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existence and uniqueness results. Finally, we present two examples illustrating the main
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1. INTRODUCTION

In the last few decades, there has been an explosion of research activities on the

application of fractional calculus to very diverse scientific fields ranging from the

physics of diffusion and advection phenomena, to control systems, finance and eco-

nomics. For more details, we refer the reader to [5, 6, 8, 13, 14, 15, 17, 21, 22] and

the reference therein. Moreover, the study of fractional order differential equations

is also important in various problems of applied sciences, and has attracted the atten-

tion of many authors. Considerable work has been done in this field of research, for

instance, see [1, 2, 3, 4, 7, 9, 10, 11, 12, 16, 18, 19, 20, 23].

In this paper, we discuss the existence and uniqueness of solution for the following

fractional coupled system of nonlinear differential equations:



Dαx(t) =
m∑

i=1

fi

(
t, x(t), y(t),Dα−1x(t),Dα−2x(t), ...,Dα−(n−1)x(t),

Dβ−1y(t),Dβ−2y(t), ...,Dβ−(n−1)y(t)

)
,

t ∈ J,

Dβy(t) =
m∑

i=1

gi

(
t, x(t), y(t),Dα−1x(t),Dα−2x(t), ...,Dα−(n−1)x(t),

Dβ−1y(t),Dβ−2y(t), ...,Dβ−(n−1)y(t)

)
,

t ∈ J,

α, β ∈ ]n − 1, n[ ,

Dγx (0) + Dγx (1) = Dρy (0) + Dρy (1) = 0; γ, ρ ∈ ]0, 1[ ,
n−2∑
i=1

∣∣∣x(i)(0)
∣∣∣ =

n−2∑
i=1

∣∣∣y(i)(0)
∣∣∣ = 0,

x(1) + Dδx(1) = y(1) + Dσy(1) = 0, δ, σ ∈ ]n − 2, n − 1[ , n ∈ N∗ − {1} ,

(1)
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where n ∈ N∗ − {1} . The derivatives Dα, Dβ, Dα−k, Dβ−k, k = 1, 2, ..., n − 1, are in the

sense of Caputo and J := [0, 1]. For each i = 1, ...,m, m ∈ N∗ the functions fi and gi :

J × R2n → R will be specified later.

2. BASIC DEFINITIONS AND LEMMAS

In this section, we recall some basic definitions and lemmas which are used through-

out this paper [14]:

Definition 2.1. The Riemann-Liouville fractional integral operator of order α ≥ 0,

for a continuous function f on [0,∞[ is defined as:

Jα f (t) =
1

Γ (α)

∫ t

0

(t − s)α−1 f (s) ds, α > 0, t ≥ 0,

J0 f (t) = f (t), t ≥ 0, (2)

where Γ (α) :=
∫ ∞

0
e−xxα−1dx.

Definition 2.2. The Caputo derivative of order α for a function x : [0,∞) → R,
which is at least n-times differentiable can be defined as:

Dαx(t) =
1

Γ (n − α)

∫ t

0

(t − s)n−α−1 x(n) (s) ds = Jn−αx(n)(t), α > 0, (3)

for n − 1 < α < n, n ∈ N∗.

Lemma 2.1. For α > 0, the general solution of the fractional differential equation

Dαx(t) = 0, is given by

x(t) = c0 + c1t + c2t2 + ... + cn−1tn−1, (4)

where ci ∈ R, i = 0, ..., n − 1, n = [α] + 1.

Lemma 2.2. Let α > 0. Then

JαDαx(t) = x(t) + c0 + c1t + c2t2 + ... + cn−1tn−1, (5)

where ci ∈ R, i = 0, 1, ..., n − 1, n = [α] + 1.

Lemma 2.3. Let p, q > 0, f ∈ L1 ([a, b]) . Then JpJq f (t) = Jp+q f (t), DpJp f (t) =

f (t), t ∈ [a, b]

Lemma 2.4. Let q > p > 0, f ∈ L1 ([a, b]) . Then DpJq f (t) = Jq−p f (t), t ∈ [a, b] .

Lemma 2.5. Let E be Banach space. Assume that T : E → E is completely contin-

uous operator. If the set V = {x ∈ E : x = µT x, 0 < µ < 1}is bounded, then T has a

fixed point in E.
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We prove the following Lemma:

Lemma 2.6. Suppose that (Gi)i=1,...,m ∈ C ([0, 1] ,R) , and consider the problem


Dαx(t) =

m∑
i=1

Gi(t), t ∈ [0, 1] , m ∈ N∗,
n − 1 < α < n, n ∈ N∗ − {1} ,

(6)

with the conditions:

Dγx (0) + Dγx (1) = 0, γ ∈ ]0, 1[ ,

n−2∑

i=1

∣∣∣x(i)(0)
∣∣∣ = 0, n ∈ N∗ − {1} ,

x(1) + Dδx(1) = 0, δ ∈ ]n − 2, n − 1[ , n ∈ N∗ − {1} . (6)

Then, the integral solution of (6) is given by:

x(t) =

m∑

i=1

t∫

0

(t − s)α−1

Γ (α)
Gi (s) ds −

m∑

i=1

1∫

0

(1 − s)α−1

Γ (α)
Gi (s) ds

−
m∑

i=1

1∫

0

(1−s)α−δ−1

Γ(α−δ) Gi (s) ds

+

(
Γ(n−γ)(Γ(n−δ)+Γ(n))

Γ(n)Γ(n−δ) − Γ(n−γ)tn−1

Γ(n)

) m∑
i=1

1∫

0

(1−s)α−γ−1

Γ(α−γ)
Gi (s) ds.

(8)

Proof. We have

x(t) =

m∑

i=1

t∫

0

(t − s)α−1

Γ (α)
Gi (s) ds − c0 − c1t − c2t2 − ... − cn−1tn−1, (9)

where ci ∈ R, i = 0, 1, 2, ..., n − 1.

