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Abstract

Understanding the growth and oscillation of solutions to differential equations, difference equations
and delay-differential equations, is crucial for predicting their behavior. Nevanlinna theory, with its
deep insight into the value distribution of meromorphic functions, provides a powerful framework
for analyzing the growth and oscillation of solutions to these equations. In this thesis, by using this
theory, we present some results regarding the growth and oscillation of solutions of linear differential
equations with analytic or meromorphic coefficients in the extended complex plane except at a finite
isolated point, we also discuss some results on the growth of solutions of linear difference equations
and linear delay-differential equations , in which the coefficients are meromorphic functions in the
complex plane.

2020 Mathematics Subject Classification(MSC2020): 30D35, 34M10, 39B32, 39A10, 39A45
Keywords and phrases: Nevanlinna theory, linear differential equations, linear difference equations,
linear delay-differential equations, growth of solutions, oscillation of solutions, analytic function,

meromorphic function, isolated point, logarithmic order, logarithmic type.



Résumé

Comprendre la croissance et I’oscillation des solutions aux équations différentielles, aux équations aux
différences et aux équations différentielles retardées est crucial pour prédire leur comportement. La
théorie de Nevanlinna, avec sa profonde compréhension de la distribution des valeurs des fonctions
méromorphes, fournit un cadre puissant pour analyser la croissance et 1’oscillation des solutions a ces
équations. Dans cette these, en utilisant cette théorie, nous présentons certains résultats concernant
la croissance et 1’oscillation des solutions des équations différentielles linéaires avec des coefficients
analytiques ou méromorphes dans le plan complexe étendu, sauf en un point isolé fini. Nous discutons
également de certains résultats sur la croissance des solutions des équations aux différences linéaires
et des équations différentielles linéaires retardées, dans lesquelles les coefficients sont des fonctions
méromorphes dans le plan complexe.

Mots clés: Théorie de Nevanlinna, équations différentielles linéaires, équations aux différences
linéaires, équations différentielles lin€aires retardées, croissance des solutions, oscillation des solutions,

fonction analytique, fonction méromorphe, ordre logarithmique, type logarithmique.
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Introduction

A word on the notations: Throughout this thesis, we use N,Z,R and C to denote the set of all natural
numbers, the set of all integers, the set of the real numbers and the set of complex numbers respectively,
with C = CU{eo}. The unit disk {z € C: |z| < 1} is denoted by A. A function f is called meromorphic,
if it is meromorphic in C entirely, while by saying f is meromorphic around (or near) a finite singular
point zg € C , then we mean that f is meromorphic in the extended complex plane except zg (ie.,
C—{zo}).

Let f(r) be complex valued function and g(r) be real and positive. We write f(r) = O(g(r)),
whenever there exist constants C and rg such that, | f(r)| < C|g(r)|, for all r > rg. Also, we write
f(r)=o(g(r)) if % — 0 as r — oo. We shall use the log™ notation as follows. For x > 0, we write
log™ x = max{0,logx}. Moreover, we use the notation log , I for the p-th iteration of the logarithmic
function (p € N), such that for all » € (0,0), log, 7 := logr and log , ;  := log(log, ). Similarly, we
use the notation exp,, r for the p-th iteration of the exponential function.

The linear measure of a set E C [0, 40) is denoted by m(E) = [ dt, while we denote the logarithmic
measure of a set E C (0,1) by myoe(E) = [ %. For those sets with infinite linear or logarithmic
measure, we reserve notation E; i € N, while we use J; i € N for sets of finite linear or logarithmic

measure. It is worth noting that adopting the same notation does not imply that the sets are identical.

Introduction

In 1929, the Finnish mathematician R. Nevanlinna introduced his theory [61], which was the complete
form of the value distribution theory, whose origins trace back to the famous theorems of Sokhotskii-
Casorati (1868), Weierstrass (1876), Picard (1879), Hadamard (1892), Borel (1897) and others, all
of which have become part of Nevanlinna theory results, but in a more refined and elucidating form,
let us say. (see [21,34,38.41,47.,60,75,(76,/79]. Perhaps this gives a simple idea of how vast this
theory is. Its vastness can also be observed from its numerous applications in various fields such as
functional equations, differential equations, complex dynamics and Diophantine equations. Nevanlinna
theory has been applied in complex differential equations to study the properties of their solutions
(see e.g. [43,46,47], the pioneers in this regard were F. Nevanlinna [62]], R. Nevanlinna [63] and K.
Yosida [[77], but the first systematic application of this theory to solutions of differential equations

was carried out in the 1940s and 1950s by H. Wittich (see e.g. [68-70]), laying the groundwork for
2



further research, which was embodied through the numerous and ongoing publications that generalize
and extend H. Wittich results about the properties of meromorphic solutions of complex differential
equations in general, and specifically on the growth and oscillation of their solutions, by relating the
order of the coefficients with the order of the solutions or with the exponent of convergence of the
sequence of their zeros, which was firstly made by Bank and Laine (see [1,[2]). This was also reflected
in Nevanlinna theory, which had to undergo some extensions to different domain, such as the unit disk
A (see [38,40,46,66]), the extended complex plane except an isolated point C-— {z0} [32,37]. The
latter occupies an important part of our thesis topic.

Although Nevanlinna theory linked to difference equations field in the 1980s by Shimomura [65]]
and Yanagihara [73]/74], it did not gain that momentum of applications in this field, at least not
to the extent seen in differential equations, which has been justified by the scarcity of necessary
tools, such as those provided by Nevanlinna theory, notably, the logarithmic derivative lemma, for
studying the differential equations. This problem was largely resolved after the establishment of the
difference analogous of the logarithmic derivative by Halburd-Korhonen [35,36]] and Chiang-Feng [22],
independently. The numerous subsequent works, especially those related to the growth of solutions,
are concrete evidence of this claim (see [[16,[50] ).

With the significant and rapid advancement witnessed in differential equations as well as the
difference equations through the application of Nevanlinna theory, it was not difficult to anticipate that
the next step would be the difference-differential equations (also called delay-deferential equations
), especially because the groundwork of studying their meromorphic solution was already laid by
Naftalevich [57-59]]. The delay-deferential equations involve both the difference operator and the
derivative, this why they can be regarded as a generalization of both difference and differential
equations, yet they have their own specific applications, which is the reason behind the growing interest
to investigate them, particularly the growth and the value distribution of their solutions (see [S0]).
This thesis discusses some results that can be considered as examples regarding the application of
Nevanlinna theory in studying the growth and oscillation of solutions to these three types of equations.
Besides this introduction, this thesis contains six chapters.

In Chapter 1, we briefly recall some basic results derived from Nevanlinna theory to provide the

necessary background. In Chapters 2, 3 and 4, we consider the complex linear differential equations
FO+ A4 @+ + AL Q) f +Ao(2)f =0,

O 4A @ Y 4 4 A () f +A0R)f = F(2),

where Aj(z) (j=0,1,...,k—1) and F(z) are analytic or meromorphic functions in C — {z}.



4 INTRODUCTION

We obtain some results on the growth and oscillation of solutions, where we use the [p, g]-order and
the logarithmic order as growth indicators. In Chapter 5, we continue making use of the logarithmic

order to estimate the growth of the complex linear difference equation
Ar(2)f(zte) +- - +A1(2) f(z+ 1) +Ao(2) f(2) = F(2),

where Ay (z), . ..,Ao(z) and F(z) are meromorphic functions of finite logarithmic order, ¢;(i =1,... ,k,k €
N) are distinct non-zero complex constants. Its homogeneous case is also considered.
The final Chapter 6 is devoted to considering the logarithmic order of meromorphic solutions of the

homogeneous and non-homogeneous linear delay-differential equations

n m

Y ¥ A fY(z+e) =0,
i=0 j=0
n m X
Y Y A+ ) = F2),
i=0 j=0
where A;;(z) (i=0,1,...,n,j=0,1,...,m,n,m € N) and F(z) are meromorphic of finite logarithmic
order, ¢;(i =0,...,n) are distinct non-zero complex constants.



Chapter 1

Background

In this chapter, we briefly review some selected facts from Nevanlinna theory, chosen based on their
relevance and use as an essential material in the following chapters. The body of this chapter is
divided into three sections, the material of the first section can be found in any classic book on
Nevanlinna theory (see e.g. [3,38,47,/60]), while the content of the next two sections is mostly taken
from [[15/19,32,42,49,55].

1.1 Nevanlinna theory: Basic definitions and theorems

The crucial role played by the three Nevanlinna main functions: the proximity function m, the counting
function N and The characteristic function 7', can be observed easily through their involvements in
the two Nevanlinna fundamental theorems and in the majority of quantities measuring the growth and
value distribution. Therefore, this theory has been described as a study of how the growth of these

functions interrelates. We begin this section by the definitions of these three main functions.

Definition 1.1. Let f(z) be a meromorphic function. For f % a € C, the proximity functions of f(z)
1

are defined by
(na,f)=m|r ! = 1/2ﬂ10+
)= "f—a) 2ml)o 8 f(rel?) —a

[ ip
(s ) = mirf) = 5= [ og" |£(re®) do.

e,

Definition 1.2. Let f(z) be a meromorphic function. For f # a € C, the counting functions of f(z) are
defined by

dt +n(0,a, f)logr,

N(r,a,f):N(n ! ):/O’n(t,a,f)—n(o,a,f)

f—a t

/r I’l(t,f) —I’l((),f)
t

0

dt +n(0, f)logr,
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ra(t,a, f) —n(0,a,f)
I —
/”ﬁOJW—ﬁUlf)
0 t
where n(t,a, f) =n(t,a) n(t,o, f) =n(t, f), n(t,a, f) =n(t,a) and n(t,e, f) = a(t, f) denote respec-
tively the number of zeroes of f(z) — a, the number of poles of f(z) lying in |z| <t, counted according

dt +n(0,a, f)logr,

2
D
K
|
=2
/N
~
K’S
| —_—
IS}
N——
I

N(r,e0,f) =N(r,f) = dt +n(0, f)logr,

to their multiplicity, the number of distinct zeroes of f(z) — a and the number of distinct poles of f(z)
lying in |z| <t.

Definition 1.3. The characteristic function of a meromorphic function f(z) is given by

T(r,f)=m(r,f)+N(r,f), r>0.

Example 1.1. Let f(z) be a meromorphic function, and let P(z) and Q(z) be two polynomials of degree
p and q respectively

1. T(r, %) = max{p,q}logr.
r’

2. T(r,P(f)) = pT(r.f)+ O(1).

: +b
3. Suppose that a,b,c,d € C with ad — bc # 0, then T (?f’id) =T(r,f)+0(1).
4. Suppose Q(z) = byz? +by_129"" + ...+ b, then T(r,e??) = m(r,e??)) ~ lb?;‘rq-

5. T(re®) =m(re) ~ =&

2m3r”

r

In general, if f(z) is entire, then N(r, f) =0, and so T (r, f) = m(r, f), and this leads to a relation-
ship between T'(r, f) and the maximum modulus M(r, f) = max—,|f(z)|, expressed through two

inequalities by the following theorem.

Theorem 1.1. Suppose f(z) is entire function and 0 < r < R < o, then

T(rf) < log" M(r ) < o

T(R,f)

—r
The functions N(r, f) and T'(r, f) are both non-decreasing of r and convex of logr, unlike m(r, f),
which may not necessarily satisfies these properties. Besides this, these three functions satisfy the

following properties

Proposition 1.1. Let fi, f2,..., fn be meromorphic functions. Then

1. m<”>2?_1fj) SZ?zlm(r‘?fj)—i_logn? m(’F?H;%_lfj) SH?:]m(rafJ)
2. N(’;Z?:lfj) SZ?:IN(rufj)a N(rul—[?:]fj) SH?:lN(rvfj)

3. T(";Z?ﬂfj) SZ?:lT(nfj)_l_lOgn? T(’;H?—lfj) SH’}:I T(rafk>'
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Theorem 1.2. (Nevanlinna’s first fundamental theorem) Let f(z) be a non-constant meromorphic

function, and let a € C. Then

1
T(r,f—):T(r,f)-i—O(l) as r— oo, (1.1)
—a
Theorem 1.3. (Nevanlinna’s second fundamental theorem) Let f(z) be a non-constant meromorphic
function, and let k > 2. Suppose that ay, ..., ay are distinct complex numbers. Then
k 1
m(r.f)+ Y, m(r,———) <2T(r.f)+S(r.f), (1.2)
j=1 f—aj
where
S(r,.f)=0(logT(r,f)+1logr) =o(T(r,f)) as r— oo, (1.3)

outside of a possible exceptional set F C [0,0) of finite linear measure.

The estimate provided by the lemma of the logarithmic derivative is the source from which the
error term S(r, f) arises. Perhaps this fact alone should tell us about the significance of the role played
by this lemma in the Nevanlinna’s second fundamental theorem in particular, and generally this lemma
is considered as an indispensable tool is several other results in the value distribution theory and its
applications such as, the differential equations. in the following, we only state its standard version,

while some of its counterparts and their variants will be recalled and applied in the next chapters.

Theorem 1.4. (The logarithmic derivative lemma) Let f be a meromorphic function and k > 1 be

f(k)
m( 7) — S(r.1), (1.4)

integer. Then

where S(r, f) satisfies (1.3)).

We finish this section by recalling the definition of the central index of entire functions.

Definition 1.4. Suppose f(z) is an entire function whose Taylor expansion is f(z) = Y.,_qanZ". The

central index of f(z) is given by
V(r,f) =max{m: |au|r'" =u(r,f)},
m>0

where u(r, f) = max,>q |a,|r" is the maximum term, whose existence is always guaranteed by the

convergence of the power series Y., |an|r" for every r > 0.

1.2 Growth and value distribution scales of meromorphic function

In this section, we introduce some quantities, most of which are defined in terms of the three main
Nevanlinna functions, these quantities will be used to estimate the growth and value distribution of

meromorphic function
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Definition 1.5. Let f(z) be a meromorphic function. The order of the growth and the lower order of
growth are respectively defined by

: log 7 (r, f) . logT(r,f)
PU)=limsup == 7= KU =liminf =
If f(2) is entire, then
o(f) =limsup 08T S) _ i 108108M(nS) g lOBT(RS) ey loglogM(n /)
y——>00 log r y—>00 log r y—>00 Og r F——o0 log r

Definition 1.6. Let f(z) be a meromorphic function with 0 < u(f) < p(f) < . The type and the

lower type are respectively given by

. T(r)) _piming L)
w(f) =limsup =75, 2(f) = liminf =75,
If f(2) is entire, then
e logM(r, f) . ogM(n f)
o (f) = limsup ===, 2y(f) = liminf ==

The order and the type are both effective indicators of the growth of meromorphic functions,
but from the definition of the type, we remark that it is no longer useful for the two cases when the

functions are of zero or infinite order. For that, we need to introduce other growth indicators.

Definition 1.7. Let f(z) be a meromorphic function, and let p,q € N such that p > q > 1. The
[p,q]-order and the lower [p, q|-order are respectively defined by

. logp T(raf) o long(r,f)
Pip.q (f) = 11gip W? Hip.q (f) = lggng'
If f(z) is entire, then
p[Pq}(f) :limsupgp—(f) = limsu gp—H ( f)
9 y—>o0 Iqu r y—>o0 logq r
log, T (r, loglo M(r,
.u’[p q] (f) = hmll’lfgp—(f) — liminf g gp+] ( f)
; F—>o0 logq r Pra—" og,

Note that, for a meromorphic function f(z), it is clear that , ;1 (f) < ppp (). If pyp g (f) =
Pip,q (f), then f(z) is said to be of regular [p, g]-growth, and if p, ;1 (f) < p|p4(f), then f(z) is of

irregular [p, g]-growth. In particular, when wy 1)(f) = u(f) = p(f) = p1,1(f), f(2) is of regular
growth, and it is of irregular growth otherwise.

Definition 1.8. Let f(z) be a meromorphic function with 0 < W, 1(f) < pp.q (f) < eo. The [p,q]-type
and the lower [p,q|-type are respectively given by

logp—l T(I”7 f)
(logq—l )Plra (f’

Tl (f) = limsup

r—>00

If f(z) is entire, then

log, M(r, f)

Tp.gm(f) = limsup W,

F—>00

T logp—] T(r7f)
I[pvq] (f) o I}H—11>2’f (logq_l)p’[[’sq] (f) .

log, M(r, f)

I[p,q],M(f) = liminf (logq,l)“(f) .

r—oo
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Definition 1.9. Let f(z) be a meromorphic function. The logarithmic order and the logarithmic lower

order are respectively defined by

, logT (1, f) . dogT(r, f)
— timsup 28T f) — liminf —o——"7 /.
Prog(f) 1rm_s>1°1°p loglogr ’ Hiog () e loglogr
If f(2) is entire, then
. logT(r,f) .. loglogM(r, f)
= limsup —>—/ — jimsup —2 ")
Prog(f) 1rm S,l:op loglogr 1rm_>s1°10p loglogr

logT loglog M
Hiog(f) = liminf 108 T(1 ) _ jipy g lo810ZM ()
r—e loglogr oo loglog r

Example 1.2. In view of |Example 1.1} we have

1. p[nq](%) =0foranyp>qg>1 and plog(%> =1.

2 p(29) =g and pog(e?) =ce

3. p(eez) — plOg(eez> — o0 and p[271]<eez) — 1-

Among the properties of the logarithmic order we should mention that the meromorphic functions
with finite logarithmic order are of zero order. However, the reverse is not necessarily true. the
logarithmic order can not take any value between zero and one. As it is shown in the above example
the non-constant rational functions are of logarithmic order equals one. For further properties and

examples (see [[1920])

Definition 1.10. Let f(z) be a meromorphic function with 0 < piog(f) < Piog(f) < oo. The logarithmic
type and the logarithmic lower type are respectively given by

Y T(r,f) T . T(raf)
Tiog(f) = hrm_S;liP (logr)pe) Tiog(f) = liminf (log r)Hoe ()
If f(z) is entire, then
log M (7, ) logM(r.f)

Tjogu(f) = liminf

rlog7M (f) = lim sup F—>-o00 (10g r)“log ("

F—too (log r)plog(f) ’

Definition 1.11. Suppose f(z) is a meromorphic function. Then, the exponent of convergence of poles

of f(z) is defined by
A (l) = limsup logn(r.f) = limsup logN (. f) :

r—s+o  lOgr r—sto  logr

Definition 1.12. Suppose f(z) is a meromorphic function. Then, the logarithmic exponent of conver-
gence of poles of f(z) is defined by

}Llog(l):hmsu w i M_l

=1
r—s+o loglogr rlisfg loglogr
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Definition 1.13. The deficiency of a € C with respect to a meromorphic function f(z) is given by

1 1
m <r,]Ta> N(l’,m)

o(a,f)= lggl}rgfw =1 —lirrngrlip Tof) for acC.
_em(nf) N(r.f)
R (Y I [ Y))

a value a is called a deficient or a defective value of f(z) if the above quantity is strictly greater
than zero, whereas it is obvious that 0 < § (a, f) < 1. Moreover, by the second fundamental theorem,
the set of the deficient values of f(z) satisfies Y, ¢ 6 (a, f) < 2.

1.3 Growth and value distribution scales of meromorphic function

around an isolated point

In this section, we list some other quantities, which are also important in studying the growth and
value distribution of meromorphic function around a singular point zg € C. For that, we first need new

definitions for the main Nevanlinna functions.

Definition 1.14. Suppose f(z) is a meromorphic function in C — {zo}. The characteristic function of
f(z) near zg is defined by

TZ()(nf) = mZo(r7f) +N20(r7f)7
where o
ma(rf) = 5= [ 1og" |10 = el

is the proximity function of f(z) near zo and

o t

Norf) = [ Pal TNl )y oo y10gr

is its counting function near zo. Here ny(t, f) denotes the number of poles of f(z) in {ze C:t <
|z— 20|} U {eo}, each pole according to its multiplicity. While the number of distinct poles of f(z)
in{z€ C:t<|z—z0|}U{eo} is denoted by 1, (t, ), which can be used to generate N (r, f) in an

analogous manner to N (r, f).

Lemma 1.1. Let f(z) be a non-constant meromorphic function in C — {zo} and set g(®) = f(z0 — +).

Then g(®) is meromorphic in C and we have

T(Rvg) = TZO(%}][)'

From |[Lemma 1.1} it is easy to see that the properties of the characteristic function of meromorphic

functions are also hold for the characteristic function of meromorphic functions in C — {zg}.

Definition 1.15. The maximum modulus of a meromorphic function f(z) in C —{zo}, is given by

My (1, f) = max{|f(2)] : |z — 20| = r}
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Definition 1.16. Let f(z) =Y Oanw be an analytic function in C — {zo}, with the maximum

term uz (1, f) = maX,>0 |an| 4, where |z—zo| = r. The central index of f(z) is defined by

1
Ve ) = mas {4y = 1)

Remark 1.1. If f(z) is non-constant analytic function in C — {zo}, then g(®) = f(z0 — L) is entire
and Vo, (r, f) =V (R, g), where R = %

Definition 1.17. The [p, q]-order and the lower [p, q|-order near zy of a meromorphic function f(z) in
C —{z0} are respectively defined by

10g+ T, (rf log T, (rf
pq(f,z())—hmsup—p 20(1 )7 (f,z())—hmmf—( )
r—s0 lqu v r—0 logq "

For an analytic function f(z) in C — {zo}, the [p,q|-order and the lower |p,q-order of f(z) near zo

are given by

pq(f,Zo)—hmsupM:hmsup p+1 Ztl)( )7
r—0 08y 7 r—s0 log -
10 + T T, 10 + M r,f
b (F.20) = liming 222 0 g 1081 Malr])
) r—0 logq - r—0 Iqu 1

Note that pp; 11(f,20) = P(f,20) and 5 1)(f,20) = p(f,z0) are just the order and the lower order
near zo of the meromorphic function f(z). ppp,1)(f;20) and py, 1(f,z0) are called, respectively, the

hyper-order and the iterated p-order near zp.

Definition 1.18. The [p,q|-type and the lower [p,q|-type near 7y of a meromorphic function f(z) in
C—{z0} with 0 < Hip.q (f3:20) < Pppq(fi20) < oo, are respectively defined by

log ™ r
I[p,q](f7ZO):liminf 08p-1 Zo( f)

log; 1 T (1)
Up.q) (f;20) = limsup r—0 (log ) gl (f20)

r—0 (log,_ Lo Plpgf:20)

For an analytic function f(z) in C —{zo}, the [p,q|-type and the lower [p,q|-type of f(z) near zo are
given by

logy Mz (, f) log,, Mz, (1, f)
T (f520) _llm%p (log, ) pal (f20)” TpgM u(f>20) —hfﬂ%f (log,_ ) q(f20)

Definition 1.19. The logarithmic order and the lower logarithmic order near 7y of a meromorphic

function f(z) in C—{zo} are respectively defined by

. log™ T (r, loe™ T. (r
Prog(f:20) = limsup w» Hiog (f,20) = hmmfw.
r—0 IOg log v r—s0 log 10g 1
If f(z) is an analytic function in C — {zo}, then
: lo +T r . lo +10 +M 1,
plog(f;ZO) =lim sup w = lim sup g g Z{)( f)
r—0  loglog< r—0 loglog

logt T, loo™ loe™ M.
uulog(f,Zo) = hmlnfw — liminf og' log ZIO(r’ f)
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Notice that, from Prog(f20) = Piog(g). Therefore, all what can be said about the prop-
erties of the logarithmic order of meromorphic functions is also valid for those which are meromorphic

in C—{z0}.

Definition 1.20. The logarithmic type and the lower logarithmic type near zo of a meromorphic

function f(z) in C—{zo} with 0 < Wog(f,20) < Prog(f,20) < oo, are respectively defined by

— 11 TZO(I",f) I . Eo(ﬂf)
Fiog (f20) = lim sup (log Lyper)” Do (f:20) = liminf (og e
If f(2) is an analytic function in C — {zo}, then
 logt My () o log My (1)
— 1 O\ — l f 2o\ )
’L'lo&M(f,ZO) ljn_S:(l)P (log %)plog(fvzo) ) Ilog,M(fa ZO) gﬂ% (log %)ﬂlog(f&o)

Definition 1.21. The [p,q]-exponent of convergence of zeros and distinct zeros near 7o of a meromor-
phic function f(z) in C — {z0} are respectively defined by
log;Nzo(ra%) = log;NZO(}’, %)

)L[%q] (f,Z()) = lim sup R A[p,q] (f,z()) = lim sup

1 1 ’
r—0 logq - r—0 Iqu -

In particular, A, 11(f,20) = Ap(f,20) is the iterated p-exponent of convergence of zeros near z of

f(z) and I[pjl] (f,z0) = Ip( f,z0) is the iterated p-exponent of convergence of distinct zeros.

