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Introduction

Nevanlinna Theory is a powerful tool from complex analysis, invented by Rolf Nevan-
linna! in 1929, it’s used to study the growth and behaviour of meromorphic functions
on the complex plane. The Nevanlinna characteristic function T'(r, f) is a measure of a
function’s growth, and its associated counting function estimates how often certain values
are taken. Nevanlinna theory has many applications in complex analysis and in theory of
functions, in particular, it plays an important role in theory of complex differential equa-
tions. Using this tool, as well as other forms of modern complex analysis, we investigate
several problems relating to complex differential equations, such as growth, oscillation, fix
points, etc, of solutions of complex differential equations. The first one who made system-
atic studies in the applications of Nevanlinna theory into complex differential equations
was H. Wittich? beginning from 1942.

In this thesis, we study the growth of solutions for complex differential equations with

entire coeflicients of the form
f(k) + [Pk:—l (e™1%) + Qp_1 (e—ak_lz)] f(k—l) N [po (e%0%) + Qo (e—aoz)] f=0

where k > 2 is an integer and Pj(z), Qj(z) (j = 0,...,k — 1) are polynomials in z; «;
(j = 0,...,k — 1) are complex constants. It’s well known that every solution of the
equation above is entire function. We will see that under some hypotheses, all solutions
of this equation are of infinite order of growth, for that, we use another conceptions to
estimate the growth of solutions of infinite order, such as the hyper-order o9, e-type order
oe. We call the solution with e-type order equals zero by subnormal solution.

This work is divided into three chapters.

In chapter one, we prepare for the next two chapters by giving the mathematical

'Rolf Herman Nevanlinna (October 22, 1895 — May 28, 1980) was one of the most famous Finnish

mathematicians.
2Hans Wittich (May 4, 1911 — August 1, 1984) was a German mathematician.
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background. We give the fundamental results and standard notations of Nevanlinna theory
of meromorphic functions, and give some lemmas that we need in the next two chapters.
In chapter two, we study the existence of non-trivial subnormal solutions for second-

order linear differential equations,

P+ [P )+ Pa ()] £+ Q1 () + Qs (7)) £ =0,

where Pji(z), P2(z),Q1(z) and Q2(z) are polynomials in z, with deg P, = degQiand
deg P, = deg (02, and

I [PLE) + P (e )] '+ |Qu (%) + Qu ()| £ =0,

where Pj(z), P2(2),Q1(z) and Q2(z) are polynomials in z. a, 5 are complex constants. We
show that under certain conditions these differential equations do not have subnormal
solutions, also that the hyper-order of every solution equals one. This chapter is based on
the work of Li and Yang [22].

In chapter three, we investigate the existence of subnormal solutions for a class of
higher order complex differential equations. We generalize the results of chapter two,
because it’s natural to ask if the results in the case of second-order rest true for higher

order. Throughout this chapter, we prove this possibility of the generalization.
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Chapter 1

Nevanlinna theory

In this chapter we give the fundamental results and standard notations of Nevanlinna
theory of meromorphic functions, and give some lemmas that we need in the next two
chapters. For more details, see [10, 14, 17, 28].

Throughout this thesis, by meromorphic functions we always mean functions which

are meromorphic in the complex plane (except at places explicitly stated).

1.1 Poisson-Jensen and Jensen formulae

Theorem 1.1.1 (Poisson-Jensen formula, [10, 14]) Let f be a meromorphic func-
tion such that f(0) # 0,00 and let a1, az, ... (resp. by, ba,...) denote its zeros (resp. poles),

each taken into account according to its multiplicity. If z = re’ and 0 <r < R < oo, then

1 2m ) R2 _ 7,.2
1 = — 1 Re'? d
og|/(2) 27 /0 og|f(Re'?)] R2 2rRcos(0 — ) + 12 4
R(z bk)
I D R L ()
la;|<R R _aj lbx|<R R? — by
Theorem 1.1.2 (Jensen formula, [14, 17]) Let f be a meromorphic function such that

f(0) # 0,00 and let ay,ag,... (resp. by, ba,...) denote its zeros (resp. poles), each taken

mto account according to its multiplicity. Then, we have
1 [ T T
log |f(0)| = — log | f( re’ )| de + Z log Z log | =) - (1.2)
2 0 ‘ k’ ] ‘CLZ‘
|| <r lag|<r
Proof. We prove the formula (1.2) when f has no zeros or poles on |z| = r. Denote

laj|<r |b | <7



1.2. Nevanlinna characteristic function 2

then g # 0,00 in |z| < r and log |g(2)| is a harmonic function. by the mean property of

classical harmonic functions, we have

1 2 :
log|9(0) = 5 [ log lg(re™)| (14)
T Jo
Since .
N
19(0)] = [ £(0 \H( )H(b> : (1.5)
;] ||
laj|<r b |<r
we get that

g 9(0)] = 1o |£0) + 3 1os (1) = 3 o (1)- (1.6

laj|<r |bg|<r
For z = re'?, we have o
7"2—chz B r2 — bz _1
r(z—aj)| |r(z—bg)|
for all aj, by. Then
log ‘g(rew)‘ = log ‘f(rew)’ . (1.7)

Substituting (1.6) and (1.7) in (1.4), we obtain
1 2m )
log | £(0)] + log< ) log< > = / log | f(re'?)| dep,
3 e ()~ 2 toe ) ~ae )y toels e

hence, the formula of Jensen. W

1.2 Nevanlinna characteristic function

Definition 1.2.1 (Unintegrated counting function, [17])

a € C is given. Let f be a meromorphic function such that f # a. Then n(r,a, f) denotes
the number of roots of the equation f(z) —a = 0 in the disk |z| < r, each root according
to its multiplicity. And n(r,o0, f) denotes the number of poles of f in the disk |z| < r,

each pole according to its multiplicity.

Definition 1.2.2 (Counting function, [17])

Let f be a meromorphic function. For a € C, we define

N(r,a,f) =N <“ 1) . / Folta /) =m0 F) gy 0,0, f)logr, [ #a,
f 0 t

—a

and

N(?",oo,f) - N(Tv f) = /Or n(taoo,f);n<07oo,f)dt+n(0,00,f)10g?“.

University of Mostaganem M. A. ZEMIRNI



1.2. Nevanlinna characteristic function 3

Lemma 1.2.1 ([17]) Let f be a meromorphic function with a-points ay,aq,...,q, in
|z| < r such that 0 < |ag| < || < -+ < |an| < 7, each counted according to its

multiplicity. Then

/T n(t,a, f)dt _ /T n(t,a, f) —n(0,a, f)dt
0 0

t t
= Z logL. (1.8)
o<lani<r |
J1>
Proof. Denoting |o;| =r; for j =1,...,n, we obtain
r n r n
Z logm = Zlogr—j =nlogr — Zlogrj

0<|as|<r Jj=1 Jj=1

n
= Zj (logrjt1 —logr;) +n (logr —logry,)
=1
jn Titt A
J n
= =dt —dt
> [ju+ [
J=t Tn

T

_ [riead,
t
0

|
Example 1.2.1
Let fi(z) = €* and fa(z) = e** (a € C) . We know that fi(z) and f2(z) are entire

functions, then they don’t have poles. Hence,
’I’L(’F, 00, fl) = n(r, o, f2) = 07

and

N(T‘,fl):N(T,fg):O.

Proposition 1.2.1 ([17]) Let f be a meromorphic function with the Laurent expansion
+oo A
f(z) = Z c;jz!, cm #0, m € Z.
j=m

Then

2
log || = 217?/0 log ‘f(rewﬂ dp+ N(r,f)— N <r, }) )

Proof. Consider the function

University of Mostaganem M. A. ZEMIRNI



1.2. Nevanlinna characteristic function

It’s clear that m = n(0,0, f) — n(0, 00, f) and h(0) # 0,00. The functions h and f have

the same poles and zeros in 0 < |z| < r. By the Jensen formula (1.2) and Lemma 1.2.1,

we obtain
log|em| = 10g!h( )l
= / log‘hre ‘dgp—l—Zlog( > Zlog(r
Jbi | <r bl /a2, \ail
= 217T/027r log‘f(rei"”)r*m‘dw
[n(t, 00, f) =n(0,00,f)  [n(t0,f) = n(0,0, )
+/ y dt—/ 7 dt
0 0
= 217T/O%log‘f(rew)‘dgp—i——mlogr
[n(t, 00, f) =n(0,00,f)  [n(t,0,f) = n(0,0, )
+/ ; dt—/ ; dt
0 0
2T
= 5 | YoBl5Ge )] dpt ~ [0(0.0. ) = (0,0, Hlogr
T Jo
[t 00, f) — n(0,00, f) . [n(t,0, f) —n(0,0, f)
+/ y dt—/ 7 dt
0 0
— i o ip _ l
= 277/0 log‘f(re )‘dgo—i—N(r,f) N(r,f).
[ |

Definition 1.2.3 ([10, 14, 17])

For any real number x > 0, we define
log" 2 := max(0;log z).
Lemma 1.2.2 ([17]) We have the following properties :
1. logz <log™z (z >0).
2. logtx <logty (0<2<y).

+

3. logz =log™ z — log (x> 0).

1
T

8|~

4. |logz| =log™ z +logt = (x > 0).

n
5. log™ ij SZog zj (z; >0,57=1,...,n).

)

University of Mostaganem M. A. ZEMIRNI



1.2. Nevanlinna characteristic function 5

n n
6. log™ ij §Zlog+xj+logn (x; >0,j=1,...,n).
j=1 j=1

Lemma 1.2.3 ([10, 14]) For all a € C, we have

1 2m )
log™ |a| = %/0 log ‘a — e dp. (1.9)

Proof. Denote f(z) = a — z, and suppose that |a| < 1. By using Jensen formula (1.2)

with » = 1, we obtain

1 2m 0 1 1 2m i
log|a|:% ; log‘f(e )’d@—log— ; log’a—e df + log |al

la] ~ 27

hence,

df =0 =log" |al .

2m )
— log ‘a —et?
2T 0

If |a| > 1, then f has no zeros in the disc |z| < 1. Therefore,

1 2 ‘
log™ |a| = log|a| = 277/0 log }a — e dp.

|
Definition 1.2.4 (Proximity function, [17])

Let f be a meromorphic function. For a € C, we define the proximity function of f by

1 1 [ 1
m(r7aaf):m(7"7f_a> 3:277/0 log+md% f#a,

and

1 27 )
m(r,00, f) =m(r, f) = 271'/0 log™t ‘f(re“p)| de.

