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SOLUTION TO \quad NONLINEAR GRADIENT \quad DEPENDENT

SYSTEMS \quad WITH A BALANCE LAW
\end{ cente r }

\centerline{ZOUBIR DAHMANI , SEBTI KERBAL }

\centerline{Abstract . \quad In t h i s paper , we are concerned with the i n i t i a l boundary value }

\centerline{problem ( IBVP ) and with the Cauchy problem to the r e a c t i o n − d i f f u s i o n system }

\ [\ begin { a l i gned } u { t } − \Delta u = − u ˆ{ n } \mid \nabla v
\mid ˆ{ p } , \\

v { t } − d \Delta v = u ˆ{ n } \mid \nabla v \mid ˆ{ p } , \end{ a l i gned }\ ]

\centerline{where $ 1 \ leq p \ leq 2 , d $ and $ n $ are p o s i t i v e r e a l numbers . Resu l t s on the e x i s t e n c e }

\centerline{and l a r g e − t ime behavior o f the s o l u t i o n s are presented . }

\centerline {1 . \quad In t roduc t i on }

\hspace ∗{\ f i l l } In the f i r s t part o f t h i s a r t i c l e , we are i n t e r e s t e d in the e x i s t e n c e o f g l o b a l c l a s s i c a l

\noindent nonnegat ive s o l u t i o n s to the r e a c t i o n − d i f f u s i o n equat ions

\begin { a l i g n ∗}
u { t } − \Delta { v { t }} u = { − } − u ˆ{ n }{ d }ˆ{ \mid \nabla } { \Delta

v }ˆ{ v } { = }ˆ{ \mid ˆ{ p }} { u ˆ{ n } \mid }ˆ{ = : } { \nabla v }ˆ{ − f
( u , } {\ l e f t .\mid\begin { a l i gned } & p \\

& , \end{ a l i gned }\ right .} v ) , \ tag ∗{$ ( 1 . 1 ) $}
\end{ a l i g n ∗}

\noindent posed on $ R ˆ{ + } \times \Omega $ with i n i t i a l data

\begin { a l i g n ∗}
u ( 0 ; x ) = u { 0 } ( x ) , v ( 0 ; x ) =

v { 0 } ( x ) in \Omega \ tag ∗{$ ( 1 . 2 ) $}
\end{ a l i g n ∗}

\noindent and boundary c o n d i t i o n s ( in the case $ \Omega $ i s a bounded domain in
$ R ˆ{ n } ) $

\begin { a l i g n ∗}
\ f r a c { \partial u }{ \partial \eta } = \ f r a c { \partial v }{ \partial \eta }
= 0 , on R ˆ{ + } \times \partial \Omega . \ tag ∗{$ ( 1 . 3 ) $}
\end{ a l i g n ∗}

\noindent Here $ \Delta $ i s the Laplac ian operator $ , u { 0 }$ and $ v { 0 }$
are g iven bounded nonnegat ive func −

\noindent t i o n s $ , \Omega \subset R ˆ{ n }$ i s a r e g u l a r domain $ , \eta $
i s the outward normal to $ \partial \Omega . $ \quad The d i f f u s i v e

c o e f f i c i e n t $ d $ i s a p o s i t i v e r e a l . \quad One o f the ba s i c que s t i on s f o r ( 1 . 1 ) − ( 1 . 2 ) or ( 1 . 1 ) −

\noindent ( 1 . 3 ) i s the e x i s t e n c e o f g l o b a l s o l u t i o n s . Motivated by extending known r e s u l t s on

\noindent r e a c t i o n − d i f f u s i o n systems with conse rva t i on o f the t o t a l mass but with non l i n e a r −

\noindent i t i e s depending only f o r the unknowns , Boudiba , Mouley and P i e r r e succeeded in
obta in ing $ L ˆ{ 1 }$ s o l u t i o n s only f o r the case $ u ˆ{ n } \mid \nabla v
\mid ˆ{ p }$ with $ p < 2 . $ In t h i s a r t i c l e , we are

i n t e r e s t e d e s s e n t i a l l y in c l a s s i c a l s o l u t i o n s in the case where $ p = 2 (
\Omega $ bounded or

$ \Omega = R ˆ{ n } ; $ in the l a t t e r case , the re are no boundary c o n d i t i o n s ) .
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SOLUTION TO NONLINEAR GRADIENT DEPENDENT
SYSTEMS WITH A BALANCE LAW

ZOUBIR DAHMANI , SEBTI KERBAL

Abstract . In this paper , we are concerned with the initial boundary value

problem ( IBVP ) and with the Cauchy problem to the reaction - diffusion system

ut −∆u = −un | ∇v |p,
vt − d∆v = un | ∇v |p,

where 1 ≤ p ≤ 2, d and n are positive real numbers . Results on the existence

and large - t ime behavior of the solutions are presented .

1 . Introduction
In the first part of this article , we are interested in the existence of global classical

nonnegative solutions to the reaction - diffusion equations

ut −∆vtu =− −und|∇∆v
v
=
|p
un|

=:
∇v
−f(u,

|
p

,

v), (1.1)

posed on R+ × Ω with initial data

u(0;x) = u0(x), v(0;x) = v0(x) inΩ (1.2)

and boundary conditions ( in the case Ω is a bounded domain in Rn)

∂u

∂η
=
∂v

∂η
= 0, onR+ × ∂Ω. (1.3)

Here ∆ is the Laplacian operator , u0 and v0 are given bounded nonnegative func -
tions ,Ω ⊂ Rn is a regular domain , η is the outward normal to ∂Ω. The diffusive
coefficient d is a positive real . One of the basic questions for ( 1 . 1 ) - ( 1 . 2 ) or (
1 . 1 ) -
( 1 . 3 ) is the existence of global solutions . Motivated by extending known results on
reaction - diffusion systems with conservation of the total mass but with non linear -
ities depending only for the unknowns , Boudiba , Mouley and Pierre succeeded in
obtaining L1 solutions only for the case un | ∇v |p with p < 2. In this article , we
are interested essentially in classical solutions in the case where p = 2(Ω bounded or
Ω = Rn; in the latter case , there are no boundary conditions ) .
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2 . Results
The existence of a unique classical solution over the whole time interval [0, Tmax[

can be obtained by a known procedure : a local solution is continued globally by
using a priori estimates on ‖ u ‖∞, ‖ v ‖∞, ‖| ∇u |‖∞, and ‖| ∇v |‖∞ . 2 . 1 . The
Cauchy problem . Uniform bounds for u and v. First , we consider the auxiliary
problem

Lλω := ω−tω
λ∆
(0

ω
, x)= = b∇ωω,0(x) ∈ tL

>
∞,

0,x ∈ RN (2.1)

where b = (b1(t, x), ..., bN (t, x)), bi(t, x) are continuous on [0,∞)× RN , ω is a
classical solution of ( 2 . 1 ) . Lemma 2 . 1 . Assume that ωt,∇ω, ωxixi , i = 1, ..., N
are continuous ,

Lλω ≤ 0, (≥) (0,∞)× RN (2.2)

and ω(t, x) satisfies ( 2 . 1 ) 2 . Then

ω(t, x) ≤ C := supω0(x), (0,∞)× RN .
x ∈ RN

ω(t, x) ≥ C := inf
x∈RN

ω0(x), (0,∞)× RN .

The proof of the above lemma is elementary and hence is omitted . Now , we
consider the problem ( 1 . 1 ) - ( 1 . 2 ) . It follows by the maximun principle that

u, v ≥ 0, inR+ × RN .

Uniform bounds of u. We have

u ≤ C1 := supu0(x),

RN

thanks to the maximum principle . Uniform bounds of v. Next , we derive an upper
estimate for v. Assume that 1 ≤
p < 2. We transform ( 1 . 1 ) 2 by the substitution ω = eλv − 1 into

ωt − λ∆ω = λeλv(vt − d∆v − dλ | ∇v |2) = λeλv(un | ∇v |p −dλ | ∇v |2).

Let

φ(x) ≡ Cxp − dλx2; C > 0, x ≥ 0.

By elementary computations ,

φ(x) ≥ 0 whenx ≤ (
C

λd

)

1/(2− p).

But in this case

| ∇v |≤ (
c

λd

)
1/(2− p).

In the case x ≥ ( c
λd )1/(2−p),
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\centerline {2 . \quad Resu l t s }

\hspace ∗{\ f i l l }The e x i s t e n c e o f a unique c l a s s i c a l s o l u t i o n over the whole time i n t e r v a l
$ [ 0 , T { \max } [ $

\noindent can be obta ined by a known procedure : \ h f i l l a l o c a l s o l u t i o n i s cont inued g l o b a l l y by

\noindent us ing a p r i o r i e s t imate s on $ \paral le l u \paral le l { \ infty } ,
\paral le l v \paral le l { \ infty } , \paral le l \mid \nabla u \mid \paral le l { \ infty }
, $ and $ \paral le l \mid \nabla v \mid \paral le l { \ infty } . $
2 . 1 . \quad The Cauchy problem .
Uniform bounds f o r $ u $ and $ v . $ \quad F i r s t , we cons id e r the a u x i l i a r y problem

\begin { a l i g n ∗}
L { \lambda } \omega : = \omega { t { \omega }}ˆ{ − } { ( 0 }ˆ{ \lambda
\Delta } { , }ˆ{ \omega } { x ) } { = } = b \nabla \omega { \omega }ˆ{ , } { 0
( x ) } \ in t { L }ˆ{ > } { \ infty { , }}ˆ{ 0 , } x \ in R ˆ{ N }\ tag ∗{$ (
2 . 1 ) $}
\end{ a l i g n ∗}

