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Abstract In this paper, we study a coupled system of nonlinear Caputo fractional differential equa-
tions involving two fractional orders. We establish sufficient conditions to prove new
existence and uniqueness results. Finally, we present two examples illustrating the main
results.
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1. INTRODUCTION

In the last few decades, there has been an explosion of research activities on the
application of fractional calculus to very diverse scientific fields ranging from the
physics of diffusion and advection phenomena, to control systems, finance and eco-
nomics. For more details, we refer the reader to [5, 6, 8, 13, 14, 15, 17, 21, 22] and
the reference therein. Moreover, the study of fractional order differential equations
is also important in various problems of applied sciences, and has attracted the atten-
tion of many authors. Considerable work has been done in this field of research, for
instance, see [1, 2, 3,4,7,9, 10, 11, 12, 16, 18, 19, 20, 23].

In this paper, we discuss the existence and uniqueness of solution for the following
fractional coupled system of nonlinear differential equations:

w0 1x(@), y(0), DY x(1), DY x(1), ... DD x(n),
v x(”‘glﬁ( DF1y(0), DP2y(0), s DF Oy ’
teJ,

t, x(1), y(t), D* ' x(t), D*2x(¢), ..., D" Vx(p),
PO = 2 g"( DAy (o), DP2y(), ... DA~y 1) )
teJ,
a,feln—1,n[,
Dx(0) + D¥x (1) = D’y (0) + D’y (1) = 0; y, p € 10, 1[,

n-2 i n-2 . .
2 00| = Zpoo)=o
x(1) + D°x(1) = y(1)+D%y(1) =0, 6,0€n—2,n—1[, n e N* - {1},

ey
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where n € N* — {1} . The derivatives D%, D8, D** DPk k =1,2,...n— 1, are in the
sense of Caputo and J := [0, 1]. Foreach i = 1, ...,m, m € N* the functions f; and g; :
J x R*" — R will be specified later.

2. BASIC DEFINITIONS AND LEMMAS

In this section, we recall some basic definitions and lemmas which are used through-
out this paper [14]:

Definition 2.1. The Riemann-Liouville fractional integral operator of order a > 0,
for a continuous function f on [0, o[ is defined as:

JUf(r) = %fo (t—$)" f(s)ds, @>0, >0,

I f@) = f@t), t 20, )

where I (@) := fow e x*ldx.
Definition 2.2. The Caputo derivative of order « for a function x : [0,00) — R,
which is at least n-times differentiable can be defined as:

Dx(t) = _ f (t= )" XD ()yds = "X 0), @ > 0, (3)
I'n-a) Jo

for n—1<a<n,neN

Lemma 2.1. For a > 0, the general solution of the fractional differential equation
D%x(t) = 0, is given by

x(f) = co + 1t + o> + oo ¥ Cyy 771, 4)
wherec; €R,i=0,...n—1,n=[a]+ 1.
Lemma 2.2. Let @ > 0. Then
J*Dx(1) = X() + co + c1t + ot + oo+ cu 7, (5)

wherec;, e R, i=0,1,...n—1,n=[a]+ 1.

Lemma 2.3. Let p, g > 0, f € L' ([a,b]). Then JPJIf(t) = JPT9f(t), DPJPf(t) =
f(0),t€a,b]

Lemma 2.4. Let g > p >0, f € L' ((a,b]). Then DPJ9f(t) = J9P (1), € [a,b].
Lemma 2.5. Let E be Banach space. Assume that T : E — E is completely contin-

uous operator. If the set V. ={x € E : x = uTx, 0 < u < l}is bounded, then T has a
fixed point in E.
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We prove the following Lemma:

Lemma 2.6. Suppose that (G;)i=1__, € C([0,1],R), and consider the problem

.....