Example 1.2.2

For the function fi(z) = e*, we have

1 27 ;
m(r, f1) = 27T/0 log" | fi(re’?)| de
1 27

= — log™
27T00g

1 [z
= / 7 €S wdp
27 J_=
r
—

ip
re
€

do

V]

University of Mostaganem M. A. ZEMIRNI



1.2. Nevanlinna characteristic function 6

And for the function fo(2) = €%, a = |a|e? € C, we have

1 2m :
mirif) = g [ loxt|fatre’)

1o i(0+0)
= — log® [e1ae™ ™ | dp
2 0
1 2T "
= [ logt |erlale ’dw
0

2w
1 (2 p
= 5 |, releostuao

rlal
-

Definition 1.2.5 (Characteristic function, [17])

For a meromorphic function f, we define its characteristic function as

T(r, f):=m(r, f)+ N(r, f).
Example 1.2.3

We have
r T
T(r,e*) = m(r,e®)+ N(r,e’)=—+0= —,
™ T
T(r,e**) = m(r,e*®)+ N(r,e*) = |a] T +0 = |a T
T T
Theorem 1.2.2 (Cartan, [14]) Suppose that f is meromorphic in |z| < R. Then
1 2m )
T, f) = / N (€, 1) do +1og" |F(0)], (0<r < R) (1.10)
2w 0
Proof. By applying the Jensen formula (1.2) for the function f(z) — e%, we obtain
. 1 [27 . . .
log ‘f(O) — e = 2/ log )f(re“p) — el dp+ N (r,f)— N (T, eze,f) . (1.11)
T Jo

We integrate both sides of (1.11) with respect to 6, we obtain

1/%lo ’f(O)—eie do = L 7 1/%lo ‘f(rei‘p)—ew dp| do
2w 0 & N 2 0 2 0 & 14
1 2 0
NG =g | N(r,e ,f>d0
S a 1/27r10 ‘f(rei‘p)—ew de| d
B 2 0 2 0 & 14
1 2w 0
+N(r,f)—%/0 N (e, f) db

University of Mostaganem M. A. ZEMIRNI



1.3. The first main theorem 7

Using (1.9), we deduce

2w ) 2m )
08" FO) = 5= [ loxt S [ do+ N ()= 5 [N (e ) ap

Cor

= T f) — /%N(r,ew,f>d0
0

S on

= m(r,f)+ N (r,f) 1 /O%N(r,ew,f)de

hence, the formula (1.10). H

1.3 The first main theorem

Theorem 1.3.1 (First main theorem of Nevanlinna, [17]) Let f be a meromorphic

function with the Laurent expansion
+00 ‘
f(z)—a= chz] , em#£0, meZ, acC.
j=m

Then, we have

1
T(r, f—a) =T (r, f) —log|em| + ¢(r,a) (1.12)

where

lo(r,a)] <log™ |a| + log 2.

Proof. Assume first a = 0. By Proposition 1.2.1 and Lemma 1.2.2(3), we obtain

1 2w ) 1 2 1 1
Iem| = — [ log™|f(re®)|do—=— | logt ————dp+ N(r,f) = N (r,—
nem| 27r/0 og™ | f(re™)| dy 27?/0 8" [rrgiey B + N f) <r,f)

1

— m(rf)—m (r, f> +N(r f) = N (r, })

— T f)-T (r, })

hence
T (7’, }) =T(r,f) — In|cy| (1.13)

with ¢(r,0) = 0.
Suppose now, that a # 0. We define h(z) = f(z) — a, then

University of Mostaganem M. A. ZEMIRNI



1.3. The first main theorem 8

Moreover,
log* |h| = log®|f —a| <log™[f| +log™ |a| +log?2,
log™ |f| = log"|f—a+a|=log" |h+al <log" |h|+1log™ |a| + log 2.

Integrating these inequalities we see that

m(r,h) < m(r,f)+1log"|a| +log2,

m(r,f) < m(r,h)+log"’ |a| +log2.

We put
o(r,a) :=m(r,h) —m(r, f)

satisfies |¢(r,a)| < In™ |a| 4+ In2.

By applying the formula (1.13) for h, we obtain

T<7~,fia> - T(r,}lb):T(r,h)—ln\cm]

= m(r,h) + N (r,h) —In|cp,|

= 90(7"7@) —i—m(r,f) +N(7’,f) _1n|cm‘
hence, the result. W

Theorem 1.3.2 (Nevanlinna, [17]) Let f be a meromorphic function not being identic-

ally equal to a constant. Then, for all a € C, we have

T(r,f1>:T(r,f)+O(1) as 1 — 4o0.

—a

Proposition 1.3.3 ([17]) Let f, f1,..., fn (n > 1) be meromorphic functions and a,b, c

and d be complex constants such that ad — bc # 0. Then
1. T <7“, 11 fk) <N T (r, fi)
k=1 k=1
2o (o) < B e
k=1 k=1

3. T(r,f™)y=mT (r,f) ,¥YmeN.

4. T<r, Z‘;i;) =T(r,f)+0O(1) as r — +oo , f;é—%l.

Theorem 1.3.4 ([17]) A meromorphic function f is rational if and only if T(r, f) =
O(logr).

University of Mostaganem M. A. ZEMIRNI



1.4. Growth of meromorphic functions 9

Lemma 1.3.1 Let P(2) = b,2" +by—12" L+ -+ 4+ b1z + by, (n € N*) be polynomial with
constant coefficients and f meromorphic function. Then, for the composed function Po f,

we have
T(r,P(f)) =nT(r,f)+O(1).
The Lemma 1.3.1 is a particular case of Theorem due to G. Valiron and A. Mohon’ko,
see [17, Page 29].
Example 1.3.1
Using Proposition 1.3.3 (4), we obtain
T(r,ae™ +b) = T(r,e")+ O(1)

- n% +0(1), ¥n € N*

and,

N

T(r,cotz) =

COs z
T?
sin z

ezz _|_ e—zz
T, —Z

e’LZ

222 +1
T’Ze2zz -1
,r.

6222 + O( )

I
N~

I
M~

= 2; +0(1).

Let P(z) = bp2" + by 12"t 4 -+ 4+ b1z + by, (n € N*) be polynomial, by Lemma 1.3.1,

we have

T (r, P(e*?)) = nT(r,e**)+0(1)

= n|a\£ + O(1).

1.4 Growth of meromorphic functions
Definition 1.4.1 (Order of growth, [14, 17])
Let f be a meromorphic function. The order of growth of f is defined by

Tim 1OgT(T7f).

r—+oo  logr

a(f) =

Example 1.4.1

We have

azy\ __ E log (|a’%)
r—+oo logr

=1, VaeC.

University of Mostaganem M. A. ZEMIRNI



1.4. Growth of meromorphic functions 10

By Example 1.3.1,

. log (nlalZ + O(1))

o (P(e")) = r—-+00 log r

=1, Va e C.

Theorem 1.4.1 ([10, 21]) Let f,g be nonconstant meromorphic functions. Then

1. o(f +g) < max{o(f);o(g)}-
2. o(fg) < max{o(f);o(g)}.
3. If o(g) < o(f) then o(f +g) = o(fg) =o(f).

Theorem 1.4.2 ([14, 17, 21]) Let f be an entire function and assume that0 <r < R <

+00 and that the mazimum modulus M(r, f) = max|f(z)| > 1. Then

|z|=r

T(r,f) < log M(r, ) < oo’

T(R, f).

Proof. Since f is entire, we have

27 ) 2T
T f) = 5o [ g [fre) e < 5 [ 10w M £)dp = log M(r ).

To prove the second inequality, take zy = re such that M(r, f) = |f(20)|. Furthermore,
if |z| < R, then

‘R(z — aj) -1

2 _ A=
R a;z

Therefore, by applying the Poisson-Jensen formula (1.1), we obtain

log M(r, f) = log|f(20)]

| 2 . R? — 2 R(z — a;)
- L i Al
27r/0 og | f(Re )|RQ—QTRCOS(9—¢)+T2dSO+|§;R og Rz_ajz‘
aj
1 2 . RQ_TQ
< — 1 ¥ d
> 271_/0 Og’f(Re )|R2_27«Rcos(¢9—(p)+r2 4
1 21 . R2—7“2
= — [ 1 ¥
27r/0 Og‘f(Re )| (R_r)2+2rR(1—COS(9—<P))dSD
R2—T2 1 2 .
< - 1 + P
< (R—T)227T/0 og !f(Re )}dw
R+r R+r
— R_frm(/r’f): R—TT(Tyf).

Corollary 1.4.1 ([17, 21]) Let f be an entire function. Then

fim logT (r, f) Tim loglog M (r, f)

r—+oo  logr r—+o0 logr

a(f) =

University of Mostaganem M. A. ZEMIRNI



1.5. Estimates of the logarithmic derivative 11

Definition 1.4.2 (Hyper-order[17, 21, 28])
Let f be a meromorphic function. The hyper-order of f is defined by

o loglogT (7, f)

r—+400 logr

oa(f) =

and if f is entire, then

oa(f) = lim M: im 10gloglogM(,ﬂ,f).

r—+00 logr r—+00 logr

Remark 1.4.1 If o(f) < 400, then o2(f) = 0.
Example 1.4.2

r

Let h(z) = e, we have T(r, h) ~ ¢ -, as r — +o0o. Then
(2m3r)2
o(h) = +oo,
oa2(h) = 1L

Y.M. Chiang and S.A. Gao [8] defined the e-type order of meromorphic function as

follows :
Definition 1.4.3 ([8])

Let f be a meromorphic function. The e-type order of f is defined by

ool f) = Tm logT(r,f)‘

r—+400 T

Remark 1.4.2 (i) If 0 < 0.(f) < 400, then oa(f) = 1.
(ii) If o2(f) < 1, then o.(f) = 0.

(iii) If o2(f) = 400, then o.(f) = +oc.
Example 1.4.3
For all polynomial P, we have o.(P) = 0, and o.(P(e*)) = 0.

Remark 1.4.3 By Remark 1.4.1 and Remark 1.4.2, we deduce that, every function f of
finite order satisfies o¢(f) = 0.

1.5 Estimates of the logarithmic derivative

The logarithmic derivative has an important role (as we will see) in study of the
complex differential equations. For that, many researchers are interested in problem of
finding best estimation of the logarithmic derivative, see [12, 14, 17]. For more details

about new estimations for the growth of the logarithmic derivative,we refer to [19, 20].
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1.5. Estimates of the logarithmic derivative 12

Definition 1.5.1 ([15])
Let E C [0, +o0] be such a set. The linear and the logarithmic measures of E are defined

to be
dt

m(E):/ dt and lm(E):/ —
B En]1,400] ¢

respectively. These may be finite or infinite.

Theorem 1.5.1 (Nevanlinna’s main estimate of logarithmic derivative, [17]) Let

f be a transcendental meromorphic function. Then

n(n2) =560,

where S (r, f) = O (logT (r, f) +logr) outside of a possible exceptional set E C [0,400)

with finite linear measure. If f is of finite order of growth, then

m (n %) = ottoen),

Corollary 1.5.1 ([17]) Let f be a transcendental meromorphic function and k > 1 be

m<r7f.;(-k)> :S(T7f)7

where S (r, f) = O (log T (r, f) + logr) outside of a possible exceptional set E C [0, 400)

an integer. Then

with finite linear measure. If f is of finite order of growth, then
f)
m | r,—— | = O(logr).

Theorem 1.5.2 ([12]) Let f be a transcendental meromorphic function, and o > 1 be a
given constant. Then there exists a set E C (1,00) with finite logarithmic measure and a
constant B > 0 that depends only on o and i,j(0 < i < j), such that for all z satisfying
|z| =r¢ EUI0,1]

f(j)(z)
fO(2)

<B

[W(loga r)log T (ar, f) B '

Lemma 1.5.1 ([12]) Let f(z) be a transcendental meromorphic function with o(f) =
o < +oo. Let H = {(k1,j1),...,(kq,Jq)} be a finite set of distinct pairs of integers that
satisfy k; > j; > 0, fori =1,...,q. And let £ > 0 be a given constant. Then there exists

a set £/ € [0,27) that has linear measure zero, such that if ¢ € [0,27)\E, then there is a
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1.6. Wiman-Valiron theory 13

constant Ry = Ry(v¢)) > 1 such that for all z satisfying arg z = v and |z| = r > Ry and for
all (k;j) € H, we have

< ’z‘(a—l—&-a)(k—j)_

1.6 Wiman-Valiron theory

In this section we just give a short review of basic notions and most important results.
See [17, 15]. Throughout this section, we assume that f is entire function with Taylor

expansion
o0
flz)= g anz"
n=0
where (an),,cy is sequence of complex numbers.

