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Abstract

The authors establish sufficient conditions for the existence of solutions for
nonlinear fractional differential inclusions involving the Hadamard type derivative
with order € (2, 3]. Both cases of convex and nonconvex valued right hand side
are considered.
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1 Introduction

In this paper we are concerned with the existence of solutions for the following nonlinear
fractional differential inclusion with integral boundary value conditions

BDry(t) € F(t,y(t)), forae. t € J=[1,T], 2<r<3, (1.1)
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y(1) = (1) =0, (1.2)
y(T) = / o(s,y(s))ds, (1.3)

where 7 D" is the Hadamard fractional derivative, F : [1,7] x R — P(R) is a multival-
ued map, P(R) is the family of all nonempty subsets of Rand g : [1,7] x R — Risa
given function.

Differential equations of fractional order have recently proved to be valuable tools in
the modeling of many phenomena in various fields of science and engineering. Indeed,
there are numerous applications in viscoelasticity, electrochemistry, control, porous me-
dia, electromagnetism, etc. There has been a significant development in the theory of
fractional differential equations in recent years; see the monographs of Hilfer [21], Kil-
bas et al. [23], Podlubny [27], and Momani et al. [26].

However, the literature on Hadamard-type fractional differential equations has not
undergone as much development; see [3,28]. The fractional derivative that Hadamard
[18] introduced in 1892, differs from the aforementioned derivatives in the sense that
the kernel of the integral in the definition of Hadamard derivative contains a logarith-
mic function of arbitrary exponent. Detailed descriptions of the Hadamard fractional
derivative and integral can be found in [6-8].

In this paper, we shall present two existence results for the problem (1.1)—(1.3),
when in one case, the right hand side is convex valued, and in the other case, nonconvex
valued. The first result relies on the nonlinear alternative of Leray—Schauder type, while
the other is based upon a fixed point theorem for contraction multivalued maps due to
Covitz and Nadler. These results extend to the multivalued case some previous results
in the literature, and constitute a contribution in this emerging field.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts that will be
used in the remainder of this paper.

Let C'(J,R) be the Banach space of all continuous functions from .J into R with the
norm

[Ylloc = sup{[y(t)| : 1 <t <T}

and we let L'(J,R) denote the Banach space of functions y : J — R that are Lebesgue
integrable with norm

T
Iyl = / oL

The space AC"(.J,R) is the space of functions y : J — R, which are absolutely contin-
uous, whose first derivative, 1/, is absolutely continuous.
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Let (X, ||.||) be a Banach space. Let Py (X) = {Y € P(X) : Y isclosed}, P,(X) =
{Y € P(X) : Yisbounded}, P.,(X) = {Y € P(X) : Y is compact} and P, .(X) =
{Y € P(X) :Y is compact and convex }.

A multivalued map G : X — P(X) is convex (closed) valued if G(X) is convex
(closed) for all z € X. G is bounded on bounded sets if G(B) = U,cpG(x) is bounded
in X for all B € Py(X) (i.e., sup{sup{|y| : y € G(2)}).

r€EB

G is called upper semi-continuous (u.s.c.) on X if for each zq € X, the set G(x) is
a nonempty closed subset of X, and for each open set N of X containing G(x), there
exists an open neighborhood Ny of x such that G(Ny) C N. G is said to be completely
continuous if G(B) is relatively compact for every B € P,(X).

If the multivalued map G is completely continuous with nonempty compact values,
then G is u.s.c. if and only if G has a closed graph (i.e., x,, = Ts, Y, = Ys, Yn € G(,)
imply y. € G(x,)). G has a fixed point if there is z € X such that x € G(z). The fixed
point set of the multivalued operator G' will be denote by Fix G. A multivalued map
G : J — P,4(R) is said to be measurable if for every y € R, the function,

t —d(y,G(t)) =inf{|ly — 2| : z € G(t)},
is measurable.
Definition 2.1. A multivalued map F': J x R — P(R) is said to be Carathéodory if:
(1) t — F(t,u) is measurable for each u € R,
(2) uw — F(t,u) is upper semicontinuous for almost all ¢ € J.
For each y € AC"(J,R), define the set of selections of F' by
Spy, = {ve L'([1,T,R) : v(t) € F(t,y(t)) aet € [1,T]}.