DPx(t) = 3 Gilt). 1€ [0,1], m € N*, ©
i=1
n—1<a<n neN —{l1},
with the conditions:
D’x(0)+D’x(1) = 0,ye]0,1[,
n—-2
DO = 0 nen -1y,
i=1
x()+D°x(1) = 0,6en-2,n-1[, ne N* —{1}. (6)
Then, the integral solution of (6) is given by:
(t— 9" a (1—-s5)""!
t— )% — )
x(1) = Gi(s)ds — ——Gi(s)ds
0= f F@ 2, ) T@
m 1 (l_s)lY—zf—l (8)
_iglof T(@=3) Gi(S) ds

_ _ _ n—1 m
+(r(n PT(=6)+T () _ Tn—y)r" )Z

T(n)I'(n—0) T'(n) P

1
(l_s)w—y—l
| Ty Gi(s)ds.
0

Proof. We have
(= 5!
r— 8" _
x(1) = ZEIWG,- (s)ds — co— c1t — cat> = . — ey 171, 9)
=17

wherec; € R,i=0,1,2,....,n—1.
Fork=1,2,...,n— 1, we obtain
x00) = —k!¢y, (10

and thanks to (7), we have

_Twm-y (1 s)"V1
s Zf ~— Y Gi(s)ds.
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Using (7) and (10), we obtain

Cl =C)=..=Cp2 =0.

Applying 2.4 and using the last condition of (7), we get

1 1
(1 —S)a 1 n (1 S)a —-0—1
_f T Gi(S)dS+Zlf @5 Y G(s)ds
i=1 0 =179
Tn-y)C@-8)+Tm) < (A=
- I'n)I'(n-9) lfr(a—_y)Gl(S)ds.

Therefore,

xX(f) = f(tr()) G()ds— f( F(S)) G: (s)ds

m 1 v (11)
g Of UFl5-Gi(s)ds
1
L=)TCr=9+T(m) _ L=p" '\ v [ (="
+( - 1Z(n)l“n(n—6) = - nl“();;) )El()[ r(sa_y) G;(s)ds.
Lemma 2.6 is thus proved. i
To study (1), we need to introduce the Banach space:
S = {(x y):x,yeC([0,1]1,R), D**x, DP*y e C([0,11,R) ,k=1,2,...,n— 1}
endowed with the norm
DY lx DY (n— 1)
s =mex( SR RS i) )

where,
x” = sup |D“ kx(t)|

llxll = sup X1, [yl =

||Dﬁ k 12 L.

3. MAIN RESULTS

In this section, we prove some existence and uniqueness results to the nonlinear

fractional coupled system (1).
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For the sake of convenience, we impose the following hypotheses:
(Hy) : Foreachi = 1,2,...,m, the functions f; and g; : [0, 1] X R?" — R are continu-
ous.

(H3) : There exist nonnegative real numbers 773., v?, j=12,..,2n,i=1,..,m

such that for all € [0, 1] and all (xy, x2, ..., X2,) , (V15 Y2, -.es Y21) € R?", we have

n
i (2, x1, %25 o0y X20) = fi (8,31, Y2, s Y2)| < Z n; |xj = yil

j=1
and
2n
|gi (1, X1, X2, cvos X2n) = & (1,31, V24 s Y2u)| < Z vl -y
j=1
(H3) : There exist nonnegative constants (L;);=; _, and (K;);=;__,, » such that:

for each 7 € J and all (x;, x2, ..., X2,) € R¥",
Ifi (¢, x1, %05 oy X20)| < Ly |83 (8, X1, X2, s X2p)| S Kjy T = 1,..,m
We also consider the following quantities:

m m
— i i i
= >+ mh ), To= ) (Vv 0,
i=1

i=1

Al = 2 A, = %)
""Te+) P T@EE1)
ko _ 1 [‘(n_,y) ~ .
. 1(F(k+1)+F(n+k—a)F(a—y+1))’k‘l’z’---’n 1,
Ak = 3 ! + I'(n—-p) P
4 = 2 F(k+1) F(n+k—ﬁ)r(ﬂ_p+l) ’ =1,4,..., R
_ ! C(n-7y) )
Mk F(k+1) F(I’L+k a)r(a+1_y) 1,2, n 1,
_ 1 T (n-p) i
Ni = 'k+1) F(n+k BT B+1-p) k=1,2,..,n-1,
> ! | F-pTr-50+Tm) Ta-y)

1) =

Ta+]) T@+1-0) T@+1-y) T ()T (7 -0) " TTh
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and
2 N 1 N 1 F(n—p)(F(n—a’)+F(n))_F(n—p)
rg+1) rg@+1-o) I'+1-p) IrI'(n-o) I'(n)
For the existence and uniqueness of solution for (1), the first main result is the
following:

T, =

Theorem 3.1. Assume that (Hy) holds. If the inequality
max (A1, Ay, A} A%, LAY AL AT LAY < (13)
is valid, then system (1) has a unique solution on J.

