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1. Introduction

In this paper we study the question of nonexistence of nontrivial solutions to three different classes of elliptic systems,
that are related by the specificity of the fractional powers of the diffusion operators involved in each system.
First, we consider the semi-linear system

{ (=) Pu=vp,

1
(=) = |u|P, M

where p, q are positive numbers, p > 1, ¢> 1, and 0 < 1, v < 2. The fractional power of the Laplacian (—A)%/2 (0 <« <2)
stands for diffusion in media with impurities and is defined as (—A)*v(x) = F~1(|€|*F(v)(€))(x), where F denotes the
Fourier transform and F~! denotes its inverse.

The definition of solutions we adopt for system (1) is:

Definition 1. We say that the pair (u, v) is a weak solution of (1), if
W, v)ell (RN) xL? (RV),

loc loc

and

[u(—A)ﬂ/zwdx:/dex, fv(—A)”/zxpdx:/|u|ptpdx,
RN RN RN RN

for any nonnegative test functions ¥ € Cg° (RM).
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The elliptic system (1) is formally equivalent to the system of integral equations in RN

ux) =Cy f Ix— y[*Nv(y)idy,

R (2)
v(x) =Cy / Ix—y|"Nu(y)?dy,
]RN

where C,, and C, are normalizing constants.
In the special case & = v = 2, the problem is called the Lane-Emden system and it is well known that two critical values
appear Nfz and N - which is called Serrin’s number. In the case of a single equation

Au+uP=0, u>0inRVN (3)

it has been proved in [1,6] that the only classical solution of (3) is u =0 when 0 < p < N+2 . An extensive study was devoted

not only to single equation but to the case of system of equations as well. In fact, DG De Figueiredo and P.L. Felmer [5],
M.A. Souto [12] and J. Serrin and H. Zou [10] showed that, for 0 < p,q < §#3 and (p. q) # (573, §£2), the system has no
positive classical solution.

In the case N>2,0<u=v <N, % <p,q< H and (p,q) # (xf—ﬁ, H). D. Chen and L. Ma [4] gave a partial
generalized result of the work of D.G. De Figueiredo and P.L. Felmer [5] about Liouville type theorem for nonnegative
solutions. Their proof uses a new type of moving plane method introduced by Chen, Li and Ou [3].

For system (1), we give conditions relating the space dimension N with the system parameters w, v, p and q for which
every weak nonnegative solution is trivial. Inspired by the work of Mitidieri and Pohozaev (see [8,9]), we also present some
results using a different approach from those previously adopted.

Second, we consider the following system governed by classical and fractional Laplacian operators

{(—A)“/Zu—Av=|v|q, (@)

(=2)"2v — Au = [uf?,

where the positivity condition of the solutions is maintained as in the previous case. Note that the positivity condition
is a must in order to use Ju’s inequality [11].

Motivated by [7], a particular attention will be given to this system. We study the question of nonexistence of weak
solutions and give conditions for which only trivial solutions exist.

Finally, fractional Laplacian endowed with different indices will be considered for the system

{ (—2)M2Ju| 4+ (—A)H2/2|y| = |v|9,
(=212 v| + (= 2)2/2|u| = |ulP,

where for i =1, 2, 0 < i, v; <2 are constants. Note that for this case, the positivity condition on the solutions is omitted
by considering the absolute value of u and v.
In this part we use the same strategy as for (4) to determine a bound on N for which only trivial solutions exist.

Indeed we prove that if the space dimension N < max{y, 6}, where y = min{;ipl v+ (’“ +v1) qu} 0= mm{é‘zﬁ’,

(5)

M1t (vl + (1) pq]} then every pair of weak solution (u, v) is trivial.

In our present work we overcome the difficulties of using fractional powers of the Laplacian by using weak formulation
technique.
2. Main results

The first main result for system (1) is

Theorem 2. Let (u, v) be a weak solution of system (1). If

N<maxi(v+ﬁ)ﬂ,<,u+z) il } (6)
q/)pg—1 p/pq—1

then (u, v) is trivial.

Remark 3.
. . . Nin .. .
(i) In the case w = v condition (6) can be rewritten as p < ,‘\’,7“ or q < T, then condition (6) is
satisfied. Chen and Ma [4] proved a similar result for % <p,q< ﬁ However, their proof does not cover the case

1<p,q< % covered by Theorem 2.