Definition 1.6.1 ([17, 15])

For a given r > 0, we define the maximum term of f by
_ n
py(r) = maxan| ",

and we define the central index v (r) as the greatest exponent m such that |am,|r™ = pg(r)

ie.

ve(r) n
a r’f = max |Qn|T .
v(r) n>0 ‘ n’

Theorem 1.6.1 ([17]) Let f be an entire function of order o(f) = o. Then

| _ loglo T
o= lim 70g1/f(7“) = lim 08 08 HfT) g,uf( )
r—+oo logr r—+o0 logr

Theorem 1.6.2 ([7]) Let f be an entire function of infinite order with the hyper-order

o2(f) < oo, and let vy(r) be the central index of f. Then

o loglog v¢(r) ‘
r—-+o0 log r

oa(f) =

Theorem 1.6.3 (Wiman-Valiron, [15, 24]) Let f be a transcendental entire function,
and let z be a point with |z| = r at which |f(2)| = M(r; f). Then for all |z| outside a set

E of r of finite logarithmic measure, we have

k
f®(z) = (Vf(r)> (1+0(1)) f(2), (kis an integer, r ¢ E)

z

where v¢(r) is the central index of f.
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1.7. Some results about complex differential equations 14

Lemma 1.6.1 ([5]) Let f be an entire function of infinite order with o3(f) = a (0 < a <
o0) and a set E C [1,+00) have finite logarithmic measure. Then there exists {z;, = re'%*}
such that |f(z)| = M(rg, f), 0 € [0,27), leII;OHk =0y € [0,27), r, & E, rp — 00, and
such that

1. if oo(f) = a (0 < a < 0), then for any given g1 (0 < g1 < ),

exp{ry '} < vy(rg) < exp{ri ™},
2. if o(f) = oo and o2(f) = 0, then for any given g2 (0 < g2 < %) and for any large

M > 0, we have as 7y, sufficiently large

Tﬁ/[ <wvp(rg) < exp{ry’}.

1.7 Some results about complex differential equations

In the theory of complex differential equations, the growth of solutions is a very

important property. It is well known that all solutions of the linear differential equation
FE 4 A (2) fE D 4 Ay(2) f + Ao(2)f =0 (1.14)

are entire functions, provided the coefficients Ag(z) # 0, A1(2), ..., Ax—1(z) are entire, see
[16, 17]. A classical result, due to Wittich [20], tells that all solutions of (1.14) are of
finite order of growth if and only if all coefficients A;(z),7 =0,...,k —1, are polynomials,
and if some of the coefficients A;(z),j =0,...,k—1 are replaced by transcendental entire
functions, then equation (1.14) has at least one solution of infinite order, see [9, 17].
There are other conceptions can be applied to get a more precise estimate of the growth
of meromorphic function with infinite order, such as hyper-order and e-type order. In this
work, we are interested in the case when the solutions of (1.14) are of infinite order and
the e-type order vanishes.
Definition 1.7.1 ([11, 25])
If f # 0 is a solution of the equation (1.14), and satisfies o.(f) = 0, then we say that f
is a nontrivial subnormal solution of (1.14). For convenience, we also say that f =0 is a

subnormal solution of (1.14).

Remark 1.7.1 If the equation (1.14) is non-homogeneous,then we define the subnormal

solution as in the previous definition.
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1.7. Some results about complex differential equations 15

Now, we consider the differential equation
f"+AR)f +B()f=0 (1.15)
where A(z) and B(z) # 0 are entire functions. We have the following results.

Theorem 1.7.1 ([13]) If f # 0 is a solution of the equation (1.15) where o(f) < oo,
then as r — 400,

T(r,B) <T(r,A) + O(logr).

Proof. Suppose that f # 0 is a solution of (1.15) where o(f) < oo. From (1.15) we have

B(z) = —J;l - (z)“;,

From Nevanlinna’s main estimate of logarithmic derivative, we obtain that m(r, B) <
m(r, A) + O(logr), as 7 — oo, and because A(z) and B(z) are entire functions, then

T(r,B) <T(r,A) 4+ O(logr), as r — co. A

Corollary 1.7.1 ([13]) Let A(z) and B(z) be entire functions where either (i) o(A) <
o(B), or (ii1) A is a polynomial and B is transcendental. Then every solution f # 0 of
(1.15) has infinite order.

Proof. (i) Suppose that ¢(A) < o(B) and o(f) < oo, from Theorem 1.7.1, we have
T(r,B) <T(r,A)+ O(logr), therefore c(A) > o(B) which is a contradiction.

(74) Suppose that A is a polynomial, B is transcendental and o(f) < oo, from Theorem
1.7.1, we have T'(r, B) < T'(r, A)+O(log ). As A is a polynomial, then T'(r, A) = O(logr),
hence T'(r, B) = O(logr), that means B is a polynomial, which is again a contradiction.

Theorem 1.7.2 ([1]) Let A(z) and B(z) be entire functions of finite order. If f is a
solution of the equation (1.15), then o2(f) < max{c(A);o(B)}.

Proof. Set 0 = max{o(A);o(B)}. Then for any given ¢ > 0, when r is sufficiently large,

we have

] < exp{r™*}; |B] < exp{r7*}. (1.16)
From the Wiman-Valiron theory, there is a set F' C (1, +00) having logarithmic measure
Im(F') < oo, we can choose z satisfying |z| = r ¢ [0,1] U F and |f(2)| = M(r, f), then we

get

z

9 _ <1/f(7“)>J(1+o(1)), j=12 (1.17)
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where v¢(r) is the central index of f(z). From (1.15) we have

AR (Y
= AG)G +B). (1.18)

Substituting (1.16) and (1.17) into (1.18), we obtain
2
<Vfr(r)) 11+ 0(1)] < exp{r?*t<} <Vfr(r)) |14 o(1)] + exp{r?+c}
where |z| =7 € [0,1]U F and |f(2)| = M(r, f). Therefore,

T loglog v ()

<o+e.
r—+oo  logr

Since ¢ > 0 is arbitrary, by Theorem 1.6.2 we have o2(f) <oc. R

The Theorem 1.7.2 can be generalized to k" order differential equation, as follows :

Theorem 1.7.3 ([4]) Let Ay, A1,..., Ax_1 be entire functions of finite order. If f(z) is

a solution of the equation
FO 4 A fE D 4 AL+ Aof =0,

then oa(f) < max{o(A4;):5=0,...,k—1}.

1.8 Some lemmas and remarks

Lemma 1.8.1 ([17]) Let P(z) = apz"+an_12" *+---+ag be a polynomial with a,, # 0.
Then, for every € > 0, there exists 7o > 0 such that for all r = |z| > ro we have the
inequalities

(1 - 9)lanh™ < [P(2)] < (1 +&)[anlr™

Proof. The assertion immediately follows from

PG _ |PR)
lan|rm An 2"
_lap2" + 12" 1+ +ag
- anz™
= |1+ an1l a1 — 1,
an 2 Ay 2"

asr — +oo. N

Remark 1.8.1 Let P(z),Q(z) be polynomials in z with deg P = m,deg Q = n,

P(z) = amz™ + am_12™"1 4+ -+ + ag,

Q(z) = bpz"+by_12" 14+ + by,
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1.8. Some lemmas and remarks 17

where ay, b, (u=0,...,m;v =0,...,n) are complex constants, a,,b, # 0. For z = ret?

and a,, = a+1b, we denote §(P,0) := acos(nf) —bsin(nd). By Lemma 1.8.1, we can obtain

that

az —az jam] €= (1+ 0(1)),  (8(az,0) > 037 — +00)
[P (™) +Q(e7)| = (1.19)
[bu] €727 (1 + 0(1)),  (8(az,0) < 037 — +00)

Vo € C.
By the estimations (1.19), we obtain

o (P(e*)+Q(e*)) =1

Lemma 1.8.2 ([13, 17]) Let g : (0,4+c0) — R and h : (0,400) — R be monotone
increasing functions such that g(r) < h(r) outside of an exceptional set E of finite logar-
ithmic measure. Then, for any a > 1, there exists ro > 0 such that g(r) < h(ar) holds for

all v > rg.

Proof. Since E is of finite logarithmic measure, clearly E can contain at most finitely
many disjoint intervals of the form [r, ar] for r > 1, it follows that there exists an ro > 0,
such that for any r > rg, the interval [r, ar] must contain a point ¢t where ¢t ¢ E U [0, 1].

Then g(r) < g(t) < h(t) < h(ar). W

Lemma 1.8.3 ([2]) Let f be an entire function with o(f) = o < +o00. Suppose there
exists a set E'U [0,2m) that has linear measure zero, such that for any ray argz = 6y €
[0,27)\E, we have

< Mr*,

F(re™)

where M = M (0y) > 0 is a constant and k > 0 is a constant independent of 0y, then f is

a polynomial with deg f < k.

Lemma 1.8.4 ([13, 18]) Let f(z) be an entire function and suppose that |f*)(z)| is
unbounded on some ray argz = 6. Then, there exists an infinite sequence of points
Zn =10 (n=1,2,...), where r, — 400, such that f*(z,) — co and

1
(k=)

f(j)(zn)

< 2" (1 +0(1), (j=0,....k=1).
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Chapter 2

Nonexistence of subnormal
solutions for second order complex

differential equations

In this chapter, we study the existence of non-trivial subnormal solutions for second-
order linear differential equations. We show that under certain conditions some differential
equations do not have subnormal solutions, also that the hyper-order of every solution

equals one. This chapter is based on the work of Li and Yang [22].

2.1 Introduction

The investigation of the existence of subnormal solutions of complex differential equa-
tions has been started by H. Wittich [25].

Wittich has given the general forms of all subnormal solutions of the equation
f"+P(e) [ +Q(e*) f=0, (2.1)

where P (w) and @ (w) are nonconstants polynomials in w = e* (z € C), and he proved

the following theorem

Theorem 2.1.1 ([25]) If f # 0 is a subnormal solution of (2.1), then f must have the
form

f(z) =€e“(ap + ar1€® + - - - + ame™),
where m > 0 is an integer and c, ag,ai,...,any are constants with aga,, # 0.

18



2.1. Introduction 19

Based on the comparison of degrees of P and (), Gundersen and Steinbart [1 1] refined

Theorem 2.1.1 and obtained the exact forms of subnormal solutions of (2.1) as follows.

Theorem 2.1.2 ([11]) Under the assumption of Theorem 2.1.1, the following statements
hold.

1. Ifdeg P > deg @ and Q # 0, then, any subnormal solution f # 0 of (2.1) must have
the form

f(z) =a0+aie™ + -+ ape” ™,
where m > 1 is an integer and ag, aq, - .., an are constants with aga,, # 0.
2. If @ =0 and deg P > 1, then, any subnormal solution of (2.1) must be a constant.