Proof. We define the operator 7 : § — § by

T (x,y) (@) = (T1 (x,y) (), T2 (x,y) (1)), 1 € J,
such that,

m ! m 1
Ty 0= 3 [ ei 9 ds = 3 [ Ue (9ds - X fﬂma%mw

C(n—y)TC(n—8)+T(n)) T\ &
+( T(n)I'(n—0) T Tm )lz

1
1 a—y—1
f ( r(g ) @i (s)ds
0

—_

(14)
and

m 1 _
T> (x,) () = Zfﬂ@¢MMst1MwMM%Zf%$@%®M
i=lg

_ _ _ -1 m
+ (r<n PTn=0)+I(w) _ Ln=p)t ) 5
1

1
(1-s)f+1
TGOl —0) TG .zlof B Vi (s)ds,

(15)
where
@i (8) = fi (8, %(5), (), D7 x(s), ..., D" Vx(5), D y(s), ..., D V()
and
Ui(s)=gi (s, x(5), y(5), D' x(s), ..., D" Vx(s), DPy(s),. .., Dﬂf(”fl)y(s)) .
By lemma 2.4, we obtain

)kl

m 1
D™k (x,y) () = zfnb%@m
=1l

(16)

r(n ,y)tn+k —a—1 m (1 S‘) —y-
T(n+k—a) f Ta=y) -, (s)ds
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and

DT () (0 = 3 [ T (5)ds
=10

1

a7

1
Ln—p)™ P71 & (=P gy
T T T(n+k—p) igll 6{ T(B—p) lPL (S) ds,

where k =1,2,....,n—1.
We shall prove that T is contractive:

Let (x1,y1), (x2,y2) € S. Then, for each ¢ € J, we have:

IT1 (x1,y1) (1) = T (x2,¥2) (D] <

t(l’
Ta+1)
f( s, xl(s),yl(:v), D”_]xl(zs),D(Hxl(s),(...l,)Da_(n_l)xl(s), )
1 - — —(n—
m D7yi(s), D yi(s), s DT ()
xsupz
sel i f( 5, %2(5), y2(5), D"~ x2(s), D" x2(s), ..., D" x2(s), )
—Ji —1 —2 —(n—1
’ D’ ya(9), D" ya(s)s s D ya(s)
By (H3), it follows that
17y e, y1) = T (x2, Il <
1 &y ; ;
Ta+D E] ('71 + ’72n)
a—1 a-2 a—(n—1)
I =l [|D G = )L D77 = )| [P = )
X max » 52 D) .
I =yl {27 01 = ||, [0 01 = )| D50 01 = 30|

Hence,
171 (x1,y1) = T1 Ceo, y)Il < Aqll(xq = x2, 31 = y2)lls - (18)

With the same arguments as before, we can show that
T2 (x1, 1) = T2 (x2, y2)ll < Az [l(x1 = x2, 31 = y2)llg - (19)
On the other hand, we have

|Da—k (T1 (x1,y1) = T1 (x2,¥2)) (t)| <



148 Zoubir Dahmani, Amele Taieb

( Ik + l—(n_,y)trwkﬂyfl )

I'(k+1) I'(n+k—a)l'(@—y+1)
P ( 51109319, D x1(5), D 21(8), .. D1 (9, )
" D" 51(5), D" yi(), e D31 (5)
Xsup >, ,
selEn ( 5, %2(), y2(8), D" x2(5), D" x2(5), ... D" x2(s), )
/i D" y2(5). D ya(9), s D ya(s)

Consequently,
1D (71 Ge1, 3 = T (a2, 30| <

m

! T(n-v P i
(F(k+ D Th+k—a)T@a—y+ 1));(771 ooyt )

| >

a—(n—1)