Definition 1.22. The logarithmic exponent of convergence of zeros and distinct zeros near 7y of a

meromorphic function f(z) in C — {z0} are given by

log* Ny (r, 4) — log* Ny, (r, §)
Mog(f120) = limsup# —1,  Zuog(f.20) = limsup ———— L i o
r—0 loglogl r—0  loglog



Chapter 2

Linear differential equations with finite or

infinite order analytic coefficients in C — {z,}

2.1 Introduction

In this chapter, we study the growth of the following complex linear differential equation
O+ a1 @+ + AR +AoR)f =0, 2.1)

where k > 2 and the coefficients Ag(z), ...,Ax_1(z) are analytic functions in C — {zo}. It is well known
that if these coefficients are entire functions, then so are all solutions of (2.1)). Unfortunately that is not
the case in C — {9}, in other words, if the coefficients Ao (z), ..., Ax_1(z) are analytic in C — {zo}, then
the equation may have an non-analytic function in C — {zo} as a solution, that can be illustrated
by the following example

Example 2.1. Consider the linear differential equation

1 1 2 1
7+ (exp2 { } + ) f+ exp, { } f=0. (2.2)
20— < 20— < 20— < 20— <

The function f (z) = (z0 — z)? solves (2.2), and f (z) is not analytic in C — {zo}.

Fettouch and Hamouda were behind the idea of investigating the growth of solution of (2.1]) in
C — {zo}, such that they discussed the relationship between the growth of solutions and that of the

coefficients in term of the order and the hyper order [32], they obtained the following result
Theorem 2.1 ( [32]). Let Ay(z),...,Ar_1(z) be analytic functions in C — {zo}. Assume that
max{p(Aj,zo) cj=1 k= 1} < p(A07Z0) < oo

Then every solution f(z) # 0 that is analytic in C — {zo} of (2.1)), satisfies p>(f,z0) = p(Ao,z0).

The above result is a C — {z9} counterpart to previous theorem obtained in the complex plane by

Chen and Yang [18]. The concepts of [p, g|-order and the [p, g]-type of entire functions were firstly
13
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introduced by Juneja and his coauthors [44,45], they have been used later as more general growth
indicators to estimate the growth of solutions of differential equations (see e.g. [[14, 30,31, 51,64, 78]).
In [51], J. Liu and his coauthors extended the theorem of Chen and Yang for the cases when there
are some coefficients of infinite order or when there are multiple coefficients with maximal finite

[p,q]-order. This inspired Long and Zeng to prove similar results in C — {zo}, by which they extended

such that they proved the following theorems.

Theorem 2.2 ( [55]). Let Ay(z),...,Ar_1(z) be analytic functions in C — {zo}. Assume that
max{p, q(Aj;z0) 1 j=1,....k—= 1} < pp, 4(A0,20) < +oo.

Then every solution f # 0 that is analytic in C —{zo} of , satisfies P,11.4(f20) = P[p.g (A0, 20)-

Theorem 2.3 ( [55]). Let Ay(z), . ..,Ar_1(z) be analytic functions in C — {z¢}. Assume that
max{pp, (Aj;z0) 1 j=1,....k=1} < pj, 4(A0,20) < +o0

and

max{ 7, 4/(A},20)  Pp.g](Aj>20) = Pip,g) (A0, 20) > 0} < T (A0, 20) < F-oo.
Then every solution f # O that is analytic in C — {zo} of , satisfies Pjp11,4(f20) = Pp,q) (A0, 20)-

Observe that in the above theorems, the dominance of the coefficient Ag(z) is assumed in term of
the [p, g]-order or the [p, g]-type. So, it is natural to ask what can be said about the growth of solutions
of (2.1, if the dominance of A¢(z) is assumed in term of the lower [p, g]-order or the lower [p, g]-type
instead ? The aim of this chapter is to answer this question by proving the following theorems, which

are also considered as extensions to the results obtained in [53]].

2.2 Main Results

Theorem 2.4 ( [25]). Let Ay(z),...,Ar_1(z) be analytic functions in C — {z¢}. Assume that
max{pp, ,(Ajz0) 1 j=1,....k= 1} <y, 1(A0,20) < Plp.g1(A0,20) < +oo.

Then every solution f # 0 that is analytic in C — {zo} of , satisfies

Hip.q)(A0,20) = Hipt1,g/(f320) < Plpt1.g)(f120) = Pip,g (A0s20)-
Theorem 2.5 ( [25]). Let Ay(z),...,Ax—1(z) be analytic functions in C — {zo}. Assume that

max{p|, 4 (Aj20) 1 j=1,....k= 1} <ty 51 (A0,20) < Ppp g (A0,20) = p < +o0

and

T = max{7),(A),20) : Pppg(Aji20) = Hpg) (Ao, 20) > 0}

< I[p,q} (A07Z0) =1< +-o0.

Then every solution f # 0 that is analytic in C—{zo} of satisfies Wy 41 (Ag,20) = Hipi1 g (f,20) <
Plp+14] (fi20) = Pip.q) (Ao,z20).
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Theorem 2.6 ( [25]). Let Ay(z),...,Ar_1(z) be analytic functions in C — {z¢}. Assume that

max{p[pﬂ} (Aj,Z()) j=1,.0k—1} < Hip gl (Ap,z0) < +o0

and

. Zl;;imzo(nAj)
lim sup
r—0 my, (r7A0>

Then every solution f # 0 that is analytic in C — {z9} of li satisfies

<1.

Hip.q] (Ao,20) = Hip+1,q] (fy20) < Plp+1,4] (f,z0) = Plp.q] (Ao, 20)-

2.3 Lemmas
The following lemmas are important to prove our results.

Lemma 2.1 ( [32]). Let f be non-constant analytic function in C — {zo}, let k > 0 be given real
constant and j € N. Then there exists a set F1 C (0,1) having finite logarithmic measure and a
constant C > 0 that depends on k and j such that for all |z —zo| = r € (0,1)\ F1, we have

1 J
SC|:r_2TZo<Kr7f)logTZO(Kr7f) 9

Lemma 2.2 ( [55]). Let g: (0,1) = R, h:(0,1) — R be monotone decreasing functions such that
g(r) > h(r) possibly outside an exceptional set F, C (0, 1) that has finite logarithmic measure. Then for
any given 8 > 1, there exists a constant 0 < ro < 1, such that for all r € (0,ry), we have g(r®) > h(r).

Lemma 2.3 ( [37]]). Let f be non-constant analytic function in C- {z0}. Then, there exists a set

F3 C (0,1) that has finite logarithmic measure, such that for all j =0,1,...,k, we have

@) Voo ()’
G _(1+0(1))(20—Zr) ’

as r — 0, r ¢ F3, where z, is a point in the circle |z — zo| = r that satisfies |f(z,)| = max{|f(z)| :

|z — 20| =1}

Lemma 2.4. Let f be non-constant analytic function in C — {zo} with Hip.q(f:20) = p < oo. Then
there exists a set Ey C (0, 1) having infinite logarithmic measure such that for all |z — zo| = r € E}, we

have

log, T, (r, Io M, (r,
U= lim gp 20 (1 f) — lim gp+l Z(l)( f)
r—0 1ogq = r—0 ]ogq "

and for any given € >0 and all |z—zo| =r € E}

1\ Ate
MZO(raf) < epr { <10gq1 ;) } .
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Proof. By the definition of the lower [p, g]-order, there exists a sequence {r, };,_, tending to O satisfying

Tl < nHr,, and
10gp+1MZO(rl’l?f)
n—)oo logq .
Therefore, there exists an integer ng > 1 such that for all n > ng and for any r € [n 1 rnl, we get
lim 10gp+1Mzo(7”n7f) < lim longMzo(” f) < lim longMm(%rn,f) '
n—re log, e n——oo logq p n—>oo log, -
Since n
logp—H Mzo(rnuf) lim 1ng+]MZ0(mrn7f) —u
I’l—> logq m n—» logq -
then for any r € [Vl+1 T'n, r,,] we get
lo M, (r,
m p+1 Z(l)( f) — i
n—yoo 1ogq m
o0
SetE; = U [nﬂr,,,rn} Then for any given € > 0 and |z —z9| =r € E;
n=ny
1 u+ée
MZO(r’ f) S €pr <logq1 ;) s
where
1
Miog(E1) = / —dt Z log <1 +— > o0,
n= n() n+1 n=ny
Similarly, we can prove the other result. ]

Lemma 2.5 ( [55]). Let f be non-constant analytic function in C — {zo}. Then
. log,, V2 (1, f)
Pipg (fs20) = limsup —L 227
r—0 logq p
Lemma 2.6 ( [44])). Let f be entire function. Then

. dog, V(nf)
‘I.L[pﬂ] (f) = hmmfp—.

r—ee log,r

Lemma 2.7. Let f be non-constant analytic function in C — {zo}. Then

log’ V.. (r,
pal(f:20) = llmlnfw’
r—0 10gq;

Proof. Set g(®) = f(zo — —) From[Remark 1.1} g is entire and we have

1
Vo(r,f)=V(R,g), where R=—
r

this and lead to

1ngV(R7g) . . 1Og?7_ Vzo(r7f>

Hipq (g) = liminf Tlog,r liminf — g,
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On the other hand, by we have T(R,g) = T,(r, f), which implies that u, ,(g) =
Hip.q (f+20)- Therefore, we get

+V 7,
g (f520) = hmmfw
r—0 10gq 1

]

Lemma 2.8. Let f be non-constant analytic function in C — {zo} with 0 < Hip.q (f120) = 1 < oo and
0<1, ( f,20) = T < co. Then there exists a set E, C (0, 1) having infinite logarithmic measure such

thatfor all |z—z0| = r € E», we have

M (1, f) <exp, {(1+8) (logql %)”} :

Proof. By the definition of lower [p, g]-order and lower [p, g]-type, there exists a sequence {r,,}_,

tending to O satisfying ry,41 < m and

m+1
hm log; MZO (rmaf)

u
m—r+-oo 1
<logq,1 ﬁ)

For any r € [;25 7, |, We have

log;MZ()(r?f) < lOg M (m+]rl’I17f)
no— H
(10gq—1 %) <logq_1 l)

m

U
1
o M (2, ) (102027

— T
lo 1 \H lo 1\ meode ™
gq ) m+1rm gq—l I'm

Then, for any given € > 0, there exists a positive integer mq such that for all m > mg and for all

m
re [m—Hrm,rm}, we have

My (1, f) < exp, {(1+8) (Iqul %)”} .

—+oo
SetEr, = | [miﬂrm,rm] . Then for any given € > 0 and all |z—z| = r € E;

1\ #
M (1, f) <exp, {(I—H'-J) (logq_] ;) },

g 1
Miog (Ez) = / Z log (1 + ) = +-o0,

m mo m+1’m m=my

where

]

Lemma 2.9 ( [55]]). Let f be a non-constant meromorphic function in C\{zo}. Then the following

statements hold
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(i) Tyy(r, 5) = Ty (. ) +O(1);
(ii) Toy(r, ') < O(To(r, f) +10g 1), 1€ (0,70]\Fa, where F4 C (0,70 with migg(Fs) < oo.

Lemma 2.10 ( [55]). Let f be non-constant analytic function in C — {zo} with Pip.g (fr20) = p < oo
Then there exists a set E3 C (0, 1) having infinite logarithmic measure such that for all |z—zo| =r € Es,

we have
lng TZO(raf) . logp—H MZO(r7f)

p=lim —2200 _ jim 1
r—0 ]ogq " r—0 10gq "

and for any given € >0 and all |z—zo| =r € E3

1
Ty(n) 2 expy { (p —€)log, - .

2.4 Proofs of the theorems

Proof of Theorem 2.4

Proof. We only need to prove that every solution f # 0 that is analytic in C — {zo} of 1} sat-

isfies U, 41.4(f,20) = Hp,g(A0,20), because we already have from Theorem 2.2 p(, 11 4(f520) =
Pip.q (A0,20). We rewrite (2.1)) as

fH(2)
f(z)

& ()
f(2)

f(z)
f@) |

[Ao(2)] < +[Ak-1(2)] +-+ A1) (2.3)

Set max{p(, 4(Aj,20) : j = 1,....k =1} = p; < W, 4(A0,20). Then for any given & (0 < 2¢ <
Hp.q(A0,20) — p1), there exists r1 € (0,1) such that for all [z —zo| = r € (0,71), we have

1\ Mip.q(A0:20)—€
M, (r,Ag) > exp, <logq_l ;) 2.4)
and
1 p1+¢€
M, (r,Aj) <exp, (logql;) , (=12, k—1). (2.5)

By there exists a set J; C (0, 1) that has a finite logarithmic measure and a constant C > 0
that depends on k > 0 and j € N such that for all r = |7 — 79| satisfying r € (0, 1) \ F}, we obtain

f(j) (z)
f(2)

Substituting (2.4)-(2.6) into (2.3), for the above € and r € (0,r;) \ F}, we have

1\ Mip.a)(A0:20)—€
exp,, (logq1 ;)

1\ P1+e 1 k
ngexpp (logql;) L—ZTZO(ar,f)logTZO(Kr,f)} .

J
S C |::_2]}0(Kr7f)10gTZo(Kr7f):| 9 (.] - 1727"' 7k) (26)

2.7)
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By (2.7), we get

1\ Hipal (Ao,20)—€ 1\ P1T¢€ 1 2k
Cpr (logql ;) < Ckexpp (logql ;) |:;TZo(Kr7 f):| > (2.8)

for all |z —zo| = r € (0,r1)\ F1 and |Ag(z)| = M, (r,Ap). By (2.8) and Lemma 2.2 we obtain
Mpt1,q(f520) > Mip g (Ao, 20) — €. Since € > 0 is arbitrary, we get

Hipr1,q)(fr20) = Hip g (A0,20)- (2.9)
By (2.1)), we have
196 ) 1)
' ) < |Ax—1(2)| T +-+1]A1(2)] o ‘+|A0(z)|. (2.10)

By [Lemma 2.3| there exists a set 3 C (0,1) that has a finite logarithmic measure, such that for all
j=0,1,....k and r € E3, we have

9 (Vzo(r,f))f
— 4o 22L2) o, @2.11)
‘ =t (28
where z is a point in the circle |z —zo| = r that satisfies | f(z)| = My, (r, f).

By there exists a set E; C (0,1) having infinite logarithmic measure, such that for any

given € > 0 and for all |7 — z9| = r € E, we have

1\ Mip.q)(A0:20)+-€
[Ao(z)| < My, (r,Ap) < exp, (logq_l ;) : (2.12)

By substituting (2.5)), (2.11) and (2.12)) into (2.10), for any given € > 0 and for all |z —zo| =r €
Ey N (0,r1)\ F3, we get

. 1\ Mip.ql(A0:20) -
10| (V1)) < renp, 4 (10g, 1) R IS SR EY

then we obtain

1\ Mip.ql(A0:20)+
Vi) < drexp, | (1og, 11 ) 1ol reEINOANT @14

By [Lemma 2.2} [Lemma 2.7/ and (2.14), we get {,11 4(f,20) < Up4(A0,20) + €. Since € >0 is

arbitrary, we obtain

Hip+1,4)(f520) < My g (Ao, 20), (2.15)

from (2.9 . 9) and (2.15)), we obtain w1 4(f,20) = Hp g (A0, 20)- [
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Proof of Theorem 2.5

Proof. By[Theorem 2.3| we have p|, 11 4(f,20) = P[4 (A0, 20). We only need to prove that i, 4 (f,20) =
.u[p,q] (AO7 ZO)'

We set p = max{p[p,q] (Ajsz)ap[p,q]<Aj7Z0) < .u[p,q}(AOJO) tj=1 k= 1} It p[p,q](Aj7Z0) <
Hip.q(A0;20), then for any given & (0 < 2& < min{y,, ;1 (Ao,20) — P2,T — 71 }, there exists r» € (0,1)

such that for all |z —zo| = r € (0,r2), we have

1 p2t+e€
M, (rAj) < exp,, (logq_l ;)

1\ Mip.ql(A0:20)—€ ‘
<exp, <logq_1;> , (=12, ,k—1). (2.16)

pr[l’ﬂ} (Aj,ZO) =Hpq (AQ,Z()), TUp.q) (Aj,Z()) <<1T= Tl (A(),Z()), then there exists r3 € (O, 1) such
that for all |z —zo| = r € (0,r3), we have

1\ Mip.ql(A0:20)
M (rAj) <exp,q (T1+¢€) (logq_1;> (2.17)

and

1\ Mip.q (A0:20)
My (r,Ag) > exp, 4 (T—€) (logql ;) : (2.18)

By substituting and (2.16) -(2.18)) into (2.10)), we obtain

1\ Hipa(A0:20)
epr (I_ 8) <10gq1 ;)
1\ Hipal(A0:20) ) 11 2k
§kCepr (11 +¢€) (lqul ;) [;TZO(K”?]C)} ]

forall |z—zo| =r € (0,r2) N (0,r3)\ F1, r — 0 and |Ag(z)| = M,,(r,Ap), where C > 0 is a constant.

By|Lemma 2.2|and (2.19), we have

(2.19)

Wip+1,4(f120) = Wyp 4 (A0, 20)- (2.20)

By |[Lemma 2.8 there exists a set E; C (0, 1) having infinite logarithmic measure, such that for all

|z—z0| = r € E», we have

1\ Mip.ql(A0:20)
[Ao(z)| < My (r,A9) <exp,q (T+€) (logql ;) : (2.21)

By combining (2.10), (2.11), (2.16)), (2.17) and (2.21)), for all |z—zo| =r € E, N (0,r2) N (0,73) \ F3,

r — 0, we have

|1+ 0(1)] (Ve (1, f))*

1 “[PJI] (AO’ZO) k—1
<krexp, (1+¢€) (logql ;) [T4+o(1)] (Ve ()",
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o)
1\ Mip.q)(A0:20)
Voo (1, f) < krexp, { (T+¢€) <logq_1 ;> |[1+o0(1)]. (2.22)

By [Lemma 2.2} [Lemma 2.7|and (2.10]), we obtain

Hip+1,q) (fvzo) < Hip.q) (AO7ZO)- (2.23)
Thus, from (2.20)) and (2.23)) we have

Wp+1,4(f120) = Uyp 4 (A0, 20)-

O
Proof of Theorem 2.6
Proof. By (1.1), we have
k—1 k ()
mg(r,Ao) < ) mg(rnA;j)+ Z mg, | 1, F ) +0(1). (2.24)
j=1 j=1 f(Z)

By|Lemma 2.9| for a constant ry € (0,1), there exists a set F4 C (0, ro] with m;(F4) < +oo such that
for all |z —z9| = r € (0,r0] \ F4, we have

k () 1

Z my, (r, ff (Z()Z)> <0 <TZO (r,f)+log ;) ) (2.25)
j=1

ZI;;{ mz, (rvAj)

(A <9 < 1. Then for r — 0, we have

Setting limsup,__,

k—1
Y myy(r,A)) < omy(r,Ao). (2.26)
=1

By substituting (2.23) and (2.26)) into (2.24)), we obtain for all |z—zo| =r € (0,r9] \ Fg, r = 0

(1= 6)my, (r,A9) < O (TZO (r. f) + log %) . (2.27)

By the definition of lower [p, g] —order, for any given € > 0, there exists r4 € (0,1) such that for all

|z—z0| = r € (0,r4), we have
1
mey (r,Ao) = Ty, (r,Ag) > exp, { (u[p,q] (Ao,20) — €) log, ;} . (2.28)
By (2.27) and (2.28), for any given € > 0 and |z —z9| = r € (0,70] N (0,74) \ F4, r — 0, we obtain

1 1
(1-0)exp, { (Ugp,41(A0,20) — €) log, ;} <0 (TZO (r,f) —|—log;> . (2.29)

By [Lemma 2.2 and (2.29), we have w, | 4(f,20) > K 4 (A0,20) — €. Since € > 0 is arbitrary, we

obtain
Wp+1,4(f120) = Uyp (A0, 20)- (2.30)



22 CHAPTER 2. LINEAR DIFFERENTIAL EQUATIONS PART 1

Set max{p[p’q] (Aj,ZO) cj=1,...k— 1} =p3 < Hipq) (A(),Z()) < p[p,q] (A(),ZQ). Then for any given
€ > 0, there exists r5 € (0, 1) such that for all |z—zo| = r € (0,r5), we have

1 p3+e€
M, (r,A;) < exp, (logq_l ;)

1\ Mip.ql(A0:20) €
<exp, <logq_1;> , (=12, k—1). (2.31)

By substituting (2.11)), (2.12)) and (2.31)) into (2.10)), for any given € > 0 and for all |z —z9| =71 €
Ey N (0,rs)\ F3, we get

. 1\ Mip.q(Ao20)+€ -
1+ 0(0)] V) < krexp, | (g, 1 1) 1o (V). @3

By (2.32)), for above &, we get

1\ Hip.q(Ao:20)+-€
Valrf) < brexp, § (1og, 1) 1+0(1). 233

where |z —zo| =r € E;N(0,rs)\ F3 and |f(z)| = My, (r, f). By (2.33),|Lemma 2.2)and [Lemma 2.4]
we obtain L, 1 4(f,20) < Hjp 4 (Ao,20) + €. Since € > 0 is arbitrary, we get

Hip+1,q] (f»ZO) < Hip.q) (A07Z0)' (2.34)
Thus, from (2.30)) and (2.34) we have
Hip+1,q) (f?ZO) = Hipq] (A07Z0)‘
By using similar method, from (2.27) we have for |z —zo| = r € (0,r9] \ F4, r — 0
1
(1-0)T;(r,A0) = (1 — 0)mg,(r,Ap) < O (Tzo (r,f)+1log ;) : (2.35)

By|Lemma 2.10| there exists a set E3 C (0, 1) having infinite logarithmic measure such that for any
given e >0andall |z—zo| =r € E3

1
Ty (1 f) > exp,, { (P(p.q1(A0,20) — €) log, ;} : (2.36)

By substituting (2.36)) into (2.35]), we obtain for any given € > 0 and all |z —zo| = r € E3N (0,79 \ Tz,

r—0 |
(1 - G) Cpr { (p[p,q] (A07Z0) - 8) 1qu ;}

< (1-0)T;(r,Ag) < O (TZO (r,f) —|—log%) . (2.37)

Making use of |Lemma 2.2|and |Lemma 2.4} from (2.37)), we get

p[p+l,q] (f?ZO) 2> p[pg} (A();ZO)~ (2.38)
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By the definition of the [p, g]-order of py,, ;(Ao,z0) for any given € > 0, there exists r5 € (0,1) such
that for all |z — zo| = r € (0,r6), we have

1\ Plpg(A0:20) €
MZo(r7A0) S expp (logql ;) . (239)

Also by substituting (2.11)), (2.31) and (2.39) into (2.10)), for any given € > 0 and for all |z —zo| =r €
(0,r5) N (0,76) \ F3, we can find that

1 p[p,q] (A07Z0)+8
Vil 1) < hrex, { (1og, 1 ) 140(1)]. (240

By using[Lemma 2.5 [Lemma 2.2]and (2.40), we get

from (2.38)) and (2.41)), we conclude that

Plp+1.4)(f320) = Plp.g (Ao, 20)-

[
2.5 Examples
Example 2.1 f(z) = exp; {m} solves the following equation
i -I—Al(z)f/ +Ap(z)f =0, (2.42)
where (2n 1) . )
n-+
A = ———————¢expJ 2ex +
0(2) (z0 — z)%nt4 p{ p <(Z0—Z)2”+1 (Zo—z)2”+1)}
and
A2) 2n+1 { 1 } 2n+1 2n+2
7) = ————5€x :
1 (z0—2)2n+2 p (z—z0)2n 1 (z0—2)22 " 29—z
We have
P,1)(A1,20) = 0 < Uy 1)(A0,20) = Pp2,1)(A0,20) = 2n+1
Obviously, the conditions of are satisfied and we see that
Up.11(Ao0,20) = P11 (Ao, z0) = U311 (f20) = P,y (f20) = 2n+ 1.
Example 2.2 f(z) = m exp, {(ZO*]W} solves the following equation
" +A2) f" + A1) f +Ao(2) f =0, (2.43)

where

_ n(n+1)? 3
Ao(z) = (20 —2)3+6 CXp { (20— )™ }
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(ZO _ Z)3n—0—6 (ZO _ Z)2n—i—5 20— Z)n—H

2 n flz n
+<(n+1) (Bn+2)  (n+1)(5n%+7 +3)>exp{( 2 }

(n+1)3 6(n+1)7°  6(n+1)>3 1
" ((zo—Z)3”+6 "o (ZO—Z)”“) eXp{W}

nn+1)(n+2)
T

o (n41)? 1
Ai(z) = — (20 —2)"3 CXp { (20 —z)"H }

and
Ax(e) = ——ex { ! }
We have
max {py; 1(A2,20),P1,1(A1,20) } = max{n+1,n+1} =n+1
= Hi1,11(A0,20) = Py1,11 (A0, 20)
and

maX{T[1,1](A2,Zo),T[1,1](A1,ZO)} =1< 1[171](A0,Z()) = 3.
It is clear that the conditions of [Theorem 2.5 are satisfied and we see that

1,11 (A0:20) = P11y (Ao, 20) = M1 (f20) = Py (fr20) =n+ 1.