For k = 1, 2, ..., n − 1, we obtain

x(k)(0) = −k!ck, (10)

and thanks to (7), we have

cn−1 =
Γ (n − γ)

Γ (n)

m∑

i=1

1∫

0

(1 − s)α−γ−1

Γ (α − γ)
Gi (s) ds.
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Using (7) and (10) , we obtain

c1 = c2 = ... = cn−2 = 0.

Applying 2.4 and using the last condition of (7) , we get

c0 =

m∑

i=1

1∫

0

(1 − s)α−1

Γ (α)
Gi (s) ds +

m∑

i=1

1∫

0

(1 − s)α−δ−1

Γ (α − δ) Gi (s) ds

−Γ (n − γ) (Γ (n − δ) + Γ (n))

Γ (n)Γ (n − δ)

m∑

i=1

1∫

0

(1 − s)α−γ−1

Γ (α − γ)
Gi (s) ds.

Therefore,

x(t) =

m∑

i=1

t∫

0

(t − s)α−1

Γ (α)
Gi (s) ds −

m∑

i=1

1∫

0

(1 − s)α−1

Γ (α)
Gi (s) ds

−
m∑

i=1

1∫

0

(1−s)α−δ−1

Γ(α−δ) Gi (s) ds

+

(
Γ(n−γ)(Γ(n−δ)+Γ(n))

Γ(n)Γ(n−δ) − Γ(n−γ)tn−1

Γ(n)

) m∑
i=1

1∫

0

(1−s)α−γ−1

Γ(α−γ)
Gi (s) ds.

(11)

Lemma 2.6 is thus proved.

To study (1) , we need to introduce the Banach space:

S :=
{
(x, y) : x, y ∈ C ([0, 1] ,R) , Dα−k x, Dβ−ky ∈ C ([0, 1] ,R) , k = 1, 2, ..., n − 1

}

endowed with the norm

‖(x, y)‖S = max

(
‖x‖ ,

∥∥∥Dα−1x
∥∥∥ ,

∥∥∥Dα−2x
∥∥∥ , ...,

∥∥∥Dα−(n−1)x
∥∥∥ ,

‖y‖ ,
∥∥∥Dβ−1y

∥∥∥ ,
∥∥∥Dβ−2y

∥∥∥ , ...,
∥∥∥Dβ−(n−1)y

∥∥∥

)
, (12)

where,

‖x‖ = sup
t∈J

|x(t)| , ‖y‖ = sup
t∈J

|y(t)| ,
∥∥∥Dα−k x

∥∥∥ = sup
t∈J

∣∣∣Dα−kx(t)
∣∣∣ ,

∥∥∥Dβ−ky
∥∥∥ = sup

t∈J

∣∣∣Dβ−ky(t)
∣∣∣ , k = 1, 2, ..., n − 1.

3. MAIN RESULTS

In this section, we prove some existence and uniqueness results to the nonlinear

fractional coupled system (1) .
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For the sake of convenience, we impose the following hypotheses:

(H1) : For each i = 1, 2, ...,m, the functions fi and gi : [0, 1] × R2n → R are continu-

ous.

(H2) : There exist nonnegative real numbers ηi
j
, υi

j
, j = 1, 2, ..., 2n, i = 1, ...,m,

such that for all t ∈ [0, 1] and all (x1, x2, ..., x2n) , (y1, y2, ..., y2n) ∈ R2n, we have

| fi (t, x1, x2, ..., x2n) − fi (t, y1, y2, ..., y2n)| ≤
2n∑

j=1

ηi
j

∣∣∣x j − y j

∣∣∣

and

|gi (t, x1, x2, ..., x2n) − gi (t, y1, y2, ..., y2n)| ≤
2n∑

j=1

υi
j

∣∣∣x j − y j

∣∣∣ .

(H3) : There exist nonnegative constants (Li)i=1,...,m and (Ki)i=1,...,m , such that:

for each t ∈ J and all (x1, x2, ..., x2n) ∈ R2n,

| fi (t, x1, x2, ..., x2n)| ≤ Li, |gi (t, x1, x2, ..., x2n)| ≤ Ki, i = 1, ...,m.

We also consider the following quantities:

Σ1 =

m∑

i=1

(
ηi

1 + η
i
2 + ... + η

i
2n

)
, Σ2 =

m∑

i=1

(
υi

1 + υ
i
2 + ... + υ

i
2n

)
,

A1 =
Σ1

Γ (α + 1)
, A2 =

Σ2

Γ (β + 1)
,

Ak
3 = Σ1

(
1

Γ (k + 1)
+

Γ (n − γ)

Γ (n + k − α) Γ (α − γ + 1)

)
, k = 1, 2, ..., n − 1,

Ak
4 = Σ2

(
1

Γ (k + 1)
+

Γ (n − ρ)

Γ (n + k − β) Γ (β − ρ + 1)

)
, k = 1, 2, ..., n − 1,

Mk =
1

Γ (k + 1)
+

Γ (n − γ)

Γ (n + k − α)Γ (α + 1 − γ)
, k = 1, 2, ..., n − 1,

Nk =
1

Γ (k + 1)
+

Γ (n − ρ)

Γ (n + k − β) Γ (β + 1 − ρ)
, k = 1, 2, ..., n − 1,

Υ1 =
2

Γ (α + 1)
+

1

Γ (α + 1 − δ)+
1

Γ (α + 1 − γ)

∣∣∣∣∣
Γ (n − γ) (Γ (n − δ) + Γ (n))

Γ (n) Γ (n − δ) − Γ (n − γ)

Γ (n)

∣∣∣∣∣
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and

Υ2 =
2

Γ (β + 1)
+

1

Γ (β + 1 − σ)
+

1

Γ (β + 1 − ρ)

∣∣∣∣∣
Γ (n − ρ) (Γ (n − σ) + Γ (n))

Γ (n)Γ (n − σ)
− Γ (n − ρ)

Γ (n)

∣∣∣∣∣ .