D (x) - xz)“ - ”D (x1 — x2)
|D/H O - Y2)H e ”DHH) 01 —y2)

a—1
[ llx1 = xall, ||D (x1 - X2)|
X max

llyr = yall, ”Dﬁf1 1 —y2)

[0 (@1 Gty = T Gy < Al = o =wlls - 20)

Therefore,

Also, we have

[P (T2 (x1,31) = T2 (2, 2)|| < AfHIGxt = 2,31 = ¥l - @21

Thanks to (18), (19),(20) and (21), we get
17 (x1,91) = T (x2, y2)lls <

max (A1, Ay, AL A3, L AL AL AL AT ) G = xay = lls - (22)

Thanks to (13), we conclude that T is a contractive operator. Therefore, by Banach
fixed point theorem, 7" has a unique fixed point which the solution of the system

(. n
For the existence of solution for (1), we prove the following theorem:

Theorem 3.2. Assume that the hypotheses (H1) and (H3) hold. Then the system (1)
has at least one solution on J.

Proof. The operator T is continuous on S in view of the continuity of f; and g;
(hypothesis (Hy)).
Now, we show that 7T is completely continuous:
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(i) : First, we prove that 7’ maps bounded sets of S into bounded sets of S. Taking
A>0,and (x,y) € By :={(x,y) €S; [[(x,y)llg < A}, then for each € J, we have:

[T (x,y) (]
@ 1 1
l"(t;+1) T oD T M=o
<
b1 |r(n—y><r(n—6>+r<n)) _ To—y™! |
T(a+1-y) I'(n)I'(n—0) T'(n) (23)
xsup 3, |1 ( 5.2(5). (). D x(5). D x(s). .. D" V(). )
ser i1 ] D7 y(s), D" y(s), s DT N(s)
Thanks to (H3), we can write
m
171 (el < Y Li
i=1
o 2 N 1 . 1 ‘F(n—y)(F(n—6)+F(n)) F(n—y)‘
F'a+1) T(@+1-0) T(@+1-vy) IFrm)'(n-9) I'(n)
Thus,
m
T3 eyl <01 ) L (24)
=1
As before, we have
m
T2 (x, Il < T2 ) K. (25)

i=1

On the other hand, forall k = 1,2,....n — 1, we get

|D* T (x,y) (1)

l‘k + r(n_,y)tn+k—af—l
— \I'(k+1) I'(n+k—a)(a+1-y)

m

Xsup Y,
seJ i=1

P ( s, x(5), y(s), D(Hx(s), DHx(s), — Dai(nil)x(s), )‘
’ D’ y(5), D y(s), s D7 () '

This implies that
ID" 71 e

1 I(n-y) N
< Lik=12..n—1.
_(F(k+1)+F(n+k—a)F(a+1—y)); "
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Hence,

m
DT ()| < My Z Lik=1,2,...n—1. (26)
i=1

Similarly, we have

m
IDP4T, ey < Ne Y Ky k= 1,2,n = 1. 27)
i=1

It follows from (24), (25), (26) and (27) that:

m m m m m
Y1 2 Li, Yy 2 Ki, My 2, Li, My 2, Li, ... M1 3 L,
17 (x, y)lls < max =1 = o = =1
N] ZKI’NZZKH ,Nn—l ZKl
i=1 i=1 i=1
Thus,

T (x, yllg < co.

(if) : Second, we prove that T is equi-continuous:
Forany 0 <t <1, <1 and (x,y) € By, we have

IT1 (x,y) (22) = T (x,y) ()] <
L 1 T(n-y) 1 _ -1
(v (2 = 00" + (5 = ) + ey (2 = 10" + it (57 = 1471)

f( s, x(s),y(s),Da_lx(s),Da_zx(s), DT x(s), )‘
’ D" y(s), D" y(s), . D y(s) '

m

Xsup Y,

seJ i=1

Therefore,
17y (x,y) (12) = T (x,y) (1)l <

iL( -1 2(t2—t1)”+ -y (;g — 1 1)) (28)

I'la+1) I'la+1) IFrm@+1-7y)

We have also
172 (x,y) (12) = T2 (x,y) (1)l <

mo(E-F L2 -nf T'(n-p) P
ZK F(B‘Fl) F(ﬂ'i'l) +F(H)F(B+1_p)(t2 _tl )) (29)

