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Abstract

This paper is concerned with the existence of solutions for a non local fractional boundary value problem with
integral conditions. New existence and uniqueness results are established using Banach fixed point theorem. Other
existence results are obtained using Schauder and Krasnoselskii theorems. As an application, we give an example to
illustrate our results.
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1 Introduction

Differential equations of fractional order occur more frequently in different research areas such as engi-
neering, physics, chemistry, economics, etc. Indeed, we can find numerous applications in visco-elasticity,
electrochemistry control, porous media, electromagnetic and signal processing, etc. [3, 4, [5]. For an extensive
collection of results about this type of equations, we refer the reader to [T}, 2, O, [I1] and the references therein.
In this paper, we are concerned with the following fractional differential problem

Du(t) = f(t,u(t),u'(t), t € J,2 < a <3,

u(0) = 0, au/(0) — bu’ (0 i Ofu t)dt := 0 [u], (1.1)
cu' (1) + du” (1 b/’ u(t)B(t)dt := 3 [u]

where, A, B are two continuous functions on J := [0,1], A; = sup,¢; |[A(t)], B1 = sup,¢ s |B(¢)],
feC(JxRxR,R), and a,b, ¢,d are nonnegative constants with p := —2 (ac + ad + bc).

2 Notations and Preliminaries

In the following, we give the necessary notation and basic definitions which will be used in this paper:

Definition 2.1. The Riemann-Liouville fractional integral operator of order a > 0, for a continuous function
f on [0,00][ is defined as

%a) f(t — )7 f(T)dT, 0 > 0,
JUf(t) = 0 (2.1)

fit),a=0,
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where

+oo
D(a)= [ et 1dt.
0

Definition 2.2. The fractional derivative of f € C™(|0,00[) in the sense of Caputo is defined as

t
ey St =) W (r)drn — 1< a<nneN

C%f(t%a =n.

Details on Caputo’s derivative can be found in [8] [10].
We give also the following lemmas [5] [7].

Lemma 2.1. The general solution of the fractional differential equation
D(t) =0, >0 (2.3)

1s given by
z(t) = co 4+ crt + cot? + 4" (2.4)

where ¢; € R,i=0,1,2,.n—1,n = [a] + 1.
Lemma 2.2. Let a > 0, then
J*Dx(t) = x(t) + co + et + ot + ... 1771 (2.5)
for some ¢; e R,i=0,1,2,..n—1,n = [a] + 1.
Let us now introduce the space
C(J,R) = {u € C(J,R), ' € C(J,R)} (2.5)
On C (J,R), we define the norm

[l := max ([l , [[/]]) ; lul| = sup[u(®)], |[o|| = sup |u'(t)|. (2.6)
teJ teJ

It is clear that (C (J,R), ||1) is a Banach space.

The following lemma is crucial to prove our results.

Lemma 2.3. Let 2 < o < 3. The unique solution of the problem s given by:

u(t) = J*f(t,u(t), ' (t)) — co — et — cat®,t € J, (2.7)
where
co = 0, Jf(Lu(l),u (1 —7)* L f(r,u(r), (1))dr,
“ra
o = 2(c+d)du] —2b[cJ* 7 f(1,u(l), v/ (1) + dJ* 2 f(1,u(1), v/ (1)) — 3 [u]]
p )
¢ — —a [cJo‘_lf(l,u(l),u'(l)) +dJ2f(1,u(1),u' (1)) - B [u]] —cd [u] (2.8)

p
Proof. Let u € C (J,R), then we have

Du(t) = f(t,u(t),u'(t)),t € J. (2.9)
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Applying J for both sides of (2.9)), and using the identity
JOD%u(t) = u(t) 4+ co + 1t + cot?, t € J, (2.10)
then using the initial conditions of (|1.1)), we obtain:

ut) = JUf(tu(t), W' (t))
—2(c+d)d[u] +2b [ (L u(l),u' (1) +dT* 2 (1 u(1), v/ (1)) — Bu]]

n t
L [eJo= 1 F(1,u(1),u/ (1)) + dJa—;f(l,puu), w'(1)) — B[u]] + b [u] 2 2.11)
O
Now, let us define the operator T : C (J,R) — C (J,R) as follows:
Tu(t) = Jf(tu(t),v(t))
L 2(e+d) 5[] +2b [0 F (L (), /(1)) + AT F (Lu(1). ' (1) = Blu]]
p
La [eTo 1 F(1,u(1),u'(1)) + dJ"‘:f(l, w(V), (1) — Blul] +cBlu] , 212)
It is clear that
(Tw) (t) = Jo7Hf(tu(t),u'(t)
N —2(c+d) 6 [u] + 2b [cJ*7 F(L,u(1),w/ (1)) + dJ*2 f(1,u(1),u' (1)) — B [u]]
p
+2a [eJ= 1 f(1,u(1), v/ (1)) + dJ*2 f(1,u(l),' (1)) — B[u]] + 2¢6 [u] . (2.13)