3. If deg P < deg Q, then, the only subnormal solution of (2.1) is f = 0.

In 2007, Chen and Shon [3] studied the existence of subnormal solutions of the general
equation

"+ [Pu(e) + P (e7?)] f' + [Q1(e*) + Q2 (e7%)] f =0, (2.2)

where Pj(z), P2(z),Q1(z) and Q2(z) are polynomials in z, and obtained the following

results.

Theorem 2.1.3 ([3]) Let Pj(z),Q;(z) (j = 1,2) be polynomials in z. If
deg Q1 > deg Py or deg Qo > deg P,

then the equation (2.2) has no nontrivial subnormal solution, and every solution of (2.2)

satisfies oo(f) = 1.
Theorem 2.1.4 ([3]) Let Pj(z),Q;(z) (j = 1,2) be polynomials in z. If
deg Q1 < deg P; and deg Q2 < deg P

and Q1+ Q2 # 0, then the equation (2.2) has no nontrivial subnormal solution, and every

solution of (2.2) satisfies oa(f) = 1.

In 2013, Xiao [27] considered the problem about what the conditions that will guarantee
the equation

1P Q) £ =0, (2.3)

where P (w) and @ (w) are nonconstants polynomials in w = e* (z € C), a, 3 are complex

constants, does not have a nontrivial subnormal solution.
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2.2. Main results 20

2.2 Main results

Li and Yang [22] raised the following question,
Question. What can be said when deg P; = deg Q1 and deg P, = deg Q2 for (2.2) ?

To answer on this question, they proved the following theorem.
Theorem 2.2.1 ([22]) Let

= ap2"+ -+ a1z + ao,
= bp2"+ -+ b1z + by,

)
)

z) = e+ -+ ez + oo,
) = dp2" 4+ diz+ do,

where a;,b; (i = 0,...,n), ¢j,d;j (j =0,...,m) are constants, anbpcmdy # 0. Suppose

that andy, = bpem and any one of the following three hypothesis holds :

1. There exists i satisfying (—2—:)% +b0;#0,0<i<n.

2. There exists j satisfying (—E)Cj +d; #0,0<j <m.

an

3. (_bi)Q + ( b")(ao +¢o) +bo+dy # 0.

an an

Then (2.2) has no nontrivial subnormal solution, and every nontrivial solution f sat-

isfies oo(f) = 1.
Example 2.2.1 ([22])

We remark that the equation

fr+ (e +e+1)f +(2e* +27—-2)f=0

22 Heren=2, m=1,a,=1,by =2, a1 = b =0,

has a subnormal solution fo = e~
a=1d =2,a0+co=1, byp+do=-2, (—%) -a1 + b =0, and (—%)2 + (—%)(ao +

¢o) + bo + dp = 0. This shows that the restrictions (i)—(iii) in Theorem 2.2.1 are sharp.

In the same article [22], Li and Yang have investigated the existence of subnormal

solutions of the general form

f" A+ [Pu(e) + Py ()] f' + [Ql <€5z> + Qo (e*/ﬂ] fF=0, (2.4)

where P;(z), P2(2), Q1(z) and Q2(z) are polynomials in z. «,  are complex constants, and

they proved the following results,
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Theorem 2.2.2 ([22]) Let

Pi(z) = aim 2™ +---+anz+ a,

Py(z) = agm,2™ + -+ a2z + a,

Q1(2) = by 2™ 4+ b1z + bio,

Q2(2) = bop, 2"+ -+ + ba1z + bao,
where my, > 1, n, > 1 (k = 1,2) are integers, ai;, (i1 = 0,...,m1), az,(ia = 0,...,ma),
b1j,(j1 =0,...,n1), b2j,(j2 = 0,...,n2), a and B are complex constants, aim, 2mysb1n, b2n, #

0, af # 0. Suppose mia = cinif (0 < ¢ < 1) or moar = canaf8 (0 < ca < 1). Then (2.4)

has no nontrivial subnormal solution, and every nontrivial solution f satisfies oo(f) = 1.

Theorem 2.2.3 ([22]) Let

P (z) = apm 2™ +- - +anz+ ano,

Py(2) = agme2" + -+ a2z + ag,

Q1(2) = bip, 2"+ -+ bz + bio,

Q2(2) = bap, 2"+ -+ barz + bao,
where my, > 1, n > 1 (k = 1,2) are integers, a1, (i1 = 0,...,m1), az,(ia = 0,...,ma),
bij,(j1 =0,...,m1), b2j,(j2 = 0,...,n2), a and 8 are complex constants, aim, G2msbin, bon, #

0, aff # 0. Suppose miaw = cin1f8 (c1 > 1) and moaw = canaf (cg > 1). Then (2.4) has no
nontrivial subnormal solution, and every nontrivial solution f satisfies oo(f) = 1.

Example 2.2.2 ([22])

Note that the subnormal solution fy = e™* + 1 satisfies the equation
f/I _ (632 + 622 + efz)f/ . (62Z + €7Z)f =0.

Here o = %, B =1/3, m =6, my =2 n =6, ng =3, ma= %nlﬁ and moa = nsf.
This shows that the restrictions that mia = e1nif (c1 > 1) and moa = cangff (c2 > 1)

can not be omitted.

2.3 Proofs of the main results

2.3.1 Proof of Theorem 2.2.1
Suppose that f(z) is a non-trivial subnormal solution of (2.2). Let

h(z) = e®r/oz £ (2),
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then h(z) is a non-trivial subnormal solution of

' + [2(_Zn) + Pi(e®) + Pa(e™?) | I
- [(_Zn)z - (_%)(Pﬂez) + Po(e%)) + Qu(e) + Qa(e*) | h=0.

Since any one of the following three hypotheses holds:
(i) there exists 7 satisfying (—2—2)% +b,#0,0<i<mn;

(ii) there exists j satisfying (—Z—Z)cj +d; #0,0<j <my

(iii)
(_ZA)Z + (—Zi)(ao + co) 4+ bo +do # 0,
we obtain
(22 + (= 2)(PUE) + Pale ™)) + @ule?) +Qale ™) £0. (2.5)

From a,d,, = ¢;by,, we obtain
by,
deg Po(z) >m —1> deg[(—a—)Pg(z) + Q2(2)]. (2.6)
Combining (2.5) and (2.6) with

deg Pi(z) >n—1> deg[(—Z—n)Pl(z) + Q1(2)], (2.7)

n

we obtain the conclusion by using Theorem 2.1.4.

2.3.2 Proof of Theorem 2.2.2

Suppose f(# 0) is a solution of (2.4), then f is an entire function. Next we will
prove that f is transcendental. Since Q(e??) + Qao(e™7%) # 0, we see that any nonzero
constant can not be a solution of the (2.4). Now suppose that fo = b,z" + -+ + b1z + bo,
(n >1,by,...,by are constants, b, # 0) is a polynomial solution of (2.4).

(1) mia = c1m1 B (0 < ¢1 < 1). Take z = re®, such that 6(8z,0) = | 3| cos(arg 8+ 6) > 0,
then 0(az,0) = “16(82,0) > 0. From (2.4) and Lemma 1.8.1, that for a sufficiently large
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r and € > 0, we have

bl 77 b1 | =0 (1— 0(1) < |@Qu (%) + Q2 ()| 1ol
< |f5]+ [Pe) + P (e77) |1 fo)
<ty | ™50 (0 — 1) 5] 7711+ 0(1)
< Mleml%é(ﬁz’o)rr”_l(l +0(1))
< MyemedB0rn=lq 4 (1)), (2.8)

where M; > 0 is some constant. Since 0 < ¢; < 1, we see that (2.8) is a contradiction.
(2) maa = can2B (0 < ez < 1). Take z = re®, such that 6(8z,60) = || cos(arg 5+ 6) < 0,
then 0(az,0) = 72220(82,0) < 0. From (2.4) and Lemma 1.8.1, that for a sufficiently large

r and for € > 0, we have

bal 7 [bana| e 2707 (1~ 0(1)) < Q1 (%) + Q2 (7| 10l
< S+ [P (e) + P () || o
< agm,| e ™0 (0 — 1) [by PN (1 + 0(1))
< Mye ™2 SO =11y o(1))
< Mye e B20rm i 4 o(1)), (2.9)

where My > 0 is some constant. Since 0 < ¢z < 1, we see that (2.9) is also a contradiction.
Thus we obtain that f is transcendental.

By Theorem 1.7.2 and max{c(P; (e*?)), o(Pa(e~)), 0(Q1(e%?)), 0 (Q2(e7P*))} = 1, we
see that o2(f) < 1. By Theorem 1.5.2, we can see that there exists a subset E C (1,00)
having a logarithmic measure ml/FE < oo and a constant B > 0 such that for all 2z satisfying

|z| =r ¢ [0,1] U E, we have

f(2)

(1) Suppose mia = c1n1B(0 < ¢; < 1). Take z = re’?, such that §(3z,60) > 0, then

6(az,0) = 126(B2,0) > 0. From (2.4), (2.10), that for a sufficiently large r and r ¢
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[0,1] U E, we have

b | =07 (1—0(1) < |Qu (¢7) + Q2 ()

< J;/(( )) +| Py (e°%) + Py (e—aZ)]'ff’((zz)

< BT )P+ aim, | "0 BIT(2r, ) (1+o(1))
< e P T o)

< O[T f)P enadB=0r (1 4 (1)), (2.11)

where C' > 0 is some constant. Since 0 < ¢; < 1, by Lemma 1.8.2, (2.11), we obtain

O'Q(f) Z 1. SO O'Q(f) =1.

Next we prove that any f(# 0) is not subnormal. If f is subnormal, then for any € > 0,
T(r, f) <e™". (2.12)
When taking z = re?, such that 6(8z,0) > 0, by (2.11) and (2.12), we deduce that

b1y [P0 (1 = o(1)) < CT(2r, )P 42E=0"(1 1 0(1)) 013

< Qb . gmed(B20r (1 4 o(1)). 219

We see that (2.13) is a contradiction when 0 < & < 2n16(82,60)(1 — ¢1). Hence (2.4) has
no non-trivial subnormal solution and every solution f satisfies oo(f) = 1.

(2) Suppose maa = conaB (0 < ¢z < 1). Take z = re®, such that §(Bz,6) < 0, then

6(az,0) = "2226(Bz,0) < 0. Using the similar method as in the proof of (1), we obtain

the conclusion.

2.3.3 Proof of Theorem 2.2.3

Suppose that f(# 0) is a solution of (2.4), then f is an entire function. Next we will
prove that f is transcendental. Since Q(e’?) + Q2(e™?) # 0, we see that any nonzero
constant can not be a solution of the equation (2.4). Now suppose that fo = b,2" + -+
b1z + by, (n > 1,by,...,by are constants, b, # 0) is a polynomial solution of (2.4). Take
z = re, such that §(az,0) = |a|cos(arga + 0) > 0, then §(8z,0) = L-5(az,0) > 0.

cini
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From (2.4) and Lemma 1.8.1, that for a sufficiently large r and for € > 0, we have

b 0" g, | €™0FOT (1 —0(1)) < [Py (%) + Pa (e7%) | | £
< |fo]+ | (eﬁz> + Q2 (67&) | fol
< i, | €020 (0 — 1) by | 7™ (1 + (1))
< MM a0 4 o(1))
< Mead@0m g 4 o)) (2.14)

where M > 0 is some constant. Since ¢; > 1, we see that (2.14) is a contradiction. Thus
we obtain that f is transcendental.