On the other hand,

|Daf—kT1 (x,y) (t2) — DT (x,y) (n)! <
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(B4 | 20— [(n—y) nik—a—1 _ pk—a—1
(F(k+1) T T T Tork—al@ri—y) (tz -1 )

m
Xsup Y,

seJ i=1

5 ( s, x(5), y(s), D" x(s), DHx(s), ey DH'H)x(s), )‘
’ D y(), D" y(8), s DT () '

Consequently, forall k = 1,2, ...,n — 1, we obtain

D" (.3 () = DT () (1)

k .
(5-+) 2Atr—11)" m
Th+1) © TG+D) Z
< L. (30)
F(n—y) +h—a—1 +h—a—1 i=1
Rt ] GRS
Similarly,
|DP5T2 (x,3) (12) = DP7*T5 (x, ) ()|
k
(’2‘*) 2-11)" m
- Th+D) © T+l Z K 31)
- 15
I'(n—p) n+k—(-1 n+k—-1 i=1
T AT BT 1) (tz - )

where k = 1,2, ...,n — 1. Using (28), (29), (30) and (31) , we deduce that

1T (x,y) (22) = T (x,) (t)lls — 0

ast, — t.
Combining (i) and (ii), we conclude that 7" is completely continuous.
(iii) : Finally, we shall prove that the set F defined by

F:={(xyeS, (x,)=wl(x,y),0<w<1}

is bounded.
Let (x,y) € F, then (x,y) = wT (x,y), for some 0 < w < 1. Thus, for each t € J, we
have:

x() = wT (x,y) (@), y(@) = wT2(x,y) (1) . (32)
Thanks to (H3) and using (24) and (25), we deduce that

m m
bl < w1 ) Lis 1Dl < 02 ) K. (33)
i=1 i=1
Using (26) and (27), it yields that

m

nm
ol < ot 3 i ] < o ) o
i=1 i=1
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where k = 1,2,...,n— 1.
It follows from (33) and (34) that

m m m m m
Tl Z Ll"TZ Z Ki’Ml Z Li7 M2 Z Li’ “'aMn—l Z Li’
lICe, Wls < w max =l = o = =l . (35)
N _Zl Ki, N, '21 Ki, ... Ny '21 K;
i= i= i=

Consequently,

lICe, Wlg < o0 (36)
This shows that F is bounded.
By lemma 2.5, we deduce that 7" has a fixed point, which is a solution of (1). §

The third main result is based on Krasnoselskii theorem [15]. We prove the fol-
lowing theorem:

Theorem 3.3. Assume that (Hy), (H») and (H3) hold. If

% P D ol S 3 N |
X 9 9 9 9 9 *cey b b b b . b
Ta+ D' TE+D 2030 (=D 22030 (n=1)!

(37
then the coupled system (1) has at least one solution on J.

Proof. Let us fixe:

m
Tl Z Ll’ TZ Z Kh Ml Z LL’ M2 2 Ll9 ooy Mn—l Z Li,
f > max i=1 1 1 i=1 i=1
Nl Zl KI’NZ Z Kn---, n—1 _zllKi
=

i=1

Then, we consider By := {(x,y) € S : |I(x,y)lls < 8}. On By, we define the operators
P and Q as follows:

P(x,y) (1) := (P1 (x,y) (1), P2 (x,y) (1)),
Q(x,y) (@) := (Q1 (x, ) (1), Q2 (x,y) (1)),

where,

m 1
PLan =3 i ()ds = 2. f U= i (s)ds
i=lo

T(3—o) T(mI(n—o)

(38)
1
Mmoo (1) [(n=y)([(n=6)+T(n)) (1577~
Elof M=o %i () ds + =t Zf @) ¢, (5)ds,
m 4 )[; m 1 1 )ﬁ,
Py (x,y) (1) = ;f oy (s)ds — ;f i (s)ds
mod 1-5)f~o! N + [o=p)T— >+r(; ?” 1 1 el &

=1
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rm-w%*flla—n*%l

01 (6 ) () = == 5 2. Fa—y) ¥
and 1
r _ n—1 M 1 — —p—1
0 (x,y) () = — mrgy > a-sy v, (s)ds.

