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Abstract

In this thesis, a new approach for analysis of linear singular fractional order systems is introduced.
Necessary and sufficient conditions for the admissibility for bothcases 0 < o < land1 < o < 2 are
established. The problem of admissibility of closed-loop systems is then treated. The given results
are derived in terms of linear matrix inequalities £MZs without using either the decomposition on
the matrices of the original system or the normalization of the system. Then, an observer-based con-
troller is designed to guarantee the admissibility for the closed-loop system with fractional derivative
« belonging to |0, 1] and for the case 1 < o < 2 admissibility condition has been also proposed to
design a static output controller for closed-loop systems. Finally, numerical examples are proposed

to demonstrate the validity of the proposed approach.
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Notation

7~

Rn)(m
R'I’L
Cn
(CTLXT)’L

Sym {X}
Her {X}

diag(X1,...,Xm)

X =0

Field of real numbers

Field of complex numbers

{s/s € C,Re(s) < 0}

Space of n x mreal matrices

Space of n-dimensional real vectors
Space of n-dimensional complex vectors
Space of n X mcomplex matrices
belongs to

Inner product

Convolution product

Kronecker product

Statements p and q are equivalent
Statement p implies statement q
Rank of a matrix

Determinant of a matrix

Degree of a polynomial

Real part of a complex number
Identity matrix of the sizen X n
Zero matrix of the sizen x m
Transpose of matrix X

Orthogonal of matrix X

Inverse of matrix X

Conjugate transpose of matrix X

X + X7T, X real matrix

X + X*, X complex matrix

Block diagonal matrix with blocks X, ..., X,,

X is real symmetric (or hermitian) positive semi-definite
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LMI
GLMI
SISO
LTI
FOS
SFOS
£()
SVD

X is real symmetric (or hermitian) positive definite
Spectrum of a matrix X : set of eigenvalues of X

{s/s € C, s finite, det(sE — A) =0}

Inverse matrix of X, X must be square with det(X') # 0
Modulus of a complex number

Argument of a complex number

Factorial(n), n € N : The product of all the integers from1to n
The integer part of a real number

Fractional order derivative

Linear matrix inequality

Generalized linear matrix inequality

Single input single output

Linear time invariant

Fractional order system

Singular fractional order system

Laplace transform of an argument

Singular value decomposition

Xi



Introduction

In the understanding and development of large class of systems it is now a well realized and ac-
cepted fact that the researchers have taken their initiation from nature. Natural things can be well
understood in two possible ways, quantitative and qualitative. Mathematics plays a central role in
this direction. It is the science of patterns and relationships. When we go back to understand the
quantitative and qualitative behavior of nature, it seems that evolution is from integer to fraction.
Quantitative behavior can be well explained using number theory, which started from integer and
reached to fractional due to division operation and finally converged to real numbers. Calculus is
a branch of mathematics describing how things change. It provides a framework for modeling sys-
tems undergoing change, and a way to deduce the predictions of such models. All these resulted in
pointing a fact that integer order calculus is a subset of fractional calculus.

Fractional calculus can be defined as the generalization of classical calculus to orders of integration
and differentiation not necessarily integer, goes back to the initiative of the philosopher and cre-
ator of modern calculus G. W. Leibniz, who made some remarks on the meaning and possibility of
fractional derivative of order % in the late 17:th century. However a rigorous investigation was first
carried out by Liouville in a series of papers from 1832-1837, where he defined the first outcast of
an operator of fractional integration. Surveys of the history of the fractional theory derivative can be
found in [37, 187,100, 108, [114].

For three centuries, the theory of fractional derivatives developed mainly as a pure theoretical field of
mathematics useful only for mathematicians. Starting from the sixties, the researches in this domain
pointed out that the non-integer order derivative revealed to be more adequate tool for the description
of properties of various real materials as polymers. Various types of physical phenomena, in favor of
the use of models with the help of fractional derivative, that is, fractality, recursivity, diffusion and
/ or relaxation phenomena are given in [20]. Recent books [44, 57, 107, [115] provide a rich source
of information on fractional-order calculus and its applications. The book by M. Caputo [[19], pub-

lished in 1969, in which he systematically used his original definition of fractional differentiation
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for formulating and solving problems of viscoelasticity and his lectures on seismology [18] must
also added to this gallery as well as a series of A. Oustaloup’s books on applications of fractional
derivatives in control theory [101} 102,103, [104].

Nowadays, interest in fractional differentiation keeps growing. Fractional tools also appear in au-
tomatic, particularly in control of dynamic systems where the system to be controlled and / or the
controller are governed by fractional differential equations. The introduction of these instruments
is driven by the robust character that provides Crone control (robust-control of non-integer order),
introduced by A. Oustaloup in 1983. The main advantage of fractional derivative is that it provides
an excellent tool for the description of memory and hereditary properties of various materials and
processes in comparison with classical integer-order models.

As we all know, the problem of stability is very essential and crucial issue in control theory, espe-
cially on control of fractional-order systems. Very recently, stability and robustness of such class
of systems have been investigated extensively both from an algebraic and an analytic point of view
[L, [13L 73} I83]] and references therein. In spite of intensive researches, many challenging and un-
solved problems related to control theory of fractional order systems remain an open problems. The
main contribution of this dissertation include the analysis of the admissibility and stabilization con-
dition for singular fractional-order linear time-invariant systems. The developments summarized
above are the three chapters of this thesis. The main aspects will be described. In order to facilitate
the reading of this thesis, some notions and developments are recalled in the appendix.

Chapter [I; Singular Systems

This chapter discusses the state response structure for singular systems and the state space equivalent
forms needed for later discussion. Some fundamental concepts in the system analysis are provided
such as regularity, absence of impulsiveness and stability which together constitute the crucial cri-
terion for singular systems that is the admissibility. Necessary and sufficient conditions in terms of
linear matrix inequalities are presented. By employing these fundamental results, the closed-loop
behavior is given under state feedback and static output feedback.

Chapter 2; Fractional-order systems

This chapter is devoted to the presentation of the fractional-order systems. Historical background
and a comprehensive description of the theory of fractional derivation are offered: the different def-
initions of the fractional derivation proposed in literature (Griinwald-Letnikov, Riemann-Liouville
and Caputo), Laplace transform, the functions of Mittag-Leffler, ... The representation of fractional
state in the state space is given (in fact, it should rather speak of pseudo-state). The choice of the

approach of Caputo for further developments in this manuscript is justified. The most important re-
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sults existing in the literature concerning the stability of linear fractional-order systems are recalled,
namely the famous result on the localization poles of the system and those obtained by the resolu-
tion of the linear matrix inequalities in a convex region in the complex plane for the case where the
fractional-order derivative « satisfies 1 < a < 2 and in a non-convex region for the case 0 < a < 1.
These results are used in the discussion concerning the stabilization, by both state feedback and
static output feedback, for such class of systems, not forgetting to mention the results that extend the
Kalman criterion for controllability and observability, then the minimum energy control problem
for the standard case is formulated and solved. This part is enriched by numerical examples and
simulations.

Chapter [3;: Singular Fractional-Order Linear Continuous-Time Systems

This chapter covers a new class of dynamic systems, it is about singular fractional-order linear sys-
tems. In first time, The model is presented and the solution to the state equation is derived with
some examples. As we all know that for singular systems, we need to consider not only stability
but also the regularity and the non-impulsiveness. Specifically, regularity guarantees the existence
and the uniqueness of a solution to a given singular system, while non-impulsiveness ensures no
infinite dynamical modes in such system. Analysis and synthesis for singular fractional order sys-
tems were investigated in some papers. For example in [97], singular fractional order systems are
considered with differentiation order between 1 and 2 and the obtained results in terms of LMZs
, under the assumption that the system is regular and impulse free, are only sufficient conditions
to get asymptotic stabilization. These results are derived using the decomposition of the original
system with Weierstrass canonical form. For the same class of systems with alpha between 0 and 2,
results derived for the stability and stabilization problem are also just sufficient conditions in [[118].
In [94], the robust stabilization of uncertain descriptor systems with the fractional order derivative
belonging (0, 2) was treated using the concept of the normalization to check sufficient conditions.
Improvements in our work compared to that shown previously are such that our result ensures the
three criteria to get admissibility and stabilization of singular fractional order systems. Necessary
and sufficient conditions are derived in terms of LMZs where the matrices of the original system
are involved. Using the obtained result, to ensure the admissibility of the closed-loop system is de-
termined with the help of a static output feedback controller for the case 1 < o < 2 in [/9]and an

observer based control for the case 0 < 5 < 1 in [80].
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Chapter 1. Singular Linear Systems

1.1 Introduction

In this chapter, we define the class of singular linear invariant-time systems that will be used in our
study. Some fundamental results will be reminded. Singular systems are a powerful tool for model-
ing insofar as they can describe processes governed simultaneously by dynamic and static equations.
Such formalism is thus particularly suited to the study of interconnected systems, subjected to phys-
ical constraints with static and impulsive behavior. In order to enlighten the reader, we recall some
basic properties of singular systems such the necessity and sufficient condition for the existence of a
single trajectory system to an input and initial condition data. We give here a quick reminder of the
fundamental useful results as the equivalence between representation of state, regularity, impulsive-
ness, the analysis and the controller design for such systems. All these results will be used to derive

the main results of the third chapter.

1.1. Introduction 5



Chapter 1. Singular Linear Systems

1.2 Overview of Singular Linear Invariant-Time Systems

Modeling a complex physical process usually starts with the choice of variables used for its descrip-
tion and by the choice of magnitudes allowing to act on the evolution of the system. These variable,
called state variables and control, are selected as far as possible to have a physical signification
(position, speed, acceleration, temperature, pressure, etc...). After the choice of these variables, the
mathematical relationships connecting the selected variables are dictated by the laws of the behav-
ior of the considered system. These relationships can be of two types: dynamic (i.e. involved the
variations of the variables over the time) or purely static. We arrive at a setting in equation of the

form

i (1.1)
((t), u(t), y(t))
where x(t) € R™ is the state vector grouping the state variables, z(t) is the derivative with respect to
time, u(t) € R™ means the control vector and y(¢) € R? is the vector of the measured outputs. After
linearization around an operating point (for example by the tangent linearized, using as variables,

deviations point functioning) we obtain the following formalism

Ei(t) = Ax(t) + Bu(t)

(1.2)
y(t) = Cx(t) + Du(t)

where F, A, B, C, D are real constant matrices of compatible dimensions with those of (), u(t)
and y(t). The derivatives of several state variables can be involved in the same relation, therefore
E' has not necessarily a diagonal structure. All the relationships of the behavior are not necessarily
dynamic, F is not necessarily of full line rank. It can, moreover, be considered without loss of
generality that F/, and A are square matrices, this can be done by completing with zero lines until
obtaining matrices of n X n dimensions. It is not restrictive to assume zero the direct term transfer
of the command to the output, in fact it suffices to increase the state vector to include u(t) and annul
the matrix D of the direct transfer of u(t) to y(¢) in equation (I.2). Indeed, equation (I.2)) can be

expressed as

(1.3)

1.2. Overview of Singular Linear Invariant-Time Systems 6
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So, in the following we will adapt for linear singular continuous time systems this formalism

Ei(t) = Ax(t) + Bu(t)

(1.4)
y(t) = Cu(t)
and for linear singular discrete time system
Ex(k+1) = Ax(k)+ Bu(k
o(k+1) = As(k) + Bu(k) s

y(k) = Cx(k)
Singular systems are also known as descriptor systems, implicit systems, semi-state systems, differential-
algebraic systems, generalized state-space systems, constrained systems and so on. Compared with
normal systems (i.e. state-space systems), singular systems contain both differential and algebraic
equations, therefore they can describe dynamic and algebraic constraints simultaneously. Due to
the more general descriptions than normal systems, singular systems have been widely studied by
many authors in the past decades [34,164]]. This is due not only to the theoretical interest but also to
the extensive application of such systems in different research areas such as economic systems [74],
electrical networks [98]], chemical process [S7] and highly interconnected large-scale systems [34]],
etc.
A singular system has important specific characteristics compared with a state-space system [11,
125, 1132].
When the matrix £ is invertible, however in this case it is possible to reduce the common state

representation by pre-multiplying the state equation by £~! then we get
(t) = E'Ax(t)+ E'Bu(t)
y(t) = Cx(t)

But it is noted that even when F is invertible it is preferable to use the singular representation due

(1.6)

to the eventual bad conditioning of £~!A. Furthermore, the matrix E is not necessarily full rank, in

which case rank(E) = r < n.

1.2.1 Regularity of Singular System

In the case of norma systems, for any initial condition z, and for any input «(¢) known on the

interval [0, ¢], the state response is unique and is given by the formula

¢
z(t) = ety +/ A7) Bu(t)dr (1.7)
0

I'The classic linear system in linear system theory is termed the normal system here for the sake of distinction with
singular systems

1.2. Overview of Singular Linear Invariant-Time Systems 7



Chapter 1. Singular Linear Systems

For singular systems, the response is uniquely defined for a sufficiently differentiable input and a

given initial condition if and only if the pencil (F, A) is regular.

Definition 1.2.1. [43)] A pencil of matrices (E, A) or sE — A is called regular if
(i) E and A are square matrices of the same order n.

(ii) The determinant |SE — A| does not vanish identically,

or equivalently if there exist a scalar s € C such that |sE — A| # 0.

In other words, the regularity means also the solvability as used by Yip and Sincovec [132]. To
illustrate the necessity of the regularity, let us apply the Laplace transformation to the dynamic

equation in (I.6), we get

EL(t) = AL(z) + BL(u) (1.8)
1.€.,
sEL(x) — Exg = AL(x) + BL(u) (1.9)
which can be rewritten as
(sE— A)L(x) = BL(u) + Ex (1.10)

The equation (I.10) has a unique solution £(z) for any initial condition and any continuous input if
and only if the matrix sE — A is invertible which means that the pencil(E, A) must be necessarily

regular. Indeed, if the pencil( £, A) is not regular then it will exist non-zero vector v such that
(sE—A)w=0

It is clear that if £(x) is a solution of (I.10), then all vectors £(x) + awv are also solutions for any
a. Consequently, the system has not a unique solution, and it is also obvious that there may be no

solution for this system. The following lemma in [132] allows to check the regularity of the pencil
(E, A) (or the pair (E, A)).

Lemma 1.2.1. The following proposals are equivalent.
1) The pair (E, A) is regular.

2) There exist two non-singular matrices P and () such that

I,, O
PEQ=| "™ ,PAQ =
Q [ 0N Q@

A 0 (1.11)
0 I, '

where ny + ny = n, Ay € R"*™M N € R™*" s nilpotent with h index of nilpotence (i.e.,

Nh =0, N+=1 £ 0).

1.2. Overview of Singular Linear Invariant-Time Systems 8



Chapter 1. Singular Linear Systems

3) The matrix F(k) € R0 js of full rows rank for k > 1 with

(' E A
E A
F(k) = E A

E A]

Remark 1.2.1. The easiest to be implemented to checking is the latest, but requires the computation
of the rank of a large matrix. In order to overcome this difficulty, Luenberger proposes, in [75]],
an algorithm requiring only manipulation of rows and columns of the matrix [E A| called “Shuffle

algorithm”.

1.2.2 Equivalent Singular Systems

The choice of variables used to describe a process is generally not unique, subsequently the model
describing the process is not unique. Moreover, it is often useful to change the space to derive in-
teresting structural properties or to simplify the implementation of the corrector or the associated
observer. It is therefore pertinent to determine an equivalence relation between state representations
modeling a same system.

For a given singular system (E, A, B, C), two equivalent forms have a particular interest and will
often used for analysis and control. It is about the Weierstrass-Kronecker form and the decompo-
sition by singular values of the matrix £. The first form uses a result established in [43], stated
in Lemma We can therefore define the Weierstrass-Kronecker decomposition which is also

called standard decomposition.

Definition 1.2.2. (Weierstrass-Kronecker decomposition) For any regular system (1.4)), there exist

non-singular matrices () and P such that (1.4)) is equivalent to

{@@ = Ayry(t) + Byu(t) (1.12)
() = Cia(t)
{N@@ = 25(t) + Baul(t) (1.13)
ya(t) = Chaa(t)
y(t) = Cll‘l(t) + C2x2(t) (1.14)

1.2. Overview of Singular Linear Invariant-Time Systems 9
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where ©1 € R™, x5 € R™, N is nilpotent matrix with h the index of nilpotence and

(I, 0 A0
Ep = | ™ QAP =
@ 0 N @ 0 @2]

L (1.15)
OB — I,CP:[ClcgyP*x:[m]

| D2 L2

The matrices () and P are not unique. Indeed, if () and P define a standard form for the system
(T-4), then for any non-singular matrices 71, Tb, Q = diag(7},T5)Q and P = P diag(T,*, T, ') also
define a standard form for (T.4)). If the regularity of the system is not known, then this form cannot be
applied. Moreover, the Kronecker-Weierstrass decomposition is sometimes numerically unreliable,
especially in the case where the order of the system is relatively large. Another decomposition which
does not depend on the regularity of systems is called the singular value decomposition form of the

matrix £, which consists of separating the dynamic relationships from the static relationships.

Definition 1.2.3. For any matrix E € R"*", there exist two non-singular matrices () and P such

I, 0
0 0

! ] , 1 € R", 29 € R"77, the system (1.4)) is

X2

that

QEP =

By taking the coordinate transformation P~ 'z =

equivalent to
T1 = Anx + Aprs + Biu
0 = Anxy + Agxs + Bou (1.16)
y = Ciry + Coxy

o=
’ BQ

In (I.T6), the first equation is a differential one composed of the dynamics of the system, whereas

where

All Al?

QAP =
A21 A22

CP= [ Cy o ] (1.17)

the second equation is algebraic which encompasses the interconnections and static constraints.

1.2.3 Temporal Response

Under the regularity assumption, the system (1.4) is defined by both equations (1.12)-(1.14), where

x1 € R™, x5 € R™ and N is nilpotent with A its index of nilpotence.

1.2. Overview of Singular Linear Invariant-Time Systems 10



Chapter 1. Singular Linear Systems

Note that the subsystem ((1.12) is an usual linear differential equation, it has then a unique solution

with any initial condition x1(0) and for any continuous input u(t)

t
z1(t) = ez, (0) / M) Bru(t)dr (1.18)
0

Thus, y; () is completely determined by z;(0) and u(7),0 < 7 < t.
To obtain the substate of the subsystem (I.13), the Laplace transformation may be applied. We
obtain

(sN — I)X5(s) = Nzo(0) + ByU(s) (1.19)
where Xs(s) and U(s) stand for the Laplace transform of z5(¢) and u(t) respectively. From the
equation (1.19) and taking account the nilpotence of the matrix /N we obtain

Xo(s5) = (8N — I)"H(Nzo(0) + ByU(s)) = —i:N’“sk(ng(O) + ByU(s)) (1.20)

k=0

Note that the Laplace transform of the Dirac function §(t) is as follows
L(6*(t)) = s* (1.21)

Hence the inverse Laplace transform of X5 (s) yields

h—1

p(t) = = SF(E)N*ay ZN’“B u®(t (1.22)

k=0

In this case, the state response takes the form

I
z(t)=P (eAltxl(O) + fot eAl(t_T)Blu(T)dT> +

(1.23)

0 h—1 h—1

P (— SR NFHL 2y (0) — S Nk Bou®) (t))
I k=0 k=0
Particularly by setting ¢ > 0, ¢ — 0T, we must have

I h—1
2(0t) =P 21(0) — > N¥Bu®(0") (1.24)

k=

Initial conditions satisfying the constraint (1.24)) are called admissible conditions.

x1(t) in (I.18) represents a cumulative effect of u(7),0 < 7 < ¢ with no relation to u(t), while the

1.2. Overview of Singular Linear Invariant-Time Systems 11
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response xo(t) is so fast it insistently reflects the properties of u at time ¢. This is why the subsys-

tems (1.12) and (I.13)) are called the slow and fast subsystems, respectively.

The formalism (1.23) can be used to represent the systems whose initial conditions are not admis-
sible or those containing ”jump” behaviors. Usually the jumps are undesirable or dangerous for the
system security. So, we will distinguish systems called impulsive and impulse-free for continuous

systems. For discrete systems, we talk about causal system.

1.2.4 TImpulse Free System

Definition 1.2.4. (Impulse free system) The singular system (1.4) is impulse free (without pulses) if
its response is continuous for any initial condition and any control u(t) which is (h — 1) piecewise

continuously differentiable.
From (1.22), we can deduce the following lemma.

Lemma 1.2.2. The following assumptions are equivalent.

1) The system (1.4) or the pencil of the pair (E, A) is impulse free.

2) The system (1.4) is regular and the matrix N in the Weierstrass-Kronecker decomposition is zero.
3) The matrix Ao in the singular values decomposition is invertible.

4) The equality deg(det(sE — A)) = rank(F) is verified.

E A
5) rank [ ] —rank(F) =n
0 K

Furthermore, provided that the descriptor system (1.4)) is regular and invertible matrices () and P
exist to make it Weierstrass-Kronecker form. The transfer function G(s) of this system can be
written as

G(s) = Cy(s — A))'By — Co(sN — 1) 7' By (1.25)

For an impulse free system, that N = 0, we have
G(S) = Cl(SI — A1>7lBl + CQBQ (126)

It is noted that the term Cy(sN — I)~! B, creates polynomial terms of s if both B, and Cs are non
zero. Hence the impulse free assumption guarantees to the transfer function G/(s) to be proper. The
converse statement is, however, not true. Clearly if either By or C5 vanishes, the transfer function is

still propelﬂ even if the system is impulsive.

2The transfer function of any linear system is a rational function G(s) = % where n(s), d(s) are polynomials.

G(s) is proper if m = degn(s) < n = degd(s). G(s) is strictly proper if m < n.

1.2. Overview of Singular Linear Invariant-Time Systems 12
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1.3 Singular Systems Analysis

1.3.1 Stability of Singular Systems

Stability is a fundamental property of a dynamic system because it guarantees that the response of
the system does not diverge in response to an input and a finite initial condition. The definition of

the exponential stability of a singular system is identical to that of normal systems.

Definition 1.3.1. Singular system (1.4) is called exponentially stable if there exist scalars o, § > 0
such that when for u(t) = 0, t > 0 its state satisfies

lz(®)ll, < ae™ [[z(0)], .t >0 (1.27)

It is evident that if the system (I.4) is exponentially stable, then tlim x(t) = 0 which is called
—00

the asymptotic stability and is the most frequently used. Consider the system ((1.4) in the form of

A

Weierstrass-Kronecker. For u(t) = 0, ¢ > 0, the state vector of the system is z:(t) = e“'x, since

x2(t) = 0. So, the stability of (I.4) essentially depends on that of the slow subsystem (1.12]) and
consequently on the location of the eigenvalues of the matrix A;.

We will use

o(E,A) ={s/s € C,s finite, det(sE — A) = 0} (1.28)

to denote the finite pole set for the system (I.4) and o(A;) = o(/, A;) to the set of the eigenvalues
of the matrix A;. Since any nilpotent matrix has all its eigenvalues equal to zero, it is easy to show,

using the Weierstrass-Kronecker equivalent form, that
o(E,A) =o0(A)
We can then give an algebraic characterization for the stability of singular systems.
Theorem 1.3.1. The singular system (1.4)) or (1.5) is stable if and only if
o(E,A) Cc C”

lLe.,

Re(o (B, A)) < 0

C~ represents the open left half complex plane.

