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Abstract: By introducing the fractional derivative in the sense of Caputo, we apply the Adomian decompo-
sition method for the coupled Lotka-Volterra equations with time-and space-fractional derivative. As a result,
numerical solutions are obtained in a form of rapidly convergent series with easily computable components.
The behavior of Adomian solutions are shown graphically for some examples.
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1 Introduction

Since Adomian firstly proposed the decomposition method [4, 5] at the begin of 1980s, the algorithm has been widely used
for obtaining analytic solutions of physically significant equations [6, 15, 25-30]. With this method, we can easily obtain
approximate solutions in the form of a rapidly convergent infinite series with each term computed conveniently[1, 2, 8, 13].
As we all know, for the nonlinear equations with derivatives of integer order, many methods are used to derive ap-
proximation solutions [3-5, 7, 11, 18, 23, 24]. However, for the fractional differential equations, there are only limited
approaches, such as Laplace transform method [20], the Fourier transform method [16], the iteration method [22] and the
operational method [19].
In recent years, considerable interest in fractional differential equations has been stimulated due to their numerous appli-
cations in the area of physics and engineering [9, 14, 31], like phenomena in electromagnetic theory, acoustics, electro-
chemistry and material science [10, 12, 20, 22, 31].
We introduce Caputo fractional derivative and apply the ADM to derive numerical solutions of the coupled Lotka-
Volterra equations with time and space fractional derivatives:

o 2
{ Dfu = (Dfu) + Wy + b1u? + a1u + v + by .0

Dfv = (va)2 + VUgy + bav? + agv + cou + ho,

where a1, as, by, b, c1, co, h1, ho are arbitrary constants such that b1bs # 0 and ¢1¢o # 0.
When o = 3 = 1, the fractional equations reduce to the coupled Lotka—Volterra equations :
up = (uug), +u(ay + biu) + cpv+ hy
z (1.2)
vy = (Vvg), + v (a2 + bav) + cou + ho.

The paper is organized as follows: In Sec. II, some necessary details on the fractional calculus are provided. In
Sec. III, the coupled Lotka-Volterra equations with time-and-space-fractional derivatives are studied with the Adomian
method and figures are used to show the efficiency as well as the accuracy of the approximate results are achieved. Finally,
conclusions are followed.
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2 Description of Fractional Calculus

There are several mathematical definitions about fractional derivative[20, 22]. Here, we adopt the two usually used
definitions: the Caputo and its reverse operator Riemann-Liouville. That is because Caputo fractional derivative allows
traditional initial condition assumption and boundary conditions. More details one can consults [20]. In the following, we
will give the necessary notation and basic definitions.

Definition 1 A real valued function f(x),x > 0 is said to be in the space C,,, ;v € R if there exists a real number p > [
such that f(z) = xP f1(x) where f1(z) € C(]0, 0)).

Definition 2 A function f(x),x > 0 is said to be in the space C};,n € N, if f") e Cy.

Definition 3 The Riemann-Liouville fractional integral operator of order o > 0, for a function f € C,,
(1 > —1) is defined as

Jf(z) = ﬁ Jy (@ =87t f(t)dt; a>0,3>0

JOf(x) = f(2).

For the convenience of establishing the results for the fractional Lotka-Volterra equations, we give the properties

2.1)

JOJ f(z) = TP f () 2.2)
and S
el _ +1 a
Jegh = Fatsin L +8, 2.3)

Definition 4 The fractional derivative of f € C" in the Caputo’s sense is defined as

_ n a—1 £(n) -1 N*

Dof() = T a)f()t ) f"(r)dr, n—1<a<n,neN*, 2.4)

dt" f(t)7 o =nN.

According to the Caputo’s derivative, we can easily obtain the following expressions:
D*K =0; K isa constant, 2.5)
LB+l 1B—a _

path — ) TEarn?  B>a-1 (2.6)

0, b<a-—1.

Details on Caputo’s derivative can be found in [20].