I'@B-p)

Let (x1,y1), (x2,y2) € By, t € [0, 1]. Then, thanks to (H3) , we get

m
[I1P1 (x1,y1) + Q1 (x2, )l £ Ty Z L;,
i=1

m
1P2 (et y1) + Q2 (2, I < T2 ) K
i=1

On the other hand forall k = 1,2, ...,n — 1, we have

m
D (Py (x1. 1) + Q1 (x2.32)|| < Mi Z Li,

i=1

|[DP5 (P2 (x1,31) + 02 (x2.32))|| < Ni Z K.
i=1
Thanks to (42), (43), (44) and (45), we have

1P (x1, 1) + Q (x2, »2)llg <

m m m m m
Ty 2 Li, Mo 3 Ki, My X Li, M 3 Ly, ..., My 3 Ly,
i=1 i=1 i=1 i=1 i=1
m m m
N ZlKi,Nz 21 Ki, ..., Nn—1 '21 K;
i= i= i=

max

Therefore,
P(x1,y1) + QO (x2,y2) € By.

153

(40)

(41)

(42)

(43)

(44)

(45)

(46)

47

Now, we shall prove that the operator P is contractive. Using the hypothesis (H>),

we can write
1Py (x1,y1) = P (x2, )l

_1 N i i i
< T@+1) IZZI (771 +n,+ ...+ nZn)”(xl - X2,y _y2)||S i

[I1P2 Cx1,y1) = P2 (x2, 2l

(48)
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1 NIV, i
SFQ%FDE;GH+U2+W+U%NKn_x%w_yﬁm’ (49)
and fork =1,2,...,n — 1, we have
D% (Py (Gx1,y1) = Py (32, 32))||
1 (L i
sF@:qsg;@1+m+-n+%ﬁnul—mon—yﬁm, (50)
[DP~ (P2 (x1,31) = P2 (x2.32))||
1 i i
< m (vl +U,+ .+ v2n) [1Cer = x2, 31 =yl - (29
From (48), (49), (50) and (51), we deduce that
1P (x1,y1) = P (x2,y2)lls
2 2o 2 2 )Y} 2
— X b 921,_""’ b 2’ _""’
IFa+1) TB+1) 2! (n—-1)! 2! (n—-1)!
(51)

X |[(xer = x2,y1 = y2)ll -

Using (37), we conclude that P is a contractive operator.

Fori = 1,2, ...,m, the operator Q is continuous in view of the continuity of f; and g;,
(see (H1)). Now, we prove the compactness of the operator Q :

Lett, 1 €[0,1], #; <t and (x,y) € By. We have
I'(n— 7) n—1 n—1

Ly) (1) — ,9) ()] < o —f 53
101 (x,y) (12) Q”x”(m'lxmrm+1—w(2 ) (53)

I'(n—p) (e =), (54

and
102 (x,y) (t2) — Q2 (x,y) (1)l < ToT G+ 1-p) 1

On the other hand for k = 1,2,...,n — 1, we get
D701 (x,) (2) = D** Q1 (x,y) (1)

I(n-v n+k—a— +k—a—
Srm+k_£ra+1_w@2kl—ﬁk . (55)
[ (02 ) (1) - D 0s ey )|
C(n-p) ( ;+k—,8—1 3 trlz+k—ﬁ—1 ) ‘ 56)

S Th+k-ATB+1-p)
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The right hand sides of (53), (54), (55) and (56) are independent of (x, y) and tend to
Zero as t; — fp, so Q is relatively compact on By. Then by Ascolli-Arzela Theorem,
the operator Q is compact. Therefore by Krasnoselskii Theorem [15], we conclude
that system (1) has a solution. Theorem 3.3 is thus proved. I

Corolar 3.1. Assume that (Hy), (H>) and (H3) hold and

max (Z;,20) < 1, 57
then the coupled system (1) has at least one solution on J.
4. EXAMPLES

We present two examples to illustrate the main results.