Let (X,d) be a metric space induced from the normed space (X, |.|). Consider
Hy:P(X)x P(X) = R, U{oo} given by:

Hy(A, B) = max{supd(a, B),supd(A4,b)}.

a€A beB

Definition 2.2. A multivalued operator N : X — P, (X) is called
(1) ~-Lipschitz if and only if there exists 7y > 0 such that
Hy(N(2), N(3)) < 7d(z,y), foreachz,y € X,

(2) a contraction if and only if it is y-Lipschitz with v < 1.

The following fixed point result for contraction multivalued maps is due to Covitz
and Nadler [11].
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Lemma 2.3. Let (X, d) be a complete metric space. If N : X — P.(X) is a contrac-
tion, then Fix N # ().

For more details on multivalued maps see the books of Aubin and Cellina [4], Aubin
and Frankowska [5] and Castaing and Valadier [10].

Definition 2.4 (See [23]). The Hadamard fractional integral of order r for a function
h:[1,00) — Ris defined as

I"h(t) = % /j (log £>rl @ds, r >0,

provided the integral exists.

Definition 2.5 (See [23]). For a function i given on the interval [1, c0), the » Hadamard
fractional-order derivative of h, is defined by

FDRY () = ﬁ (t%)n /1 t <log E)H_H @ds, n—l<r<n,

where n = [r] + 1 and [r] denotes the integer part of r and log(.) = log,(.).

For convenience, we first recall the statement of the nonlinear alternative of Leray—
Schauder.

Theorem 2.6 (Nonlinear alternative of Leray—Schauder type, see [16]). Let X be a
Banach space and C' a nonempty convex subset of X. Let U a nonempty open subset of
Cwith0 € Uand T : U — C a continuous and compact operator. Then either

(a) T has fixed points, or

(b) There exist u € OU and X\ € [0, 1] with u = \T (u).

3 Main Results

Let us start by defining what we mean by a solution of the problem (1.1)—(1.3).

Definition 3.1. A function y € AC"([1,T],R) is said to be a solution of (1.1)—(1.3) if
there exist a function v € L'(J,R) with v(t) € F(t,y(t)), for a.e. t € J, such that
HDmy(t) = v(t) on J, and the conditions (1.2) and (1.3) are satisfied.

Lemma 3.2. Let h, p : [1,00) — R be continuous functions . A function y is a solution
of the fractional integral equation

W = w5/ t (1og§)r_lh<s>§
1 T T r—1 3.1
ot [[ oo [ () To0]
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if and only if y is a solution of the nonlinear fractional problem

BDry(t) = h(t), forae t € J=[1,T], 2<r<3, (3.2)
y(1) =y"(1) =0, (3.3)
T
y(T) = / p(s)ds. (3.4)
1

Proof. Applying the Hadamard fractional integral of order r to both sides of (3.2), we
have

y(t) = c1(logt)" ™" + ea(logt)" ™ + c3 +I"h(t). (3.5)

First of all, from y(1) = 0, we have c3 = 0.
Now by differentiating y, we have

y'(t) = 01(r—1)—(1ogz)r

ot -3 (r—1) [t 2 (3.6)
R e et o CH Bl

Differentiating y for the second time, we find

y'(t) = c1<r—1><r_2>ﬂog%_cl(r_1>a%%
s afr—2r -3 0BT g8
=10 =2) [ () (3.7)
" W/l (logg> his)—

% /lt (log §>T_2h(s)%.

