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NEW APPLICATIONS OF FRACTIONAL CALCULUS
ON PROBABILISTIC RANDOM VARIABLES

7. DAHMANI

ABSTRACT. New results and new applications of fractional calculus for continuous
random variables are presented. Some classical integral results are also generalized.
On the other hand, some results (corollaries) on the paper [Fractional integral in-
equalities for continuous random variables, Malaya J. Mat. 2(2014), 172-179] are
corrected.

1. INTRODUCTION

The inequality theory plays an important role in differential equations, probability
theory and applied sciences. For more details, we refer the reader to [3, 14,
15, 16, 17] and the references therein. Moreover, the integral inequalities using
fractional integration are also of great importance. For some applications, one can
see [4, 5, 6, 7, 10, 12].

The idea to develop the present paper is motivated by the following published
results: The first one is the paper [11], where P. Kumar proposed some results
related to random variables with probability density functions (in short: p.d.f.)
defined on some finite real lines. The second work is [8], where for the first time
the author introduced new fractional random variable concepts with some results
that generalize some theorems of [2]. Other research papers deal with random
inequalities motivating this work can be found in [1, 13].

The aim of this paper is to present new results and new applications of fractional
calculus for continuous random variables. Some classical integral results can be
deduced as some special cases. On the other hand, some corollaries on the paper
[8] are corrected.
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2. PRELIMINARIES

Definition 2.1 ([9]). The Riemann-Liouville fractional integral operator of
order o > 0 for a continuous function h on [a, b], is defined as

" Toh(t)] = ﬁ /at(t e n(ndn as0, a<t<b
JOh(t)] = h(t),

where I'(a) := [7 e *u*"'du.

For t = b, we put

« _ 1 ’ a—1
JoTh(b)] = @/ (b— ) Lh(r)dr
We give the following property
(2) JOIP ()] = J*Ph(@)], =0, >0,
and
(3) JIP (b)) = J7 T [h(1)].

In the particular case where h(t) =t on [a,b], we have
(b—a)*™t  a(b—a)*

) Tl = T(a+2) ' T(a+1)

and for h(t) = t?, we have
2(b — a)t? a?(b—a)®
I'(a+3) Fla+1) "

We recall also the following concepts and definitions [8],

(5) Jv?] = +2aJ[b] —

Definition 2.2. The fractional expectation, of order @ > 0, for a random
variable X with a positive p.d.f. f defined on [a, b], is defined as

1 b
0 Bxo= g | 0=t rtnar
Definition 2.3. The fractional moment of order (r,a); r > 0, a« > 0, for a
random variable X with a positive p.d.f. f defined on [a, b], is defined as
1 .
(7) Exro= @/a (b—7)*" " f(7)dr.

For the fractional variance of X, we recall next definition

Definition 2.4. The fractional variance of order o« > 0 for a random variable
X with a p.d.f. f:[a,b] = RT, is defined as

b
®) o= ey | 0= = BEOP ()
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Remark 2.5.
(rlx) If we take @ = 1 in Definition 2.2, we obtain the classical expectation
Ex,= E(X).
(r2%) If we take @ = 1 in Definition 2.4, we obtain the classical variance agm =
o2(X) = [Y(r — E(X))2f(r)dr.
3. MAIN RESULTS

We begin by proving the following generalized property of the p.d.f. of X.

Theorem 3.1. LetX be a continuous random wariable having ap.d.f. f:
[a,b] — R*. Then we have

Na—n+1) &

(9) JOHf(b)] = Tt Z {(_1)iC’iLbn_iExi,a—n+1}7
i=0

where o > 0, n = [a].

Proof. For any a > 0, we can write « =n+s; n = [a], s € (0,1). And then,

1 b 1 b
(10) YO = gy [ =)0 = 5 [ o= rar
Hence,

« 1 . LY pn—1 b S,__1
)= e X (v / (b—7)r f(r)dr].
Thanks to Definition 2.3, we obtain

INa— 1) & o
(12) IR = N S [ B |
1=0
Theorem 3.1 is thus proved. ]
Remark 3.2.