p

3 Main Results

The following conditions are essential to prove our results:
(Hy) : Suppose that |f(t,u1,v1) — f(t, us, v2)| < kmax(|ug — usl, v — vs|), for all t € J, and uy, vy, ug,v2 € R.
(Hz) : The function f is continuous on J x R x R.
(Hs) : There exists a positive constant N, such that |f(¢,u,v)| < N, for all ¢ € J,u,v € R.

Our first result is based on the Banach fixed point theorem. We have:

Theorem 3.1. Suppose that the condition (Hy) is satisfied. If

lol k + [(4c+ 2d) A1 + 2(a + b)B1] T'(«) + 2(a + b)ak (¢ + d(a — 1)) -
[pI T (e) ’

then the boundary value problem has a unique solution on J.

Proof. To prove this theorem, we need to prove that the operator T has a fixed point on C (J,R). So, we shall
prove that T is a contraction mapping on C (J,R).
Let u,v € C(J,R). Then for all ¢t € J, we can write
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Tu(t) — To(t)

1 ’ /
Fi/ (r,u(r), ' (7)) — f(r0(r), 0/ (7))] dr
0

o
/nglhjﬂ—ﬂa2U@u()wﬁ»—fﬁwﬁhﬁﬁbwf
przﬁ2)j(v—>a3uvuw>wv»—fwwvxww»wr

_275”5 0/13(7) (u() — v(r)) dr (3.2)
ﬁfgflhjﬂ—ﬂaQUWUU)UUD—fﬁwﬁ%VﬁDMT
ﬁfngMXOﬂQSUUU()UUDfﬁwﬁ%VﬁDMT

—6‘;20/13(7) (u(r) — dT+Ct:O/1A —o(r)) drl.

Thanks to (Hj), we obtain

ITu=Tol < gty -l + [SE2ORLCEEIR Yy,
HE [+ o e 33

Sincellu — v|| < |lu — v||; , then we get

lol k + [(Bc+ 2d) A1 + (a +20)B1| T(a + 1) + (a + 2b)ka [c + d(a — 1))

ITu — To| < fu—vl,.  (34)
CESY '
On the other hand, we have
lol k + [(4ec+ 2d) A1 + 2(a + b)B1] T'(a) + 2(a + b)ka [c + d(a — 1)]
[(Tw)" — (Tv)'|| < T Ju—=wvlly. (3.5)
lp| ()
By the condition , we conclude that T is a contraction mapping. Hence, by Banach fixed point theorem,
there exists a unique fixed point u € C (J,R) which is a solution of the problem (|1 O
Our second result is the following:
Theorem 3.2. Suppose that the conditions (Hz) and (Hs) are satisfied. If
lp| > (4de+2d)A1 +2(a +b) By, (3.6)

then the problem has at least a solution in C (J,R).

Proof. We use Schaefer’s fixed point theorem to prove that T has a fixed point on 5’ (J,R).
Let us first choose v such that

ol N 4+ N(a +2b)afc+ d(a —1)] lp| N +2N(a+0b)[c+d(a—1)] ) (37)
T(a+ 1) (|p| — [(3¢ + 2d)A; + (a+ 2b)B1])’ T() (|| — [(4¢c + 2d) A1 + 2(a + b) B1]) '

1/>max(
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and set C, = {u € C(J,R),||u|]1 < v}. It is clear that C, is a closed and convex subset.
Stepl: T is continuous:
Let (uy),, be a sequence such that u, — u, n — 400 in C (J,R). For each t € J, we have

te ’ ’
< Tt D) |f (8 un (t), u (£) — f(E, u(t), u'(2))]

2(c+ d)f; + 2b32] fn(£) — u(t)]t
Jr|2pb| _p(ca) + F(ad_ 1)_ |f(t, un(t), un, (1) — f(Eu(t), ' (8)|t
_M] |, () — u(t)[t?