Remark 1 In this paper;, we consider equations (1.1) with time-and space-fractional derivative. When o € R, we have:

[eY 1 t _ n a—19"u(z,T) _
Diu(z,t) = 78 u(z,t) — T(n—a) fO (t . orn dr, n—1<a<n 2.7)
ote 2] u(z t) a=n
atr :
The form of the space fractional derivative is similar to the above.
3 The Analysis of the ADM Method
Consider the coupled equations with time-and space-fractional derivatives Eq.(1.1).
Take the initial condition as (z.0) ()
u(z,0) = f(x
’ 3.1
L 26 G
Applying the operator J<, the inverse of D in (1.1) and using the initial condition (3.1), yields:
w(@,t) = f(x) + J(Pr (u(2,1)) + J% (Py (u(2,1)) + b1 J* (Ps (u (2, 1))
+a1J* (u) + 1 J* (v) + J* (hy), 32)
v(a,t) = g (z) + J* (Qu (u(z,1))) + J* (Q2 (u (2, 1)) + brJ* (Qs (u (x,1))) '
+agJ® (v) + c2J* (u) + J* (he),
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where P (u(z,t)) = (Dfu)2, Py (u(w,t) = gy, P3(u(x,t)) =u?, Qi(v(z,t)) = (ijv)2 , Qo (v(z,1)) =
Vg, and Q3 (v (z,t)) = v2.
The solution of Eq.(1.1) is represented as infinite series like

U(x,t) = fun (.’I,‘,t),
n=0

™) 3.3)
v(z,t) = ;Ovn (z,t).

The nonlinear operators Py (u), P> (u), Ps(u), Q1 (v), Q2 (v) and Q3 (v) are decomposed in these forms
Pi(u)= > Ay, Qi(v)= 3 Dy,
nO:OO nO:OO
Py(u) = 3 Bn, Qa(v)= > En, (34
n=0 n=0
Py(u)= 3 Cn, Q3(v)= ) Fy,
n=0 n=0

where A,,, B,, C,, D,, E, and F, are the so-called Adomian polynomials and have the form

i 00 7] o) 2

= [P (S )| =g | (02 (E0)) ] ,
4 - k=0 SA=0 ' A=

Bn = 71' dd;n P2 (Z )\kU/k> = %% (Z )\kUk,) (Z A ukwmﬁ] 5

L k=0 1a=o0 ) k=0 A=0

a | o) T n 00 2

Cn = ,nlj dd)\n P3 (Z Akﬂ’k) = % dd)\'n <Z AkUk) i

L k=0 1x=0 ) k=0 A

0 (3.5)

(& )ﬂ o
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! = nldxm
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We give the first four components of these polynomials:
Ao = (DPuo)”, A1 = 2 (DBuo) (Dfur) , Az = 2 (Dluo) (Dluz) + (Dfuy)”, 3.6)
Ay = (Dlug) (Dius) + (Dwn) (Dfus)
The first four components of B,, are:
By = uotozz, B1 = uUize + U1tozz, B2 = UoU2zs + U1U1zs + U2Uoza, 3.7)
B3 = ugugzs + u1tozs + U2Uize + UsUOzs-
The first four components of C,, are given by:
Cy = (uo)2 ,C1 = 2uguy, Cy = 2ugus + (u1)2 ,C3 = ugusz + ujus. (3.8)
The first four components of D,, are:
Do = (DPvo)*, D1 = 2 (DBvg) (DBv1) , Dy = 2 (DPvg) (DEvs) + (DBvy)?, 39)
Dy = (DBvy) (DEvs) + (DBvy) (DEvs),
and those of E,, and F}, are given by:
Eo = 00003z, 1 = 00V122 + V1V0z0, B2 = V0V220 + V10122 + V20052, (3.10)

E3 = VU3zz + V1V2zz + V2V1zz + U3V0za,
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Fo = (v0)?, F1 = 20001, Fs = 20900 + (1), F3 = vou3 + v10s. (3.11)

Substituting the decomposition series (3.3) and (3.4) into Eq(1.1), yields the following recursive formula:

B,) + b1J%(Cp) + a1 J* (up) + c1J* (vy) + J* (), (3.12)
Fp) 4 beJ% (Gr) + agJ (vy) + caJ* (upn) + J* (ha) .