For the existence and uniqueness of solution for (1) , the first main result is the

following:

Theorem 3.1. Assume that (H2) holds. If the inequality

max
(
A1, A2, A

1
3, A

2
3, ..., A

n−1
3 , A1

4, A
2
4, ..., A

n−1
4

)
< 1 (13)

is valid, then system (1) has a unique solution on J.

Proof. We define the operator T : S → S by

T (x, y) (t) := (T1 (x, y) (t) ,T2 (x, y) (t)) , t ∈ J,

such that,

T1 (x, y) (t) =
m∑

i=1

t∫

0

(t−s)α−1

Γ(α)
ϕi (s) ds −

m∑
i=1

1∫

0

(1−s)α−1

Γ(α)
ϕi (s) ds −

m∑
i=1

1∫

0

(1−s)α−δ−1

Γ(α−δ) ϕi (s) ds

+

(
Γ(n−γ)(Γ(n−δ)+Γ(n))

Γ(n)Γ(n−δ) − Γ(n−γ)tn−1

Γ(n)

) m∑
i=1

1∫

0

(1−s)α−γ−1

Γ(α−γ)
ϕi (s) ds

(14)

and

T2 (x, y) (t) =
m∑

i=1

t∫

0

(t−s)β−1

Γ(β)
ψi (s) ds −

m∑
i=1

1∫

0

(1−s)β−1

Γ(β)
ψi (s) ds −

m∑
i=1

1∫

0

(1−s)β−σ−1

Γ(β−σ)
ψi (s) ds

+

(
Γ(n−ρ)(Γ(n−σ)+Γ(n))

Γ(n)Γ(n−σ)
− Γ(n−ρ)tn−1

Γ(n)

) m∑
i=1

1∫

0

(1−s)β−ρ−1

Γ(β−ρ)
ψi (s) ds,

(15)

where

ϕi (s) = fi
(
s, x(s), y(s),Dα−1x(s), . . . ,Dα−(n−1)x(s),Dβ−1y(s), . . . ,Dβ−(n−1)y(s)

)

and

ψi (s) = gi

(
s, x(s), y(s),Dα−1x(s), . . . ,Dα−(n−1)x(s),Dβ−1y(s), . . . ,Dβ−(n−1)y(s)

)
.

By lemma 2.4, we obtain

Dα−kT1 (x, y) (t) =
m∑

i=1

t∫

0

(t−s)k−1

Γ(k)
ϕi (s) ds

−Γ(n−γ)tn+k−α−1

Γ(n+k−α)

m∑
i=1

1∫

0

(1−s)α−γ−1

Γ(α−γ)
ϕi (s) ds

(16)
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and

Dβ−kT2 (x, y) (t) =
m∑

i=1

t∫

0

(t−s)k−1

Γ(k)
Ψi (s) ds

−Γ(n−ρ)tn+k−β−1

Γ(n+k−β)

m∑
i=1

1∫

0

(1−s)β−ρ−1

Γ(β−ρ)
Ψi (s) ds,

(17)

where k = 1, 2, ..., n − 1.

We shall prove that T is contractive:

Let (x1, y1) , (x2, y2) ∈ S . Then, for each t ∈ J, we have:

|T1 (x1, y1) (t) − T1 (x2, y2) (t)| ≤

tα

Γ (α + 1)

×sup
s∈J

m∑

i=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

fi


s, x1(s), y1(s),D

α−1

x1(s),D
α−2

x1(s), ...,D
α−(n−1)

x1(s),

D
β−1

y1(s),D
β−2

y1(s), ...,D
β−(n−1)

y1(s)



− fi


s, x2(s), y2(s),D

α−1

x2(s),D
α−2

x2(s), ...,D
α−(n−1)

x2(s),

D
β−1

y2(s),D
β−2

y2(s), ...,D
β−(n−1)

y2(s)



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

By (H2) , it follows that

‖T1 (x1, y1) − T1 (x2, y2)‖ ≤

1
Γ(α+1)

m∑
i=1

(
ηi

1
+ ηi

2
+ ... + ηi

2n

)

×max


‖x1 − x2‖ ,

∥∥∥∥D
α−1

(x1 − x2)
∥∥∥∥ ,

∥∥∥∥D
α−2

(x1 − x2)
∥∥∥∥ , ...,

∥∥∥∥D
α−(n−1)

(x1 − x2)
∥∥∥∥ ,

‖y1 − y2‖ ,
∥∥∥∥D

β−1
(y1 − y2)

∥∥∥∥ ,
∥∥∥∥D

β−2
(y1 − y2)

∥∥∥∥ , ...,
∥∥∥Dβ−(n−1) (y1 − y2)

∥∥∥

 .

Hence,

‖T1 (x1, y1) − T1 (x2, y2)‖ ≤ A1 ‖(x1 − x2, y1 − y2)‖S . (18)

With the same arguments as before, we can show that

‖T2 (x1, y1) − T2 (x2, y2)‖ ≤ A2 ‖(x1 − x2, y1 − y2)‖S . (19)

On the other hand, we have

∣∣∣Dα−k (T1 (x1, y1) − T1 (x2, y2)) (t)
∣∣∣ ≤
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(
tk

Γ(k+1)
+

Γ(n−γ)tn+k−α−1

Γ(n+k−α)Γ(α−γ+1)

)

×sup
s∈J

m∑
i=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

fi


s, x1(s), y1(s),D

α−1

x1(s),D
α−2

x1(s), ...,D
α−(n−1)

x1(s),

D
β−1

y1(s),D
β−2

y1(s), ...,D
β−(n−1)

y1(s)



− fi


s, x2(s), y2(s),D

α−1

x2(s),D
α−2

x2(s), ...,D
α−(n−1)

x2(s),

D
β−1

y2(s),D
β−2

y2(s), ...,D
β−(n−1)

y2(s)



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

Consequently, ∥∥∥Dα−k (T1 (x1, y1) − T1 (x2, y2))
∥∥∥ ≤

(
1

Γ (k + 1)
+

Γ (n − γ)

Γ (n + k − α)Γ (α − γ + 1)

) m∑

i=1

(
ηi

1 + η
i
2 + ... + η

i
2n

)

×max


‖x1 − x2‖ ,

∥∥∥∥D
α−1

(x1 − x2)
∥∥∥∥ ,

∥∥∥∥D
α−2

(x1 − x2)
∥∥∥∥ , ...,

∥∥∥∥D
α−(n−1)

(x1 − x2)
∥∥∥∥ ,

‖y1 − y2‖ ,
∥∥∥∥D

β−1
(y1 − y2)

∥∥∥∥ ,
∥∥∥∥D

β−2
(y1 − y2)

∥∥∥∥ , ...,
∥∥∥∥D

β−(n−1)

(y1 − y2)
∥∥∥∥

 .