\noindent where $ b = ( b { 1 } ( t , x ) , . . . , b { N }
( t , x ) ) , b { i } ( t , x ) $ \ h f i l l are cont inuous on \ h f i l l
$ [ 0 , \ infty ) \times R ˆ{ N } , \omega $ i s a

\noindent c l a s s i c a l s o l u t i o n o f ( 2 . 1 ) .
Lemma 2 . 1 . \quad Assume that $ \omega { t } , \nabla \omega , \omega { x { i }

x { i }} , i = 1 , . . . , N $ are cont inuous ,

\begin { a l i g n ∗}
L { \lambda } \omega \ leq 0 , ( \geq ) ( 0 , \ infty ) \times

R ˆ{ N }\ tag ∗{$ ( 2 . 2 ) $}
\end{ a l i g n ∗}

\noindent and $ \omega ( t , x ) $ s a t i s f i e s ( 2 . 1 ) 2 . \quad Then

\ [\ begin { a l i gned } \omega ( t , x ) \ leq C : = \sup \omega { 0 }
( x ) , ( 0 , \ infty ) \times R ˆ{ N } . \\

x \ in R ˆ{ N }\\
\omega ( t , x ) \geq C : = \ inf { x \ in R ˆ{ N }} \omega { 0 }

( x ) , ( 0 , \ infty ) \times R ˆ{ N } . \end{ a l i gned }\ ]

The proo f o f the above lemma i s e lementary and hence i s omitted . \quad Now , we
cons id e r the problem ( 1 . 1 ) − ( 1 . 2 ) . I t f o l l o w s by the maximun p r i n c i p l e that

\ [ u , v \geq 0 , in R ˆ{ + } \times R ˆ{ N } . \ ]

\noindent Uniform bounds o f $ u . $ We have

\ [\ begin { a l i gned } u \ leq C { 1 } : = \sup u { 0 } ( x ) , \\
R ˆ{ N }\end{ a l i gned }\ ]

\noindent thanks to the maximum p r i n c i p l e .
Uniform bounds o f $ v . $ Next , we de r i v e an upper es t imate f o r $ v . $ \quad Assume that

$ 1 \ leq $

\noindent $ p < 2 . $ We transform ( 1 . 1 ) 2 by the s u b s t i t u t i o n $ \omega
= e ˆ{ \lambda v } − 1 $ in to

\ [ \omega { t } − \lambda \Delta \omega = \lambda e ˆ{ \lambda v }
( v { t } − d \Delta v − d \lambda \mid \nabla v \mid ˆ{ 2 }
) = \lambda e ˆ{ \lambda v } ( u ˆ{ n } \mid \nabla v \mid ˆ{ p }
− d \lambda \mid \nabla v \mid ˆ{ 2 } ) . \ ]

\noindent Let

\ [ \phi ( x ) \equiv Cx ˆ{ p } − d \lambda x ˆ{ 2 } ; C > 0
, x \geq 0 . \ ]

\noindent By elementary computations ,

\ [ \phi ( x ) \geq 0 when x \ leq ( \ f r a c { C }{ \lambda d }ˆ{ ) }
1 / ( 2 − p ) { . }\ ]

\noindent But in t h i s case

\ [ \mid \nabla v \mid \ leq ( \ f r a c { c }{ \lambda d }ˆ{ ) } 1 / (
2 − p ) { . }\ ]

\noindent In the case $ x \geq ( \ f r a c { c }{ \lambda d } ) ˆ{ 1 / (
2 − p ) } , $

\begin { a l i g n ∗}
\phi ( x ) \ leq 0 \ tag ∗{$ ( 2 . 3 ) $}
\end{ a l i g n ∗}

\noindent and hence $ \omega \ leq M $ where

\begin { a l i g n ∗}
M = C ( \ f r a c { pC }{ 2 d \lambda }ˆ{ ) ˆ{ p / 2 − p }} ( \ f r a c { 2
− p }{ 2 } ) . \ tag ∗{$ ( 2 . 4 ) $}
\end{ a l i g n ∗}

\noindent Then we have $ v \ leq C { 2 } . $

2 .... Z period DAHMANI comma S period KERBAL .... EJDE hyphen 2 0 7 slash 1 5 8
2 period .. Results
The existence of a unique classical solution over the whole time interval open square bracket 0 comma T sub

maximum open square bracket
can be obtained by a known procedure : .... a local solution is continued globally by
using a priori estimates on bar u bar sub infinity comma bar v bar sub infinity comma bar bar nabla u bar

bar sub infinity comma and bar bar nabla v bar bar sub infinity period
2 period 1 period .. The Cauchy problem period
Uniform bounds for u and v period .. First comma we consider the auxiliary problem
Equation: open parenthesis 2 period 1 closing parenthesis .. L sub lambda omega : = omega sub t sub omega

sub open parenthesis 0 to the power of minus sub comma to the power of lambda Capital Delta sub x closing
parenthesis to the power of omega sub = = b nabla omega omega sub 0 open parenthesis x closing parenthesis to
the power of comma in t L sub infinity sub comma to the power of greater to the power of 0 comma x in R to the
power of N

where b = open parenthesis b sub 1 open parenthesis t comma x closing parenthesis comma period period
period comma b sub N open parenthesis t comma x closing parenthesis closing parenthesis comma b sub i open
parenthesis t comma x closing parenthesis .... are continuous on .... open square bracket 0 comma infinity closing
parenthesis times R to the power of N comma omega is a

classical solution of open parenthesis 2 period 1 closing parenthesis period
Lemma 2 period 1 period .. Assume that omega sub t comma nabla omega comma omega sub x sub i x sub i

comma i = 1 comma period period period comma N are continuous comma
Equation: open parenthesis 2 period 2 closing parenthesis .. L sub lambda omega less or equal 0 comma open

parenthesis greater equal closing parenthesis open parenthesis 0 comma infinity closing parenthesis times R to the
power of N

and omega open parenthesis t comma x closing parenthesis satisfies open parenthesis 2 period 1 closing paren-
thesis 2 period .. Then

Line 1 omega open parenthesis t comma x closing parenthesis less or equal C : = supremum omega sub 0 open
parenthesis x closing parenthesis comma open parenthesis 0 comma infinity closing parenthesis times R to the
power of N period Line 2 x in R to the power of N Line 3 omega open parenthesis t comma x closing parenthesis
greater equal C : = inf x in R to the power of N omega sub 0 open parenthesis x closing parenthesis comma open
parenthesis 0 comma infinity closing parenthesis times R to the power of N period

The proof of the above lemma is elementary and hence is omitted period .. Now comma we
consider the problem open parenthesis 1 period 1 closing parenthesis hyphen open parenthesis 1 period 2

closing parenthesis period It follows by the maximun principle that
u comma v greater equal 0 comma in R to the power of plus times R to the power of N period
Uniform bounds of u period We have
Line 1 u less or equal C sub 1 : = supremum u sub 0 open parenthesis x closing parenthesis comma Line 2 R

to the power of N
thanks to the maximum principle period
Uniform bounds of v period Next comma we derive an upper estimate for v period .. Assume that 1 less or

equal
p less 2 period We transform open parenthesis 1 period 1 closing parenthesis 2 by the substitution omega = e

to the power of lambda v minus 1 into
omega sub t minus lambda Capital Delta omega = lambda e to the power of lambda v open parenthesis v sub

t minus d Capital Delta v minus d lambda bar nabla v bar to the power of 2 closing parenthesis = lambda e to
the power of lambda v open parenthesis u to the power of n bar nabla v bar to the power of p minus d lambda
bar nabla v bar to the power of 2 closing parenthesis period

Let
phi open parenthesis x closing parenthesis equiv Cx to the power of p minus d lambda x to the power of 2

semicolon C greater 0 comma x greater equal 0 period
By elementary computations comma
phi open parenthesis x closing parenthesis greater equal 0 when x less or equal open parenthesis C divided by

lambda d to the power of closing parenthesis 1 slash open parenthesis 2 minus p closing parenthesis sub period
But in this case
bar nabla v bar less or equal open parenthesis c divided by lambda d to the power of closing parenthesis 1

slash open parenthesis 2 minus p closing parenthesis sub period
In the case x greater equal open parenthesis c divided by lambda d closing parenthesis to the power of 1 slash

open parenthesis 2 minus p closing parenthesis comma
Equation: open parenthesis 2 period 3 closing parenthesis .. phi open parenthesis x closing parenthesis less or

equal 0
and hence omega less or equal M where
Equation: open parenthesis 2 period 4 closing parenthesis .. M = C open parenthesis pC divided by 2 d

lambda to the power of closing parenthesis to the power of p slash 2 minus p open parenthesis 2 minus p divided
by 2 closing parenthesis period

Then we have v less or equal C sub 2 period

φ(x) ≤ 0 (2.3)

and hence ω ≤M where

M = C(
pC

2dλ

)p/2−p

(
2− p

2
). (2.4)

Then we have v ≤ C2.



EJDE - 2 0 7 / 1 58 NONLINEAR GRADIENT DEPENDENT SYSTEMS 3 2 . 1 . 1 . Uniform
bounds for | ∇u | and | ∇v | . At first , we present the uniform bounds
for | ∇v | . We write ( 1 . 1 ) 2 in the form

Ldv + kv = kv + un | ∇v |p (2.5)

and transform it by the substitutions ω = ektv to obtain

Ldω = ekt(Ldv + kv) = ekt(kv + un | ∇v |p), t > 0, x ∈ RN

ω(0, x) = v0(x).