The Adomian decomposition method converges generally very quickly. Details on its converegence and the conver-
gence speed can be found in [1, 2, 8, 13]. Here according to the above steps, we will derive the numerical solutions for
the coupled Eq(1.1) in details.

3.1 Numerical Solutions of Time-Fractional Lotka-Volterra Equations

Consider the following form of the time-fractional equations

{ D?U = (uI)Q + Uy + b1u2 + ai1u+ c1v + hy

O0<a<l, 3.13
Dgo = (vw)2 + VUzy + bov? + agv + cou + ho 4= ( )

with the initial conditions

u(z,0) = f(x) = %—601—&— (%—6014—2%) cos (\/gx—ﬁ()),

(3.14)
v(x,O):g(a:):tzo—Gcl—legl—!-zi(tzo—(icl—kzzl)sin(\/gx—ﬁ()),

where a1, as, b1, ba, c1, C2, h1, ha, B and t( are arbitrary constants such that, b = by = by > 0, a; = 3¢, az = a1 —6¢y,
Cop = —(C1.

The exact solution of the system (3.13) for the special case a = 1 is

wle.t) = o) % (o0 (0)+ ) cos (ho F et = ).

(3.15)
0(ot) = po(0) + 2 £ 21 (oo 0+ )sin (\fo F el = 0 )
where
(=1 o —6c15 a1 =3a
o) = 3p [3¢1 — a1] tanh (M (to — t)) —a; — 3c1; a1 # 3cy,
ai, as, by, ba, c1, c2, h1, ho, By and ty are arbitrary constants such that, b = by = by > 0, a2 = a1 — 6¢1, co = —cq,

hy = 29026 and hy = hy + 241 (3¢; — ay).

In order to obtain numerical solution of Eq.(3.13), substituting the initial conditions (3.14) and using the Adomian
polynomial (3.6)-(3.11) into the expression (3.12), we can compute the results. For simplicity, we only give the first few
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terms of series:

UO:f(.Z‘),U():g(J?),
=J« (Ao) + J (BO) + by J* (Co) + a1 J¢ (Uo) + 1 J” (Uo) + J¢ (hl)
= 7 ((u02)?) + T (tottoza) + b1 J* ((w0)? ) + a1 (uo) + 17 (v0) + J* (h) = figriesy,
vy = J¢ (Do) + J« (E()) + by J¢ (Fo) + agJ“ (’Uo) + coJ” (UQ) + J« (hg)
=J« ((U0$)2) + J« ('UOUOmc) + by J¢ ((’Uo)2> + agJ“ (’Uo) + co J” (uo) + J* (hg) = gll“(fxi:-l)’
=J“ (A1) + J< (Bl) + b1Ja (Cl) + alJO‘ (ul) + Clja (Ul) + J« (hl)
= J« (2u0zu1$) + J* (u0u1m + Uﬂl,(mz) + b J« (ngul) + a1 J” (ul) +cJe (1)1) + J¢ (hl)
fQF(Qa—i—l)’
= J*(D1) + J* (E1) + baJ* (F1) 4 a2J* (v1) + coJ* (ur) + J* (ha) (3.16)
= Ja (2’()0301}19;) + J« (’Uo’lew + 'UlUQa;w) + by J™ (2’[}01}1) + asJ“ (1}1) + coJ¢ (ul) + J« (hg)