N

(ii) In the case  =v and p =q, the condition (6) becomes p < N-p-
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Our second main result deals with a general class of systems

Theorem 4. Let (u, v) be a weak nonnegative solution of system (4). If

N < max{y, 6} (7)

where

[ 2p 2 (u ) pq }
= min v+ — (E+v)——
4 {p—l -1 \qg ") pg-1

[ 2q 2 <v ) pq }
6 = min ot —— = +pu)——1,
{q—l p—1'\p pg—1

then (u, v) is trivial.

and

Remark 5. For system (4), the moving plane method used by Chen, Li and Ou [3] does not apply because the maximum
principle cannot be applied to this system.

Finally, the third main result concerning system (5) is given by following theorem.

Theorem 6. Let (u, v) be a solution to system (5). If

N < max{y, 6} (8)

where
. V2p H2 M1 bq
y:mm{ ,V1+ ,<—+V1>—}
p-1 q—1 q pqg—1

.| M2q V2 V1 pq
0 = min s 1+ ,(—-HL])—},
{q—l p—1\p pq—1

and

then (u, v) is trivial.
Note that inequality (6) is an immediate result of Theorem 4 when vy = uy =2, v1 =v, and 1 = .
3. Proofs of the theorems

We first recall the following proposition from [11, Proposition 3.3].
Proposition 7. (See [11].) Suppose that § € [0, 2], +1 > 0,and 6 € C° (RN), 8 > 0. Then, the following point-wise inequality holds:

0P (=2)20(x) > ﬁ(—mﬁ/ze(»«)ﬂ”.

Proof. See Appendix A. 0O

Note that for a nonnegative function ¥ € Cg° (RN), 8 €[0,2] and 8 > p’ (ie, (B—1)p — ,3% > 0), we have the following
inequality

/w(ﬁq)p/,ﬁ% }(_A)g/zlp‘P’ dx < / Ip(ﬁ—l)p’fﬂ% ’(—A)S/ZI//’p, dx < oo,
RN K
where K := supp(y) stands for support of v, and p + p’ = pp’.

For the proof of our main results, we introduce the “standard cutoff function” v, that is ¥g € Cg°(R) is a smooth
decreasing function such that

1 ifr<i,

< <
OsvosT, 0 ifr>2.

Yo(| < C/r, and for any r >0, Yo(r) = {

Now we are ready to prove the theorems.
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Proof of Theorem 2. By the weak formulation of system (1), we get

/u(—A)szﬁdx=/|v|qwﬁdx
RN RN
and
[ vearrutan= [yt ax
RN RN

for any nonnegative test function # ¢ Cy? (RN) and B > max(p/, q).
Taking into account Proposition 7, we have

(=229 <yt (—2) 2y,

Using (9) and the Holder inequality, we estimate the first integral over K as follows

/u(—A)Wzl//ﬂdxg,3/uwﬂ/pwﬂ_lw_ﬁ/p(—A)“/zwdx

RN K

1/p b N4
<ﬁ</|u|"l/fﬁd><> (/W*”" 5y dx> <,
K

K

where K :=supp(y) and p + p’ = pp’.
Similarly, we obtain the estimate for the second integral

/V(_A)U/Zwﬂ dX<ﬂ/V@ﬁﬂ/qllfﬁ_]lﬂ_ﬂ/q(—A)v/zde
RN K
1 /

1/q , ad , /q
< ﬁ( / |v|qwdx) < [ g dx> <o,
K

K

If we set

’

, , 1/r
Ag(r,8) := ﬂ( / Y PO =B |~ 22y dx) ,
RN

then we can write

1/q
/|u|Pwﬂdx<Aﬁ<q, v></|v|qwﬂdx)
RN Kk

and
1/p
/IVIQwﬁdXSAﬁ(p,M)</Iu\"vff‘dx) )
RN K

Therefore,

1/q 1/pq g
<f|v|qwf’dx) <</|u|”wﬂdx) (Ap(p, ).
RN K

Using (10) and (11), we have
1/pq 1q
[t ax< (f % dx) (Ap (@, ) (Ap(p, 1) 7.
RN K

and consequently,

1-1/(pg) g
(/Iul"l/fﬁdX> < (Ap@. ) (Ag(p. ) .
]RN

q+q =qq.