Example 2.3 f(z) = exp, {m} is a solution to equation (2.43) for the following coefficients

1 3
M) = 5 P a5 )

and

We have
max p[; 1) {(A2,20), P11 (A1,20) } = max {0,1} =1

= 1.,11(A0,20) = Pp1,17(Ao, 20),
lim sup may (1 A2) +m (nAy) _ 1 <1
r—0 mzo(ryAO) 3

Obviously the conditions of are verified and we see that

11,1 (A0,20) = Py1,1)(A0,20) = Mp,1)(f20) = P21y (fr20) = 1.



Chapter 3

Linear differential equations with zero order

analytic or meromorphic coefficients in
C—{zo} part1

3.1 Introduction

In this chapter, we discuss another case where the order fails to estimate the growth of solutions of
equation (2.1)), which requires to use different growth indicators. Furthermore, we will also consider

the growth and oscillation of the following non-homogeneous differential equation

FO A @D+ A 2) f + A0 f = F(2), 3.1

where Aj(z) (j=0,1,...,k—1) and F(z) are analytic functions in C — {z }. Under different hypotheses
on the coefficients of equation (2.1), Fettouch and Hamouda obtained the following results on the

iterated order

Theorem 3.1 ( [33]). Let Ao(2),...,Ax_1(2) be analytic functions in C\{zo} of finite iterated order
with max {pp(Aj,20) : j #0} < pp(Ag,z0) =p < +e0, 1 < p <o and E C (0,1) be a set of infinite

logarithmic measure such that for some constants 0 < B < o and any given € > 0, we have

o
@) exp, {5

B .
4j(z)] < exp,,{rp_8 L j=1,,k—1,

as r — O with r € E. Then, every analytic solution f(z)(# 0) in C\{zo} of (2.1) satisfies pp11(f,z0) =
pp(Ao,20) = p.

Cherief and Hamouda in [18]] considered (2.1)) for the case when the coefficients are meromorphic

functions in C — {z}, where they obtained the following theorem on the hyper order.
25
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Theorem 3.2 ([18]). Let Ao(z2), ...,Ax_1(z) be meromorphic functions in C—{zq} satisfying max { pP(Aj,z0):

Jj#0} < p(Ao,z0) with
A
fiminf o (240)
r—0 TZO(F,A())

Then, every meromorphic solution f(z)( 0) in C — {z0} of (2.1) satisfies p(Ag,z0) < p2(f,z0).

> 0.

As a generalization to[Theorem 3.1|to the non-homogeneous case and also as C — {z9} counterpart
of a theorem obtained by Jin and his coauthors in [67], Fettouch and Hamouda proved the following
theorem on the iterated order and the iterated exponent of convergence of zeroes of solutions to

equation (3. 1]

Theorem 3.3 ([33]). Let Ao(2),...,Ar_1(z) satisfy the hypotheses of | Theorem 3.1} and let F(z) # 0
be an analytic function in C\{zo} with i(F) = q.

i) Ifg<p+1lorq=p+1, pyr1(F,20) < pp(Ao,20), then every analytic solution f(z)(# 0) in

C\{z0} of 2.1) satisfies X p11(f,20) = Ap11(f,20) = Ppr1(f,20) = Pp(Ao,20), with at most
one exceptional solution fy satisfying i(fo) < p+1or pp+1(f,20) < pp(Ao,z0)

ii) Ifg>p+1orq=p+1, pp(Ag,20) < pp+1(F,z0) < +oo, then every analytic solution f(z)( 0)
in C\{z0} of (3.1) satisfies i(f) = q and py(f,20) = py(F,20).

It is obvious that the above results do not include the case when the coefficients are analytic or
meromorphic functions in C-— {z0} of order zero, , in fact not even in the results of the precedent
chapter. The main purpose of this chapter is to consider this case, such that we use the logarithmic
order and the logarithmic lower order as growth indicators, our results are extensions of the above

theorems and also C\{zo} counterparts to some previous results in the complex plane C (see [[15,29]).

3.2 Main Results

Theorem 3.4 ( [27]). Let Ao(2),...,Ax_1(z) be analytic functions in C\{zo} such that for real constants
o, B,0,0) and 6, with0 < fB < o, v > 1,0 < 6, satisfying

Ao(2)] > exp{a(log%)v},

1 U
Aj(2)| < exp{ﬁ (bg;) } J= k=1,

where arg(zo—z) = 0 € (61,0,) and |z0 —z| = r — 0. Then, every analytic solution f(z)(£0) in
C\{zo} of |D satisfies ppp 5 (f,20) > v — 1 with pp 5 (f,20) > v > 1.

Theorem 3.5 ( [27]). Let Ay(z),...,Ax_1(z) be analytic functions in C\{zo} and E C (0,1) be a set of

infinite logarithmic measure such that

|Ao(2)| > exp{a(log%)v},
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1 v
|Aj(Z)|§eXP{ﬁ<10g;> }7 j=1..k=1,
with0 < B < &, > 1 and |z9—z| = r — 0, r € E. Then, every analytic solution f(z)(Z 0) in C\{zo}
of (2.1) satisfies ppp 2(f,20) > v — 1 with pp 5 (f,z0) > v > 1

Theorem 3.6 ( [27])). Let Ao(2),...,Av_1(z) be analytic functions in C\{zo} of finite logarithmic
order with max {plog (Aj,20): ] # O} < Prog(Ao,z0) = p and E C (0,1) be a set of infinite logarithmic

measure such that for some constants 0 < B < o and any given € > 0, we have

Ao2)] > exp{a(log%)pe},

1\P~*
el <ew{plogr) | J=teke,

as r — O with r € E. Then, every analytic solution f(z)(#0) in C\{zo} of satisfies plog(Ao,20) —
1 <ppoy(fs20) < Prog(Aos20) = p with pp 91 (f,20) = Prog(Ao,20) = p > 1

Theorem 3.7 ( [27]). Let Ao(2),...,Ax—_1(2) be analytic functions in C\{zo} of finite logarithmic order
with max { Piog(A,20) : j # 0} < Prog(Ao,20) = p. Then, every analytic solution f(z)(# 0) in C\{zo}
of (2.1) satisfies Piog(A0,20) — 1 < p2.2)(f120) < Prog(Ao,20) With pp 5 (f,20) = Prog(Ao,20) > 1

Theorem 3.8 ( [27]). Let Ao(2),...,Ax_1(z) be analytic functions in C\{zo} of finite logarithmic order
with
max {piog(A,20) : j # 0} < Piog(Ao,20) = p,
max { Tog i (A},20) : Prog(A}j,20) = P, j # 0} < Tiogm(An,20) = T < oo,
Then, every analytic solution f(z)(£ 0) in C\{z0} of satisfies plog(A0,20) — 1 < ppoy(f,20) <
Prog (Ao, 20) With ppp 21(f,20) = Prog(Ao,20) > 1

Theorem 3.9. Let Ay(z),...Ax_1(z) be analytic functions in C\{zo} of finite logarithmic order with
max {Glog(Aj7Z0) L F O} < .ulog(A07ZO) < Glog(A07ZO) and

Tiog(Aj,20) < Tjog(A0,20)-
Glog (A ,20)=Hiog (A0,20),J70

Then, every analytic solution f(z)(#0) in C\{zo} of satisfies 0 < tiog(A0,20) — 1 < P o) (f120) <
Iiog(A0,20), With 1 < tiiog(A0,20) = Hp2(f+20) < 022 (f20) = Olog(A0,20) = Apo(f — @,20) =
Ap2)(f = ®,20), where ¢(z)(#0) is an analytic function in C\{zo} satisfying 02,2)(9,20) < Liog(A0,20)-
Theorem 3.10. Let Ay(z),...Ax_1(z) be analytic functions in C\{zo} of finite logarithmic order with
max {Glog(Aj7Z0) L] F S} < ,Ulog(A07ZO) < cylog(AO»ZO) and
lim sup Lj#0"Ma (nAj)
r—0 Mz (rAo)
Then, every analytic solution f(z)(#0) in C\{zo} of satisfies 0 < g (A0,20) — 1 <ty 2)(f520) <

Hiog(A0,20), with 1 < piog(Ao,20) = M) (f120) < Opp2)(f20) = Olog(Ao,20) = Ap ) (f — @, 20) =
A2 (f = @,20), where @(z)(# 0) is an analytic function in C\{zo} satisfying 002,2)(?,20) < Htiog (Ao, 20)-

<1.
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Theorem 3.11. Let Ay(2),...Ax_1(z) be meromorphic functions in C\{zo} of finite logarithmic order

.. 20 (HA .
with liminf,__ % 8 >0, max {Giog(A,20) : j # 0} < Hiog(A0,20) < Oiog(Ao,20) and

T]og(Aj,ZO) < Szlog(AO’ZO)'
Olog (A,20)=Lhog (A0,20),J70
Then, every meromorphic solution f(z)(% 0) in C\{zo} of (2.1) satisfies 0 < pog(Ap,20) — 1 <
K2 (f520), with 1 < tiog(Ao,20) < My o) (f520)-

Theorem 3.12. Let Ay(z),...Ax_1(z) be meromorphic functions in C\{zo} of finite logarithmic order

with liminf, o 7935 = 8 > 0 and

iLeMz (HAj
limsupm<l.

r—0 my,, (r7A0)
Then, every meromorphic solution f(z)(% 0) in C\{zo} of (2.1) satisfies 0 < jog(A0,20) — 1 <
K2 (f520), with 1 < thiog(Ao,20) < My 2y (f520)-

Theorem 3.13. Let Ao(2),...Ax_1(z) be meromorphic functions in C\{zo} of finite logarithmic order
with ;Llog(ALOaZO) + 1 < Miog (A0, 20), max { Olog(Aj,20) 1 j # 0} < Miog(A0,20) < Olog(Ao,20) and

Tiog(Aj,20) < Tjog(A0,20)-
Olog (A,20)=Hiog (A0,20),J70

Then, every meromorphic solution f(z)(0) in C\{zo} of satisfies 1 < tiog(A0,20) < Hp,2)(f520)-

Theorem 3.14 ( [27]]). Let Ay(z),...,Ar—1(z) satisfy the hypotheses of[Theorem 3.7|and let F(z)(# 0)
be an analytic function in C\{zo}.

i) If prog(Ao,20) < P2 (F,20) < +oo, then, every analytic solution f(z) in C\{zo} of satisfies
P2y (f120) = Pp2y(Fi20)-

ii) If piog(Ao,z0) > Pp,2)(F,z0), then every analytic solution f(z) in C\{zo} of satisfies
P2 (f;20) < Prog(Ao,20), and that pp 5 (f,20) > Prog(Ao,20) — 1 with at most one exceptional
solution, and that A 5(f,20) = A2,9)(f>20) = P (f>20) holds for every solution f which
satisfies pp 2] (f,20) = Prog (Ao, 20)-

Theorem 3.15 ( [27]). Let Ay(z),...,Ax_1(z) satisfy the hypotheses of[Theorem 3.8 and let F(z)(# 0)

be an analytic function in C\{zo}.

i) If plog (Ao, 20) < P2.2)(F,20) < +oo, then, every analytic solution f(z) in C\{zo} of satisfies
P2 (f120) = Ppay(F20)-

ii) If prog(Ao,z0) > pp,2)(F,z0), then every analytic solution f(z) in C\{zo} of satisfies
P2 (f,20) < Prog(Ao,20), and that ppp 5)(f,20) > Prog(Ao,z0) — 1 with at most one exceptional
solution, and that A 2(f,20) = A;2,9)(f>20) = P2y (f;20) holds for every solution f which
satisfies ppp 2] (f,20) = Prog (Ao, 20)-
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3.3 Lemmas

Lemma 3.1. Let f be a non-constant analytic function in C\{zo} with Piog(f) = p. Then there exists

a subset Ey of (0, 1) that has infinite logarithmic measure such that for all |z —zo| = r € E|, we have

p— lim loglogMZO(lr,f)
r—0  loglog-

M (r,f) > exp{ (log %)p_e}.

Proof. By the definition of the logarithmic order, there exists a sequence {r, };,_, tending to O satisfying

and for any given € > 0

Tl < nHr,, and
Then, for any given € > 0, there exists an ng € N such that for all n > ng and for any r € [ T s )
we obtain "
loglog M, (ry, f) < loglog M, (r, f) < loglog My, (5457, f)
loglogflr - loglog% - loglogrl
nri'n n
Since "
i 10R10RM (1 f) _  To2OMa v )
n—  Joglog s n——>oo loglog -~
n+1°n n
then for any r € [ 17w, 74|, we get
loglogM.
m Og Og ZO(1r7f) :p. (3.2)
r—0  loglog
Setting Ey = U [;/77n, 7], then myog(E1) = Z fr" 4 — ¥ log(1+1)=eco. It follows from
n=ny n=ny 1" n=ny

(3.2), for any given € >0

M (r, f) > exp{ (log %)P—E}'

Lemma 3.2. Let Ay(2),...,Ax_1(z) be analytic functions in C\{zo} of finite logarithmic order with
max{piog(A;,20) : j=0,....k— 1} < oy < +oo. Then, every analytic solution f(z)( 0) in C\{zo} of

(2.1) satisfies ppp 2)(f,20) < .

Proof. Let f(z)(# 0) be an analytic solution of (2.1)) in C\{z}. By |Lemma 2.3| there exists a set
F3 C (0,1) of finite logarithmic measure such that, for all r ¢ F3 and r — 0, we have

]

f9) <VZ0(r,f))j -
o) Nz ) (o), j=0.k (3.3)

Setting
M (r)= max {|A;(z)]:j=0,1,...k—1}. (3.4)

|zo—z|=r
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Since max {plog(Aj,zO) 1 j=0,....k— 1} < o) < +oo, then for any given € > 0, there exists ry > 0
such that for ro > r > 0, we get

1 o) +€
M (r) < exp{ <log ;) } (3.5)
Now, we may rewrite (2.1)) as
(k) (k—1) /
‘f (z)‘ ‘f et A ”'iz)) +]40(z)]. (3.6)

Then, by substituting (3.3) and (3.4) into (3.6)), we obtain

k k—1
(—Vzo(:’f)) 1+0(1)‘ < kM, (r) <—VZ0(:’f)) l-l-o(l)‘. (3.7)
It follows by and
o +€
V(1 f) Skrexp{(log;) }‘1+0(1)‘. (3.8)

Therefore, by we get pp oy (f,20) < . O

Lemma 3.3. Let f be a non-constant analytic function in C\{zo} with finite logarithmic order
1 < prog(fr20) = p < +oo and finite logarithmic type 0 < Tiog m(f,20) < +oo. Then there exists a
subset E, of (0, 1) that has infinite logarithmic measure such that for all |z — zo| = r € E», we have

. logM, (r,f
Tog w1 (f,20) = lim, (logzol()p |
r

and for any given B < Tiog m(f,20)

o) oo {p(1e)')

Proof. Similarly, as in the [proof of Lemma 3.1| By the definition of the logarithmic type, there exists

a sequence {r,},_; tending to O satisfying 7,4 < 77, and

n+1

lim logMzo("naf)

=7 ,20)-
e (log )P tog.(f20)

So, for any given & > 0, there exists an integer ng such that for all n > ng and for any r € [2; ' ral,

we have
logMZo(rnvf) < logMZ()(rvf) logMZO(nJrl rn’f)
(log—r--)P = (logy)p = (log )P
Since | logM., (- r,. )
M (o) —=n,
tim OEMolrn ) gy OEMalaitind) e
ne (log )P noe o (log )P
n+ Tn n
then for any r € [ 257,74, we obtain
logM,, (r,
M = Tlog,M(f7ZO)- (3.9)

r—0 (log %)P
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By (3.9), for any given B < Tiog m(f,20), We get

Mm(r,fbexp{ﬁ(mg;)"}.

Set By = U [ 7, 7], then miog (E2) = ¥ Jh 4= Y log (14;) = O

n=ny n=ny 1" n=ny
Lemma 3.4 ( [[18]). Let f be a non-constant meromorphic function in C\{zo} and let k € N. Then
(112
7 fl)
If f is of finite order, then

1
) = 0<10gTZO(r,f) —|—log;), forallr € (0,1)\TF1  with moe (1) <

ma(L29) Zo(e!),  ren

Lemma 3.5. Let f be a non-constant analytic function in C\{zo} with y = Hiog (f). Then there exists

a set E3 of (0,1) that has infinite logarithmic measure such that for all |z — zo| = r € E3, we have

o loglogMy(rf) _
r—0 loglog}

Proof. The proof is similar to the proof of Lemma 2.4, Here we omit it. [

Lemma 3.6. Let Ay(2),...Ar_1(z2) be analytic functions in C\{zo} of finite logarithmic order . If there
exists an integer (0 <1 <k—1) such that 1 < max {/.Llog (A1,20),Prog(Aj,20) 1 j # l} < ap. Then, every

analytic solution f(z)(# 0) in C\{zo} of. 2.1) satisfies i) o) (f,20) < 0.
Proof. Suppose that f(z)( 0) is an analytic solution of (2.1)) in C\{zo}. By (2.1), we have

f9(2) FEI( D(z)
' f(z) |‘ f(z)

Since max {plog(Aj,zO) :j=0,...k—1,j# l} < ap < 0. Then for any given € > 0, there exists

++|,

= |Ak_1( +--+ Ao (2)]- (3.10)

r1 € (0,1) such that for all |z —zo| = r € (0,r1), we have

1plog(Aj710)+"5 1052""‘5
40| <My ) < exp (1oe1 ) beop{(wer) boirn e

By|Lemma 3.5} there exists a set E3 C (0, 1) that has infinite logarithmic measure such that, for any
given € > 0 and for all r € E5 we get

1 Hiog(Ar,20)+€ 1 on+€
Ai(z)| < M, (rA)) SeXp{(log;) }S eXp{ (10g;> } (3.12)

Substituting (3.3)), (3.11) and (3.12)) into (3.10), for any given € > 0 and for all r € E3N(0,r1) \ I3,

we obtain

ate
Vi (1 f) §Crexp{(log%) }(1+0(1)), C > 0. (3.13)

It follows by (3.13) and [Lemma 2.7| that, 1} 5 (f,z0) < Q. O




32 CHAPTER 3. LINEAR DIFFERENTIAL EQUATIONS PART 2
Lemma 3.7 ([72]). Assume f # 0 is a solution of 2.1), set g = f — ¢, then g satisfies
g(k) +Ak71g(k71) 4+ 4+ A g +Ag=— (p(k) +Ak71(P(k71) 4+ 4+A1Q + A0 (3.14)
Lemma 3.8. /6] Let f be a meromorphic function in C with p > g > 1. Then
Pip.g () = Plpg (f)-
Lemma 3.9. Let f be a non-constant analytic function in C\{zo} with p > q > 1. Then
Pipa(f".20) = Pipg(fiz0),  neN.

Proof. 1t is sufficient to prove that pj, 1(f,20) = Pppq (f;20)- By ,g(w) = f(zo0— %) is
meromorphic in C and py, ;1(g) = P|p.q(f>20)- By we have py, ;1(8') = pjp.4(g) where
f(2)= #g/(a)). Set h(w) = #g’(a)). Clearly py, 4(h) = p|p,q(g’)- In the other hand by
we have py, 41(h) = Py q(f'520)- So, we deduce that py,, ;1 (f,20) = Pppq (f's20)- O

Lemma 3.10. Let F(z) #0, Ao(2),...,Ax_1(z) be analytic functions in C\{zo} and let f be a non-
constant analytic solution in C\{zo} of (3.1) satisfying

max { P 2 (F,20),Pp2)(Aj20) : (j=0,....k— 1)} < pp.oy(fi20)-

Then Z1p.)(f,20) = Ao (f120) = P2 (f+20) = Prog (Ao, 20)-

Proof. We may rewrite (3.1)) as

1 1 f(k)(z> f(kfl)(z) f(z) >
= Ap1 (@)= ==+ + A1)~ +A0(2) |- 3.15
f(Z) F(Z)( f(Z) + Ak I(Z) f(Z) +eot I(Z) f(Z) + O(Z) ( )
By[Lemma 2.9 |and (3.15) we get
TZ()(raf):Tzo(r,%)‘f’O(l)
1 1
=ma (1 7) £ (r 7) + O(1) (3.16)
<k21 (rA;) ) ( (j)) (L) 4Ny () + 0(1)
= my (RAj)+ ) my | rn— | +my(r,—=)+Ngy(r, =)+ )
j=0 =] f F f

From li , it is easy to see that if f has a zero at z; of order m (m > k), then F must have a zero at z;

of order at least m — k. Hence

n(r,]—c) < kﬁ(r —) +n(r —)
and

NZO(r,%) < kNZO(r,l) +NZO(r,l). (3.17)

f F
Again by |Lemma 2.9] there exists a set F4 C (0, 7| that has a finite logarithmic measure such for all
lz0 —z| = r € (0,r0]\ Fa4, we obtain
k ) 1 1
¥ e (1) =0 (T 4ioe ) < 5T () G.18)
j=1
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Substituting (3.17) and (3.18)) into (3.16), we get

k—1
ST ) < K (1) + T (1) + K, T () +0(1), (3.19)
j=0

This implies that pp j(f,20) < max {Ap2)(f,20), P2.2) (F:20): P22 (Aj,20) = (j =0,....,k—1)}. Since
max {pp2)(F,20),Pp2)(Aj,20) - (j = 0,....k = 1)} < ppaoy(fy20),

then we obtain pp 5(f,z0) < I[272} (f,z0)- On the other hand, by definition we have 1[272] (f,z0) <
A2 (f520) < Ppy(fs20), therefore

P2 (f120) = Apa)(f:20) = Apay(f20)-

3.4 Proofs of the theorems

Proof of Theorem 3.4

Proof. We assume that f is a non constant analytic solution of |j in C\{zo}. By the hypotheses of
Theorem 3.4} for real constants 0 < 8 < ¢, v > 1 and arg(zo —z) = 0 € (61, 6,) with |z0—z| =r — 0,

we have ;
|Ao(z)| > exp {a (log %) } (3.20)

|Aj(z)\§exp{[3<log%) }, j=1,.,k—1. (3.21)

By there exists a subset & C (0, 1) having finite logarithmic measure and a constant
C > 0 that depends only on k, such for all » € F, we have

and

‘ f(j) (2)
f(2)

Substituting (3.20) - (3.22) into (2.3)), for all » ¢ F| and r — 0, we obtain

S P e P Y 1 Rt

From (3.23), it follows

1 2J
gc[;uo(;cr,f)] . =1,k (3.22)

exp{(a—ﬁ)(log%)v} gkCETZO(Kr,f)rk. (3.24)

We conclude from (3.24) that ppp )(f,20) > v — 1 with pp 5)(f,20) = v > 1. O
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Proof of Theorem 3.5

Proof. By the hypotheses of [Theorem 3.5| there exists a set E C (0, 1) of infinite logarithmic measure
such that, for all » € E and r — 0, (3.20) and (3.21)) hold. Then, similarly as in (3.20)-(3.24) in the proof

of [Theorem 3.1} for all r € E'\ I and r — 0, we get (3.24) holds which implies pyp (f,z0) > v — 1
with ppp )(f,20) > v > 1. O
Proof of Theorem 3.6

Proof. First, by [Theorem 3.5, we can obtain pp 5(f,20) > p — 1 — € and ppp 5 (f,20) > p —€ > 1.
Since € > 0 is arbitrary, we have

P2y (f120) = Prog(Ao,20) —1=p—1 and ppy(f.20) > Prog(Ao,z0) =p > 1 (3.25)

By the definition of piog(A;,20), for any given € > 0 and r — 0, we have

1 p+£
|Aj(2)] Sexp{(log;) } j=0,.. k—1. (3.26)

By there exists a set F3 C (0, 1) of finite logarithmic measure such that, for all r & F3 and

r — 0, we have

(0 AN
ffj(z(rz)r):(z‘(/)afz),)j<l+0(1)), j=0,...k (3.27)

where | f(z,)| = My (r, f) = max|._ || f(z)|. Substituting (3.26) and (3.27) into (2.10), we get

k p+e
(Vz(,r(r)) l-l-o(l)‘ gkexp{(log ) }( ) 1+0(1)', (3.28)
it follows
p+e
Vo (r) < krexp { (log > } ‘1 +o(1 ‘ (3.29)
This implies that
P.2)(f520) < Prog(Ao,z0) = p- (3.30)

From (3.23)) and (3.30)), we obtain

Prog(A0,20) — 1 < P2y (f20) < Prog(Aosz0)  Wwith  pp2j(f,20) = Prog(Ao,z0) > 1. (3.31)

Proof of Theorem 3.7

Proof. Set max {piog(Aj,20) 1 j # 0} < po < P1 < Prog(Ao,20). For any given € > 0, there exists a
ro > 0 such that for all ry > r > 0, we have

1 Po+e€
|A;(2)] gexp{(log;> }, j=1,.. k—1. (3.32)
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For pg + & < p1 < Piog(Ao,20), by [Lemma 3.1|, there exists a set E; C (0, 1) of infinite logarithmic
measure such that, for all r € Ej and |A(z)| = M;,(r,Ap), we have

p1
|Ao(z)| > exp{ <log%> } (3.33)

Substituting (3.22)), (3.31) and (3.32)) into (2.3)), for all r € E;\JF}, we obtain

1\ ™ 1 2k 1)\ Pote
exp{ (log ;) } <kC {;TZO(lr,f)} exp{ <10g ;) } (3.34)

From (3.34)), we get

Pp2(frz0) > p1—12>0 with  ppo(f,z0) > p1 > 1. (3.35)

Further, by (3.35) and |Lemma 3.2} we have 0 < p; — 1 < pp 2(f,20) < Prog(Ao,20) With 1 < py <
Pp.2 (f>20) < Piog(Ao,z0) which hold for each p; < piog(Ao,z0). Thus, we obtain pje(Ag,20) —1 <
Pp,2)(f:20) < Prog(Ao,20) and 1 < piog (Ao, 20) = Ppp.2j(f:20)- O

Proof of Theorem 3.8

Proof. Let By and B; be two constants such that max {Tlog,M(A j220) © Plog(A},20) = Prog(Ao,z0) =
p,j# O} < Bo < Bi < Tiog,m(A0,20)- If Prog(Aj,20) < Prog(Ao,20) = p, then there exists a rg such that
for all ro > r > 0 and for any given £ > 0, holds. If Piog(A},20) = Piog(A0,20) = p, then by the
definition of Tjog 1 (A}, 20) for any given € > 0 and for sufficiently small r, we get

p
\Aj(z)lﬁexp{ﬁo(log%> }, j=1,.. k—1. (3.36)

By there exists a set E; C (0, 1) of infinite logarithmic measure such that, for all r € E;
and |Ao(2)| = M.

