/0 fi(s.x(5))i(s)

o [ =m0 (e

! ’ aj+0;—1
+F(ai+5i)/0 (5 — 7)™ ki(T,X(T>)dT]ds)

(3.35)
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3. EXISTENCE : FIRST APPROACH

Therefore, we get
1 2 L
|Qix(t2) — Qix(t1)| < maX(\fi(tZ,X(b))\a’fi(th(tl))D‘(m/o (ta — 7)) hi(7, x(7))dT

1 2 o;+0;—1
+m/o (to—7) ki(T, x(7))dr

1 " a;+0;—1
+m/o (t1 —7) +o k}i<T,X(7'))d7'>‘

Using some easy integral calculations and manipulations, we obtain:

|Qix(t2) — Qix(t1)] < max(|fi(t2,x(t2))|,|fi(t1,x(t1))|)<m(tgi_t<1xi> H,

1
S S— 1 —tc”)Ki)
+F(Oél+5l+1)(2 !

We can see that when t; — 5, it follows as a natural consequence that |Q,x(t2) —
Q;x(t1)] — 0, for all i = 1, ..., n. From this, we can say that Q is equicontinuous.
Thanks to the steps 1,2 and 3, and according to Arzela-Ascoli theorem, the operator
Q is completely continuous.

Step.4: Now, what we shall do is to prove that the set

A={xe]]Xi:x=r2(x),€0;1]} (3.36)

is bounded.
Fori=1,...nandt € J, we have

)] = AlQix (1] (3.37)
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4. EXISTENCE: SECOND APPROACH

Taking in consideration that A has her values in |0, 1|, then, we can find that

(0] < [Qix(0)]
- F216:187 suplii(s)
H. 7 seJ
(s )

, + Bi
ai + 1) Mo +2)£:(0,x(0) = 6 [0 fi(s,x(5))pi(s)ds]

F210;18 7 sup|e; ()|
Fi seJ
+K; + :
(F(O‘i+5i+1) I + 05 + 2)] £i(0, x(0)) — 0; folfi(SaX(S))%(S)dﬂ)

and so, forall i = 1, ..., n, we have:

Ixillx, < Hi®@ + KW < 400 (3.38)

which implies that

Xl xo < X, Hibi + KW < +o0 (3.39)

We conclude that A is a bounded set.
Thanks to steps (1) to (4), and according to Schaefer fixed point theorem, (3.1) has at
least one solution y, for t € J.

]

4 Existence: Second Approach

Theorem 3.3 [18] Let’s suppose that the hypotheses (H2), (H4), (H5) and (HG6) are satis-
fied.

IfyM < 1; where: v =3, Z;’L:I Yij, and M = 37" F% (H®; + K3¥;),

then, (3.1) has at least one solution x over J.

Proof.
let S = {x € [I'_; Xi : Ixll_, . < R} beasubsetof]]", X;, where R is given
by:
FOM
- T 4
s (3.40)

such that, F* =37  sup|fi(¢,0,...,0)|.
seJ
We define the operators A : [[}_, X; — [[_, X; and B: S — []_, X, by:

Ax(t) = (Aix(t), Aax(), ..., Anx(t))
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4. EXISTENCE: SECOND APPROACH

and,
Bx(t) = (Bix(t), Bax(t), ..., Bux(t)),

where, for 7 having the values from 1 to n, we have

Aix(t) = fi(t,x(t))

Bix(t) = M) /0 (t— T)aﬁlhi(ﬁX(T))dT + m/o (t— T)aﬁ&i*lki(T?X(T))dT

‘91' Bi
O =00 7 s x(9))ea(s)ds o

fi(s,x(s))pi(s)

L ) ai—lp. T VdT ; ’ S — T ai+6;—17. - Ndr | ds
[F(ai>/o (s — 1) Thi(r, x(7))d +[,(ai+§i)/0( ) ki(r, x(1))dr | d

We proceed the proof through the following steps:
Step.1: We show that the operator A is lipschitzian operator, with the lipschitz con-
stant ~.

Let x,y € [[;, Xi. Fort € J, using (H6.), we have :

[Aix(t) — Aiy(D)] = [fi(t, x(2)) = fi(t, y (D))

< Z%j\Xj(t) —y;(t)]

which leads to .

lAix — Awllx, < vl —willx, (3.41)

j=1

fori=1,...,n.
This implies that

[Ax — Ayl x. < vlix =yl xs (3.42)
where, v = Z Z Vi

i=1 j=1

Hence, A is a lipschizian operator.