Therefore,

∥∥∥Dα−k (T1 (x1, y1) − T1 (x2, y2))
∥∥∥ ≤ Ak

3 ‖(x1 − x2, y1 − y2)‖S . (20)

Also, we have

∥∥∥Dβ−k (T2 (x1, y1) − T2 (x2, y2))
∥∥∥ ≤ Ak

4 ‖(x1 − x2, y1 − y2)‖S . (21)

Thanks to (18) , (19) , (20) and (21) , we get

‖T (x1, y1) − T (x2, y2)‖S ≤

max
(
A1, A2, A

1
3, A

2
3, ..., A

n−1
3 , A1

4, A
2
4, ..., A

n−1
4

)
‖(x1 − x2, y1 − y2)‖S . (22)

Thanks to (13), we conclude that T is a contractive operator. Therefore, by Banach

fixed point theorem, T has a unique fixed point which the solution of the system

(1) .

For the existence of solution for (1) , we prove the following theorem:

Theorem 3.2. Assume that the hypotheses (H1) and (H3) hold. Then the system (1)

has at least one solution on J.

Proof. The operator T is continuous on S in view of the continuity of fi and gi

(hypothesis (H1)).

Now, we show that T is completely continuous:
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(i) : First, we prove that T maps bounded sets of S into bounded sets of S . Taking

λ > 0, and (x, y) ∈ Bλ :=
{
(x, y) ∈ S ; ‖(x, y)‖S ≤ λ

}
, then for each t ∈ J, we have:

|T1 (x, y) (t)|

≤



tα

Γ(α+1)
+ 1
Γ(α+1)

+ 1
Γ(α+1−δ)

+ 1
Γ(α+1−γ)

∣∣∣∣Γ(n−γ)(Γ(n−δ)+Γ(n))

Γ(n)Γ(n−δ) − Γ(n−γ)tn−1

Γ(n)

∣∣∣∣



×sup
s∈J

m∑
i=1

∣∣∣∣∣∣ fi


s, x(s), y(s),D
α−1

x(s),D
α−2

x(s), ...,D
α−(n−1)

x(s),

D
β−1

y(s),D
β−2

y(s), ...,D
β−(n−1)

y(s)


∣∣∣∣∣∣

(23)

Thanks to (H3), we can write

‖T1 (x, y)‖ ≤
m∑

i=1

Li

×
(

2

Γ (α + 1)
+

1

Γ (α + 1 − δ) +
1

Γ (α + 1 − γ)

∣∣∣∣∣
Γ (n − γ) (Γ (n − δ) + Γ (n))

Γ (n)Γ (n − δ) − Γ (n − γ)

Γ (n)

∣∣∣∣∣
)
.

Thus,

‖T1 (x, y)‖ ≤ Υ1

m∑

i=1

Li. (24)

As before, we have

‖T2 (x, y)‖ ≤ Υ2

m∑

i=1

Ki. (25)

On the other hand, for all k = 1, 2, ..., n − 1, we get

∣∣∣Dα−kT1 (x, y) (t)
∣∣∣

≤
(

tk

Γ(k+1)
+

Γ(n−γ)tn+k−α−1

Γ(n+k−α)Γ(α+1−γ)

)

×sup
s∈J

m∑
i=1

∣∣∣∣∣∣ fi


s, x(s), y(s),D
α−1

x(s),D
α−2

x(s), ...,D
α−(n−1)

x(s),

D
β−1

y(s),D
β−2

y(s), ...,D
β−(n−1)

y(s)


∣∣∣∣∣∣ .

This implies that ∥∥∥Dα−kT1 (x, y)
∥∥∥

≤
(

1

Γ (k + 1)
+

Γ (n − γ)

Γ (n + k − α) Γ (α + 1 − γ)

) m∑

i=1

Li, k = 1, 2, ..., n − 1.
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Hence,
∥∥∥Dα−kT1 (x, y)

∥∥∥ ≤ Mk

m∑

i=1

Li, k = 1, 2, ..., n − 1. (26)

Similarly, we have

∥∥∥Dβ−kT2 (x, y)
∥∥∥ ≤ Nk

m∑

i=1

Ki, k = 1, 2, ..., n − 1. (27)

It follows from (24) , (25) , (26) and (27) that:

‖T (x, y)‖S ≤ max



Υ1

m∑
i=1

Li,Υ2

m∑
i=1

Ki, M1

m∑
i=1

Li, M2

m∑
i=1

Li, ..., Mn−1

m∑
i=1

Li,

N1

m∑
i=1

Ki,N2

m∑
i=1

Ki, ...,Nn−1

m∑
i=1

Ki


.

Thus,

‖T (x, y)‖S < ∞.

(ii) : Second, we prove that T is equi-continuous:

For any 0 ≤ t1 < t2 ≤ 1 and (x, y) ∈ Bλ, we have

|T1 (x, y) (t2) − T1 (x, y) (t1)| ≤
(

1
Γ(α+1)

(
(t2 − t1)α +

(
tα
2
− tα

1

))
+ 1
Γ(α+1)

(t2 − t1)α +
Γ(n−γ)

Γ(n)Γ(α+1−γ)

(
tn−1
2
− tn−1

1

))

×sup
s∈J

m∑
i=1

∣∣∣∣∣∣ fi


s, x(s), y(s),D
α−1

x(s),D
α−2

x(s), ...,D
α−(n−1)

x(s),

D
β−1

y(s),D
β−2

y(s), ...,D
β−(n−1)

y(s)


∣∣∣∣∣∣ .