First step. We prove that o(f) = co. We assume that o(f) = 0 < co. By Lemma
1.5.1, we know that for any given ¢ > 0, there exists a set E C [0,27) which has linear
measure zero, such that if ¢ € [0,27) \ E, then there is a constant Ry = Ro(1)) > 1, such
that for all z satisfying arg z = ¢ and |z| = r > Ry, we have

f"(2)
f'(2)
Let H = {0 € [0,27) : §(az,0) = 0}. Then H is a finite set. Now we take a ray
argz =0 € [0,2m) \ (E U H), then §(az,0) > 0 or 6(az,8) < 0. We divide the proof into

ro e, (2.15)

the following two cases.

Case 1. If §(az,0) > 0, then §(8z,0) = 226 (az,0) > 0, 6(—az,0) <0 and §(—5z,0) <

cing

0. We assert that | f/(re?)| is bounded on the ray argz = 0. If | f/(re')| is unbounded on

the ray argz = 6, then by Lemma 1.8.4, there exists a sequence of points z = e (t =

1,2,...) such that as r; — oo, f’(2t) — oo and

‘J{,((Z)) < ry(1+o(1)). (2.16)
By (2.4), we obtain that
~ (A + o) = B L Qi) 4 Qule gl I )
From d(az, ) > 0, we have
|P1(e*) + Py(e )| > |aim, [e™@=07 (1 — o(1)), (2.18)
1Q1(e7) + Qa(e7P%)| < Mem2B200e (1 4 o(1)). (2.19)
Substituting (2.15), (2.16), (2.18) and (2.19) in (2.17), we obtain
a1, | €100 (1 —o(1)) < rfTIHE 4 MemOB 0Ty (1 4 0(1))
< Mroteea tOmOT | o), (2.20)
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Since ¢; > 1, 6(az, ) > 0, when r; — o0, (2.20) is a contradiction. Hence |f(re??)| < C.
So
|f(re®)| < Cr. (2.21)

Case 2. If §(az,0) <0, then §(8z,0) = 2 5(az,0) <0, 6(—az,0) > 0 and §(—fBz,0) >

0. Using the similar method as above, we can obtain that
|f(re®)| < Cr. (2.22)

Since the linear measure of £ U H is zero, by (2.21), (2.22) and Lemma 1.8.3, we know
that f(z) is a polynomial, which contradicts the assumption that f(z) is transcendental.
Therefore o(f) = oo.

Second step. We prove that (2.4) has no non-trivial subnormal solution. Now suppose
that (2.4) has a non-trivial subnormal solution fy. By the conclusion in the first step,
o(fo) = co. By Theorem 1.7.2, we see that o2(fy) < 1. Set o2(fo) = w < 1. By Theorem
1.5.2, we see that there exists a subset E7 C (1,00) having finite logarithmic measure and
a constant B > 0 such that for all z satisfying |z| = ¢ [0, 1] U E4, we have

1(2)
fo(2)

< B[T2r fo)l’, (7 =1,2). (2.23)

From the Wiman-Valiron theory, there is a set EFs C (1,00) having finite logarithmic

measure, so we can choose z satisfying |z| = r € Eq and |fo(z)| = M(r, fo). Thus, we have

1) _ <ufo<r>
fo(z) z

where v, (r) is the central index of fy(2).

)J (I+o0(1)), j=12 (2.24)

By Lemma 1.6.1, we see that there exists a sequence {z, = rpe®"} such that | fo(z,,)| =
M(rn, fo), On € [0,27), limy, 00 0, = 09 € [0,27), 7, & [0,1] U Eq U Eg, 7, — 00, and if

w > 0, we see that for any given ¢1 (0 < &1 < w), and for sufficiently large r,,
exp{r¥ '} <y, (ry,) < exp{ryer}, (2.25)

and if w = 0, then by o(fy) = oo and Lemma 1.6.1, we see that for any given g2 (0 < g2 <

1/2), and for any sufficiently large M, as r, is sufficiently large,

M < v (rn) < exp{re?}. (2.26)
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From (2.25) and (2.26), we obtain that
Viy(Tn) > Ty Tn — 00 (2.27)

For 09, let 0 = d(az,0p) = |a|cos(arga + ), then 6 < 0, or § > 0, or 6 = 0. We divide

this proof into three cases.

Case 1. § > 0. By 0, — 0y, we see that there is a constant N (> 0) such that, as
n > N, §(az,,0,) > 0. Since fp is a subnormal solution, for any given ¢ (0 < ¢ <

La- é)é(azn,en)), we have
(T(2rn. fo)]? < 8o < 2 0marlemtm, (2.28)

By (2.23), (2.24), (2.28), we have

Vf<7">>” 15 (zn)
< . (1+0(1)) fo(zn)
< B [T(zrna f)]g
< Be%(1_£)6(ozzn,6’n)7“n7 j=1,2. (2.29)

Since 0(azp, 0,) > 0, from (2.4), (2.24), we obtain that

(2.30)

’W’almllemlé(azn,en)mu —o(1) < ;ﬁgz:; (Py(e*n) + P2(604zn))‘
f(:))/((j:)) + [Ql(eﬁzn) + Q2(€_6Z")} '
S N e re)
< M <”ff;(r">)2e7i?5(%"">“(1 +o(1)).
From (2.29) and (2.30), we can obtain
(g, [ ATED @0 (1 51)) < My BerTEOEOI g o)y (2.31)

Since ¢; > 1 and my > 1, we see that (2.31) is a contradiction.

Case 2. § < 0. By 0, — 6y, we see that there is a constant N(> 0) such that, as

n > N, §(az,,0,) < 0. Since fy is a subnormal solution, for any given ¢ (0 < ¢ <

_%(1 - é)d.(azn, 6,)), we have

d(zn,0n)rn

T2, fo)2 < 87 < ¢ 2072 (2.32)
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By (2.23), (2.24), (2.32) we have

VfO(r”)>j éj)(zn)
( . (1+0(1)) o)

< BI[T(2ry, fo)®

< Be zUmepllemor gy (2.33)
By (2.24) and (2.4), we obtain
I/f(;a(rn) ’a2m2’e—m25(azn,0n)rn(1 . 0(1)) < ;(ngn; (Pl(eazn) + Pz(eazn))‘

n 0\<n
H(zn) Bzn —Bzn
= %‘F [Ql(e )+ Qa(e )H

2
< (P2 1k o) 4 e 050 (14 o)

Tn

2 m

n

From (2.33) and (2.34), we can deduce that
1 1 1
’a2m2|e*m2(1*5)5(a2n,9n)rn(1 _ 0(1)) < M2Be*§(175)5(azn,9n)rn(1 + 0(1)) (235)

Since ca > 1 and mga > 1, we see that (2.35) is a contradiction.

Case 3. 0 = 0. Then 0y € H = {6]0 € [0,27),0(az,6) = 0}. Since 6, — 6, for any
given € > 0, we see that there is an integer N (> 0), asn > N, 0,, € [0y — &,0p + €] and
Zn = Tpetfn € Q = {z:0p— ¢ <argz < 0y+c}. By Theorem 1.5.2, there exists a subset
Es C (1,00) having finite logarithmic measure and a constant B > 0, such that for all z
satisfying |z| = r ¢ [0, 1] U E3, we have

0(2)

fo(2)

Now we consider the growth of fo(re) on a ray argz = 0 € Q\ {6p}. Denote Q1 =

< B[T(2r, f})]%. (2.36)

0o — €,00), Q2 = (00,00 + €]. We can easily see that when 6; € Q1,02 € Qo, then
0(az,01) - d(az,02) < 0. Without loss of generality, we suppose that §(az,0) > 0(6 € Q)
and 0(az,0) < 0(0 € Qo).

Since when 6 € Qy, 6(az,0) > 0. Recall fy is subnormal, then for any given ¢ (0 <
e<2(1— %)5(042,0)),

Lys(az,0)r

[T (2r, )2 < et < 207 (2.37)

We assert that |fj(re?)| is bounded on the ray argz = 6. If |f}(re'?)| is unbounded on

the ray argz = 6, then by Lemma 1.8.4, there exists a sequence {y; = Rjew} such that
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Rj — 00, fy(y;) — oo and

fo(y;)

< Rj(1+o0(1)). (2.38)
folyi)| =77
By (2.36) and (2.37), we see that for sufficiently large j,
i
0Wi)| — prraR;, f)? < Bes(-F)en OR; (2.39)
fé(yj) 70 =
By (2.4), we deduce that
o e D1 0(1)) <[P () + Poe”)
< O y] }Q ﬁy] +Q ( Byj) fo(yj)
— L foly) )

0162( o9 00 R; n8(By; 0)R; R;(1+0(1))

IN

< el PenORip (14 h1)). (2.40)
Since d(awy;,8) > 0, ¢1 > 1, we know that when R; — oo, (2.40) is a contradiction. Hence
| fo(re®)| < Cr, (2.41)

on the ray argz = 6 € Q5.
When 0 € Qg, §(az,0) < 0. Recall fy is subnormal, then for any given ¢ (0 < ¢ <
—s(1=5)d(az,0)),

)5(042’,0)7"‘

[T(2r, [ < e < e 2075 (2.42)

We assert that |f}(re’)| is bounded on the ray argz = 6. If |f)(re'?)| is unbounded

on the ray arg z = 0, using the similar proof as above, we can obtain that
i O\R. _1l(1_1 O\R.
|agmgle” 2T 0@ (1)) < Che 21T @R (1 4 o(1))  (2.43)

Since §(ay;,0) < 0 and ¢z > 1, we know that when R; — oo, (2.43) is a contradiction.
Hence

|f0(rei0)\ < Cr, (2.44)

on the ray arg z = 6 € Q. By (2.41) and (2.44), we see that |fo(re’?)| satisfies
[fo(re®)| < Cr, (2.45)

on the ray argz = 0 € Q\ {6p}. However, since fy is transcendental and {z, = 7,¢?"}

satisfies | fo(zn)| = M (rn, fo), we see that for any large N (> 2), as n is sufficiently large,

| fo(zn)| = | fo(rne®™)| =1} (2.46)
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Since z, € Q, by (2.45) and (2.46), we see that for sufficiently,large n,
0, = 6o.
Thus for sufficiently large n, §(az,,0,) = 0 and
|Py(e*m) + Pa(e™ )| < C,  |Q1(e7) 4+ Qa(e )| < C. (2.47)

By (2.4) and (2.24), we obtain that

2
- () 4o
! Vi, () (2.48)
= (A=) 4 Paeo) (P2 ) (14 o) 4 Q1) + Qate )L
By (2.47), (2.48) and (2.27) we obtain that
Vi (rn) < 2Cry, (2.49)

by (2.25) (or (2.26)), we see that (2.49) is a contradiction. Hence (2.4) has no non-trivial
subnormal solution.