1.3. Singular Systems Analysis 13
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The stability condition given in the previous theorem depends only on the finite poles of the system,
or precisely on the stability of the slow subsystem, but does not imposes the impulsiveness of the
system. Although, the system is stable but the output energy can be infinite for a finite energy input.
To avoid this paradox, an additional concept called admissibility is defined for singular systems

which plays the same role as stability for state-space systems.

1.3.2 Admissibility of Singular Systems

Definition 1.3.2. Consider the descriptor system (1.4).

1) The system (1.4) is said to be regular if det(sE — A) is not identically zero.

2) The system is said to be impulse free if deg(det(sFE — A)) = rank(FE).

3) The system (1.4)) is said to be stable if all roots of det(sE — A) have negative parts.
4)The system (1.4) is said to be admissible if it is regular, impulse free and stable.

Furthermore, it can be deduced that if a descriptor system is impulse free, then it is regular. There

exist some conditions equivalent to the admissibility.

Lemma 1.3.1. Suppose that the descriptor system (1.4)) is regular then there exist non-singular
matrices () and P such that the Weierstrass-Kronecker equivalent form holds. Then,

1) (1.4)) is impulse free if and only if N = 0.

2) is stable if and only if Re(c(A;) < 0.

3) is admissible if and only if N = 0 and Re(o(A;) < 0.

When the regularity of the system (1.4) is not known, it is always possible to choose two non-
singular matrices () and P such that the decomposition via singular values can be obtained (see
(I.16)). Then, we have the following result.

Lemma 1.3.2. 7) The system (1.4) is impulse free if and only if the matrix Ay is non-singular.
2) The system (L4) is admissible if and only if Ay, is non-singular and Re(o (A — A3 A5y Asr)) <
0.

Both Lemmas|1.3.1|and|[1.3.2| provide equivalent conditions for the admissibility of the system (1.4]).
It is noted that Lemma(I.3.T]is based on the assumption of the regularity of (I.4) and the conditions

involve the decomposition of the matrices of the original system.
In the following, necessary and sufficient conditions for the admissibility of linear singular system

involved the matrices of the original system via LMZs (Linear Matrix Inequalities) and without

1.3. Singular Systems Analysis 14
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assuming the regularity of the system. An overview of the LMZs is given in Appendix

For linear singular continuous invariant-time system, we have the following results.

Theorem 1.3.2. /81 [130] Consider the system (1.4). The following statements are equivalent.
1) The unforced system of (1.4) is admissible.
2) There exists a matrix X € R™"™ such that

E'X = X'E*>0

(1.29)
XTA + ATX <0
3) There exists a matrix X € R™*" such that
EX = XTET>0
(1.30)
XTAT + AX <0
Proof. For the proof, see both papers [130] and [81]] whose offer different derivation. O

It is noted that conditions ((1.29) and (1.30) developed in |1.3.2| are non-strict LMZs, it may result

in numerical problems when checking since equality constraints are fragile and usually not satisfied

perfectly. In most cases the non-strict LMZs have non feasible solution and the equality constraints
can not be directly solved with LMZs. Therefore strict LMZ conditions are more tractable and nu-
merically reliable. To present a Lyapunov-type stability condition (see B), two adjective parameters

V., U are introduced.

Theorem 1.3.3. [/23]The following statements are equivalent.
1) The unforced system of (1.4) is admissible.
2) There exist matrices P € R™" = 0, Q € R™)*"=") sych that

A(PET+VQU") + (PET+VQUNTAT <0 (1.31)
where V,U € R™"=7) are any matrices of full column rank and verify EV = 0 and ETU = 0
A similar result was established in [130] where only one adjective parameter is introduced.

Theorem 1.3.4. [/50]The following statements are equivalent.
1) The unforced system of (L.4) is admissible.
2) There exist matrices P € R™" = 0, Q € R""%" sych that

(PE + SQ)"A+ A"(PE + 5Q) < 0 (1.32)
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where S € R™("=") is any matrix with full column rank and satisfies E*S = 0

3) There exist matrices P € R = 0, Q € R™")*" sych that

(PE"+ SQ)"A"+ A(PE"+ 5Q) <0 (1.33)
where S € R™("=") is any matrix with full column rank and satisfies ES = 0
Proof. For the proof, see [130]. [

There exists an other result where a matrix P is chosen as parameter depended only on the two

matrices related on restricted equivalent transform of the system (1.4).

Theorem 1.3.5. [l[31]] The system (1.4)) is admissible if for two chosen non-singular matrices M

r

0
and N satisfying MEN = [ 0 0 ] M, N € ™" such that

P"A+ AP <0 (1.34)
where r = rank(E) and P = M*N 1.

Condition of admissibility in Theorem [.3.5]is in strict LMZ, does not need equality constraint
condition , does not need to introduce the basis of null space of the matrix £ but is only a sufficient

condition but not necessary condition.

The following Theorem gives necessary and sufficient conditions for descriptor discrete-time system
(L.5), with u(t) = 0, to be admissible.

Theorem 1.3.6. The discrete-time descriptor system (1.5)) or the pair (E, A) is admissible if and

only if the following equivalent statements hold.
(i) There exists a matrix X = X7 satisfying the following LMZL:

E'XE >0, AT XA—E'XE <0 (1.35)
(ii) There exist matrices P = 0 and QQ = Q7 satisfying the following LMZL:

AY(P - EY"QEY)A - E'PE <0 (1.36)
(iii) There exist matrices P = 0 and QQ = Q7 satisfying the following LMZL:

A(P — EY™QEY") AT — EPE™ <0 (1.37)
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Chapter 1. Singular Linear Systems

(iv) There exist matrices P = 0, Q = Q7, F' and G satisfying the following LMZI:

—FETPE+ ATFT+ FA —F+ A'G” (138)
~FT+GA P— EYQE- -G -GT '
(v) There exist matrices P - 0, Q = Q7, F and G satisfying the following LMZL:
—ETPE + AFT + FAT —F + AG*
M i i <0 (1.39)
—FT—l—GAT P_ELTLQELT_G_GT
where E* is any matrix such that E+E = 0 and EXE+T = 0.
Proof. For the proof, see [23] U]

Remark 1.3.1. Note that for the standard case, i.e. when E = I, we get E+ = 0 and LMT
conditions (1.38)) or (I.39) are reduced to the existence of matrices P > 0, F' and G as given in
[106l] or with F' = 0 as it is stated in the earlier work of Oliveira and al. in [105].

1.4 Singular System Synthesis

We will use the term feedback control to refer to state feedback and static output feedback, one of the
commonly used methods to change the system’s dynamic or static properties. The basic objectives
of the singular control systems are that the controlled system is stable without impulsiveness and its

dynamics fixed arbitrary.

1.4.1 State feedback control

Here, we assume that all the state variables are available for a state feedback. Consider the singular

linear system
Ei(t) = Az(t) + Bu(t) (1.40)

and consider the following state feedback
u(t) = Kx(t) (1.41)

where K € R™*" is a gain matrix to be determined.

Applying the controller (T.47]) to (1.40)), we obtain the the closed-loop system as follows

Ei(t) = (A+ BK)z(t) (1.42)

1.4. Singular System Synthesis 17
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Definition 1.4.1. The singular system (1.40) is called stabilizable if there exists a state feedback
(T.41)) such that the closed-loop system (1.42)) is stable.

Conditions of the existence of a state feedback control making the system (1.42)) stable and impulse

free are cited in the following theorem.

Theorem 1.4.1. [34)]
1) There exists a state feedback control (1.41)) such that the system (1.42)) is stable if and only if for
any s € C,Re(s) >0
rank [ sE—A B } =n, (1.43)
2) There exists a state feedback control such that the system (1.42) is impulse free if and only
if
E 0 0
E B

3) There exists a state feedback control (1.41)) such that the system (1.42)) is admissible if and only if

rank = n + rank(F) (1.44)

E 0 0
rank =n + rank(F) (1.45)
A E B
and for any s € C,Re(s) > 0
rank | sE~A B | =n, (1.46)

Based on the stability conditions presented in both Theorems [1.3.3| and [1.3.4] the stabilizing con-
troller design can be formulated as a convex optimization problem characterized by linear matrix
inequalities LMZ.

Theorem 1.4.2. [[123][There exists a state feedback controller (1.41)) such that the closed-loop sys-
tem (I.42) is admissible if and only if there exist matrices P € R™™ = 0, S € Rr—m)x(n-r)
L € R™™ and H € R™ "=") which satisfy the following LMT

Sym {A(PET +VSUT) + B(LET + HUT)} < 0 (1.47)

where V and U are any matrices of full column rank and satisfying EV = 0 and E*U = 0 Then, a
stabilizing feedback gain is given by

K = (LE"+ HU")(PE"+VSU")™* (1.48)

Similar result is derived in [[130]
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Theorem 1.4.3. Consider the continuous singular system (1.40). There exists a state feedback
controller (1.41)) such that the closed-loop system (1.42) is admissible if and only if there exist
matrices P € R™" = 0, Q € R""*" and Y € R™ " such that

Sym{A(PE"+ SQ)+ BY'} <0 (1.49)

where S is any matrix with full column rank and satisfies S = 0. In this case, we can assume that
the matrix PET+ SQ) is non-singular ( if this is not the case, then we can chose some 0 € (0, 1) such
that PET + SQ + 0P is non-singular and satisfies (1.49), in which P is any non-singular matrix
satisfying & P = PTET = 0), then a stabilizing state feedback controller can be chosen as

u(t) = Y(PET + SQ) 'x(t) (1.50)

Remark 1.4.1. In the proof of Theorem (1.4.3), it is assumed that the matrix PET + SQ is non-

singular. If this is not the case, a small perturbation in PET + SQ to make it nonsingular without

violating (1.49).

1.4.2 Output Feedback Control

In practical applications, usually not all the state variables are available for feedback. In this sub-
section we address the problem of admissibility by static output-feedback for the descriptor system
given by (I.4). So, we need to define its dual system.

Consider the singular system defined by (I.4),

Ei(t) = Ax(t)+ Bu(t)
y(t) = Cu(t)
The system
E*z(t) = A%z(t) + CMu(t)
yt) = B 2(t)
is called its dual system.

The control law given by a static output-feedback is given by
u(t) = Ky(t) (1.51)
We obtain the closed-loop system of (1.4))

Ei(t) = (A+ BKC)x(t)

52
T R (122
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where the constant gain K, of appropriate dimensions, is computed in such a way that the singular
closed-loop system (1.52) is admissible. The stabilizability characterizes the controllability of the
system’s stability. The dual concept of stabilizability is detectability which is defined as follows.

Definition 1.4.2. The singular linear system (1.4) is called detectable if its dual system (E*, A™, CT, BT)

is stabilizable.
Using the properties of the transpose of the matrices, we get an equivalent definition

Definition 1.4.3. The singular linear system (1.4)) is called detectable if there exists a matrix G €
R"™*P such that the pair (E, A+ GC) is stable, i.e. c(E, A+ GC) C C~

Therefore, the impulse terms should be also eliminated in the state response, in other terms, the

closed-loop system must be not only stable but also impulse free so we have the following theorem.

Theorem 1.4.4. The following statements are true.
1) The system (1.4)) is detectable if and only if for any s € C finite, Re(s) > 0,

sk — A
=n (1.53)

rank

2) The closed-loop system (E, A + GC) is impulse free if and only if

E A
rank | 0 E | =n+rank(F) (1.54)
0 C

3) The closed-loop system (E, A + GC) is admissible if and only if

E A
rank [ 0 E | =n+ rank(F) (1.55)
0 C
and for any finite s € C, Re(s) > 0
sE— A
rank =n (1.56)

C

To solve the static output-feedback admissibility problem, the following theorem is introduced in
[21]
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Theorem 1.4.5. The continuous singular system (1.4)) is admissible if and only if there exist three

matrices X, Y, and Z such that

EXE"+Sym{E'Z} » 0 (1.57)

Sym {A(XE"+ E*Y)} <0 (1.58)
where ET = U~Y(I —UEV)U and E+ = V(I — UEV)U, that fulfill EE+ = 0 and ETE = 0 with
I, 0
0 0
It must be pointed out that if the singular system defined by the pair (F, A) is admissible, then

its dual, defined by the pair (E*, A?), is also admissible; so Theorem can also be written as

follows.

U and V' are non-singular matrices satisfying UEV =

Corollary 1.4.1. The continuous singular system (E*, AT) is admissible if and only if there exist
matrices X, Y and Z such that

E'XE+Sym{E'Z} ~ 0 (1.59)

Sym {A"(XE+ E'Y)} <0 (1.60)

with E* = UT(I — UEV)U~" and E' = U(I — UEV)V” that fulfill EYE* = 0 and EYET = 0
I, 0
0 0|

Then, the closed-loop system (1.52]) is admissible if the following inequality is verified:

with U and V' are non-singular matrices satisfying UEV =

Sym {(A+ BKC)"(XE+ E'Y)} <0 (1.61)

where the matrix X satisfies condition (1.59)).

Solution to this problem was proposed by M. Chaabane and all in [21] in two steps given in lemmas
3.1 and 3.2 respectively. The first step is devoted to establishing a relation between a classical state
feedback controller design and static output feedback. In the second step some relaxed variables are

included and so the design of the controller gain is formulated as an LMI problem.
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1.5 Conclusion

In this chapter, We presented the state of the art on linear singular continuous invariant time sys-
tems. Some basic concepts are recalled as equivalent realizations and decomposition of the system.
Important results for this class of systems such the regularity, the impulsiveness, the stability and
the admissibility are reviewed. The concepts of controllability and observability of linear singular
systems Were also presented with their extension to the stabilization by state feedback and static
output feedback. These results will be used at the last chapter to obtain conditions for admissibility

and stabilization for singular fractional order systems.
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Chapter 2. Fundamentals of Fractional Order Systems

2.1 Introduction

Fractional calculus can be defined as the generalization of classical calculus to order of integration
and differentiation not necessary integer. The theory of derivatives of non-integer order goes back to
the Leibniz’s note in his letter to I’Hospital [61]], dated 30 September 1695, in which the meaning of
the derivative of order one half is discussed. The question raised by Leibniz for a non-integer-order
derivative was an ongoing topic for more than 300 years. Thereafter, the theory of derivatives and
integrals of arbitrary order has appeared, which by the end of XIX century took more or less form
due primarily to Liouville (1832,1837), Riemann (1847), Griinwald (1867), Letnikov (1868) [62].
For three centuries the theory of fractional derivatives was developed mainly as a pure theoretical
field of mathematics useful only for mathematicians.

However, during the past few years, the fractional calculus has aroused a growing interest taking
benefit of the fractional operator compacity for description of memory and hereditary properties
of various materials and physical systems which are often neglected in the classical integer-order
models and plays a significant role in modeling of real-word phenomena as electromagnetic systems
[38]], dielectric polarization [121], viscoelastic systems [9]. In this Chapter we will give in first time
a brief overview of the fractional order calculus, then the fractional order dynamical systems and

their behavior will be also discussed.
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2.2 Fractional order operators and properties

2.2.1 Special Functions of the Fractional Calculus

Here, we give some information on the Euler’s gamma and the Mittag-Leffler functions which play

the most important role in the theory of the differentiation of arbitrary order.

e The Gamma Function
One of the basic function of the fractional calculus is Euler’ s gamma function I'(z), which

generalizes the factorial n! and allows n to take also non-integer and even complex values.

Definition 2.2.1. (Gamma Function) The gamma function I'(z2) is defined by the integral
[(z) = / e '*tdt .1)
0

which converges in the right half of the complex plane Re(z) > 0.

The Figure (2.1) represents the Gamma function.

-10

Figure 2.1: Representation of the Gamma Function on R.
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One of the basic properties of the gamma function is that it satisfies the following function
equation

I'(z+1) =2I'(2)

which can be easily proved by integrating by parts

F(z4+1) = [Tet?dt
= [—e 7]y 4 [T ze T L
= z2I(2)

e The Mittag-Leffler Function
The exponential function, e*, plays a very important role in the theory of integer-order dif-
ferential equations. Its one parameter generalization, called the Mittag-Leffler function, is the

function which is now denoted by [41]

Bol®) =2 a1 1)

It was introduced by G. M. Mittag-Leffler [88, 39, 90] and studied also by A. Wiman [[128]].
For o« = 1, we obtain
2" 22
Eaz) = Zf(k 1) D=
k=0 k=0
— The two-parameter function of the Mittag-Leffler type, which plays a very important role
in the fractional calculus, was introduced by Agarwal in [3]]. This function could have
been called the Agarwal function. However, Humbert and Agarwal obtain a number
of relationships for this function and generously left the same notation as for the one
parameter Mittag-Leffler function, and that is the reason that now the two-parameter

function is also called the Mittag-Leffler function.

Definition 2.2.2. A two-parameter function of the Mittag-Leffler type is defined by the

series expansion [41]

oo k
z
E — E —
Oé:ﬁ(’z) k:0F<ak+/8>7a>07ﬁ>0
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It follows from the definition
for=1,a>0, E,1(2) = ZF(#:—I) = E,(2)

e

o [o.¢]
fOI'ﬁ:Oézl, El,l() ZFkJrl :z%zez
k= O =0
sl k Skl

o

S k

o~k 2 = Lht2 oy
forf =3 a=1, Fualz) = kzom B ;;)(kﬂ) B Z_zkz_o(kw)! =

The Figure (2.2) represents the Mittag-Leffler function.

E,(x)
4n EE(I)
|
3 E3(_1‘)
E,(x)
~E5(x)
- x

o(x)

Figure 2.2: Representation of the Mittag-Leffler for different values of a.
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2.2.2 Fractional-Order Integration

According to the Riemann-Liouville approach to fractional calculus, the notion of fractional integral
of order @ (o > 0) is a natural consequence of the well known formula (usually attributed to
Cauchy), that reduces the calculation of the n-fold primitive of a continuous function f{(t) to a single

integral of convolution type. In our notation the Cauchy formula reads

1
(n—1)!

JUf(t) = /Ot(t — )" f(r)dr,t > 0,n € N* (2.2)

In a natural way we are led to extend the above formula from positive integer values of the index
to any positive real values by using the Gamma function and introducing the arbitrary positive real

number «, we define the Fractional Integral of order o > 0 :

1 t a—1
= [ (t — dr,t >0, >0
JOf(t) =< T Jo 8 =) () “ (2.3)
f(t), a=0
We note the semi-group property
JETPf() = TP f(t), 0, 8 2 0 (2:4)
which implies the commutative property
JOJOf(t) = JPIf (), e, 8> 0 (2.5)
and the effect of the operator J* on the power functions is (see [115]]) :
C(y+1)
JH = —————t""* a >0,y > —-1,t >0 2.6
T(y+1+a) K (2.6)
For o = 1 and v = n € N, the usual result is recovered, namely
tn+1
Jt" = 2.7
n+1 @.7)
2.2.3 Riemann-Liouville Fractional Derivative
Denoting by D™ with n € N, the operator of the derivative of order n , we first note that
D"J"=1,J"D"#1I,neN (2.8)

1.e. D" is left-inverse (and not right-inverse) to the corresponding integral operator J".

As a consequence we expect that D is defined as left-inverse to J“. For this purpose, introducing

2.2. Fractional order operators and properties 28



Chapter 2. Fundamentals of Fractional Order Systems

the smallest positive integer m such that 0 < m — 1 < o < m, we define the Riemann-Liouville

fractional derivative of order o > 0 as

"Def(t) = D" (2.9)
namely,
Lty pymeasli(dr o m—1<a<m
rlDch(t) — { Egn—a) dt f() - (210)
s (t), a=1m
Defining for complement D°f(t) = f(t), then we easily recognize that
rlDaJozf(t) — f(t) (211)
and ( )
'(v+1
rl Ha —a
Dt = —————t" >0,vy>—-1,t>0 2.12

Note the remarkable fact that the fractional derivative D f(t) is not zero for the constant function
f(t) = 1if « is not integer. indeed, if we replace 7 by zero in (2.12)), we obtain
t*O{

Dal - m (213)

2.2.4 Caputo Fractional Derivative

Applied problems require definitions of fractional derivatives allowing the utilization of physically
interpretable initial conditions, which contain f(0), f’(0), f7(0), etc. Unfortunately, the Riemann-
Liouville approach leads to initial conditions containing the limit values of the Riemann-Liouville
derivative at the lower terminal H%Da*l f(t), EE%DQ*Q f(t), - lim D= f (t) and there is no phys-
ical interpretation for such types of initial conditions.
A certain solution to this conflict was proposed by the so-called Caputo fractional derivative defini-
tion for a > 0

cDef(t) = Jm D™ (1), m—1<a<m (2.14)

namely,
wmay Jo (= 7)o (), m—1<a <m

CDaf<t) = { q(m)

2.15
Wf(t)a a=1m ( )

This definition is of course more restrictive than Riemann-Liouville definition, since it requires the

absolute integrability of the derivative of order m. The main advantage of Caputo’s approach is that
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the initial conditions for fractional differential equation with Caputo derivative take the same form
of integer-order.
In particular, according to this definition, the relevant property for which the fractional derivative of
a constant is still zero, 1.e.

‘D*1=0,a>0 (2.16)

2.2.5 Griinwald-Letnikov Fractional Derivative

The derivative of a continuous function proposed by Griinwald-Letnikov can be obtained intuitively

from the definition of the usual derivative (the derivative of integer order):

h—0

£ 6) = 7 (0) = TS (1) ( A ) (¢~ k)

n
where ( L = (nfk!)!k! = F(nigﬁ;ll,)(k =y is the usual binomial coefficients. A generalization of the

backward difference by allowing the derivative order to be an arbitrary positive real was proposed

by Griinwald-Letnikov

9IDef(t) = nmiZ(—nk ( Z ) f(t—kh),a >0 (2.17)

where |

>+

. Q . . . .
| denotes the integer part and ( " > represents binomial coefficient generalized to real

numbers. Namely,

a [a+1)
( k ) CD(a—k+1DI(k+1) (2.18)

2.2.6 Laplace Transforms of Fractional Order Derivatives

The Laplace transform of the function f(¢) is the function F'(s) of the complex variable s defined
by
F(s) = £(7(0) = | e rioas @.19)
0
For the existence of the integral (2.19), we need to define the exponential order function.

Definition 2.2.3. A function f has exponential order a if there exist constants M > 0 such that for
some T > 0,
If(t)] < Me™ t > T.
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For the existence of the integral (2.19), we have this theorem.

Theorem 2.2.1. If f is piecewise continuous on |0, 00) and of exponential order a, then the Laplace

transform L(f(t)) exists for Re(s) > a and converges absolutely.