Step.2: We show that B is a completely continuous operator.
To satisty that, we just need to prove that B is: a) continuous, b) bounded, and c)
equicontinuous operator.
a)- According to the second hypothesis, it is clear that the operator B is a continuous
operator.
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4. EXISTENCE: SECOND APPROACH

b)- For xy € S, forallt € J, we have

1 t a1
BXO| € Fs / (t = 7)o x (7))

1 ' a;i+0;—1|7..
e K R RO

|0;]
RO — 6, 7 o x()pr(9)ds]

Bi
/0 Flsx)lle(s)] (343)

[F(;) /OS(S —7)% h(r, x(7))|dT

1 ) a;+0;—1 (T - | ds
*m/ﬁ—ﬂ %1k (o, x( >>|d}d

Then, thanks to (H2.) and (H5.), (3.43) can be written as:

‘B (t)‘ < Hz /t(t )a'fld + KZ /t(t )a4+5'71d7_
. _ i I S — ) ito
PUEE Tay T T T a0 y

|0;] F Bi
’ ‘ i 3.44
OO0 Ho e el e

Hz' S i1 L S B wtd 1
[F(ai)/o =T a5y /0 (s =)™ dr | ds

which leads to

I H;|0;| Fi 37 sup)|pi(s))|
7 seJ

Mo +1) | Iei +2)] £i(0, x(0)) — 6; [ fi(s, x(s))gi(s)ds]

[Bixllx; <

K;10;| Fy 357 suplipy (s)|
Ki seJ

TortotD) I + 6+ 2)|£:(0,x(0)) — 6; [ fuls, x(5))pi(s)ds]

1
< =|me+ KW

= Mz < 400

(3.45)

and that fori =1, ..., n.
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4. EXISTENCE: SECOND APPROACH

Therefore,
| Bix|lrre, x, = M < +o0, (3.46)
where, M = Z Mi.

i=1
Then B is bounded.
o)- Let tq,t, € Jwith t; < t,. Then:

1
Nay)

IBix(tz) — Box(ty)] A?m—rw*mku»m

L ! a=Lp. (1, x(1))dr
—mal(h—ﬂ ha(r x(7)d

1 2 a;+0;—1
+m/o (ta— ) ki(, x(7))dr

1

As a consequence, we can obtain

1 t1 1 1 t1 1
|Bix(t2) — Bix(t1)| < (m/o (to — 1) dr — Tlew) /0 (t1 — 1) dr

1 /t‘z .
+ ty — 7)) dr | H;
F(Oéz) t1 ( 2 ) >
1 n 46,1 1 h 46,1
F(ai+5i)/o (t2 =7) ! F(@i+5i)/o (=) !

1 f2 S
I + 6;) / (t = 7)™ 1dT> Ke
i i) Jt,

Logically speaking, through some calculations, we easily get

(3.47)

Bix(ts) — Bix(th)| < —J—TG?—ﬁ>m
(3.48)

1
tai+5i . tai+6i K,
F(oz1—|—51—|—1)<2 !
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4. EXISTENCE: SECOND APPROACH

Accordingly, when t; — t5, we get that | B;x(t2) — Bix(t1)| — 0, fori =1, ...,n,
for x € S. Therefore, B is equicontinuous.
With a), b), and ¢) and thanks to Arzela-Ascoli theorem, we can state that B is

completely continuous.

Step.3: We show that if y = AxyBy with y € S, then we have y isin S.
Let x € [[[., X;andy € S. So, fori = 1,...,n, t € J, the following formula takes

place :
i) = [A(x@)IBi(y(t))]
= Al x) ﬁ / (t — 1) ha(r, y(r) )7
1 ' aj+6;—17,.
—i—m/o (t—1) ki(m,y(7))dr
07,‘ i il S S (S
000 6, foifi(s,y(S))%(S)ds/o Fo o))
1 ) “i=lp (1 y(r))dr —1 83—7"””"*1 (7, y(7))dT| ds
{F(ai)/o (s — 7)* L hi(r, y(7))d +F(ai+5i>/0( ) (7, y(7))d ]d
(3.49)
We get

|X<t>| < (|fz(taX(t)) - fi(t707 70)| + |fi(ta07 70)')