Therefore,

‖T1 (x, y) (t2) − T1 (x, y) (t1)‖ ≤
m∑

i=1

Li

(
tα
2
− tα

1

Γ (α + 1)
+

2 (t2 − t1)α

Γ (α + 1)
+

Γ (n − γ)

Γ (n) Γ (α + 1 − γ)

(
tn−1
2 − tn−1

1

))
. (28)

We have also

‖T2 (x, y) (t2) − T2 (x, y) (t1)‖ ≤
m∑

i=1

Ki


t
β

2
− t

β

1

Γ (β + 1)
+

2 (t2 − t1)β

Γ (β + 1)
+

Γ (n − ρ)

Γ (n) Γ (β + 1 − ρ)

(
tn−1
2 − tn−1

1

)
 . (29)

On the other hand,

∣∣∣Dα−kT1 (x, y) (t2) − Dα−kT1 (x, y) (t1)
∣∣∣ ≤
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(
(tk

2
−tk

1)
Γ(k+1)

+
2(t2−t1)

k

Γ(k+1)
+

Γ(n−γ)

Γ(n+k−α)Γ(α+1−γ)

(
tn+k−α−1
2

− tn+k−α−1
1

))

×sup
s∈J

m∑
i=1

∣∣∣∣∣∣ fi


s, x(s), y(s),D
α−1

x(s),D
α−2

x(s), ...,D
α−(n−1)

x(s),

D
β−1

y(s),D
β−2

y(s), ...,D
β−(n−1)

y(s)


∣∣∣∣∣∣ .

Consequently, for all k = 1, 2, ..., n − 1, we obtain
∥∥∥Dα−kT1 (x, y) (t2) − Dα−kT1 (x, y) (t1)

∥∥∥

≤



(
t
k

2
−tk

1

)

Γ(k+1)
+

2(t2−t1)
k

Γ(k+1)

+
Γ(n−γ)

Γ(n+k−α)Γ(α+1−γ)

(
tn+k−α−1
2

− tn+k−α−1
1

)



m∑

i=1

Li. (30)

Similarly, ∥∥∥Dβ−kT2 (x, y) (t2) − Dβ−kT2 (x, y) (t1)
∥∥∥

≤



(
t
k

2
−tk

1

)

Γ(k+1)
+

2(t2−t1)
k

Γ(k+1)

+
Γ(n−ρ)

Γ(n+k−β)Γ(β+1−ρ)

(
t
n+k−β−1

2
− t

n+k−β−1

1

)



m∑

i=1

Ki, (31)

where k = 1, 2, ..., n − 1. Using (28) , (29) , (30) and (31) , we deduce that

‖T (x, y) (t2) − T (x, y) (t1)‖S → 0

as t2 → t1.

Combining (i) and (ii), we conclude that T is completely continuous.

(iii) : Finally, we shall prove that the set ̥ defined by

̥ := {(x, y) ∈ S , (x, y) = ωT (x, y) , 0 < ω < 1 }

is bounded.

Let (x, y) ∈ ̥, then (x, y) = ωT (x, y) , for some 0 < ω < 1. Thus, for each t ∈ J, we

have:

x (t) = ωT1 (x, y) (t) , y (t) = ωT2 (x, y) (t) . (32)

Thanks to (H3) and using (24) and (25) , we deduce that

‖x‖ ≤ ωΥ1

m∑

i=1

Li, ‖y‖ ≤ ωΥ2

m∑

i=1

Ki. (33)

Using (26) and (27), it yields that

∥∥∥Dα−kx
∥∥∥ ≤ ωMk

m∑

i=1

Li,
∥∥∥Dβ−ky

∥∥∥ ≤ ωNk

m∑

i=1

Ki, (34)
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where k = 1, 2, ..., n − 1.

It follows from (33) and (34) that

‖(x, y)‖S ≤ ωmax



Υ1

m∑
i=1

Li,Υ2

m∑
i=1

Ki, M1

m∑
i=1

Li, M2

m∑
i=1

Li, ..., Mn−1

m∑
i=1

Li,

N1

m∑
i=1

Ki,N2

m∑
i=1

Ki, ...,Nn−1

m∑
i=1

Ki


. (35)

Consequently,

‖(x, y)‖S < ∞. (36)

This shows that ̥ is bounded.

By lemma 2.5, we deduce that T has a fixed point, which is a solution of (1) .

The third main result is based on Krasnoselskii theorem [15]. We prove the fol-

lowing theorem:

Theorem 3.3. Assume that (H1) , (H2) and (H3) hold. If

max

(
Σ1

Γ (α + 1)
,
Σ2

Γ (β + 1)
,Σ1,
Σ1

2!
,
Σ1

3!
, ...,

Σ1

(n − 1)!
,Σ2,
Σ2

2!
,
Σ2

3!
, ...,

Σ2

(n − 1)!

)
< 1,

(37)

then the coupled system (1) has at least one solution on J.

Proof. Let us fixe:

θ ≥ max



Υ1

m∑
i=1

Li,Υ2

m∑
i=1

Ki, M1

m∑
i=1

Li, M2

m∑
i=1

Li, ..., Mn−1

m∑
i=1

Li,

N1

m∑
i=1

Ki,N2

m∑
i=1

Ki, ...,Nn−1

m∑
i=1

Ki


.