Now let

Gλ = Gλ(t− τ ;x− ξ) =
1

[4πλ(t− τ)]N2
exp(

| x− ξ |2

4λ(t− τ)

)

be the fundamental solution related to the operator Lλ. Then , with Qt = (0, t)×
RN , we have

ω = ektv = v0(t, x) +

∫
Qt

Gd(t− τ ;x− ξ)ekτ (kv + un | ∇v |p)dξdτ

or

v = e−ktv0 +

∫
Qt

e−k(t−τ)Gd(t− τ ;x− ξ)(kv + un | ∇v |p)dξdτ, (2.6)

where v0(t, x) is the solution of the homogeneous problem

Ldv
0 = 0, v0(0, x) = v0(x).

From ( 2 . 6 ) we have

∇v = e−kt∇v0 +

∫
Qt

e−k(t−τ)∇xGd(t− τ ;x− ξ)(kv + un | ∇v |p)dξdτ. (2.7)

Now we set ν1 = sup | ∇v | and 10
ν = sup | ∇v0 |, in Qt. From ( 2 . 6 ) , and using

v ≤ C2, we have

ν1 = 10
ν + (kC2 + Cn1 ν

p
1 )

∫ t

0

e−k(t−τ)(

∫
RN
| ∇xGd(t− τ ;x− ξ) | dξ)dτ.

We also have∫
RN
| ∇xGd(t− τ ;x− ξ) | dξ =

∫
RN

| x− ξ |
2d(t− τ)

| Gd(t− τ, ;x− ξ) | dξ

which is transformed by the substitution ρ = 2
√
d(t− τ)ν into∫

RN
| ∇xGd | dρ =

wN
πN/2

∫ ∞
0

e−ν
2

dν =
χ√

d(t− τ)

where χ = line− slashw2πNN2Γ(N+1
2 ) =

Γ(N+1
2 )

Γ(N2 ) .
It follows that

ν1 = 10
ν + (kC2 + Cn1 ν

p
1 )

χ√
d

∫ t

0

e−k(t−τ) dτ√
t− τ .

(2.8)
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2 . 1 . 1 . \quad Uniform bounds f o r $ \mid \nabla u \mid $ and $ \mid
\nabla v \mid . $ \quad At f i r s t , we pre sent the uniform bounds

\noindent f o r $ \mid \nabla v \mid . $ We wr i t e ( 1 . 1 ) 2 in the form

\begin { a l i g n ∗}
L { d } v + kv = kv + u ˆ{ n } \mid \nabla v \mid ˆ{ p }\ tag ∗{$ (

2 . 5 ) $}
\end{ a l i g n ∗}

\noindent and trans form i t by the s u b s t i t u t i o n s $ \omega = e ˆ{ k t } v $
to obta in

\ [\ begin { a l i gned } L { d } \omega = e ˆ{ k t } ( L { d } v + kv )
= e ˆ{ kt } ( kv + u ˆ{ n } \mid \nabla v \mid ˆ{ p } ) , t
> 0 , x \ in R ˆ{ N }\\
\omega ( 0 , x ) = v { 0 } ( x ) . \end{ a l i gned }\ ]

\noindent Now l e t

\ [ G { \lambda } = G { \lambda } ( t − \tau ; x − \xi ) =
\ f r a c { 1 }{ [ 4 \pi \lambda ( t − \tau ) ] \ f r a c { N }{ 2 }} \exp
( \ f r a c { \mid x − \xi \mid ˆ{ 2 }}{ 4 \lambda ( t − \tau ) }ˆ{ ) }\ ]

\noindent be the fundamental s o l u t i o n r e l a t e d to the operator $ L { \lambda } . $
\quad Then , with $ Q t = ( 0 , t ) \times $

$ R ˆ{ N } , $ we have

\ [ \omega = e ˆ{ k t } v = v ˆ{ 0 } ( t , x ) + \ int { Q
t } G { d } ( t − \tau ; x − \xi ) e ˆ{ k \tau } ( kv +
u ˆ{ n } \mid \nabla v \mid ˆ{ p } ) d \xi d \tau \ ]

\noindent or

\begin { a l i g n ∗}
v = e ˆ{ − kt } v ˆ{ 0 } + \ int { Q t } e ˆ{ − k ( t − \tau

) } G { d } ( t − \tau ; x − \xi ) ( kv + u ˆ{ n } \mid
\nabla v \mid ˆ{ p } ) d \xi d \tau , \ tag ∗{$ ( 2 . 6 ) $}
\end{ a l i g n ∗}

\noindent where $ v ˆ{ 0 } ( t , x ) $ i s the s o l u t i o n o f the homogeneous problem

\ [ L { d } v ˆ{ 0 } = 0 , v ˆ{ 0 } ( 0 , x ) = v { 0 } (
x ) . \ ]

\noindent From ( 2 . 6 ) we have

\begin { a l i g n ∗}
\nabla v = e ˆ{ − kt } \nabla v ˆ{ 0 } + \ int { Q t } e ˆ{ − k

( t − \tau ) } \nabla { x } G { d } ( t − \tau ; x − \xi
) ( kv + u ˆ{ n } \mid \nabla v \mid ˆ{ p } ) d \xi d \tau
. \ tag ∗{$ ( 2 . 7 ) $}
\end{ a l i g n ∗}

\noindent Now we s e t $ \nu { 1 } = $ sup $ \mid \nabla v \mid $ and $ 1 { \nu }ˆ{ 0 }
= $ sup $ \mid \nabla v ˆ{ 0 } \mid , $ in $ Q t . $ From ( 2 . 6 ) , and us ing
$ v \ leq C { 2 } , $

we have

\ [ \nu { 1 } = 1 { \nu }ˆ{ 0 } + ( kC { 2 } + C ˆ{ n } { 1 } \nu ˆ{ p } { 1 }
) \ int ˆ{ t } { 0 } e ˆ{ − k ( t − \tau ) } ( \ int { R ˆ{ N }}
\mid \nabla { x } G { d } ( t − \tau ; x − \xi ) \mid d
\xi ) d \tau . \ ]

\noindent We a l s o have

\ [ \ int { R ˆ{ N }} \mid \nabla { x } G { d } ( t − \tau ; x −
\xi ) \mid d \xi = \ int { R ˆ{ N }} \ f r a c { \mid x − \xi \mid }{ 2
d ( t − \tau ) } \mid G { d } ( t − \tau , ; x − \xi
) \mid d \xi \ ]

\noindent which i s transformed by the s u b s t i t u t i o n $ \rho = 2 \sqrt{ d (
t − \tau ) \nu }$ in to

\ [ \ int { R ˆ{ N }} \mid \nabla { x } G { d } \mid d \rho = \ f r a c { w { N }}{ \pi ˆ{ N
/ 2 }} \ int ˆ{ \ infty } { 0 } e ˆ{ − \nu ˆ{ 2 }} d \nu = \ f r a c { \chi }{\ sqrt{ d
( t − \tau ) }}\ ]

\noindent where $ \chi = l i n e−s l a s h ˆ{ w } { 2 \pi } N ˆ{ N } 2 \Gamma
( \ f r a c { N + 1 }{ 2 } ) = \ f r a c { \Gamma ( \ f r a c { N + 1 }{ 2 } ) }{ \Gamma
( \ f r a c { N }{ 2 } ) } { . }$ I t f o l l o w s that

\begin { a l i g n ∗}
\nu { 1 } = 1 { \nu }ˆ{ 0 } + ( kC { 2 } + C ˆ{ n } { 1 } \nu ˆ{ p } { 1 }

) \ f r a c { \chi }{\ sqrt{ d }} \ int ˆ{ t } { 0 } e ˆ{ − k ( t − \tau ) } \ f r a c { d
\tau }{\ sqrt{ t − \tau }} { . }\ tag ∗{$ ( 2 . 8 ) $}
\end{ a l i g n ∗}

\noindent Reca l l that

\ [ \ int ˆ{ t } { 0 } e ˆ{ − k ( t − \tau ) } \ f r a c { d \tau }{\ sqrt{ t
− \tau }} = \ f r a c { 2 }{\ sqrt{ k }} \ int ˆ{ t } { 0 } e ˆ{ − z ˆ{ 2 }} dz
< \sqrt {\ f r a c { \pi }{ k }} { . }\ ]

\noindent I f we s e t $ s = \sqrt{ k }$ in ( 2 . 8 ) then we have

\begin { a l i g n ∗}
\nu { 1 } \ leq 1 { \nu }ˆ{ 0 } + ( sC { 2 } + \ f r a c { C ˆ{ n } { 1 }}{ s }
\nu ˆ{ p } { 1 } ) \chi \sqrt {\ f r a c { \pi }{ d }} { . }\ tag ∗{$ ( 2 . 9 ) $}
\end{ a l i g n ∗}

EJDE hyphen 2 0 7 slash 1 58 .. NONLINEAR GRADIENT DEPENDENT SYSTEMS .. 3
2 period 1 period 1 period .. Uniform bounds for bar nabla u bar and bar nabla v bar period .. At first comma

we present the uniform bounds
for bar nabla v bar period We write open parenthesis 1 period 1 closing parenthesis 2 in the form
Equation: open parenthesis 2 period 5 closing parenthesis .. L sub d v plus kv = kv plus u to the power of n

bar nabla v bar to the power of p
and transform it by the substitutions omega = e to the power of k t v to obtain
Line 1 L sub d omega = e to the power of k t open parenthesis L sub d v plus kv closing parenthesis = e to

the power of kt open parenthesis kv plus u to the power of n bar nabla v bar to the power of p closing parenthesis
comma t greater 0 comma x in R to the power of N Line 2 omega open parenthesis 0 comma x closing parenthesis
= v sub 0 open parenthesis x closing parenthesis period

Now let
G sub lambda = G sub lambda open parenthesis t minus tau semicolon x minus xi closing parenthesis =