»(rAp), we obtain

[Ao(z)] > exp{ﬁl (log%)p}- (3.37)

Substituting (3.22), (3.32), (3.36) and (3.37) into (2.3), for all r € E»\F}, we get

B Y (P T e O P R

This implies that

Pp2y(fiz0) = p— 1= piog(Ao,20) =1 with  pp2(fi20) = p = Prog(Ao,20) > 1. (3.39)

Then, by (]3.39[) and |Lemma 3.2|, we have piog(A0,20) — 1 < Pp2j(f120) < Plog(Ao,20) and 1 <
Prog(A0,20) = Pp.2)(f20)- O
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Proof of Theorem 3.9

Proof. Suppose that f(z) is an analytic solution of (2.1 in C\{zo}. By (2.24) and [Lemma 3.4 there
exists a set F; C (0, 1), having finite logarithmic measure , such that for all » € (0,1) \ ¥, , we have

k—1
1 A0(2) < O 08T (1 1(2) +1og ) + K 14,2, (3.40)
=1
which means
k—1
Ty (o)) = ma (o)) < 0 log Ty ) +logt ) + L Tu(rds). ()
=1

First, we assume p = max {Piog(4;,20) : j = 1,....k — 1} < liog(A0,20) = p. Then for any given
0 < 2e < u—p, there exists r; € (0, 1) such that for all |z0 —z| = r € (0,r;), we get

1\*¢
TZO(r,AO) > <log —) (3.42)
r
and
p+e
TZO(r,Aj)g <log—> , Jj=1,..,k—1. (3.43)
r

Substituting (3.42) and (3.43)) into (3.41)), for the above € and for all |z —z| =r € (0,r]) \ F1, we

obtain

1\#7¢ 1 1\P*e
(log—) < 0(logTZO(r,f) +10g—> +(k—1) (log—) : (3.44)
r r r
Then, by 0 < 26 < u — p, we have
\*° 1
(1-0(1)) (log;) < 0(logTZO(r,f) +log ;) (3.45)

This implies that, 4 — 1 —& < W), 5(f,20)- Since € is arbitrary, we obtain 0 < Ujoe(Ag,20) — 1 <
2] (f;20)- On the other hand, by we have Up 5 (f,20) < Hiog(Ao,20). Thus, we get
that every analytic solution f(z)(# 0) in C\{zo} of satisfies Uiog(A0,20) — 1 < Hp oy (f,20) <
Miog (A0,20). Furthermore, If t104(A0,20) > 1 then, by (3.45) and [Lemma 3.6, we obtain L, 5 (f,z0) =
Hiog(Ao,20). Now we prove that App 5 (f — 9,20) = Ap2)(f — @,20) = P2 (f20) = Plog(A0,20) > 1.
Set g = f — ¢. By[Theorem 3.7|and since ¢(z)( 0) satisfies ppp 5 (9, 20) < Hiog(A0,20) < Prog(Ao,20),
then we have ppy 5(8,20) = P2.2)(f+20) = Prog(A0,20) > Hiog(A0,20) > 1. By [Lemma 3.7 g satisfies
(.14), Set G= W + A, _ 1%V ... £ A1 ¢ +Ag@. If G = 0, then by the first part of the proof (or by
we get P o) (9,20) > My 2)(9,20) = Hiog (Ao, 20), which is a contradiction, thus G # 0.
Since G # 0 then byllm we have pp (G, 20) < Pp2)(@,20) < Hiog(A0,20) < Plog(Ao,20) =
Pp2)(8:20)- By [Lemma 3.10, we obtain I[z,z} (8,20) = Ap2)(8:20) = P,2)(8,20) Then, we deduce
that 25 2)(f — @,20) = Ap2 (f — @,20) = P22 (120) = Prog (Ao, 20)-

Now we assume that max {plog(Aj,zO) s O} = Uiog(Ao,20) = 1 and

T = ) Tiog(Aj,20) < T1og(A0,20) = T.
Plog (Aj 7ZO):.ulog (Ao,20),j#0
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Then, there exists a set J C {j = 1,...,k}, such that for j € J, we get piog(A},20) = Miog(A0,20) = 1
with 71 = Zje.] Tlog(AijO) < Ilog(A()vZO) =71, where fOI‘j S {J =1, 7k} \J7 we have plog(AjaZO) <

Miog (A0, 20) = i Hence, for any given & (0 < & < 1), there exists a constant r, € (0,1), such that
for all |z0 —z| = r € (0,r2), we have
1\ H
T, (rnAj) < (Tlog(Aj,zo) +8) <log ;) , JEJ, (3.46)
1\ Po
T, (rA;) < (log;) , JE{j=1.,k}\J, O0<po<pu (3.47)
and
1\ #
Ty (r,Ag) > (T—¢) (log—) : (3.48)
r

By substituting (3.46)-(3.48) into (3.41), for the above € and for all |z0 —z| = r € (0,r2) \ F1, we get
1\* 1 1\*
(z—¢) log—) <0 IOgTZO(hf)JFIOg; +) (Tiog(Aj,20) +€) log -
jel
1\ Po
log —
+ Z ( og r)

Je{j=1,.k}\J (3.49)

u
< 0<logTZO(r,f) +1log %) + (14 (k—1)¢) (log%)

+(k—1) (log%)po

(1—0(1))(z— 7 —ke) <log %)u < 0(logTZO(r,f) —|—10g%) . (3.50)

By (3.50), it follows that

and so

0 < piog(Ao,20) — 1 < 21 (£ 20)- (3.51)
From (3.51) and |[Lemma 3.6, we conclude that every analytic solution f(z)( 0) in C\{zo} of (2.1)

satisfies Liog(A0,20) — 1 < My 2 (f,20) < Hiog(Ao,20). Furthermore, If tiog (Ao, z0) > 1 then, by (3.50)
and , we get (1) 5] (f,20) = Hiog (Ao, 20). We prove that A 5 (f — 9,20) = Ao (f — @,20) =

P2 (f;20) = Prog(Ao,20) > 1, similarly as in the proof for the first case. O

Proof of Theorem 3.10

sz(V,AO)

k—1
ijlmzo(r,Aj)

Proof. We assume that limsup,__, < 0 < 1. Then for r — 0, we have

k—1
Y, my(rnAj) < omy(rA). (3.52)

Jj=0,j#s

Substituting (3.52) into (3.40), for all r € (0,1) \ F;, we obtain

(1 - G)Tzo(rvAO) = (1 - G)sz(r,Ao) S O(IOgTZo(raf) +10g %) . (353)
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By the definition of fos(Ao,20) = U, for any given € > 0 there exists r3 € (0,1) such that for all
lz0—z| =r € (0,r3), (3.42) holds. Then by Substituting (3.42)) into (3.53)), for any given € > 0 and for
all r € (0,r3) \ F1, we get

1\*¢ 1
<10g—> < 0<log7}o(r,f)+log—), (3.54)
r r

which implies that, it — 1 — €& < pp 2(f,20). Since € is arbitrary, we obtain

0 < tiog(Ao,20) — 1 < Hp2)(f20)- (3.55)

It follows by (3.55)) and [Lemma 3.6| that Log(A0,20) — 1 < tp 2 (f,20) < Hiog(Ao,z0). Moreover, If
Miog(A0,20) > 1 then, by (3.54) and Lemma 3.6, we get 1) 5 (f,20) = Hiog(A0,20). Similarly as in the

proof of [Theorem 3.9 we prove that A > 5 (f — @,20) = Ap o) (f — 9,20) = Pp.2) (f:20) = Plog(A0.20) >
1. ]

Proof of Theorem 3.11

Proof. Suppose that f(z) is a meromorphic solution of in C\{z0}. As in the proof of
first, if p = max {Piog(A;j,20) : j=1,....k— 1} < hiog(Ao,20) = . Then for any given 0 < 2€ <
I — p, there exists r4 € (0, 1), such that for all |z9 —z| = r € (0,r4), holds. By the condition
liminf,__o % = 6 > 0 and the definition of piog(Ag,z0) = U, for the above €, there exists

rs € (0, 1) such that for all |70 —z| = r € (0,r5), we have

5 ) 1\* 2 1\ 42
mg,(r,Ag) > ETzo(”vAO) > 3 (log —) > <10g—> ) (3.56)
r r

By substituting (3.43)) and (3.56)) into (3.41), for any given € (0 < 2e < u —p), and for all |z0 —z| =
r€ (0,r4)N(0,rs)\ F1, we obtain

p+e

U—¢
(log%) < 0(10gTZ0(r,f) +log%) +(k—1) (log%) . (3.57)

that 1s e
(1—0(1))<log%> SO(logTZO(r,f)—i—log%). (3.58)

It follows that, 0 < — 1 —€ < p 9 (f,zo)and 1 < u—e < Hp.2) (f,zo0). Since € is arbitrary, we get
0 < Hiog(A0,20) — 1 < tp 5 (f,20) With 1 < tiog(Ao,20) < M) (f,20). Next if max {prog(4;,20) : j #
0} = Miog(Ao,20) = M and 71 = Zplog(AjaZO):,ulog(AOaZO)vj?éO Tiog(A,20) < 6110% (Ao,20) = 8. Then, by

Mz, (rvAO)
—0 TZ() (}’7A0

there exists a constant r¢ € (0, 1) such that for all |z9 — z| = r € (0,r¢), we have

the condition liminf,

= 8 > 0 and the definition of 7)., (A0,20) = z, for any given € > 0,

Nai?

1\ #
ey (1. Ao) > (85— €)Tog(rA0) > (5 — €) (1 —e) (log;)
(3.59)

> (87— (t+1)e) (log%)“.
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For any given & (0 < (+k)e < 67— 1), there exists r7 € (0, 1), such that for all |zg —z| = r € (0,r7),

(3.46) and (3.47) hold. Then, by substituting (3.46)), and (3.21) into (3.59), for the above € and

for all |z0 —z| =r € (0,r6) N (0,r7) \ F1, we get

(6z—(z+ 1)) <10g%>u < 0<10gTzo(V»f) +log%> + ; (Tiog(A},20) +€) (10g %)u
Py (log%)po

Je{i=1,..k}\J (3.60)
1 1\*
< 0(logTZO(r,f) —|—log;> + (71 + (k—1)e) <10g ;)

+(k—1) <10g%)60.

(1—o(1)) (67— 11 — (z+k)€) (log %)“ < O(logTZO(r,f) +10g%> : (3.61)

By (3.61), we obtain 0 < pijo5(A0,20) — 1 < Up o (f,20) With 1 < thiog (Ao, 20) < My ) (f;20)-

So

Proof of Theorem 3.12

Proof. Let f(z) be a meromorphic solution of (2.1)) in C\{zo}. For any given £ > 0, there exists
rg € (0,1), such that for all |z0 —z| = r € (0,rg), (3.52) and (3.56) hold. Then, by combining (3.40)
(3.52)) and (3.56),for any given € > 0 and for all |z0 —z| = r € (0,rg) \ F1, we have

1\*¢ 1
<log;) §0<logTzo(r,f)+log;), (3.62)

It follows that 0 < iog(A0,20) — 1 < Up oy (f,20) and 1 < tiog (Ao, z0) < Upp o (f20)- H

Proof of Theorem 3.13

Proof. Let f(z) be a meromorphic solution of (2.1) in C\{zo}. By (3.40), for all » € (0,1)\ F; , we
obtain
TZ()(rvAO(Z)) = My, (l’,AQ(Z)) +NZo(r7A0(Z)>

1 k-1 (3.63)
< 0<logTZO(r,f) +log ;) + Z T, (r,Aj) + Ny (r,Ao(2)).
=1

Also as in the proof of [Theorem 3.9 first, if p = max { P1oe(Aj,20): j=1,....,k— 1} < Uioe(A0,20) = U.
P g\ g

Then for any given & (0 <2e<u— p), there exists r9 € (0, 1), such that for all |z —z| = r € (0,r9),
3.42)) and (3.43) hold. By the definition of Aflog(ALO,ZO) = A, forany givene (0 <2e <pu—2A—1),
there exists rio € (0, 1), such that for all |z0 — z| = r € (0,r19), we have

1 Alog(%,zo)ﬂﬁ
) (3.64)

Na(rao) < (1og )
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By substituting (3.42)), (3.43) and (3.64) into (3.63)), for sufficiently small € satisfying 0 < 2€ <
min{{t — o, — A — 1} and for all |z9 —z| = r € (0,r9) N (0,r10) \ F1, we get

1\*°¢ 1 1\PTe |\ Atle
(log—) < 0(10gTZO(r,f) +10g—> +(k—1) (log —) + <log —) ) (3.65)
r r r r

It follows that e
(1-o(1)) (bg%) < O(logT:(r, f)), (3.66)

that is 1 < Uog(Ao,20) < Up(f;20). Now, if max {pig(A},20) : j # 0} = Hiog(A0,20) = 4 and
T = ):plog(Aj,zo):mog(Ao,zo).,j#O Tog(Aj,20) < ”L'log(Ao,zO) = 7. Then, for any given € ( 177]),
there exists a constant ry € (O, 1) such that for all |zg —z| = r € (0,r11), 3.47) and (3.48)
hold. By substituting (3.46)-(3.48) and (3.64) into (3.63)), for sufficiently small € satlsfymg 0<e<

min ¢ £, “7§71 and for all |z90 —z| =r € (0,r10) U (0,711) \ F1, we obtain

1\# 1 1\#
(1—8) (log;) <0(logTZO(rf —i—log;)—kz ‘C]Og Aj, 20 +8) <10g;>

jeJ

1\ P 1 A+l+4e
+ Z (log—) + (log —)
Jelj= Lo\ d d

(3.67)
u
< 0<logTZO(r,f) +log %) + (714 (k—1)e) (log%)
1 Po 1 A+1+8
—|—(k—1)(10g—) +(log—) .
r r
So .
(1—o(1)) (z - — ke) (log %) < 0(log T, (1. ). (3.68)
From (3.68), we deduce that 1 < tiiog (Ao, 20) < Hp2)(f20)- O
Proof of Theorem 3.14
Proof. Let f be an analytic solution in C\{zo} of . Then f can be represented as
f(2) = Bi(2)f1(2) + B2(2) f2(2) + .. + Bi(2) fu (), (3.69)

where f1, f2, ..., fx 1s solution base of (2.1)) (the homogeneous corresponding equation of (3.1]) ) and

B1,By,..., By are suitable analytic functions in C\ {z9} determined by the following system of equations

;

(3.70)
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By (3.70), for j = 1,...,k, we obtain

B}:F'Gj(f17f27"'7fk)'W(f17f2>*"7fk)717 (371)
where
fi(2) L) o fil2)
fi(@) L) @)
W(fl?fz?"'?fk): I:Z Z:Z : k:Z

k—1 k—1 k—1
A0 27 - 17
is the Wronksian of fi, f>,..., fv and G;(f1, f>, ..., fi) is differential polynomial of fi, f2,..., f and

their derivatives with constant coefficients.
From (3.71) and[Lemma 3.9] for j = 1,...,k, we get

p[2,2} (Cj7Z0) = p[2.,2] (C},Z()) < max {p[Z,Z] <F7Z0)7p[2,2}(G]'(f17f23 "'7fk)7Z0)ap[2,2] (W(f17f27 "'7fk)7Z0)}-
(3.72)
By [Theorem 3.7|and the fact that G;(f1, f2, ..., fc) and W(f1, f, ..., fi) are both differential polynomial

of f1, f2,..., fr and their derivatives with constant coefficients, we have

max { pp o) (Gi(f1, f2, - fc),20): P2 (W (f1, f2s 00 fi), 20) } < Py (£ 20) < Prog(Ao,20).  (3.73)

By (3.69)), (3.72) and (3.73)), for j = 1,...,k, we obtain
P2 (f>20) < max {p22)(f1,20), P21 (Cj>20) }
< max { P2 2] (F,20), P1og (Ao, 20) } -
1) If ppp ) (F,20) > Prog(Ao, 20), then from and (3.74), we deduce that pp 5 (f,20) = P22 (F 20)-
ii) If pp o) (F,20) < Prog(Ao,20), then it follows by (3.74) that pp ) (f,20) < Prog(Ao,20). Now, we

assert that all solutions f of the equation (3.1} satisfy pj 5 (f,20) > Prog(Ao,20) — 1 with at most
one exception. In fact, if there exist two distinct analytic solutions g; and g, of (3.1) satisfying

(3.74)

Pp,2(8):20) < Prog(Ao,20) — 1, (j =1,2), then g = g1 — g2 is a nonzero analytic solution of

(2.1) and satisfies pp 5)(g,20) = Pp2,21(81 — 82,20) < Plog(A0,20) — 1. But by [Theorem 3.7, we

have pp, (g:20) = P2,2)(81 — 82:20) > Prog(Ao,20) — 1. This is a contradiction. Further, if f is
an analytic solution of (3.1) that satisfies p| ) (f,20) = Plog(A0,20), then

maX{p[Z,Z}(F;ZO)?p[Z,Z}(Aj7Z0) 1J=0,1,. . k— 1} < p[Z,Z](f7ZO)'

So, the assumption of [Lemma 3.10| also holds and therefore 1[272] (f,20) = Aoy (f ,20) =

P2 (f20) = Prog(Ao, 20)-

Proof of Theorem 3.15

Proof. By using similar discussions as in the proof of we obtain the assertions of
Theorem 3.13 O
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3.5 Examples

Here we give some examples to illustrate the sharpness of some assertions in our theorems.

Example 3.1. For|Theorem 3.7, we consider the analytic function in C\{zy}

1
f(Z):Wa neN, (3.75)

which is a solution to the following homogeneous complex differential equation

F"(2) +A2(2) f"(z) + A1 (2) f'(z) +A0(2) f(z) = 0, (3.76)

where Ag(c) = ZCr2)0ne) _ uelen 370 4 QDT 4, () = 3+ 7i and Aa(e) = 3~ 7.

The coefficients A j(z), j =0, 1,2 satisfy the conditions of [Theorem 3.7, such that
max{plog(Al)vplog(A2)} =0< plog(AO) =1

We see that f satisfies
Plog(Ao) — 1 = pp o (f) = 0 < plog(Ao).

Example 3.2. For(Theorem 3.8 we consider the analytic function in C\{zo}

1

f(z)=e0™" neN. (3.77)

Note that f is a solution to the homogeneous complex differential equation (3.76)), for

o) = N (g = - ot 20 )
and Ay (z) = (Z_ZZOJ)EI,! —. The coefficients A(z), j = 0, 1,2 satisfy the conditions of [Theorem 3.8 such
that
max{Piog(A1),Plog(A2)} = Prog(Ag) =1
and

max{Tiog (A1), Tiog(A2)} = 21 +2 < Tiog(Ao) = 4n+5.

We remark that f satisfies
P2 (f) = 1= Piog(Ao).

Example 3.3. For |[Theorem 3.15| the function f in (3.75)) is an analytic solution in C\{zo} to the

following non-homogeneous linear differential equation

J"(2) +A2(2) f"(2) + A1 (2) f'(z) + Ao0(2) f (z) = F (2), (3.78)

where Ao(z) = Z"(ZLW, A(z) = V2 (2ni2) JA2(2) =V2 and F(z) = MLW As we see

(z—20) (z—20) (z—20)

Aj(z),i=0,1,2 and F(z) satisfy the conditions of [Theorem 3.15|in case (ii), such that

maX{p]og(Al)aplog(AZ)} = plog<AO) = 17
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and

Then f satisfies

max{”qog(Al),T]Og(Az)} =1< T]Og(Ao) =3

Pp2)(F) =0 < piog(Ao) = 1.

P22 (f) =0 < prog(Ao) = 1.
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Chapter 4

Linear differential equations with zero order

analytic or meromorphic coefficients in
C—{zo} part 2

4.1 Introduction

In this chapter, we will extend the investigations of the previous chapters to the case when arbitrary
coefficient is dominating the other coefficients in the differential equations (2.1)) and (3.1)). This case
was firstly considered by Long and Zeng in [535]], such that they assumed the dominance of the arbitrary

coefficient is in term of the [p, ¢]-order, and they obtained the following result

Theorem 4.1 ( [55]). Let Ay(z), ...,Ax—1(z) be analytic functions in C —{zo} . If there exists an integer
s(0 <s <k—1) such that A;(z) satisfies max {pmq] (Aj,z0): j#1} < Pip.g(A1,20) < +oo. Then, every
analytic solution f(z)(# 0) in C — {zo} of satisfies P[4 1,4(f120) < Pip.g)(A1;20) < Pp.g (f120)-

As we have shown before the effectiveness of the logarithmic order and the logarithmic lower order
in estimating the growth for the case when the coefficients of (2.1)) and (3.1) are zero order analytic or
meromorphic functions in C — {zo}, here we also make use of them to extend the above theorem. Our
results are on the logarithmic order, the logarithmic lower order and the exponent of convergence of
the solutions, where the dominance of the arbitrary coefficient A;(z) is assumed in five different terms:
Mz, (1,A1), Prog (A1, 20) s iog (A1520), Tlog (A1;20) @nd Tyo, (A7, 20). These results are also generalizations
to previous results obtained in the precedent chapter, and they are also C — {zo} counterparts to some

of those obtained in (see [[15,29])).
44
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4.2 Main Results

Theorem 4.2 ([26])). Let Ao(z),...,Ax_1(z) be meromorphic functions in C — {zo} of finite logarithmic

order. If there exists an integer | (0 <1 <k — 1) such that A(z) satisfies

lim sup —Zj #1120 (1A) <1 and liminf —mZO(r’Al)

r—0 mz,(r,Ar) r—0 T (rnA)

Then, every meromorphic solution f(z)(#0) in C —{zo} of satisfies Plog(A7,20) — 1 < Piog(f,20)
and Piog(A7,20) < Prog(f>20) if Prog(Ar;z0) > 1.

