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Abstract

This paper deals with a class of fractional hybrid differ-
ential equations. We prove an integral representation for the
studied class. Then, using the Banach contraction principle,
we establish some conditions that guarantee for us the exis-
tence of a unique solution.
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1 Introduction

The theory of Fractional differential equations is a very important tool for
modeling phenomena in applied sciences and engineering. It has applications
in physics, biology, chemistry, engineering, and more others applied domains,
we refer the reader to [9], [3], [13],[14] .

On the other hand, the hybrid differential equations is very interesting domain
for mathematics and physics, see for instance [1], [2], [5], [7], [8].

In this paper, we are concerned with the following problem:



48 S. Ferraoun and Z. Dahmani

.

D™ (f1 @ xl(t),zlz((?)» s :Jcn(t))>

= hi(t,z1(t), 2(t), ..., (1))
+ 1%k (t, 21 (), 22(t), ..., 2 (8),t € T

D () = ha(t.an(t), 2a(8), . (1))
2 t,.’L’l t , L9 t yeeey Ly t
(f (), 2200 ( >>> + 12Ky (t, 21 (t), 2(2), ..., 2p(t)),t € T

D (fn(t xl(t),?z((?% s xn(t))>

= ha(t,21(8), 22 (1), ..., 2 (1))
+ 10k, (t, 2y (L), 2a(t), .o 2 (), € T

Bi
50 = 6 ans

0
\ 0<Bi<li=12 .n.

(1)

where, for ¢ = 1, .., n, the symbols D% denote the Caputo fractional deriva-

tive with 0 < a; < 1, the symbols I% denote the Riemann-Liouville fractional

integral of order §; with 0 < §; < 1. J = [0, 1] represent a time interval, §; are

real numbers, ¢; are continuous functions on [0, 3], f; € C((J x R",R — {0})
and h;, k; € C((J x R",R).

The paper is organized as follow: Section 2 is devoted to the preliminaries
and most important notions used throughout the development of the main
results. In section 3, we prove the main result on the uniqueness of one solution
for the hybrid problem. In the last section, two open questions are posed.

2 Preliminaries

We introduce some useful definitions and lemmas [6, 10, 11, 12].

Definition 2.1 Let o > 0 and h : [a,b] — R be a continuous function. The
Riemann-Liouville integral of order « is defined by:

1 t
ISh(t) = m/ (t—s)* 'h(s)ds,a > 0,a <t < b.
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Definition 2.2 Let o« > 0,n—1 < a <n and h € C"([0,T],R). The Caputo
fractional derivative is defined by:

n
n—«x d

DUR(E) = IS (k)

= —1 t — )" M (5)ds
_ F(ﬂ_a)/o(t Jr=0=150) (5)ds.

Lemma 2.3 Forn—1<a <n and h € C*([0,T],R), the equation D*h =0
has a general solution given by:

h(t) = Co + Clt + Cgtz + ...+ Cn_ltn_l,

where ¢; € R;1=0,1,2,..,n — 1.

Lemma 2.4 Under the assumptions of the above lemma, we have

I°Dh(t) = h(t) + co + crt + cot® + ...+ e gt

3 Main Results

First, we mention that we have noted z = (1, x9, ..., x,)and z(t) = (x1(t), zo(t), ..., T, (1))
for the clarity of calculations and reading.

The following lemma is an auxiliary result that will be used throughout
this paper. We prove:

Lemma 3.1 Leti=1,2,....,n and0 < oy, ; < 1. If f; € C((J x R",R — {0})
and h;, k; € C((J x R",R), then, the solution of the equation

w [ Ti(t) bt Sk (t.
D (—fz(t,x(t)) hi(t, z(t)) + I°k;(t, x(t)) (2)

under the condition:

Bi
0
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15 given by:

zi(t) = ﬁ(tﬂﬂ)(ﬁ/o(t—T)ai_lhi(ﬂl’(T))dT

1 ' Qi+0;—
+m/o (t — 1) ey (1, (7)) dr
0. Bi
+ - fils,x(s))pi(s
0, 2(0)) = 6 I fis, () er(s)ds Jo Hoohai)
1 t “i=lp (1 x(7))dr
x [F(ai) | e=rr=tnatn
1 ! o;+6i—17..
—l—m/o (t — 7)™t kZ(T,.T(T))dT] ds)
with: fi(0,2(0)) # 0; foﬁi fi(s,(s))pi(s)ds.
Proof
For i =1,...,n, we consider:
o x(t) ) N 8.
D (fi(t,x(t) = hi(t,z(t)) + I°k;(t, z(t)), t € J (5)
By using lemmas 2.3 and 2.4, the general solution of (5) is given by:
s = Lt alt) + 1)~ o ()
where ¢y € R is an arbitrary constant.
From (6), we get:
i(t) = filt,x (@)% hi(t, x(8)) + 1T kit (1)) — co] (7)