1 divided by open square bracket 4 pi lambda open parenthesis t minus tau closing parenthesis closing square
bracket N divided by 2 exponent open parenthesis bar x minus xi bar to the power of 2 divided by 4 lambda open
parenthesis t minus tau closing parenthesis to the power of closing parenthesis

be the fundamental solution related to the operator L sub lambda period .. Then comma with Q t = open
parenthesis 0 comma t closing parenthesis times

R to the power of N comma we have
omega = e to the power of k t v = v to the power of 0 open parenthesis t comma x closing parenthesis plus

integral sub Q t G sub d open parenthesis t minus tau semicolon x minus xi closing parenthesis e to the power of
k tau open parenthesis kv plus u to the power of n bar nabla v bar to the power of p closing parenthesis d xi d
tau

or
Equation: open parenthesis 2 period 6 closing parenthesis .. v = e to the power of minus kt v to the power of

0 plus integral sub Q t e to the power of minus k open parenthesis t minus tau closing parenthesis G sub d open
parenthesis t minus tau semicolon x minus xi closing parenthesis open parenthesis kv plus u to the power of n bar
nabla v bar to the power of p closing parenthesis d xi d tau comma

where v to the power of 0 open parenthesis t comma x closing parenthesis is the solution of the homogeneous
problem

L sub d v to the power of 0 = 0 comma v to the power of 0 open parenthesis 0 comma x closing parenthesis
= v sub 0 open parenthesis x closing parenthesis period

From open parenthesis 2 period 6 closing parenthesis we have
Equation: open parenthesis 2 period 7 closing parenthesis .. nabla v = e to the power of minus kt nabla v to

the power of 0 plus integral sub Q t e to the power of minus k open parenthesis t minus tau closing parenthesis
nabla sub x G sub d open parenthesis t minus tau semicolon x minus xi closing parenthesis open parenthesis kv
plus u to the power of n bar nabla v bar to the power of p closing parenthesis d xi d tau period

Now we set nu sub 1 = sup bar nabla v bar and 1 nu to the power of 0 = sup bar nabla v to the power of 0
bar comma in Q t period From open parenthesis 2 period 6 closing parenthesis comma and using v less or equal
C sub 2 comma

we have
nu sub 1 = 1 nu to the power of 0 plus open parenthesis kC sub 2 plus C sub 1 to the power of n nu sub 1 to

the power of p closing parenthesis integral sub 0 to the power of t e to the power of minus k open parenthesis t
minus tau closing parenthesis open parenthesis integral sub R to the power of N bar nabla sub x G sub d open
parenthesis t minus tau semicolon x minus xi closing parenthesis bar d xi closing parenthesis d tau period

We also have
integral sub R to the power of N bar nabla sub x G sub d open parenthesis t minus tau semicolon x minus xi

closing parenthesis bar d xi = integral sub R to the power of N bar x minus xi bar divided by 2 d open parenthesis
t minus tau closing parenthesis bar G sub d open parenthesis t minus tau comma semicolon x minus xi closing
parenthesis bar d xi

which is transformed by the substitution rho = 2 radicalbig-line of d open parenthesis t minus tau closing
parenthesis nu into

integral sub R to the power of N bar nabla sub x G sub d bar d rho = w sub N divided by pi to the power of
N slash 2 integral sub 0 to the power of infinity e to the power of minus nu to the power of 2 d nu = chi divided
by radicalbig-line of d open parenthesis t minus tau closing parenthesis

where chi = line-slash sub 2 pi to the power of w N to the power of N 2 Capital Gamma open parenthesis N plus
1 divided by 2 closing parenthesis = Capital Gamma open parenthesis N plus 1 divided by 2 closing parenthesis
divided by Capital Gamma open parenthesis N divided by 2 closing parenthesis sub period It follows that

Equation: open parenthesis 2 period 8 closing parenthesis .. nu sub 1 = 1 nu to the power of 0 plus open
parenthesis kC sub 2 plus C sub 1 to the power of n nu sub 1 to the power of p closing parenthesis chi divided by
square root of d integral sub 0 to the power of t e to the power of minus k open parenthesis t minus tau closing
parenthesis d tau divided by square root of t minus tau sub period

Recall that
integral sub 0 to the power of t e to the power of minus k open parenthesis t minus tau closing parenthesis d

tau divided by square root of t minus tau = 2 divided by square root of k integral sub 0 to the power of t e to
the power of minus z to the power of 2 dz less radicalbigg-line of pi divided by k sub period

If we set s = square root of k in open parenthesis 2 period 8 closing parenthesis then we have
Equation: open parenthesis 2 period 9 closing parenthesis .. nu sub 1 less or equal 1 nu to the power of 0

plus open parenthesis sC sub 2 plus C sub 1 to the power of n divided by s nu sub 1 to the power of p closing
parenthesis chi radicalbigg-line of pi divided by d sub period

Recall that ∫ t

0

e−k(t−τ) dτ√
t− τ

=
2√
k

∫ t

0

e−z
2

dz <

√
π

k .

If we set s =
√
k in ( 2 . 8 ) then we have

ν1 ≤ 10
ν + (sC2 +

Cn1
s
νp1 )χ

√
π

d .
(2.9)
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of ( 2 . 9 ) with respect to s to obtain

ν1 ≤ 10
ν +

2χ
√
π

d
(C2C

n
1 pν1)1/p. (2.10)

Notethat10
ν = C2.

We have two cases : Case ( i )1 ≤ p < 2. In this case ( 2 . 1 0 ) implies

| ∇v |≤ ν1 ≤ ν(p) = D, inQt, (2.11)

where D is a positive constant .
Case ( i i )p = 2. In this case ( 2 . 1 0 ) holds under the additional condition

C2C
n
1 ≤

d

4πχ .
(2.12)

Similarly we obtain from ( 1 . 1 ) 1 ,

U1 := sup
QT
| ∇u |≤ C1 + C1

2
√
πχ√
d

1p/2ν ≤ Constant. (2.13)

The estimates ( 2 . 1 0 ) and ( 2 . 1 3 ) are independent of t, hence Tmax = +∞.
Finally , we have the main result .

Theorem 2 . 2 . Let p = 2 and (u0, v0) be bounded such that ( 2 . 1 2 ) holds
, then
system ( 1 . 1 ) - ( 1 . 2 ) admits a glo bal s o lution .
2 . 2 . The Neumann Problem . In this section , we are concerned with the
Neu - mann problem

uvtt −− ∆d∆vu == −unu|∇v|
2

n|∇v|2 (2.14)

where Ω be a bounded domain in RN , with the homogeneous Neumann boundary con-
dition

∂u

∂ν
=
∂v

∂ν
= 0, onR+ × ∂Ω (2.15)

subject to the initial conditions

u(0;x) = u0(x); v(0;x) = v0(x) inΩ. (2.16)

The initial nonnegative functions u0, v0 are assumed to belong to the Holder space

C2,α(Ω).

Uniform bounds for u and v. In this section a priori estimates on ‖ u ‖∞ and ‖ v ‖∞
are presented . Lemma 2 . 3 . For each 0 < t < Tmax we have

0 ≤ u(t, x) ≤M, 0 ≤ v(t, x) ≤M, (2.17)

foranyx ∈ Ω.



\noindent 4 \quad Z . DAHMANI , S . KERBAL \quad EJDE − 2 0 7 / 1 5 8
Now we minimize the r i g h t hand s i d e o f ( 2 . 9 ) with r e s p e c t to $ s $ to obta in

\ [\ begin { a l i gned } \nu { 1 } \ leq 1 { \nu }ˆ{ 0 } + \ f r a c { 2 \chi \sqrt{ \pi }}{ d }
( C { 2 } C ˆ{ n } { 1 } p { \nu { 1 }} ) 1 / p { . } ( 2 . 1
0 ) \\

Note that 1 { \nu }ˆ{ 0 } = C { 2 } . \end{ a l i gned }\ ]

\centerline{We have two ca s e s : Case ( i $ ) 1 \ leq p < 2 . $ In t h i s case ( 2 . 1 0 ) i m p l i e s }

\begin { a l i g n ∗}
\mid \nabla v \mid \ leq \nu { 1 } \ leq \ r u l e {3em}{0 .4 pt} { \nu } (

p ) = D , in Q t , \ tag ∗{$ ( 2 . 1 1 ) $}
\end{ a l i g n ∗}

\noindent where $ D $ i s a p o s i t i v e constant .

\centerline{Case ( i i $ ) p = 2 . $ In t h i s case ( 2 . 1 0 ) ho lds under the a d d i t i o n a l cond i t i on }

\begin { a l i g n ∗}
C { 2 } C ˆ{ n } { 1 } \ leq \ f r a c { d }{ 4 \pi \chi } { . }\ tag ∗{$ ( 2

. 1 2 ) $}
\end{ a l i g n ∗}

\noindent S i m i l a r l y we obta in from ( 1 . 1 ) 1 ,

\begin { a l i g n ∗}
U { 1 } : = \sup { Q T } \mid \nabla u \mid \ leq C { 1 } +

C { 1 } \ f r a c { 2 \sqrt{ \pi } \chi }{\ sqrt{ d }} 1 { \nu }ˆ{ p / 2 } \ leq
Constant . \ tag ∗{$ ( 2 . 1 3 ) $}
\end{ a l i g n ∗}

\noindent The es t imate s ( 2 . 1 0 ) and ( 2 . 1 3 ) are independent o f $ t , $
hence $ T { \max } = + \ infty . $

\centerline{F i n a l l y , we have the main r e s u l t . }

\noindent Theorem \ h f i l l 2 . 2 . \ h f i l l Let $ p = 2 $ \ h f i l l and $ ( u { 0 }
, v { 0 } ) $ \ h f i l l be \ h f i l l bounded such that \ h f i l l ( 2 . 1 2 ) \ h f i l l holds , \ h f i l l then

\noindent system ( 1 . 1 ) − ( 1 . 2 ) admits a g lo bal s o l u t i o n .