Using the conditions (3.3) and (3.4), we find
Cy = 0
and

_Ji pls)ds =" ITW(T)
(log 7)1

C1

Hence we get equation (3.1).
Conversely, it is clear that if y satisfies equation (3.1), then equations (3.2), (3.3) and
(3.4) hold. [

Theorem 3.3. Assume the following hypotheses hold:

(Hy) F:J xR = Pp(R) is a Carathéodory multi-valued map.
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(Hy) There exist p € C(J,R") and ) : [0,00) — (0, 00) continuous and nondecreas-
ing such that

|E(t,u)|lp < p(t)Y(|u]) fort € J and each u € R.
(Hs) There exists | € L'(J,R"), with I"l < oo, such that
Hy(F(t,u), F(t,u)) <I(t)lu—1a| foreveryu,u € R,
and
d(0,F(t,0)) <I(t), ae.teJ.
(Hy) There exists k > 0 such that
lg(t,y(t)|| < k, foreach, (t,y) € J xR

(Hs) There exists a number M > 0 such that

M

log T")" (M
200 ]+ (T — Dk

> 1. (3.8)

Then the problem (1.1)—(1.3) has at least one solution on J.

Proof. Transform the problem (1.1)-(1.3) into a fixed point problem. Consider the

multivalued operator,
1 ¢ £\ ds
t) = log — —
w0 = s [ () ol

B ‘ (logt>r—1 T
N(y) = heClR): N W[/l o(s.y(s)ds v € Sk,

\ ol & Z) Lokl )

Clearly, from Lemma 3.2, the fixed points of N are solutions to (1.1)—(1.3). We shall
show that [V satisfies the assumptions of nonlinear alternative of Leray—Schauder fixed
point theorem. The proof will be given in several steps.
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Step 1

We show that N (y) is convex for each y € C'(J,R). Indeed, if h;, hs belong to N(y),
then there exist vy, v2 € Sp,, such that for each ¢ € J, we have, fori =1, 2,

hilt) = ﬁ /lt <1og E)MU"(S)%
% [/1Tg(s,y(5))d5_ F(lr) /1T <log g)r_lvi(S)%] :

Let 0 < d < 1. Then, foreach ¢t € J, we have

(dhy + (1 — d)ho)(t) = ﬁ /1 (logé)r_ [dv1+(1—d)vz]d—j

2(logt)" = [T
+ W[/l 9(s,y(s))ds

~ ﬁ/f’ (1og§>H [dv1+(1—d)vz]%.

Since Sr, is convex (because [ has convex values), we have

dhy + (1 — d)hs € N(y).

Step 2

We show that N maps bounded sets into bounded sets in C'(J,R). Let B,, = {y €
C(J,R) : |lyllco < ps} be a bounded set in C'(J,R) and y € B,,.. Then for each
h € N(y), there exists v € Sp,, such that

0 )
gs—xi [/1T o(s, y(s))ds — r(lm /1T <1og g)r_lv(s)%] |
By (H,), we have, for each ¢ € J
ol < s [ (k)gt)r_l o(s)| 2
v S [l + o [ (1og§)”|v<s>|%]

< S [ el + (7 - Dids
(logT)" [T

=l RUALCLE

< 2%/1 p(s)ds + (T — 1)k.
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Thus
(log T)" (1)

Bl <2
1hlloe < 2750703

Ipller + (T = 1)k = L.

Step 3

We show that N maps bounded sets into equicontinuous sets of C'(J, R). Let ¢y, 15 € J,
t1 < t9, and let B« be bounded set of C'(/,R) as in Step 2. Lety € B,,~ and h € N(y).

Then
1 /‘tl | tg a—1 | tl a—1
INGIA 8 s
2

|h(t2) = h(ta)] = s

a)
e CORSCON

As ty — to, the right hand side of the above inequality tends to zero. As a consequence
of Steps 1 to 3, together with the Arzela—Ascoli theorem, we can conclude that N :
C(J,R) — P(C(J,R)) is completely continuous.