On the other hand, we multiply both sides of (7) by 6;¢;(s), we get:

Oipi(s)xi(s) = Oipi(s)fi(s,z(s))
X[I%h;(s, z(s) + I* 0 k; (s, x(s))] — coeifi(s,x(s))goi(s)(&
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Then thanks to (8), we can write:

Bi Bi
Qi/o pi(s)zi(s)ds = ei/o pils) fi(s,(8))[T% (s, x(s) + 1%k (s, x(s))]ds

Bi
o / 0, (5, 2(5))ps(5)ds

(9)
Using (3) and (7), we get:

& (fi(Oaw(O)) -/ ’ ez»fxs,x(s))soi(s)ds) -0 " o) (s 2(5))

X [I%h;(s, 2(s) + I k;(s, x(s))]ds
(10)
which becomes
0;
(0, 2(0) = [} 0:5i(s, 2(5))u(s)ds)

Co —
(11)
Bi
/ wi(s) fi(s, 2(5)) [T (s, x(s) + I k(s 2(s))]ds
0
Replacing ¢y by its value in (7), we obtain (4).
Now, we introduce the following Banach spaces:

X, ={z(t),i=1,....,n:x; € C(J,R)} (12)

with the norm:

lillx, = sup{[z:()] - t € J} (13)

where 7 = 1..,n.

We bring to the attention that for ¢ = 1,2,...,n, (XZ-, ||||X) is a Banach
space.

The product space:

(H X, H.um_lxi) (14)

is also a Banach space.
Let Q be an operator defined by:

Q: [T Xi =TT, Xi

x(t) — Qx(t)
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such that for ¢t € J,
Qx(t) = (Qiz(t), Qo(t), ..., Quz(t)) (15)

where:

Q1x<t) = fz(tv :L'(t)) (F(loéz) \/O (t - T)aiilhi(Tv fL’(T))dT

1 ' a;+0;—1
+F(ai+5i)/0(t—7) P (1, 2(7))dr

0, Bi
4
fi0,2(0)) = 6; [y fi(s, z(s))pils)ds Jo

L t “=p (r x())dr
X[m/o“”) ha(r, 2(r))d

fi(s,2(s))pi(s)

+—F(ai1—i— 5 /0 (t — 1) e (7, x(T))dT] ds)

(16)
Theorem 3.2 We suppose that:
H1. There exist constants &;; , G fori,j =1,...,n such that:
|hi(t> L1, >$n) - hi(t’ Yiy -y yn)l S Z&J'x] - yj| (17)
j=1
and
j=1

forallt e J, x,y € R™.

H2. There exist nonnegative constants F;, v = 1,...,n such that for all
teJandx eR, |fi(t,x(t))| < F;.
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H3. >, ((I)i Z}Ll §ij + 95 2?21 Cij) < 1, where:

F?|0;[supleq(s)] 57
seJ

)
@Z‘ — : )
o+ 1) Tas +2)/f(0,2(0)) — s [ fols: 2(s)) oa(s)ds]
. F210;|suple;(s)]grot!
\IJi - i 4 se€J :
T(as+ 6+ 1) T(ag+0;+ 2)1£:(0,2(0) — 6 [ fi(s, 2(5))ga(5)ds

are satisfied.
Then, there exists a unique solution to (1) provided that 0; and f;(0,z(0))
satisfy the condition of Lemma 3.1.

Proof

We need to proceed on two steps:
Step 1: Let B, be given by B, = {z € [[_; X; : ||zl x, < r} where r is
defined by:

Yo OH + UK
Tz T = (19)
1= (% Zj:l §ij + Zj:l Gij)

Let H; := sup|h;(t,0,...0)| < co and K; := supt € J|k;(t,0,...0)| < oo, for
. teg teg
i=1,..,n.

We notice that using (H1), for € 98,, we can write:

|hi(t)x17”'7xn)’ S |hz<t7x177xn)_hz(t7070)|+|hl(t’070>|
< Do Sl + Hi (20)
< > &y + H,
and
’ki(t,l’l,...,l’n” < |/<:z(t,a:1,,xn)—kl(t,O,O)]—i—W(t,O,O)|
< Do Gl + K (21)
<

> i Gigr + K;

On the other hand, we have:



54 S. Ferraoun and Z. Dahmani

1Qiz(1)] < |fi(t,$(t))|<ﬁ/0(t—T)ai_llhi(T»x(T)ﬂdT
1 ' o +0;—1
—i—m/o(t—ﬂ %N ks, (7)) |dr