Example 4.1. Consider the following system:

D7 x(f) =

9 5
D4 x(t)|+|D4 x(t)‘+

OO+ ¥ D%x(;)HD%y(z>‘+‘u%y<t)'+'p%ym‘

9 5 1
16ﬂ2(t2+1+|x(t)|+|y(t)|+ D3 x(t)|+|D 4 x(t)|+|D% x(1)

+

+

8 3 2
+p3yo+phwf{p i)

9 5 1
cos D4 x(t)+cos D4 x(t)+cos D4 x(t)

| sinx (¢) + siny (7) +

2,
32nle 4508 D%y(t)+cos D%y(t)+cos D3y(t) ’
o2
te0,1],
DYy (1) =
9 5 1 8 S 2
] ’x(t)+D 4x(1)+D4 x(t)+D 4 x(1) 'y(t)+D 3y()+D3y(1)+D3 y(t)’
BPe (2 4) 3 3 Tt 8 3 )
1+|x(0)+D 4 x(t)+D 4 x(t)+D 4 x(t) l+'y(z)+D 3y()+D3y(1)+D3 y(t)‘ (5 8)
9 5
sin x(¢)+sin y(t)+sin(D 4 x(l))—sin(D4 x(t))
1+|sin x(z)+sin y(t)+sin(D% x(z))—sin(D % x(t))‘
2
+ 167Tt26t+l ’

sin(D% x(z))+cos(D§ y(l))+cos(D% y(t))—cos DIy

1+

sin(D % x(t))+cos(D%y(t))+cos(D%y(t))—cos D%y(t)‘
telo,1],
Dix(0) + Dix(1) = Diy(0) + DIy (1) = 0,
O+ [ 0 = Yo + [y @] =0,
x(D+D3x(1)= y(1)+DFy(1) =0.

We have:
n:4’m:2,a:%’ﬁ:%”y:3—"p:

N[
S
(o9
Il
w]oo

,o=17=10,1].
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Also,
fi (@, x1, X2, X3, X4, X5, Xg, X7, X8) =
Ixi] + |xa| + [x3] + [xal + |xs] + |x6| + 7] + | xs] (59)
1672 (2 + 1+ |x1] + ol + |x3| + |x4] + loxs| + |xg| + |x7] + [xs])”
fa (8, x1, X2, X3, X4, X5, Xg, X7, X8) =
3271T26 (sin 4 sin + coS X3 + cozsﬂm + COS X5 L o8 X6 + CO:;7 + cos )Cg)‘ 60)

For t € [0,1] and (x1, X2, X3, X4, X5, X6, X7, X8) » (Y1, Y2, Y3, V4, V5, Y6, Y7, ¥8) € R®, we
have:

|fi (t, X1, X2, X3, X4, X5, X6, X7, X8) — f1 (£, Y1, Y2, Y3, V4, Y5, Y6, Y7, ¥8)| <

1 1 1 1
Toz X1 =il + o 102 = yal + 5= %3 — y3l + 1= [Xa — yal

167 (61)
+162 X5 — sl + 152 X6 — Yol + 157 1x7 = y7l + 15 s — ysl
and
|f2 (2, X1, X2, X3, X4, X5, X6, X7, X8) — f2 (£, V1, Y2, Y3, Y4, V5, Y6, Y7, ¥8)| <
1 1 1 1
5,0 X1 =il + 553 e —val + g s — sl + g [ — yal (62)
+ g X5 — sl + 35,3, X6 — Yol + 35,2, 1X7 = y7l + 35,2, 108 — vl
So, we can take:
1
1 1 1 1 1 1 1 1
771:772:773:774:775:776:777:773:@’ (63)
Bemd === = e =i = = — (64)
! 2= e 87 3070207 BT AT T 043,
We have also
81 (t, x1, X2, X3, X4, X5, X6, X7, Xg) =
1 X1 + x3 + x4 + x5 X2 + X6, X7, X8| 65)
8m3e*2 (2 + )\ 1+ |x; +x3+ x4+ xs5| 1+ |x2 + xg, %7, X3
and
82 (8, x1, X2, X3, X4, X5, Xg, X7, X8) =
i (66)
1672¢t+1
sin xq + sin xp + Sin x3 — sin x4 Sin x5 + COS Xg + COS X7 — COS Xg
1 4+ |sinx; + sinxs + sinx3 —sinxy4| 1 + |sin x5 + cos xg + cos x7 — cos xg| |