In order to apply the Laplace transform to physical problems, it is necessary to invoke the inverse

transform. If £(f(t)) = F(s), then the inverse Laplace transform is denoted by
L7H(F(s)) = f(t),t >0
which maps the Laplace transform of a function back to the original function and is defined by

c+100
ft)=LHF(s)) = / e F(s)ds,c = Re(s) > ¢ (2.20)
where ¢ lies in the right half plane of the absolute convergence of the Laplace integral.

we mention above some properties of the Laplace transform which we will need later.

e The Laplace transform is a linear mapping, i.e. for all functions f and g admitting Laplace

transforms and for all real o and £3:
Llaf(t) + By(t)) = aL(f(t)) + BLI(g()) (2.21)
e Under the same conditions we have

L((f*g)(#) = L) L(g(t)) (2.22)

where * denotes the convolution product defined by
o)) = [ se=rigrrar = [ ot -misear
0

with f and g are continuous functions on [0, 00).

e An other useful property which we need is the Laplace transform of the derivative of an integer

order n of a function f(t):

n—1

LOfM(1) = s"F(s) = > "1 f®(0) Zsk A (2.23)

k=0

where F'(s) = L(f(t)).
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At present we will give the Laplace transform of fractional derivative of order o > 0 view previously

e The writing of the fractional integral of order o > 0 (2.3)) as a convolution product

tozfl

TS = oy * SO (2.24)

allows to calculate its Laplace transform [100]:

LT f(t) = (2.25)

Indeed,

let F'(s) = L(f(t)) and
Liks) = m Jote et

1 00 ga—l g
T'(a) JO sa € dx

_1 (o)
I'(a) s>

then we get the following property

)= — (2.26)
Thus the formula (2.25) is derived.

e The expression of the Laplace transform of the Riemann-Liouville fractional derivative of

order o > 0 is given by

m—1

LMD (1) = s"F(s) = Y s [DF V)], (2.27)

k=0

wherem — 1 < a <m,m € N*,
Indeed, according to the Riemann-Liouville fractional derivative definition in the form (2.9)

and by putting
g(t) = J"f(t)

we obtain
"D f(t) = D™(g(t))
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then the application of the Laplace transform of an integer order derivative (2.23) gives
l m—1 m—k—1)
0D (1) = 76le) ~ 3! A at0)
-0 t=0

with G(s) = L(g(t)). Taking in to account the Laplace transform of the fractional integral

with F(s) = L(f(t)) then

In the other hand, we have
(m—k—1) d(m—k—1) m—a
e 9(t) = ST (I f (1)
(m—k—1) m—k—1—(a—k—
= WJ k=1=(a—k 1)f(t)
— rlD(a k— 1)(f( ))

Finally, we obtain

L('Df() = s"F(s) = Y _s" ["DOV (1),

As can be seen there is the limit values of fractional derivatives at the lower terminate ¢ = 0
which have not physical interpretation, that is why the practical applicability of the Laplace

transform of the Riemann-Liouville is limited.

e By writing the Caputo fractional derivative as
DY) =J"(f"(E),m—1<a<m (2.28)

and by using the Laplace transform of the fractional order integral (2.25)) and the integer-
order derivative (2.21]), we get the Laplace transform of the Caputo fractional derivative for
m—-1l<a<m

-1

LD f(t) = s*F(s) = > s* 1 [DWf@)],_, (2.29)

0

3

B
Il

e Assuming that m — 1 < a < m and using the Laplace transform of the power function
(2.26), the formula of the Laplace transform of the convolution and the Laplace transform of
the integer-order derivative (2.21])), we obtain the Laplace transform of the Griinwald-Letnikov

derivative as
LD f(t)) = s“F(s) (2.30)
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Remark 2.2.1. It can be noticed that Laplace transformation of the RL derivative requires informa-
tion of initial conditions of the function i.e. D“*=1f(0) (see(2Z.27)). From the mathematical point of
view initial value problem is rigorous and elegant. However, This is found to be difficult to measure
in term of physical quantities. In the Caputo’ s definition initial conditions z(0), ©(0), ..., ™= Y(0)
are the same as for the integer derivatives of f, which has well known physical interpretation.For
example, if one can interprets x(t) as a position , then i(t) stands for speed and i(t) expresses as
an acceleration. This gives a strong support for acceptance of Caputo’ s derivative to researchers

and practicing engineers.

In the remaining work, the fractional derivative of Caputo will be used and simply denoted by D.

2.2.7 Applications of Fractional Calculus

the basics of fractional calculus (integral and differential operations of noninteger order) were treated
and improved long ago by the mathematicians Leibniz (1695), Liouville (1834), Riemann (1892),
and others and attracted the attention in various fields of science and engineering by Oliver Heavi-
side in the 1890s, it was not until 1974 that the first book on the topic was published by Oldham and
Spanier. Recent monographs and symposia proceedings have highlighted the application of frac-
tional calculus in physics, robotics, signal processing, and electromagnetics. Here we state some of

applications.

e Electric transmission lines
During the last decades of the nineteenth century, Heaviside successfully developed his op-
erational calculus without rigorous mathematical arguments. In 1892 he introduced the idea
of fractional derivatives in his study of electric transmission lines. Based on the symbolic
operator form solution of heat equation due to Gregory(1846), Heaviside introduced the letter
p for the differential operator % and gave the solution of the diffusion equation

Pu
oc2 P

for the temperature distribution u(x, t) in the symbolic form

u(z,t) = Ael®@VP) 4 Bel-awvP)

in which p = % was treated as constant, where a, A and B are also constant.
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e Application of Fractional Calculus to Fluid Mechanics

Vladimir V. Kulish and José L. Lage [38]

Application of fractional calculus to the solution of time-dependent, viscous-diffusion fluid
mechanics problems are presented. Together with the Laplace transform method, the applica-
tion of fractional calculus to the classical transient viscous-diffusion equation in a semi-infinite
space is shown to yield explicit analytical (fractional) solutions for the shearstress and fluid
speed anywhere in the domain. Comparing the fractional results for boundary shear-stress
and fluid speed to the existing analytical results for the first and second Stokes problems, the
fractional methodology is validated and shown to be much simpler and more powerful than

existing techniques.

o Wave propagation in viscoelastic horns using a fractional calculus rheology model

Margulies, Timothy [78]]

The complex mechanical behavior of materials are characterized by fluid and solid models
with fractional calculus differentials to relate stress and strain fields. Fractional derivatives
have been shown to describe the viscoelastic stress from polymer chain theory for molecu-
lar solutions. Here the propagation of infinitesimal waves in one dimensional horns with a
small cross-sectional area change along the longitudinal axis are examined. In particular, the
linear, conical, exponential, and catenoidal shapes are studied. The wave amplitudes versus
frequency are solved analytically and predicted with mathematical computation. Fractional
rheology data from Bagley are incorporated in the simulations. Classical elastic and fluid
“Webster equations” are recovered in the appropriate limits. Horns with real materials that
employ fractional calculus representations can be modeled to examine design trade-offs for

engineering or for scientific application.

e Fractional differentiation for edge detection
B. Mathieu, P. Melchior, A. Oustaloup, Ch. Ceyral [82]
In image processing, edge detection often makes use of integer-order differentiation operators,
especially order 1 used by the gradient and order 2 by the Laplacian. This paper demonstrates
how introducing an edge detector based on non-integer (fractional) differentiation can improve
the criterion of thin detection, or detection selectivity in the case of parabolic luminance tran-
sitions, and the criterion of immunity to noise, which can be interpreted in term of robustness

to noise in general.

e Using Fractional Calculus for Lateral and Longitudinal Control of Autonomous Vehicles
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J.I. Suérez, B.M. Vinagre , A.J. Calderén , C.A. Monje and Y.Q. Chen [119]

Here it is presented the use of Fractional Order Controllers (FOC) applied to the path-tracking
problem in an autonomous electric vehicle. A lateral dynamic model of an industrial vehi-
cle has been taken into account to implement conventional and Fractional Order Controllers.

Several control schemes with these controllers have been simulated and compared.

2.3 Models and Representations of Fractional-Order Systems

In the following, we will focus only on the continuous-time representation.

The equations for a continuous-time dynamic system of fractional order can be written as follows
H(Doooez=omy (g oy ) = G(DPOPP2Bny (g uy) (2.31)

where y;, u; functions of time representative the outputs and the input respectively of the system
described by (2.31). H(.), G(.)are combinations (not necessarily linear) laws of the fractional-order
derivative operator and «;, 3; > 0 are fractional order derivatives relating respectively to the output
and input to the system.

Let us now consider a SISO LTI FOS. By means of its dynamic input-output relation , we can derive
its continuous-time models. In all what follows, we use Caputo’ s definition of a fractional derivative

with initial time ¢ = 0. The derived differential equation is then expressed by [[107]

n

> a;D¥y(t Zb DPi(t) (2.32)

i=0
where a;, b; are real constants. In equation (2.32)), which describes the dynamics of a LTI system
mono-variable of fractional order, two cases arise and lead to two types of systems: commensurate
systems (systems with commensurate orders) and non- commensurate systems (systems with non
commensurate orders). A system is with commensurate order if all the differentiation orders of the
fractional differential equation are integer multiples of a basic order, «, that is, o; = i, 5; = i,

the equation (2.32) becomes
ZaZDw‘ Zb D7y (2.33)

If in 2.33), o = 2 L ¢ € N*, the system will be of ratlonal order. The equation (2.32)), in which «;, 3;

are the fractional orders that can be either commensurate or noncommensurate, can be written as

Dy(t) = =DMy () — SED™ Ry () — - S Doy(1) +Z Yoy @234)

an an ] —0 TL
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Assume that ag < a3 < ay < ... < «,. The procedure for obtaining a state-space representation

from (2.34) is as follows: firstly, let us introduce an intermediate variable
x;i(t) = DY y(t),i=1,2,...,n (2.35)

Then we obtain, with the help of the semi-group property of the fractional-order derivative, succes-

sively by induction

zi(t) = D*y(t)
nalt) = DUy(H) = DUeey(t) = DUe(DRy(6) = DU (1)
no(t) = Doey(t) = Dorertey(p) = Doer Doy (r)) = D ay(t)
$n(t) — Danfly<t) — Danflfan—2+an72y(t) — Danflfan72 (Danfly(t)) — Danflfan72xn_1(t)
Dany<t) — Dan_anfl‘i‘anfly(t) — Don—an-1 (Da”*ly(t» _ Dan_anflmn
(2.36)
With (2.34)) and (2.36), it is easy to build the following group of equations
Dal_aoflfl (t) = 33'2(15)
D”‘O‘lxg(t) = Ig(t)
Do‘i_a"—lxi(t) = T (t) (2.37)
Don—an-1g = —az—;lxn — a’;f:vn_l — =Rt ZS—iDﬁju(t)
7=0
which can be expressed in matrix form
Dx(t) = Ax(t) + BD u(t) (2.38)
with a = (al — O, 0y — O, ... 7anT_ an—l)a B = (BOa Bl) cee 75m),
2(t) = | wi(t) wo(t) . a(t) | and
[0 1 o 0 .. 0 | [0 - 0]
0 0 1 0 .0 Lo
A= _ _ ) . ) , B = (2.39)
: : : : : 0 0O ... 0
__Qn-—1 _ an-2 _ an-3 _ Qn—4 . __ao b_O L %
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With the given of the input u(¢), we can determine the second term of the right member in (2.32),
leading to a new state representation where the matrix B would be a simple column matrix of the

same size as the state vector x(t). Indeed, by posing

> b;DPu(t) = e(t) (2.40)
=0
the representation (2.39) becomes
T
Dex(t) = Ax(t) + Be(t), B = [ 00 ..0°1 ] e R (2.41)

For a fractional order system described by n-term fractional differential equation
> a;Dy(t) = e(t) (2.42)
=0

The legitimate choice of the derivative order oy = 0 of the output corresponding to the coefficient ag
allows us to establish a state equation augmented by an output equation of the form y(t) = Cz(t),

hence the following realization is obtained
D%x(t) = Axz(t)+ Be(t)
y(t) = Cx(t)

In the case of commensurate systems, the differentiation fractional-order «; — «;_; are equal to a
unique value, say «. In this case, (2.43) becomes

(2.43)

[ Doy (t) ]
Daﬂfz(t)
Dex(t) = : = Ax(t) + Be(t) (2.44)
I D%z, (t) |
y(t) = Cu(t)

Applying the Laplace transform to (2.32)) with zero initial conditions, the input-output representa-
tions of fractional-order systems can be obtained. In the case of continuous models, a fractional-
order system will be given by a transfer function of the form

Y(s) by $Pm 4 by 8814 bysPo
U(s)  @p8% 4 ap_15%=1 ... + ags™

G(s) = (2.45)

As can be seen in the previous equations, a fractional-order system has an irrational-order transfer

function in Laplace’ s domain. Because of this, it can be said that a fractional-order system has an
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unlimited memory, and obviously the systems of integer-order are just particular cases.

In the case of a commensurate-order system, the continuous-time transfer function is given by

> bi(s%)*
> ar(s*)*
k=0
which can be considered as a pseudo-rational function, H (), of the variable A = s,
ST bp Ak
k=0

Zak)\k
k=0

(2.47)

In this thesis, the behavior of the fractional systems studied will be approached by commensurate
models with the properties of linearity and invariance in continuous-time where the Caputo’s frac-

tional derivative is suitable.

2.3.1 Temporal Response of Fractional Continuous-Time Linear System

Consider the continuous-time linear system described by the equation

)
Q

8
=

I
b
5
=
_l’_
oy
=

O0<a<l (2.48a)
y(t) = Cz(t) + Du(t) (2.48Db)

where z(t) € R", u(t) € R™, y(t) € RP are the state, input and output vectors and A € R™*",
B e R™™ C e R, D € RPX™,

Theorem 2.3.1. The solution of the equation (2.48a)) has the form

t
x(t) = Po(t)zo +/ O(t — 7)Bu(r)dr, x(0) = xg (2.49)
0
where .
o~ Abtha
Do(t) = E,(At%) ;r Py (2.50)

> Akt(k—i-l)a—l

0= LG

k=0

(2.51)

E,(At®) is the Mittag-Leffler function to one parameter and I'(x) is the Euler gamma function.
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Proof. Applying the Laplace transform (2.19) to (2.48a) and taking in to account (2.29) and that
0 < a <1, we obtain

sX(s) — s ey = AX(s) + BU(s) (2.52)

where

Then we get
(s, — A) X (s) = s* 'wol, + BU(s) (2.53)

Since the pencil of matrices s“1,, — A is regular then (2.53) implies that

X(s) = (s"I, — A) " (s* 'aol, + BU(s)) (2.54)
As . o .
a k kga k+1
(s, — A)(Z?Uﬁl)a‘) = Zsf?cT)a - ZﬁTw
k=0 k—O k=0
= Z s’m - Z Séi_t;a
R
k=1 h=1
= I,
then
« -1 __
(L= A=) (2.55)

by substitution of (2.53)) in (2.54)), we get

o0

X(s) =) _Jarr 0+Z (,m (2.56)
k= O

Applying the inverse Laplace transform and taking into account its linearity, the equation (2.57)) is

= 4 ( U(s)
k k 1
ZA £ ( ka +1) To + ZA BL <S(k+1)a) (2.57)
k=0
According to to the effect of the Laplace transform on the power function in (2.26)) as well as on the
fractional integral in (2.25)), the equation (2.57)) becomes

written as

z(t) = zAk L x0+2AkBJ<k+1 u(t)

(ka+1)
kika a—
— er‘kiﬂ)xo + ZA’“ Tl)afo (t — 7)F+Da=1y (1) dr (2.58)
o Akika Ak(t T (k+1)o¢ 1
- Zr(kiﬂ) 0 "’fo = WB“(T)CZT
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Defining
> Ak’tka
Dy(t) =
ot) ZF(/{;& +1)
k=0
and
UES pr et M
— I'((k+ 1))
the state response in (2.49) is derived. O

In the same way, the state response is obtained form — 1 < o < m.

Theorem 2.3.2. The solution of the equation (2.484) for m — 1 < a < m has the form

m t
z(t) = Z@h(t)x<m—h>(o+) + / ®(t — 7)Bu(r)dr (2.59)
h=1 0
where
2 Akka+h)—1 > Ak(k+1)a—1
onlt) = g T(ka+h)’ (1) = T ((k+ o)

Proof. Applying the Laplace transform to (2.48a) while considering (2.29) form — 1 < a < m
yields

$*X(s) =Y _s*hamM(0T) = AX(s) + BU(s) (2.60)
h=1

where

Using (2.53)), the equation (2.60) can be written as

X(s) = immw(zwhﬂmmmﬂ+BUm)

k=0
= Z Z (kaJrh)‘r (m= h)(0+> + 2 k+1)aBU< ) (2.61)
N Zlkzos(’m“”x " h)(0+) + Z (k+1>a U(s)

Applying the inverse Laplace transform enables us to obtain

2(t) = 3 @y (02" P (0") + /0 ot - 7)Bu(r)dr (2.62)
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with
(I)h(t> = kZ:—OAkﬁ (S(ka+h)
Akg(kath)—1
- Z tka+h
and

oo Ak t — )(k-‘rl)

z% (k+1) )

]

Remark 2.3.1. As the fractional-order derivative of x depends on the “history” of x from the lower
limit of the integral t, that defines this operator until the present instant t, the knowledge of x(ty) is
not sufficient to determine the future behavior of the system [72)]. Consequently, vector x(t) does not
strictly represent the state of the system. Then we should denote x(t) as a pseudo-state. However,

we call this vector a state only for lexical simplifying purposes.

2.4 Stability of Linear Fractional-Order Continuous-Time Sys-

tems

As in classical calculus, stability analysis is a central task in the study of fractional differential
system and fractional control. As for linear time invariant integer order systems, it is now well
known that stability of a linear fractional order system depends on the location of the system poles

in the complex plane.

Theorem 2.4.1. [85]A fractional order system defined by its transfer function

Q(s)
P(s)

G(s) = (2.63)

for Re(s) > 0, where P(s) = Y 7_, Pps™ with agy1 > ap > 0and Q(s) = Y., qs™ with
Bis1 > B > 0 are no longer polynomials. The system has the main property of:

BIBO stability < 3IM > 0,||G(s)]| < M,Vs,Re(s) >0

Moreover, in the case where no simplification occurs between P and @), that is all the roots of

P(s) = 0 not being roots of Q(s) = 0, the stability property then reads:

BIBO stability < P(s) # 0,Vs,Re(s) > 0
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This statement appears for the first time in [85] as Theorem 2.24 (conjecture), which was fully
proved, and solved later in [[13]]. However such a theorem does not permit to conclude to system sta-
bility without system poles computation, which constitutes a tedious work. However, poles location
analysis remains a difficult task in the general case. For commensurate fractional order systems,
powerful criteria have been proposed. Using commensurate order hypothesis, the system also

admits a state space like representation:

Dex(t) = Ax(t) 4+ Bu(t)
y(t) = Cu(t)

In [85], the given result permits to check the system stability through the location in the complex

(2.64)

plane of the dynamic matrix eigenvalues. This work is in fact the starting point of several results in

the field. For 1 < a < 2, stability condition is given in [93].

Theorem 2.4.2. /|83, 185, [110] Autonomous system:
D%x(t) = Ax(t), 2(0) = 29,0 < o < 2 (2.65)

is asymptotically stable if and only if

larg(spec(A))| > ag (2.66)

where spec(A) is the spectrum (set of all eigenvalues) of A.
For a minimal realizatimﬂ of (2.64), in [83]], the following result has been also demonstrated.

Theorem 2.4.3. [83]If the triplet (A, B, C) is minimazﬂ system (2.64)) is BIBO stable if and only if
|larg(spec(A))| > aF

Based on the previous results, stable regions D¢ = {\/\ € C,Jarg(\)| > a5} for a fractional
system depending on its differentiation order v and on the value of |arg(spec(A))| are illustrated in
Figure(2.3).

The location of the eigenvalues of a matrix in a particular region of the complex plane can be solved

using the formalism of £LMZ regions introduced in [31] which are the basis of the stability criteria

LA state space model (A, B, C, D) is a realization of a transfer function G(s) if its transfer function coincides with
G(s).

2A realization (A, B, C, D) of a transfer function/matrix G/(s) is said to be minimal if no other realization of G(s)
has smaller dimension.
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Alm Alm
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O<a<l a=1 I<a<2

Figure 2.3: Stable regions D¢ for0 < a < l,a=1land1 < o < 2.

in terms of LMZ for non-integer models presented in this section. A recall on the LMZ areas is
presented in Annex

In the first paragraph, the case of order belonging 1 < « < 2 is considered. The stability domain
associated is then convex and can be described using LMZ regions. The case 0 < a < 1 is then

discussed. In this case, the stability domain is not convex and can not be described by LMZ areas.

1. Casel < a <2

As can be shown in figure (2.3), the stability domain of a fractional system with order 1 <
a < 21is a convex set, LMZ methods for defining such a region can be used. Hence a LMZ-
based sufficient and necessary condition for the stability can be formulated in the following

theorem.

Theorem 2.4.4. [[/10, [I11]A fractional system described by D*x(t) = Ax(t) with order
1 < a < 2 is asymptotically stable if and only if there exists a matrix P € R"™™ = 0 such
that

(ATP + PA)sin(aZ) (ATP — PA)cos(aZ)

. o =0 (2.67)
(PA— A"P)cos(af) (A"P+ PA)sin(af)

Proof. From [29](see appendix [B.4} conic sector), relation (B.40)) is verified if and only if the
following LM feasibility problem is verified:

3P € RV = 0, (A"P + PA) sin(ag) 1 j(ATP — PA) cos(ag) <0 (2.68)
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As an LM involving real terms can be verified from a complex one, the problem becomes

P € R™" > 0:
(A™P + PA)sin(af) (A'P — PA)cos(af) <0 (2.69)
(PA— A'P)cos(af) (A'P+ PA)sin(af)

This completes the proof. [

Remark 2.4.1. In what follows, variants of the condition (2.69) will be presented.

Using the Kronecker product, (2.69) can be written as

Sym{© ® (A"P)} <0 (2.70)

where © =

. . Pil 0 .
e By pre- and post-multiplying the formula (2.69) by 0 pl an equivalent con-

dition for the stability is then obtained

AP e R™" =0
(PA"+ AP)sin(aj) (PA" — AP)cos(af) <0 2.71)
(AP — PA")cos(af) (PA"4 AP)sin(af)
o The formula (2.71) can also be written as
Sym{0©"® (AP)} <0 (2.72)

e Since for any complex matrix M < 0, its conjugate verifies M < 0, (2.68) is equivalent

to
(AP + PA) sin(ozg) — j(A"P — PA) cos(ag) <0 (2.73)

which can be expressed as
Sym{©"® (A'P)} <0 (2.74)

2. Case 0 < <1
Figure (2.3) shows that the stability domain D¢ of a linear fractional system is not convex

when 0 < a < 1. Due to the absence of the convexity property, the LMZ conditions can
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not be derived directly as in the case of integer order or fractional order with 1 < o < 2.
However, in literature different approaches are suggested to by pass this problem and LMZ
condition are derived indirectly. Some of the well recognized results which exist in literature
are discussed here. An analysis via stability domain decomposition was proposed in [111]]
This analysis is based on the fact that the stability domainD¢ given by (2.66) can be viewed
as the union of two half planes, denoted D, and D,,. They result from the rotation of the left-
half plane with angles 1 = ¢ and @, = —¢ respectively, where ¢ = (1 — a) 7, as shown in

figure (2.4).

Im(z) 4

iF o,
il

Figure 2.4: Stability region as a union of two half planes.