=0>0.

Theorem 4.3 ([26])). Let Ay(z),...,Ar_1(z) be meromorphic functions in C — {zo} of finite logarithmic
order. If there exists an integer | (0 <1 < k— 1) such that A;(z) satisfies max { piog(Aj,z0) : j # 1} <
plog(A17Z0>7

A
iming 754D _ s g
r—0 TZo (I’,AZ)
and
Y Tiog(Aj,20) < 8 Tiog(Ar,20) < oo

Prog(Aj:20)=Prog (A1,20) > 1,j#l
Then, every meromorphic solution f(z)(Z 0) in C — {zo} of satisfies Piog(A7,20) — 1 < Prog(f,20)
and Plog(A7,20) < Prog(f,20) if Prog(As,z0) > 1.
Theorem 4.4 ( [26])). Let Ao(z),...,Ax_1(z) be meromorphic functions in C — {zo} of finite logarithmic
order. If there exists an integer 1 (0 <1 <k — 1) such that A;(z) satisfies )qog(%l,zg) +1 < prog(Ar,20),
max { Piog(Aj,20) : j # 1} < Prog(As,20) and

Tiog(A},20) < Tiog (A,20) < +oo.
Plog (A4,20)=P1og (A1,20),j7#1

Then, every meromorphic solution f(z)( 0) in C— {zo} of (2.1) satisfies piog(A1,20) < Plog(f20)-

Theorem 4.5. Let Ay(z),...Ar_1(2) be meromorphic functions in C\{zo} of finite logarithmic order:

If there exists an integer | (0 <1 < k—1) such that A;(z) satisfies liminf,__o % =0 >0,
o \"r

max {plog(Aj7ZO> 0 7£ l} < .ulog(Al?ZO) and

Tlog (Aja ZO) < Sllog (Al ) ZO) :
Plog (Ajsz):lilog (Al 7Z0) J#L

Then, every meromorphic solution f(z)(# 0) in C\{z0} of (2.1) satisfies 0 < piog(A,20) — 1 <
Miog (f20) With 1 < Hiog(A7,20) < Miog(f20)-

Remark 4.1. The conditions max {plog (Aj,20) 1 ] # l} < Wiog(Ag,20) = U < +oo and

Z TlOg (Aj7Z0) < ézlog (AlazO)
Plog (Ajvzo):plog (Al 720) J#L

Zj#l Mzq (r7Aj)
mZ() (V,Al)
A

liminf AL

r—0 TZo (I’,A[)

in{Theorem 4.5|can be replaced by limsup,__,,

< 1 or we replace the condition

=0>0

by llog(Ail,zO) + 1 < Hiog(Ar,20), which clearly includes the assumption that fiog(A;,20) > 1.
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Theorem 4.6 ( [26]). Let Ao(2),...,Ax_1(z) be analytic functions in C — {zo} of finite logarithmic
order. If there exists an integer | (0 <1 < k— 1) such that A;(z) satisfies max { piog(Aj,z0) : j # 1} <
Piog(Ar,20) = p and
lim sup —):j 1M (r4,)
r—0 Mz, (A1)
Then, every analytic solution f(z)(£0) in C —{z0} of satisfies ppp 5 (f,20) — 1 < Prog(Ar;20) —
1 < prog(f,20). Furthermore, if piog(A7,20) > 1, then f(z) satisfies pjp 5 (f,20) < Plog(A1;20) < Prog(f520)-

<1.

Theorem 4.7 ( [26])). Let Ay(z),...,Ax_1(z) be analytic functions in C — {z0} of finite logarithmic
order. If there exists an integer | (0 <1 < k— 1) such that A;(z) satisfies max { piog(Aj,z0) : j # 1} <
plog(Al;ZO) =p and

Tlog (Aj,20) < Tiog(Ar,20) < oo
Plog(A},20)=P1og (A1,20) 71

Then, every analytic solution f(z)(#0) in C—{zo} of Ib satisfies pp 2 (f,20) — 1 < Prog(Air;20) —
1< Plog (f; ZO)- Furthermore, if Plog (AI;ZO) > 1, then f(Z) satisfies P22 (f»ZO) < Plog (AI,ZO) < Plog (f?ZO)-

Theorem 4.8. Let A(z),...Ax_1(z2) be analytic functions in C\{zo} of finite logarithmic order. If there
exists an integer | (0 <1 < k— 1) such that A;(z) satisfies max {Piog(A;,20) : j # 1} < Miog(A1,20) and

Y Tiog(Aj,20) < Tyog(Al,20)-
Plog(A},20)=Hiog (A1,20),J71

Then, every meromorphic solution f(z)(#0) in C\{zo} of satisfies tp o) (f,20) — 1 < Hiog (A1, 20) —
1 < thog(f,20)- Further, if fog(A7,20) > 1 then, p 2 (f,20) < tiog(Ar,20) < thog(f,20)-

Remark 4.2. We can replace the condition

Tlog (Aj ) ZO) < Ilog (Al s ZO)
Prog(Aj,20)=Lhog (A1,20),J71

Y j4mz (rA))

mZO (r7Al) < 1

in{Theorem 4.8/ by limsup,__,,

Theorem 4.9 ( [26]). Let Ay(z),...,Ar_1(z) satisfy the hypotheses of[Theorem 4.7|and let F(z)(£ 0)

be analytic function in C — {zo}

i) If Prog(Ar,20) < ppa,2)(F20) < +oo, then every analytic solution f(z) in C—{z0} of 1D satisfies
P2 (fr20) = P2y (F,20)-

ii) If plog(As,20) > P2 (F,z0), then every analytic solution f(z) in C —{zo} of || satisfies
P22 (f120) < Prog(Ar,20) and Ao 2)(f,20) = A (f20) = Pp,2)(f20) holds for every solution
satisfies pp 2] (f,20) = Prog(Ai,20)-
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4.3 Lemmas

Lemma 4.1. Let f be a non-constant meromorphic function in C\{zo} with Piog(f) = p. Then there
exists a subset Ey of (0,1) that has infinite logarithmic measure such that for all |z — zo| =r € E}, we

have |
T,
r—0 loglog ;

and for any given € >0

1\P¢
TZ()(rnf) > (10g;> :

Proof. Replacing logM.,(r, f) by T;,(r, f) in the [proof of Lemma 3.1 we get the proof of
7] [

Lemma 4.2. Let fi, fo be two meromorphic functions in C- {z0} satisfying p; = plog( fi,20) >
Piog(f2,20) = p2. Then there exists a set E; C (0, 1) of infinite logarithmic measure such that for all

|z—z0| = r € E3, we have

lim TZo(rafZ) _

r—70 TZO(rufl)

Proof. By the definition of the logarithmic order, for any given 0 < € < Pl%Pz? there exists r, € (0, 1)

such that for all |z —zg| = r € (0,r;), we obtain

1 p2+€
T, (r, f2) < (log ;) . 4.1)

By |Lemma 4.1] there exists a set E; C (0, 1) of infinite logarithmic measure such that, for the above €

and for all |z —z9| = r € E|, we have

1\P1—¢
Tzo<r,f1>z(log;) . 4.2)

By (4.1) and (4.2)), for the above € and for all |z —zo| =r € E; = E; N (0,r,), we get

( | p2t+€
log ;)

N Tzo(r?fl) B loo 1 e 1 pi=pa-2e
og- log

Lemma 4.3. Let f be a non-constant meromorphic function in C — {zo} with finite logarithmic order

as r— 0.

O

1 < prog(f,20) = p < +oo and finite logarithmic type 0 < Tiog(f,20) < +oo. Then there exists a set E3
of (0, 1) that has infinite logarithmic measure such that for all |z — zo| = r € E3, we have

Ty (r.f)

r—0 (log %)P - TIOg(ﬂZO)'

Proof. The proof can easily obtained by replacing log M, (r, ) by Ty, (r, f) in the |proof of Lemma
3.3 O
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4.4 Proofs of the theorems

Proof of Theorem 4.2

Proof. Let f(# 0) be a meromorphic solution of lj in C — {z0}. If prog(f+20) = o, then the result
is trivial . So, we suppose that pioe(f,20) < oo. By (2.1), we have

AR V() () V() f(z)
O A gy A gy A gy g
It follows that
k £U)(z) k=1
mey(rAI2) <) mZO(r,T>+ Y, my(nAj2) +o(1). (4.4)
j=071 R g

By|Lemma 2.9| for a constant ry € (0,1), there exists a set F4 C (0, rp] of finite logarithmic measure
such that for all |z — z9| = r € (0,r9] \ F4 and for any given € > 0, we have

k ()
¥ (nF5d) <o +ioes ). @5

j=0,j#1

k—1
Lj0,jz1Mz (n4))

Suppose that limsup,__,o == A
2o\

< 0 < 1. Then for r — 0, we get

k—1
Z my, (r,Aj) < omy(r,Af). (4.6)
J=0,j#l

Substituting (4.5) and (4.6) into (4.4), for all |z —z9| = r € (0,r0] \ F4 and r — 0, we obtain

(1= g () < O( Ty )+ 10g ). @)

By the assumption liminf, Mg (A1) 0 > 0, there exists r; € (0,1) such that, for all |z —zo| =r €
y p Tzo (r,A[)

(0,r1), we have

0
mzy (A7) 2 5 T (r A1) (4.8)

By|Lemma 4.1} there exists a set E; C (0, 1) of infinite logarithmic measure such that for any given
€ > 0and for all |z—z9| = r € E|, we have

1\ Prog(Ar.20)—€
) . 4.9)

Ty(rA) > (1og;

Combining (4.7), and (#.9), for any given € > 0 and for all |z —zo| = r € E; N (0,70] N (0,71) \ Fa,
we get

S 1\ Prog(Ar20)—€ 1

5(1—0') (log—) SO(EO(r,f)—I—log;). (4.10)
r

This implies that piog(A7,20) — 1 — € < Prog(f,20) and Prog(As;20) — € < Prog(f;20) if Prog(Ar,20) >
1. Since € > 0 is arbitrary, we obtain piog(A;,20) — 1 < Pirog(f,20) and Piog(As,20) < Prog(f,20) if
plog(AlaZO) > 1. O
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Proof of Theorem 4.3

Proof. Let f(# 0) be a meromorphic solution of |D in C—{zo}. First, we suppose that max { pjog (A, 20) :

Jj#1} < Prog(Ar,20) = p. Then, as in the proof of Theorem 4.2| by substituting |D and lb into
(4.4), for all |z—zo| = r € (0,r9] N (0,r1) \ F4, we obtain

o) 1
ETZO(r,A,) go( T, (1, f) +log - >+ Z T.,(rA;j) 4.11)
J=0,j#l

By there exists a set E; C (0, 1) of infinite logarithmic measure such that for all |z — zo| =

r € E», we have

max{YTi()(( A;,];&l}—>0,asr—>0. (4.12)

Then, by (4.11) and (4.12)) for all r € E; N (0,r9] N (0,r1) \ F4 and r — 0, we get

<g—o(1))TZO(rAZ)<O( ZO(rf)+log1> (4.13)

From (4.13)), we deduce that pog(A;7,20) — 1 < Prog(f,20) and prog (A7,20) < Prog(f20) if Prog(Ar,20) >
1. Now we suppose that max { Piog(Aj,20) : j # |} = Piog(As,20) = p and

T = Y Tiog(A},20) < 8Tiog(Ar,20) = OT.
Plog (A},20)=Plog (A1,20)>1,j7#1

So, there exists asetJ; C {0, 1,...,k—1}\ {/} such that for j € J;, we have piog(A j,20) = Piog(Ar;20) =
p with Ty = ¥y, Tiog(A},20) < Tiog(A1,20) = Tand for j € Jo = {0, 1,..0— 1,1+ 1,....k— 1} \ J}, we
have piog(A},20) < Prog(Ar,20) = p- Then, there exists r3 € (0,1), such that for all [z —zo| = r € (0,73)
and for any given € (0 < (T-+k)e < 87— 1;), we obtain

plog( jaZO) Plog(AlaZO)
T (rA}) < (Tiog(Aj,20) + €) (log ;) = (Tiog(A},20) +€) (10g ;) , VASE

(4.14)
and
1 Plog(A},20)+€ 1)\ Po
TZ()(rvAj) S (lOg—) S (10g—) ’ j€J2> (415)
r r
where max { Piog(Aj,20) 1 j € Jz} < po < p. By the assumption liminf,__,o = T ((:j:ll)) 0 > 0 and

Lemma 4.3| there exists a set E3 C (0, 1) of infinite logarithmic measure such that for the above € and

for all |z —zo| = r € E3, we have

Plog (A1,20)
mey(rA) > (5 )T (nAr) > (5 —€) (2 )(log%)

1 plog(A]-,Z()) (416)
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By substituting (4.5) and (4.14)-(4.16)) into (4.4)), for the above € and for all |z —zo| = r € E3N (0, rp] N
(0,r3) \ F4, we obtain

1 Prog(Ai:20)
(6t—(t+1)e) <log—>

SO(ZO(rf +1log — )+ Z

0 4.17)
1 1 Po )
§0<Tzo(r,f)+log;) + Y (fg(Aj,20) +€) (logr) +Y <log >
JEN JjeDH

§0<Tz(,(r,f) —Hog%) + (114 (k—1)¢) (10g;)p +(k—1) (log%)po.

It follows that

1\" 1
(1—-0(1))(87—1 — (r+k)e) (log;) < O<TZO(r,f) —I—log;) : (4.18)
which implies that, piog(A7,20) — 1 < Piog(f;20) and 1 < piog(As,20) < Piog(f,20) if Piog(Arsz0) >
1. ]
Proof of Theorem 4.4

Proof. By and ({@.3)), for all r € (0,ro] \ Fu, we have
TZ() (V,A1<Z)) =My, (rvAl(Z)) +NZ() (raAl(Z»

k () k—1
< X (D) b R (i) 4N (i) + 001
J

=01 U@ (4.19)
<o(Trnytiogt) + T Tl i) + N (502)
Jj= O,J#l

If p; = max{plog(Aj,zO) E l} < Piog(A1,20) = p, then there exists r4 € (0,1) such that for any
given € (0 < 2e < p —py) and for all |z —z9| = r € (0,r4), we obtain

1 Plog(Aj,20)+€ 1 p1+¢€
Ty (rAj) < (log—> < (log—) ; J=0, k—1,j#L (4.20)
r r

By|Lemma 4.1| there exists a set £y C (0, 1) of infinite logarithmic measure such that for the above €
and for all |z — 79| = r € E}, the assumption 1i holds. By the definition of llog (Ail,z()) = A, there
exists rs € (0, 1) such that for any given € (0 <2e < p —A — 1) and for all |z—zo| =r € (0,r5), we

1 llog (ALZvZO) +1+e
N, (r,Ap) < (10g;> . (4.21)

By substituting (#.9), @.20) and (#.21) into @.19), for sufficiently small € satisfying 0 < 2¢ <
min{p —py,p —A — 1} and forall » € E; N (0,r9] N (0,r4) N (0,r5) \ Fs, we have

1\P ¢ 1 1 p1+e€ 1 A+1+¢€
(log;) < O( T, (r, f) +1log— ) + (k— 1)(log;) + (log;) , (4.22)

get
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then
1\*P~¢ 1
(1-0(1)) <log;) <O( T, (r,f)+log— > (4.23)
Thus, 1 < p — € < plog(f,20)- Since € > 0 is arbitrary, we obtain 1 < piog(A;,20) < Piog(f,20). Now,
if max {piog(A;,20) : j 7# I} = Prog(A1,20) = p and

n= ) Tiog(A},20) < Tiog(A1,20) = T,
Plog (A},20)=Plog (A1,20)>1,j7#1

then as in the proof of [Theorem 4.3 we assume that there exists a set J; C {0,1,....k— 1} \ {l/} such

that for j € J;, we have plog(Aj,Z()) = plog<Al;ZO> =p with 1) = Zplog(AijO):PIQg(AI7ZO)7J'7H T]og(Aj,Z()) <
Tiog(Ar,20) = Tand for j € J, ={0,1,...0 = 1,1+1,....k— 1} \ J1, we have pioe(A},20) < Prog(As,20) =
p. Then, there exists a r3 € (0 1), such that for any given € (0 <e< & Tl) and for all [z—zo| =r €

(0,r3), the assumptions (4.14) and (4.13)) hold. By [Lemma 4.3] there exists a set E3 C (0,1) of infinite

logarithmic measure such that for the above € and for all |z — z9| = r € E3, we obtain

p
T, (r,A;) > (t—¢) (log %) . (4.24)

By substituting (#.14), @.15) and @.24) into @.19)), for sufficiently small € satisfying 0 < € <

min {£=5 A= 1, T84 and for all r € E3N(0,70) N (0,73) N (0,75) \ Fa, we get
1\* 1\*
(t—¢) (log;) §0< T, (r, f)+1log— ) + Z Tiog(Aj,20) + €) <10g;)
JEJ
1 A+l+e
+ Z <log ) (log—)
,
JED (4.25)
1 1\”
<O( Ty (1, f) -l-log; + (14 (k—1)e) log;
1 Po 1 l+1+8
—|—(k—1)(log—) +(log—) .
r r
So N |
(1—o0(1))(z— 1 —ke) (log;) < O(TZO(r,f) +10g;), (4.26)
which implies that 1 < piog(A7,20) < Prog(f,20)- [
Proof of Theorem 4.5

Proof. Let f be a meromorphic solution in C\{zo} of (2.1) with fioe(f,20) < o, otherwise, the result
is trivial. First, if p; = max{plog(Aj,z()) 1 j=0,..,k—1,j# l} < Miog(A7,20) = p. Then for any
given 0 < 2e < u — py, there exists r4 € (0, 1) such that for all |zo —z| = r € (0,r4), (4.20) holds.
By liminf,_ % = 0 > 0 and the definition of joe(A;,20) = U, for the above &, there exists

re € (0,1) such that for all |z0 — z| = r € (0,rg), we have

5 S 1 Hiog (A1,20)— 5 1\ Hog(Ar:20)—€
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Substituting (4.5)), (4.20) and (4.26) into (4.4}, for the above € and for all |z0 —z| = r € (0,r9] N (0,r4) N
(07 r6) \3:’47 we get

k—1

\*® 1
(log;) §0<T20(rf —Hogr) 72 T, (rAj)

- (4.28)

1 1\Prte

SO(]‘ZO(r,f)—Flog;) +(k—1)(log;) )

Thus,
1\*°¢ 1

(1—0(1)) (log;) <O< T, (r, f) +1log— ) (4.29)

It follows that, 0 < 1 — 1 — & < Uijog(f,20). Since € > 0 is arbitrary, we obtain 0 < oe(A7,20) — 1 <
Hiog(f+20)- Now if max {piog(Aj,20) 1 j =0,....k—1,j # 1} = Wiog(A;,20) = p and

T2 = X prog (A .20) =tiog (A1.20) J#1 Tiog(Aj,20) < 8Z104(Ar,20) = 6. Then, there exists asetJ; C {0, 1,....,k—
1}\ {l} such that for j € J;, we have piog(Aj,20) = Hiog(A7,20) = 1 With T =¥ jcj, Tiog(A},20)
Tiog(A1,20) =z and for j € /o = {0,1,..0— 1,1+ 1,....,k—1}\J1, we have piog (A}, 20) < Hiog(Ar,20) =
u. Hence, for any given € (O < (z+kle < dt— Tz), there exists r; € (0,1), such that for all

A

z0 —z| = r € (0,r7), we obtain

1 Plog J+20) 1 lilog(AhZO)
T,y (rAj) < (Tog(Aj,20) +€) (log ;) = (Tog(A}j,20) +€) (10g ;) , JEN
(4.30)
and
1 Prog(Aj,20)+€ 1 Po
T, (rnA;) < (log —) < <log—> ; J €2, 4.31)
r r

where max {piog(4;,20) : j € J>} < po < . By liminf, o703 = & > 0 and the definition of

Tiog(A1,20) = T, for the above € > 0, there exists rg € (0,1) such that for all [z0 — z| =7 € (0,73), we

have

Hiog(A1,20)
my, (r,A;) > (5 8) T, (rAr) > (6 8)( )(log%)

1 ) Hiog(A,20) 4.32)

> (67— (z+1)g) (log;

By substituting (4.5)), (4.30), (4.31) and (4.32)) into (4.4), for the above € and for all |z0 —z| =7 €
(0,70] N (0,77) N (0,rg) \ F4, we obtain

(51—(14—1)8)(10};1)”
SO(TZO(rf +log — )+ Z

j= OJ#l (4.33)
1 1)\ Po )
SO(Tzo(r,f)Hog;) + Y (g4, 20) +€) (logr) +) (log )
JEN jeh

IN

O(TZO(r,f) —l—log%) + (o + (k—1)e) (log%)u +(k—1) (log%)po,



4.4. PROOFS OF THE THEOREMS 53

that is N .
(1—-0(1)) (67— n — (z+k)e) (log—) < 0<no(r,f) —l—log—). (4.34)
r r
This implies that 0 < fiog(A7,20) — 1 < thiog(f,20) and 1 < tiog(Ar,20) < Uyiog(f520)- O
Proof of Theorem 4.6

Proof. We assume that f(% 0) is an analytic solution of (2.1) in C — {z0}. By [Theorem 4.2} we have
0 < Prog(Ar,20) — 1 < Prog(f,20) and piog(Az,20) < Prog(f520) if Prog(Ar,20) > 1. On the other hand, by

we have pp 2](f,20) < Plog(Ar,20). Hence, pp o) (f;20) — 1 < Plog(Ar,20) — 1 < Plog(f;20)
and pp2,9)(f520) < Prog(A1,20) < Prog(f20) if Prog(Ar,20) > 1. O

Proof of Theorem 4.7
Proof. We assume that f( 0) is an analytic solution of (2.1) in C — {zo}. By [Theorem 4.3| we

get 0 < pog(Ar,20) — 1 < Prog(f,20) and Piog(A7,20) < Prog(f120) if Prog(As,20) > 1. Then, by using
v we conclude that, p[Z,Z] (f; ZO) —-1< plog(Alsz) —1< Plog(f»ZO) and p[Z,Z} (fa ZO) <

Prog(A1,20) < Piog(f,20) if Prog(Ar,z0) > 1. [
Proof of Theorem 4.8
Proof. By[Theorem 4.5|and [Lemma 3.6 we get the assertions of O
Proof of Theorem 4.9

Proof. Here we use a similar discussion as in the proof of [Theorem 3.14] We suppose f(z) is an
analytic solution in C — {zg} of (3.1), then f can be represented in the form (3.69). Hence, the

assumptions (3.70)-(3.72) hold. By [Theorem 4.7|and the fact that G;( f1, f>, ..., fx) and W( f1, f2, ..., fx
p y J 9 9 9 9 I 9

are both differential polynomial of fi, f>, ..., fr and their derivatives with constant coefficients, we have
max {pp 2] (Gj(f1, f25 - fi):20), P2) (W (1, 2, -, fi)120) } < Pppay(fi520) < Prog(Ar,z0).  (4.35)
By (3.69), (3.72) and (@.35)), for j = 1,...,k, we get

P2 (f>20) < max {p2(f},20), P2 (Bj,20) }
< max {pp2)(F,20), Plog(A1,20) }-
i) If 2.2 (F,20) > Prog(Ai, 20), then by and (4.36), we deduce that p 5)(f20) = Pp2,2)(F: 20)-

(4.36)

i) If pp2)(F,20) < Prog(Ai;20), then by (4.36) , we obtain pp 2(f,20) < Prog(Ai,20). Further,
assume that a solution f of (3.1)) satisfies pp (f,20) = Plog(As,20)- Then, there holds

max {pp2)(F,20),Pp.2)(Aj,20) = (j =0,....k— 1)} < paay(f,20)-

By|Lemma 3.10, we conclude that )_.[272] (f,ZO) = 1[2,2} (f, Z()) =Pp2 (f, Z()) = plog(Al,Zo). [




Chapter 5

Linear difference equations with zero order

meromorphic coefficients

5.1 Introduction

This chapter is devoted to study the growth of the meromorphic solutions of homogeneous and

non-homogeneous linear difference equations
Ar(@)f(zt )+ +A1(2) f(z+c1) +Ao(2) f(z) =0, (5.1

Ar(@)f(z+ck) +---+A1(2) f(z+c1) +Ao(2) f(2) = F(2), (5.2)

where Ay(z),...,Ax(z) and F(z) are meromorphic functions of finite logarithmic order, ¢;(i = 1,... k., k €
N) are distinct non-zero complex constants. In [81], Zhou and Zheng considered the growth of the

difference equation (5.2)) , and proved the following result.