Third step. We prove that all solutions of (2.4) satisfies oo(f) = 1. If there is a
solution f; satisfying oa2(f1) < 1, then o(f1) = 0, that is to say f; is subnormal, but
this contradicts the conclusion in Step 2. Hence o2(f) = 1. This completes the proof of

Theorem 2.2.3.
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Chapter 3

Nonexistence of subnormal
solutions for a class of higher order

complex differential equations

In this chapter, we investigate the existence of subnormal solutions for a class of
higher order complex differential equations. We generalize the result of N. Li and L. Z.

Yang [22], L. P. Xiao [27] and also result of Z. X. Chen and K. H. Shon [3].

3.1 Introduction

In [11], Gundersen and Steinbart considered the higher order non-homogeneous linear

differential equation
fO 4Py () fP D o Py (ef) f = Q1 (€%) + Qa2 (e77), (3.1)

where Q1(2), Q2(2), Po(2), ..., Pr—1(z) are polynomials in z. They obtained the following

Theorem.
Theorem 3.1.1 ([11]) Suppose in equation (3.1) we have k > 2 and
degPy > degP; (3.2)
for all1 < j <k —1. Then any subnormal solution f of (3.1) must have the form
f(z) = Si(e”) + Sa(e™7),
where S1(z) and S2(2) are polynomials in z.

31
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From the proof of Theorem 3.1.1, we see that the condition (3.2) in Theorem 3.1.1

guarantees that the corresponding homogeneous differential equation
FO 4 P () f* D 4k Py(e®) f=0 (3.3)

of (3.1) has no nontrivial subnormal solutions.

In [6], Chen and Shon investigated the existence and estimated the number of nontrivial
subnormal solutions of the equation (3.3).

Chen and Shon in [4] and Liu and Yang in [23] improved the Theorems 2.1.3, 2.1.4 to

higher periodic differential equation

O+ [Py (@) + Qror (€73)] FE V4 4 [P () + Qo (e79)] F=0  (3.4)
and they proved the following results.

Theorem 3.1.2 ([23, 4]) Let P;j(2),Q;(z) (j = 0,...,k — 1) be polynomials in z with
deg P; = mj, deg Q; = n;. If Py satisfies

mo >max{m; :1<j<k—1}=m

or Qo satisfies

no > max{n;: 1 <j<k—-1} =n,

then (3.4) has no nontrivial subnormal solution, and every solution of (3.4) is of hyper-

order o9(f) = 1.

Theorem 3.1.3 ([4]) Let Pj(2),Q;(2) (1 =0,...,k=1) be polynomials in z with deg P; =
mj, deg Q; = n;, and Py+ Qo # 0. If there exists mg,ng (s,d € {0,...,k— 1}) satisfying

both the inequalities

ms > max{m;:j=0,...,s—1,s+1,....k—1} =m,

ng > max{n;:j=0,....,d—1,d+1,....k—1} =n,

then (3.4) has no nontrivial subnormal solution, and every solution of (3.4) is of hyper-

order o9(f) = 1.

3.2 Main results

Firstly, we want to answer to the question,
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Question. Can Theorems 2.2.2, 2.2.3 be generalized to higher order differential equa-
tion 7 And we will prove the following results.

Let
f(k)+ [Pk—l (e™1%) + Qu_1 (e—ak—lz)] f(k—1)+. ct [PO (e*°%) + Qo (e_aoz)] f=0, (3.5
where

Pij(z) = ajm;z"™ + aj(mj_l)zmj_l +---+aj, 7=0,..., k-1,
Q] (Z) = bjn]'znj + bj(nj—l)znj_1 +oo bjO’ J=0,...,k—1
and mj; > 1,n; > 1 (j =0,...,k—1;k > 2) are integers, aj, # 0,bj, # 0 and o # 0
(j=0,....k—1; u=0,...,my; sz,...,nj) are complex constants.
Theorem 3.2.1 ([29]) Suppose that
Cjmot = Mj0y, O<Cj <1LVvj=1,...,k—1

or
dj’I’LoOlo = n;ay, 0<dj <1,Vj=1,...,k—1,
then the equation (3.5) has no nontrivial subnormal solution, and every solution of (3.5)

satisfies oa(f) = 1.

Theorem 3.2.2 ([29]) If Py (e®°%) + Qo (e~ *°%) # 0, and if there exists s,t € {0,... . k—
1} such that

msos = cymjag, ¢; > 1, 7=0,...,s —1,s+1,...,k —1,

ntat:djnjaj, dj>1, 7=0,...,t—1¢t+1,....k—1,

then the equation (3.5) has no nontrivial subnormal solution, and every solution of (3.5)

satisfies oo(f) = 1.

As a generalization to higher order equation of Theorem 1.5 and Theorem 1.6 in [27],

we have the following results.
Theorem 3.2.3 ([29]) Let

Pj (€%7) = ajin, €™ + ajim, 1)e™ TV 4 ajo, j=0,. k1,
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where mj > 1 (j =0,...,k—1;k > 2) are integers, aj, #0 and a; #0 (j =0,...,k — 1;
u=0,...,mj) are complex constants. Suppose that cymoag = mja;, 0 < ¢; < 1, Vj =

1,...,k— 1. Then the equation
F® 4+ Py (e2427) fOD 4o Py (e2%) f = 0 (3.6)

has no nontrivial subnormal solution, and every solution satisfies oa(f) = 1.

Theorem 3.2.4 ([29]) Let

P} (e%9%) = ajm, ™" + aj(mj,l)e(mjfl)ajz +-- 4 aje%*, j=0,...,k—1,

where m; > 1 (j =1,...,k—1;k > 2) are integers, aj, #0 and a;; #0 (§=0,...,k —1;
u=0,...,m;) are complex constants. Suppose that Py (e*°*) # 0 and there exists s €
{1,...,k — 1} such that c;msos = mjay, 0 < ¢; < 1,Vj=0,...,s = 1,s+1,....k—1.

Then the equation
FO 4 Py () D e Py (e%) £ =0 (3.7)
has no nontrivial subnormal solution, and every solution satisfies oa(f) = 1.

In [23], Liu-Yang gave an example that shows that in Theorem 3.1.2, if there exists
deg P; = deg P; and deg Q; = deg Q; (i # j), then the equation (3.4) may have a nontrivial
subnormal solution.

z

Example ([23, page 610]). A subnormal solution f = e™* satisfies the following
equation

RIS Ut SRR L (e +e ) f'+ (¥ +e*)f=0,
where n is an odd number.

Question. What can we say when deg Py = deg P} and deg Qo = deg @ in the

equation (3.4)? We have the following result.

Theorem 3.2.5 ([29]) Let Pj(2),Qj(z) (j = 0,...,k — 1) be polynomials in z with
deg Py = deg P = m,deg Qo = deg Q1 = n, deg Pj = mj, degQj =n; (j =2,...,k—1),

let
Pi(2) = amz™+am 12"+ +ag,
Py(z) = bpz"+ by12™ L+ by,
Q1(2) = 2" +ep12" 4+,
Qo(2) = dp2" +dp 12" 14+ do,
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where ay, by, cy,dy, (u=20,...,m;v =20,...,n) are complex constants, apybmcnd, # 0. If
amdn = bpcn, m > max{m; : j = 2,...,k -1}, n > max{n; : j = 2,...,k — 1} and
e~ (bm/am)z s not a solution of (3.4), then the equation (3.4) has no nontrivial subnormal

solution, and every solution f of (3.4) satisfies oa2(f) = 1.

Example. This example shows that the Theorem 3.2.5, is not a particular case (and

is different) of Theorems 3.1.2, 3.1.3. Consider the differential equation
f/// + (ez + efz) fl/ + (632 o 6722) fl + (—2€3Z + 2672z) f = 0.

By Theorems 3.1.2, 3.1.3, we can’t say anything about the existence or nonexistence
of nontrivial subnormal solutions, because neither hypotheses of Theorem 3.1.2 nor of
Theorem 3.1.3 are satisfied. But, we can see that all hypotheses of Theorem 3.2.5 are
satisfied, then, we guarantee that the above equation has no nontrivial subnormal solution.
In fact, we have k = 3, Pa(e?) = €, Q2(e*) = e, P1(e*) = €3%,Q1(e%) = —e™ 2%, Py(e*) =
—2¢3% and Qp(e?) =2 . m=3,n=2,m>1=degPy, n>1=degQs. ap = 1,b,, =
—2,¢, = —1 and d,, = 2, and we have a,,d,, = b;,c,,. It’s clear that e~ (bm/am)z — 22 {5 ot
a solution of the equation above.

Remark 1. In Theorem 3.2.5, if the equation (3.4) accepts e~ (?m/@m)? as a solution,
then (3.4) has a subnormal solution. But, if e~(bm/9m)% doesn’t satisfy (3.4), is there
another subnormal solution may satisfy (3.4)? The conditions of Theorem 3.2.5 guarantee
that, if (3.4) doesn’t accept e~ (®m/@m)? a5 a subnormal solution, then (3.4) doesn’t accept
any other subnormal solution.

Remark 2. In Theorem 3.2.5, we can replace the condition " e~(m/am)z ig not a

solution of (3.4) " by many partial conditions. For example
L P (0)+ Qi (0) =0, (=0, k1),
2. P;(0)+Q;(0)=1,(j=0,...,k—1) and ap, # bp.
3. Pj(0)+Q;(00=1,(=0,...,k—1), ay = by, and k is even number.

4. P;(0)+Q;(0)=0,P(0)+Q(0)=1(j=0,....85 l=s+1,...,k—1), am = by,
and s, k are both even or both odd. And so on.

Remark 3. In Theorem 2.2.1, the hypotheses (1-3) can be replaced by the condition

Me=(bn/an)z i not a solution of (2.2)".
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3.3 Proofs of main results

3.3.1 Proof of Theorem 3.2.1

(1) Suppose that f is a nontrivial solution of (3.5), then f is an entire function. Since
Py (e™*) + Qo (e~ **) £ 0, then every nonzero constant is not a solution of (3.5). Now,
suppose that fo = apz"+---+ap (n > 1; ag, ..., a, are constants, a,, # 0) is a polynomial
solution of (3.5). If ¢;moan = mjay, (0 < ¢;j < 1,Vj = 1,...,k — 1), then we choose
z = re', such that 6(agz,0) = |ag| cos(arg ag +6) > 0, then §(a;z,0) = %mgé(aoz, ) >

j
0,(Vj=1,...,k—1). By Lemma 1.8.1 and (3.5) for a sufficiently large r, we have

[an] |agm, | €271 (1 + o(1)) | Po (€7°%) + Qo (7% | fol

IA

1594 X 11y )+ @ () |59
j=1

< Meemodeozdrn (1 4 o(1),

where 0 < ¢ = max{¢; : j = 1,...,k — 1} < 1. This is a contradiction. Then (3.5)
has no nonzero polynomial solution. If d;jnpag = njay, (0 < d; < 1,V =1,...,k—1),
then we choose z = re?, such that §(agz,0) = |ap| cos(arg ag + 0) < 0, then §(a;z,0) =
%noé(aoz, 0) <0,(Vj=1,...,k—1). Using the similar method as in the case d(agz,0) >

J
0, we obtain

|an‘ ‘b0n0| 6*7105(0402,9)7“7471(1 + 0(1)) < Mefan(S(aoz,O)Trn(l + 0(1))7

where 0 < d = max{d; : j = 1,...,k — 1} < 1. This is a contradiction. So, (3.5) has no
nonzero polynomial solution.