25

(10)

(11)
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Similarly, we obtain

1-1/(pg) p
( f |v| Ty P dX> < (Ap(p. ) (Ag(g. v)) "
]RN

Now, we take ¥ (x) = Yo (|y|%), y = % and R > 0 a real number. Then

(=AM (x) = RTH (= A 2 yo(1y1?)

and hence
B-vp-pL C A\ :
A,g(p,,u) :ﬂ</¢0 P R—HP +N|(—A)W21/f0|p dy) < CRM+N/p , (12)
K
where
B-Dp'-pE o 2 N AN
C=ﬂ( / o ()| (=2)"yo(ly1?)| dy) :
[1<]y1<2]
So, we have

1-1/(pq)
</|u|p1//ﬂdx> < CRY
RN

and
1-1/(pq)
(/lvﬂde) <CR,
]RN
where
N N
y=-v+--L a’
q q pq
N v N
O=—pt+t_-—+_
p p qp

Now, using (6), we can see that if y <0 or 6 < 0, then we have
lim /|u|pwﬂdx=f|u|pdx=0 or lim /|v|qwﬂdx=/|v|qu=0;
R—o0 R—o0
RN RN RN RN

therefore (u, v) = (0, 0), and this ends the proof. O

Remark 8. In the case of a single equation
(=) 2u=uP, u>0 inRN

using the same argument as in the proof of Theorem 2, one can verify that if p < ﬁ then the solution is trivial.

Proof of Theorem 4. Assume that (u, v) is a weak nontrivial solution to the system (4). As before, we have

/u(—A)“/zx/fﬂdx—/vAx/fﬁdx:/|v|q1/fﬂdx
RN RN RN

and

/v(—A)”/zdfﬁ dx — / uAyP dx = / [u|PyP dx,
RN RN RN
where 0 < y# € C3°(RN) with B > max(p’, ¢).
Using similar arguments as in the proof of Theorem 2, we get

1/p

1/q
/|u|Pwﬂdx<A,a<q,v></|v|qwﬂdx) +A,s(p,2>(/|u|"wﬂdx) (13)
RN K K
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and
1/q

1/p
/|v|qwﬁdx<Aﬁ(p,m</|u\"w"dx) +Aﬂ<q,2><f|v|qwﬁdx)
RN K K

Setting

1/p 1/q
X::(/Iulpwﬂdx> : y:=</|\/|ql/f’3dx) ;
RN RN

the last inequalities can be written as
{ AP < Ag(p, 2)X + Ag(q, v)Y,
VIS Ap(p, WX + Ap(q, Y.

Using Lemma 4 of [7], we obtain

pq a4
p—1 1

A7 < C{(Ap(p.2) T + (Ap(@. 1) (Ap(@.2) T + ((As(@. 1)) Ap(p, 1) T}

and
g

_p_ _Pq_
WP C{(Ap(@,2) 7T + (Ap(p, )" (Ap(p, 2) 7T + ((Ap(p, 1))’ Ap (g, 1)) T}

Using the scaled variable as in the proof of Theorem 2 and the inequality (12), we deduce that
AP C(Ry] + RY2 4 RV3),

where
N\ pq
=2+ =)=
12! ( +p’)p—1’
= v—l—N +(—-2+ 1
V2= P q =1
N pq
3= —v+—,)q+<—,u+—>>—,
v (( q ")) pa—1
and

YPI C(RQ] +R%2 4 Res)’

N\ pq
or=(-24— )",
! ( +tz’)q—l
N N p
<*M+ﬁ>p+<72+j>7,
p p/p—1
N N pq
o=((ns e ()t
p’ qa/))pq—1

Using (7), it is not difficult to verify that, if either max(y1, ¥2, ¥3) <0 or max(6, 62, 63) < 0, then the proof follows by using
the same argument as in the previous problem. O

where

02

Proof of Theorem 6. Let (u, v) be a weak solution to the system (5). Following the same method as in the proof of Theo-
rem 4 of system (4) one has

1/q 1/p
/|u|”wﬂdx<A,s<q, v1><f|v|qx/fﬂdx> +A,s(p,vz>(f|u|’3w’f‘dx> ,

RN K K

and
1/q

1/p
/|v|qw5dx<Aﬂ(p,m></|u|*’w5dx> +Aﬂ(q,uz></|v|qwﬁdx)
RN K K
Similarly, we have

pq
</|u|l’«/fﬁdx> < C{(Ap(p.v2))
]RN

_pq_ q

P4 (Ap(q. v1) ! (Ap(q. 12)) T + ((Ap(q. Ul))qA,s(p,m))%}v
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and