Then, we consider Bθ :=
{
(x, y) ∈ S : ‖(x, y)‖S ≤ θ

}
. On Bθ, we define the operators

P and Q as follows:

P (x, y) (t) := (P1 (x, y) (t) , P2 (x, y) (t)) ,

Q (x, y) (t) := (Q1 (x, y) (t) ,Q2 (x, y) (t)) ,

where,

P1 (x, y) (t) =
m∑

i=1

t∫

0

(t−s)α−1

Γ(α)
ϕi (s) ds −

m∑
i=1

1∫

0

(1−s)α−1

Γ(α)
ϕi (s) ds

−
m∑

i=1

1∫

0

(1−s)α−δ−1

Γ(α−δ) ϕi (s) ds +
Γ(n−γ)(Γ(n−δ)+Γ(n))

Γ(n)Γ(n−δ)
m∑

i=1

1∫

0

(1−s)α−γ−1

Γ(α−γ)
ϕi (s) ds,

(38)

P2 (x, y) (t) =
m∑

i=1

t∫

0

(t−s)β−1

Γ(β)
ψi (s) ds −

m∑
i=1

1∫

0

(1−s)β−1

Γ(β)
ψi (s) ds

−
m∑

i=1

1∫

0

(1−s)β−σ−1

Γ(β−σ)
ψi (s) ds +

Γ(n−ρ)(Γ(n−σ)+Γ(n))

Γ(n)Γ(n−σ)

m∑
i=1

1∫

0

(1−s)β−ρ−1

Γ(β−ρ)
ψi (s) ds,

(39)
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Q1 (x, y) (t) = −Γ (n − γ) tn−1

Γ (n)

m∑

i=1

1∫

0

(1 − s)α−γ−1

Γ (α − γ)
ϕi (s) ds (40)

and

Q2 (x, y) (t) = −Γ (n − ρ) tn−1

Γ (n)

m∑

i=1

1∫

0

(1 − s)β−ρ−1

Γ (β − ρ)
ψi (s) ds. (41)

Let (x1, y1) , (x2, y2) ∈ Bθ, t ∈ [0, 1] . Then, thanks to (H3) , we get

‖P1 (x1, y1) + Q1 (x2, y2)‖ ≤ Υ1

m∑

i=1

Li, (42)

‖P2 (x1, y1) + Q2 (x2, y2)‖ ≤ Υ2

m∑

i=1

Ki. (43)

On the other hand for all k = 1, 2, ..., n − 1, we have

∥∥∥Dα−k (P1 (x1, y1) + Q1 (x2, y2))
∥∥∥ ≤ Mk

m∑

i=1

Li, (44)

∥∥∥Dβ−k (P2 (x1, y1) + Q2 (x2, y2))
∥∥∥ ≤ Nk

m∑

i=1

Ki. (45)

Thanks to (42) , (43) , (44) and (45) , we have

‖P (x1, y1) + Q (x2, y2)‖S ≤

max



Υ1

m∑
i=1

Li,Υ2

m∑
i=1

Ki, M1

m∑
i=1

Li, M2

m∑
i=1

Li, ..., Mn−1

m∑
i=1

Li,

N1

m∑
i=1

Ki,N2

m∑
i=1

Ki, ...,Nn−1

m∑
i=1

Ki


. (46)

Therefore,

P (x1, y1) + Q (x2, y2) ∈ Bθ. (47)

Now, we shall prove that the operator P is contractive. Using the hypothesis (H2) ,

we can write

‖P1 (x1, y1) − P1 (x2, y2)‖

≤ 1

Γ (α + 1)

m∑

i=1

(
ηi

1 + η
i
2 + ... + η

i
2n

)
‖(x1 − x2, y1 − y2)‖S , (48)

‖P2 (x1, y1) − P2 (x2, y2)‖
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≤ 1

Γ (β + 1)

m∑

i=1

(
υi

1 + υ
i
2 + ... + υ

i
2n

)
‖(x1 − x2, y1 − y2)‖S , (49)

and for k = 1, 2, ..., n − 1, we have

∥∥∥Dα−k (P1 (x1, y1) − P1 (x2, y2))
∥∥∥

≤ 1

Γ (k + 1)

m∑

i=1

(
ηi

1 + η
i
2 + ... + η

i
2n

)
‖(x1 − x2, y1 − y2)‖S , (50)

∥∥∥Dβ−k (P2 (x1, y1) − P2 (x2, y2))
∥∥∥

≤ 1

Γ (k + 1)

(
υi

1 + υ
i
2 + ... + υ

i
2n

)
‖(x1 − x2, y1 − y2)‖S . (51)

From (48) , (49) , (50) and (51) , we deduce that

‖P (x1, y1) − P (x2, y2)‖S

≤ max

(
Σ1

Γ (α + 1)
,
Σ2

Γ (β + 1)
,Σ1,
Σ1

2!
, ...,

Σ1

(n − 1)!
,Σ2,
Σ2

2!
, ...,

Σ2

(n − 1)!

)

× ‖(x1 − x2, y1 − y2)‖S . (51)

Using (37) , we conclude that P is a contractive operator.

For i = 1, 2, ...,m, the operator Q is continuous in view of the continuity of fi and gi,

(see (H1)). Now, we prove the compactness of the operator Q :

Let t1, t2 ∈ [0, 1] , t1 < t2 and (x, y) ∈ Bθ. We have

‖Q1 (x, y) (t2) − Q1 (x, y) (t1)‖ ≤ Γ (n − γ)

Γ (n) Γ (α + 1 − γ)

(
tn−1
2 − tn−1

1

)
(53)

and

‖Q2 (x, y) (t2) − Q2 (x, y) (t1)‖ ≤ Γ (n − ρ)

Γ (n) Γ (β + 1 − ρ)

(
tn−1
2 − tn−1

1

)
. (54)

On the other hand for k = 1, 2, ..., n − 1, we get

∥∥∥Dα−kQ1 (x, y) (t2) − Dα−kQ1 (x, y) (t1)
∥∥∥

≤ Γ (n − γ)

Γ (n + k − α) Γ (α + 1 − γ)

(
tn+k−α−1
2 − tn+k−α−1

1

)
, (55)

∥∥∥∥Dβ−k
(
Q2 (x, y) (t2) − Dβ−kQ2 (x, y) (t1)

)∥∥∥∥

≤ Γ (n − ρ)

Γ (n + k − β) Γ (β + 1 − ρ)

(
t
n+k−β−1

2
− t

n+k−β−1

1

)
. (56)
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The right hand sides of (53) , (54) , (55) and (56) are independent of (x, y) and tend to

zero as t1 → t2, so Q is relatively compact on Bθ. Then by Ascolli-Arzela Theorem,

the operator Q is compact. Therefore by Krasnoselskii Theorem [15], we conclude

that system (1) has a solution. Theorem 3.3 is thus proved.