! t “=hp (7 y(T))|dr
Pl A AL

]' ‘ a;+6;—1
il A R O

|0;]
090 — 65 7 fi(s 5(5)or(5)ds]

Bi
/0 sy )loi(9)

[ﬁ / (s — 1) ho(r,y(r))ldr

1 ’ a;i+8i—1]1.. s
—i—m/o (s —17) |/<:1(T,y(7'))|d7'] d ]
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4. EXISTENCE: SECOND APPROACH

Noting F? = | fi(t,0, ...,0)], and thanks to (H6.), it follows that

(Z%ijux F )( T

[x(¢)

Hi|9i\ﬂﬁfi+lsup|%(8)\

_I_
Ia; +2)| £:(0, x(0)) — 6; folfz s, X(8))pi(s)ds|
K0 | F B suplips (s)|
Ki seJ
+ -
IMai+0i+1)  Na;+ 6 +2)[£;(0, x(0) — 6; I fils, x(s)) ,-(s)ds|>
( > villlx, + on) M;
j=1
(3.50)
Therefore, we observe that
I, x < Olixlime, x + FO)M. (3.51)
That is to say that
F'M
0oy < = 3.52
s < T 3.52)
We deduce that x isin S.

Since M = [|B(9)|Ir_, x, and yM < 1, then the 4th hypothesis of Lemma 4 is
also fulfilled.

Since all conditions are satisfied, so according to Lemma 4, the problem (3.1) has at
least one solution. m
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5. ILLUSTRATIVE EXAMPLES

5 [Illustrative Examples

First approach:
For t € [0, 1], let us have the following system:

( D/2 < (t) ( L+ (®)+[xe ()] )) - 2t — 1
X1\ S O e O A+ ha @1+ xe @Dsin@Ra @D 24 — sin(a (0] + )] + )

L pzeos(ba(®] + ba()] + xs(t)])
e3t ’

D3/ (X ) < 3(1-+sin(|xa(1)|+|xa (1)) )) _ t+ 10+ cos(xa(®)| + Ixa(H)])
20) \ @ BeoslaD @t sin(xa (O + xs (DI 3sin (0] %2 1 1

sin|xs(®)| | a1 o0 .
— 1 24t — 1 t t t

D2/3 (X (t) ( 24441 )) _ X))+ ()] — Ixs )]
3\ T msimha O-snTa@F a0 ) ) = 300+ ha ()] + @] + s@)])

FIT( 4 eos(ba(0)] + D)+ [xs(0),

w/4

\(0) = V2 / sin(s))xa (s)ds,

1/2
x2(0) = 3/0 e®)xa(s)ds

34
\s(0) = 12/0 (5 + 1)ys(s)ds

\

(3.53)

We have that f; are given by
At ()0 ) = TP iz, 659
Rt el () = = coshu(0] + ot 655)
ot a0, 0, xs(0)) = simfra ()] — A LOD 5,

and for the h;,
Balt xa (), o 8), xs(t) = =1 B
24 — sin(|x1(8)] + [x2(8)| + [x3(0)])

hg(t, X1<t>7 XQ(t)a X3(t)) — t+10+ COS('Xl(t)| + |X2<t>|) B Sin|X3(t>|7 (358)

212+ 1
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5. ILLUSTRATIVE EXAMPLES

@) + ()] = heal)]
T+ ha @]+ b+ ha@D (3.59)

hs(t, x1(t), x2(t), x3(t)) = 3(

and for k; we have:

o (f 1 (8), xa (), Xs (1)) = cos(|xa ()] + \ﬁ(tﬂ + sl (3.60)
kot xa (1), x2(1), xs(t)) = 2—15(24t2 — Dsin([xa(t)] + (@] + [xs(@))), (3.61)
ks(t, x1(t), x2(t), xa(t)) = (% + Deos([xa ()] + 2] + Ixs(®)]), (3.62)

It is clear that f;, h;, and k; are continuous functions on J = [0,1]. For the hy-

pothesis (H.4), it is also fulfilled since we have

|1t xa(t), x2(t), x3(t))| < 2:= Fi (3.63)
1t (0, xa8), o ()] < 5 1= (3.64)
altxa(0) xa(t), xa(0)] < 2= Fy (3:65)
and
It (a0 xa(0)] < 55 = Hy (360
|ha(t, x1(t), x2(t), x3(t))| < 12 := H, (3.67)
st 32 (6, o (t) 0] < 5 o= Hy (3.68)
and
[t () el s (1)) < 1= Ky 3:69)
Rt a0 el xs0)] < 22 = Ky .70)
alt xa(0) xalt),xs0)] < 15 o= Ky 671)