Theorem 5.1 ( [81]]). Let Aj(z)(j =0,1,...,k) and F(z) be meromorphic functions. Suppose there
exists an integer (0 < 1 < k) such that A(z) satisfies

MALZ) < p(A) <o

Y T(Aj) < T(A)) <ee.
L Ifp(F) <p(A), or p(F) = p(Ar1) and ¥y sy p(ay), 1 TA)) + T(F) < T(A)), or p(F) = p(A))
and ZP(Aj):P(AI)7 T(Aj) < T(F), then every meromorphic solution f(z)(# 0) of satisfies
p(f) = p(Ar) .

2. If p(F) > p(A;), then every meromorphic solution f(z) of (5.2) satisfies p(f) > p(F) .

There are many other results have been obtained by many different mathematicians on studying the

growth of solutions of the linear difference equations, where their coefficients are entire or meromorphic
54
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functions (see e.g. [34/7,/10,14854,56,80] ). However, a few of them concentrated on the case when the
coefficients are of zero order entire or meromorphic functions. In [4], Belaidi considered this case for

the special homogeneous case of (5.1))
A2 f(z+k)+---+A1(2) fz+1) +A0(2) f(z) =0, (5.3)

where Ay(z),...,Ao(z) are entire or meromorphic functions of finite logarithmic order, and obtained

the following results on the logarithmic order and the logarithmic lower order of solutions.

Theorem 5.2 ( [4]). Let Aj(z)(j =0,1,...,k) be meromorphic functions. Suppose there exists an
integer 1(0 < [ < k) such that A;(z) satisfies

1
A10g(A_l) < plog(Al) < oo,

maX{Plog(Aj): J:()vluukv.];é l} < plog(Al)7

Tg(4) < Tiog(Ar) < .
Plog (Aj):plog (Al ) J#L

If f is a meromorphic solution of (5.3)), then Piog (f) > Prog(Ar) +1 .

Theorem 5.3 ( [4]). Let Aj(z)(j =0,1,...,k) be entire functions. Suppose there exists an integer
1(0 <1 <k) such that A;(z) satisfies

max{plog(Aj) WS 0,1,... 7k;j % l} < .ulog(Al>7
maX{Tlog(Aj): Plog(Aj> = .ulog(Al): J=0,1,..kj#l} < Ilog(Al) <o
Then every meromorphic solution f(z) % 0 of (5.3)) satisfies g (f) > Hiog(A7) +1 .

The main aim of this chapter, by using the logarithmic lower order, we extend to the

case when the coefficients are zero order meromorphic functions and thus we generalize [Theorem 3.

and [[heorem 35.3|to the non-homogeneous case.

5.2 Main Results

Theorem 5.4 ( [24]). Let Aj(z)(j = 0,1,...,k) be meromorphic functions. Suppose there exists an
integer 1(0 < [ < k) such that A;(z) satisfies 6(e0,A;) > 0 and

):k.: om(rA;
lim sup =071 )
r—>—oo m(r,Al)

Then every meromorphic solution f(z)(# 0) of (5.1)) satisfies tiog (f) > Hiog (A7) + 1.

< 1.

Theorem 5.5 ( [24]). Let Aj(z)(j = 0,1,...,k) be meromorphic functions. Suppose there exists an
integer 1(0 < I < k) such that A(z) satisfies 6(o0,A;) > 0 and max{piog(A;): j=0,1,....k, j# I} <
Hiog(Ar) < Prog(A;) < eo. Then every meromorphic solution f(z)(# 0) of (5.1)) satisfies tiog(f) >
Hiog (A7) + 1.
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Theorem 5.6 ( [24]). Let Aj(z)(j =0,1,...,k) and F(z) be meromorphic functions. Suppose there ex-
ists an integer [(0 < 1 < k) such that A;(z) satisfies 5(c0,A;) > 0 and max{piog(A;): j=0,1,....k, j#
l} < .ulog(Al) < plog<Al) < oo,

1 1If tog (F) < Mtiog(A;), then every meromorphic solution f(z)(# 0) of (5.2) satisfies piog(f) >
Hiog (Al) . Further, if F(Z) =0, then Hiog (f) > Hiog (Al) + 1.

2. If Wiog(F) > Miog(A;), then every meromorphic solution f(z) of (5.2) satisfies piog(f) > Hiog(F)

5.3 Lemmas
For the proof of our results we need the following lemmas.

Lemma 5.1 ([8,9]). Let f be a meromorphic function with finite logarithmic lower order 1 < o4 (f) <
+oo. Then there exists a subset E| of [1,+c0) that has infinite logarithmic measure such that for all

r € E{, we have

T(r,f) < (logr)testf)Fe.

Lemma 5.2 ([22]). Let ot, R, R’ be real numbers such that 0 < o« < 1, R > 0 and let  non-zero complex
number. Then, there is a positive constant Cy, depending only o such that for a given meromorphic

unction f we have, when |z| = r, max{1,r+ < R < R/, the estimate
Ji f ;TN

f(z+n) f(z) 2In|R 1
n(n F5) e ) < () ek )
K ([ Inl  Calnl"

+R'—R(R—r—w <1—a>ra)
X (N(R’,f)JrN(R’,]lC)).

Lemma 5.3. Let 11, n; be two arbitrary complex numbers such that My # Ny and let f be finite
logarithmic lower order meromorphic function. Let UL be the logarithmic lower order of f. Then for

each € > 0, there exists a subset Ey C (1,+00) of infinite logarithmic measure such that for all r € E»,

flz+m) _ T
m(r’f—(Z—f—le)) —0((1 gr)t—tt )

we have

Proof. We have

IN
=

IN

+m

=

(“M)E esm)

f
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Since f has finite logarithmic lower order e (f) = [t < oo, s0 by |Lemma 5.1| for any given & (0 <
e< 2), there exists a subset E, of infinite logarithmic measure such that for all r € E,, we have

T(r,f) < (logr)*+2. (5.5)
By we obtain from (5.4))
f(Z+771)) 2|m|R ( l )
m<r’f(z+nz) S®r— e \"RS) +m(R )
2R’ M| Ca|711|a >( R 1 )
e i) (VED V)
2|m|R ( R (R 1 )
T r— e \" (&S +m(R )
2R’ 72| Ca|772|“ r L
+R'—R( [ )(NR”N ’f)> 60
_ 2|m|R 2|772\R >( (R 1)
((R—r—mlnﬁ( R=r—mp) \"(ES) +m(E.7)
2R ( 1] Ca|m1|* N M|
R—R\R—r—|m| (I1-a)r* R—r—|m|

Ca\’?2|a / ;1
——— | | N(R N(R,-) |.
+(l—a)r°‘ ( ’f)+ ( ’f>
We choose o =1 —§, R=2r, R = 3r and r > max{|n|, |n2|,2}1n .i we obtain

f(z+711)) ( 4lni|r 4ma|r )( 1 >
m(nf(z—f—nz) = (,»_|n1|)2+(r_m2|)2 m(zraf)—l-m(Zr,f)
+6< m| | 2Cem|'"2 | |m 2Ca|n2|1§>

+ +
r—|m| erl=% r—|na| erl=2

X (N(3r,f)+N(3r,%)) (5.7)
4imr 4imalr ( In1| N2
=4 + +
- {(r—!m\)z (r—1Iml)? r—|ml  r—[na
2 o 1—% 1—%
+ C (|711| +’772| )>]T(3I’,f).

er'=3
Using the estimate (5.5]), we get
f(Hm)) [ Alm|r Amar ( | M2l
<f(Z+T?2) (r=ImD? = r=Im?*  \r—=Im[  r—|m
2C 1-3 1-3 e
_ 2Ca(Im il 2))](10g3r)#+2
Er 2
§M(logr)“+£71,

where K > 0, M > 0 are some constants. The proof is completed. 0

Lemma 5.4 ( [4]). Let ¢, ¢ be two arbitrary complex numbers such that ¢y # ¢, and let f be finite

logarithmic order meromorphic function. Let p be the logarithmic order of f. Then for each € > 0, we

flz+c1) _ —l+¢
(- fiva) ~olen )

have
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Lemma 5.5 ( [34]). Let f be a meromorphic function, ¢ be a non-zero complex constant. Then we

have that for r — oo
(1 +0(1))T(r— lel, f) <T(r,f(z+¢)) < (1 +0(1))T(r+ lcl, f)-

It follows that piog(f(z+¢)) = Prog(f) and Wiog(f(z+¢)) = Uiog(f)-

5.4 Proofs of the theorems

In our proofs, we suppose always that f is of finite logarithmic order (plog (f) < oo), otherwise the

results are trivial.

Proof of Theorem 5.4

Proof. Let f(z)(# 0) be a meromorphic solution of (5.1)). We divide (5.1) by f(z+¢;) to get

$ +CJ) f(z)
—A(z ,:12 Flator) +A0(Z)m» (5.8)
it follows
m(r, A f m( )+ Zk‘, m(r ch)) +m<r&)+0(l) (5.9)
& 1:0,1# j=Lj#l z+ar) flz+te) ' '

By (5.9) and|[Lemma 5.3| for any given € > 0, there exists a subset E; C (1, +o0) of infinite logarithmic

measure such that for all » € E,, we have

m(rA(2) < Y m(nAjz)+ Z O((logr)Hee)=1€) 1 0 ((log r)HeeN)=17€) 1 O(1)

k
< Z m(r,Aj(z)) + 0((10gr)“log(f)_l+8)'
(5.10)
. Zl;:o?j#z m(r,Aj) .
Assume that mlimsup, Ay < B < 1, then for sufficiently large r, we have
k
Y, m(rAj) <Bm(rA)). (5.11)
J=0,j#
Combining (5.10) and (5.T1)), for any given € > 0 and for all r € E>, we obtain
(1—B)m(r,A;(z)) < O((logr)Heel)=1+€), (5.12)
Setting
A
fiming 754D _ (0, A;) = & > 0. (5.13)
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By (5.12) and the definition of t,e(A;), for any given € and sufficiently large r, we have

6 (log r)ulog(Az)*g > (log r)Ho(A)—¢ (5.14)

m(rA) = ST(nA) > 5

2

Substituting (5.14)) into (5.12), for any given € > 0 and for all r € E;, we get
(1 _ﬁ)(logr>ulog(Al)—€ < 0((10g,,)Mog(f)—“rg)7 (5.15)
which implies that pog(A;) +1—2€ < e (f). Since € > 0 is arbitrary, we obtain e (A7) +1 <

Hiog (f ) . L

Proof of Theorem 5.5

Proof. By (5.9), for any given € > 0 and for all r € E,, we have

m(r,A;(z Z 2)) + O((log r)Hee /)1 +€) (5.16)
Jj=0,j

Suppose that max{piog(A;): j=0,1,...,k, j# 1} = p < Hiog(A7). Then, by the definition of pioe(A ),
j=0,1,....k,j#1, for any given € (0 <e<hb 1°g —P ) and sufficiently large r, we have

T(r,Aj) < (logr)P™¢,  j=0,1,....k j#L (5.17)

Substituting (5.12) and (5.17) into (5.16), for any given & (0 <e< W) and for all r € Ey, we

obtain
(log r)Hee A =€ < k(logr)P € 4 O((log r)HeeN)~1F€) (5.18)
Then
(1—o0(1))(logr)Hee4)=€ < O((log r)Hee /) 1+€) (5.19)
It follows that Loe (A7) + 1 —2€ < Hiog(f). Since € > 0 is arbitrary, we obtain e (A7) + 1 < tiog (f)-
[
Proof of Theorem 5.6
Proof. Let f(z)(# 0) be a meromorphic solution of (5.2). We divide by f(z+¢;) to get
k
f(z+¢)) f(z) F(z)
&= & AT PO e Fera) :
it follows
k k
fz+¢)) f(2)
ICIED W CYCIR v
]_027;"#1 / j_lz;’-?gl f(Z+ Cl) f(Z + ) (5.21)
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By (5.21)), [Lemma 5.4 and [Lemma 5.5} for any given € > 0, we have

k
m(rAI(z) < Y, T(rAj(z)+0((logr)Pest)=1+e)
j=0.j#1
+T(rF(2) +T(rf(z+c)+0(1)
k
< Y T(rA)(z) +O((logr)Pesl/)-1He) (5.22)
j=0.j#1
+T(r,F(2)+ (1+o(1)T(r+lel, f(2)
k
< Y T(rA;(2) +O((logr)Pes) =148 L T (1, F(2)) + 2T (2r, £ (2)).
j=0.j#1
Setting liminfr_>+w% — §(00,A)) = 8 > 0 and max{piog(A;): j=0,1,....k,j# I} =p <

Hiog(A;). Then, for any given € (0 <e< w) and sufficiently large r, the assumptions (5.14

and (5.17) hold.

(1) If tiog(F) < Miog(A;), then by [Lemma 5.1, there exists a subset E; with infinite logarithmic
I-llog(Al)_“log(F)>
2

measure such that for any given € | 0 < € < and for all r € Ey, we have

T(r,F) < (logr)tos(F)+€, (5.23)

By substituting (5.14)), (5.17)) and (5.23)) into (5.22)), for any given € satisfying
Hiog (Al) — P MHiog (Al) — Hiog (F) }

0<e i
< <m1n{ 5 , 5

and for all r € E7, we obtain
(log r)Hee(A) =€ < k(log r)PT€ + 0((log r)plog(f)*1+8)

(5.24)
+ (log r)”log(F)-i-&' + 0((10g r)plog(f)+8) ’

which implies that
(1—0(1))(logr)tre(4)=€ < O((logr)Proel/)+€), (5.25)

By (5.25)), we get piog(A;) — 2€ < prog(f)- Since € > 0 is arbitrary, we deduce that o (A4;) <
plog (f)

(2) Let f be a meromorphic solution of 1| If tiog(F) > Hiog(A;), then for any given € <O <eEL

and sufficiently large r, we have

rog (F)—Hiog (A7) )
2

T(r,F) > (logr)toes(F) ¢ (5.26)

By there exists a subset E| with infinite logarithmic measure such that for the above

€ and for all » € E;, we obtain

T(r,A;) < (logr)Hioe(A)+e, (5.27)
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By (52) and [Cemma 5.3, we have

k k

T(rnF()< Y, TrAR)+TnRAR)+ Y, T(rfz+c)))
J=0,j#l j=1
+T(r,f(z))+0(1) (5.28)
k

< Z T(rAj(z))+T(rAi(z))+ (2k+1)T (2r, f(z)) + O(1).
J=0,j7#l

Substituting (5.17)), (5.26) and (5.27) into (5.28)), for the above € and for all r € E;, we get

(log r)MoeF)=€ < k(log r)PT€ + (logr)MeeADFE 4 2k 4+ 1)T (2r, £(2)) + O(1). (5.29)

So
(1—o(1))(logr)F1eeF)=¢ < O((logr)Pre)F€). (5.30)

It follows that o (F) —2€ < piog(f)- Since € > 0 is arbitrary, we get Liog (F) < Piog(f)-



Chapter 6

Linear delay-differential equations with zero

order meromorphic coefficients

6.1 Introduction

This chapter is devoted to consider the homogeneous and non-homogeneous linear delay-differential

equations
n m .
Y. Y 4i(2) Y (z4e) =0, (6.1)
i=0 j=0
n m .
Y Y AV (e +e) =F(2), (6.2)
i=0 j=0
where A;j(z) (i=0,1,...,n,j=0,1,...,m,n,m € N) and F(z) are meromorphic functions, c¢;(i =
0,...,n) are distinct non-zero complex constants. Recently, the research on the growth properties of

meromorphic solutions of the complex delay-differential equations has gathered increasing attention
(see e.g. [11L[12[[17,/52,[71,[81]. In [12], Bellaama and Belaidi considered the growth of equations (6.1)
and ({6.2)) for the case where one arbitrary coefficient dominates the rest of the coefficients either by its

lower order or by its lower type, and obtained the following theorem.

Theorem 6.1 ( [12]). Consider the delay differential equation with meromorphic coefficients. Suppose
that one of the coefficients, say Ajo with lL(Ajg) > 0, is dominate in the sens that:

(i) max{i(Az),p(8)} < U(Ajp) <oo;

(ii) z(Ai) > T(Aap), whenever (Ay) = U(Agb);

(i10) Lp(ai))=pt(A).(i.))#(1.0)(ab) T(Aij) + T(F) < T(Aj) < o0, whenever [(Ay) = p(3);

(V) Lp(aij)=p(Arw).(i.))£(1,0),(ab) T(Aij) + T(Agp) < T(Ajg) < oo, whenever L(Ay) = 1(Awp) = P(8);
(v) A (ﬁ) < W(Ap) < oo, where 8 :={F,A;j: (i,j) # (a,b),(1,0)} and p(8) := max{p(g): g €

8).
62
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Then any meromorphic solution f of (6.2) satisfies p(f) > p(Ayo) if F(z)(Z 0). Further if F(z)(=0),
then any meromorphic solution f(z)(# 0) of (6.2) satisfies p(f) > u(A;) + 1.

They also in [[11]], proved the following result in which the assumption on the dominance of the

coefficient Ay(z) by the lower order or the lower type, was made in different way

Theorem 6.2 ([11]]). Let A;j(z) (i=0,1,...,n,j=0,1,...,m,n,m € N) and F (z) be meromorphic
functions. Suppose there exists an integer 1(0 <[ < k) such that Ajy(z) satisfies

1
M) < lA) <
max{p(Ai): (i,J) # (1,0)} < u(Ap),
)y T(Aij) < T(Ap) <.
p(Aij):.u(AIO)v(ivj)#(lvO)
1 If p(F) < 1(Aw), or p(F) = u(Ap) and Yo (A )= (A (i, )£ (1,0 )T( j)+T(F) < 2(Ap), or
W(F) = 1(Aw) and ¥4 1(a)(i.1)£(0.0) (A,]) —I—I(Alo) < t(F), then every meromorphic
solution f(z)(£ 0) of- satlsﬁes p(f) > w(Ay) . Further, if F(z) =0, then p(f) > u(Ayp) +

1.
2. If u(F) > p(Aj), then every meromorphic solution f(z) of (6.2) satisfies p(f) > p(F) .

As an answer to the question how to express the growth of solutions of (6.1)), for the case when its
coefficients are meromorphic functions of order zero. In [9], Belaidi used the logarithmic order and

obtained the following theorem.

Theorem 6.3 ( [9]). Let A;j(z) (i=0,1,...,n,j=0,1,...,m,n,m € N) be meromorphic functions.
Suppose there exists an integer 1(0 < [ < k) such that Aj(z) satisfies

max{piog(Aij): (i,j) # (1,0)} < prog(Aio),
5(°°7A10) > 0.
Then every meromorphic solution f(z)(#0) of satisfies Plog(f) > Prog(An) + 1.

In [[13]], Biswas generalized the above result to non-homogeneous equation (6.2), by proving the

following theorem

Theorem 6.4 ([13]]). Let A;j(z) (i=0,1,...,n,j=0,1,...,m,n,m € N) and F (z) be meromorphic
functions. Suppose there exists an integer 1(0 < | < k) such that Ajy(z) satisfies

max{Piog(Aij): (i,7) # (1,0)} < Prog(A),
5(00,141()) > 0.

1. If piog(F) < piog(Aro), then every meromorphic solution f(z)(# 0) of (6.2) satisfies piog(f) >
Plog(Ao) -
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2. If piog (F) > Prog(Aso), then every meromorphic solution f(z) of (6.1)) satisfies piog(f) > Piog (F)

The main purpose of this chapter is to continue investigating the logarithmic order of meromorphic
solutions of equations and to extend and improve the above theorems. In our results,
alongside the other additional conditions, the dominance of the arbitrary coefficient A;y is assumed in
term of the logarithmic lower order and the logarithmic lower type in two different way as in
6.1]and

6.2 Main Results

Theorem 6.5 ([23]]). Let A;j(z) (i=0,1,...,n,j=0,1,...,m,n,m € N) be meromorphic functions,

and a,l €{0,1,...,n}, b €{0,1,...,m} such that (a,b) # (1,0). Suppose that one of the coefficients,

say Ajg with Aiog (ALzo> + 1 < Hiog(Ajp) < oo is dominate in the sens that:

(i) max{iog(Aap), Plog(8)} < Mtiog(Asn) < o0
(”) I]og(Al()) > Ilog(Aab)a whenever .ulog(AlO) = “10g<Aab);
(1) Y prog (Asj) =tt1og(A10)(i-)#(1.0).(a.b) Tiog (Aij) + Tiog (F) < Tiog (Ain) < oo, whenever [hiog (A10) = Prog(8);

(V) Lprog (As))=tiog (A10).(0.1)#(1.0).(a) Tlog (Aif) + Trog (F) 4 Tiog (Aab) < Tiog(Arn) < oo, whenever piog(Aro) =
Hiog(Aab) = Prog(S), where 8 = {F,Ayj: (i, ) # (@,), (1,0)} and prog($) i= max{piog(g) g €
s}

Then any meromorphic solution f of (6.2)) satisfies Piog (f) > tiog(As0) if F(2)(# 0). Further if F(z)(=
0), then any meromorphic solution f(z)( 0) of (6.1) satisfies piog(f) > Hiog(As0) + 1.

Theorem 6.6 ( [23]]). Let A;j(z) (i=0,1,...,n,j=0,1,...,m,n,m € N) be meromorphic functions,
and a,l €{0,1,...,n}, b€ {0,1,...,m} such that (a,b) # (1,0). Suppose that one of the coefficients,
say Ajo with L(Ajg) > 0 and 8(e0,Aj9) > 0 is dominate in the sens that:

(i) max{tiog(Aap);Plog(8)} < Miog(Arn) < 005
(i) 8%100(A10) > Tiog(Aap), whenever Wiog(Aro) = Hiog(Aan);
(160) X prog(Aij)=thog (A1) (i) #(1,0).(a.b) Tlog(Aij) + Tiog (F) < 8T10g(As) < o0, whenever iog(Aro) = Piog (8);

(1) X prog (Aij) =tiog(A10) (1)) £(1.0) (a.b) Tiog (Aij) + Tiog (F) + Tiog (Aan) < 8T10g(Arg) < o0, whenever piiog (Aro) =
Hiog(Aap) = Prog(8), where 8§ := {F,A;;: (i, ]) # (a,b),(1,0)} and piog(8) := max{pioe(g): g €
s}.

Then any meromorphic solution f of (6.2)) satisfies Piog(f) > Hiog(As0) if F(z)(5 0). Further if F(z)(=
0), then any meromorphic solution f(z)(# 0) of (6.1) satisfies piog(f) > Hiog(As0) + 1.
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Theorem 6.7 ( [24]]). Let A;j(z) (i=0,1,...,n,j =0,1,...,m,n,m € N) and F(z) be meromor-
phic functions. Suppose there exists an integer 1(0 < [ < k) such Ajo(z) satisfies d(e0,Aj9) > 0 and
max{piog(Aij): (i) # (1,0)} < Hiog (A1) < Prog(Aso) < oo

1. If tog(F) < Hiog(Ajo), then every meromorphic solution f(z)(# 0) of (6.2) satisfies piog(f) >
Miog(Aro) - Further, if F(z) =0, then fiog(f) > Miog(Aro) + 1.

2. If piog (F) > Hiog(Ajo), then every meromorphic solution f(z) of (6.2) satisfies Piog (f) > Hiog (F)

Remark 6.1. We can also replace the condition max{piog(A;;): (i,)) 7 (1,0)} < Hiog(A10) < Piog(Aro)

in Thicorem 6.7 by

Z ij m r’Al..
lim sup =070 (nAij)

<1
F—>oo m(r,Ajpp)

for the homogeneous case F(z) = 0.

