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Abstract In this paper, we investigate the relationship between solutions and their derivatives for
the differential equation f®+A;_; f* D+ . +Ayf = 0 with k > 2 and entire functions of
finite iterated p—order, when A; (j = 0, 1, ...,k — 1) are entire functions of finite iterated

p—order in order to generalize and extend the results given by Wang and Lii, Liu and
Zhang and Belaidi.
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1. INTRODUCTION AND MAIN RESULT

In this paper, we shall assume that the reader is familiar with the fundamental re-
sults and the standard notations of the Nevanlinna value distribution theory of mero-
morphic functions (see [3], [8]). For the definition of the iterated order of a mero-
morphic function, we use the same definition as in [4], [2, p. 317], [5, p. 129]. For
all r € R, we define exp; r := ¢ and exp,,, | r := exp (exp,, r) , p € N. We also define

for all r sufficiently large log, r := logr and log ., r := log (logp r), p € N. More-
over, we denote by exp, r := r, log, r := r,log_, r := exp, r and exp_, r := log; .

Definition 1.1. ([4], [5]) Let f be a meromorphic function. The iterated p—order
P, (f) of f is defined by

__log, T (r, f)

P, (f) = lim

A oer (p =1 is an integer), (1.1)

where T (r, f) is the Nevanlinna characteristic function of f (see [3], [8]).
For p = 1, this notation is called: order, and for p = 2 : hyper-order.

Definition 1.2. ([4], [5]) The finiteness degree of the order of a meromorphic func-
tion f is defined by
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0, for f rational,
min { JEN:p;(f) < +00} , for f transcendental for which

some j € N with p; (f) < +00 exists,
+00, Jor f withp; (f) = +oo forall j € N.

i(f)= (1.2)

Definition 1.3. ([4]) Let f be a meromorphic function. The iterated exponent of
convergence of the sequence of distinct zeros of f (z) is defined by

~(rl
30 - T e )

; p =1 isaninteger, (1.3)
r—+00 logr

where N(r, %) is the counting function of distinct zeros of f (z) in{|z| < r}. Forp =1,
this notation is called: exponent of convergence of the sequence of distinct zeros, and
for p = 2, we get the hyper-exponent of convergence of the sequence of distinct zeros.

Definition 1.4. ([6]) Let f be a meromorphic function. Then the iterated exponent of
convergence of the sequence of distinct fixed points of f (z) is defined by

_ log N(r, L_)

; p =1 isaninteger. (1.4)

For p = 1, this notation is called: exponent of convergence of the sequence of distinct
fixed points. However, for p = 2, we get the hyper-exponent of convergence of the
sequence of distinct fixed points (see [7]). Thus T, (f) = I,, (f — 2) is an indication
of oscillation of distinct fixed points of f (z).

Definition 1.5. The growth index of the iterated convergence exponent of the se-
quence of zero points of a meromorphic function f with iterated order is defined by

0 ifn(r, %) = O (logr)
ip(f) =4 min{n e N: 2, (f) <} ifd,(f) < oo for some n € N.
00 if 4, (f) < o foralln e N

Similarly, we can define the growth index i7(f) of /_1p (f) and i (f),iz(f)
of Tp (). Tp ().

For k > 2, we consider the linear differential equation
fP+A@f=0, (1.5)

where A (z) is a transcendental meromorphic function of finite iterated order p » A) =
o > 0. Many important results have been obtained on the fixed points of general tran-
scendental meromorphic functions for almost four decades (see [11, 13]). However,
there are a few studies on the fixed points of solutions of differential equations. In
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[15], Wang and Lii have investigated the fixed points and hyper-order of solutions
of second order linear differential equations with meromorphic coeflicients and their
derivatives. They have obtained the following result:

Theorem A ([15]) Suppose that A (z) is a transcendental meromorphic function sat-

mr,

isfying 6 (c0,A) = lim T(rﬁg =0 >0,p(A) = p < +oo. Then every meromorphic
r—+oo0 " V7’

solution f (z)7 0 of the equation

f +ARf=0 (1.6)

is such that f, f and f" have infinitely many fixed points and
TN =7(f)=7(f") =p () = +e, (1.7)
L =0()=%(f)=p () =p. (1.8)

Theorem A has been generalized to higher order differential equations by Liu
and Zhang as follows (see [13]):

Theorem B ([13]) Suppose that k > 2 and A (2) is a transcendental meromorphic

function satisfying 6 (c0,A) = lim ?E:ﬁ; =6 >0,p(A) = p < +oo. Then every

F—>+00
meromorphic solution f (z) # 0 of (1.4), has the property: f and f',f", ..., f® all
have infinitely many fixed points and

TN =7(f)=7(f) =.. =7 (fP) =p (f) = +ov, (1.9)

LN =2()=%(f) = =2(/) = (N =p. (1.10)

Theorem A and B have been generalized by B. Belaidi for iterated p-order
(see [2]):
Theorem C ([2]) Let k > 2 and A (2) be transcendental meromorphic function of

finite iterated order p,(A) = p > 0 such that §(c0,A) = r1—1>13100’;1£:2; =6 > 0.