Consequently, stability region D¢ can be defined by
D¢ = Dy, U Dy, (2.75)

where

D,, = {z € C: Re(2¢/%) < 0},Vi € {1,2} (2.76)

Since D,, and Dy, are not symmetrical with respect to the real axis, they do not constitute
LM regions. The formalism introduced in [31] and developed by in [8] permits to deal
with this case using the concept of generalized LMZ regions GLMZ, initially extended in
the case of fractional order systems in [111]]. In order not overburdening this section, a recall
on the GLMT region, the application of the D-stability in such region have been developed
in Appendix [C] A necessary and sufficient condition in terms of LMZ for stability of a non-
integer system with order 0 < « < 1 can thus be obtained by using Theorem (C.2.1)), see
Appendix [C.2] on GLMZT region D of the complex plane,
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Lemma 2.4.1. [42] Let A € R™", 0 < a < 1l and § = (1 — «)7. The fractional-order
system D*x(t) = Ax(t) is asymptotically stable if and only if there exist two positive definite

Hermitian matrices X, = X7 € C"*", Xy = X5 € C"" such that
e X IAT + P AX, + P X AT+ e AX, < 0 (2.77)
or

e XA+ ATX] + e XoA+ePATX, < 0 (2.78)

Proof. As each domain Dy, i € {1,2} has the form (C.I0), then it is a GLMZT region of first
order withm = 1, o; = 0, 3; = €% and D, has the form (C.13)), based on the recall made in
appendix we deduce that Dy is a GLMT region of order [ = m + 1 = 3 characterized by

a0 0 B 0 0 00
91=% 0 -1 01,v= 0 00|, Hi=—-Ah=[010
0 0
1 [y 0 0 | [ 8, 0 0] [ ]
9225 0 [,¢2=1]0 , Hy = —Jo = 0
0 0 —1 0 0 0 01
and ) ) ) ) ) )
1
w= |1
1

It is easy to see that conditions (C.1J), (C.2) and (C.3) are verified. This allows us to apply the
theorem (C.2.1)), to get necessary and sufficient condition for the stability of the matrix A in
the region D;. Therefore, there exist two matrices X; € C"*" and X, € C™*" such that (C.4)

and (C.5) hold.
Condition (C.4) becomes
0 @ X1 +07 X!+ @ (AXy) + ¢ @ (AXy)*
After few computations and taking into account that ¢; = ¢ and ¢ = —p we obtain
€j¢AX1 +6*W(AX1)* —f-@ijSOAXQ—FGij(AXQ)* 0 0
0 —3(X1 + X7) 0 <0
0 0 —3 (X2 + X3)
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Then we deduce
IPAX, + e TP (AX)) + e TPAX, + P(AXL)F < 0
We can also deduce that
X1+ X{ >0
and
Xo+ X5 >0
In the other hand, Condition becomes
HeoXi+hX]+H®Xy+ Jo® X, =03,
After computation, we get

0, 0, 0,
0, 00 Xo—X;

which means that X; = X} and Xy, = X3. Finally, we obtain that the matrices X; and X, are
hermitian definite positive and (2.77) is derived. The proof is then complete. [

The following Lemma proposed in [73] presents another version of Lemma (2.4.1), where
the complex LMZ (2.77) is replaced by a real linear matrix inequality through the use of the

Kronecker product.

Lemma 2.4.2. [73]Let A € R"™™ and 0 < o < 1. The fractional-order system D®z(t) =
Az (t) is asymptotically stable if and only if there exist two real symmetric positive definite

matrices X;; € R™" ¢ = 1,2, and two skew-symmetric matrices X;5 € R"*" i = 1,2, such

that
X,y X X, X
R ) SR I (2.79)
—X12 X11 _X22 X21
2 2
D7) Sym{6; ® (AX;;)} <0 (2.80)
i=1 j=1
where
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cos(ag) sin(af)

O12 =

| —sin(aj) cos(ag) |

[ sin(af)  cos(af) ]
Oa1 = ,

| —cos(ag) sin(af) |

—cos(ag) sin(af)

Oqz = .
—sin(af) —cos(af)

To prove the Lemma (2.4.2), we need the following result.
Lemma 2.4.3. For complex matrix M € C"*", define
M= A+ jB, A, B cR™

Then M > 0 if and only if

A B
>0 (2.81)
- _B A -
or ] )
A -B
>0 (2.82)
- B A -
Proof. see Appendix[A.2] O

Proof. From Lemma (2.4.1)), it follows that the fractional-order system D%z(t) = Ax(t)
with 0 < a < 1 is asymptotically stable if and only if there exist two hermitian positive
definite matrices X;,7 = 1, 2, such that the LMZ holds. Define X;; = Re (X;), X;» =
Im (X;),7 = 1,2. From X; = X;; + X;5,4 = 1,2 andX; = X} > 0, it follows that the
matrices X;1,7 = 1,2 are symmetric definite positive and the matrices X;5,7 = 1,2 are skew

matrices} According to Lemma (Z.4.3), we have

Xll X12 X21 X22
=0, =0
_X12 Xll _X22 X21
3A skew-symmetric (or antisymmetric) matrix is a square matrix whose transpose is its negation; that is, it satisfies
the condition AT = —A
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so the inequality (2.79) holds. Substituting in the inequality (2.77) X; = X;1 + 7 Xi0,i = 1,2

and e/’ = sin(«%) + j cos(ak), we obtain

(sin(« ) + j cos(a ))(X11 +jX12)A" + (sin(ag) — jcos(a g))A(XH + 7 X1o)

2 2
—I—(sin(ag) — jcos(a 2))(X21 + jXo9) A" + (sin(ag) + jcos(a g))A(Xgl + 7 X9) <(@.83)

which can be rewritten as follows

(sin(ag)XHAT — COS(O&%)XHAT) + j(SiIl(Oég)XlgAT + COS(O[%)XHAT)
+(sin(ag)AXn + cos(ozg)AXlg) + j((sin(ag)AXlz - cos(ozg)AXH)
+(sin(ocg)X21AT + cos(ozg)XQQAT) + j(sin(ag)XmAT - cos(ozg)XglAT)

+(sin(ag)AX21 - cos(ozg)Ang) + j(sin(ag)AXQQ + cos(ag)AXgl) <0 (2.84)
Using the fact that X{, = — X7, and X;, = — X9, (2.84)) is equivalent to
(sin(ag)XHAT + cos(ozg)XszAT) + (- sin<ag>X52AT + Cos(ag)XnAT)
—l—(sin(ag)AXn + cos(ocg)AXlg) + j(sin(ag)AXlg - cos(ag)AXn)
+<Sin(ag)X21AT — cos(ag)X2T2AT) + (- siI1(04g)X2T2AT — COS(O(%)XQlAT)
+(sin(ag)AX21 - cos(ag)Ang) + j(Sin(ag)Ang + cos(ag)AXm) <0 (2.85)
which is the same as
Sym {sin(ag)AXll + Cos(ag)AXlg + sin(ag)AXgl — cos(&g)Ang}
+7(— sin(ag)XngAT + cos(ag)XllAT + sin(ag)AXlz — cos(ag)AXll)
+j(— sin(ag)XQTQAT - cos(ag)XglAT + sin(ag)Ang + cos(ag)AXgl) <0 (2.86)

or identically

. ™ s
Sym {51n(a§)AX11} + Sym {COS(&§)AX12}
. m s
+ Sym {81n(a§)AX21} + Sym {— cos(ag)Ang}
iy, cos(ag)(XnAT —AX1) 4+ sin(ag)(AXlg — XT AT

+7 COS(CY—)(AXgl — X A"+ sin(ag)(Ang — X5A") (2.87)
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According to Lemma (2.4.3)), inequality (2.87) can be expressed in real terms as follows

o v
- 9

(1]

<0 (2.88)

with
® = Sym {Sin E AX11} + Sym {Cos E AXlg}
+ Sym {sm X21AX21} + Sym {— cos( )AXQQ}

U = COS(O&%)(XHAT — AXH) + SiIl(Oé%)(AXlg — X,iTQAT)
+ COS(O!%)(AXQl — XglAT) + sin(ag)(Ang — XQTQAT)

So it is easy to see that the matrix = is the same as

o= 2+ 23+ 2y
where

—_
—
—]

Sym {sm AXH} cos(af) (X A" — AX )
c AXH — X1 AY) Sym {sin(a3)AX1; }
S

os(a
Sym {COS AXlg} SiIl(Oé%)(AXlg — X1T2AT>
in(a XITQAT AXo) Sym {cos(af)AXi,}
os(a

[I]

Sym {sm AX21} cos(af)(AXa — X AY)
X21AT AXQl) Sym {Siﬂ(&g)AXgl}

11
I

[ Sym {— cos(a3)AXpn}  sin(af)(AX — X3,A7)
sin(af)(X5,A" — AX)  Sym {—cos(af)AXy}

C

[1]

4

With the help of the Kronecker product, the matrices =;,7 = 1, 2, 3,4 can be written as

- Sym{ sm(ai) —c?s(az) - (AXH)}
2 2

=, Sym{ C(.)SEOé%) sin(aZ) @ (AX12)}

S35 = Sym{ z . z) ® (Ale)}
3 3)
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=, = Sym - C?s(ai) sin(a%)  (AX)
—sin(af) cos(af)
By defining
[ sin(aj) —cos(af) ] [ cos(af) sin(af)
On = , ;019 = ,
| cos(af) sin(af) | | —sin(af) cos(ajg)
[ sin(af) cos(af) ] [ —cos(af) sin(af)
Oa1 = , , Oz = ,
| —cos(ag) sin(af) | | —sin(aj) cos(aj)

It is clear that to check the inequality (2.80), it suffices to substitute ©;;,7,j = 1,2 in the

matrix =. This ends the proof. 0

An other interesting result published in [42] on the stability of fractional linear systems based
on LMZ formulation This LMZ is a rewrite of the LMZ 2.77) in Lemma (2.4.1) and is

given by the following theorem.

Theorem 2.4.5. [42]Let A € R™", 0 < a < 1l and 0 = (1 — ). The fractional-order
system D®x(t) = Ax(t) is asymptotically stable if and only if there exist a positive definite

Hermitian matrix X = X* € C"" such that
(rX +7X)TAT+ A(rX +7X) <0 (2.89)

- us
where r = ¢3(1-9)3,

Proof. We have to show that both LMZ problem in Lemma (2.4.1)) and Theorem (2.4.5)) are
equivalent. According to Lemma (2.4.1)), The fractional-order system Dx(t) = Az(t) is
asymptotically stable if and only if there exist two complex matrices X; = X| > 0, Xy =
X5 > 0 such that the LMT holds.

Define Li(X;) = rX5AT + 7TAX; and Ly(X3) = 7Xo AT + rAX,. It follows that LMZ
problem in Lemma can be rewritten as

Ll(Xl) + LQ(XQ) <0 (2.90)
for some complex matrices X; = X > 0, X5 = X; > 0. Condition (2.89) is equivalent to

(rX" 47X )AT + A(rX +7X) <0
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Since X = X*, then X = X In this case the last inequality can be rewritten as
(rXA"+7AX) + (FXA" +rAX) <0
which means that the LMZ problem of Theorem is equivalent to
Li(X) 4 Ly(X) <0 (2.91)

for some complex matrix X = X* > 0. Consequently, we have to prove that (2.90) and (2.97])

are equivalent.

e If (2.91) holds, it suffices to take X; = X and X, = X to see that (2.90) also holds.

e Conversely, if there exist complex matrices X; = X| > 0, Xy = X5 > 0 such that
(2.90) holds then L;(X;) + L2(X3) < 0 and consequently

Li(X1) + La(Xo) + Li(Xy) + La(X3) <0 (2.92)
Few computations show that (2.92)) is equivalent to
rX AT+ FAX + T X0 AT + 11 AX, + r X AT+ FAX, + 7 X0 AT +17AX, < 0 (2.93)
1.e.,
r(X1 4+ Xo)AT + FA(X) + Xo) + (X1 + Xo) AT +rAX + X2) <0
It is easy to see that this last inequality is the same as
Li(X1 +Xo) + La(X7 + X2) < 0 (2.94)

From X; >~ 0 and X, = 0, we have X; = 0 and X; + X5 = 0. So we get (2.91) for
X=X, + X,

This ends the proof. [

To illustrate the results in Theorems (2.4.4) and (2.4.5)), we now provide numerical examples
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Example 2.4.1. 1) Consider the fractional order system described by

D%x(t) = Ax(t)

with
-1 2 1
A= -1 -2 02 |,a=15
0.5 0 =2

To verify the stability of this system, we will show two different ways.

The stability of the system can be studied by the localization of the eigenvalues of the matrix
A.

spec(A) = {—1.5727 + 1.0923:, —1.5727 — 1.09237, —1.8546}
Each eigenvalue \ of A satisfy the criteria |arg(\)| > aZ, which means that the system is
asymptotically stable.

According to Theorem (2.4.4)), a feasible solution of the linear matrix inequality is as

follows

0.3112 0.1669 0.1384
P =1 0.1669 0.4876 0.1602
0.1384 0.1602 0.5463

2) Consider the fractional order system described by

D%x(t) = Ax(t)

with
-1 1 1
A= 0 -6 0/[,a=05
0 -1 —4

The eigenvalues of the matrixA are as follows
spec(A) = {—1,—4, -6}

It is easy to verify that they lie in the stable region.
The stability of the system can also be verified through the resolution of the LML (2.89) in

2.4. Stability of Linear Fractional-Order Continuous-Time Systems 54



Chapter 2. Fundamentals of Fractional Order Systems

Theorem (2.4.3)). a feasible solution is

625.6851 170.3633 214.7760
X = | 170.3633 313.7579 83.7615
214.7760  83.7615 359.0291

The stability of fractional order system was studied in [122] where an other interesting result
on this topic was derived. It’s about an equivalent LTI system for an FO-LTI system in the
sense of stability. To this end, we need the following theorem which states a necessary and

sufficient condition to place the eigenvalues of a real matrix in a specified sector.

Theorem 2.4.6. /6] 36/[Eigenvalues of an n xn matrix A lie within the region §) in Figure (2.5)
Q = {X € C/Re()) cos(d) & Im(A) sin(6) < 0;0 < & < 2} if and only if the eigenvalues of

the 2n X 2n matrix
Acos(§) —Asin(6)
Asin(d)  Acos(d)

have negative real parts.

Figure 2.5: Region (2 in Theorem (2.4.6) is shown in gray.

In fact, the region (2 can be interpreted as stable region of FO-LTI system D%z(t) = Ax(t)

where § = (a — 1)5. Now, the following two theorems are proposed.

24,
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Theorem 2.4.7. [122]] The FO-LTI system D*x(t) = Ax(t) with 1 < a < 2 is asymptotically
stable if and only if the LTI system,

Asin(af)  Acos(a
—Acos(af) Asin(a

)

z(t) = )

#(t)

ISIERSIE]

is asymptotically stable.

Proof. According to Theorem and the stability condition (2.66), the proof is obvious.
0

Theorem 2.4.8. [[122] all eigenvalues FO-LTI system D*x(t) = Ax(t) with 0 < a < 1 settle
in the unstable region (Figure (2.3)) if and only if the LTI system,

)
)

Asin(aZ) —Acos(a

s
3
3)

TR

Acos(a Asin(a

] z(t) (2.95)
is asymptotically stable.

Proof. (Necessity) Suppose that all the eigenvalues of the FO-LTI system D®x(t) = Ax(t)

with 0 < o < 1 are located in the unstable region ,shown in Figure (2.3)),

0, = {/\//\ € C, Jarg(N)| < ag}

We know that if ) is an eigenvalue of the matrix A, —\ is an eigenvalue of the matrix —A and

then it lies in the symmetrical region with respect to the imaginary axis
Q) = {)\/A e C, larg(\)| > (2 — a%}
It is clear that the region (2, is the stability region of the fractional order system
DE=g(t) = —Ax(t),1 <2 —a < 2
Thus, according to Theorem ([2.4.7)), the system

—Asin((2 —a)j) —Acos((2—a)

Z(t) = i
Acos((2—a)}) —Asin((2-a)

)| -
)] (t)

is asymptotically stable. After some computations, one can see that this last system is exactly

NIERNSIE

the system (2.95)), so we get our goal.

(Sufficiency) Just follow similar reasoning. [
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Theorems (2.4.7) and (2.4.8) relate stability of a fractional order system to stability of its
equivalent ordinary system. Based on these two theorems, most of the stability related analysis
in the ordinary systems is applicable to the fractional systems with commensurate order as

well.

2.5 Controllability and Observability of FO-LTI Systems

Controllability and observability represent two major concepts of modern control system theory.
These concepts were introduced by R. Kalman in 1960. They can be roughly defined as follows.
Controllability: In order to be able to do whatever we want with the given dynamic system under
control input, the system must be controllable.

Observability: In order to see what is going on inside the system under observation, the system must
be observable.

The controllability and observability conditions for commensurate-order systems can be seen in
[83L 184, 126]] in which tests for these concepts are connected to the rank tests of certain matrices: the
controllability and observability matrices as in the integer case due to Kalman [55] and the proofs
are given following a method similar to that used for integer-order systems [99, [137].

Consider the linear fractional-order invariant-time system described by

Dex(t) = Ax(t) 4+ Bu(t)
y(t) = Cx(t) O<a<?2 (2.96)
z(0) =

where « is the fractional commensurate order of the system, z(¢) € R™ is the state vector, u(t) € R™
is the input vector y(¢) € RP is the output vector and A, B, C' are constant matrices with appropriate
dimensions.

The definition of both the controllability and the observability given below are the same as for integer

order case [27]]. In what follows, the initial time can be taken zero.

Definition 2.5.1. The system (2.96) is controllable if, for a given time t, there exists a finite time
tr > to such that from any initial condition x(to) = xo and any x(t;) = xy in the state-space, there

exists an input u(t),t € [to, t1] which can lead the system from x to xs at time t;.

Controllability is an important concept since it establishes the fact that we can control the system to

modify its behavior (stabilizing a system unstable, change specific dynamics). This concept plays a
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very important role in the synthesis theory of control systems in state-space.

A trivially uncontrollable system is the one whose input matrix is zero, B = 0.

Theorem 2.5.1. (Controllability Criterion) The following statements are equivalent.

o The system given by (2.96)) (or the pair (A, B) is controllable.

o The matrix C defined by
C=[BABA’B ... A" 'B| (2.97)

is full-rank.

e Forall \ € C,
rank (| AL ~A B |)=n (2.98)

Definition 2.5.2. The system (2.96)) is observable on [ty,t1],t1 > 0, if x(ty) can be deduced from
the observation of the output y(t) and the knowledge of the input u(t) for t € [ty,t1].

Clearly, the notion of observability is crucial for systems where the state vector is not completely

accessible to the measure but must be rebuilt, estimated or filtered from data supplied by the output.

Theorem 2.5.2. (Observability Criterion) The following statements are equivalent.

o The system given by (2.96)) (or the pair (C, A) is observable if and only if the matrix O defined

by i i
C
CA
0= CA? (2.99)
i cAr! |
is full-rank.
e Forall \ € C
M, — A
rank o =n (2.100)

Testing the rank of the matrix O may pose numerical difficulties, since it requires the computation of

powers of A up to A" !, an operation which may be ill-conditioned. Testing the rank of the matrix

A, — A . .
for all A € spec(A) is generally more robust numerically.
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2.6 Minimum Energy Control For Linear Fractional-Order Sys-

tems

So far, in the control system design, the freedom should be used to improve performance of the
system such as minimum energy consumption. this aim requires choosing a best control law from
all feasible strategies. This is the optimal control problem, loosely speaking.

According to [10, [12], we have these results.

Theorem 2.6.1. The linear system ([2.48) is controllable on [0,1] if and only if the controllability

gramian matrix defined by
ty
W, = / (ty = 7)* YEuo ((tf — 7)*A) B] B ((t — 7)*A) BT dr (2.101)
0
is a positive definite matrix for some t; > 0.

Remark 2.6.1. Furthermore, the input

w(t) = [Bao ((ty —t)*A) B)" W, [xp — B, (t54) o), € [0 441 (2.102)

steers x(t) from o = x(0) to x5 = x(ty).

Here 'T' denotes the transpose matrix .

If the system modeled by (2.48)) is controllable, then there exist usually many input vectors u(t) €
R™ that steer the solution z(¢) of the system from z, = z(0) to zy = x(t;). Among these input

vectors, we shall looking for such u(t), ¢ € [0 t¢] which minimizes the performance index

I(u) = /0 "ty = 7T (1) Quir)dr (2.103)

where () € R is a symmetric positive defined matrix. The minimum energy control problem for
the system can be formulated as follows. Given matrices A and B of (2.48), the symmetric
matrix (), vectors zo, zy € R” and t; > 0, find input vector u(t) € R™,t € [0, tf| that steers ()
from 2(0) = z to z(t;) = x; and minimizes the performance index (2.103). To solve this problem,

we define the matrix
Wi =Ws(ts, Q)
t
_ / "ty = 1) [ Ban (= 7)*A) BIQ M [Ean ((t; — 7)* A) B]dr (2.104)
0

Then, we derive the following result.
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Theorem 2.6.2. The fractional linear continuous time system (2.48)) is controllable on |0, t¢] if and
only if the matrix defined by (2.104) is positive definite for some ty > 0.