1. In the above theorem, if we take @ = 0, we obtain the well known property
of a p.d.f. of X, that is f; f(u)du = 1.

2. The above theorem implies, in particular, that the property (P3*) in the
paper [8] is not correct.

3. Thanks to the above theorem, we confirm that of [8, Corollary 3.1] is not
correct.

In what follows, we will generalise a well know classical variance property. We have

Theorem 3.3. Let X be a continuous random wvariable having a p.d.f. f:
[a,b] — RY. Then, for any § > 1, we have
(6 —n) — S
(13) %5 = Exng = 2B(X)Bxs + BA(X) =55 ; (1) Chb Exes]
where n = [6 — 1].
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Proof. By Definition 2.4, we can write

b
(1) To = g L 0= = B0
Hence,
(19 s = Bxes — 2B(X)Exs + E2(X)J°f(0),

Using Theorem 3.1 with o = § — 1, we obtain the desired formula in Theorem 3.3.
O

Remark 3.4. In Theorem 3.3, if we take § = 1, we obtain the well know property
03(X) = B(X?) — E?(X).

In what follows, we propose a result for some estimations of the fractional
moments. At the same time, we impose this result as a correction of [8, Corollary
3.1]. So, we prove next statement

Theorem 3.5. Let X be a continuous random variable with a p.d.f. f: [a,b] —
Rt and a>1;n=[a—1].
(i*) If f € Lola,b], then

(16)
['(a—n) - ivi pn—i
( F(Oé) ; |:(71) Cnb EXi,afni|)
x (EXzﬂ—ZE(X)EX,a—FWZ [(—1)icgb"*iEX¢,a,nD
1=0
—a)® —a a+2 CL2 —a)®
< (Bx-pooa)? + 1B [y (o + 2098~ )

—a)*™  a(b—a)®
-(Te¥e * Teem) |

(ii*) We have also

I'a—n) — i T—i
g Z [(—1)1025" EXi,a—n:| Ug(,a - (E‘XfE(X),oz)2
(17) =0

S (R L)

=0

Proof. In [8], it was proved that

/ / )L b = )2 () F(p)(r — p)2drdp

(18) )
- JLFO) 6~ B = 2(T [ 0)6 — BCX)))
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On the other hand, we can observe that

vy [ 0= mr 0 om0 - oy

(19) Mgy [ [ 6700 - paray
< 2R [ T - )2

Therefore, using (4), (5), (18), and (19), we obtain (16).
For the second part of Theorem 3.5, we remark that

1 —1 2
(20) r2 / / (b—7)*" (b= p)* f(T)f(p)(T — p)drdp
< (b—a)*(J[f()])*.
Then, taking into account the expression in Theorem 3.1 and thanks to (18), we
get (17). -

Remark 3.6. Taking a@ = 1 in (ix) of the above theorem, we obtain the first
inequality of Theorem 1 in [3], and taking v = 1 in (7ix) of the same theorem, we
obtain the last part of Theorem 1 in [3].

We shall generalize Theorem 3.5 by proving the following result. We have

Theorem 3.7. Let X be a continuous random wvariable having a p.d.f. f:
[a,b] — RY. Then we have
(1*) Foralla>1,82>1
(21)
'8 —m) a“ iy pm—i )
Cra 2 [ Bxan))
Dia—n)E*(X) <
I'(a)

(M Bl ee..])

=0

X (Ex2’ﬁ —2E(X)Ex,g + M i [ C:nbm ZEXL ,8— m])

X (EX2,a —2E(X)Ex,a+ [(‘UicrizbniiExi,a—nD

1=0

B+2 2(b—a)?
< 2Ex )0 Bx—po o) + 12 [ Lo (P00 g0y 4 (O

Fla+1)\ T(8+3) I'(8+1)
(b—a)? /2(b—a)*t? o a’(b—a)”
+r(5+1)( Tlat3) 2o/ lb- F(a—|—1))

—a)*"  a(b—a)® —a)*t  ab-a)’
_2((§(a+)2) r((ba+i))((?(5l2) + r((l)ﬁ+i))]

where f € Loola,bl,m=[8—1],n = [a—1].
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(2%¥) For any o > 1, > 1, the inequality
rB—m S ivi opm—i
(S e e, )
1=0

x (EXQ,Q —2B(X)Ex.a + F(QL;EZ(X) Z [(—1)1'0;21)"*1'15)(,,&,"])

+ (F(?(;)n) 2:; (V'O By o] )

« (Bxa s — 2800 B + TE PN > [nin By )

I'(B—m)
INC)

S [ pa) (M S [ b))
hold with m = [ — 1], n = [a — 1].
Proof. We have

// b—1)2=1(b— p)PLF(r) F(p) (7 — p)?drdp

=J° [f( [f(0)(b = BE(X)*] + JP[f(0)]T[f(b) (b — E(X))?]
= 2J°[f(0)(b — E(X))I7Lf(0)(b — B(X))].