Theorem 6.8 ( [23]). Let A;j(z) (i=0,1,...,n,j=0,1,...,m,n,m € N) and F (z) be meromorphic
functions. Suppose there exists an integer 1(0 < | < k) such that Ajy(z) satisfies

1
Aflog( l )"’ 1< ,ulog(AIO)

max{piog(Aij): (i,7) # (1,0)} < tiog(An),

T= Z Tlog(Aij) < Ilog(Alo) <
Piog(Aij)=Hiog (A1), (i,7)#(1,0)

L If prog(F) < tiog(A10), 0 Prog(F) = Hiog(Ar0) and T+ Tiog (F) < Tjoe(Ar0), 0F tiog (F) = tiog(Aro)
and T+ T5(A10) < Tiog(F), then every meromorphic solution f(z)(# 0) of (6.2) satisfies
plog(f) > ,ulog(AIO) . Further, if F(Z) =0, then ,ulog(f) > ‘Lllog<A10) +1.

2. If thog (F) > Wiog(Aso), then every meromorphic solution f(z) of (6.2 . ) satisfies Piog (f) > Hiog (F).

Remark 6.2. The condition llog( ~)+ 1 < hiog(Aso) in[Theorem 6.8|can be replaced by &(,A;9) >0
with 5I1Og(Alo) instead of zlog(Alo), the only difference between the two conditions that by the

condition & (o0, Aj9) > 0 the case when Log(Aj) = 1 is also included.

6.3 Lemmas
For the proof of our results we need the following lemmas.

Lemma 6.1 ( [39]). Let k and j be integers such that k > j > 0. Let f be a meromorphic function in

the plane C such that f () does not vanish identically. Then, there exists an ro > 1 such that

m(rj%> < (k- j)log* i(Tl)(p f)))—Hogk +5.3078(k — ),
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forall ro <r < p < 4o If f is of finite order s, then

(k)
nfetd) |
hrrgigopv < max{0, (k—j)(s—1)}.

Lemma 6.2. Let f be a meromorphic function with finite logarithmic lower order 1 < ipg(f) < +oo.
Then there exists a subset E, of [1,+o0) that has infinite logarithmic measure such that for all r € E,

we have

Ilog (f) = lim (r f)

r———+oo (log r):ulog (f)
Consequently, for any given € > 0 and for all r € E,, we have
T(r,f) < (Tiog(f) + &) (logr)teelV).
Proof. By the definition of the logarithmic lower type, there exists a sequence {r, }, _, tending to o

satisfying (1+1)r, < 7,41, and

Tiog(f) = lim T(rn,f)

Ip—r—+oo (log rn).ulog(f)

Then for any given € > 0, there exists an n; such that for n > ny and any r € [n 1 rn] we have

T(n"?rn,f) < T(I’,f) < (rn’f)
(log rn)ﬂlog(f) - (log r),ulug(f) (lOg rn),ulog(f)

It follows that

(lognJrl )“'Og(f) T (i, f) < T(rf)
(

logr, log rn)”log(f) o <10g r),ulog(f)
T (rn, f) logry, (/) 6.3)
= (logry)*eel!) \ log 227 ' '

Set .
n
EZZ U |:—n+1l’n,rn:|.
Then from ([6.3] we obtain
(r f) _ 111‘1’1 T(rl’l7f)

lim —2~ = ) |
r?Jw (log r)ﬂlog(f) =+ (log rn)ylog(f) _log(f)
so for any given € > 0 and all sufficiently large r € E;, we get
T (rf)< <Ilog(f) +8> (log r)Hestf)
oo 'n +oo
where myqg (E2) = [ 4 Z [ =Y log(1+1) = oo .
E2 n= }’117 n=n;

Lemma 6.3 ( [38]]). Let f be a meromorphic function and k > 1 be an integer. Then we have

T(rfM) < (k+ DT (n.f) + (1),
where S (r, f) satisfies the condition (1.3)). In particular, if f is of finite order, then (1.3]) holds without

the excluded set.
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6.4 Proof of the theorems

Proof of Theorem 6.5

Proof. Let f(z) be a meromorphic solution of (6.2). If f(z) has infinite logarithmic order, then the
result holds. Now, we suppose that pjog(f) < oo. We divide (6.2]) by f(z+¢;) to get

X &, O+ flzta)
—AIO(Z)_' Z ZA’J flz+ci) flz+¢ep)

i=0,i#l,a j=0
- Nz4cq) f(z+ca) Nz+ep)
+ Ag
i Ozj’#b “ fz+ca) flz+e) Jg’ l’ fz+cl)
()

P fetca) flete) fta)
By and [Lemma 5.5] for sufficiently large r, we have

n

m(r,An(z) < ) im(V,Aij(Z))+m(r,Aab(Z>)

i=0,i#l,a j=0
n

m m (/) ¢
YA+ Y meAg)+ ¥ Zm(%)

j=1 j=0.j#b i=0,i71.a j=0

- flete)\ | v fV(z+ca) flz+ca)
+Z , m<r’f(Z+Cz)) +~Zm<r’ fz+ca) )Hm (r’ f(Z+Cz)>

n f(Z+Ci) m f(j)(z—f—ca) rf(z—i—ca)
+i:02i;;élam (nf(Z‘FCl)) +Zm<r, f(z+ca) >+2m(’f(z+cl))

j=1

Z+c

+ Z —”) T (r,F(2)) +2T(2r,f) + O(1). (6.5)
f(z+ca)

From for sufﬁc1ently large r, we obtain

f(j)(Z+Cl) . + . .
m(r,—f(z+0i> <2jlog"T(2r,f), (i=0,1,...n,j=1,....m). (6.6)

By for any given € > 0 and all sufficiently large r, we have

f(Z+Ci) — log(f)_l € | — |
m(r, f(z—l—cl)) _O((logr)p * ), (i=0,1,...n,i #1). (6.7)
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By substituting and (6.7) into (6.3), for any given € > 0 and all sufficiently large r, we obtain

m(r,Ap(z)) S Z Z (nAij(2) +T(rAw(2)+ Y T(nA;()+ Y, T(rA4()
0.54,a j=0 =1 J=07#b
+0 (log" T (2r,f)) + O <(10g r)Pioe(f H“) L T(r,F(z)) +2T(2r f). (6.8)
Let us set
§ = 8(c0,Asg) > 0. (6.9)

Now, we divide this proof into four cases:

Case (i): If max{ftiog(Aap), Prog(8)} < Hiog(Ar0), then by the definition of piog(Azo) and (6.9), for any
given € > 0 and all sufficiently large r, we have

0 0 e
m(r.Ap) > 5T(rAw) > 5(1ogr)ﬂlog<f‘lo>*z > (log r)Hos(4i0) =€ (6.10)
By the definition of pjog(8) for any given € > 0 and all sufficiently large r, we have
T(r,g) < (logr)Pe®)€  oc§. (6.11)

By the definition of 4 (A4p) and[Lemma 5.1| there exists a subset E1 C (1, +o0) of infinite logarithmic

measure such that for any given € > 0 and for all sufficiently large r € E|, we have

T(r,Ag) < (logr)tioe(ar)+e, (6.12)

Set p = max{iog(Aap), Plog(S) }, then from (6.11)) and (6.12), for any given € > 0 and for all r € E,

it follows
max {T(r,Au), T (r,g)} < (logr)PTe. (6.13)

Also, from the definition of pis(f) for any given € > 0 and all sufficiently large r, we have
T(r,f) < (logr)Poelf)+€, (6.14)

By substituting (6.10)), (6.13)) and (6.14) into (6.8)), for all r € E;, we get
(log r)tee(40)=¢ < ((n— 1) (m+1) 4 2m+ 1) (logr)P™¢ + O(log (logr))

+0 ((logr)plog(f)_He) + (logr)P™¢ +0 <(log r)p1°g(f)+8) : (6.15)

Now, we choose sufficiently small € satisfying 0 < 2& < Uiog(Aj9) — p, for all r € Ey, it follows from

(6.13)) that
(1—0(1))(logr)HrezlA0)=¢ < 0 ((log r)plng(f)“) ,

this means, Uiog(A0) —2€ < Piog(f) and since € > 0 is arbitrary, then piog (f) > Hiog(As0)-
Similarly, for the homogeneous case, by (6.1)), (6.6) and (6.7), we obtain

m m

m(r,Ap(2)) < i ) T(rAij(2) +T(rAw(@) + Y T(rAy;) + Z T(r,Aqj(2))

i=0,i#l,a j=0 j=1 j=0,j#b
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+0(log (logr)) + O <(10g r)Prog(f H“) . (6.16)
Then, by substituting (6.10) and (6.13) into (6.16)), for all sufficiently large r € E;, we have

(log r)Hee(40)=¢ < ((n— 1) (m+1) 4 2m+ 1) (logr)P*¢ + O(log (logr)) + O <(log r)pIOg(f)_1+3> ‘
(6.17)
For the above € and for all r € E|, we deduce from (6.17]) that

(1—o0(1))(logr)Hes4n)=¢ < 0 ((log r)plog(f)*l+£> ’

that is, Uiog(As0) —2€ < Piog(f) — 1 and since € > 0 is arbitrary, then piog(f) > Hiog(As) + 1.
Case (ii): If B = P1og(S) < Miog(A10) = Hiog(Aan) and 6Ty (A10) > Tiog(Aan), then by the definition
of Tyo, (Ajp) and , for any given € > 0 and all sufficiently large r, we have

m(r,Ap) > (8 — €)T(r,Ap) > (8 — €)(Tyy, (A1) — €) (log r)HiozAn0)

Ilog
> (5110g (A1) = (Tiog(Ar) + )€+ £2> (log r)Hes(4r0)

> <5zlog(AZO) - (zlog(AlO) + 5)8) (lOg r)'ulog(AlO)' (6.18)
By the definition of 7;,,(A4p) and[Lemma 6.2} there exists a subset £1 C (1, +o0) of infinite logarithmic

measure such that for any given € > 0 and for all sufficiently large r € E, we obtain
T(r,Am) < (Ilog (Aap) +€)(log r)ulog(Aab) = (zlog (Aap) +€)(log r)ﬂlog(AIO)' (6.19)
By substituting (6.11)), (6.14)), (6.18)) and (6.19) into (6.8), for all sufficiently large r € E;, we get

(5£log(A10) — Tlog (Aab) — (Ilog(Al()) +6+ 1)8) (logr)“log(Alo) < ((l’l _ 1)(m_|_ 1) + Zm) (logr)ﬁ-i-e

+0(log (logr)) + O <(10g F)Pros(f >—1+8> +(logr)P€ 10 <(10g r)Pioe(f >+8) . (6.20)

{Nlog(Ale)fﬁ 5110g(Al())_Ilog(Aab) }, for all

Now, we choose sufficiently small € satisfying 0 < € < min " Tiog(Ar0)+0+1
~log

sufficiently large r € E, by (3.20)), we obtain
(1= 0(1)) (8%10(A10) — Tiog (Aab) — (Tiog(A10) + 8 + e ) (log r)Hes4n)

<0 <(10gr)plog(f)+g> 7

this means, Uiog(As0) — € < Piog(f) and since € > 0 is arbitrary, then piog(f) > Hiog(As)-
Next, for the homogeneous case, by substituting (6.11)), (6.18]) and (6.19) into (6.16)), for all sufficiently

large r € E1, we have

(5110g(A10) - Ilog (Aab) - (zlog(AIO) +6+ 1)8> (log r)“log(AIO) < ((l’l - 1)(m + 1) + Zm) (log r)ﬁ+8

+0(log (logr)) + O ( (log r)Pre(N =14 6.21)

For the above € and all sufficiently large r € Ey, from (6.16), we obtain

(1 — 0(1)) (5110g(Alo) — Tjog (Aab) - (Ilog(Alo) +d0+ 1)8) (logr)'ulog(AlO)
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<0 ((10g ,,)Plog(f)*Hf) ,

that is, tiog(A10) — € < Piog(f) — 1 and since € > 0 is arbitrary, then Piog(f) > Hiog(As0) + 1.
Case (iii): When tog(Aap) < Hiog(A10) = Prog(S) and

T = Y Tiog (Aij) + Tiog (F)
plog(Aij):/Jlog(AIO)v(ivj)#(lvo)v(%b)
=T+ Tlog(F) < Zlog(AZO)v T= Z Tlog(Aij)-

plog(Aij):u'log(Al())7(i7j)7é(170)$(a7b)
Then, there exists a subset J C {0,1,...,n} x {0,1,...,m}\ {(1,0), (a,b)} such that for all (i, j) € J,

when piog(A;j) = Liog (A1), we have ( Z) Tiog (Aij) < 5210g (A10) — Tiog(F), and for (i, j) € I1 =
i.j)el
{0,1,...,n} x{0,1,...,m}\ (JU{(1,0),(a,b)}) we have piog (A;;) < Miog (As0) . Hence, for any given

€ > 0 and all sufficiently large r, we get

T(rA) < (Tlog(Aij)+8) (logr)lilog(AlO), if (17.]) EJ, (6 22)
ij) = (lOg r)Plog(Aij)'i_g < (log r)ﬂlog(AIO)_e, if (l,]) el :
and
T (I’ F) < (T]Og(F) + 8) (logr):ulog(Al()) , if plog(F) = .ulog(AlO)a -
"7 (logr)PelIE < (log ) s 4007 it prog (F) < phog(Aro)-

By substituting (6.12)), (6.14)), (6.18), (6.22)and (6.23)) into (6.8)), for all sufficiently large r € E;, we

get

(511%,(1410) — T — (Ilog(AZO) +O6+mn+m+n+ 1) €)(log r)'ulog(AlO)
<0 ((log r)“l(’g(AZO)_s> + (log r)FreeAa) €  O(log (logr))

+0 ((10g ,,)P1og(f)*1+£> +0 ((log r)Plog(fHE) _ (6.24)

Ajo)—Hiog (Aap) Tiog (A10)—T1 )
2 ’

We may choose sufficiently small € satisfying 0 < € < min{ Hiog YR, Swmmrw—|
~log

for all sufficiently large r € Ej, by (6.24), we obtain
(1= 0(1)) (8105 (As0) — 71 — <110g(A10) +8+mn+m+n+ 1) £)(log r)Hio(A0)

<0 ((log r)plog(f)+8> 7

this means, Uiog(As0) — € < Plog(f) and since € > 0 is arbitrary, then pioe(f) > Hiog(Aso)-

Further, for the homogeneous case, by substituting (6.12)), (6.18) and (6.22) into (6.16), for all

sufficiently large r € Eq, we get
(8%10(A10) — T~ (Tiog(A10) + 8 + mn+ -+ 1) €) (log ) Hesln)

<0 ((1og r)“‘Og(AlO)_8> + (log r)tee(Aa) € 4 O(log (logr)) + O ((1og r)Proc(f >—1+£) . (6.25)

For € sufficiently small satisfying

'ulog (AIO) - .ulog (Aab) zlog (AZO) -7
2 " Tyog(A0) + 8 +mntm+n |’

0<8<mm{



6.4. PROOF OF THE THEOREMS 71

and for all sufficiently large r € Ey, from (6.25) we conclude
(1= 0(1))(8 %105 (410) — T~ (Tiog(A10) + 8 + mn+ m+ 1) £) (log )= 4n) < O ((logr)PslN=1+¢)

that is, Uiog(As0) — € < Prog(f) — 1 and since € > 0 is arbitrary, then Pjog(f) > Hiog(As0) + 1.
Case (iv): When .ulog(AIO> = .ulog(Aab) = plog(S) and

B= ) Tiog (Aij) + Tiog (F) + Tiog (Aap)
plog(Aij):,ulog(AIO)v(ivj)#(lvo)v(avb)

= Tz + Tlog(F) < 6zlog(Al()),

T = Z flog (Al]) + Elog (Aab> .
Plog (Aij):ulog (A10)7(i7j)7é(170)7(a7b)

Then, by substituting (6.14)), (6.18), (6.19), (6.22) and (6.23)) into (6.8), for all sufficiently large r € Ej,

we get

(5210g<A10) — T3 — (Ilog(AlO) +0 —|—mn+m+n—|—2) 8)(10gr)ﬂlog(A10)

< 0 ((togr)es40)=¢) 1 O1og (log ) + O ( (log )= =42} 10 ((log )P *¢) . (6.26)

6110g (AIO) -1
Tiog (A10)+0+mn+m+n+27

Now, we may choose sufficiently small € satisfying 0 < € <
large r € E;, we deduce from (6.26) that

for all sufficiently

(1= 0(1)) (8105 (A10) — % — (Tuog(Ai0) + 8+ mn-+ m+n-+2) &) logr)ee40)

<0 <(log r)Plog(f)+8> ,

this means, Uiog(As0) — € < Plog(f) and since € > 0 is arbitrary, then piog(f) > Hiog(Aso)-
Also for the homogeneous case, by substituting (6.18)), (6.19) and (6.22)) into (6.16)), for all sufficiently

large r € E1, we have

(5Ilog(A10) — T — <Ilog(A10) +O0+mn+m+n+ 1)) €)(log r)”log(AIO)

<0 ((1og r)ﬂlog“m)*f) +0(log (logr)) + 0 ((1og r)PlogU')*Hf) . 6.27)

8T10g(A10) T

Thus, for sufficiently small € satisfying 0 < € < T (A ) S FmntmnTl’
—~log

from (6.26) we obtain

for all sufficiently large r € Eq,

(1= 0(1)) (8105 (Ar10) — T2 — (glog(Alo) +8-+mn+m+n+ 1) £) (log r)Hoe(4n)

< 0((logrypestH =1+

that is, Hiog(A10) — € < Piog(f) — 1 and since € > 0 is arbitrary, then Piog(f) > Hiog(As0) + 1. O
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Proof of Theorem 6.6

Proof. Let f(z) be a meromorphic solution of (6.2)). If f(z) has infinite logarithmic order, then the
result holds. Now, we suppose that pioe(f) < co. By the definition of Ajo, ( ) for any given € > 0

with sufficiently large r, we have
/llog (AL) +14€
N(r,A) < (logr) o=\ . (6.28)
By (6.8)) and (6.28), for any given € > 0 and all sufficiently large r, we have

T (r,A10(2)) = m(r,Ap(z)) +N(r,Ap(z))

< Z iTrA,] ) +T(r,Au(2))
j =0
+ Y T(rA;(z)+ i T(r,Aqj(z)) +O (log" T (2r, f))
Jj=1 j=0,j#b
+0 <(log r)Plog<f>—1+8) +T (r,F(2)) +2T (21, f) + (log r)llog(H“*s (6.29)

This proof is also divided into four cases:
Case (i): If max{tiog(Aap),Piog(8)} < Hiog(As0), then by the definition of pyog(Asg) for any given
€ > 0 and all sufficiently large r, we have

T(r,Ar) > (logr)tosl4i0)=¢ (6.30)

By substituting (6.13)), (6.14) and (6.30)) into (6.29), for any given € > 0 and all sufficiently large
re Eq, we get

(log r)ﬂlog(AlO)*e <((n—1)(m=+1)+2m+2) (logr)P"¢ + 0 (log (logr)) + O ((log r)plog(f)*1+£>

+0 ((1og r)Pee() +8> + (log r)’“"g(ﬁ)““. (6.31)

Now, we choose sufficiently small € satisfying

. 1
0<2¢ <min {n“log(AlO} — P, Hiog(A10) — Aiog (A_l()) - 1} :

for all sufficiently large r € Ej, it follows from (6.31)) that

(log r)HieeA0)=¢ < 0 ((1og r)Poe(f ”8) :

that means, Uiog(Az0) —2€ < Piog(f) and since € > 0 is arbitrary, then Piog(f) > Hiog(Ar0)-
Similarly, for the homogeneous case, by (6.16) and (6.28)), we have

T (r,A10(z)) = m(r,Aip(z)) +N(r,Ap(z))

< ¥ P TeA ) HTrAGD) + Y TRAD)+ Y T(rAw()

i=0,i#l,a j=0 j=1 j=0,j#b
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1
+0 (log(logr))+ O ((log r)p“’g(f)_Hg) + (log r))Ll“g(Azo)H%. (6.32)
Then, by substituting (6.13]) and (6.30) into (6.32)), for all sufficiently large r € E|, we have

(log r)Fioeld0)=€ < ((n—1)(m+1) +2m+1) (logr)?*€ + 0 (log (logr))

1

+0 ((1ogr)Pe =148 4 (log yhos (3 ) +1+e. 6.33)

For sufficiently small € satisfying

. 1
0 <2& <min {.Ulog(Azo) = P Hiog (A10) — Aog (A_zo) - 1} :

and all sufficiently large r € E, we deduce from (6.33)) that

(log r)ﬂlog(Alo)—s <0 <(10gr)plog(f)—l+8> 7

that is, Hiog(Az0) — 2€ < Piog(f) — 1 and since € > 0 is arbitrary, then piog(f) > Hiog(Ar0) + 1.
Case (ii): If B = P1og(S) < Hiog(A10) = Hiog(Aap) and Tyog (As0) > Tjog (Aap), then by the definition of
Tiog(Al0), for any given € > 0 and all sufficiently large r, we have

T(r,A10) > (Tiog(Aro) — €)(log r)Hieeldn), (6.34)

By substituting (6.1T])), (6.14)), (6.19) and (6.34)) into (6.29)), for all sufficiently large r € E|, we get

(Tiog(Ar0) — €) (log r)Mieei0) < ((n—1)(m+ 1) +2m+1) (logr)P
+(Siog (Aap) + €) (log r)e<41) + O (1og (log r)) + O ( (log )P/~ 1+¢)
+0 ((log r)Peef) +8) + (log r)’”"g(ﬁ)““. (6.35)

Now, we choose sufficiently small € satisfying 0 < 2& < min{¢(A10) — B, Hiog(A10) — Aog (ﬁ) _
1, T10g(A10) — Tiog (Aap) }, for all sufficiently large r € Ej, it follows from (6.35) that

(1= 0(1)) (Tiog (At0) — Tiog (Aap) — 2€) (logr)Hex4io) < (log r)Pree /)T

this means, Uiog(Aj0) — € < Plog(f) and since € > 0 is arbitrary, then pioe(f) > Hiog(Aso)-
Next, for the homogeneous case, by substituting (6.11)), and (6.19) into (6.32)), for all sufficiently large

r € E;, we have

(Ilog(AIO) o 8) (log r)”log(AlO) < ((I’l - 1)(1’)’1 + 1) + 2m) (log r>ﬁ+8 + (Elog(Aab) + 8) (log r)mog(AIO)

+1+¢

+0 (log (1og7)) + 0 ((logr)Pex)~1+¢) + (1og ryhes () (6.36)

Now, we choose sufficiently small € satisfying 0 < 2& < min{iog(As0) — B, Hiog(A10) — Aog ( L > —

Ao
1, Tjoq (Ap) — Tiog (Aap) }, for all sufficiently large r € E|, we deduce from (6.36)) that

(1 - 0(1))(Zlog(‘410) _Ilog(Aab) - 28)(10g r)'ulog(AlO) <0 ((logr)plog(f)_l+8> )
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that is, Uiog(Az0) — € < Prog(f) — 1 and since € > 0 is arbitrary, then Pjog(f) > Hiog(As0) + 1.
Case (iii): When o5 (Aap) < Liog(Ar0) = Plog(8) and

T = Y Tiog (Aij) + Tiog (F)
plog(Aij)::ulog(AIO)’(ivj)#(lvo)v(avb)
=T+ Tog(F) < Ilog(AZO)v T= Z Tiog (Aij)-

Plog (Aij)=Hiog(Ar0),(i,/)#(1,0),(a,b)
Then, for any given € > 0 and all sufficiently large r, (6.22) and (6.23) hold. By substituting (6.12),

(6.14)), (6.22), (6.23)) and (6.34)) into (6.29)), for all sufficiently large r € E|, we get

(Togi0) — &) (tog e < ¥ (zigg (417) +€) (togr) =4
(i,j)e

+ Z (logr):ulog(AlO)—E_i_(logr)ﬂlog(Aab)+5+0(10g(10gr)>+0<(10gr)p|og(f)—l+€>
(i.j)ell

1

+ (Tlog(F) + 8) (log ,»)P‘log(Alo) +0 ((log r)Plog(f)+8) + (log r)/hog <%)+1+8
< (11 + (mn+m+n)e) (log r)ﬂlog(Azo) +0(log ,,)Illog(Alo)*8
+(log r)Heea) ¢ 1 0 (log (logr)) + O ((1og r)mog<f>—1+e)