Fort € [0, 1] and (x1, X2, X3, X4, X5, X6, X7, X8) » (V1, Y2, Y3, V4> Y55 Y6, Y7, V8) € RS, we
can write

lg1 (2, X1, X2, X3, X4, X5, X6, X7, X8) — &1 (£, Y1, Y2, V3, Y4, V5, Y65 Y7, ¥8)|
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1 1 1 1
< goz 1 =il + gz 12 =yl + gz 13 — y3l + gz 1 — vl

1 1 1 1
+gm X5 = sl + g e — yel + gz X7 — y7l + g xs — sl

lg2 (2, x1, X2, X3, X4, X5, X6, X7, X8) — &2 (£, Y1, Y2, V3, Y45 Y5, Y6, Y75 V8|

1 1 1 1
< 1o X =il + e e = vl + e X3 — 3l + 1 [Xa — vl

1 1 1 1
+ 16 X5 — sl + 15z X6 = Yol + 152 1X7 = y71 + 1525 18 — sl

Hence,

Therefore,

Thus,

1
10l 1111 1_.1_
Ul—Uz—U3—U4—U5—U6—U7_U8_8n3e2’

1
2_ 2 _ 2 _ 2 _ 2 _ 2 _ 2 _ o
UI_UZ_U3_U4_U5_U6_U7_U8_—16ﬂ26'

21 = 0.5066, X, = 0.00638,
Ay =0.006135, Ay = 0.000432,
A} =0.091296, A3 = 0.048554, A3 = 0.383993,
A} = 0.009723, A3 = 0.005699, A; = 0.002138.

max (Al,Az,A%,Ag,Ag,Al,Ai,Ai) <l
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(67)

(68)

(69)

(70)

(71
(72)
(73)
(74)

(75)

And by Theorem 3.1, we conclude that the system (58) has a unique solution on [0, 1].

Example 4.2. We consider the following system:

D%x(t) = =

!

27r+sin(x(t)+y(t))+cos(D% x(t)+D% x(t))+cos(D%y(t)+D % y(t))

N ; e’slin(x(l)+y(f)) . T , 1€[0,1],
5+COS(D2 x()+D?2 x(t))+COS(D 2y()+D?2 y(t))

(t+1) sin(x(z)w%x(z)w% x(t)) 32 cos(D% WO)+D? y(t)) cos(x(D)+)(1))

’

27r+cos(y(t)+D% y(t)w%y(z)) e—sin(D% X(H)+D? x(t))
t€[0,1],

Dix(0)+ Dix(1) =0, Diy(0) + D3y (1) = 0,
X' ()] =]y =0,

3

x(D)+D3x(1)=0, y(1) + D3y(1) = 0.

(76)
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Wehave:n:3,m=2,a:ﬁ:%,y:%,pz%,éz%,az%,]z[o,l],andthen
el‘
t, X1, X2, X3, X4, X5, Xg) = - , (77
Ji (@t x1, %2, 63, x4, X5, X6) 27 + sin (x] + x2) + cos (x3 + x4) + cos (x5 + xg) D
‘.
e sin (x] + x2)
S (8, x1, X2, X3, X4, X5, X6) = ; (78)
5 + cos (x3 + x4) + cos (x5 + Xg)
(t+ 1)sin(x; + x3 + x4)
81 (8, x1, X2, X3, X4, X5, Xg) = (79)

27+ cos (X2 + x5 + xg)

372 cos (x5 + xg) cos (x| + x2)
82 (1, x1, X2, X3, X4, X5, Xg) = . : (30)
e —sin (x3 + x4)

It is clear that

|fi (2, x1, X2, X3, X4, X5, X6)| < , (80)
2 -3
e
|f2 (t’ X1, X2, X3, X4, XS,X6)| < 5’
2
lg1 (2, x1, X2, X3, X4, X5, X6)| < ,
2 —1
3
lg2 (2, x1, X2, X3, X4, X5, X6)| < P

The functions f1, f», g1 and g are continuous and bounded on [0, 1] X R®. So, by
Theorem 3.2, the system (76) has at least one solution on [0, 1].
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