Suppose, moreover, that either:

(i) all poles of f are of uniformly multiplicity or that

(ii) 6 (o0, f) > 0.

If ¢ # 0 is a meromorphic function with finite iterated p—order p, () < +oo, then
every meromorphic solution f (z) # 0 of (1.5), satisfies

L= =4 (f =)= =4, (fP = ¢) = p, () = +o, (1.11)

and
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Y (F=9) =y (= ¢) = = Lo (1¥ —¢) =ppu (N =p. (112
For k > 2, we consider the linear differential equation
FO LA fF D e v A =0, k>2, (1.13)

where A; (j = 0,1, ...,k — 1) are entire functions of finite iterated p—order.

The main purpose of this paper is to study the relation between solutions and
their derivatives of the differential equation (1.13) and entire functions of finite iter-
ated p—order where we generalize and extend the results of Wang and Lii, Liu and
Zhang and Belaidi. In fact, we prove the following result:

Theorem 1.1. Let k > 2 and (A))j-0,12,.k—1 be entire functions of finite iterated
p-order such that i (Ag) = p;0 < p < oo. Assume that

max {i (4,),(j = 1, .k = D} < i(A)

or
max {p, (4;).(j = 1,..k = D} < p, (Ag) < +v.

If ¢ (2) # 0 is an entire function with i(¢) < p + 1 or p,,| (¢) < p,, (Ao), then every
solution f (z) # 0 of (1.13) satisfies

iZ(f7-¢) =i (fO-¢)=i(H=p+1,ieN (1.14)
and
Tt (F7 = 0) = Apar (F7 = @) = i1 (f) =p, (Ag), i €N, (1.15)
For ¢ (z) = zin Theorem 1.1, we obtain the following corollaries:
Corollary 1.1. Let k > 2 and (A))j=0,12,.k-1 be entire functions of finite iterated
p-order such that i (Ag) = p(0 < p < 00). Assume that

max {i(A;).(j = L.k = D} < i(4)

or
max {p, (4,).(j = 1,...k = D} < p,, (A9) < +cv.

Then every solution f (z) # 0 of (1.13), is such that all the derivatives f @ (i € N) have
infinitely many fixed points and we have

i=(fO) =i (fP)=i(fH=p+1,ieN (1.16)
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and

Tput (£7) = 71 (F©) = ppus (f) =, (A0) = p, i €. (1.17)
Corollary 1.2. Suppose that k > 2 and A (2) is a transcendental entire function such
that 0 < p,(A) = p < +oo. If ¢ (2) # 0 is an entire function with i(¢) < p + 1 or
Pp+1 (®) < p, then every solution f (z) # 0 of (1.5) satisfies (1.14) and (1.15).
2. AUXILIARY LEMMATA

To prove our main results, we need the following lemmata.

Lemma 2.1. [6] Suppose that Ay, Ay, ..., Ar—1, F (# 0) are meromorphic functions
and let f be a meromorphic solution of the equation

FO LA fE Dy +Af +Af=F, (2.1)

suchthati(f) =p+1(0 < p < ). If either
max {i (F),i(4;) j=0,1,...k=1} < p+1

or
max {p,1 (F).pps1 (4)) j=0.1, ..k =1} < p,i (),

then we have i7(f) = ia(f) = i(f) = p + 1 and Dps1 (f) = Aps1 (f) = ppo ().
Lemma 2.2. (see Remark 1.3 of [10]). If f is a meromorphic function with i (f) = p,
then p,,(f') = p, ().
Lemma 2.3. ([10]) Let k > 2 and Aj (j = 0,1, ...,k — 1) be entire functions of finite
iterated p-order such that i (Ag) = p, (0 < p < o0). Assume that
max {i (4,),(j = 1, .k = D} < i(A)

or

max {p, (4,).(j = L.k = D} < p,, (Ag) < +cv.
Then every solution f (z) # 0 of (1.13) satisfies i (f) = p+ 1 and p,,., (f) = p, (Ao) .

LetA; (j=0,1,...,k—1) be entire functions. We define the following sequence of
functions:

AY=Aj, j=0,1,.,k-1
. . Ai-1Y
Ay = AZ_—]1 - @’ ieN
Ay (2.2)
‘I”'.—l)
i—1 '—1( Jj+l . .
Al Al] +Alj+1w’ ]—0,1,...,k—2, leN,
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i +1
where WPi-1 = L
J+1 Ai-l
0

Remark 2.1. In the case where one of functions A; (j=0,1,....k—-1) is equal to
zero then A;“ = A;_l (Gj=0,1,...,k=1).

Lemma 2.4. Assume that f is an entire solution of (1.13) . Then g; = f© is an entire
solution of the equation
(k=1)

g+ Al g% V4 +Algi =0, (2.3)

where A;. (j=0,1,....k — 1) are given by (2.2).