\noindent 2 . 2 . \quad The Neumann Problem . \quad In t h i s s e c t i o n , we are concerned with the Neu −
mann problem

\begin { a l i g n ∗}
u { v ˆ{ t } { t }} − { − } \Delta { d \Delta v } u = { = } − u ˆ{ n }{ u }ˆ{ \mid
\nabla v \mid ˆ{ 2 }} { n \mid \nabla v \mid ˆ{ 2 }}\ tag ∗{$ ( 2 .
14 ) $}
\end{ a l i g n ∗}

\noindent where $ \Omega $ be a bounded domain in $ R ˆ{ N } , $ with the homogeneous Neumann boundary
cond i t i on

\begin { a l i g n ∗}
\ f r a c { \partial u }{ \partial \nu } = \ f r a c { \partial v }{ \partial \nu }
= 0 , on R ˆ{ + } \times \partial \Omega \ tag ∗{$ ( 2 . 1 5 ) $}
\end{ a l i g n ∗}

\noindent s u b j e c t to the i n i t i a l c o n d i t i o n s

\begin { a l i g n ∗}
u ( 0 ; x ) = u { 0 } ( x ) ; v ( 0 ; x ) =

v { 0 } ( x ) in \Omega . \ tag ∗{$ ( 2 . 1 6 ) $}
\end{ a l i g n ∗}

\noindent The i n i t i a l nonnegat ive f u n c t i o n s $ u { 0 } , v { 0 }$ are assumed to belong to the Holder space

\begin { a l i g n ∗}
C ˆ{ 2 , \alpha } ( \Omega ) .
\end{ a l i g n ∗}

\noindent Uniform bounds f o r $ u $ and $ v . $ \ h f i l l In t h i s s e c t i o n a p r i o r i e s t imate s on
$ \paral le l u \paral le l { \ infty }$ and $ \paral le l v \paral le l { \ infty }$

\noindent are presented .
Lemma 2 . 3 . \quad For each $ 0 < t < T { \max }$ we have

\ [\ begin { a l i gned } 0 \ leq u ( t , x ) \ leq M , 0 \ leq v
( t , x ) \ leq M , ( 2 . 1 7 ) \\

f o r any x \ in \Omega . \end{ a l i gned }\ ]

\noindent Proof . \quad Since $ u { 0 } ( x ) \geq 0 $ and $ f ( 0
, v ) = 0 , $ we f i r s t obta in $ u \geq 0 $ and then $ v \geq
0 $ as

$ v { 0 } ( x ) \geq 0 . $ Using the maximum p r i n c i p l e , we conc lude that

\ [ 0 \ leq u ( t , x ) \ leq M , on Q T \ ]

\noindent where

\ [ M \geq M { 1 } : = \max { x \ in \Omega } u { 0 } ( x ) . \ ]

4 .. Z period DAHMANI comma S period KERBAL .. EJDE hyphen 2 0 7 slash 1 5 8
Now we minimize the right hand side of open parenthesis 2 period 9 closing parenthesis with respect to s to

obtain
Line 1 nu sub 1 less or equal 1 nu to the power of 0 plus 2 chi square root of pi divided by d open parenthesis

C sub 2 C sub 1 to the power of n p nu sub 1 closing parenthesis 1 slash p sub period open parenthesis 2 period
1 0 closing parenthesis Line 2 Note that 1 nu to the power of 0 = C sub 2 period

We have two cases : Case open parenthesis i closing parenthesis 1 less or equal p less 2 period In this case
open parenthesis 2 period 1 0 closing parenthesis implies

Equation: open parenthesis 2 period 1 1 closing parenthesis .. bar nabla v bar less or equal nu sub 1 less or
equal hline sub nu open parenthesis p closing parenthesis = D comma in Q t comma

where D is a positive constant period
Case open parenthesis i i closing parenthesis p = 2 period In this case open parenthesis 2 period 1 0 closing

parenthesis holds under the additional condition
Equation: open parenthesis 2 period 1 2 closing parenthesis .. C sub 2 C sub 1 to the power of n less or equal

d divided by 4 pi chi sub period
Similarly we obtain from open parenthesis 1 period 1 closing parenthesis 1 comma
Equation: open parenthesis 2 period 1 3 closing parenthesis .. U sub 1 : = supremum sub Q T bar nabla u

bar less or equal C sub 1 plus C sub 1 2 square root of pi chi divided by square root of d 1 nu to the power of p
slash 2 less or equal Constant period

The estimates open parenthesis 2 period 1 0 closing parenthesis and open parenthesis 2 period 1 3 closing
parenthesis are independent of t comma hence T sub maximum = plus infinity period

Finally comma we have the main result period
Theorem .... 2 period 2 period .... Let p = 2 .... and open parenthesis u sub 0 comma v sub 0 closing

parenthesis .... be .... bounded such that .... open parenthesis 2 period 1 2 closing parenthesis .... holds comma
.... then

system open parenthesis 1 period 1 closing parenthesis hyphen open parenthesis 1 period 2 closing parenthesis
admits a glo bal s o lution period

2 period 2 period .. The Neumann Problem period .. In this section comma we are concerned with the Neu
hyphen

mann problem
Equation: open parenthesis 2 period 14 closing parenthesis .. u sub v sub t to the power of t minus sub minus

Capital Delta d Capital Delta v u = sub = minus u to the power of n u sub n bar nabla v bar to the power of 2
to the power of bar nabla v bar to the power of 2

where Capital Omega be a bounded domain in R to the power of N comma with the homogeneous Neumann
boundary

condition
Equation: open parenthesis 2 period 1 5 closing parenthesis .. partialdiff u divided by partialdiff nu = partialdiff

v divided by partialdiff nu = 0 comma on R to the power of plus times partialdiff Capital Omega
subject to the initial conditions
Equation: open parenthesis 2 period 1 6 closing parenthesis .. u open parenthesis 0 semicolon x closing

parenthesis = u sub 0 open parenthesis x closing parenthesis semicolon v open parenthesis 0 semicolon x closing
parenthesis = v sub 0 open parenthesis x closing parenthesis in Capital Omega period

The initial nonnegative functions u sub 0 comma v sub 0 are assumed to belong to the Holder space
C to the power of 2 comma alpha open parenthesis Capital Omega closing parenthesis period
Uniform bounds for u and v period .... In this section a priori estimates on bar u bar sub infinity and bar v

bar sub infinity
are presented period
Lemma 2 period 3 period .. For each 0 less t less T sub maximum we have
Line 1 0 less or equal u open parenthesis t comma x closing parenthesis less or equal M comma 0 less or equal

v open parenthesis t comma x closing parenthesis less or equal M comma open parenthesis 2 period 1 7 closing
parenthesis Line 2 for any x in Capital Omega period

Proof period .. Since u sub 0 open parenthesis x closing parenthesis greater equal 0 and f open parenthesis 0
comma v closing parenthesis = 0 comma we first obtain u greater equal 0 and then v greater equal 0 as

v sub 0 open parenthesis x closing parenthesis greater equal 0 period Using the maximum principle comma we
conclude that

0 less or equal u open parenthesis t comma x closing parenthesis less or equal M comma on Q T
where
M greater equal M sub 1 : = maximum x in Capital Omega u sub 0 open parenthesis x closing parenthesis

period

Proof . Since u0(x) ≥ 0 and f(0, v) = 0, we first obtain u ≥ 0 and then v ≥ 0 as
v0(x) ≥ 0. Using the maximum principle , we conclude that

0 ≤ u(t, x) ≤M, onQT

where

M ≥M1 := max
x∈Ω

u0(x).



EJDE - 2 0 7 / 1 58 NONLINEAR GRADIENT DEPENDENT SYSTEMS 5 Using ω = eλv − 1,
with dλ ≥Mn

1 , from ( 2 . 1 4 ) , we obtain

ωt − d∆ω = λ | ∇v |2 (un − dλ)eλv, onQT

∂u

∂v
= 0 on∂ST .

Consequently as dλ > maxΩ u
n, we deduce from the maximum principle that

0 ≤ ω(t, x) ≤ exp(λ | v0 |∞)− 1.

Hence

v(x, t) ≤ 1

λ
ln(| ω |∞ +1) ≤ Constant <∞.

�

Uniform bounds for | ∇v | and | ∇u | . To obtain uniform a priori estimates for
| ∇v |, we make use of some techniques already used by Tomi [ 8 ] and von Wahl [ 9 ]
Lemma 2 . 4 . Let (u, v) be a s o lutio n to ( 2 . 1 0 ) - ( 2 . 1 2 ) in its
maximal interval of existence [0, Tmax[. Then there exist a constant C such that

‖ u ‖ L∞([0, T [,W 2, q(Ω)) ≤ C and ‖ v ‖ L∞([0, T [,W 2, q(Ω)) ≤ C.

Proof . Let us introduce the function

fσ,ε(t, x, u,∇v) = σun(t, x)
ε+ | ∇v |2

1 + ε | ∇v |2 .
It is clear that | fσ,ε(t, x, u,∇v) |≤ C(1+ | ∇v |2) and a global solution vσ,ε differen -
tiable in σ for the equation

vt − d∆v = fσ,ε(t, x, u,∇v)

exists . Moreover , vσ,ε → v as σ → 1 and ε→ 0, uniformly on every compact of

[0, Tmax[.