Corolar 3.1. Assume that (H1) , (H2) and (H3) hold and

max (Σ1,Σ2) < 1, (57)

then the coupled system (1) has at least one solution on J.

4. EXAMPLES

We present two examples to illustrate the main results.

Example 4.1. Consider the following system:



D
13
4 x (t) =

|x(t)|+|y(t)|+
∣∣∣∣∣D

9
4 x(t)

∣∣∣∣∣+
∣∣∣∣∣D

5
4 x(t)

∣∣∣∣∣+
∣∣∣∣∣D

1
4 x(t)

∣∣∣∣∣+
∣∣∣∣∣D

8
3 y(t)

∣∣∣∣∣+
∣∣∣∣∣D

5
3 y(t)

∣∣∣∣∣+
∣∣∣∣∣D

2
3 y(t)

∣∣∣∣∣

16π2

(
t2+1+|x(t)|+|y(t)|+

∣∣∣∣∣D
9
4 x(t)

∣∣∣∣∣+
∣∣∣∣∣D

5
4 x(t)

∣∣∣∣∣+
∣∣∣∣∣D

1
4 x(t)

∣∣∣∣∣+
∣∣∣∣∣D

8
3 y(t)

∣∣∣∣∣+
∣∣∣∣∣D

5
3 y(t)

∣∣∣∣∣+
∣∣∣∣∣D

2
3 y(t)

∣∣∣∣∣
)

+ 1
32π2e


sin x (t) + sin y (t) +

cos D
9
4 x(t)+cos D

5
4 x(t)+cos D

1
4 x(t)

2π

+
cos D

8
3 y(t)+cos D

5
3 y(t)+cos D

2
3 y(t)

e2t

 ,

t ∈ [0, 1] ,

D
11
3 y (t) =

1

8π3et+2(t2+1)



∣∣∣∣∣x(t)+D
9
4 x(t)+D

5
4 x(t)+D

1
4 x(t)

∣∣∣∣∣

1+

∣∣∣∣∣x(t)+D
9
4 x(t)+D

5
4 x(t)+D

1
4 x(t)

∣∣∣∣∣
+

∣∣∣∣∣y(t)+D
8
3 y(t)+D

5
3 y(t)+D

2
3 y(t)

∣∣∣∣∣

1+

∣∣∣∣∣y(t)+D
8
3 y(t)+D

5
3 y(t)+D

2
3 y(t)

∣∣∣∣∣



+ t2

16π2et+1



sin x(t)+sin y(t)+sin

(
D

9
4 x(t)

)
−sin

(
D

5
4 x(t)

)

1+

∣∣∣∣∣sin x(t)+sin y(t)+sin

(
D

9
4 x(t)

)
−sin

(
D

5
4 x(t)

)∣∣∣∣∣

+
sin

(
D

1
4 x(t)

)
+cos

(
D

8
3 y(t)

)
+cos

(
D

5
3 y(t)

)
−cos D

2
3 y(t)

1+

∣∣∣∣∣sin

(
D

1
4 x(t)

)
+cos

(
D

8
3 y(t)

)
+cos

(
D

5
3 y(t)

)
−cos D

2
3 y(t)

∣∣∣∣∣



,

t ∈ [0, 1] ,

D
1
4 x (0) + D

1
4 x (1) = D

5
7 y (0) + D

5
7 y (1) = 0,∣∣∣x′(0)

∣∣∣ +
∣∣∣∣x
′′

(0)
∣∣∣∣ =

∣∣∣y′(0)
∣∣∣ +

∣∣∣∣y
′′

(0)
∣∣∣∣ = 0,

x (1) + D
8
3 x (1) = y (1) + D

10
4 y (1) = 0.

(58)

We have:

n = 4, m = 2, α = 13
4
, β = 11

3
, γ = 1

4
, ρ = 5

7
, δ = 8

3
, σ = 10

4
, J = [0, 1] .
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Also,

f1 (t, x1, x2, x3, x4, x5, x6, x7, x8) =

|x1| + |x2| + |x3| + |x4| + |x5| + |x6| + |x7| + |x8|
16π2

(
t2 + 1 + |x1| + |x2| + |x3| + |x4| + |x5| + |x6| + |x7| + |x8|

) , (59)

f2 (t, x1, x2, x3, x4, x5, x6, x7, x8) =

1

32π2e

(
sin x1 + sin x2 +

cos x3 + cos x4 + cos x5

2π
+

cos x6 + cos x7 + cos x8

e2t

)
. (60)

For t ∈ [0, 1] and (x1, x2, x3, x4, x5, x6, x7, x8) , (y1, y2, y3, y4, y5, y6, y7, y8) ∈ R8, we

have:

| f1 (t, x1, x2, x3, x4, x5, x6, x7, x8) − f1 (t, y1, y2, y3, y4, y5, y6, y7, y8)| ≤
1

16π2 |x1 − y1| + 1
16π2 |x2 − y2| + 1

16π2 |x3 − y3| + 1
16π2 |x4 − y4|

+ 1
16π2 |x5 − y5| + 1

16π2 |x6 − y6| + 1
16π2 |x7 − y7| + 1

16π2 |x8 − y8|
(61)

and

| f2 (t, x1, x2, x3, x4, x5, x6, x7, x8) − f2 (t, y1, y2, y3, y4, y5, y6, y7, y8)| ≤
1

32π2e
|x1 − y1| + 1

32π2e
|x2 − y2| + 1

64π3e
|x3 − y3| + 1

64π3e
|x4 − y4|

+ 1
64π3e

|x5 − y5| + 1
32π2e

|x6 − y6| + 1
32π2e

|x7 − y7| + 1
32π2e

|x8 − y8| .
(62)

So, we can take:

η1
1 = η

1
2 = η1

3 = η
1
4 = η

1
5 = η1

6 = η
1
7 = η

1
8 =

1

8π2
, (63)

η2
1 = η

2
2 = η

2
6 = η

2
7 = η

2
8 =

1

32π2e
, η2

3 = η
2
4 = η

2
5 =

1

64π3e
. (64)

We have also

g1 (t, x1, x2, x3, x4, x5, x6, x7, x8) =

1

8π3et+2
(
t2 + 1

)
( |x1 + x3 + x4 + x5|
1 + |x1 + x3 + x4 + x5|

+
|x2 + x6, x7, x8|

1 + |x2 + x6, x7, x8|

)
(65)

and

g2 (t, x1, x2, x3, x4, x5, x6, x7, x8) =

t2

16π2et+1
(66)

×
(

sin x1 + sin x2 + sin x3 − sin x4

1 + |sin x1 + sin x2 + sin x3 − sin x4|
+

sin x5 + cos x6 + cos x7 − cos x8

1 + |sin x5 + cos x6 + cos x7 − cos x8|

)
.

For t ∈ [0, 1] and (x1, x2, x3, x4, x5, x6, x7, x8) , (y1, y2, y3, y4, y5, y6, y7, y8) ∈ R8, we

can write

|g1 (t, x1, x2, x3, x4, x5, x6, x7, x8) − g1 (t, y1, y2, y3, y4, y5, y6, y7, y8)|
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≤ 1
8π3e2 |x1 − y1| + 1

8π3e2 |x2 − y2| + 1
8π3e2 |x3 − y3| + 1

8π3e2 |x4 − y4|

+ 1
8π3e2 |x5 − y5| + 1

8π3e2 |x6 − y6| + 1
8π3e2 |x7 − y7| + 1

8π3e2 |x8 − y8| ,
(67)

|g2 (t, x1, x2, x3, x4, x5, x6, x7, x8) − g2 (t, y1, y2, y3, y4, y5, y6, y7, y8)|
≤ 1

16π2e
|x1 − y1| + 1

16π2e
|x2 − y2| + 1

16π2e
|x3 − y3| + 1

16π2e
|x4 − y4|

+ 1
16π2e

|x5 − y5| + 1
16π2e

|x6 − y6| + 1
16π2e

|x7 − y7| + 1
16π2e

|x8 − y8| .
(68)

Hence,

υ1
1 = υ

1
2 = υ1

3 = υ
1
4 = υ

1
5 = υ

1
6 = υ

1
7 = υ

1
8 =

1

8π3e2
, (69)

υ2
1 = υ

2
2 = υ2

3 = υ
2
4 = υ

2
5 = υ2

6 = υ
2
7 = υ

2
8 =

1

16π2e
. (70)

Therefore,

Σ1 = 0.5066, Σ2 = 0.00638, (71)

A1 = 0.006135, A2 = 0.000432, (72)

A1
3 = 0.091296, A2

3 = 0.048554, A3
3 = 0.383993, (73)

A1
4 = 0.009723, A2

4 = 0.005699, A3
4 = 0.002138. (74)

Thus,

max
(
A1, A2, A

1
3, A

2
3, A

3
3, A

1
4, A

2
4, A

3
4

)
< 1. (75)

And by Theorem 3.1, we conclude that the system (58) has a unique solution on [0, 1].

Example 4.2. We consider the following system:



D
5
2 x (t) = et

2π+sin(x(t)+y(t))+cos

(
D

3
2 x(t)+D

1
2 x(t)

)
+cos

(
D

3
2 y(t)+D

1
2 y(t)

)

+
et sin(x(t)+y(t))

5+cos

(
D

3
2 x(t)+D

1
2 x(t)

)
+cos

(
D

3
2 y(t)+D

1
2 y(t)

) , t ∈ [0, 1] ,

D
5
2 y (t) =

(t+1) sin

(
x(t)+D

3
2 x(t)+D

1
2 x(t)

)

2π+cos

(
y(t)+D

3
2 y(t)+D

1
2 y(t)

) +
3t2 cos

(
D

3
2 y(t)+D

1
2 y(t)

)
cos(x(t)+y(t))

e−sin

(
D

3
2 x(t)+D

1
2 x(t)

) ,

t ∈ [0, 1] ,

D
3
4 x (0) + D

3
4 x (1) = 0, D

5
6 y (0) + D

5
6 y (1) = 0,∣∣∣x′(0)

∣∣∣ =
∣∣∣y′(0)

∣∣∣ = 0,

x (1) + D
8
5 x (1) = 0, y (1) + D

3
2 y (1) = 0.

(76)
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We have: n = 3, m = 2, α = β = 5
2
, γ = 3

4
, ρ = 5

6
, δ = 8

5
, σ = 3

2
, J = [0, 1] , and then

f1 (t, x1, x2, x3, x4, x5, x6) =
et

2π + sin (x1 + x2) + cos (x3 + x4) + cos (x5 + x6)
, (77)

f2 (t, x1, x2, x3, x4, x5, x6) =
et sin (x1 + x2)

5 + cos (x3 + x4) + cos (x5 + x6)
, (78)

g1 (t, x1, x2, x3, x4, x5, x6) =
(t + 1) sin (x1 + x3 + x4)

2π + cos (x2 + x5 + x6)
, (79)

g2 (t, x1, x2, x3, x4, x5, x6) =
3t2 cos (x5 + x6) cos (x1 + x2)

e − sin (x3 + x4)
. (80)

It is clear that

| f1 (t, x1, x2, x3, x4, x5, x6)| ≤ e

2π − 3
, (80)

| f2 (t, x1, x2, x3, x4, x5, x6)| ≤ e

3
,

|g1 (t, x1, x2, x3, x4, x5, x6)| ≤ 2

2π − 1
,

|g2 (t, x1, x2, x3, x4, x5, x6)| ≤ 3

e − 1
.

The functions f1, f2, g1 and g2 are continuous and bounded on [0, 1] × R6. So, by

Theorem 3.2, the system (76) has at least one solution on [0, 1].
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