;L [ ¢ d ) ,

o0 [Ty F T =1y | W a8 wn®) = St ult) W)l ¢

|Tun, (t) — Tu(t)]

+

_|_

and

(0%

[(Tun)' (8) = (Tw)' ()| < ﬁlf(t,un(t),u;(t))—f(t,u(t),u’(t))l
{2(0 +d)A; + 2bB;

| luntt) = uto)

lpl
2; [F(Ca) + F(ad— 1)] | F (8 (8), i, (8)) — f (8 u(t), o' (1))]
T {W} [un (t) — u(t)|t
%\ [F(ca) * p(ad 1)] [t un(t),ur, (1) — f (8 ult),u' ()]t

Since f is a continuous function, the right-hand sides of (3.8) (3.9) tend to zero as n tends to +oc.
Then
1T (un) — T(u)||y — 0, n — 4o0.
Step2: We shall prove that T(C’Ny) C 5, :
Let us take u € C,,. Then for each t € J, we have

1 '
Tu(t)] < mjlelg\f(tw),ﬂt))l

[(36 +2d)A;1 + (a + 2b) Bl] |
Ipl

G | * T e o O

and

(Tu) ()] < —— sup |f(tu(t), o' (1))

F(a) teJ
(4c+2d)Ar +2(a+b) By
{ r ] Il
o [ * e e oo
By (Hs), we obtain
N (3c+2d)A1 + (a+2b) By (a+2b) [ ¢ d
I { 7 } E [na) ECER
< v

(3.8)

(3.10)

(3.11)

(3.12)

(3.13)
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and
N n (4dc+2d)A1 +2(a+b) By y+2N(a+b) c d
I(e) Ipl lpl I(e) ~ T(a—1)
V. (3.14)

I’

IN

IN

Consequently,
I Tull, < v. (3.15)

Step3: T maps bounded sets into equi-continuous sets of C(J,R) :

Let tq, to € J, t1 < tg,u € C,. Then, we can write

1 2(c + d)Ay + 2B,

S ey O sl e, o)+ g

20 [ ¢ d T ,
7 @) t T =1 2~ s /(G ult), (1)

aBitcdil, e g

+[ I ]' It - 12) (3.16)
i [ ¢ d | 2 42 su u o

T " Ta-1. (2 — t2) teglf(t, (), ' (1))] -

[Tu(tz) — Tu(ty)] [l (t2 = 1)

+

Using (H3), we obtain the following result

N (e} (0%
< m(tz _t1)+l/|:

20N [ ¢ d aBlJrcAl] 5 .o
+ ST (12—t
o it ) Bt

a c d 9 .9
% {F(a) + o - 1)] (3 —13), (3.17)

2(c+d)A; + 2bB,
o

}(t2t1)+u{

|Tu(te) — Tu(ts)]

] (ta —t1)

+

and
aBj + cA;

]
2aN C d
lpl [F(a) * I(a— 1)} (t2 = 1) (3.18)

As ty — t1, the right-hand sides of (3.17)) and (3.18]) tend to zero. Then, as a consequence of Steps 1,2,3
together with the Arzela-Ascoli theorem, we conclude that T' is completely continuous.
Step4: The set B is bounded:

Now, we prove that the set B = {u € 5’(.]7 R),u = AT(u),0 < A < 1} is bounded.
Let w € B, then u = AT'(u), for some 0 < A < 1. Hence, for each ¢ € J, we have

(Tu) (02) — (Tu) (8)] < (15 — 1) + 20 [

(@) Je-u

lu(®)| Nto e+ d) A+ 2B, 2N [ @ d
O ey | 2R e T e e
aBi+cAi| 5  aN | ¢ d 9
ol [P e+ O i+ e o) (3.19)
Since t € J, hence we can write
AN ol c d
Ol < TN B+ 24) A1 + (a + 20) B [I‘(a Ty Tt (I‘(a) T Fa 1))] (8:20)
and
/ AN /| c d
MO A T e e 2 (et eoy) ) @Y
Thanks to we get
lull, < oo. (3.22)

This shows that the set is bounded. As a consequence of Schaefer’s fixed point theorem, we deduce that T has
a fixed point which is a solution of the problem (|1.1)). O
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We state a result due to Krasnoselskii [6] which is needed to prove the existence of at least one solution of

the problem (|1.1)).

Theorem 3.3. (Krasnoselskii fixred point theorem) Let S be a closed convex and nonempty subset of a Banach
space X. Let P,Q be the operators such that

(1) Px+ Qy € S; whenever z,y € S

(#3) P is compact and continuous;

(7i1) Q is a contraction mapping. Then there exists x* such that * = Px* + Qzx*.