The function ωσ :=
∂vσ,ε
∂σ satisfies

∂tωσ − d∆ωσ = un(t, x)
ε+ | ∇vσ |2

1 + ε | ∇vσ |2
− 2σun

(ε 2
(1
−1)∇vσ.∇ωσ
+ε|∇vσ|2)2 . (2.18)

Hereafter , we derive uniform estimates in σ and ε. Using Solonnikov ’ s estimates for
parabolic equation [ 5 ] we have

‖ ωσ ‖ L∞([0, T (u0, v0)[,W 2, p(Ω)) ≤ C[‖ ∇vσ ‖2Lp(Ω) + ‖ ∇vσ.∇ωσ ‖2Lp(Ω)].

The Gagliardo - Nirenberg inequality [ 5 ] in the in the form

‖ u ‖W 1, 2p(Ω) ≤ C ‖ u ‖1/2L∞(Ω) C ‖ u ‖
1/2
W 2,p(Ω)

and the δ− Young inequality ( where δ > 0)



\noindent EJDE − 2 0 7 / 1 58 \quad NONLINEAR GRADIENT DEPENDENT SYSTEMS \quad 5
Using $ \omega = e ˆ{ \lambda v } − 1 , $ with $ d \lambda \geq

M ˆ{ n } { 1 } , $ from ( 2 . 1 4 ) , we obta in

\ [\ begin { a l i gned } \omega { t } − d \Delta \omega = \lambda \mid \nabla
v \mid ˆ{ 2 } ( u ˆ{ n } − d \lambda ) e ˆ{ \lambda v } , on Q
T \\
\ f r a c { \partial u }{ \partial v } = 0 on \partial S { T } . \end{ a l i gned }\ ]

\noindent Consequently as $ d \lambda > \max { \Omega } u ˆ{ n } , $ we deduce from the maximum p r i n c i p l e that

\ [ 0 \ leq \omega ( t , x ) \ leq \exp ( \lambda \mid v { 0 }
\mid { \ infty } ) − 1 . \ ]

\noindent Hence

\begin { a l i g n ∗}
v ( x , t ) \ leq \ f r a c { 1 }{ \lambda } \ ln ( \mid \omega \mid { \ infty }

+ 1 ) \ leq Constant < \ infty . \\ \ square
\end{ a l i g n ∗}

\noindent Uniform bounds f o r $ \mid \nabla v \mid $ and $ \mid \nabla
u \mid . $ \quad To obta in uniform a p r i o r i e s t imate s f o r $ \mid \nabla v
\mid , $

we make use o f some techn iques a l r eady used by Tomi [ 8 ] and von Wahl [ 9 ]

\noindent Lemma 2 . 4 . \quad Let $ ( u , v ) $ \quad be a s o l u t i o n to ( 2 . 1 0 ) − ( 2 . 1 2 ) \quad in i t s maximal i n t e r v a l o f
e x i s t e n c e $ [ 0 , T { \max } [ . $ \quad Then there e x i s t a constant

$ C $ such that

\ [ \paral le l u \paral le l L \ infty ( [ 0 , T [ , W ˆ{ 2 } ,
q ( \Omega ) ) \ leq C and \paral le l v \paral le l L \ infty
( [ 0 , T [ , W ˆ{ 2 } , q ( \Omega ) ) \ leq C . \ ]

\noindent Proof . \quad Let us in t roduce the func t i on

\ [ f { \sigma , \epsilon } ( t , x , u , \nabla v ) = \sigma
u ˆ{ n } ( t , x ) \ f r a c { \epsilon + \mid \nabla v \mid ˆ{ 2 }}{ 1
+ \epsilon \mid \nabla v \mid ˆ{ 2 }} { . }\ ]

\noindent I t i s c l e a r that $ \mid f { \sigma , \epsilon } ( t , x
, u , \nabla v ) \mid \ leq C ( 1 + \mid \nabla v \mid ˆ{ 2 }
) $ and a g l o b a l s o l u t i o n $ v { \sigma , \epsilon }$ d i f f e r e n −

t i a b l e in $ \sigma $ f o r the equat ion

\ [ v { t } − d \Delta v = f { \sigma , \epsilon } ( t , x
, u , \nabla v ) \ ]

\noindent e x i s t s . \ h f i l l Moreover $ , v { \sigma , \epsilon } \rightarrow
v $ as $ \sigma \rightarrow 1 $ and $ \epsilon \rightarrow 0 , $ uni formly on every compact o f

\begin { a l i g n ∗}
[ 0 , T { \max } [ .
\end{ a l i g n ∗}

\centerline{The func t i on $ \omega { \sigma } : = \ f r a c { \partial v { \sigma
, \epsilon }}{ \partial \sigma }$ s a t i s f i e s }

\begin { a l i g n ∗}
\partial { t } \omega { \sigma } − d \Delta \omega { \sigma } = u ˆ{ n }

( t , x ) \ f r a c { \epsilon + \mid \nabla v { \sigma } \mid ˆ{ 2 }}{ 1
+ \epsilon \mid \nabla v \sigma \mid ˆ{ 2 }} − 2 \sigma u ˆ{ n { \ r u l e {3em}{0 .4 pt} }ˆ{ (
\epsilon }}ˆ{ 2 } { ( 1 }ˆ{ − 1 ) \nabla v { \sigma } . \nabla \omega { \sigma }} { +
\epsilon \mid \nabla v { \sigma } \mid ˆ{ 2 } ) ˆ{ 2 } . }\ tag ∗{$ ( 2
. 1 8 ) $}
\end{ a l i g n ∗}

\noindent Herea f t e r , we de r i v e uniform es t imate s in $ \sigma $ and $ \epsilon
. $ \quad Using Solonnikov ’ s e s t imate s

f o r p a r a b o l i c equat ion [ 5 ] we have

\ [ \paral le l \omega { \sigma } \paral le l L \ infty ( [ 0 , T (
u { 0 } , v { 0 } ) [ , W ˆ{ 2 } , p ( \Omega ) ) \ leq C
[ \paral le l \nabla v { \sigma } \paral le l ˆ{ 2 } { L p ( \Omega ) }
+ \paral le l \nabla v { \sigma } . \nabla \omega { \sigma } \paral le l ˆ{ 2 } { L
p ( \Omega ) } ] . \ ]

\noindent The Gagl iardo − Nirenberg i n e q u a l i t y [ 5 ] in the in the form

\ [ \paral le l u \paral le l W ˆ{ 1 } , 2 p ( \Omega ) \ leq C \paral le l
u \paral le l ˆ{ 1 / 2 } { L \ infty ( \Omega ) } C \paral le l u \paral le l ˆ{ 1
/ 2 } { W ˆ{ 2 } , p ( \Omega ) }\ ]

\noindent and the $ \delta − $ Young i n e q u a l i t y ( where $ \delta > 0 ) $

\ [ \alpha \beta \ leq \ f r a c { 1 }{ 2 } ( \delta \alpha ˆ{ 2 } + \ f r a c { \beta ˆ{ 2 }}{ \delta }
) , \ ]

\noindent a l l ows one to obta in the es t imate

\ [ \paral le l \omega { \sigma } \paral le l L \ infty ( [ 0 , T (
u { 0 } , v { 0 } ) [ , W ˆ{ 2 } , p ( \Omega ) ) \ leq C
( 1 + \paral le l \omega { \sigma } \paral le l W ˆ{ 2 } , p ( \Omega
) ˆ{ ) } { . }\ ]

\noindent But $ \omega { \sigma } = \ f r a c { \partial v { \sigma }}{ \partial
\sigma } { , }$ hence by Gronwall ’ s i n e q u a l i t y we have

\ [ \paral le l v { \sigma } \paral le l L \ infty ( [ 0 , T [ ,
W ˆ{ 2 } , p ( \Omega ) ) \ leq Ce ˆ{ C \sigma } . \ ]
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Using omega = e to the power of lambda v minus 1 comma with d lambda greater equal M sub 1 to the power

of n comma from open parenthesis 2 period 1 4 closing parenthesis comma we obtain
Line 1 omega sub t minus d Capital Delta omega = lambda bar nabla v bar to the power of 2 open parenthesis

u to the power of n minus d lambda closing parenthesis e to the power of lambda v comma on Q T Line 2 partialdiff
u divided by partialdiff v = 0 on partialdiff S sub T period

Consequently as d lambda greater maximum sub Capital Omega u to the power of n comma we deduce from
the maximum principle that

0 less or equal omega open parenthesis t comma x closing parenthesis less or equal exponent open parenthesis
lambda bar v sub 0 bar sub infinity closing parenthesis minus 1 period

Hence
v open parenthesis x comma t closing parenthesis less or equal 1 divided by lambda ln open parenthesis bar

omega bar sub infinity plus 1 closing parenthesis less or equal Constant less infinity period square
Uniform bounds for bar nabla v bar and bar nabla u bar period .. To obtain uniform a priori estimates for

bar nabla v bar comma
we make use of some techniques already used by Tomi open square bracket 8 closing square bracket and von

Wahl open square bracket 9 closing square bracket
Lemma 2 period 4 period .. Let open parenthesis u comma v closing parenthesis .. be a s o lutio n to open

parenthesis 2 period 1 0 closing parenthesis hyphen open parenthesis 2 period 1 2 closing parenthesis .. in its
maximal interval of

existence open square bracket 0 comma T sub maximum open square bracket period .. Then there exist a
constant C such that

bar u bar L infinity open parenthesis open square bracket 0 comma T open square bracket comma W to the
power of 2 comma q open parenthesis Capital Omega closing parenthesis closing parenthesis less or equal C and
bar v bar L infinity open parenthesis open square bracket 0 comma T open square bracket comma W to the power
of 2 comma q open parenthesis Capital Omega closing parenthesis closing parenthesis less or equal C period