Proof. (Sufficiency) Since W7y is positive definite, it is non-singular and therefore its inverse is well

defined. Let ¢ be the final pseudo-state to be reached.Take the control function
W(t) = Q' [Eaa((ty —t)*A)B" W zp — Eq(t§A)x0] (2.105)

It will be shown that 4(t) steers z(t) from z to xy. Substituting (2.105)) into (2.49) for ¢t = ¢; and
using (2.104) we get

£(t;) = Ea(t2A)z,
# [ty = Bl - )
% Q  [Ean((ty — 7)* A)BITW; [y — Ea(t3A)zoldr
= BultjA0+ [ty =1 Eaallty — 7 A)B

X Q Eaa((ty — 7)*A)B) drW; zp — Ea(t}A)xo]
= B, (t§A)xg + WiW; zp — Eo(t7A)x)

We conclude that the system (2.48)) is controllable.
(Necessity) Assume that the system (2.48) is controllable but the matrix W, defined by (2.104) is

not positive definite. It results that there exists a non-zero vector x € R™ such that
xTfo = Opn
1.e.,
ty
x! / (tr — 7)* NEaa ((t; — 7)*A) B]Q ' [Euau ((t; — 7)*A) B]Tdrz = 0 (2.106)
0
as the matrix () is symmetric positive definite, then there exists a matrix H non-singular such that

Q=H"H
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Substuting () in (2.106), we then get
tr
:L‘T/ (tr = 7)* MBou ((t; — 7)*A) BIH ' [H N [Epn ((t; — 7)*A) B]"drz = 0 on [0 t4]
0
ty
/ (ty — T)O‘*l[xTEa,a ((ty —1)*A) BHil][xTEma ((ty —1)*A) BH'"dr =0on [0 ty
0

/O "ty — ) | B (8 — )" A) BH]| = 0on [0 ¢/]

suchty —7 >0,
then

2T Enul(ty — ) A)BH||* > 0 0n [0 t/]

2T By oty —7)*A)BH™ =0

Consequently, we obtain
[T Epo((ty — 7)*A)B]T =0

then
(t; — 1) Eaul(ty — 7)*A)B][Ean ((t; — 7)*A) B]"2dr = 0

whence

/0 't = 1) Eaal(ty = ) A)B][Eae (t — 7)°A) B adr = 0

leading to the conclusion that

W =0

i.e., the system is not controllable. This is a contradiction, thus Wy is positive definite, which

completes the proof. 0

Theorem 2.6.3. Let the system (2.48)) be controllable on [0, ts] and u(t) fort € [0 t¢] be an input
vector that steers the pseudo-state of the system from x(0) = zo to xy = x(ty). The input vector
U(t) defined by ([2.103) steers also x(t) from x to x; and minimizes the performance index (2.103)

I(a) < I(u) (2.107)

The minimal value of 2.103)) for (2.103)) is given by

I(a) =[xy — Ea(t?ﬁA)xo]TWf_l[xf - Ea(t?A)xo] (2.108)
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Proof. Let the system (2.48) be controllable on [0, t¢].
Note that it was seen in theorem (2.6.2) that the input vector (2.105)) steers x(t) from x, to . Since
each of u(t) and u(t) steers the solution of the system (2.48) from x to x 7, then

tr
zy = Eo (t§A) zo + /0 (ty — 7)* 'Euu((ty — 7)*A)Bu(r)dr

= B, (t5A) 20 + /0 f(tf — 1) By o((ty — 7)*A)Bi(7)dr

1.e.,
/0 "t = 1) Bua(ty — 7 A)Blu(r) — a(r)]dr = 0 (2.109)
from (2.109) it follows that
/O f(tf — 1) u(r) = ()] [Baa((ty = 7)*A)B]Tdr = 0
then

/0 f(tf — 1) Mu(r) — (7)) [Ean((ty — T)O‘A)B]TdTWf_l[a:f — B, (tfA)x]) =0  (2.110)

substitution of (2.103) into (2.110) yields

/O f(tf — 1) u(r) — a(r)]"Qu(r)dr = 0 (2.111)

1.e.,
/ f(tf — T)O‘_luT(T)QfL(T)dT = / f(tf — T)a_lle(T)Qﬂ(T)dT (2.112)
0 0

It will be shown that
ty ty
| =t mQuindr = [ty - me il ()Qutrar
0 0
—i—/o f(tf — 1) MNu(r) — a(n)]  Qu(r) — a(7)]dr (2.113)
One denote by 75 the second term in (2.113)), then
ty
Ty = / (ty — 1) '’ (r)Qa(r)dr
0
+ [t = ) = i) Quitr)ar
- [Tt =)~ ) Qur)ar
0
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Using (2.111)), we obtain

ty
T, = / (ty — 1) 0T () Qi(r)dr
0
tr
+ / (t; — ) ()T Qu(r)dr
otf
— / (tr — 1) ta(r) Qu(r)dr (2.114)
0
Applying the transpose at (2.112)) gives
ty ty
|t = Q= [ - 1 (@ (s
0 0
since () is a symmetric matrix, then
ty ty
/ (ty — T)a_lﬁT(T)Qu(T)dT = / (ty — T)a_lﬂT(T)QfL(T)dT (2.115)
0 0
Substituting (2.115)) into (2.114), we obtain
ty
T, = / (tr — 1) " (1) Qu(r)dr (2.116)
0
we conclude that the formula (2.113]) is derived. Let remark that the formula (2.113)) is exactly
I(u) = I(u) + I(u—a)
Since the performance index is positive, then we deduce
I(a) < I(u)

To find the minimal value (2.108)) of (2.103)), we substitute (2.1035])) into (2.103])

1) = / "ty — 7)oVl (1) Qalr)dr

= /0 f<tf — 1) NQ T [Eaa((ty — )" A)BI" Wi 1 — Ea(t7 A)xo]]" Q

[Q_I[Ea,a((tf - T)OCA)B]TWJC_I[‘TJ“ - Ea(t?A)‘TO”dT
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/ (tr — 1) " (r)Qu(r)dr

0

[ =1 Q@ Bttty — 7 MBI Wy Bt AT

0

(@ [Baal(ty — T)QA>B]TWf_1[xf — Ea(t7A)xo]ldr

We use (2.104) and since () and W are symmetric matrices, then
1(6) =[xy — Eo(t§A)xo)]" Wit zy — Eo(t7A)x]
Then the proof is complete. ]

If the assumptions of the theorem ( are satisfied, the optimal input vector ( and the
minimal value (2.108)) of the performance index can be computed and compared to those of an input
vector which satisfies the controllability of the system using the following procedure.

Procedure

setep 1 Knowing A find £, (t*A), E, o (t*A)

setep 2 Using (2.101))-(2.104) find W, and W

setep 3 Using (2.102)-(2.105)) find w(t) and u(t)

setep 4 Using find 7(u) and using find I(4)

Example 2.6.1. Consider the following continuous-time linear fractional-order linear system de-

fined by the representation of dimension n = 2.
Dal'l = T9 + Uy

«a —
D To = Uy

With o« = 0.1 and ty =1

01 10
, B =
oo] [o 1]

Find an input vector u(t) for t € [0,t| that steers x(t) from xy = 0 to x; = [ ) ] and minimizes

In this case, A =

the performance index (2.103)).
The the controllability condition given in Theorem (2.5.1) is verified

rank|B AB| =2
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Using the procedure we calculate

Step 1. The Mittag-Leffler matrix function for this problem is reduced to

tle

I'(a+1)
0 1

E,(t“A) = s Bao(t*A) =

00
Remark that A¥ = [0 0 ] Jk=23,...

Step 2. The gramian controllability is given by

W = /0 f(tf - T)a_l[Ea,a ((ty = 7)"A) B][Eqa ((t — 7)%A) B]TdT

B B (Vs
Ea,a ((fo . T)aA) B = I'(a) T'(2w)

1
0 W
and
tg n t3* 3
W. = a(T(w))? 5 3a(T'(2a))?2  2al'(a)T(2c)
¢ b ¢
2aT ()T (2c) a(T())?
L3 : .
For Q) = 5 10| the matrix Wy is given by

Wy = / ty = 1) [Ba ((tf = 7)°A) BIQ™ [Eua ((t; — 7)°A) B dr

10t§ 6t t3* —3t§ 3
_ aT(@)2 ~ 2al(a)T(2a) 2+ 3a(l'(2a))? a(T(w))? + 20T (a)T(2cx)
73t? tfa t})’
+
a(T(a))? 2aT ()T (2cx) a(T(a))?

substitution of t; = 1 and oo = 0.1 gives

0.1145 0.1105 —6.9063 16.2065
0.5762 —0.2170] B [6.6654 13.0899]
Wit =
f

B [0.2686 0.1145] _1_[ 6.6654 —6.9063]

a —0.2170  0.1105 13.0899 34.7574

Step 3. Using the formula (4), we obtain

ult) = w(t) | —0.0253
|l w(t) || 0.9776 — 0.0525(1 — )01
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Using the formula (2.103)), we obtain the desired input vector

= | B0 ] [ 5677 - 12000 -0
o T | 4.303(1— ) — 0.5

First input

al I I I I I I I I )

Il
0 0.1 0.2 03 04 05 06 07 08 09 1
Time (sec)

Second input

0 0.1 0.2 03 04 05 06 07 08 09 1
Time (sec)

Figure 2.6: Input components versus optimal ones

Step 4. Using (2.103) and [2.108)), the performance indexes are

I(u) =89.09

I(a) = 67.60
Effectively

I(a) < I(u)

For more assessment of our work, first we evaluate the performance index for different values of
fractional order « by fixing the final time ty = 1s, the results are showen in Figure (2.7). Secondly,
we evaluate the performance index for different values of final time t; with fixed fractional order

a = 0.1, see Figure (2.8)). From figures 2.7) and [2.8)), its clear that the performance index for the

optimal control is lower then the performance index of an other control in all situations.
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Figure 2.7: Performance index for different values of o with ¢y = 1s

130
A
120F

—A )
—B— (1)

© =) >
=] S =)
T T

Performance index

®
=]
T

701

I I I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t(sec)

Figure 2.8: Performance index for different values of final time ¢; and o = 0.1

2.7 The Fractional-Order System Control

Control is an interdisciplinary branch of engineering and mathematics that deals with the modifi-
cation of dynamic systems to obtain a desired behavior given in terms of a set of specifications
or a reference model. Several control methods have been executed to reach system performances
[39,[71]. Researches keep making immense efforts in developing various stabilizing control design
schemes such as linear matrix inequality £MZ based method which receives much attention in the
last decades, see [69,192,,120] and the references therein. Fractional-order systems represent a wider
class of complex dynamical systems. This class of systems attracts much attention in both theory

and applications in the latest four decades.
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As for systems with integer order derivative, the stability of a fractional linear system depends on
the location of the eigenvalues of the dynamic matrix in the complex plane [83) [84]]. Recently, a
considerable interest has been also devoted to the analysis of the stability and stabilization of linear
systems derived from fractional order [93] [110, 111} [120], where some results have been fulfilled
through £LMZ methods for mainly two types of fractional orders, 0 < @ < land 1 < a <
2. It is notable that the problem of the synthesis for FOS is difficult, however it was treated in
recent papers. The most obtained results were in terms of LMZ approach. In fact, Based on the
generalization of Gronwall-Bellman Lemma, the analytical stability conditions and state feedback
stabilization problem of non linear fractional-order differentiation equation have been studied in [95,
96|]. the problem of stabilization and robust stabilization by pseudo-state feedback of commensurate
polytopic systems, particularly on the case 0 < « < 1 was investigated in [42]. Stabilization
of fractional order systems with uncertainties was also highlighted in [60]], where the method of
observer-based control and static output feedback control in both cases 0 < @ < land 1 < a <
2 was treated and the formalism via LMZ was derived. The robust asymptotical stability and
stabilization problem for a class of uncertain FO-LTI interval systems with the fractional order «
belonging to 0 < a < 1 and linear coupling relationships between the fractional order o and
the system parameters were investigated in [65]. Accordingly, study on fractional-order systems
has been extended to T-S fuzzy models. In [66} 67], the stability, robust stability and stabilization
were investigated for such class of systems. Recently, the static output feedback stabilization for
fractional-order systems in T-S fuzzy models has been developed in both papers [52, [70].

In this section, we present some existing results concerning the problem of stabilization of linear
fractional-order systems. In first time, the problem is processed via the pole placement approach
with 0 < a < 2 and secondly, by an LMZ approach where 1 < a < 2 and a GLMT method in the

case where 0 < o < 1.

2.7.1 Eigenvalue Assignment
Consider the linear fractional-order invariant-time system described by (2.96)).

1. Stabilization by State Feedback

To begin, it is assumed that all components of the state vector are measured which means
that C' = I,,. The problem we wish to consider now is to determine a state feedback control
law u(t) = Kz(t) having the property that the resulting closed-loop system is asymptotically
stable.
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Definition 2.7.1. The fractional-order system (2.96)) is said to be stabilizable if there exists
a state feedback control law defined by u(t) = Kx(t), K € R™" such that the closed-loop
system D*x(t) = (A + BK)x(t) is asymptotically stable, or equivalently

larg(spec(A + BK)| > ozg

The matrix K is known as the state feedback gain matrix, and it affects the closed-loop system
behavior. The main influence of K is through the matrix A, resulting in the matrix A + BK
of the closed-loop system. Clearly, K affects the eigenvalues of A + BK, and therefore, the
modes of the closed-loop system. In other words, “the eigenvalues of the original system can
arbitrarily be changed in this case.” This last statement, commonly used in the literature, is
rather confusing: The eigenvalues of a given system are not physically changed by the use of
feedback. They are the same as they used to be before the introduction of feedback. Instead,
the feedback law u(t) = Kx(t), generates an input u(t) that, when fed back to the system,
makes it behave as if the eigenvalues of the system were at different locations [i.e., the input
u(t) makes it behave as a different system, the behavior of which is, we hope, more desirable

than the behavior of the original system].

Theorem 2.7.1. For the system (2.96)), there exists a control law u(t) = Kxz(t), K € R™*"
such that the n eigenvalues of A + BK can be assigned to arbitrary, real or complex-

conjugate, locations if and only if the pair (A, B) is controllable.

Since, we can displace with a state feedback law only the controllable eigenvalues of the pair

(A, B) from A to A + BK, we have the following corollary.

Corollary 2.7.1. The uncontrollable eigenvalues of (A, B) cannot be shifted by state feedback.

It is now quite clear that a given system (2.96) can be made asymptotically stable via the state
feedback control law u(t) = Kz(t) only when all the uncontrollable eigenvalues of A are
already in the stable region. This is so because state feedback can alter only the controllable

eigenvalues.

Definition 2.7.2. The pair (A, B) is called stabilizable if and only if all its uncontrollable

eigenvalues verify |arg(sec(A))| > a7.

Example 2.7.1. Consider the stabilization of the following fractional order system described
in (2.96) for the fractional order 0 < o < 1 and with parameters as follows
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-1 0 1 -1 0
A= 01 2]|,B= 0 1|,a=05
5 2 1 0 O

The eigenvalues of the matrix A are \y = 3.6139, A\ = —2.8108, A\3 = 0.1969. According
to Theorem (2.4.2)), the system is unstable as can be seen in Figure (2.9). The controllability

Figure 2.9: State responses of the open-loop system with oo = 0.5.

matrix is
10 -1 0 6 2
C=]101 0 1 10 5
00 5 2 0 4
and its rank is
rank(C) =3

The system is then stabilizable. We wish to determine K so that the eigenvalues of A + BK
are at —1,—2.8108, —2. We obtain

3.4337 09728  2.3199
—0.9433 —-3.3771 —2.5122

as the appropriate state feedback matrix. The resulting closed-loop system is then asymptoti-

cally stable as shown in Figure (2.10).
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Figure 2.10: State responses of the closed-loop system with o = 0.5.

Since it is highly unrealistic to assume that all states are measured, then the stabilization by
state feedback is not always possible. In the following, we will focus to find an feedback
which gives desired closed loop eigenvalues for system where only outputs are available for
feedback.

2. Stabilization by Static Output Feedback
The static output feedback problem concerns finding a static or constant feedback gain to
achieve certain desired closed-loop characteristics. The output feedback control problem is

much more difficult to solve when compared to state feedback control problem. Consider the

system (2.96).

Definition 2.7.3. The fractional-order system (2.96) is said to be detectable, or the pair (A, C)
is detectable if there exists a gain L € R™*P such that
larg(spec(A + LC)| > ag

Theorem 2.7.2. For the system (2.96)), there exists a gain L such that the n eigenvalues of
A+ LC can be assigned to arbitrary, real or complex-conjugate, locations if and only if the

pair (A, C) is observable.
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Since, we can displace only the observable eigenvalues of the pair (A, C') from Ato A + LC,

we have the following corollary.

Corollary 2.7.2. The unobservable eigenvalues of (A, C') cannot be shifted from A to A+ LC.

and then we can make the following definition.

Definition 2.7.4. The pair (A, C) is called detectable if and only if all its unobservable eigen-
values verify |arg(sec(A))| > aF.

The stabilization of (2.96) by static output feedback is now introduced.

Definition 2.7.5. The system (2.90)) is stabilizable by static output feedback if there exists a
control law u(t) = Ly(t), L € R™*P such that the closed-loop system

D%x(t) = (A+ BLC)x(t)

is asymptotically stable, or equivalently

Le.,
T

larg(spec(A + BLC)| > ag

It is now quite clear that a given system (2.96) can be made asymptotically stable via the
static output feedback control law u(t) = Ly(t) only when all the unobservable and the
uncontrollable eigenvalues of A are already in the stable region. This is so because static

output feedback can alter only the observable and the controllable eigenvalues.

Example 2.7.2. Consider the fractional-order system (2.96)) with the following parameters

O = = O
—_ O O N
S O W O Ut

Obviously, when u(t) = 0, the system ([2.90)) is unstable because the eigenvalues of the matrix
A are 2 and 3, which are outside the stability area as can be shown in Figure (2.11).
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Figure 2.11: State responses of the open-loop system with o = 1.5.

The observability matrix is

1 0 0

0 1 0

1 4 5

O =

0 2 6

6 12 44

6 4 30

and the controllability matrix is

115 1 18 6
C=1(1020 10 6
0011 8 4

Since rank(Q) = 3 and rank(C) = 3, the system is observable and controllable, so all its
eigenvalues can be shifted by static output feedback u(t) = Ly(t). To get the eigenvalues of
the closed-loop system at {—2.9847, —2.0251, —0.9902}, the static output feedback gain can
be computed in several different ways. For simple problems it is convenient to introduce the
elements of L as unknown parameters, determine the characteristic polynomial of the closed-
loop system and identify it with the desired characteristic polynomial. the resulting static
output feedback gain is

L 147.1667 —155
—4.1667 1 '
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The closed-loop system D“x(t) = (A + BLC)x(t) is then asymptotically stable. This result
is shown in Figure (2.12))

2000

nnnnnn

nnnnnn

Figure 2.12: State responses of the closed-loop system with o = 1.5.

2.7.2 LMI Conditions

According to section 2.5 of Chapter 2, we have seen that there are two £LMZ conditions for stability
of fractional order linear system 0 < a < 2. Which leads us to study stabilization of the system
(2.96) in both cases 1 < av < 2and 0 < o < 1. The aim is to compute a static state feedback control
law of the form u(t) = Kxz(t) where K € R™*" is a constant matrix gain such that the stability of
the closed-loop system

D%x(t) = (A+ BK)x(t) (2.117)
is ensured, which means that
T

larg(spec(A + BK)| > ag

1. Casel < a<?2
The problem, when 1 < o < 2, is a well known problem in LMZ control theory. A solution
of this problem is provided by the LMZ region framework [29]. In order to obtain an LMZ

condition, a linearising change is applied and leads to Theorem (2.7.3).

Theorem 2.7.3. [42]]The fractional-order system (2.96) with 1 < o < 2 is stabilizable by state
feedback control u(t) = Kz(t) if and only if there exist matrices X € R"*" = 0,Y € R™*"
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such that
Y %
I ) (2.118)
Yy Yo
with
211 = 222 = (AX + XAT + BY + YTBT> SiIl(Oé%)
Y1 = (AX — XA+ BY — Y"BT) cos(al)
In this case, a stabilizing controller is given by:
K=YXx! (2.119)

Proof. (Necessity) Suppose there exist a gain matrix K € R™*" such that the closed-loop
system (2.117) is asymptotically stable. So there exists X > 0 such that the condition (2.69)
holds since it is equivalent to that in Theorem taking A + BK instead of Awhich leads
to a nonlinear matrix inequality. Using the linearising change Y = K X, the relation (2.118)
is obtained. (Sufficiency) By substituting Y = K X in (2.118)), the asymptotic stability of the

closed-loop system (2.117) is easy to check. [
Example 2.7.3. Consider the fractional order system (2.96) with the following coefficients:
a = 1.5, and

10 0 O 100

02 0 0 010

A — s B =
00 -3 0 0 01
00 0 —4 1 11

The eigenvalues of the matrix A are {1,2,—3, —4}, thus they don’t all lie in the stable region
described by ([2.66) which concludes the corresponding system is not asymptotically stable.
In this example, the objective is to design pseudo-state feedback controller u(t) = Kz (t) such
that the closed-loop system (2.117)) is asymptotically stable. solving LMT in Theorem
(2.7.3)), it can be obtained that
[ 49707 0.0643 0.9094 —1.0784 ]
0.0643  4.5115 1.2248 —1.5149
0.9094  1.2248 4.3854  0.6673
—1.0784 —1.5149 0.6673  3.6336

_0.8244 0.0295 —0.1614 0.1995 |
Y =10° | —0.0004 —1.2251 —0.3042 0.3779
0.3321 04702  0.8586 0.3587

X =10*
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The state feedback controller is given by

—1.6053 0.1730 —0.1084  0.1647
K= —0.0402 —2.8028 0.1222 —0.1627
0.7443  1.1880 1.2474  1.4743

The eigenvalues of the matrix A+ BK are as follows {—3.6076, —0.6328, —0.7220, —0.7220}
which confirms that the resulting closed-loop system is asymptotically stable, its state re-

sponses are illustrated in Figure (2.13))

Figure 2.13: State responses of the closed-loop system with o = 1.5.

2. Case 0 <a<1
In order to extend Theorem (2.4.3) to synthesis, a linearising change of variable must be
found. Finding such a change of variable may appear more difficult than in the previous cases
as variable X involved in LMZ is complex when the controller gain K to be found is
real. However, LMZT of Theorem has been formulated such that rX + 7.X is
real. Replacing A by A + BK and applying the change of variables Y = K (rX + 7X) thus
allows to obtain the following necessary and sufficient condition for the design of a pseudo-

state feedback controller with real gain.

Theorem 2.7.4. [42)] Fractional system (2.96) of order 0 < o < 1 controlled by the static
state feedback u(t) = Kx(t) is asymptotically stable if and only if there exists matrices X €
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C™™ =0, Y € R™ " such that
(rX +7X)"A"+ ArX +7X)+Y'B"+ BY <0 (2.120)
where r = e/'=*)3 A stabilizing controller gain is then:
K=YrX+7rX)! (2.121)

Proof. LMZ (2.120) together with relation (2.121]) follow directly from discussion above. To
prove the regularity of the matrix 7 X +7X involved in (2.121)), we will show that it is positive
definite, which means that all its eigenvalues are strictly positive. From the fact that the matrix

rX 47X is real, then it is positive definite if and only if
Ve e R", 27 (rX +7X)x > 0
Since x™ Xz is a positive real, then

' Xe=2TXxr=2"Xzx

then
T (rX +7X)r = (r+7)2" Xa
When 0 < a < 1,7 +7 = 2sin(af) > 0 which implies that
2" (rX +7X)x >0
Therefore r X + 7X is invertible. Consequently, relation (2.121) always holds.

]

Example 2.7.4. Considering the following continuous fractional-order system (2.96) with

1 01 2 0
a=05A=]|0 2 1|,B=]346 14
1 -3 0 2.8 0.2

We can easily get that the open loop of the system (2.96) is unstable because all of the eigen-
values of the matrix A are {0.3177,1.3412 + j1.1615,1.3412 — j1.1615} and do not lie in
the stable area described in Figure (2.3)). This can be confirmed in Figure (2.14).
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Figure 2.14: State responses of the open-loop system with o = 0.5.

Using MATLAB LMI Control Toolbox to solve (2.120)) in Theorem (2.7.4), we can obtain the

feasible solutions as follows

504.4855 240.3975 241.2208
X = | 240.3975 543.1452 541.8596
241.2208 541.8596 687.5943

—593.1776 —314.2401 133.7964
803.5579 —507.7170 —94.1131

Furthermore, we can get that

—1.1514 —3.1151 3.0534
2.5733 —4.8479 2.7808

It is easy to verify that system (2.96) is asymptotically stable because all of the eigenvalues of
the matrix A + BK are

{—1.2850, —3.2387 + j7.3369, —3.2387 — j7.3369}

and verify the condition (2.66)).

With the control gain matrix K obtained, we can draw the state figure of the closed-loop
system shown as in Figure (2.15)). It is easily to see that although the open loop fractional
order system is unstable, by Figure [2.15)), the closed-loop fractional order system can be
stabilized by the control law u(t) = Kx(t).
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Figure 2.15: State responses of the closed-loop system with o = 0.5.