b
—1

(fMWMQ < C{(Ap(@. 1) + (Ap(p. 1)) (Ap(p. 1) 7T + ((Ag (P, 111)) Ap@, v) T .
RN

Also, using the arguments of the previous theorem, we get

pq
<f|u|p1//ﬁdx> < C(R" + R 4 R73),
]RN

where
(D)
IRES IR
J/3/=((—V1+ > (,U«1+ ))pqpil’
and

pq
( |v|q¢ﬁdx> < C(R% +R% + R%),

]RN

N\ pq
(—mw)m

6= (11 + 2 )+ (—va+ )2
P’ p/p—1
N N pq

(e (o )t
p’ q/))pqg—1

Taking either max(y;, v, ¥3) <0 or max(f;,6,65) <0, and using the same arguments as in the previous proofs one
can show that u=v=0. O

where

o1
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Appendix A

Proof of Proposition 7. The proof of this point-wise estimate given in N. Ju [11, Proposition 3.3] for N = 2, makes use of
the Riesz potential representation of the operator (—A)%2 is motivated by the proof of Proposition 3.2 of A. Cordoba and
D. Cordoba [2].

We will reproduce Ju's Proof in dimension N just for the convenience of the reader. When § =0 or § =2, the result is
obvious. Now we consider the case § € (0, 2). Then by Proposition 3.3 [11],
0(x) —6(y)

—MPoxy=cyp.v. | 22
(—2)"20(x) = Cs oRIE

dy.

Therefore, for 6 > 0,

B2 _ p+1
000 o = cyp.y. [ BRI =@ How)

|x — y|N+o
By Young's inequality, if 8 + 1 > 0, then
B+1 B+1 pr2 p+2.
(000)" 0w < G5 (6) ﬁ+2w<»
Thus
B+1 ANG/2 (9(X))ﬂ+2 - (Q(Y))ﬁ+2 5/2 B+2
(6®)"" (=4) G(X)>C5ﬂ+2 / X — yNTs dy = /3-1—2( A2 (0()" .

The case B = —1 is still valid from the above proof, without using Young’s inequality. O



Z. Dahmani et al. / ]. Math. Anal. Appl. 346 (2008) 22-29 29

References

[1] LA. Caffarelli, B. Gidas, J. Spruck, Asymptotic symmetry and local behavior of semilinear elliptic equations with critical Sobolev growth, Comm. Pure
Appl. Math. 42 (1989) 271-297.
[2] A. Cordoba, D. Cordoba, A pointwise estimate for fractionary derivatives with applications to partial differential equations, Proc. Natl. Acad. Sci.
USA 100 (26) (2003) 15316-15317.
[3] W. Chen, C. Li, B. Ou, Classification of solutions for a system of integral equations, Comm. Partial Differential Equations 30 (2005) 59-65.
[4] D. Chen, L. Ma, A Liouville type theorem for an integral system, Commun. Pure Appl. Anal. (2006) 855-859.
[5] D.G. De Figueiredo, P.L. Felmer, A Liouville-type theorem for elliptic systems, Ann. Sc. Norm. Super. Pisa Cl. Sci. (4) XXI (1994) 387-397.
[6] B. Gidas, J. Spruck, Global and local behavior of positive solutions of nonlinear elliptic equations, Comm. Pure Appl. Math. 34 (1981) 525-598.
[7] M. Kirane, M. Qafsaoui, Global nonexistence for the Cauchy problem of some nonlinear reaction-diffusion systems, J. Math. Anal. Appl. 268 (2002)
217-243.
[8] E. Mitidieri, S.I. Pohozaev, Absence of global positive solutions of quasilinear elliptic inequalities, Dokl. Akad. Nauk 359 (4) (1998) 456-460 (in Russian).
[9] E. Mitidieri, S.I. Pohozaev, Existence of positive solutions for a systems of quasilinear elliptic equations and inequalities in RN, Dokl. Math. 59 (3)
(1999) 351-355.
[10] J. Serrin, H. Zou, Non-existence of positive solutions of semilinear elliptic systems, in: Discourses in Mathematics and Its Applications, vol. 3, Texas
A&M University, College Station, 1994, pp. 56-69.
[11] N. Ju, The maximum principle and the global attractor for the dissipative 2D quasi-geostrophic equations, Commun. Pure Appl. Anal. (2005) 161-181.
[12] M.A. Souto, A priori estimates and existence of positive solutions of nonlinear cooperative elliptic systems, Differential Integral Equations 8 (1995)
1245-1258.