T l / " s )i
110.200) — 07 fils o(s)grs)ds] o

x [ﬁ/o (t — 1) hi(r, (7)) |dr

1 t a;+0;—1]1..
v B A |’fz<ﬂfv<f)>|dT] ds>
(22)
So, using (H1), (H2), (20), and (21), we get:

1 R
|Qiz(t)] < E‘(m/o(t—ﬂa’ dr (Zfiﬂ“*‘%)

7j=1
+; /t(t — T)aiJréiildT Zn: Q-jr + Kz
E;10;|suple;(s)]

seJ

_|_
|£:(0,2(0)) = 0 [ fils, x(5))i(s)ds| (23)
Bi 1 t 1 n ) |
<) [r<ai>/o<t_7) " <Z§+H>

1 t i
- t — a;+6;—1 » )
AR b i)

i=1

)
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which leads to:

- F2|6 Isuplsoz( |5
e < ! i+ H;
”Qz “ S (F(ai+1)+F<C¥@+2)|fz(0 x —9 folfz S, x(s )) d5|> <Z§ " )

E. Fi2|9i|sup’(pi(s)|6?i+6i+1
- + seJ .
(F(Oéi +0; +1) [(cy + 6; + 2)[ f:(0,2(0)) — 6; fo " fils, x(s))¢i(3)d5|>

X ( Gigr + Ki)
j=1

n

= @ §ijr + Hi) + ¥, (Z GijT + Ki)
j=1

J=1

+

(24)
fori=1,...n

So (24) implies that:

j=1 i=1

Hence,

Qi x, < 7 (26)

which leads to the conclusion that Q;(*8,) C B, .
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Step 2: Let z,y € X;. For each t € J, we have:

|Qix(t) — Quy(t)| < Ifi(t,x(t))|<

+

1
['(cv)

/0 (t — 7)o ha(r, (7)) — hi(r, y(r)|dr

1 ) / (t i T)Ozi+5i*1|]€i(7', Z‘(T)) — ki(Ta y(T)>|dT

x{l

_|_

Thanks to (H1) and (H2

|Qix — Qiyllx, < E(

Fil6 /Iso
|f,<0:c — 0, 7 fi(s,2(s))pi(5)ds] Z

o) /0 (t — 1) (7, 2(7)) — hi(T, 2(7))|dT

1 t a;+06;—1
m/o (t — 1) i, 2(7)) — ki(T,y(T))|d7—:| d3>
(27)
), we get:

1 1,
o [ =t Yol —
7 0 j=1

1 ' o;+6;—1 -
e €= Y Gl = )

Jj=1

F;|6;] B; |
R0 9 o e o P

x[l

t n
(t—7)*dr ) &lle; — il
F(Oél) /0 ]z:; J J J

which becomes

(

1 t oo "
Tlos 07 / (t — )%t 1dTZCz’ijUj—yjH] d5>
(A (A 0 j:l

(28)
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HQiSL’ - Q;

F, F2|0;]sup|ep;(s)| 80!
< ( : + s€J | )
o+ 1) I'(cv; +2)|£f:(0,2(0)) — 6 fo " fi(s, x(s))pi(s)ds]

X (Z &ijllwy — yj||>
j=1

seJ

* (F (a; + 5 +1 + T(a; + 0; 4+ 2)| (0, 2(0)) — 0; [o " fi(s, x(s))i(s)ds]

(Z Gijllw; — yﬂl)
>

= & &ijllz; — yj||> +¥; (Z Gijllzy — yj||>

j=1

F2|0;]sup|pi(s)| B0t )

(29)
From (29), we have:

||Qz’$ - Q,

< (qazgijwizczj)x(anj—yjn) (30)
j=1 j=1 j=1
fori=1,...,n.

Therefore,

1Qr = Qyllyr, xi < Z ( Z&J + Z%) x <Z ;= yjH)
j=1

i=1
(31)
Since (H3) assures that > ., (@i PRI 7D D Cij> < 1, then the oper-
ator Q is contractive. Then, according to Banach contraction principle, the
system (1 ) has a unique solution on [0, 1].

4 Open Problems

It is to note that, in the future, we will be concerned with the problem (1) for
studying the existence of solution via Leray Schauder theorem and/or Kras-
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noselskii fixed point lemma.

Open problem A: In this paper, we have presented some conditions to prove
the existence and uniqueness of one solution for the problem (1). One first
question that needs to be asked is the following:

Is it possible to change the Banach space of the above problem and to present
some other conditions assuring the uniqueness of solution?

Open problem B: If we conserve the space and we change its associated
norm, what can be the conditions that assure the uniqueness of solution for

(1).
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