1
+0 ((1og r)Peef) +8) + (log r)’%g(%)““. (6.37)

We may choose sufficiently small € satisfying

1
Hiog(A10) — Hiog(Aqp) Hiog(A10) — Hog (A_zo ) 1 (An) — T }

0 <& <min , ,
{ 2 2 mn+m+n+1

for all sufficiently large r € E, by we have
(1= 0(1))(T10g(A10) — 71 — (mn -+ m -+ n+1)€) (logr)Aex40) < 0 ((log r)Peel) <),

this means, Uiog(As0) — € < Piog(f) and since € > 0 is arbitrary, then piog(f) > Hiog(As)-

Further, for the homogeneous case, by substituting (6.12), (6.22)) and (6.34) into (6.32)), for all

sufficiently large r € E, we get

(Tiog (410) — T — (mn+m+n) ) (log r)Ho=410) < O ((log r)Hesd) =)

1
+(log r)Moean) € 4 0 (log (logr)) + O <(log r)Peelf )71%) +(logr ()T (63)

We may choose sufficiently small € satisfying

1
Hiog(A10) — Hiog (Agp) Hiog(A10) — Alog <%) 1 5, (Ap)—7
2 ? 2 "mn+m+n |’

O<e< min{
for all sufficiently large r € Ej, by (6.38) we have

(1~ 0(1)) (Tiog A1) — = (mn+ m 4 n) ) (logr)#e= ) < O (10gr)Pes)~1+¢).
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that is, Uiog(Az0) — € < Prog(f) — 1 and since € > 0 is arbitrary, then Pjog(f) > Hiog(As0) + 1.
Case (iV): When Hog (Al()) = ,ulog(Aab) = plog(s) and

T3 = Y Tiog(Aij) + Tiog (F) + Tiog (Aan)
Plog (Aij)=Hiog(A10),(i,j)#(1,0),(a,b)

= T2+ Tiog (F> < Tlog (A10)7

T = Z Tlog (Aij) t Zjog (Aap)-
Prog(Aij)=thog(A10),(i,/)#(1,0),(a,b)

Then, by substituting (6.14)), (6.19), (6.22)), (6.23)) and (6.34) into (6.29), for all sufficiently large

r € Ey, we have

(Tiog(A10) — 73 — (mn+m+n+2) €)(log r)Hoz(4n) < 0 ((log r)ﬂlog(AIO)_£>
+0 (log (logr)) + O (log )=/~ +¢)
+0 ((10g}")p10g(f)+8> + (logr)llog(ﬁ)#-l—‘—é‘. (639)

Now, we may choose sufficiently small € satisfying 0 < € < min

for all sufficiently large r € E|, we deduce from (6.39) that

Iilog(AlO)_z'log <ﬁ) -1 Ilog(Al())*T:S
2 > mn+m+n+2

(1= 0(1))(T10g(Ar0) — T — (mn -+ m -+ n+2) ) (log r)Aex40) < 0 ((log r)Peel) <),

this means, Uiog(As0) — € < Plog(f) and since € > 0 is arbitrary, then pioe(f) > Hiog(Aso)-

Further, for the homogeneous case, by substituting (6.19), (6.22) and (6.34) into (6.32)), for all

sufficiently large r € Eq, we get

(Tiog(Ar0) — T2 — (mn+m+n+1)€)(log r)ulog(Azo) <0 ((log r)ulog(Azo)—e>

+0(log(logr))+ O ((log r)p‘Og(f)_l+8> + (log r)ll"g(%)ﬂﬁ. (6.40)

o . [ Hiog(A0) —og <AL10>71 Tiog (A10) — %
Therefore, for € satisfying 0 < € < min { 5 s Pl

r € Eq, by (6.40) we have

} and for all sufficiently large

(1= 0(1)) (Tiog(A10) — 2 — (mn+m+n+1)€) (log F)Hee(40) < 0 ((logr)plog(f)—l—i-&‘) ’

that is, Uiog(A10) — € < Prog(f) — 1 and since € > 0 is arbitrary, then pPiog(f) > Hiog(As0) + 1. O

Proof of Theorem 6.7

Proof. Let f(z)(# 0) be a meromorphic solution of (6.2). We divide (6.2) by f(z+¢;) to get

(e = f f Aij<z)f('i)(z+Ci)f(z+c,') +f A )f('i)(z+cz)_ F(z) 6.41)

i=0.141 j=0 fete)fz+ea) & Vfera)  feta)
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By (6.41), it follows

SRL f(j)(Z+Ci)> - ( f(z+c,~))
— _ 6.42
+ZZm(r, Feren ~|—i_Z lm r’f(z—l—cl) (6.42)
1
+m(r,F(z))+m (r, —f(z+cl))
Combining (6.6) and (6.7) with (6.42), then by using[Lemma 5.5] for any given € > 0, we get
m(r,Ap(z) Z Z T(r,Aij(z) Z T(r,A;j(z))+ 0 (log™ T (2r, f))
i=0,i#l j=0 j=1
+0((logr)PeeN=14€) L T (1 F(2))

+ (1+o(M)T(r+ e, f(z)) +0(1)
= Z i T(r,Aij(z)) + i T(r,A1j(z)) + O (log (logr)) (6.43)
i=0,i#1 j=0 j=1
+0((logr)PeeN=14) LT (5 F(2)) +2T (21, £(2))
< Y Y TAG)+ Y. T(r () + O (log logr)
i=0,i£1 j=0 j=1
+0((logr)PeeN)=1H) LT (5 F(2)) + O((logr)Preel)F€)

We suppose that

5(00,.410) =6>0 (6.44)
and max{piog(A;j): (i,7) # (1,0)} = p < Hiog(As0). Then by (6.44) and the definitions of L,e(A;0)
and pog(A;;), for any given € <0 <e< w and sufficiently large r, we have

0 0 (A0)-$ ()¢
m(r,Ap) > §T(r,Alo) > E(logr)“log 0072 > (logr)Hos\Ai0) =€, (6.45)
and
T(r,A;) < (logr)Pee i e < (log )P, (i, j) # (1,0). (6.46)

(1) If phog(F) < tiog(Aso), then by [Lemma 5.1, there exists a subset E1 with infinite logarithmic
Hiog (A1) —tiog (F) )
2

measure such that for any given € | 0 < € < and for all r € Ey, we have

T(r,F) < (logr)tos(F)+€, (6.47)

By substituting (6.45))-(6.47) into (6.43)), for any given € satisfying

Hiog(Ar0) =P Miog(Ar0) — Miog (F) }
2 ’ 2

0<8<min{

and for all r € Eq, we get

(log r)40)=¢ < (n(m + 1) +n)(log P+ + O (log (log r)) + O((log r)Pee)~1+¢)

(6.48)
_|_ (log r)nulog(F)J’_g + 0((10g r)plog(f)"‘e)’
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2)

which implies that
(1—o(1))(log r)Hee40)-€ < O((log r)Pree(N)+¢) (6.49)

that is, Uiog(A10) —2€ < Piog(f). Since € > 0 is arbitrary, we obtain Uiog(Az0) < Piog(f)-
Further, if F(z) = 0, then by (6.6), (6.42) and [Lemma 5.3| there exists a subset E; with infinite

logarithmic measure such that for any given € > 0 and for all r € E,, we have

m(r,Ap(z) Z ZT rAij(z)) + ZT r,A1j(z)) + O (log (logr))
i=0,i#l j=0 j=1 (6.50)

+0((log r)ﬂlog(f)—1+€) _

A —
ﬂlog( 2IO) P and fOI'

Substituting (6.45)) and (6.46)) into (6.50)), for any given € satisfying 0 < € <

all r € E;, we obtain

(log r)Me=A0)=¢ < (n(3m + 1) + m) (log )P € + O (log (logr)) + O((log )P =14€)
(6.51)
It follows that

(1—o(1))(log r)Hee0)~€ < O((log r)Pee)=1+¢) (6.52)

S0, Hiog(Ap) +1—2€ < piog(f)- Since € > 0 is arbitrary, we conclude that poe(Az) +1 <
plog (f)

Let f be a meromorphic solution of (6.2). If toe (F) > Hiog(Aso), then by (6.2), and
we have

D=
™=

T(rF)< ), T(rAi () +T(nApG)+
(1)) A(10) ‘

< Z T(r,A,'j(Z))—FT(”,AlO(Z))"'
(i.))#(1,0) '

+5(r.f)) +0(1)
< ) T(rAi(2) +T(rAw(2) +O(T(2r. f(2)) +o(T(r.f)).
(1.1)7(1.0)

T( P (z+e)) +0(1)

Il
o
~.
Il
o

D=
™=

((+D)T(r,fz+ci)) 6.5%)

Il
o
~.
Il
o

and sufficiently large r,

By the definition of o (F ), for any given € (() <e< ulog(F)zulog(Azo))

we have

T(r,F) > (logr)tosF)=¢, (6.54)

By there exists a subset E of infinite logarithmic measure, such that for any given
€ > 0 and for all » € E|, we have

T(r,An) < (logr)tosl4i0)+€, (6.55)
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Substituting the assumptions (6.46), (6.54) and (6.55)) into (6.53)), for any given € satisfying
O<exc w and for all r € Eq, we get

(logr)HieeF)=€ < Y (logr)P*€ + (logr)HeeA0) € 4+ O(T (21, £(2))) +o(T (1, f))

(/) #(1,0)
= (n(m+1)+n)(logr)P + (logr)Hes A0+ 1 O(T (21, (2))) + o(T (1, f))-
(6.56)
Then
(1—0(1)) (logr)HeelF)=¢ < O(T (2r, f(2))) + o(T (1, £))- (6.57)

It follows by (6.57) that pioe(f) > Hiog(F) — €. Since € > 0 is arbitrary, we deduce that
plog(f) > ,ulog(F)-

Proof of Theorem 6.8
Proof. Let f(z)(# 0) be a meromorphic solution of (6.2). By (6.43)), for any given € > 0, we have

T(r7A10<Z)) m

~—~

nA(z)) +N(rAp(z))

$ 704452 + 3 70 (2) + O llog logr)

471 j=0 j=1

+0((logr)PeeV)=11€) LT (1, F(2)) + O((log r)Pre()F€)
(

+N(rAp(z)),

(VAN
™=

I
(=

(6.58)

(1) If prog(F) < Hiog(Ayo), then for any given € <O < & < Boetf10) Plogl”) l°g(AZ°)27” 1°g(F))

and sufficiently large r,

we have
T(r,F) < (logr)PeeF)+e, (6.59)

Suppose that p = max{piog(Ai;j): (i,7) # (1,0)} < Hiog (Aso). Then by the definitions of toe(As0)

and piog(A;;), for any given € (0 <Ee< w) and sufficiently large r, we get

T(r,Aj) > (logr)Hioe(An)—¢ (6.60)

and
T(r,A;j) < (logr)PesAiDFe < (log r)P*E. (i, j) # (1,0). (6.61)

.ulog(A ) )Llog(A[O) 1 .
By the definition of llog( ) forany givene (0 < € < 5 and sufficiently

large r, we have

N(r,A) < (log r)Meeag 717

(6.62)
By substituting the assumptions (6.59) - (6.62)) into (6.58), for any given € satisfying

Hiog (AZO) —p Hiog (AIO) - A10:%(ALIO) -1 Hiog (AZO) — Plog (F) }
2 ’ 2 ’ 2

O<8<min{
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and sufficiently large r, we obtain

(log r)Hezldio) =€ Z Z T(r,Aij(z) Z T(r,A;j(z))+ O (log(logr))
i=0,i#l j=0 j=1
+0((10gr)p10g(f)—1+e) + (log r)Pre(F)te (6.63)
+ 0((10g r)plog(f)+8) + (log r)llog(AIO )+1+€
Then
(1 — 0(1)) (log r):ulog(AlO)_g < 0((10g r)plog(f)'h‘)). (6.64)

which implies that pjog (f) > Hiog(A0) —2€. Since € > 0 is arbitrary, we get Piog (f) > Hiog(Ar0)-
Now we suppose that max{piog(A;;): (i,/) # (1,0)} = Wiog(As) and
T= Z Tlog(Aij) < Ilog(Alo)‘
Plog(Aij)=thog(A0)(i,/) #(1,0)
Then there exist two sets I'j C {(i,j) :i=0,1,....,n,j =0,1,,....m,(i,j) # (1,0)} and T, =
{(i,j) :i=0,1,....n,j = 0,1,,....m,(i,j) # (1,0)} \ [y, such that for (i,j) € T, we have
Prog(Aij) = Hiog(Aso) With T=¥; 1 Tiog(Aij) < Tiog(Aso) and for (i, j) € Iz, we have prog (Aij) <

Miog(Aj0)- Hence, for any given & <0 <e< %) and sufficiently large r, we get
T(r,Aij) < (Tlog(Aij) +8)(10gr)“10g(A10)7 (i,)) €I (6.65)
and
T(r,A;;) < (logr)Hee(40)=¢ (i,)) € Ta. (6.66)

By the definition of 7),,(Ay0), for the above € and sufficiently large r, we have
T(r,A10) > (Tiog(Aro) — €)(log r)Hieeld), (6.67)

By substituting the assumptions (6.59)), (6.62), (6.63)), (6.66) and (6.67) into (6.38)), for any given

€ satisfying

Ilog (AIO) —T Hiog (AZO) - A10g<ALlo> -1 Hiog (AIO) — Plog (F) }

0<8< i bl )
mln{mn—i—m+n—l—1 2 2

and for sufficiently large r, we obtain

(glog (Aj) — €)(log r):ulog(Al())
< Z (Tiog(Aij) + €)(log r)Hos(Ai0) - Z (log r)Hoe(Ai0)—¢
(i,j)el (i,j)€rs
+ O (log(logr)) + 0((10g r)plog(f)_l"‘g) + (log r)plog(F)+8

+ O((logr)Pee/ 1) - (log /st 1€ (6.68)

( + (mn+m+n)e)(log r)HeeAn) 1 O((log r)Hiee40)=€) 1 O (log (logr))
+0((log r)Prog(/) 1+8) + (log r)Pre(F)+e
+0((logr)Peel )  (log )i 1.
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Thus,
(1—0(1)) (Tiog(Ar0) — T — (mn+m+n+1)e) (log r)teelA0) < O((logr)Pee) ) (6.69)
It follows by that piog(f) > Hiog(Aso) — €. Since € > 0 is arbitrary, we get Piog(f) >

Hiog (Ao).-

If prog(F) = tiog(As0) and T+ Tiog(F) < Te(As0), then for any given € > 0 and for sufficiently

large r, we have

T(r,F) < (Tiog(F) + €) (log r)Hee 40 (6.70)

By substituting the assumptions (6.62), (6.65)-(6.67) and (6.70) into (6.58)), for any given &

satisfying

Tiog(A10) — T — Tiog (F)  Hiog(Ar0) — Mog(77) — 1 }

0 <& <min :
mn+m-+n+2 2

and for sufficiently large r, we get

(Ilog (AZO) - 8) (log r)“lOg(AIO)
S Z (Tlog (Alj) + 8) (log r):ulog(AZO) + Z (log r)'ul()g(AlO)—S

(i,J)€l (i,j)€ls
+ 0 (log (logr)) + O((log r)plog(f)_”e) + (Tiog(F) + €)(log ) Hiog (A10)
+0((logr)Perl/)+2) 4 (1og ry el 1€ ©71)

< + (mn+ m -+ n)e) (log )40 . 0((log s 41) %) 1. 0 log (log )
+0((log ”)pl% HS) + (Tiog (F) +€)(log r)“log(AIO)

(
((logr)l’los ) + (log r)llog(f%)ﬂq%.

It follows

(l — 0(1)) (Ilog(AIO) —T— Tlog(F) — (mn+m+n+ 2)8) (log r)ﬂlog(Alo) < 0((10g r)Plog(f)+e) ‘
(6.72)
This implies that piog (f) > Hiog(As0) — €. Since € > 0 is arbitrary, we obtain pioe (f) > Hiog(As0)-
If thiog (F) = tiog(Ar0) and T+ Ty (As0) < Tjoe (F), then for any sufficiently small € > 0 and for

sufficiently large r, we have
T(r,F) > (T (F) — €)(log r)Hieel4n). (6.73)

By there exists a subset E; of infinite logarithmic measure, such that for any given
€ > 0and for all r € E, we have

T(r,A1) < (Tiog(Ar) +€)(log r)Hieeldn), (6.74)



6.4. PROOF OF THE THEOREMS 81

Substituting the assumptions (6.63)), (6.66), (6.73) and (6.74), into (6.53)), for every sufficiently
Tiog (F)—T—Tjoq (A10)
= mn—i—m—i—nl—fZ

small € satisfying 0 < € < and for all r € E3, we obtain

(Tlog (F)—¢)(log r)lilog(Alo)

< Z Tlog l] —+ 8) (log r)ulog (AIO) + Z (log r)ﬂlog(Alo)*f
(h)el (i, /)T

T (g (A10) + ) (log s 40) 1+ O(T (21, £(2)) +o(T (1. /)) (€7
< (T+ Tyog(Ar0) + (mn+m+n+ 1)€) (logr)Hee(A0) 1 O((log r)Hos4i0) =€)
O(T(2r,£(2))) +o(T (1, f)).
So
(1= 0(1)) (Tyog(F) — T — Tiog(Aro) — (mn+ m-+n+2)e) (log r)Ho40) 676

< O(T(21,f(2))) +o(T (1, f)),
which implies that Pjog (f) > Hiog(As0) -
Further for the homogeneous case F(z) = 0, by (6.50), for any given € > 0 and for all r € E;,

we have
T(r,Ap(z)) = m(r,Ap(z)) +N(r,Ain(2))
n m m
< Y Y T(rAy)+ Y T(nA)+0(log(logr)) 6.77)
i=0,i#£l j=0 j=1
+0((log )/ =14€) £ N(r. Ao (2))-
If p = max{piog(Aij): (i,) # (1,0)} < Wiog(Aso), then by substituting the assumptions -
(6.62)) into (6.77)), for any given € satisfying

tiog(Ar0) — P Hiog(Ar0) = Aiog(7-) — 1 }
2 ’ 2

O<8<min{

and for all » € E;, we obtain

(logr ,Ulog (Ap)—€ < Z

n m
Z logr)PT¢ + Z logr)P "¢ + 0 (log (logr))
1:0,1#1 =0

j=l1
+ 0((10g r)”'Og(f)_]+€) + (log r‘)lmg(*‘l())—i_l—i_8 (678)
< (n(m-+1)+m)(logr)?** + 0 (log (logr)) + O( (log )t /)1 +¢)
(

+ (logr) Hrog Alo)+1+£

Then
(1 _ 0(1)) (log r),ulog(AlO)*e < 0((10g r)ulog(f)*lﬁ)7 (6.79)

which implies that pioe(f) > Hiog(Ai0) + 1 —2€. Since € > 0 is arbitrary, we deduce that
Hiog (f) > Miog (A0) + 1. If max{piog(A;ij): (i,)) # (1,0)} = Hiog(As0) and

T= Z Tlog (Aij) < Tog (Ar),
plog(Aij):.ulog(AIO)>(i:j)7£(170)
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then by substituting the assumptions (6.62)), (6.63)), (6.66) and (6.67) into (6.77), for any given €
satisfying

zlog(AIO) -1 .ulog(AIO) - ;Llog(ALlo) -1 }

0 < & <min ,
mn+m-+n—+1 2

and for all r € E;, we get

(Tog(Ar0) — €) (log r)Hie (An)

< Y (Tiog(Aij) +€)(logr)Heedo) 1 Y (1og r)HioelAi) =€
(iJ)GF[ (i,j)GFZ

(f)—1+e Mog(77-)
+ 0 (log (logr)) 4+ O((log r)*ee ) + (log )™ A0
< (T4 (mn+m+n)e)(log r)HosAn) +0( log r)Hoe (410) =€)

+14€ (6.80)

l,og Ai)+l+s

+ O (log (logr)) + O((logr) YHioe (1) =1+€) | (Jog r)

It follows that
(1—0(1)) (Tiog(Ar0) — T — (mn+m~+n+1)e) (logr)Heel4n) < O((log r)HeeH)=1€) = (6.81)
that is tiog (f) > Miog(As0) + 1 — €. Since € > 0 is arbitrary, we obtain Uiog (f) > Hiog(As) + 1.

(2) Let f be a meromorphic solution of (6.2). If wiog(F) > Hiog(As0), then we suppose that p =
max{piog(Aij): (i,j) # (1,0)} < Illog(Alo) By using a similar reasoning method as in (6.53)-

(6.57) from the proof of [Theorem 6.7, we get Uiog (F) < Piog(f)-

Now, we suppose that max{plog(A,-j): (i,J) # (1,0)} = Wiog(Aso) and

T= Y Tiog(Aij) < Tiog(Ar0)-
Prog(Aij)=thog (A10),(i,0)7#(1,0)

Then by substituting the assumptions (6.54)), (6.65)), (6.66) and into (6.53)), for any given

e Piog (F)—tiog (Aro)
€ satisfying 0 <& < ————"—

and for all » € E3, we have
(logr)HotF) =8 < %" (Tigq(Aij) + &) (log r)Heedo) 4 )" (log r)Hes o)
(ivj)erl (ivj)EFZ
+ (Tiog(Ar0) + &) (log r)He=l40) 1+ O(T (21, £(2))) + 0(T (1, f))
< (T+ Tiog(Aro) + (mn+m +n+ 1)) (logr)Hesl ) 1 O((log )0 )7%)

O(T(2r,f(z))) +o(T (1, f))-
(6.82)

It follows that

(1—0(1))(logr)HeeF)=¢ < O(T (21, £(2))) +o(T (1, f)). (6.83)

By (6.83), we conclude that pjog () > Hiog (F).
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6.5 Examples

The following example is for illustrating the sharpness of some assertions in

Example 6.1. For[Theorem 6.6} we consider the meromorphic function
1
f2) == (6.84)

which is a solution to the delay-differential equation
Az (2)f(z—20) +An(2)f (z+1) +A0(2) f(z+1)

+Ao1(2)f'(2) +Aoo(2) f(2) = F (2), (6.85)
where A (z) = 3(z—2i)*, A11(z) = 2e, A1o(z) = z+l, Aoi(z) = £, Ao(z) = 2z L and F(z) = 3(2321')'
Obviously, A;j(z) (i=0,1,2,j=0,1) and F(z) satisfy the conditions in Case (iii) of [Theorem 6.6

such that
6(00,1420) =1>0,

‘ulog(A”) =0< maX{plOg(F)aplog(Aij)a(i,j) 7& (17 1)7(270)} - .ulog(AZO) =1

and

Tlog (Alj> + Tlog (F) - 3 < Szlog (Azo) = 4
Prog (Aij)=Hiog (A20),(i,7)#(1,1),(2,0)

We see that f satisfies

.ulog(f) =1= plog(AZO)-
1

The meromorphic function f(z) = — is a solution of equation (6.85) for the coefficients Ay (z) =

3(z—2i),A11(z) = o ,7A10( )= 2+1,AOI( 7)= %;AOO(Z) = 3—; and F(z) = 3(z— 2i)%. Clearly, Aij(2)
(i=0,1,2,j=0,1) and F(z) satisfy the conditions in Case (iv) of [Theorem 6.6|such that

5(°°,A20) =1> O,

‘UIOg(AU) - max{plOg(F)aplog(Aij)’ (i7j) 7& (17 1)7 (2’0)} = Nlog(AZO) =1
and

T]Og(Aij) + TlOg(F) +£]og(A11) = 6 < 61]0g(A20> = 7
Plog(Aij)=tuog(A20),(i,/) #(1,1),(2,0)

We see that f satisfies Piog(f) = 1 = Hog(A20).
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Conclusion

In this thesis, Nevanlinna theory of value distribution has been applied to study the behavior of solutions
through two important aspects: the growth and the oscillation. This study included linear differential
equations with analytic or meromorphic coefficients in the extended complex plane except at a finite
singular point, linear difference equations with meromorphic coefficients and linear delay-differential
equations also with meromorphic coefficients. This thesis may address several questions related to the
growth and value distribution of solutions to these three types of problems, but it also opens the door
to many other intriguing questions, such as:

Q1: Can we obtain similar results to those in the third and fourth chapters for the case when the
coefficients are analytic or meromorphic functions in the unit disk?

Q2: What can be said about the growth and value distribution of the linear difference polynomials
generated by meromorphic solutions of the higher order complex linear difference equations of Chapter
57
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