Since, the hypothesis (H2), (H4), and (H5) are satisfied, then, as a direct conse-
quence, we can assume that by the means of Theorem 3.2 the system has at least

one solution.
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Chapter 4

Stability of a System of Fractional
Hybrid Differential Equations

1 About Ulam-Hyers Stability

Ulam-Hyers stability is a concept that was started around 1940s in a Mathematical
Colloquium at the University of Wisconsin. It was the result of answering a question
that was put out by S. M. Ulam about the stability of homomorphisms. [29]

A year later, around 1941, D. H. Hyers presented an answer to Ulam’s question
by his results about the stability of functional equations in the case where GG; and G5
are assumed to be Banach spaces. [29]

Theorem 4.1 (Hyers) [26]
Let f : Ey — E, be a function between Banach spaces such that

1f(z+y) = fx) = fy)l <0 (4.1)
for some 6 > 0 and for all x,y € E;. Then the limit

A(z) = lim 27" f(2"x) (4.2)

n—o0

exists for each v € Ey, and A : Ey — E, is the unique additive function such that
[f(z) — A(x)[| <4 (4.3)
for every x € Ej.

"From this result, the additive Cauchy equation f(x+y) = f(z)+ f(y) is said to have
the Ulam-Hyers stability on (E, E») if for every function f : E; — E satisfying the
inequality (4.1) for some 6 > 0 and for all z,y € Ej, there exists an additive function
A: Ey — FEjsuch that f — A is bounded on F;." [29]
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2. STABILITY OF A SYSTEM OF FRACTIONAL HYBRID DIFFERENTIAL
EQUATIONS

Based on this method, many works have been done and results have been found
that address the stability of functional equations. This extension has also covered
the differential equations with arbitrary order. It is the most used method to show
that a fractional differential equation is stable according to Ulam-Hyers theorem. We
can see many interesting works in [27], [29],[30],[31],[32][61], and so many others.

2 Stability of a System of Fractional Hybrid Differen-

tial Equations

The classical definition of Ulam-Hyers stability is always adjusted to the given prob-
lem. To be more clear, we give the following example:

Let us assume that we have the following problem:

{ cD(t) = f(t,v(t)), O<a<lteJ =[0,T] (4.4)

U(to) =

where D¢ is the Caputo derivative of order o, 0 < o < 1, ¢t € J; = [0,7T], f €
C(J1 x R,R), and vy € R.
We consider that the solution of the problem (4.4) is in C'(J;, R).

Definition 4.1 We say that the equation in (4.4) is Ulam-Hyers stable if there exists a
positive constant C' (C' > 0) such that for all € > 0, and for every solution v € C(J;,R)
that satisfies:

|“D*v(t) — f(t,v(t))] <e, O<a<lte =][0,T] (4.5)
there exists a solution vx € C(.J1,R) that satisfies:
|“D*v*(t) — f(t,v"(t))] =0, O0<a<l,teJ =][0,T]v*(0)= vy, (4.6)

such that
lo—v"|| < Ce, O<a<lteJ =10T]. 4.7)

where ||.|| represents the infinity norm.

Since hybrid differential equations are not conventional equations in their form,
an adjustment needed to take place in the definition. We see this as well in the work

of [32]. We give the following customized definition:
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2. STABILITY OF A SYSTEM OF FRACTIONAL HYBRID DIFFERENTIAL
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Definition 4.2 [18] For i = 1, ..., n, the problem (3.1) is Hyers-Ulam stable if there exists
a positive constant C, such that for every e; > 0, if:

xi(t) = filt, x()) ( /Ot(t —7) (7, x(7))dT

I{ev)

1 ¢ 0:

- - t — )T e (7 x(7))dT !

" Har 16) /0< ) X O] =6 7 Fio x(o) (o)
1

W/o (s = 7) hy(T, x(7))dT

Bi
x [ fils,x(s))pi(s)

0

! ) a;+6;—1
il A ww»m] ds)

then, there exists x* € [, X, for t € J, satisfying:

S €y

/0 (t — 1) ha(r (7)) dr

X0 = it (©) (F(ai)

1

¢

0.