Step 4

We show that NV has a closed graph. Let y,, — v., h,, € N(y,) and h,, — h,. We need
to show that h, € N(y.). h, € N(y,) means that there exists v,, € Sp,, such that, for
eacht € J

1 t t\" 1 ds
h,(t) = —— log — —
0 = i (os) e
(log )™ /T 1 /T T\ ds
S M A — - — log — — .
(IOgT)T_l ) g(S,y(S))dS F(T) . 0og s ’Un(8> s
We must show that there exists v, € Sg, such that, for each t € J,
1 t " ds
ho(t) = —— log — W(8)—
0 =t [ (s2) w0l
(log )" /T 1 /T ™\ ds
-~ =7 - — log — L(s)—].
(].OgT)T_l[ 1 g(S,y(S))dS F(T) 1 Og S v (S) s ]

Since F(t,-) is upper semi-continuous, then for every ¢ > 0, there exists a natural
number ny(¢€) such that, for every n > ng, we have
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vn(t) € F(t,yn(t)) C F(t,y.(t)) +€B(0,1), ae.te J.

Since F(+, -) has compact values, then there exists a subsequence v, (-) such that

Un,, () = ve(+) as m — oo,
and

v.(t) € F(t,y.(t)), ae.t e J.
For every w € F(t,y.(t)), we have

|00, () = ()] < [0, () = w]| + [w = 0. (E)].
Then
[0n,,, (8) = 0 ()] < d(vn,, (1), F (2, y.(1)).

We obtain an analogous relation by interchanging the roles of v, and v,, and it
follows that

[0n,,, (8) = v (8)]| < Ha(F(, yn (1)), F (¢, 42(1))) < UO) Ny = yelloo-

Then
| (£) = ha(t)] < ﬁ/j (logé)r_l ]vn(s)—v*(s)’§
+ ((llsgg;))i__ll (F(lr) /1T (log %)rllvn(s)—v*(sﬂ%)
o [ (o) 192, e

(log )™ /T TN " ds
log — — — Ys|loo-
+ (IOgT)T_IF(T) ) Og s l<8) s Hynm y H

IA

Hence

ot =0l < 15 [ (1082) 19 S~ 01l

logt)™t [T/ T\ ds
1

as m — oQ.
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Step S

We discuss a priori bounds on solutions. Let y be such that y € AN (y) with A € (0, 1].
Then there exists v € Sg,, such that, for each t € J,

wo = 2 [ (1gt)<>d—
M [ [ stssvtonas — s [ (1o D) v<s>§] .
This implies by (Hs) that, for each ¢ € .J, we have
ol < i [ (o) e
b o [ hatssommas + s [ (06 7) |v<s>|§]

(log T)" (logT)” [*
< B J, POV R | tsrtiuts)pas
< 2%[ p(s)ds + (T — D)k.
Thus
9]l
2(10gTF)(;1i(1ll)yHoo) Ipllr: + (T — 1)k

Then by condition (3.8), there exists M/ > 0 such that ||y|| # M. Let U = {y €
C(J,R) : ||lylloo < M}. The operator N : U — P(C(J,R)) is upper semi-continuous
and completely continuous. From the choice of U, there is no y € AU such that y €
AN (y) for some A € (0,1]. As a consequence of the nonlinear alternative of Leray—
Schauder, we deduce that N has a fixed point y € U which is a solution of the problem
(1.1)—(1.3). This completes the proof. L]

We present now a result for the problem (1.1)—(1.3) with a nonconvex valued right
hand side. Our considerations are based on the fixed point result in Lemma 2.3.
Theorem 3.4. Assume (H3) and the following hypothesis holds:

(Hg) F : J xR — P, (R) has the property that F(-,u) : J — P,(R) is measurable
for eachu € R.

If
(log T)"
I'(r+1)
then the problem (1.1)—(1.3) has at least one solution on J.

N[z <1 (3.9)

Proof. We shall show that /V satisfies the assumptions of Lemma 2.3. The proof will be
given in two steps.
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Step 1

We show N(y) € Py(C(J,R)) for each y € C(J,R). Indeed, let (y,,),>0 C N(y) be
such that y,, — g in C(J,R). Then, y € C(J,R) and there exists v,, € Sp,, such that,
foreacht € J,

wl) = o [ (1on?) w0

Using the fact that /" has compact values and from (H3), we may pass to a subsequence if
necessary to get that v,, converges weakly to v in L} (J, R) (the space endowed with the
weak topology). An application of Mazur’s theorem implies that v,, converges strongly
to v and hence v € S,,. Then foreach t € J,

() = y(t)zﬁ/lt (10g£>rlv(s)%

% [/ng@’y(s))ds _ %/IT (log g)r_lv@)%] .