2.8 Conclusion

The preceding paragraphs have been devoted to the description of the non-integer derivation and
its use in modeling. After introducing specific functions for non-integer differentiation, the gamma
function and the Mittag-Leffler function, the operator of non-integer integration and its properties
was presented. Then, three approaches more popular and more practicable, which are those of
Griinwald-Letnikov, Riemann-Liouville and Caputo are highlighted. Note that only the commen-
surable non-integer models admit a pseudo state representation whose form is comparable to that
of the integer models. The solution of the state space equation hes been derived using the Mittag-
Leffler by the Laplace transform. We presented the basic results on the stability of fractional linear
systems in the case where the stability domain is a convex domain (that is, when the fractional order
derivative « is between 1 < a < 2) and in the case where the stability domain is a non-convex
domain (with 0 < v < 1). The results obtained in the literature are cited with their detailed proofs.
The controllability and the observability have also been defined with some existing algebraic criteria
in the literature. Sufficient and necessary controllability condition has been given and demonstrated
for fractional continuous time linear system. We analyzed and solved the minimum energy control
problem for this class of systems. The theoretical proposed solution is assessed by some simulation
results. The focus is subsequently on the stabilization problem of fractional systems.The stabiliza-
tion by state feedback and static output feedback of FOS was highlighted.

The following Chapter deals with the admissibility of fractional singular systems, and new necessary

and sufficient conditions are proposed for open-loop and closed loop systems in LMZ forms.
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Chapter 3. Singular Fractional-Order Linear Continuous-Time Systems

3.1 Introduction

Research on dynamic systems often requires mathematical modeling of system behavior. A large
class of physical systems can be modeled by Differential-Algebraic equations known also as sin-
gular systems. This chapter is addressed to a new family of so-called singular linear systems with
non-integer order derivatives. These systems are described by the following fractional differential
equation

ED%(t) = Az(t) 0<a<2 (3.1)

The models of systems of the form (3.1]), which are called fractional singular systems in [54}, 94} 97,
are of great interest for modeling many practical processes like their counterparts the singular linear
systems of the form (Fx(t) = Ax(t)). To begin a motivation example of singular fractional elec-
trical circuit is presented, then analysis of the singular fractional-order systems in the continuous
context is initiated. As for integer-order systems systems, it was proved that the stability of linear
fractional-order systems depends on the localization of the eigenvalues in the complex plan. Con-
sequently, many works, specially those derived via linear matrix inequalities (£LMZs), have been
proposed (see for example [42,150,165, 94, 111]]). Therefore, for a singular fractional-order system, it
is important to develop conditions which guarantee that the given singular system is not only stable
but also regular and impulse-free. In the literature, it is reported that such conditions can usually be
obtained by decomposing singular systems into slow and fast sub-systems [130]]. However, this may
lead to some numerical problems. Furthermore, from the mathematical point of view, the decom-
position approach is not elegant. Thus, attention in this chapter will be focused on the derivation
of such conditions without decomposing the original singular system, and a linear matrix inequality
(LMZT) approach will be developed. Necessary and sufficient conditions of admissibility for singu-
lar fractional-order continuous-time systems are proposed in strict LMZ terms. By employing the
derived results, the behavior of the closed-loop system is then determined by static output feedback

controller for the case 1 < o < 2 and by observer based controller for the case 0 < o < 1.
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3.2 Illustrative example

Consider electrical circuit [54] shown on Figure (3.1) with given resistance R, capacitances C, Cs, C's

and source voltages e; and eo. Using the Kirchhoff’s laws.

R
| I |
\

C'l ::l U1 C3 ::T us C'Z ::l (15
A €1 €9 »
(<) (-0
_/ _/

Figure 3.1: Electrical circuit

We can write for the electrical circuit the equations

€1 = RCl + Do‘ul + Ut + us (El)
0= C’lDaul + CgDau2 — C3DQU3 (EZ)
€2 = U + Ug (E3)

The equations (E1)-(E2))-(E3) can be written as

RC; 0 0 Uy -1 0 -1 Uy 10
e
Ol 02 _03 D* U9 = 0 0 0 U9 + 0 0 [ 1] (32)
e
0 0 0 us 0 -1 —1 | | us 0 1 2
which has the form
ED% = Au + Be
with
RCy O 0 -1 -1 10
E=| ¢ ¢, -C3|, A= 0 0 0 |,B=|00 (3.3)
0 0 0 -1 -1 01
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and

Uy
w=| u ,62[61] (3.4)

Note that the matrix £ is singular since det(E) = 0 but the pencil

RCys*+1 0 1
det(s*E — A) = C18” Cys® —C5s”
0 1 1
= (RClso‘ + 1)(CQSa + CgSa) + C'lsa (35)

is not identically zero, then it is regular. Therefore, the electrical circuit is a singular fractional linear

system.

Remark 3.2.1. If the electrical circuit contains at least one mesh consisting of branches with only
ideal supercondensators and voltage sources then its matrix E is singular since the row correspond-
ing to this mesh is zero row. This follows from the fact that the equation written by the use of the

voltage Kirchhoff’s law is algebraic one.

3.3 Generalities About Singular Fractional-Order Systems

3.3.1 Preliminaries Results

Considering the following singular fractional-order (SFO) continuous time system described by

ED*x(t) = Ax(t)+ Bu(t),0 <a <2,

3.6
y(t) = Cz(t). G0

where « is the time fractional derivative order, z(f) € R" is the pseudo-state, u(t) € R™ is the
control input and y(¢) € R? is the output. A € R™", B € R™™ and C' € RP*" with rankC' = p
and matrix £ € R™*" is singular with rank £/ = r < n.

The unforced SFO system of can be written as

ED%z(t) = Ax(t). (3.7)

First, we present some preliminaries results on singular fractional-order systems
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Definition 3.3.1. The SFO system (3.7) or the pair (E, A) is said to be regular if there exists an

unique solution x(t) for a given initial conditions.

As in [34]], the following lemmas which generalize well known results of singular “integer-order”

systems to singular fractional-order singular systems were proposed in [94, 97]].

Lemma 3.3.1. The SFO system (3.7) or the pair (E, A) is said to be regular if and only if det(s*E —
A) is not identically zero, where s € C.

Lemma 3.3.2. The SFO system (3.7) or the pair (E, A) is said to be impulse free if (3.7)) is regular
and deg(det(AE — A)) = rank E, where A € C.

Lemma 3.3.3. The SFO system (3.7) or the pair (E, A) is said to be stable if
jang(spec(B, A))| > a7,

where spec(FE, A) = {\/A € C, A finite, det (A\E' — A) = 0} denotes the set of finite modes for the
pair (E, A).

Lemma 3.3.4. The singular linear fractional-order system is admissible if
(i) the pair (E, A) is regular.

(ii) the pair (E, A) is impulse free.

(iii) the pair (E | A) is stable.

Let the pair (E, A) be given, then it is always possible to find non-singular matrices M and N
A A

Ag1 Ag
via singular value decomposition of matrix £ followed by scaling of the bases. Then we have the

I, 0
such that MEN = [ 0 0 ] and M AN = . This decomposition can be obtained

following lemmas.

Lemma 3.3.5. Let the pair (E, A) is regular. Then, the pair (E,| A) is impulse free if and only if Ao

is invertible.

Lemma 3.3.6. Assume that the pair (E, A) is regular. Then

(i) There exist two invertible matrices M and N satisfying

I
MEN =
0

A0
 MAN = (3.8)
0 [nfr
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where A; € R™" and | € R")%("=") g nilpotent.

(ii) The pair (E, A) is impulse free if and only if F = 0.

Lemma 3.3.7. The SFO system (3.7) is admissible if and only if
(i) The pair (E, A) is regular, that is det(AE — A) is not identically zero, where A € C.
(ii) the pair (E, A) is impulse free, that is deg det(\E — A) = rank F, where \ € C.

(iii) the finite modes of the pair (E, A), which are the eigenvalues \; of matrix Ay in system (3.8)),
satisfy |arg(A;)| > aF fori=1,... 7.

3.3.2 Solution of Singular Fractional Linear Systems

For the regular system (3.6) with 0 < o < 1, the solution was derived in first time by T. Kaczorek
in [54]] and later by D. Bouagada and Van Dooren in [14]]. Our contribution is a new approach to
compute solution of state space singular fractional-order linear continuous-time system. xz(t) and
u(t) are supposed continuously derivable. The boundary conditions are given by z(0) = z,. We

assume that the pencil (F, A) is regular, then there exists non-singular matrices P, ) € R™*" such

that
A0
3.9

I,, 0
PEQ=|"™ , PAQ =
? [0 M] ? 0 I,

where n; is equal to the degree of the polynomial det (FA — A), A; € R™>*™ M € R"*"2 jga

nilpotent matrix with the index 0 i.e.,
M° =0and M°~1 #0

and n;, +ny = n We have assumed that the pencil (EA — A) is regular, than the pencil (EA® — A) is
also regular. As in [34], we can then apply the weierstrass decomposition to the dynamical equation
of the system (3.6) with

I,, 0
0 M

E=P"!

] Q_l,A: P—l

A 0]
3.10
) LJQ (3.10)
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which yields

I,, 0
0 M

A0
0 I,

P*l

] Q'“dx (t) = P!

] Q 'z (t) + Bu(t) (3.11)

premultiplying (3.11)) by the matrix P € R™*" and introducing a new state vector 7 (t)

I,, O A0
d“z (t) = Z(t)+ PBu(t (3.12)
[0 M] 0= ]nj (1) + PBu ()
where
z1 (T
T(t)=Q 'x(t) = 1(t) ,x1 () € R™ xq (t) € R™ (3.13)
2 (1)
is partitioned according to the matrices.
and
Bl X X
PB = , By € RM™™ By, € R"7™ (3.14)
2
then we obtain two new subsystems
dal'l (t) = A1[E1 (t) + Blu (t) (315)
Mdal'g (t) = T2 (t) + BQU (t) (316)
Note that
x
Q_lﬂ?o = 0 ,T10 € Rn17$20 c R™
220
By Theorem (2.3.1)), the solution of the subsystem (3.15])) is given by
t
X1 (t) = CDIO (t) 10 + / CI)H (t — T) Blu (T) dT (317)
0
where
> Ak tka 0 Akt(k+1)a71
D (t) = — L ®,(t) = -1
1o (1) %r(mﬂy 1 (t) T ((k+1)a)

Based on the fact that the matrix M is nilpotent, we deduced the solution of the subsytem (3.16)).
If M = 0, we have that
i) (t) = —BQU (t) (318)
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and we are done. If not, premultiplying by M gives
M? d®zq (t) = Mxy () + M Byu (t) (3.19)
consequently, the derivative of order «v of (3.19) gives
M?d**xy (t) = M d®zy (t) + M By d®u (t) (3.20)

Now we insert the equation (3.16)) into (3.20)).
This gives
Ty (t) = —Bou (t) — M By d®u (t) + M*d**x, (t) (3.21)

If M? = 0 we derive the solution, otherwise we continue until M° = 0 for some § since M is
nilpotent. By continuously taking derivatives with respect on both sides of equation (3.16]), and
consider as in [17] the following analogue of the derivative of first order with the derivative of non
integer order
d® =dod® ... d" (3.22)
i times

we readily deduce that the solution x5 is given by
2o (t) = —Byu (¢ ZMZ B, du (3.23)

Note that 5 is a linear combination of derivatives of u(t) at time ¢. Therefore, the following theorem

has been proved.

Theorem 3.3.1. Consider a system described by (3.6) with 0 < « < 1 and the initial condition
given by x (0) = xq. If the system (3.6) is regular, its solution can be described by

r(t) = Q [OL“ ] (@10 () :c10+/0t<1>11 (t — 1) Biu (1) dr)

noXni
( Bou (t ZM’B dy )

OTL1 Xng

+Q

n2

and the output is given by the formula

ni

(@10 (t) x10 + /Ot Oy (t —7) Byu (1) dT)

<32u ZM’ s du >

ng Xni

n1 Xng

+OQ

n2
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where
> Aktka 0 Akt(k+1 Ja—1
Dy (t 1 () = _—
— F (k+1)a)

We conclude the section with an example.

Example 3.3.1. Consider the system (3.6) with 0 < o < 1 and the following data

1 000 0000 0
0010 1 000 0
E = VA= , B = ,
00 0O 0100 0
0 00O 00 01 1
Cc = [1 10 1},D=O
and the initial condition
1
1
Tog =
0
1
It is easy to make sure that
1 0 00 1 000
01 00 0010
P= Q=
0010 01 00
00 01 00 01
(1 0 0 0]
. 01 00
E=PEQ =
00 0O
0 0 0 0]
[0 0 0 0]
R 1 0 00
A= PAQ =
0 010
0 0 0 1]

3.3. Generalities About Singular Fractional-Order Systems 88



Chapter 3. Singular Fractional-Order Linear Continuous-Time Systems

A Bl
B=PB=B=
By
By making the following change of variable, we obtain
~ 0010 t T (t
X()=Q )= Bt I
Note that )
- Ty (t ~ T3 (t
O Ml I AR
Ty (t) Ty (t)]
It follows o
0 0] - 0
d“X,(t) = Xi(t) + w(t
1 (1) L 0] 1 (1) o) (t)
- 0
0 = X (t) + ) U (t)

and the initial condition

remark that

then
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and

Finally, we get

1 1

_t 0

z(t) = Q | 7@ t
0 T(a+1)
—u(t) —u (t)

and the output result is
y(t)=Cx(t)=1—-wu(t)

3.4 Admissibility of singular fractional-order systems

The stability and the admissibility of singular fractional-order systems have been proposed in few
works notably in [118, 97] where conditions are given in terms of linear matrix inequalities, which
are derived using the decomposition on the matrices of the original. In [133]], results derived for the
admissibility were obtained under the regularity assumption.

In this section, strict LMZ admissibility conditions are given for open-loop system (3.7), using the

matrices of the original system. Both cases 0 < o < 1and 1 < o < 2 are treated separately.

3.4.1 Admissibility of singular fractional-order systems, case 1 < o < 2

The following theorem gives necessary and sufficient conditions for system (3.7) with fractional-

order derivative « satisfying 1 < o < 2 to be admissible.

Theorem 3.4.1. The SFO system (3.7) is admissible if and only if the following equivalent statements
hold:
(i) There exist matrices X = 0 and Y satisfying

Sym{© ® AT(XE + E,Y1)} <0, (3.24)

where Ey € R™ ") is any matrix of full column rank and satisfies E"Ey = 0.

(ii) There exist matrices X > 0 and 'Y satisfying

Sym{© ® A(XE” + E,Y")} <0, (3.25)
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where Ey € R™ "7 is any matrix of full column rank and satisfies EFEy = 0.

(iii) There exists a matrix P satisfying

E'P=P'E,E'P =0, Sym{© ® AP} < 0. (3.26)
avec
inf 0
o sin cos PR az
—cosf sinf 2

Proof. First, we prove that the admissibility and (i) are equivalent.

Sufficiency - Assume that the inequality (3.24)) holds for some matrices X > 0 and Y. Since
rank /' = r < n, invertible matrices M and N can always be found by rank decomposition or by

singular value decomposition such that

A
MEN = . (3.27)
0 0
Let )
A, A 0
MAN = | “" 72 By=MT . (3.28)
A21 A22 i ]n—'r

From the invertibility of the matrix M we have that the matrix Ej is of full column rank and satisfies
ETEy = 0. Let

X X Y,
X=MT| """ Pl Mmy=NT| " (3.29)
X21 X22 }/2
From (3.27), (3.28)) and (3.29)), we obtain
A" (XE+ E)Y") =N"TAN™!
with
— AT X+ AR YT AL Ys

Al X+ ALXT, + ALY ALY
By using the property of the Kronecker product, we get

O® (A" (XE+ EY")) =(1,.0)® (N (AN))
[ NT 0

- (0® A4)
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with
O0d— Ay A
—Ap Ap ’
and
y AT X + ALY cos 6 ALY, cos
(AL X1 + ALXT + ALY ) cos® ALY cost
Then

Sym{O© @ (AL(XE + E,)Y1))} =

— —T — —T
NﬁT 0 All + All A12 - A12 Nil 0
=T - —T
Consequently
Sym{O ® (AT(XE + E;YT))} < 0= A, + A;, < 0
Knowing that

— —T * *
A+ A, =
TTTT  (ALYT 4+ YaAy) sin@]

we deduce that
A%;}/QT + }/VQAQQ <0

since sin @ > 0. Therefore Ay, invertible, which means that the system (3.7)) is regular and impulse

free (see Lemma [3.3.5)).

Since the system (3.7)) is regular and impulse free, invertible matrices L and R can always be found

such that

T

A O
LER = . (3.30)

0 Infr
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Let
X1 X Y] 0
X=717|"" "Bl Ly=RrT| | E=1L" . (3.31)
X21 X22 2 In—r
From (3.30) and (3.31), inequality (3.25)) is equivalent to
RT 0 o1 O R 0
o <0, (3.32)
0 R T (5?2 511 0 R

with
§ii — [ (A{Xll —|—X1TlA1) sin (X12 —0—}/1) sin 6
! (X5, +YT)sind (V{7 +Y3)sin6
5o [ (ATX1 — X{1 A1) cosf — (X124 Y7) cosd
. (X1T2 + YIT) cos (YQT — Yg) cos 6

The inequality (3.32) is equivalent to

5, 0
[ " 12] <0, (3.33)

6Ly i

which is equivalent to
(AF{XH + XlTlAl) sin 6 (AF{XH — XlTlAl) sin 6
(XA — ATX11) cosf (AT Xq; + X[ Ap) sin
(X1T2 + YlT) sin 6 (XlT2 + YIT) cosf
— (XL +Y{) cost (X% +Y{) sind
(X2 +Y1)sinf — (X9 +Y7)cosf

(X12+Y1)cos®  (Xio+Y7)sind <0
(Vif+Ys)sing (V) —Y5) cosf '
(Yo=Y )cos (Y3 +Y>)sinb
Then, we deduce that
(A{Xll + XiTlAl) sin 6 (A{Xll — X’ﬂAl) cos -0 (334)

(XlTlAl — A{XH) cos (A{Xll + XlTlAl) sin 6

From Theorem (2.4.2) and Theorem (2.4.4), Since X;; > 0 the inequality (3.34) guarantees the
asymptotic stability of the system D%z (t) = Ajxq(t), x1(t) € R". Then system (3.7) is stable.
Consequently system (3.7) is admissible since it is regular, impulse free and stable.
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Necessity - Assume that the system (3.7]) is admissible, then it is always possible to find non-singular
matrices L and R such that (3.30) holds. From Lemma|3.3.3| we have spec(F, A) = spec(A;). Then

we get

larg (spec(A;))| > %

According to Theorem|1.3.1] there exists a matrix X; € R"™" = 0 such that

Sym{O© ® (AT X,)} < 0. (3.35)
Let
0 Y; X, 0
Ey=L"T Y=RrRT| '], x=17|"" L, (3.36)
]n—r }/2 0 In—r

where ETEy = 0,,.
Using (3.30) and (3.36)) and some direct computation, we obtain

Sym{6 @ (AT(XE+ By ™)} = | & [A+a"] m0
ym =
’ 0 RT 0 R
where
AT X, sin@ 0 AT X cost 0
e 0 —1I,_,sin6 0 —1I,_,cosf
—AT X cosd 0 AT X, sind 0 ’
0 1,_,cosf 0 —1,_,sinf
and
Z + Z _ X; X2 :
X2 X1
with
- (A{Xl —|—X1A1) sin 6 0 . (A{Xl —XlAl) cosf 0
e 0 o1, ,sing | 0 01

Now, to prove Sym{O® (AT (X E+EyY™T))} < 0, it suffices to prove x; < 0and x1—xa2X; x4 < 0.
Indeed, from inequality (3.33), we have x; < 0. We have also
X1 = XoXi X3 =

(ATX, + X, A1) sin 6 0 _(Mm—x&mwolx
i 0 —21,_,sin® | 0 0
[ (ATX, 4 X A) T L 0 ][ (x4, — ATX1)cosf 0
i 0 o 0 J
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= 0
|0 —2I,,sind

where

2
Y= (A{Xl + X1A1> sinf — (A{Xl — XlAl)(A’{Xl —+ XlAl)_l(XlAl . A{Xl)COS 0

sin 6

From (3.33)), we get ¥ < 0 and then y; — x2x; ‘X4 < 0 which guarantees
Sym{0© ® (AT(XE + EyYT))} < 0.

This completes the proof of the equivalence between the admissibility of the system (3.7)) and (7).
The equivalence between items (¢) and (i7) can be obtained from the fact that the pair (E, A) is
admissible if and only if the pair (E”, A”) is admissible.
Indeed, we have
det(s®E — A) = det(s*E — A)T = det(s*ET — AT)
and
deg (det(AE — A)) = deg (det(A\E — A)") = deg (det(AE" — A™))

which shows that the pair (£, A) is regular and impulse free if and only if the pair (ET, AT) is
regular and impulse free. On the other hand, from Lemma if the pair (E, A) is regular and

impulse free, there exist two non-singular matrices M and /N such that

I, 0 A 0
E = M N7 A — M N;
0 0 0 I,
then we have
ET = NT Iy 0 MT AT = NT Ay 0 MT.
0 0 ’ 0o I,

In that case, the stability of the pair (£, A) depends entirely on A; or equivalently on AZ. This can
be shown from Theorem (2.4.4). Consequently, the stability of the pair (£, A) is equivalent to that
of the pair (E”, AT). This proves the equivalence between items (z) and (i7).

The proof that (i) is equivalent to (7i7) results directly from the equality between the following sets

E = {XeRY"": "X =X"E, E"X > 0,rank E" X =1 },
A = {X=PE+EQ:PeR™, P>0,QeR""},

where E, € R"*("7) is a matrix of full-column rank such that E”E, = 0, and » = rank F. This

completes the proof of Theorem 3.4.1 [
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Remark 3.4.1. Notice that for the case E = I, we get Ey = 0,, and LMZT conditions given in
Theorem[3.4.1|are reduced to LMT conditions given in Theorem[2.4.4)}

On the other hand, for o = 1, the obtained LML admissibility conditions of Theorem[3.4.1are only
the admissibility conditions for singular systems . From this viewpoint our result is a generalization

of the results obtained in previous works for integer-order singular systems (see [130]).

3.4.2 Numerical Examples

Consider the linear singular fractional-order system (3.7)) with the following data:

1 2 3 -1 2 0
F=|123|,A=|-3 -4 1|,a=15 (3.37)
1 2 3 0 0 -2

The system is admissible. Indeed, det(s*E — A) = 38s™ + 20 which is not identically zero
and impulse free with s* = \. The finite mode of the pair(E, A) lives in the stability region since it
is equal to —%. This can also be verified by solving the linear matrix inequality in Theorem
which is feasible, and concludes that the singular fractional-order system is admissible.
A feasible solution solution of (3.25]) is as follows

4.0117 —1.5249 —1.3670 0.5736 0.3607
X = | —1.5249 15061 —0.4056 |, Y = | 1.1342 1.3679
—1.3670 —0.4056  1.4156 1.3225 1.9889

The state response of system (3.37)) is shown in figure which confirms that it is asymptotically

stable and its states converge to zero.

3.4.3 Admissibility of Singular Fractional-Order Systems, case 0 < o < 1

Here, we focus with the admissibility problem of the system (3.7) with 0 < o < 1. The following
theorem gives necessary and sufficient conditions for the admissibility of (3.7).