Proof period .. Let us introduce the function
f sub sigma comma epsilon open parenthesis t comma x comma u comma nabla v closing parenthesis = sigma

u to the power of n open parenthesis t comma x closing parenthesis epsilon plus bar nabla v bar to the power of
2 divided by 1 plus epsilon bar nabla v bar to the power of 2 sub period

It is clear that bar f sub sigma comma epsilon open parenthesis t comma x comma u comma nabla v closing
parenthesis bar less or equal C open parenthesis 1 plus bar nabla v bar to the power of 2 closing parenthesis and
a global solution v sub sigma comma epsilon differen hyphen

tiable in sigma for the equation
v sub t minus d Capital Delta v = f sub sigma comma epsilon open parenthesis t comma x comma u comma

nabla v closing parenthesis
exists period .... Moreover comma v sub sigma comma epsilon right arrow v as sigma right arrow 1 and epsilon

right arrow 0 comma uniformly on every compact of
open square bracket 0 comma T sub maximum open square bracket period
The function omega sub sigma : = partialdiff v sub sigma comma epsilon divided by partialdiff sigma satisfies
Equation: open parenthesis 2 period 1 8 closing parenthesis .. partialdiff sub t omega sub sigma minus d

Capital Delta omega sub sigma = u to the power of n open parenthesis t comma x closing parenthesis epsilon
plus bar nabla v sub sigma bar to the power of 2 divided by 1 plus epsilon bar nabla v sigma bar to the power of
2 minus 2 sigma u to the power of n sub hline to the power of open parenthesis epsilon sub open parenthesis 1 to
the power of 2 sub plus epsilon bar nabla v sub sigma bar to the power of 2 closing parenthesis to the power of 2
period to the power of minus 1 closing parenthesis nabla v sub sigma period nabla omega sub sigma

Hereafter comma we derive uniform estimates in sigma and epsilon period .. Using Solonnikov quoteright s
estimates

for parabolic equation open square bracket 5 closing square bracket we have
bar omega sub sigma bar L infinity open parenthesis open square bracket 0 comma T open parenthesis u sub

0 comma v sub 0 closing parenthesis open square bracket comma W to the power of 2 comma p open parenthesis
Capital Omega closing parenthesis closing parenthesis less or equal C open square bracket bar nabla v sub sigma
bar sub L p open parenthesis Capital Omega closing parenthesis to the power of 2 plus bar nabla v sub sigma
period nabla omega sub sigma bar sub L p open parenthesis Capital Omega closing parenthesis to the power of 2
closing square bracket period

The Gagliardo hyphen Nirenberg inequality open square bracket 5 closing square bracket in the in the form
bar u bar W to the power of 1 comma 2 p open parenthesis Capital Omega closing parenthesis less or equal C

bar u bar sub L infinity open parenthesis Capital Omega closing parenthesis to the power of 1 slash 2 C bar u bar
sub W to the power of 2 comma p open parenthesis Capital Omega closing parenthesis to the power of 1 slash 2

and the delta hyphen Young inequality open parenthesis where delta greater 0 closing parenthesis
alpha beta less or equal 1 divided by 2 open parenthesis delta alpha to the power of 2 plus beta to the power

of 2 divided by delta closing parenthesis comma
allows one to obtain the estimate
bar omega sub sigma bar L infinity open parenthesis open square bracket 0 comma T open parenthesis u sub

0 comma v sub 0 closing parenthesis open square bracket comma W to the power of 2 comma p open parenthesis
Capital Omega closing parenthesis closing parenthesis less or equal C open parenthesis 1 plus bar omega sub sigma
bar W to the power of 2 comma p open parenthesis Capital Omega closing parenthesis to the power of closing
parenthesis sub period

But omega sub sigma = partialdiff v sub sigma divided by partialdiff sigma sub comma hence by Gronwall
quoteright s inequality we have

bar v sub sigma bar L infinity open parenthesis open square bracket 0 comma T open square bracket comma
W to the power of 2 comma p open parenthesis Capital Omega closing parenthesis closing parenthesis less or
equal Ce to the power of C sigma period

αβ ≤ 1

2
(δα2 +

β2

δ
),

allows one to obtain the estimate

‖ ωσ ‖ L∞([0, T (u0, v0)[,W 2, p(Ω)) ≤ C(1+ ‖ ωσ ‖W 2, p(Ω))
.

But ωσ = ∂vσ
∂σ ,

hence by Gronwall ’ s inequality we have

‖ vσ ‖ L∞([0, T [,W 2, p(Ω)) ≤ CeCσ.
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Let t ing $ \sigma \rightarrow 1 $ and $ \epsilon \rightarrow 0 , $ we obta in

\ [ \paral le l v \paral le l L \ infty ( [ 0 , T [ , W ˆ{ 2 } ,
p ( \Omega ) ) \ leq C . \ ]

\noindent On the other hand , the Sobolev i n j e c t i o n theorem a l l ows to a s s e r t that
$ u \ in C ˆ{ 1 , \alpha } ( \Omega ) . $

\noindent Hence in p a r t i c u l a r $ \mid \nabla u \mid \ in C ˆ{ 0 , \alpha }
( \Omega ) . $ \quad Since $ \mid \nabla v \mid $ i s uni formly bounded , i t i s easy

then to bound $ \mid \nabla u \mid $ in $ L ˆ{ \ infty } ( \Omega )
. $ \quad As a consequence , one can a f f i r m that the s o l u t i o n

$ ( u , v ) $ to problem ( 2 . 1 4 ) − ( 2 . 1 6 ) i s g l o b a l ; that i s
$ T { \max } = \ infty . \ square $

\noindent 2 . 3 . \quad Larg $ e−hyphen $ t ime behavior . \quad In t h i s s e c t i o n , the l a r g e time behavior o f the g l o b a l
s o l u t i o n s to ( 2 . 1 4 ) − ( 2 . 1 6 ) i s b r i e f l y presented .

\noindent Theorem 2 . 5 . \quad Let $ ( u { 0 } , v { 0 } ) \ in C ˆ{ 2
, \epsilon } ( \Omega ) \times C ˆ{ 2 , \epsilon } ( \Omega ) $
f o r s ome $ 0 < \epsilon < 1 . $ \quad The system
( 2 . 14 ) − ( 2 . 1 6 ) has a g lo bal c l a s s i c a l s o l u t i o n . \quad Moreover , \quad as

$ t \rightarrow \ infty , u \rightarrow k { 1 }$ \quad and
$ v \rightarrow k { 2 }$ uni formly in $ x , $ and

\ [ k { 1 } + k { 2 } = \ f r a c { 1 }{ \mid \Omega \mid } \ int { \Omega }
[ u { 0 } ( x ) + v { 0 } ( x ) ] dx . \ ]

\noindent Proof . \quad The proo f o f the f i r s t part o f the Theorem i s presented above . \quad Concerning
the l a r g e time behavior , observe f i r s t that f o r any $ t \geq 0 , $

\ [ \ int { \Omega } [ u ( t , x ) + v ( t , x ) ] dx
= \ int { \Omega } [ u { 0 } ( x ) + v { 0 } ( x ) ] dx
. \ ]

\noindent Then , the func t i on $ t \rightarrow \ int { \Omega } u ( x )
dx $ i s bounded ; as i t i s de c r ea s ing , we have

\ [ \ int { \Omega } u ( x ) dx \rightarrow k { 1 } as t \rightarrow
\ infty ; \ ]

\noindent the func t i on $ t \rightarrow \ int { \Omega } v ( x ) dx $
i s i n c r e a s i n g and bounded , hence admits a f i n i t e l i m i t

$ k { 2 }$ as $ t \rightarrow \ infty . $ As $ \bigcup { t \geq 0 ˆ{ \{
( }} u ( t ) , v ( t ) ) \} $ i s r e l a t i v e l y compact in $ C
( ˆ{ \ r u l e {3em}{0 .4 pt} } \Omega ) \times C ( ˆ{ \ r u l e {3em}{0 .4 pt} } \Omega
) , $

\ [ u ( \tau { n } ) \rightarrow \widetilde{u} { , } v ( \tau { n }
) \rightarrow \widetilde{v} in C ( ˆ{ \ r u l e {3em}{0 .4 pt} } \Omega ) , \ ]

\noindent through a sequence $ \tau { n } \rightarrow \ infty . $ \quad I t i s not d i f f i c u l t to show that in f a c t
$ ( \widetilde{u} { , } parenr ight−t i l d ew ide−v $ i s the

s t a t i o n a r y s o l u t i o n to ( 2 . 1 4 ) − ( 2 . 1 6 ) ( s ee [ 3 ] ) .