- o\t —1g, * i
+F(Oéi+(5i) /0 (t—1) ki(m, x"(7))dr +

[i(0,x7(0)) = 6; " fis, x*(s))@i(s)ds

7

X | fils, X7(s))ils)

0

! ) “=lp (1, x*(1))dT
o | =)

1 ° o;+6;i—17.. *
e +6i)/o =) Br X <T))dT] ds)
4.9)
fori=1,...,n, such that
X =X llsr, x < Ce (4.10)

where, e =" | &;.

Theorem 4.2 [18] Under the hypothesis of Theorem 3.1, the problem (3.1) is Ulam-Hyers
stable.

Proof. Lets; > 0 and y; that satisfy (4.8), foralli = 1,...,n and ¢t € J. Let also
x* € [, X; solutions of (4.9), forall: = 1,....n and ¢t € J. We mention that
Theorem 3.1 establishes conditions for the existence and uniqueness of the solution
x* for(3.1).
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So, let’s consider the following mathematical statement:

Xi(t) = x; (t) + x;(t) — fi(t, x(t)) (ﬁ /;(t — 7)% h(T, x(7))dT

1 t 0.
_ t — 1) (7 (7)) dr -
+f(oez~+6i>/o =) XD GO = 01 I o) (o)
Bi s
<[ Hsxteeds) ﬁ / (5 — 1) Wi, x () )dr

1 ’ a;+0;—1
+7@ZIE§A(S_” ’ kﬂﬂXﬁDM}@)

<¢

which implies:

Ixi(t) = x; ()] = ' =X (8) + filt, x (1)) ( /0 (t = 7)™ ha(r, x(7))dr

I{ev)

1

t
0.
S _ o +0i—17. 7
F(az_’_CSZ) /0 (t T) kz<T7X(T))dT

£i(0,x(0)) = 0; [y" fils, x(s))pi(s)ds

L S “@=lp (1 v(7))dr
o [ = ()

Bi
/0 fi(5, x(3))pi(5)

]_ s
+m /0 (S — T)ai+§i—1ki<7—, X(T))dT] ds) <ég
(4.11)
From this, we can write the above inequality in the following form:
Xi(t) = x; ()] <& +Y, (4.12)

59



2. STABILITY OF A SYSTEM OF FRACTIONAL HYBRID DIFFERENTIAL
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where:
y = ' ) +fi<t,x<t>>< F(;) / (t — 1) ha(r, (7)) dr
; t - oa;+6;—1 (7 T T 02
+F(ai+5i)/0 T X ) =01 [ (o X on(o)ds
Bi s
x / £, x(5))eu(s) ﬁ / (5 — 1) (. x(r))dr

! ) a;+0;—17,.
e ), 60 kz(T,X(T))ah] ds) ‘
(4.13)

In order to keep the process of reasoning as clear as possible, we work on Y
separately. Then, we finish the steps of the proof. For this reason, we have

Y= ' —x; () + fi(t, x(2)) < /0 (t =)™ hi(r, x(7))dr

Ioy)

1

t
0.
S _ o;+0i—17. 7

fi0,x(0)) = 6; fo" fils, x(s))pi(s)ds

1

Bi s
< / s X)) | 7o / (s — 1) Why(r, x(7))dr

1 ’ a;+6;—1
+m/0 (s —1) +6 ki(T,X<T>>dT] ds)‘

(4.14)
fori=1,..,nand ¢t € J. We replace x}(¢) by its value in (4.9) and by using (H1.)
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and (H2.) and some calculations, we get:

1 t -
v o< R [y el -l
(MO MANER

1 t e *
+m/o(t_T) +6 dT;CinXj—Xijj
Filf g (4.15)
- i su HE
1£:(0, x(0)) — 6; folf@-(s,x(S))so'(S)dq/o SE?MD( )l

1 / 1
x (s =)™ Hdr Y &l — ¥l
{r@) 0 z:: A

1 ’ a;+0;—1 - *
- M/O (s — 7)™ tdr > " Gllxg _XjHXj] d5>

j=1

As a direct consequence, we have

, Eﬂ@ﬂsupm(sﬂﬁ?f“
Y < E +
=\l + 1) Mag +2)]£:(0, x(0) — 65 2 fils, x(5))pi(s)ds|

(Z &illx; — X]Hx>

sed

+<F a,+5 +1 + o+ 6; +2)|£:(0, x(0)) = 0; [ fi(s, x(5))i(s)ds]