Theorem 3.4.2. The singular fractional-order linear continuous system (3.7) with order 0 < o < 1
is admissible if and only if there exist matrices X = X* € CV™ = 0, Y € R (") such that

Sym{A ((zX +zX)E" + E;Y")} <0 (3.38)

where Ey is any matrix of full rank column that satisfies EEy = 0 and z = ¢/ ~%)3.
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X,

20 H 20 4
*¥3

25 1 1 I 1 1
i}

Time(s)

Figure 3.2: Time response of z(¢) with 2(0) = [—1, —3, —2]% and fractional order o = 1.5.

Proof. Sufficiency - Assume that the inequality holds for some matrices X = X* € C™*" >
0and Y € R™ (") Since rank F = r < n, invertible matrices M, N can always be found such
that

MEN = [ L0 ] : (3.39)

0 0

The matrices M and N are not unique and can be obtained either by rank decomposition or by
singular value decomposition.
Let
A Ap

A21 A22

MAN =

0
By =N [ ] . (3.40)

n—r

Then from (3.39), (3.40) and the invertibility of the matrix /N, we have

EEOZJ\/[_1 I 0 N7'N ’ :Onx(nfr)'
0 0 L,_,
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Let us now define matrices X and Y as

Xll X12
X21 X22

X =N Ny =M1 . (3.41)

Y,
Tacking account (3.39), (3-40) and (3.41)) into (3-38)), we get ¥ + X7 < 0 with

YS=A((:X+2X) E" + EgYT)
AH (ZX11 + EX_H) + A12 (ZX21 + §X_21 -+ )GT) A12)/2T

= Mt x o T
Ag (ZXn +5X11) + Ay (2X21 +2zXo + YlT) AgpYy

which implies
AnYy + Y2 AL, < 0.

Therefore the matrix Ay is invertible which means that the system (3.7) is regular and impulse free.
Since the system (3.7) is regular and impulse free, invertible matrices L and R can always be found
such that

I. 0 A 0
LER = LAR = . (3.42)
0 0 0 I,
Let now,
Xy X Y, 0
X=Rr| " "PIRTY=1"'""| E,=R . (3.43)
Xo1 Xoo 2 e

From (3.42)) and (3.43) and the invertibility of the matrix L, the condition (3.38)) is equivalent to

Q1 Q
[ 1 2 <0,

Qf, Qa0

where

QH = Al (ZX11 + EYH) + (ZX11 + Eyll)T A{,
Qiz = (2Xn +5721)T + Y1,
Qo = Yo + Yy

It follows that (;; < 0. From Theorem (2.4.3), we deduce that the system D%z(t) = Ajx(t) is
stable, and consequently the system (3.7) is stable. We conclude that the system (3.7)) is admissible
since it is regular, impulse free and stable.

Necessity - Assume that the system (3.7) is admissible. Then invertible matrices can always be
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found such that (3.42)) holds and the system D%z (t) = A;x(t) is stable. Then according to Theorem
(2.4.5), there exist a matrix X; = X; € C™" > 0 such that

Ay (2X0 +2X) + (2X, +2X,) " AT <0, (3.44)
with z = e/(1-®)3
Let matrices,
X, 0 . oo 0
X=R 0 / R)Y =1L JEy=R . (3.45)

It is easy to show that X = X™ and the matrix Fj is of full rank column and satisfies £ Ey = 0.
From (3.42) and (3.43)) and some computation, we have

Sym {4 (=X +2X) B+ Bpy™)) = £ | B X HE%) +0(le v AT o
Tacking into account (3.44)), we get

Sym{A ((zX +zX) E" + E;Y")} <0,
which completes the proof of the Theorem (3.4-2). O

Note that, since the admissibility of the pair (£, A) is equivalent to the admissibility of the pair
(ET, AT), we have

Corollary 3.4.1. The singular fractional-order linear continuous system (3.7)) with order 0 < o« <1
is admissible if and only if there exist matrices X = X* € CV™ = 0, Y € R™("") such that

Sym {A" ((:X +zZX)E+ EY")} <0 (3.46)

where Ey is any matrix of full rank column that satisfies ETEy = 0 and z = ¢/(1=®)%,
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Remark 3.4.2. Let remark that for E = I,,, Ey = 0 and the LML condition (3.38)) in Theorem
(3.4.2) is the same as the LMZI condition of stability for FOS given in Theorem (2.4.5)). If we take
o =1, (338) becomes Sym {A ((X + X) ET + E;YT)} < 0with X + X > 0as X - 0 which
means that we recover the admissibility condition for singular system (see Theorem (1.3.4).
Now, if we take E = I,, and o = 1 we obtain the Lyapunov stability for the system ©(t) = Ax(t).

According to this discussion, we deduce that the derived result in Theorem (3.4.2) is more general.

3.4.4 Numerical Example

Example 3.4.1. Consider the linear singular fractional-order system (3.7)) with o = 0.3 and

1 2 3 1 3 2
E=|123|,A=] 1 2 1]. (3.47)
100 -1 05 0.3
A feasible solution of the linear matrix inequality of Theorem is as follows:
0.4651 —0.5025 —0.1057 1.0968
X =1 —0.5025 0.6017 0.0932 |,Y = | 1.3352
—0.1057  0.0932  0.1454 0.8230

We conclude that the singular fractional-order system (3.47) is admissible. The state responses
of the selected system is shown in Figure which confirms that the system is asymptotically stable

and its states converge to zero.

Example 3.4.2. Now, we will consider the same system taken in Examplel in [135]

113 -1 1 0
F=|123|,A=|-3 -4 1],
1 2 3 0 0 -2

with o = 0.5.
Result of Corollary (3.4.1)) is applied. LMZL (3.40)) leads to

v 12,4104 —1.2979 v 1.4322
~1.2979 01395 | | 1.8691 |

Improvements over result obtained in [135] is that no assumption is required and the number of

variables involved in the LMI condition is really smaller than in [I35|] where there are five variables
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-25
0

Figure 3.3: State responses of the selected system (3.47))

to be determined. This confirms that the admissibility result in Theorem(3.4.2) and Corollary(3.4.1)

is indeed less conservative than that derived in [135)].

3.5 Admissibility of Closed-loop Systems

In this section, we shall deal with the stabilization problem for singular fractional-order systems. The
purpose is the design of controllers such that the closed-loop system is regular, stable and impulse-
free. Both state feedback and output feedback controllers are considered in the case 1 < o < 2 and
observer-based controller for the case 0 < o < 1. Based on the admissibility conditions presented in
the previous section, necessary and sufficient conditions for the existence of stabilizing controllers

are obtained and the stabilizing controllers design can be formulated.

3.5.1 Static output feedback controller design, case 1 < o < 2

As the state variables are rarely available in practical applications, an output feedback controller
is often applied. In the following, a static output feedback controller is proposed to ensure the

admissibility of the closed-loop system. Indeed, consider the static output feedback controller:

u(t) = Ky(t), (3.48)
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where K is the control gain matrix to be designed. Then the closed-loop system of the system ([3.6))
is

ED%x(t) = (A+ BKC) z(t). (3.49)
The following lemma will be used in the sequel.

Lemma 3.5.1. Given a matrix 11 € RP*™ with rank Il = p, then there exists a singular value

decomposition of the matrix 11 as follows
I=U [S OPX(nﬁv)} v,

where S = diag(oy,09,...,0,), 01 > 02 > ... >0, >0, U € R’ V € R"" qgre unita

matrices.
The following theorem gives necessary and sufficient conditions for system to be admissible.

Theorem 3.5.1. The closed-loop system (3.49) with order 1 < « < 2 is admissible if and only if
there exist matrices X > 0, Y and scalar vy > 0 satisfying

Sym {0 ® (A" (XE + EyY"))} — %QTQ < 0. (3.50)

where Ey € R™ ") is any matrix of full column rank and satisfies ETEy = 0 and

0= BT (XE+E0YT) sin 6 0
0 BT (XE+EyYT)sing |
The controller gain K is given by
sin 6 Syt

K =—

B (XE+ EY")V : (3.51)

v

O(nfp)Xp

with U and V are unitary matrices such that C = U [S 0] VT,

Proof. Necessity - By theorem (3.4.1]), we know that the system (3.49) is admissible if and only if

there exist matrices X > 0 and Y satisfying

Sym{©® ((A+ BKC)" (XE+ EY"))} <0. (3.52)

'A complex square matrix U is unitary if its conjugate transpose U* is also its inverse, that is, if
UrU =U0U*=1
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Inequality (3.52) is equivalent to
W+Sym{0® (KC)"G)} <0 (3.53)

with
W=sym{0® (A" (XE+ EY"))},G=B"(XE+ EY"). (3.54)

Inequality (3.53)) is equivalent to
W+ Sym {(L® (KC)") (@@ G)} < 0.

Then a sufficiently small scalar v > 0 can always be found such that

W+Sym{F"' (0@ G)} ++yF'F <0, (3.55)
with
F=1® (KC). (3.56)
Rewriting the matrix © ® G by
ORG=Q+Q, (3.57)
where
Q= Gsinf  0,,xn | 5 Opxn  Gcost | (3.58)
Opxn Gsind —Gcost  O,,xn
the inequality (3.55)) can be rewritten as follows:
1 1 1 ~  ~
W+7Oﬂ+;¢>(F+#0—;Q%HJJQ+¢T<O (3.59)
Choosing
in @
Ko =-"2g, (3.60)

we get (FT + %QT> (F + %Q) = 0y, and F7Q + QTF = 0,,. Then, (3:52) leads to inequality

(.50).
Since rank C' = p, from Lemma |3.5.1, we get C = U[S 0]V'Z. Then from (3.60), we obtain (3.51).

Sufficiency - Suppose that (3.50) and (3.31) hold for some matrices X > 0, Y and some real v > 0.
Indeed, for KC' = —*20(, (3.50) is equivalent to

1V+7(Ff+5f>(F+lQ)—lQ%9<Q (3.61)
y g g
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or equivalently
W+ F'Q+QT"F+~FTF <0

Knowing that yF'TF = 0, we obtain
W+F'Q+Q"F <0
From (3.57), with FT@ + CNQTF = 0g,, We get
W4+FTO26)+©2G6)"F <0
which is equivalent to
sym{0@ ((4+BKC)" (XE+ "))} <0

Using Theorem (3.4.1]), we conclude that system (3.49) is admissible. This completes the proof of
Theorem (3.5.1)). OJ

Remark 3.5.1. Note that, in most practical applications, the state variables are not available. Then,
an observer-based controller or output feedback controller are often considered. Here, the very
challenging problem of static output feedback control is studied. Indeed, a necessary and sufficient
condition to design a such controller is proposed to ensure the admissibility of the closed-loop

system.

Remark 3.5.2. If all state variables are measurable which means that the output matrix C' is equal
to 1,,, the problem treated becomes a stabilization by state feedback control of the SFOS (3.6)), since
the control takes the form u(t) = Kx(t). Therefore, the gain matrix K is given by
sin ¢
v

K=-—

BT (XE + EoY™")

3.5.2 Numerical Example

In the following, two numerical examples are presented to demonstrate the effectiveness of the

theoretical results.

Example 3.5.1. Consider the linear singular fractional-order system (3.6) with the following data:

1 11 1 1 -1
F=1011|,A=|2 -2 -1
000 4 1 -4
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B=|1 ,02[1 0 1},04:1.2

It can be seen that the system (3.6) is regular and impulse free, since det(s*E—A) = 55**+265%—3;

but it is not asymptotically stable because it has two finite modes —5.3129, 0.1129, the first one lives

in the stable region whereas it is not the same case for the second one. Indeed, the time response of
the SFOS with u(t) = 0 and initial condition x(0) = [1,0, —0.1401]" is shown in figure (3-4)
which confirms that the system (3.0) is not asymptotically stable and its states are not convergent.

20k

-40
0

Figure 3.4: Time response of the system in example 3.4.1

The objective is to design an output feedback control law u(t) = Ky(t) that stabilizes the closed-
loop system (3.49). To this end, the inequality (3.50) in Theorem (3.5.1) is solved by using Matlab

control toolbox. A feasible solution solution of (3.50) is given by

0.0181 —0.0312  0.0000
X =] —-0.0312 0.0553 0.0000 |,Y =
0.0000  0.0000 32.7563

—0.0185
—-0.0102 |,
0.0220
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and the controller gain K is

K = —5.0375.

We can now easily verify that the closed-loop system (3.49), ie. (E, A+ BKC,«), is admissible.
This result is also confirmed by simulation in figure (3.5) and the corresponding control input is
given in figure (3.6), which shows that the pair (E, A + BKC) is asymptotically stable and its

states converge to zero.

3.5. Admissibility of Closed-loop Systems 106



Chapter 3. Singular Fractional-Order Linear Continuous-Time Systems
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Figure 3.5: Time response of the selected system in Example 3.4.1 with u(t) = Ky(t).

Figure 3.6: Time response of the control input u(t).
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3.5.3 Observer-based control for singular fractional-order systems

In the following, we deals with the design of observer-based controller for closed-loop fractional-
order linear system (3.6), with 0 < o < 1, to be admissible. Indeed, we consider a Luenberger-type

fractional-order linear observer of the form:

{ EDY#(t) = A#(t) + Bu(t) + L (y(t) — §(t)) .62
y(t) = Ci(t)
coupled with the control law
u(t) = Kz(t) (3.63)
where K and L are the parameter gains to determine. The closed-loop system is given by
ED%u(t) = Aqu(t) (3.64)

with e(t) = z(t) — z(t) and

v

E 0
0 &

A+ BK LC
0 A—-LC

)Acl =

oft) = [ o

e(t)

Conditions of the admissibility for the system (3.64)), or the pair (E , Acl) , are given by the following

results.

Lemma 3.5.2. The system (3.64)) is admissible if and only if the pairs (E, A+ BK) and (E, A — LC)

are admissible.

Proof. We know that the system (3.64) is admissible if and only if the pair <E, Ad) is (i) regular,
(71) impulse free and (7i7) stable.

Condition (i) means that det(s®E — Ay) # 0, for some s € C. Since
det(s®E — Ay) = det(s*E — (A + BK).det(s°E — (A — LC)) (3.65)

we conclude that the condition (7) is equivalent to that the pairs (£, A+ BK) and (E, A — LC)
are simultaneously regular.
Condition (ii) means that for A € C, deg (det(AE — A4)) = rankE = 2r. Note also that

deg (det(A\E — Ay)) = deg (det(AE — (A + BK)) + deg (det(AE — (A — LC))
Since deg (det(AE — (A + BK)) < r and deg (det(\E' — (A — LC)) < r, we get

deg (det(AE — (A+ BK))) = deg (det(A\E — (A — LC)) =r
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it follows that the pairs (£, A+ BK) and (£, A — LC') are impulse free.

Finally from (3.65]), we deduce that stability of the pair <E, Acl) (condition (7)) is equivalent to
the stability of (£, A+ BK) and (E, A — LC).

Consequently, the admissibility of the pair <E, Acl) is equivalent to the admissibility of (F, A +
BK) and (E, A — LC') separately. O

Based on the results of Lemma (3.5.2) and Corollary (3.4.1)), the determination of gains K and L,
such that the system (3.64) is admissible, are derived through the following theorem.

Theorem 3.5.2. The closed-loop system (3.64)) is admissible if and only if there exist matrices X, =
X;eC =0, Xo=X;€C™ = 0,Y] € R (=) Y, € R™ =) scalars v1 > 0 and 5 > 0
satisfying

— 1
Sym { A" ((2X1 +zZX1)E + EoY{") } — V—Qle <0 (3.66)
1
Sym {A ((zX2 F3X)ET + oY, )} - —01: <0 (3.67)
2
with
Q1 = B (X1 +zX1)E + EgY}") (3.68)
Qs = —C ((zX2 +EXL)ET + Eole) (3.69)
where Ey € R™ (") and EO € R gre full column rank satisfying ETEy = 0, EEO = 0and
z = ej(l_a)%’

The gain matrices are given by

1 —
K =——B" ((:X1 +7zX1)E + EY;") (3.70)
24!
and
1 _ ~ T
L=~ ((ZX2 +EXL)ET + EOYQT) or (3.71)
V2

Proof. Necessity- Assume that the system (3.64) is admissible, then by Lemma (3.5.2)) the pairs
(E,A+ BK) and (E, A — LC) are admissible . By Corollary (3.4.1), the pair (E, A + BK) is
admissible if and only if there exist matrix X; = X; € C"*™ = 0, matrix Y; € R™ (") satisfying

Sym {(A+ BK)" ((zX1 +zX1)E + EoY{")} < 0 (3.72)
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which is equivalent to

W4+ K'Q +QTK <0 (3.73)

with
W = Sym {A" ((2X; +2X1)E + EoY}") }

and () is given by (3.68). Then a sufficiently small scalar ; > 0 can always be found such that

W+ K'Q+QTK +vKTK <0 (3.74)

or equivalently

T
W+m (K + iQ1) (K + iQ1> — i@le <0 (3.75)
71 T N

Then with the controller gain K given by (3.70), we get (3.66). By following the same approach,
we get with gain (3.71)).

Sufficiency- Now suppose that condition holds with the controller gain for some ma-
trices X; = X; € C”" = 0,Y; € R™(™ ") and a scalar 7, > 0.

Indeed, from (3:66) and (3.70) we get (3.74). Since v; KT K = 0, we obtain (3.72). Using Theorem
(3.4.1)), we deduce that the pair (F, A + BK) is admissible.

By the same reasoning, the proof of the admissibility of the pair (£, A — LC') is derived. Which
completes the proof of Theorem (3.5.2). O

Example 3.5.2. Consider the singular continuous fractional-order system described in (3.64) with
the following data:

(0 1 -3 1 1 9
FE = 1 1 3 ,A: 1 1 3
0 —1 05 15 2.7
I ! (3.76)
b 5 0 0
B=1] -1 , C = ,a=0.5
00 7
3 —5 -

The finite modes of the pair (E, A) are {2

237

1}, then the unforced singular fractional order system

(E, A) is unstable, which means that it is not admissible as can be seen in Figure

3.5. Admissibility of Closed-loop Systems
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Figure 3.7: State responses of the selected system in Example (3.5.2)

In the following, our objective is to design an observer-based controller such that the closed loop
system defined in (3.64)), with the control law (3.62)-(3.63)), is admissible.

Solving the design conditions ([3.60) and ([3.67) of Theorem with v = 0.9 and v, = 0.5, we
get the following results:

15178 —0.0445 1.2720 43503
X, = | —0.0445 40088 0.0445 |, Yi=| —0.3467
12720 0.0445 15178 —11.5210

[ 16308 02260 0.0215 [ _0.3797
Xo= | 02260 1.8035 04877 |,  Ya=| 0.3401
0.0215 0.4877 0.1797 —0.0354

The gain matrices can be designed as

—1.3897  1.8558 —0.3648 6.2675 —1.5834
K =] —1.8918 12.1136 —2.8097 |,L = 1.6911  6.3791
1.4474 —1.4541 —-0.2180 —0.0399  0.1303
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We can easily verify that (E, A+ BK) and (E, A — LC) are admissible.

Indeed, in one hand we have
det(A\E — A — BK) = —24.6521\% — 83.2307\ — 37.2117

and

det(A\E — A + LC) = 206.1997)\* + 1.454210° ) + 2.0663 x 10°

which means that the systems (E, A+ BK) and (E, A — LC') are regular and impulse-free.

In the other hand, we have
spec(F, A+ BK) = {—2.8458, —0.5304}

and

spec(E, A — LC) = {-5.0797, —1.9728}

meaning that the eigenvalues of the pairs (E, A+ BK) and (E, A — LC) lie in the stable region.
We conclude that the closed loop system of the singular fractional-order system (3.76)) is now ad-

missible. The histories of the system states and the observation errors are given in Figures and

respectively.

Figure 3.8: State responses of the colsed-loop system in Example (3.5.2)
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Figure 3.9: The observation errors in Example (3.5.2)

3.6 Conclusion

This chapter deals with the study of the singular fractional order linear continuous time systems. As a
first step, we give explicit formulas for the solution of singular fractional continuous time state space
models, based on the Caputo definition of fractional derivatives, this definition involves only a finite
number of initial conditions and compatibility requirements. It is also useful for several practical
applications. As we all know that for singular systems, we need to consider not only stability but
also the regularity and the non-impulsiveness. Specifically, regularity guarantees the existence and
the uniqueness of a solution to a given singular system, while non-impulsiveness ensures no infinite
dynamical modes in such system. Analysis and synthesis for singular fractional order systems were
investigated in some papers. For example in [97], singular fractional order systems are considered
with differentiation order between 1 and 2 and the obtained results in terms of LMZs , under
the assumption that the system is regular and impulse free, are only sufficient conditions to get
asymptotic stabilization. These results are derived using the decomposition of the original system
with Weierstrass canonical form. For the same class of systems with alpha between 0 and 2, results
derived for the stability and stabilization problem are also just sufficient conditions in [118]. In
[94]], the robust stabilization of uncertain descriptor systems with the fractional order derivative
belonging (0,2) was treated using the concept of the normalization to check sufficient conditions.
Improvements in our work compared to that shown previously are such that our result ensures the

three criterion to get admissibility and stabilization of singular fractional order systems. Necessary
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and sufficient conditions are derived in terms of LMZs where the matrices of the original system
are involved. Using the obtained result, a static output feedback controller and an output feedback
based on observer-based controller are then designed, for the cases (1,2) and (0, 1) respectively, to

ensure the admissibility of the closed-loop system.
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The methodologies developed in this thesis are essentially theoretical. They are dedicated to the
analysis and synthesis of control laws for linear systems described by fractional-order singular mod-
els. Their institutions appeal exclusively to the second lyapunov method and to the LMZ formalism.
This work belongs to one of the axes of the command theory of linear complex systems, the com-
plexity being in the non-integer order of the derivation of the differential equations describing a class
of singular models. . The results reported in this dissertation can be viewed as extensions of some
existing results in the literature of linear singular systems to their homologous of fractional-order.
The study we have conducted is organized in two parts: The first part deals with the analysis of the
admissibility of fractional-order singular linear systems, the second part relates to the stabilization.
The main achievements are summarized and future research topics are discussed in this concluding
chapter.

Basic concepts for linear time-invariant descriptor systems are recalled in Chapter (1| as preliminar-
ies. Fundamental and important results, such as regularity, admissibility, equivalent realizations,
system decomposition and temporal response are reviewed. The defnitions of controllability and
observability are also presented. Conditions for stabilizability and detectability are recalled in the
end of this chapter.

Chapter 2] has been devoted to dynamic systems described by differential equations of a non-integer
order and to the main results of the literature on these systems. In first time, We present the theory
of non-integer derivation: different types of non-integral derivation (Griinwald-Leitnikov, Riemann-
Liouville and Caputo), Laplace transformation, gamma function, Mittag-Leffler functions, . . . We
also justify the choice of the derivation in the sense of Caputo for further developments presented in
this manuscript. Analysis of the properties of non-integer models then revealed that only non-integer
commensurable models can be described by a pseudo state representation. This representation is
similar in writing to that of the integer order models. In second time, the characterization of stability

of fractional-order systems is highlighted. In particular, we can see that the asymptotic stability of

115



Concluding Remarks

a commensurable non-integer model can be evaluated by the position in the complex plane of the
eigenvalues of its state matrix. Emphasis is then placed on the command of this class of systems.
Our contribution in this chapter appears at the minimum energy control problem where a control law
is defined such that the performance index of the system is minimized.