\centerline{As the s t a t i o n a r y s o l u t i o n $ ( u { s } , v { s } ) $ to ( 2 . 1 4 ) − ( 2 . 1 6 ) s a t i s f i e s }

\ [\ begin { a l i gned } − \Delta u { s } = − u ˆ{ n } { s } \mid \nabla v { s }
\mid ˆ{ 2 } , in \Omega , \\
− d \Delta v { s } = u ˆ{ n } { s } \mid \nabla v { s } \mid ˆ{ 2 }

, in \Omega , \ f r a c { \partial u { s }}{ \partial \nu } = \ f r a c { \partial
v { s }}{ \partial \nu } = 0 , on \partial \Omega , \end{ a l i gned }\ ]

\noindent we have

\ [ − \ int { \Omega } \Delta u { s } . u { s } dx = − \ int { \Omega }
u ˆ{ n + 1 } { s } \mid \nabla v { s } \mid ˆ{ 2 } dx \ ]

\noindent which in the l i g h t o f the Green formula can be wr i t t en

\ [ \ int { \Omega } \mid \nabla u { s } \mid ˆ{ 2 } dx = − \ int { \Omega }
u ˆ{ n + 1 } { s } \mid \nabla v { s } \mid ˆ{ 2 } dx \ ]

\noindent hence $ \mid \nabla u { s } \mid = \mid \nabla v { s } \mid
= 0 $ i m p l i e s $ u { s } = k { 1 }$ and $ v { s } = k { 2 } . \ square $

\noindent Remarks . \ h f i l l ( 1 ) I t i s very i n t e r e s t i n g to address the ques t i on o f e x i s t e n c e g l o b a l

\noindent s o l u t i o n s o f the system ( 2 . 1 4 ) − ( 2 . 1 6 ) with a genuine n o n l i n e a r i t y o f the form
$ u ˆ{ n } \mid \nabla v \mid ˆ{ p }$

with $ p \geq 2 . $

( 2 ) I t i s p o s s i b l e to extend the r e s u l t s presented here f o r systems with non l in ea r
boundary c o n d i t i o n s s a t i s f y i n g rea sonab l e growth r e s t r i c t i o n s .
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Letting sigma right arrow 1 and epsilon right arrow 0 comma we obtain
bar v bar L infinity open parenthesis open square bracket 0 comma T open square bracket comma W to the

power of 2 comma p open parenthesis Capital Omega closing parenthesis closing parenthesis less or equal C period
On the other hand comma the Sobolev inj ection theorem allows to assert that u in C to the power of 1 comma

alpha open parenthesis Capital Omega closing parenthesis period
Hence in particular bar nabla u bar in C to the power of 0 comma alpha open parenthesis Capital Omega

closing parenthesis period .. Since bar nabla v bar is uniformly bounded comma it is easy
then to bound bar nabla u bar in L to the power of infinity open parenthesis Capital Omega closing parenthesis

period .. As a consequence comma one can affirm that the solution
open parenthesis u comma v closing parenthesis to problem open parenthesis 2 period 1 4 closing parenthesis

hyphen open parenthesis 2 period 1 6 closing parenthesis is global semicolon that is T sub maximum = infinity
period square

2 period 3 period .. Larg e-hyphen t ime behavior period .. In this section comma the large time behavior of
the global

solutions to open parenthesis 2 period 1 4 closing parenthesis hyphen open parenthesis 2 period 1 6 closing
parenthesis is briefly presented period

Theorem 2 period 5 period .. Let open parenthesis u sub 0 comma v sub 0 closing parenthesis in C to the
power of 2 comma epsilon open parenthesis Capital Omega closing parenthesis times C to the power of 2 comma
epsilon open parenthesis Capital Omega closing parenthesis for s ome 0 less epsilon less 1 period .. The system

open parenthesis 2 period 14 closing parenthesis hyphen open parenthesis 2 period 1 6 closing parenthesis has
a glo bal classical s o lution period .. Moreover comma .. as t right arrow infinity comma u right arrow k sub 1 ..
and

v right arrow k sub 2 uniformly in x comma and
k sub 1 plus k sub 2 = 1 divided by bar Capital Omega bar integral sub Capital Omega open square bracket

u sub 0 open parenthesis x closing parenthesis plus v sub 0 open parenthesis x closing parenthesis closing square
bracket dx period

Proof period .. The proof of the first part of the Theorem is presented above period .. Concerning
the large time behavior comma observe first that for any t greater equal 0 comma
integral sub Capital Omega open square bracket u open parenthesis t comma x closing parenthesis plus v open

parenthesis t comma x closing parenthesis closing square bracket dx = integral sub Capital Omega open square
bracket u sub 0 open parenthesis x closing parenthesis plus v sub 0 open parenthesis x closing parenthesis closing
square bracket dx period

Then comma the function t right arrow integral sub Capital Omega u open parenthesis x closing parenthesis
dx is bounded semicolon as it is decreasing comma we have

integral sub Capital Omega u open parenthesis x closing parenthesis dx right arrow k sub 1 as t right arrow
infinity semicolon

the function t right arrow integral sub Capital Omega v open parenthesis x closing parenthesis dx is increasing
and bounded comma hence admits a finite limit

k sub 2 as t right arrow infinity period As union of sub t greater equal 0 to the power of open brace open
parenthesis u open parenthesis t closing parenthesis comma v open parenthesis t closing parenthesis closing
parenthesis closing brace is relatively compact in C open parenthesis to the power of hline Capital Omega closing
parenthesis times C open parenthesis to the power of hline Capital Omega closing parenthesis comma

u open parenthesis tau sub n closing parenthesis right arrow u-tildewide sub comma v open parenthesis tau sub
n closing parenthesis right arrow tildewide-v in C open parenthesis to the power of hline Capital Omega closing
parenthesis comma

through a sequence tau sub n right arrow infinity period .. It is not difficult to show that in fact open
parenthesis u-tildewide sub comma parenright-tildewide-v is the

stationary solution to open parenthesis 2 period 1 4 closing parenthesis hyphen open parenthesis 2 period 1 6
closing parenthesis open parenthesis see open square bracket 3 closing square bracket closing parenthesis period

As the stationary solution open parenthesis u sub s comma v sub s closing parenthesis to open parenthesis 2
period 1 4 closing parenthesis hyphen open parenthesis 2 period 1 6 closing parenthesis satisfies

Line 1 minus Capital Delta u sub s = minus u sub s to the power of n bar nabla v sub s bar to the power of
2 comma in Capital Omega comma Line 2 minus d Capital Delta v sub s = u sub s to the power of n bar nabla
v sub s bar to the power of 2 comma in Capital Omega comma partialdiff u sub s divided by partialdiff nu =
partialdiff v sub s divided by partialdiff nu = 0 comma on partialdiff Capital Omega comma

we have
minus integral sub Capital Omega Capital Delta u sub s period u sub s dx = minus integral sub Capital Omega

u sub s to the power of n plus 1 bar nabla v sub s bar to the power of 2 dx
which in the light of the Green formula can be written
integral sub Capital Omega bar nabla u sub s bar to the power of 2 dx = minus integral sub Capital Omega

u sub s to the power of n plus 1 bar nabla v sub s bar to the power of 2 dx
hence bar nabla u sub s bar = bar nabla v sub s bar = 0 implies u sub s = k sub 1 and v sub s = k sub 2

period square
Remarks period .... open parenthesis 1 closing parenthesis It is very interesting to address the question of

existence global
solutions of the system open parenthesis 2 period 1 4 closing parenthesis hyphen open parenthesis 2 period 1 6

closing parenthesis with a genuine nonlinearity of the form u to the power of n bar nabla v bar to the power of p
with p greater equal 2 period
open parenthesis 2 closing parenthesis It is possible to extend the results presented here for systems with

nonlinear
boundary conditions satisfying reasonable growth restrictions period
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‖ v ‖ L∞([0, T [,W 2, p(Ω)) ≤ C.

On the other hand , the Sobolev inj ection theorem allows to assert that u ∈ C1,α(Ω).
Hence in particular | ∇u |∈ C0,α(Ω). Since | ∇v | is uniformly bounded , it is easy
then to bound | ∇u | in L∞(Ω). As a consequence , one can affirm that the solution
(u, v) to problem ( 2 . 1 4 ) - ( 2 . 1 6 ) is global ; that is Tmax =∞. �
2 . 3 . Larg e− hyphen t ime behavior . In this section , the large time
behavior of the global solutions to ( 2 . 1 4 ) - ( 2 . 1 6 ) is briefly presented .
Theorem 2 . 5 . Let (u0, v0) ∈ C2,ε(Ω) × C2,ε(Ω) for s ome 0 < ε < 1. The
system ( 2 . 14 ) - ( 2 . 1 6 ) has a glo bal classical s o lution . Moreover , as
t→∞, u→ k1 and v → k2 uniformly in x, and

k1 + k2 =
1

| Ω |

∫
Ω

[u0(x) + v0(x)]dx.

Proof . The proof of the first part of the Theorem is presented above . Concerning
the large time behavior , observe first that for any t ≥ 0,∫

Ω

[u(t, x) + v(t, x)]dx =

∫
Ω

[u0(x) + v0(x)]dx.

Then , the function t→
∫

Ω
u(x)dx is bounded ; as it is decreasing , we have∫

Ω

u(x)dx→ k1 ast→∞;

the function t →
∫

Ω
v(x)dx is increasing and bounded , hence admits a finite limit k2

as t→∞. As
⋃
t≥0{( u(t), v(t))} is relatively compact in C( Ω)× C( Ω),

u(τn)→ ũ, v(τn)→ ṽ inC( Ω),

through a sequence τn →∞. It is not difficult to show that in fact (ũ,parenright− tildewide− v
is the stationary solution to ( 2 . 1 4 ) - ( 2 . 1 6 ) ( see [ 3 ] ) .

As the stationary solution (us, vs) to ( 2 . 1 4 ) - ( 2 . 1 6 ) satisfies

−∆us = −uns | ∇vs |2, inΩ,

−d∆vs = uns | ∇vs |2, inΩ,
∂us
∂ν

=
∂vs
∂ν

= 0, on∂Ω,

we have

−
∫

Ω

∆us.usdx = −
∫

Ω

un+1
s | ∇vs |2 dx

which in the light of the Green formula can be written∫
Ω

| ∇us |2 dx = −
∫

Ω

un+1
s | ∇vs |2 dx

hence | ∇us |=| ∇vs |= 0 implies us = k1 and vs = k2. �
Remarks . ( 1 ) It is very interesting to address the question of existence global
solutions of the system ( 2 . 1 4 ) - ( 2 . 1 6 ) with a genuine nonlinearity of the form
un | ∇v |p with p ≥ 2.

( 2 ) It is possible to extend the results presented here for systems with nonlinear
boundary conditions satisfying reasonable growth restrictions .
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