(2) By Theorem 1.5.2 we can see that there exists a set E C (1, 00) with finite logarithmic
measure and there is a constant B > 0 such that for all z satisfying |z| = r ¢ E U [0,1],

we have
f(j)(z)
f(z)

Suppose that f # 0 is a subnormal solution, then o.(f) = 0. Hence, for all ¢ > 0, and for

<B[T@r, O, j=1,... k. (3.8)

sufficiently large r, we have

T(r,f) <e™. (3.9)
Substituting (3.9) into (3.8) with sufficiently large |z| = r ¢ E U [0, 1], we obtain

f(j)(z)

f(2) < BeXUtNr < pe2etbtlr 5 —q k. (3.10)
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(i) Suppose that ¢;moag = mjaj, (0<c¢; <1,¥j=1,...,k—1). Take z = re' such that
r ¢ EU|0,1] and 6(agz,0) = |ag| cos(arg ag + 6) > 0, then §(oz,6) = &mod(aozﬁ) >

m;
0,(Vj=1,...,k—1). Therefore

[Po (£%0%) + Qo (€79%)| = laomo| ™30 (1 4 o(1)), (3.11)

[P (%) + Q (%) = lajm,| ™" =071+ o(1))

| €507 (14 (1)
< Decmoé(aoz,@)r(1+o(1))’ (3.12)

here D = - = ; 1. ituti . .
where 1g1?£1§—1{‘ajm1‘} and 0 < ¢ 1§I?£I§—1{‘C]’} < 1. Substituting (3.10), (3.11)

and (3.12) into (3.5), we obtain

|a0m0| em05(aoz,9)r(1 + 0(1)) = }PO (eaoz) + Qo (e—aoz)‘
= ()
= ff + 3 |P (%) + Qj (e7%)] ff
j=1

< Be2z—:(k+1)r + (k N 1)DBecmoé(aoz,G)TGZE(k+1)T(1 + 0(1))

Hence,

|a0m0|em05(o¢0z,9)r(1+0(1)) < Me[cmgé(agz,@)-i—%(k—&-l)}r(1+0(1)) (3‘13)

for some constant M > 0. Since 0 < ¢ < 1, we can see that (3.13) is a contradiction when

1-c
O<e< mmoé(aoz, 9)

Hence, the equation (3.5) has no nontrivial subnormal solution.

(ii) Suppose that djnoag = njoj, (0 < dj < 1,Vj =1,...,k —1). We choose z =
re’, such that r ¢ E U[0,1] and §(apz,6) = |ao| cos(argag + 0) < 0, then &(a;z,0) =
d:

#ng5(a0z, 0) <0, (Vj =1,...,k—1). Using the similar method as in the proof of (i)

J
above, we obtain

|b0n0‘efn06(aoz,0)r(1 +0(1)> < Me[fdno6(aoz,0)+2s(k+1)]r(1 +0(1)), (3.14)

where 0 < d = | Jnax l{ldj\} < 1, and for some constant M > 0. We see that (3.14) is a
<j<k—

contradiction when

O<e< —mnoé(agzﬁ).

Hence, (3.5) has no nontrivial subnormal solution.
(3) By Theorem 1.7.3, every solution f of (3.5) satisfies oa(f) < 1. Suppose that
oa(f) < 1, then o.(f) =0, i.e., f is subnormal solution and this contradicts the conclusion

above. So oa(f) = 1.
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3.3.2 Proof of Theorem 3.2.2

Suppose that f # 0 is a solution of equation (3.5), then f is an entire function. Since

Py (e%) + Qo (e~ %) # 0, then f cannot be nonzero constant.

(1) We will prove that f is a transcendental function. We assume that f is polynomial
solution to (3.5), and we set
f(z) =apz" + -+ ao,
where n > 1, ag,...,a, are constants with a, # 0. Suppose that s < ¢t. If n > s, then
&) £ 0, and we have
£9)

Take z = re' such that (a2, 0) > 0, therefore

= A} lan| " (14 0(1)), |z| =7 — 0.

| Py(e%) + Qs(€7%)| = |agm, | €™ %07 (1 + o(1))
and we obtain
[P(e™%) + Qu(e™ )| [ 1)) = 43 lan] agm, | 7= D51 1 0(1)).  (3.15)

From msos = ¢jmjaj, we obtain m;é(a;z,0) = Tg—jsd(ozsz,ﬁ) >0,(¢;>1,7=0,...,5 —

1,s+1,...,k—1). Hence,

|Pj(e%9%) + Qj(e™ )| = |ajm,| ™= (1 4 0(1))
Bs §(asz,0)r

= |ajm,| e (1+o(1))

and we have

. A%anrn_jl—l—ol,if'gn

| = { Abllrn o), i
0, if 5 > n.

Then, we obtain for j =0,...,s—1,s+1,...,k—1

[B5(e5%) + Qi(e™ )| [FD@)| = A% Janl [agm,| "1+ 0(1)

< Defmsdlaszrpn(q 4 (1)), (3.16)
where D = max{ A, |a,| ‘ajmj [}and 0 < C = max{cij} < 1. Substituting (3.15) and (3.16)
j j
into (3.5), we obtain

A5 Jon lagm,| @051t o(1)) = [Pyfe?) + Qulem)| | #92)

k—1

< D@+ Y B + Qi) 19|
J=0,j#s

< Mefmsdlesz0ren(q 4 o(1)), (3.17)
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where M some constant. Since, 0 < C' < 1 and §(asz,0) > 0, we can see that (3.17) is
a contradiction. If n < s, then f(®) = 0. Since Py (e*°?) + Qo (e~?0%) # 0, we can rewrite

(3.5) as
) = - Z P;(e%%) + Qe aai)

) (4 '
Bo(ca07) + Qo (=09 )f (2) (3.18)

j=1
and we obtain a contradiction since the left side of equation (3.18) is a polynomial function
but the right side is a transcendental meromorphic function. Hence, every solution of (3.5)

is transcendental function.

(2) Now, we will prove that every solution f of (3.5) satisfies o(f) = +00. We assume
that o(f) = 0 < +00. By Lemma 1.5.1, we know that for any given € > 0 there exists a set
E C [0,27) that has linear measure zero, and for each ¢ € [0,27)\E, there is a constant
Ry = Rp(v) > 1 such that for all z satisfying argz = v, and |z| = r > Ry, we have for
I<k-1
O (2)
fO(2)
Let H = {0 € [0,27) : 6(asz,0) = 0}, H is a finite set. By the hypotheses of Theorem
3.2.2, we have H = {0 € [0,27) : 6(ajz,0) = 0} (j = 0,...,k — 1). We take z = re?,
such that 0 € [0,27)\E U H. Then, 6(asz,0) > 0 or d(asz,0) < 0. If §(asz,0) > 0, then

< |z HDOD 1k (3.19)

d(ejz,0) >0forall j =0,...,s—1,5s+1,...,k—1. We assert that ‘f(s)(z)’ is bounded on
the ray argz = 6. If ‘f(s)(z)‘ is unbounded, then by Lemma 1.8.4, there exists an infinite

sequence of points z, = r,e? (u=1,2,...) where r, — +oo such that f(*)(z,) — oo and

< 5 — e - . .
‘f(s)(zu) S oo, (G=0s =) (3.20)
By (3.5) we obtain
‘asms‘emsé(aszw@)ru(l+0(1)) — ‘Ps(easZu) "‘!‘Qs(e_as'z“)}
k—1 .
F®) (z) _ - F9) (z)
= + Z | Pj(e¥%) 4+ Q; (e %)
‘f ()| 4=, 76 (z0)
< T(U_1+a)(k_s)+2|aj _|emj5(ajzu,G)Tur(a—l-‘ra)(j—s)
- w mj U
j>s
+ |, | €T F Turz J(1+o(1
;(S_j)!\gjl (1+0(1))
< MOz OrupFoIE 9% (1 4 o(1)), (3.21)

for some M > 0. Since 0 < C = max{cij} < 1, and 0(aszy,0) > 0, then (3.21) is a
j
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contradiction when r,, — 4o00. Hence, } f (S)(z)‘ is bounded on the ray arg z = 6. Therefore,
‘ f(rew)‘ < Oy, (3.22)

If 0(sz,0) < 0, then 6(ajz,0) <0 forall j=0,...,s—1,s+1,...,k — 1, in particular
0(ayz,0) < 0, i.e., —my0(ayz,0) > 0. We assert that }f(t)(z)} is bounded on the ray
argz = 6. If ! f® (z)! is unbounded then by Lemma 1.8.4, there exists an infinite sequence
of points z, = rye? (u=1,2,...) where r, — +00 such that f®(z,) — co and

1
(t—3)

f(j)(zu)
FO(2,)

<

Hzl (1 +0(1)), (G=0,...,t =1).
We obtain
’btmt|efnt6(o¢tzu,9)ru<1 +0<1)) < MefDnté(atzu,0)ruréafl+s)(k7t)+t(1 +0(1)) (3.23)

for some constant M > 0. Since 0 < D = max{dij} < 1 and —ni6(ouz,6) > 0, we see that
J

(3.23) is a contradiction when 7, — 4o00. Thus
‘ f(rew)‘ < Oyt (3.24)

Since the linear measure of E'U H is zero, by (3.22), (3.24) and Lemma 1.8.3, we conclude
that f is polynomial, which contradicts the fact that f is transcendental. Therefore
o(f) = ~+oo.

(3) Finally, we will prove that (3.5) has no non trivial subnormal solution. Suppose
that (3.5) has a subnormal solution f. So, o(f) = oo, and by Theorem 1.7.3, we see that
oa(f) < 1. Set o2(f) = p < 1. By Theorem 1.5.2, there exists a set Fy; C (1,00) having
a finite logarithmic measure, and there is a constant B > 0 such that for all z satisfying

|z| =r ¢ [0,1] U Eq, we have

< BT @2r, ), j=1,... k. (3.25)

From Wiman-Valiron theory, there is a set Fo C (1,00) having finite logarithmic measure,
so we can choose z satisfying |z| = r ¢ E9 and |f(z)| = M(r, f). Thus, we have
f9Gx) _ <Vf(7“)
f(z) z

By Lemma 1.6.1, we can see that there exists a sequence {z, = rpe??} such that | f(z,)| =

>](1+0(1)), i=1...k (3.26)

M(ry, f), 0, € ]0,27), lim 0, =0y € [0,27), r,, & [0,1]U E1 U Eo, 7, — 00, and such that
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1. if 4 > 0, then for any given g1 (0 < g1 < p),

exp{rh '} <wvg(rn) < exp{rttet} (3.27)

2. if 4 =0, and since o(f) = oo, then for any given €3 (0 < g2 < %) and for any large

M > 0, we have as r,, sufficiently large

M < vi(rn) < exp{rez}. (3.28)

From (3.27) and (3.28), we obtain that
vi(rp) > rp, T — 00. (3.29)

Since 0y may belong to {6 € [0,27) : §(asz,0) > 0}, or {0 € [0,27) : §(asz,0) < 0}, or
{0 €10,27) : §(asz,0) = 0}, we divide the proof into three cases.
Case 1. 6y € {6 € [0,27) : §(asz,6) > 0}. By, 0, — 09, there exists N > 0 such that, as

n > N, we have §(aszp,0p) > 0. Since f is subnormal, then for any given € > 0, we have
T(r, f) <eT. (3.30)

By (3.25), (3.26) and (3.30), we obtain

J ()
<f()> (1 +o(1) = |G < BT o, ) < 2H0er o1k (331)
T'n f(zn)
Because 0(aszp,0y) > 0, then 6(ajz,,0,) >0 (j =0,...,s —1,s+1,...,k—1), and we
have
| Py(e5) + Qs (™) | = |agn, | 2= )t (1 4 o(1)) (3.32)
and
[P e5%) + Qy(e )| = agn [ 7m0 (1t o(1)
8 §(aszn,0n)Tn
= Jagm e (14 o(1)

< MeCmS(S(aszn,Gn)Tn(l +0(1))7 j#s, (3.33)

where M = max{|a;m,|} and 0 < C = max{cij} < 1. By (3.29), (3.31), (3.32), (3.33) and
J J
(3.5), we obtain

|asm5| ems6(aszn,9n)rn(1 + 0(1)) < kMBeCmSS(aszn,Gn)rneQ(k—l—l)ern(1 + 0(1)) (334)
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Since 0 < C' < 1 and 6(aszp,0,) > 0 we can see that (3.34) is a contradiction when
r, — 00 and

1-C
O<e< mmsé(aszn,en).