Chapter [3|is devoted to our contributions on linear singular fractional-order systems [79, [80]. As it
well known that for singular systems, we need to consider not only stability but also the regularity
and the non-impulsiveness. Specifically, regularity guarantees the existence and the uniqueness of a
solution to a given singular system, while non-impulsiveness ensures no infinite dynamical modes in
such system. This chapter serves to present, in a first step, necessary and sufficient conditions of the
admissibility for linear singular fractional-order systems in both cases of the fractional-order « sat-
isfying 0 < @ < 1and 1 < a < 2. These conditions are derived in terms of strict LMZs. It should
be noted that these results are obtained under no assumption, without decomposition of the matrices
of the original systems and neither from the standardization. Then, the second step is devoted to
the control problem. Note that in most practical applications, usually not all the state variables are
accessible for the feedback and all the designer knows are the output and input of the plant. In this
case, the observer-based control or output feedback control is often needed. For the case 1 < o < 2,
a static output feedback controller is designed to ensure the admissibility of the closed-loop system,
and for the case 0 < o < 1, an output feedback based on observer-based controller is considered for

the closed-loop system to be admissible.

Perspectives
Despite these developments, some areas deserve further reflection. However, extensions can be
made to our work. The perspectives remain numerous and must be oriented towards the diminution

of the conservatism of the conditions that can occur at the following levels.
1. Our results can be extended to uncertain non-linear singular fractional-order systems.

2. Further works will be focused on robust admissibility of uncertain singular fractional order

systems.
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Linear Algebra Recall

A.1 Positive Definite Matrices

A.1.1 Definitions

The study of matrices is quite old. Leibnitz is one of the founders of the analysis which developed
the theory of determinants in 1693 to facilitate the resolution of differential equations. The matrices
are now used for multiple applications and serve in particular to represent the coefficients of linear
equations.The matrices are now used for multiple applications and serve in particular to represent

the coefficients of linear equations [2} 43, 53]

Definition A.1.1. Let A a square matrix.

o A matrix A € R™*" is called symmetric if and only if

AT =A (A.1)

o A matrix A € C"*" is called hermitian if and only if

A=A (A.2)

Definition A.1.2. 1. If A is a symmetric matrix.

e A is called positive definite if and only if

Vo € R"(v #£0),v"Av >0 (A.3)
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e A is called positive semidefinite if and only if
Yo e R", vTAv >0 (A.4)

2. If A is a hermitian matrix.

e A is called positive definite if and only if
Vo e C*(v #0),v"Av > 0 (A.5)
e A is called positive semidefinite if and only if
Yo e C"v"Av >0 (A.6)
Here is a simple but fundamental fact.
Theorem A.1.1. A Hermitian matrix is positive definite if and only if all its eigenvalues are positive.

Proof. (Necessity) Suppose that v € C” is an eigenvector of the Hermitian matrix A € C"*"

corresponding to the eigenvalue A. Then
v Av = \v'u (A7)

Since the eigenvector v is nonzero, it follows that v*v = ||vg|| > 0.

If A is positive definite, then
)= v*Av

>0 (A.8)

V¥V
Hence, all eigenvalues of a hermitian positive definite matrix must be positive.
(Sufficiency) suppose A € C™*" is a hermitian matrix whose eigenvalues \; < Ay < --- < )\, are
all positive. Then let u,,--- ,u, denote an orthonormal basis of eigenvectors, so that any v € C"

can be written as .
V= Z%‘Uz‘ (A9)
i=1
then
n
Av = Zaz/\zuz
i=1

It follows that

v Av = (zn:ozju;)(zn:ai/\iui)
j=1 i=1
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which is the same as

n n
v Ay = E E QOGN U U

j=1i=1

Since uju; = 0,Vi # j and wju; = 1,7 = j, we obtain
n n
2 2
v A = Nl = A el
=1 j=1

n
If v # 0, then 0 # |[v||5 = 3 [la;||*, and since all the eigenvalues are positive, we must have
=1

v*Av >0
which means that the matrix A is positive definite. 0
A.1.2 Properties
e If A is a hermitian matrix then
A0 & A" >0 (A.10)

Indeed,
As A = A* then spec(A) = spec(A*) and since A >~ 0, all eigenvalues of A are positive (see
theorem (A.1.1)) which implies that all eigenvalues of A* are also positive.

To prove the other implication, it is sufficient to use the same reasoning as in the necessity.

e If A is a hermitian matrix then
A0 < A0 (A.11)

Proof. (Necessity) Assume that A > 0, then A = A*. This implies

—%

A=A =4

which means that A is hermitian.
In the other hand, for all v € C", v # 0, we have

v Av = v* AT = 77 AT > 0

since A > 0. We conclude that A > 0.
(Sufficiency) From the necessity, if A = 0then A = A > 0. O
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A.2 Proof of Lemma (2.4.3)

(Necessity). A hermitian matrix M € C™"*" is said to be positive definite if and only if for every
non-zero column vector v € C"
v Av > 0 (A.12)

Without loss of generality, we can define
v=1x+7Jy

such that z, y € R™ and ||z, + [|y||, # 0.
Therefore from M = A+ jB > 0, we can get

v*Mv = (z — jy) (A + jB)(z + jy)
= (2" Az — 2" By + y" Ay + y" Bx)
+j(@" Ay + 2" Br —y" Az + y By) = 0

Then, we can deduce that

2" Ar — 2" By + y" Ay + y* Bz > 0 (a)
2" Ay + 2" Bx —yTAx +y"'By =0 (b)

The inequality (a) is the same as

B

and note that the inequality (A.T3) is established for all nonzero real vector

T
o]

A —-B
B A

T
>0 (A.13)
]

then we obtain

A —-B
>0
B A
which is exactly (2.82)).
To obtain (2.81)), it suffises to see that (a)) can be rewritten as
A B Yy
[ y"t oot ] >0
—-B A x
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(Sufficiency) Assume that the inequality (2.82)) is verified. Then we have

AT = A
g (A.14)

This leads to
M*=(A+jB)" =A"—jB"=M

So, we conclude that the matrix M is hermitian.

For any nonzero complex vector v = = + jy with x,y € R", we have
v*Mv = (2" Az — 2" By + y" Ay + y* Bx) + j(a" Ay + 2" Bx — y" Az + y" By)

According to (A.14), we have
(7 Ay)" = y" Aa
and
{ (z"Bx)' = —z"Bzx N { 'Bx =0
(y"By)" = —y'By y'By =0
then we get that
2 Ay +2"Bxr —y' Az +y"'By =0

Therefore
v*Mv = (2"Ax — 2T By + y* Ay + y* Bx)

:[ﬂ yT} g —i

xz

Y

>0

Thus one complete the proof.
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LMT Regions

B.1 A Brief History of LMIs in Control Theory

The history of LMZs in the analysis of dynamical systems goes back more than 100 years, in
about 1890 by the early work of Lyapunov [77]], which remains to this day one of the most pow-
erful methodologies for stability analysis. The story begins when Lyapunov published his seminal
work introducing what we now call Lyapunov theory or the Lyapunov second method that can be

summarized by the following statement.

Theorem B.1.1. (Second Lyapunov Method). System i(t) = f(t,xz(t)/ is stable (globally asymp-
totically stable around the origin) if there exists a real-valued function V (z,t) such that:
V(0,t)=0, Vt>0
V(z,t) >0, Ve #£0, YVt >0
lim V(z,t) = o0

llz]| =00

V(z,t) <0, Vo £0, V£ >0
V' (z,t) is called the Lyapunov function.

In the case of a linear system of the form
x(t) = Ax(t) (B.1)
with arbitrary matrix A, the existence of a quadratic Lyapunov function

V(z,t)=2"Px, P >0
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is a necessary and sufficient condition for asymptotic stability. Finding a positive definite matrix
P ensuring that Lyapunov function V' (x,t) decreases along the trajectories of the system can be

achieved via the following theorem.

Theorem B.1.2. Integer order system (B.1) is asymptotically stable if and only if there exists a

positive definite matrix P such that:

AP+ PA <0 (B.2)

Note that the theorem (B.1.2)) is satisfied if and only if the eigenvalues of A lie in the open left
half plane. This Lyapunov characterization of stability has been extended to a variety of regions by
Gutman [47]. More details can be seen in the next few sections.

B.2 Linear Matrix Inequalities

Definition B.2.1. A strict linear matrix inequality LMT has the form

M(z) = My+ Y apMy =0 (B.3)
k=1
where € R™ is the variable and the symmetric matrices My, = M," € R™", k=0,1,--- ,nare
given.
Remark B.2.1. o The term linear matrix inequality is used in the literature on systems and con-

trol, but the terminology is not consistent with the expression F(x) > 0 since F is not a linear

function. The term affine matrix inequality may better correspond to the formulation.

o A nonstrict LMZ has the form
M(ZE) = M() + Zkak >_' 0
k=1
o The linear matrix inequalities F'(x) < 0 andF(x) < G(x) where F,G are dffine functions,
are special cases of (B.3)) since they can be reformulated in the form LMT
_F(z) = 0 (B.4)
G(z)— F(z) =0 (B.5)
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o The objective is to find v € R" satisfying the inequality (B.3)). This choice of x is called “fea-
sibility problem” .
The LMZT ([B.3)(2.1) is a convex constraint on z, i.e., the set {z/F(x) = 0} is convex.

o Multiple LMZLs
MY (z)>0,--- , MP(z) >0 (B.6)

can be expressed as the single LMT

diag(MD(z), -, MP(z)) > 0 (B.7)

e Nonlinear (convex) inequalities are converted to LMZL form using Schur complements. The
basic idea is as follows: the LMT

-0 (B.8)

S7(z) R(z)

where Q(z) = Q"(z) and R(x) = R™(x) and S(x) depend affinely on z, is equivalent to
R =0
{ (z) (B.9)

or equivalently

{ Qlz) =0 (B.10)
R(z) — ST (2)Q ' (z)S(z) =0

Indeed, the proof is easily done by multiplying to the right by:

! O] (B.11)
R Y(2)ST(x) I

And to the left by the transpose of this last matrix. These two matrices being defined, then an

equivalent condition is obtained:

[ Q(z) — S(x)R™}(z)S*(z) 0 (B.12)

0 R
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B.3 Definition of LMZ Region

The class of LMI regions defined below turns out to be suitable for LMI-based synthesis.

Definition B.3.1. A subset D of the complex plane is called an LM region if there exist a symmet-

ric matrix o € R™"™ and a matrix € R™*" such that
D={z€C/fp(z)=a+z26+2z8" <0} (B.13)

It can be noted that the characteristic function fp of variable z takes values in the space of n x n
Hermitian matrices. As a result, LMZ regions are convex. Moreover, LMZ regions are symmetric
with respect to the real axis since for any z € D, fp—(z) = fp(Z). This last property is often verified
by the regions used for the study of the D—stabilit of a matrix A since the spectrum of a matrix is

auto-conjugate.

Theorem B.3.1. /29, 32]] Let A € R™*™ and D an LMT region defined by (B.13). The matrix A is

D-stable if and only if there exists a symmetric positive definite matrix X € R™*" such that
Mp(A, X)=a@X+® (AX)+ " ® (AX)" <0 (B.14)

In practical applications, LMZ regions are often specified as the intersection of elementary regions,
such as conic sectors, disks, or vertical half-planes.
Given LM regions D;, D,, ..., Dy and their associated characteristic functions fp,,7 = 1,2,..., N
such that
Ip,(2) =a; + 28, + 26, i=1,2... N
The intersection
D=D,NDyN..NDyx (B.15)

is also an £LMZ region with characteristic function

fo(z) = diag/o,(2) (B.16)

If D-stability of a matrix A in region D defined in (B.13) is of interest, Theorem (B.3.1)) should be
applied to the overall characteristic function fp(z) defined by (B.16). It has shown (see corollary
2.3 in [29] that the eigenvalues of the matrix A belong to the region D if and only if there exists a
positive definite matrix X € R"*" such that forany: =1,2,.... N

Mp,(A,X)=0; X + 3 ® (AX) + 5] ® (AX)" <0 (B.17)

' A matrix A is called D-stable if and only if all its eigenvalues lie in a subregion D of the complex plane
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1.e.,
N
Mp(A, X)=a®X +B® (AX) + " ® (AX)" = diagMp,(A4, X) < 0 (B.18)
=1

where
N

N
a = diag(wy), [ = diag(5;)
=1 =1
This last inequality clearly shows that the region D can itself be formulated as an LMZ region. This
shows that the LMZ approach makes it possible to consider the same matrix X for all subregions

of the intersection while preserving the necessity of the D-stability condition.

B.4 Examples of LMZ Regions

The inequality (B.14)) can also be written in the following form

OéHX + 611AX + Bll(AX>T e OélnX + BlnAX + ﬁnl(AX)T
: - : <0 (B.19)
where o = (O‘ij)1gi,jgn and 8 = (6ij)1§i,j§n'
Below are a few examples of LMZ regions:
e Open left half-plane
Re(2) <0< 2+2<0 (B.20)

It is enough to take o = 0 and 5 = 1. From the expression (B.20), we deduce the following LMZ
AX + (AX)T < 0,X = 0 (B.21)

The LMZ (B.21) is the characterization of the asymptotic stability of a dynamical system 7(t) =
Az(t) introduced in terms of LMZ by the Lyapunov theorem.

o a-Stability
Re(2) < —a& 2+ 24+2a<0 (B.22)

It is enough to take o = 2a and 8 = 1, the following £LMZ is obtained

2aX + AX + (AX)" <0, X =0 (B.23)
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e Vertical strip

a; < Re(z) < as & 2a; < 2+ 2z < 2ay (B.24)
Using the intersection property (B.16), we obtain
—2ay+ 2+ % 0
farems <0 (B.25)
0 200 — 2z — Z
which leads to the LMZ (B.18)
—2a:X + AX + (AX)? 0
2 (4X) <0, X0 (B.26)
0 —2a; X — (AX + (AX)V
with
-2 0 1 0
o = a2 s /6 =
0 2aq 0 —1
e Horizontal strip
Im(z)] <a< |z —z|| < 2a (B.27)
According to the following complex numbers property. For any complex number z
|2]|* = 22 (B.28)
The inequality is equivalent to
—4a®> — (z—2)(z—2) <0 (B.29)
The application of the Shur complement to (B.29)) leads to
—2a z—z
<0 (B.30)
—z+zZ —2a
_ [ 20 0 0 1 _ _ _
It is enough to take o = 0 ) and § = Lol the following £LMZ is then obtained
p— CI/ p—
[ —2uX AX — (AX)"
<0, X >0 (B.31)
| —AX + (AX)* —2aX
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e The disk D(q, r) with center (—¢, 0) and radius r
The disk D(q, r) is characterized by
Iz +all <7 & |z +ql* <72
According to the complex numbers property the inequality is the same as
—?+(z+¢)(2+¢) <0
Applying the Shur complement, (B.33) is equivalent to

-r q+z <0

q+z -—r

R St

consequently the following £LMZ is obtained

which corresponds to

—rX gX + AX

<0, X>0
gX + (AX)* —rX

e Conic sector with apex at the origin and inner angle 20

(B.32)

(B.33)

(B.34)

(B.35)

(B.36)

The conic sector with apex at the origin and inner angle 20,0 < ¢ < 7 caught in the left half plane

is resulting from the intersection of the half complex plane defined by

Re(z)sin(6) + Im(z) cos(#) < 0 (B.37)
with the half complex plane defined by
Re(z) sin(f) — Im(z) cos(#) < 0 (B.38)
Then, the conic sector is characterized by
[T ()|
B.39
tan(f) > " Re(2) ( )
which is the same as
Re(z) tan(f) < — [Im(2)| (B.40)
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Since Re(z) < 0 and tan(f) > 0 because 0 < ¢ < 7, then the inequality (B.40)) is equivalent to

(Re(2))? tan?(6) > [Im(z)|? (B.41)
1.e.,
(Re(2))?sin?(6) — cos?(6) [Im(2)]> > 0
According to the property (B.28)), the last inequality is equivalent to
(z+ 2)*sin®(0) + (z — 2)(z — 2) cos*(0) > 0 (B.42)
According to the Shur complement, is equivalent to
sin(f)(z+z) cos(0)(z — 2) ~0 (B.43)
—cos(0)(z — 2z) sin(f)(z + 2)
It is enough to take
00 sin(f)  cos(0)
o= ) 6 -
00 —cos(f) sin(0)
and then, we obtain the LMZ
sin(0)(AX + (AX)T)  cos(0)(AX — (AX)T) (B.44)
—cos(0)(AX — (AX)T) sin(0)(AX + (AX)T) '
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GLMI Regions

The concept of Generalized LMI (GLMZ) regions is recalled here.

C.1 Definition of a GLMZT region

Definition C.1.1. /8 32//A region D of the complex plane is a GLMZI region of order l if there exist
square complex matrices 05, € C*!, o, € C*!, H, € C™' and J,, € C*, Vk € {1,2,...,m}, such

that
D={z2€C: 3wy ... wnl" € C"s.t.fp(z,w) < 0,gp(w) = 0x} (C.1)
where -
folz,w) = (Orwr + O + vezwy, + Viar?) (C.2)
k=1
and -
= (Hywi + Jior) (C.3)
k=1

C.2 Stability in a GLMZ region

Definition C.2.1. A matrix A is said to be D-stable if and only if its eigenvalues are strictly located

in region D of the complex plane.

In the case where D is a GLMZ region of the form (C.1)), the following theorem presents a necessary
and sufficient LMZ condition for matrix A to be D-stable. A proof can be found in [} 32]].
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Theorem C.2.1. Let A € C"*" and D a GLMI region. A is D-stable if and only if there exist m
matrices Xj, € C"", Vk € {1,2,...,m}, such that:

D 6k @ Xi + 6; @ X; + i @ (AXy,) + ¢ @ (AX)") < 0 (C.4)
k=1
and .
> (Hi @ X+ Je @ X5) = Onins (C.5)
k=1

C.3 D-stability in the union of convex sub-regions

This paragraph is devoted to the means by which many simple polynomial regions can be formulated
as GLMT regions. Indeed, these regions actually result from unions of convex polynomial sub-
regions, not necessarily symmetrical with respect to the real axis. We describe here polynomial
regions, often used in pole placement problems, and which can also be described by a GLMT

formulation.

C.3.1 First-order GLMZ regions

GLMT regions of first order are the half plane (see [8]). Indded, a half plane in the complex plane
is defined by
D={z=z+jy e C/dy+ dix+ dyy <0} (C.6)

where dy, dy, dy are real constants. knowing that for any complex number z = x + jy, we have

x:z—gi’y:z;jz (C.7)
we can deduce that
D:{z:erjyeC/doerlZ;Zerzzz_jz<O} (C.8)
which is the same as
D_{z_x+ij(C/d0+d1 ;jd22+d1+2jd2z<o} (C.9)
This formulation is identifiable with the polynomial formulation
D={z=z+jyeCla+pz+52<0} (C.10)
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with
dy + jds
2

this polynomial formulation is identifiable with a GLMZ region of first order with m = 1. It is

di — 7d
o = d, ﬁle“, B = (C.11)

enough to see that we can take

(91206,(/0:1, 1/}1:57 HIZ_JI:l (C12)

C.3.2 GLMIZ Formulation of the union of first order sub-regions

Let D be the region of the complex plane described by
D= U, (C.13)
where Dy, is a sub-region (We restrict ourselves to regions of the first order) described by
Dr={z€C/ayp+ Brz+ 5z <0}, Vke {1,2,...,m} (C.14)

As presented in [8], a union of m GLMZ regions of the form (C.14)) is also a GLMZ region of the
form (C.1)) with order

l=m+1 (C.15)
and for any k € {1,...,m}, we have
1] © 015m
== © (C.16)
2 Omxl 521
v O1xm
b= " (C.17)
0m><1 Omxm
Hy=—Jy=ef (C.18)
o 0]
O = R (C.19)
0 ... 0
[ Bk ... 0 |
U, = Do (C.20)
i 0 ... 0 |
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and
efpo)=1 ifp=0=p

(C.21)
el(p,0) =0 else

eg € R and {
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Contribution a I’analyse et le contrdle des systémes linéaires singuliers d’ordre
Fractionnaire

Les méthodologies développées dans cette thése sont essentiellement théoriques. Ils sont dédiés a
I'analyse et a la synthese de lois de contréle pour des systémes linéaires décrits par des modéles d'ordre
fractionnaires. Leurs institutions font appel exclusivement a la seconde méthode de Lyapunov et au
formalisme LMI. Les résultats rapportés dans cette dissertation peuvent étre considérés comme des
extensions de certains résultats existants dans la littérature de systémes linéaires singuliers a leur
homologue de l'ordre fractionnaire. L'étude que nous avons menée est organisée en deux parties: La
premicre partie traite de I'analyse de 1’admissibilité des systémes linéaires singuliers d’ordre fractionnaire,
la deuxiéme partie se rapporte a la stabilisation. Notre contribution apparait au niveau du probléme
minimal de contrdle d'énergie dans lequel une loi de contréle est définie de telle sorte que l'indice de
performance du systéme est minimisé€. Des conditions nécessaires et suffisantes d'admissibilité pour les
systémes a ordre fractionnaire singulier linéaire dans les deux cas de I'ordre fractionnaire o satisfaisant a 0
<o <1 et 1< a <2. Ces conditions sont dérivées en termes de LMIs strictes. Dans ce cas, la commande
basée sur l'observateur ou la commande de retour de la sortie est souvent nécessaire. Pour le cas 1< a <2,
un régulateur de retour de sortie statique est congu pour assurer l'admissibilité du systéme en boucle
fermée et pour le cas 0 <a <1, un contréle par retour de sortie basé sur observateur est considéré pour que
le systéme en boucle fermée soit admissible.
Mots-Clés : Calcul fractionnaire, Systémes singuliers, Admissibilité, Inégalités matricielles linéaires

Contribution to Analysis and control of singular Linear Fractional-Order Systems

The methodologies developed in this thesis are essentially theoretical. They are dedicated to the analysis and synthesis of control laws for
linear systems described by fractional-order singular models. Their institutions appeal exclusively to the second Lyapunov method and to the
LM1I formalism. The results reported in this dissertation can be viewed as extensions of some existing results in the literature of linear
singular systems to their homologous of fractional-order. The study we have conducted is organized in two parts: The first part deals with
the analysis of the admissibility of fractional-order singular linear systems, the second part relates to the stabilization. Chapter 2 has been
devoted to dynamic systems described by differential equations of a non-integer order and to the main results of the literature on these
systems. Our contribution appears at the minimum energy control problem where a control law is defined such that the performance index
of the system is minimized. Chapter 3 is devoted to our contributions on linear singular fractional-order systems . For singular systems, we
need to consider not only stability but also the regularity and the non-impulsiveness. Specifically, regularity guarantees the existence and the
uniqueness of a solution to a given singular system, while non-impulsiveness ensures no infinite dynamical modes in such system. This
chapter serves to present, in a first step, necessary and sufficient conditions of the admissibility for linear singular fractional-order systems in
both cases of the fractional-order a satisfying 0< a < 1 and 1< a <2. These conditions are derived in terms of strict L /A//s. For the case 1< a
<2 a static output feedback controller is designed to ensure the admissibility of the closed-loop system, and for the case 0 <a <1, an output
feedback based on observer-based controller is considered for the closed-loop system to be admissible.

Key Words: Fractional calculus, Singular systems, Admissibility, Linear matrix equalities
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