We have:

Theorem 3.4. Suppose that there exist w and 0 two positives real numbers such that 0 < w < 1,0 > 0. If the
following conditions are satisfied

N (@+2)N [ ¢ d
T R L o e | BERCEED 52
and
lpl k + [2(c+ d)A1 + 2?5?(1;()04) + 2bk [c + d(a — 1)] <1, (3.25)
then has a solution w such that |jull, < 6.
Proof. Let By ={u € C(J,R),||ul|1 < 68}. We define the operator R as follows:
Ru(t) Fi/t—fa Ut ()l (1)) + (=2 D /A o(8)) dt
0 0
pr(ibc_ 3 /(1 — )72 f(ru(r), W (7)) dr (3.26)
0
1 1
2bd a—3
(1 =77 f(r,u(r),u (7))dr — — | B(¢ —o(t)) dt)t,
oT(a—2) 0/ p 0/
It is clear that
! : —;t — 1) f (), (r T—Ml u
(R (1) : = O/u )72 Frur) () dr - 2 O/Au) (t)it
2b i 2bd i
o [ s+ 2 [ ) ()i
0 0
1
—%/B(T)u(T)dT, (3.27)
0

We also define the operator S by:

: act? | — )77 fru(r), v/ (7))dr 7adt2 / — )73 fru(r), W (7))dr
sult) - pra_lofl (1) (1) +””“‘2>0/(1 )" f(r,u(r) l (r)d
1 1
at? ct?
—7/B(T)u(T)dT—i——/A(T)u(T)dT. (3.28)

p
0 0
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Then
! _ 2ad 1 — 72 £ u(r), W (7))dr 2adt 1 — 73 (o u(r), W (7))dr
(S0/() + = s / (1= f(ru(r)od (7)) dr + 2 / (1 =) fru(r) o (7)d
2at / 2ct i

(1*) Let u,v € By. We have

1 u u, 2(0 + d)Al + 2bBl u
Rut) + 500 < g i uoa o) + | 2D gy (3.30)
# | oy CER ) L. ),
and
() () + (50 (0] < oo F(tu(O 0] + [Q(C e bBl] Jul (3.31)
26A1 + QCLBl v 2 (G + b) C d u u,
R o+ B [+ e
Thanks to and , we can write
-t S N (Bc+2d)A1 + (2b+ a) By (a+20) N [ ¢ d
IRutSoll < w7y 8 { 7 } L [rm) e 1>} (3.52)
< w4+ (1—-w)f=0.
Consequently,
Ru + Sv € By. (3.33)
(2*) Now we prove the contraction of R.
Ru(t) = Ro(O)] < s 100, (0) = (000000
2(6 —+ d)Al —+ 2bBl —w
+ { 7 } || I (3.34)
2b | ¢ d , _ o) o'
o S+ gy | M0, 0) = 000, 0.
and
() () = (R0) (O] < s (0l 0) = S0, + | HEEDERE o
2 o e | (e w0 @) = o0, 0 (3.35)
By the hypothesis (H;), we have
Ru- il < gt - ol o+ | 2R ERE gy
20k c d i
o |5+ ) e vl (3.36)
and
() ()= (o) (0] < il ol + | 2Dy
2bk c d
o [r@ e l)} . (3.37)
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Hence, by (3.25)), R is a contraction mapping.
(3*) The Continuity of f implies that the operator S is continuous.
(4*) The compactness of S :
Let us take u € By, t1t2 € J,t1 < t2. We have

u(ty) — Su ylaBitcdi] o oy aN [ ¢ d 2 o
and
/ ’ aBi1 + cA; 2aN [ ¢ d
|(Su) (tl) - (S’u) (t2)| S 2v |:|p|:| (tz - tl) + |p| [F(a) + 1—‘(04 — 1):| (tQ - tl) . (339)

The right hand side of (3.38]) and (3.39) are independent of u. Hence S is equicontinuous. And as t; — o,
the left hand sides of (3.38)) and (3.39) tend to 0; so S(By) is relatively compact and then by Ascolli-Arzella
theorem, the operator S is compact. Finally, by Krasnoselskii theorem, we conclude that there exists a solution

to (1.1)). Theorem is thus proved. O
4 Example

Consider the three-point BVP

Diu(t) = W00 o~

ltlﬁ,te [0,1],

u(0) = 0,u/(0) — u”(0) = Ofﬂ(t)%tdtw (4.1)

1 2

2u/ (1) +2u" (1) = Ofu(t)eﬁTdt,

t —t

In this example, we have a =b=1,c =d =2, A(t) = %, B(t) = %, N = §;, 41 = B1 = k.

The condition (3.1)) is given by

Ip| k + [(4c +2d) Ay 4 2(a 4 b) By T'(a) 4 2(a + b)ak (c+d(a — 1)) 314 6+/7
| T'(cx) T 2887w

Then, the problem (4.1)) has a solution on [0, 1].
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