We also have

b b
W /o /0 (b=)*" (b= p)" F () f(p) (7 — p)*drdp

@) <R // (b= 1) (b— p)P (7 — p)2drdp

(22)

<2(Ex_p(x)e)(Ex—px)8) + (b— 0)2(

(23)

_ _ )8
<. [<( jl)J 1+ o ﬁy@%ﬂ—zmbmm].
1),

Thanks to (23) and (24), we obtain (2
To obtain (22) we remark that

// (b= )b = )" F(F) (o) (r — p)?drdlp

< (b— a)?J[f(0)]T°[f ().
Then, thanks to Theorem 3.1 and using (23), we end the proof of this theorem. O

(25)

We also prove the following estimation for the fractional variance. This result
implies, in particular, that [8, Corollary 3.2] is not correct.
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Theorem 3.8. Let f be the p.d.f. of X on [a,b]. Then for any o > 1, we have

n

(o) [cryciv, )
I'(a —n)E*(X)

(26) x (Exz’a —2B(X)Ex.a + T

> [(—1Crb Bxi o))
n 2

< (Bx—px)a)’ + ¢ _4(1)2 (F(?(;)”) ; [(ﬂycﬁniiEXi""*"D '

where n = [a — 1].

Proof. Using a fractional Gruss result [6] yields the following inequality

(27) T O 0] (g0 < & (S p0)]) (M
The particular case p(t) = f(¢), g(t) =t — E(X), t € [a,b], M = b — E(X),
m = a — F(X) allows us to obtain
(28) T [f()loX,a = (Ex-p(x)a)” < i(Ja[f(b)])Q(b —a)™.
Finally, by Theorem 3.1, we obtain (26). d
Remark 3.9. Taking a = 1, we obtain [3, Theorem 2].

At the end of this section, we present the reader another estimation for the
fractional variance in which we use two parameters a > 1 and § > 1.

Theorem 3.10. Let f be the p.d.f. of the random variable X on [a,b]. Then
forallaa>1, 8> 1, we have

n

(e S v e

i=0

« (EX2,E —2BE(X)Ex.s + w i [(—1)1'C,inbm_iEX175,m})

+ (% i (D O™ B )

1=0

—n)E?(X) <&
% (EXQ,Q_QE(X)EX,Q—’_M

(29) '

+2(a— E(X)(b— E(X)) (% i [(—1)ic:;b”—iEXi7a_n])

(1) CLb" ™ B o))

=
m

X (W Z [(_1)i07inbm7iEXi'ﬁme

1=0

<(a+b-2E(X)) [(% Zn: [(—1)iC:;b”"'Exi,a_n])Exfmxm

e ENON

where m = [ —1], n = [a —1].
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Proof. We use [6, Theorem 3.4] and Theorem 3.1. O
4. APPLICATIONS

In this section, we present some fractional applications for the uniform random
variable X whose p.d.f. is defined for any x € [a,b] by f(x) = (b—a)7L.

a. Fractional Expectation of Order «
We have

a>1

— )

[(b —a)*tt  a(b— a)a]
MNa+2) T(a+1)l
Remark that if we take a = 1 in the above formula, then we obtain the well known
expectation of X

(30) Exo=(0—-a)"!

)

b+a
Ex. = 5 = E(X).
b. Fractional Moment of Orders (2, )
We have
(31)

2(b—a)**? ( (b—a)*  a(b— a)"“*l) B a?(b— a)*1

EX2,a: o> 1.

Ta+3)  \T(a+2) ' Tla+l) Tla+1)
Taking o = 1 in the above formula, we obtain the classical moment of order 2
2 4 32
(32) Exa, = w = B(X?).

c. Fractional Variance of Order «
In this case, the quantity J< f(b) of Theorem 3.1 is given by

(b—a)> !

« =—— a>1
(33) Jf(b) ot 1) ,a >
Then, thanks to (15) in the proof of Theorem 3.3, we get
(34)

SRR Ut W U Ot i G 0 e

X" Tats)  \Ta+2) " T+ Fla+1)
2

Taking o = 1, we obtain 0% ; = 0%(X), which corresponds to the classical variance
of X.
d. Fractional Moment of Orders (r, @)

In the particular case where the p.d.f. of the uniform random X is defined on
some positive real interval of type [0,d], the fractional moment of X is given by

F(T+ 1) errafl
Ma+r+1) '

Note that if o = 1, we obtain the classical moment of order r for the uniform
distribution of X,

, a>1.

(35) EXT,(,V =

Exry = F(’”“;br — B(X").

I'(r+2
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