Proof. Assume that f is a solution of equation (1.13) and let g; = f. We prove that
gi 1s an entire solution of the equation (2.11) . Our proof is by induction: Fori = 1,
differentiating both sides of (1.13), we obtain

FED L A f O+ (A + M) fEV + L (A + Ag) f + A f =0, (24)

and replacing f by

_ O+ A T+ A

Ao ’
we get
A , A , A,
f(k+1)+(Ak_1 - A—O)f(k)+(Ak_l + A — Ak_lA—O]f<’<—‘)...+[A1 + Ao —AIA—O)f = 0.
0 0 0

That is

k 1 (k-1 1 (k-2 1
g(1 ) +Ak_1g(1 ) +Ak_2g(1 ).+ Apg1 = 0.
Suppose that the assertion is true for the values which are strictly smaller than a

certain i. We suppose g;_; is a solution of the equation
k i—1 (k=1 i—1 (k=2 j—
gg_)l + AZ—llgE_l )+ A;c_lzgg_l )+ A lgi1=0. (2.5)

Differentiating (2.5), we can write

K+l i1 (k i—1Y k-1
gE—JI ) +A;<—1g§_)1 + ((A;c—l) +Ak*2)gf—1 "+

N ((A";l) n Ag—l) g, +Apgio1 = 0. 2.6)
In (2.6), replacing g;—; by
@Y + AT g+ ALY+ Agin))
Ai—l
0

8i-1=—

>
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yields
Ai-l)’ , (Ai—l)/
(k+1) i—1 ( 0 (k) i—1 -1 U0 (k=1)
g, + A - = g+ (A;H) + A2 — A T i et
0 0
, (Ai—l)'
i i . O ’
+|(AT") + A5 - a7t |41 =0 2.7)

0

That is
k i1 (k=1 i1 (k=2 i1
gg—)l +A;{_1g§_1 )+A2_2g§_1 = + Ay gi-1 =0.

Lemma 2.4 is thus proved. i

Lemma 2.5. Let A; (j=0,1,....k— 1) be entire functions of finite order. Assume
that

max {i(A;),(j = 1,...k = D} <i(Ao)

or
max {p, (4;).(j = 1.k = D} < p,, (A9) < +ev,

and let A‘J (j=0,1,....k—1) be defined as in (2.2). Then all nontrivial meromorphic
solution g of the equation

g+ A g%V +Ajg=0,k22 (2.8)

satisfy - i(g) =p+1 andpp+1 (&) =p.

Proof. Let {f1, f2, ..., f} be a fundamental system of solutions of (1.13). We show

that { l(i), Z(i), ey fk(i)} is a fundamental system of solutions of (2.8). By Lemma 2.4,

it follows that f(i), Z(i), - k(i) is a solutions (2.8) . Let a1, ay, ..., @i be constants such
that _ . '
(Ilfl(l) + a’zfz(l) +...+ a/kfk(’) =0.

Then, we have
afitarfo+.. +tafk = P2,

where P (z) is a polynomial of degree less than i. Since a;f] + a2 fo + ... + aifi is
a solution of (1.13), then P is a solution of (1.13), and by Lemma 2.3, we conclude
that P is an infinite solution of (1.13); this leads to a contradiction. Therefore, P
is a trivial solution. We deduce that a;f] + a2 f> + ... + axfiy = 0. Using the fact
that {f1, />, ..., fx} is a fundamental system of solutions of (1.13), we get @] = ap =

. = a¢ = 0. Now, let g be a non trivial solution of (2.8). Then, using the fact
that { l(i), 2(i), - fk(i) } i1s a fundamental solution of (2.8), we claim that there exist
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constants ap, s, ..., & not all equal to zero, such that g = fl(i) +an fz(i) + ..+ f]fi).
Leth = a) fi+a fo+...+a fi, h be a solution of (1.13) and A?) = g. Hence, by Lemma
2.2, we have Pp+i (h) = Pp+i (g), and by Lemma 2.3, we have i (h) = i(g) = p + 1
and p,. 1 (h) = p,e(8) =p- 1

3. PROOF OF THEOREM 1.1

Assume that f is a solution of equation (1.13). By Lemma 2.3, we can write i (f) =
p+1.p,,1(f) =p,(Ag). Taking g; = f1, then, using Lemma 2.2, we have i(g;) =
p+1, Pp+i (g) = Pp (Ag) . Now, let w(z) = g; (z) — ¢ (z) , where ¢ is an entire function
with pp+1 (90) < pp (AO) .

Theni(w)=i(g)=p+1,andp,.; W) =0, (8) = ppi1 (f) =p(A0).

In order to prove i;(gi —@)=i(g—-@)=p+land A,1(gi—¢) = Aps1(gi —¢) =
p (Ap), we need to prove only iz (w) = iy (w) = p + 1 and /_lp+1 (w) = p(Ap). Using
the fact that g; = w + ¢, and by Lemma 2.4 we get

w® 4 Al D kA = — (o0 AoV + L+ Afe)=F. (3D

Byp, (Aj.) < 00, 0,41 () < p, (Ag) and Lemma 2.3, we get F % 0 and p,,, | (F) < oo.

By Lemma 2.4 iz (w) = i3 (w) = p+ 1 and ipﬂ W) = Apy1 (W) = Pp+1 w) = p(Ap).
The proof of theorem 1.1 is complete.
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