So,y € N(y).

Step 2

We show there exists v < 1 such that Hy(N(y), N(7)) < 7|ly — 9|/ for each y,5 €
C(J,R). Lety,y € C(J,R) and hy € N(y). Then, there exists v; € F(¢,y(t)) such
that for each t € J

me) = w75/ t (1gt)<>d—

M ' s,y(s s—imT ozr_lv sﬁ
(log T)r—1 /1 9(s,y(s))d T(r) ty (1 g S) 1(s) s] :
From (Hj3) it follows that
Hy(F(t,y()), F(t,9)(1) < U(H)ly(t) — ()],
Hence, there exists w € F'(t,4(t)) such that
01 (t) —w| < 1@)|y(t) —g@)], t € J.
Consider U : J — P(R) given by
Ut) = {w e R |ur(t) —w] <U(B)[y(t) — 5(H)[}
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Since the multivalued operator V' (t) = U(t) N F(t,y(t)) is measurable, there exists a
function vy (t) which is a measurable selection for V. So, v, € F(t,4(t)), and for each
teJ

o1 (t) —v2(O)] < 1(B)|y(t) —y(@)], t € J.
Let us define for each v, € J,

ety [ o5 [ o) 0]
Then for each t € J,

) = at] = ﬁ /1t (1(—)g é)rl vi(s) — 02(5)|§

b o s [ (06 D) e - v2<s>r§]

w /(v

T (1og§)r1!y<s>—g<s>|z<s>@]

(AN
—
]
|
<
—
[Va)
N—
|
<
—
®
N—
—~
—
[V
S~—

(logT)r—1 s
(log T)" ]T i
22— I(s)ds — Ylso-
2 [ s - gl
Thus
(log T)" ;
hi — holloo < [2=——2<||] — Yl oo-
I = halle < |25E 2 | By 31
For an analogous relation, obtained by interchanging the roles of y and ¥, it follows that
. (log T)" ;
Hi(N(y), N < 2=——=||l|| 2 — Ylloo-
) N @) < 2Dy - 1
So by (3.9), N is a contraction and thus, by Lemma 2.3, NV has a fixed point y which is
solution to (1.1)—(1.3). The proof is complete. O

4 An Example
We apply Theorem 3.3, to the the following fractional differential inclusion,

HDmy(t) = h(t), forae.t € J=[1,T], 2<r<3, 4.1)
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y(1) =y"(1) =0, (4.2)

y(T) = / 9(s,y(s))ds, “3)

where D" is the Hadamard fractional derivative, F : [1,7] x R — P(R) is a multival-
ued map, P(R) is the family of all nonempty subsets of Rand g : [1,7] x R — Risa
given function. Set

F(tvy) :{U ER:fl(tay) Svng(tay)

where f1, fo : [1,T] x R — R. We assume that for each ¢t € [1,T], fi(t,-) is lower
semi-continuous (i.e., the set {y € R : fi(t,y) > p} is open for each ;1 € R), and
assume that for each ¢ € [1,T1], fo(t,-) is upper semi-continuous (i.e., the set {y € R :
fa(t,y) < p} is open for each u € R). Assume that there are p € C([1,T],R") and
¥ :[0,00) — (0, 00) continuous and nondecreasing such that

max(|f1(t, y)|, [f2(t, y)| < p(t)d(lyl), te€[L,T], andally € R.

It is clear that F' is compact and convex-valued, and it is upper semi-continuous.
Assume there exists £ > 0 such that

lg(t,y(t))|| <k, foreach, (t,y) € J x R.
Finally we assume that there exists a number M > 0 such that
M

log TYT (M
20 TVOD )y 4 (T — Dk

> 1. (4.4)

Since all the conditions of Theorem 3.3 are satisfied, problem (4.1)—(4.3) has at least
one solution y on [1, 7.
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