<Z CZJHXJ X]HX )
Thanks to (4.16), we observe that:

P (Z &ijllx; — X§\|Xj> + ¥ (Z Gillxs = X5
j=1 j=1
Y < (@Zfijwiz@j) x (Z Ixs —x;fnxj>7 (4.17)
j=1 j=1 j=1

F2|0,]sup|pi(s)| B0t )

(4.16)

fori=1,...,n

61



2. STABILITY OF A SYSTEM OF FRACTIONAL HYBRID DIFFERENTIAL
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Replacing Y by its value in the inequality (4.12), we get

<&+ (@ Zaj + Z@) X (ZHXj —x;frlxj) : (4.18)

By mathematical means, we get

Z i = X llx, < Z <5z (QZ&& +L17¢ZC¢J-> X <Z Ix; — X§||Xj> >
=1 j=1 j=1

(4.19)

Ix: — X7

Hence, we have

" E
X = x* I, x, <

1—=>0 (957: > i i T Cz'j)

(4.20)
= Ce.

Considering C =

1 . .o
S C 5 ST 25 ST such that (H3.) is verified, the problem
(3.1) is Ulam-Hyers stable. m
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Conclusion

In this thesis, we have seen the concept of applications of integral inequalities to a
certain class of hybrid differential equations of fractional order.

First, we have explored some of the basics of fractional calculus by addressing
different approaches of integration and differentiation. We have also highlighted
some necessary tools for the logical progress of each chapter.

Then, we have seen some generalizations of certain theorems based on Gronwall-
Ballman type inequalities for the purpose of adjusting them to hybrid differential
equations. Moreover, we have applied those generalizations to a certain class of
hybrid differential equations with Hdamard derivative.

After that, we have presented a boundary value problem that consists of n-
fractional hybrid differential equations with nonlocal conditions. The existence and
uniqueness of solution of the system has been addressed. In addition to that, we
have presented two different approaches that lead to the existence of one solution
at least.

Finally, the stability of the studied system has been addressed. According to
Ulam-Hyers stability theorem, the boundary value problem with nonlocal condi-
tions is stable.

As for future perspectives, this work opens some new possibilities for us to
explore. For instance, the achieved approximations through applying Gronwall-
Ballman type inequalities, is there a possibility for them to be useful in some nu-
merical methods? Does these approximations have a meaning in a more concrete
way? There are many aspects that still need to be investigated, hopefully for the

next coming works.
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A note from the author:

Dear reader,

Since this is an academic work, it didn't seem appropriate to share feelings and personal thoughts
on any part of this work so I decided a side note would be a better idea.

First, congratulations to you dear reader. You must be in a certain level of Master's degree or
PhD degree yourself to give this modest work a look. Or you might be a researcher. Whatever it is, you
did a great job so far so allow yourself a moment to appreciate the efforts you made to reach where you
are right now.

The path of academics is a bit rough to walk through. You need to have courage, discipline and
tenactty to keep going.

You were chosen, not by an exam or by people or by your own effort. No, my dear reader. You
were chosen by Allah Almighty for a mission only he knows its horizons. Out of couple of hundreds of
people, you were selected for this task. So when days get darker, and the nights so full of shadows and
Jfear and worry, when you question if you are on the right path, or if you chose well, remember you
chose but you also been chosen. You made the decision and the decision was made for you as well.

The point of all of this is: you have something unique to offer that no other person has. I wish
you'd keep that in mind as you go through the sea of articles, original results, and the waves of new
works that didn't even cross your mind. When you are overwhelmed, remember: you are looking at the
sea but your are not seeing the drops of water that made the sea. And you yourselfis part of the sea and
you matter to the sea and you are important to the sea regardless of how you see yourself and your
work. So do your best, be yourself, and let what's meant to happen flow through you and let your drops
of water find their way to enlarge the sea that they came from and which they always belonged to.

Take care of your health, your prayers, and your loved ones. That's what truly matter. And make
everything else you do a part of your prayer because prayer comes from the heart regardless what form
in takes as an action.

Fi aman Allah wa hifdhih.