Case 2. 6y € {0 € [0,27) : §(csz,0) < 0}. By, 0,, — 0o, there exists N > 0 such that, as
n > N, we have 0(aszp,0n) < 0, then 6(a;z,,60,) >0 (j =0,...,s—1,s+1,...,k—1).

In particular (v zn, 0,) < 0, i.e., —nid(aizpn, 0) > 0. We have

| Pi(e*) + Qule™ )| = [bn, | e ™01 e= 00 (1 4 o(1)) (3.35)

and

[Pi(e™) + Qi(e™™)| = [bju, [ €750 (1 + (1))

%5(0% Zn 79n)7’n
J

= |bjn,|e (1+o(1))

< MeDnté(O!th,en)Tn(l + 0(1))’ ] # t7 (336)

where M = max{|bjn,;|} and 0 < D = max{dij} < 1. By (3.29), (3.31), (3.35), (3.36) and
j j
(3.5), we obtain

|btnt| efnté(atznﬁn)rn(l + 0(1)) < kMBe*DﬂtlS(athﬁn)Tn62(k+1)€rn(1 + 0(1))' (337)

Since 0 < D < 1 and —nd(atzn,0,) > 0 we can see that (3.37) is a contradiction when
7y — 00 and

1
O<e< ~3 10 (e zn, On).

1=D

(k+1)
Case 3. g € H={0 € [0,27) : 6(asz,0) = 0}. By, 6, — 0o, for any given v > 0, there
exists N > 0 such that, as n > N, we have 0, € [y —1, 00+ 7] and z, = r,e?" € S(0y) =
{z:0p—~ <argz < 0y +~}. By Theorem 1.5.2, there exists a set F3 C (1,00) having

finite logarithmic measure, and there a constant B > 0, such that for all z satisfying

|z| =7 & [0,1] U E3, we have for | <k —1

<B[T@r O, j=1+1,... (3.38)

Now, we consider the growth of f(re) on the ray argz = 6 € [0g — v, 60) U (6, o + 7).
Denote S1(6p) = [0o — 7,00) and Sa(6p) = (00,00 + 7]. We can easily see that when
01 € S1(0p) and 02 € S3(0y) then 6(asz,01)d(asz,02) < 0. Without loss of the generality,
we suppose that d(asz,0) > 0 for 8 € Si(6g) and 6(asz,0) < 0 for 8 € S3(g). For
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0 € S1(0g), we have §(asz,0) > 0. Since, f is subnormal, then for any given £ > 0, we

have

T(r, f) <eT. (3.39)

We assert that ‘f(s) (rew)‘ is bounded on the ray arg z = 6. If ‘f(s) (z)‘ is unbounded then
by Lemma 1.8.4, there exists an infinite sequence of points w, = r,e? (v = 1,2,...) where

7 — +oo such that f(*)(w,) — oo and

) (w,, 1 » ‘
;@)EZ ; < G _j)!rj T1+o0(1) <ri(1+0(1)), j=0,...,5— 1. (3.40)
By (3.38) and (3.39), we obtain
®)
m < B[T (2ry, /I < FHVem =541, k. (3.41)

By (3.5), (3.32), (3.33), (3.40) and (3.41), we deduce
| g, | €7@z (1 4 o(1)) < kM BeCmsd(@swad)rug2(ktlerars (1 4 o(1)),  (3.42)

Since 0 < C' < 1 and §(aswy, 0) > 0 we can see that (3.42) is a contradiction when r,, — co

and
1-C
O<e< mmsé(aswuﬁ).
Hence,
(f(re”)’ < Myr® (3.43)

on the ray argz = 6 € [0y — 7,00). For § € S3(6p), we have §(as2,0) < 0, 0(arz,6) <0
f(t)(z)‘ is unbounded

and we assert that }f(t) (’r’ew)‘ is bounded on the ray argz = 0. If
then by Lemma 1.8.4, there exists an infinite sequence of points w, = r,e? (u=1,2,... )

where 7, — +o0 such that f®(w,) — oo and

) .
ff(t)ézu; < 0 _1],)!733](1 +o(1)) <7l (1+0(1)), j=0,...,t—1. (3.44)
By (3.38) and (3.39), we obtain
()
; (Z)E;”“i < BIT (2ry, /)" < b =41 k. (3.45)

By (3.5), (3.35), (3.36), (3.44) and (3.45), we deduce

|ben, | €00 wu0)ru (1 4 (1)) < kM Be™Pred(eswn0ru 2kt Dernpt (1 4 (1)), (3.46)
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Since 0 < D < 1 and —nd(azn,0,) > 0 we can see that (3.46) is a contradiction when
r, — 00 and

0<e< —mnté(atzn,en).

Hence,

)f (rei")‘ < My (3.47)

on the ray argz = 0 € (6o, 0o + ~]. By (3.43) and (3.47), we have
‘f(rew)‘ < Mr* (3.48)

on the ray argz = 0 # 6, z € S(p). Since f has infinite order and {z, = r,e®" € S(0y)}
satisfies |f(zn)| = M(ry, f), we see that for any large N > 0, and as n sufficiently large,
we have

)f(rnew") > exp{r¥1. (3.49)

Then, from (3.48) and (3.49), we get Mr¥ > exp{r'} that is a contradiction. Hence, (3.5)

has no nontrivial subnormal solution.

(4) By Theorem 1.7.3, every solution f of (3.5) satisfies oa(f) < 1. Suppose that
o2(f) < 1, then o.(f) =0, i.e., f is subnormal solution and this contradicts the conclusion

above. So oa(f) = 1.

3.3.3 Proof of Theorem 3.2.3

We consider Qj(z) =0 (j =1,...,k—1) in (3.5). By similar method of proof to Theorem

3.2.1, we conclude the result.

3.3.4 Proof of Theorem 3.2.4

We consider Q;(2) =0 (j=1,...,k—1) in (3.5). We use the same method as in the
proof of Theorem 3.2.2. Just in the case when §(a;sz,60) < 0, we use the fact that ‘f(k)(z)}
is bounded on the ray argz = 0. If ‘f(k) (z)‘ is unbounded then by Lemma 1.8.4, there
exists an infinite sequence of points z, = r,e? (n = 1,2,...) where r,, — 400 such that

f®)(2,) — oo and

<rF(1+0(1), (j=0,...,k—1). (3.50)

f(j)(zn)
f(k) (Zn)
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By the definition of P]?"(e"‘fz), and because §(as2,6) <0, ie., 6(ojz,0) <0,Y], by mea, =

cjmja;. Then, we can write
[P} (9] = laja| 259 (1 4 o(1)). (3.51)

By (3.7), (3.50) and (3.51), we have

k—1 ;
e o | S (2n)
D S ACEEOl E
=0 F®) (zp)
k—1
< |aj| 2@ Omnpk(1 4 o(1)), (3.52)
j=0

Since 0(ajz,0) < 0,Vj , then (3.52) is a contradiction as r, — oo. Thus, ‘f(k) (z)’ < M,
so |f(2)| < MrF.

3.3.5 Proof of Theorem 3.2.5

Suppose that f is a nontrivial subnormal solution of (3.4). Let
h(z) = f(z)elbn/ oz,

Then h is a nontrivial subnormal solution of the equation

k-1
h® + 3[R (€%) + 8; (e7%)] AY) =0, (3.53)

§=0

where
N e SN o
B () 485 () = (-2 ) >ci (-2m) TR+ i)
=J

Because m > max{m; :j=2,...,k— 1} and n > max{n; : j =2,...,k — 1}, we have

deg Ry = degP =m,

degS; = degQi =n.

From a,,d,, = b,,c,, we see in the formula

Ro(€) + So(e7) = <—>k+“ (—2’”)1 [P (e%) + Qi (e7%)]
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that

deg Ry < m,

degSy < n.
Then, we have

degRi = m>degR;:7=0,2,...,k—1,

degS1 = m>deg5;:7=0,2,...,k—-1

and since e~ (bm/am)? i not a solution of (3.4), then

Ro (%) + So () = (-bm>k + kzl <—bm)l [P (%) + Qi ()] 0.

a
m =0 m

By applying Theorem 3.1.3 on the equation (3.53), we obtain the conclusion.
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Conclusion and perspective

Throughout this work, we have been talking about the possibility of generalization of
some results related to second-order complex differential equations to higher-order complex
differential equations in analogous manner or different manner, and extension for other
results. For example, we generalized the results of Li and Yang : Theorem 2.2.2 and
Theorem 2.2.3 to Theorem 3.2.1 and Theorem 3.2.2, and these last two theorems are
extensions for results of Liu and Yang, Chen and Shon : Theorem 3.1.2 and Theorem
3.1.3.

Theorem 2.2.3 is generalized to Theorem 3.2.5 and we considered at that case, the

equation
FO4 [P () + Quor (7] FE Dt [P () + Qu ()] S+ [P () + Qo ()]

with deg P; = deg Py and deg ()1 = deg Q.
From that, we hope to solve the next problem :
What can be said about the subnormal solutions of the equation above if we suppose
that
deg P; = deg Py and deg@; =degQo ;Vj=0,...,k—17

or, What are the hypotheses that guarantee that the equation above doesn’t have subnor-
mal solution ?
We hope also, study the existence or nonexistence of subnormal solutions of the equa-

tion of the general form
"+ P + Q) f =0

where P(z),Q(z) are polynomials in z, with degP = deg@ and , A(z) and B(z) are
polynomials in z with deg A = deg B or A(z) and B(z) are transcendental entire functions

with o,(A) = op(B); here, 0, denote the p-iterated order. See [23].

47



48

Another problem is about the existence or nonexistence of subnomral solutions of the
equation

"+ [Pie®) + Qile™)] f' + [Pi(e®) + Qae™P)] F =0

where P(z),Q(z), A(z) and B(z) are polynomials in z.

Other questions are raised about differential polynomials generated by the nontrivial
solutions and especially nontrivial subnormal solutions of all forms of differential equations
mentioned in this thesis. The problems related to the differential polynomials are about
estimate the growth of order and if possible estimate the e-type order, oscillation theory,

etc.
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