2a
=92 F(2fa+1)
Ja (AQ) + Ja (BQ) + Ja (CQ) + aljo‘ (UQ) + blja (’Ug) + Ja (hl)
= Ja (2’(1409311,21 + (Ulz)z) + J< (UOUQIQ; + UTU 2 + 'LLQU()MC) + lea (2U0U2 + (u1)2)

t'%cy

+a1J% (ug) + 1 J* (v2) + J* (k1) = f31"(3a+1)a
vy = JY(Da) + J* (E3) + bo J* (F2) + a2 JJ (v2) + caJ* (u2) + J* (h2)
=Je (21)03617290 + (Ulac)2) + J¢ (UO'UQx:c + V1V120 + UQUOxar) + b J” (QUOUQ + ('Ul)z

tda

+azJ® (v2) + c2J (uz) + J (he) = 93T Bar1)’

where
fi = [t [t bf?+arf +ag+h,
g1 = 93+ 9Gsa +b2g” + azg + caf + ho,
fo = 2fefie + ffiee + fifoe +201f f1 + a1 f1 +c191 + ha,
92 = 202010 + 991zx + G192z + 2b2gg1 + azg1 + c2f1 + ho,
fs = 2fafoa+ fie+ [foze + [1f1a0 + fofoa + b1 (2f fo + fT) + a1 fo + c192 + ha,
95 = 20002 + Gix T 99200 + 919120 + 929wz + b2 (2992 + 1) + a2g2 + 2 f2 + ha, (3.17)

and so on in the same manner, the rest of the components of the recursive formulas (3.12) are obtained.
Then we have the numerical solution of Eq.(3.13) under the series form

tSoe

U((E,t) f(x)+flp(a+1 +f2p(2a+1 +f3F(3a+1) + ..
v(z,t) =g @)+ F(a+1) + 92 F(2a+1) +9s F(3a+1) + .

(3.18)

In order to verify the efficiency and accuracy of the proposed ADM method for the time-fractional Lotka-Voltera
equations, we draw figures for the numerical solutions (3.18) with & = 1/2, as well as the exact solution (3.15) when
a=1.

Remark 2 The accuracy of the numerical solution depend on how many terms we choose. In order to reduce the overall
errors, what we need is to add new terms to the decomposition series.

3.2 Numerical Solutions of Space-Fractional Lotka—Volterra Equations

Considering the operator form of the space-fractional equations

(Dmu) + Uty + b1u? + aqu + v + by
(3.19)
vy = (Dﬁ ) + VU + bav? + asv + cou + ho,
with the initial conditions (2,0) @) )
u(z,0) = f(x) =z,
{ v (2,0) = g (2) = 2. (3.20)
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(c) (@

Figure 1: Representing time-fractional solutions of Eq.(3.13). In(a): the numerical solution u(x,t)-(3.18). In(b), the exact
solution u(x,t)-(3.15) of Syst.(3.13). In(c): the numerical solution v(x,t)-(3.18). In(d), the exact solution v(x,t)-(3.15) of
Eq.(3.13). a1 = 3/2;b1 = 1561 = 1/2;h = Lyaa = —3/2;b0 = 1500 = —1/2;ho = 1; B = 150 = 10; 0 = 1/2;

In order to estimate the numerical solution of equations (3.19), substituting (3.3), (3.4) and using the initial conditions
(3.20) into the expression (3.12), we get the Adomian solution. We give the first few terms of series:

ug = f(v),v0 =g(z),
U = J(A()) + J(B()) + blj(C()) + ClJ(’Uo) + CL1J<U0) + J(hl)
2
=J ((Dguo) ) + J (UOUOxac) + le ((U0)2> + Clj (Uo) + a1J (UQ) + J(hl)
= (ffx‘l_w +bzt + ezt + (2+a1) 2? + h1) t,
v = J (Do) + J (Eo) + baJ (Fy) + c2J (ug) + azJ (vo) + J (hz)
2
—J ((ngo) ) T (00v0sa) + boJ ((UO)Q) + e (ug) + as (vo) + J (ha)
= (932572 4 boa® + 62 + a2a® + coz® + ha) ¢, .
Uy = J (A1) + J (By) + b1 (C1) + e1J (v1) + a1 J (ug) + J () (3.21)
=J (2 (Dqu) (Dgulﬁ)) + J(uoulm + ulqum) + le(2u0u1) +c1J (’Ul) +a,J (ul) + J(hl)
= (f2u® 5P 4 fa28730 4 fuaT30 4 fraO70 - fat TP 4 fra®720 4 foat T 4 fou
+f102® + fr12® + frox + f132® + fuaa® + fisz + f16) 5
Vg = J(Dl) + J(El) + bQJ(Fl) + CQJ(Ul) + (L2J(U1) + J(hg)
=J (2 (ngo) (ngl)) + J(vovlm + vlvOM) + ng (2’1}01}1) + CQJ(’ul) + (IQJ(Ul) + J (hg) .
= (92277 + g3 20 4 9425728 4 g5aT 2P + geaS72 + g7aP 2P 4 ggat 2P 4 gou”
+91027 + g112° + g122° + gi32* + gra7® + 1527 + grev + 917)%~
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where
f( )_xvfl ( 2 f2_2f12£g §§)7f3_2b1f11“5 ﬁ);f4 261f12F(I:1(4B)a
fs = 2(2+a1)f1af6 201 f2 4 c197) , fr = (4 —26) B3—28) fr + a1 fP),
fs=(2(4=28)(3=2B) f1), fo = (203 + bac1) , fr0 = (2b1c1),
J11 = (12by + 4by + 2byay + 6¢1 + 2b1) , f12 = (6¢c1 + ageq + are),
f13 = (4a1 + 24b1 + 2b1hy + ¢ + af +4) , fia = 12¢1, f15 = 4a1 + crha + arhy + 8,
9(@) = %91 = (F&(if)ﬁ)) 92 = 201 K750, 05 = (2b2gl% + szgf) 94 = (1291 r(rs(s)m)
g5 = (2a297 + 645 + (6 —28) (5—28) g1) , 96 = (292¢2f1 + a293)

g7 = c2f1, gs = 48ba, go = 2b3, g10 = (108 + 2C2b2) g11 = 3agbs, g12 = (18az + c2b2) ,
913 = (862 + 2h2b2 +cico + a%) ,014 = (262 + 262&1) , 015 = 6h2,916 = hlcg + G,th,

Then we obtain a numerical solution of space-fractional equations (3.16) in series form

u(z,t) = f(x)+ (fEa*2P + bzt + 12 + (2 + a1) 2% + hy) t + (foxB P
+faa® 7 faxTT0 4 f520700 4 foa® 7 frat T2 fua® P

+fox® + fro2® + frizt + froa® + fisa? + fuaz + f15)§ +

v (z,t) = g (z) + (932°72F + boa® + 62 + a2 + cox® + ho) t + (g2~
+g32° 7P 4 gaa® 7P 4 gsaT P 4 goa® 7P 4 grat TP 4 gsa 4 goa®
+9102° + 9112° + gr22* + g132° + g142% + G157 + gm)% + ...

(3.22)

(3.23)

The figures below show the numerical solution (3.23) for the space-fractional Lotka-Voltera Eq.(3.19) with o« = 8 =

1/2 as well as the numerical solution of Eq.(3.19) with o« = 5 = 1.

de+17
2e+17
100

(a) (b)

de+21 Be+21

de+21 4o+
]

100 S Il:l%

(c) (@

Figure 2: Representing space-fractional solutions of Eq.(3.19). In(a) and (c) solution obtained by the Adomian method of

u(x,t) and v(x,t) for S= 1. In(b) and (d), solution obtained by the Adomian method of u(x,t) and v(x,t) for f= 1/2.
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4 Conclusion

In this paper, the ADM has been successfully applied to derive explicit numerical solutions for the coupled Lotka-Volterra
equations with time-and-space fractional derivatives. The above procedure shows that the ADM method is efficient and
powerful in solving wide classes of equations in particular evolution fractional order equations.
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