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Abstract. In this paper we study a coupled system of nonlinear differential
equations of two arbitrary orders o, 3 € Rt —N. New existence and uniqueness
results are established using Banach fixed point theorem. Other existence
results are obtained using Schaefer and Krasnoselskii fixed point theorems.
Some illustrative examples are also presented.

1. Introduction

The fractional differential equations theory arises in many scientific disciplines,
such as physics, chemistry, control theory, signal processing and biophysics. For
more details, we refer the reader to [7, 9, 11, 12] and the references therein. Re-
cently, there has been a significant progress in the investigation of these equations,
(see [3, 4, 13, 14]). Moreover, the study of coupled systems of fractional differen-
tial equations is also of great importance. Such systems occur in various problems
of applied science. For some recent results on the fractional systems, we refer the
reader to ([1, 2, 5, 6].

In this paper, we discuss the existence and uniqueness of solutions for the following
coupled system of fractional differential equations:

D (t) = fi (t,v (t), D> 1v (t), D 2v (t),..., D= ("= Dy (1)) ,t € [0,1],
Dfv(t) = fo (t,u(t), D~ u(t), DP~2u(t), .., DF~"=Du (1)) ,t € [0,1],
u(0) = ug, u' (0) =u"(0) =...=u""2(0) =0, (1)
w1 (0) = yIPu (1) ,n €10,1[,
v (0) = vg, v (0) =... =02 (0) =0,

o= (0) = 619 (¢) , ¢ €10, 1,

where D* and D” denote the Caputo fractional derivatives, p and ¢ are non
negative reals numbers, n — 1 < a < n,n—1< f < n, with n € N*,n # 1,
ug, vy € R, f1 and fo are two functions which will be specified later.
The paper is organized as follows: In section 2, we present some definitions, pre-
liminaries and lemmas. Section 3 is devoted to existence of solutions of problem
(1). At the last section, some examples are presented to illustrate our results.

2. Preliminaries

The following notations, definitions and preliminary facts will be used through-
out this paper.
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Definition 1. The Riemann-Liouville fractional integral operator of order a > 0,
for a continuous function f on [a,b] is defined as:
T o
I“f(t)_r(a)/a (t—7) " f(r)dr,a>0,a<t<b (2)
where T () == [;° e "u*"'du.
Definition 2. The Caputo fractional derivative of order o > 0 for f € C™([a,b])
is defined as:

t
Def(t) = ﬁ/ (t—7)"" " M ()dr,n—1<a<n,neN ' te|ab.
(3)

For more details about fractional calculus, we refer the reader to [10].
The following lemmas give some properties of Riemann-Liouville fractional inte-
gral and Caputo fractional derivative [7, 9]:

Lemma 3. Let r,s > 0,f € Li([a,b]). Then I"I°f(t) = I""5f(t),D5I°f(t) =
ft),t € a,b].
Lemma 4. Let s >r >0, f € L1([a,b]). Then D"I°f(t) = I°""f(t),t € [a,b].
To study the coupled system (1), we need the following two lemmas [7]:
Lemma 5. For a > 0, the general solution of the equation D®x (t) = 0 is given by
z(t) =co+cit+cat? + . ey i t" (4)
where ¢; € Rji =0,1,2,..,n—1,n=[a] + 1.
Lemma 6. Let a > 0. Then
ID% (t) = (t) + co + 1t + cot? + oo + e 1 t" 1, (5)
for some ¢; € R,i=0,1,2,...,n—1,n=[a] + 1.
We need also the following auxiliary result:

Lemma 7. Let g € C (]0,1],R). The solution of the problem

Dz (t)=g(t), n—1<a<n, neN (6)
subject to the conditions
z(0) = zo, ' (0) =2" (0) = ... = 2"~2 (0) = 0,
and
2" (0) = yIPz (1) ,n €]0,1[,p > 0
1s given by:

x(t) = ﬁ/o (t—s)* " g(s)ds + xo

n—1 n _SP+04—1 D
AT (p+ )t )(/ (=5 s tag )

['(n) (T (p+n) —ypetnt L'(p+a) C(p+1)

provided that v # Egjﬁ?
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Proof. By Lemmas 5,6, the equation (6) implies that:

z(t) = ﬁ /0 (t— T)Oé_l g(T)dT —cog — 1t —cot* — .. —c_1t" L (8)

For any £k =1,2,...,n — 1, we can write

™ (0) = —kley, for k=1,2,...,n—1.

Using the fact that 2(0) = xg, and 2/(0) = ... = (=2 (0) = 0, we obtain ¢y = —xo,
and ¢; = ¢ = ... = ¢,—2 = 0. Thanks to Lemma 3, we get
1 xotP [ (n)tptn-t

P v T — )P g (8)ds + ——— — ¢y
Po0) = o |, € s e e T

Using the conditions of Lemma 7, we have

o L p+n) pta i
"L T ) (Tt n) — ) <I g(m)+ °r<p+1>)'

Substituting cg, ¢1, ca, ..., ¢,—1 in (8), we obtain the desired quantity (7). O
Let us now introduce the spaces:

X = {u e 0([0,1],R); Dy, D2y, ..., D~ ("=Dy e ([0, 1] ,R)} :

Y = {v € 0([0,1],R); DP~Ly, DP~ 2y, ..., DP~(=Dy € ([0, 1] ,R)}.

For n — 1 < a < n, we define on X the norm

Jeally 1= max (Jfall [0, [[ D220 .o, [ Do D] )5

Ju|| = sup |u(t)],|| D Fu|| = sup ‘D"_ku(t) ik=1,2,..,n—1, foralln > 2.
te[0,1] te[0,1]

We also define on Y the norm

ol = max (loll, [ DA~ [DA=20] .|| P00},
HUH = sup |’U(t)| , HDB*h,UH = sup ’D'Bihﬂ(t)’ ,h, = 1,2, e, — 1, for all n Z 2,

) €10,

where n — 1 < 8 < n.

For the space X x Y, we define the norm
Ity 0) = mase (Yl ol )-

It is clear that (X x Y, ||||2) is a Banach space.
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3. Main Results

We introduce the following quantities:

Mo -1 [T (p+n)nPte
YT T(a+l) T (p+n) -y T (pta+1)
[V, 6T (g +n) ¢**7
2 T(B+1)  T(n)|M(g+n) -6 T (g+5+1)
Moo=t [T (p+n)nPte
YT+ Tp+n) -yt T(p+a+ DT (n+k—a)’
Y ST S 6T (g +n)¢"**
h L(h+1) |D(g+n)—6¢"" " T(g+B+ 1T (n+h—B)
and

A YT (p+n)

LT T[T +n) -t

o = 9] T (¢ +n)

T T(m)[D(g+n)—enetet]

o V[T (p+n)

g T (p+n)—yprt* T (n+k—a)’

T
wlh |5| (Q+n)

T (g+n) = 6¢T " T (n+h—p5)

Also, we consider the following hypotheses:
(H1) There exist non negative real numbers m;,n;,i = 0,1,...,n — 1, such that for
all t € [0,1], (uo, Uty o Un—1) , (V0, V1, -y Vn—1) € R™, we have

|f1 (ta Ug, UL, "'aun—l) - fl (ta Vo, V1, ~'~7UTL—1)|
< mg |ug — vol| +my fur —vr| + . F Mp_1 |1 — Vp—1|,
|f2 (t, Up, U1, ...,un_l) — fg (t, Vo, V1, ~-~7'Un—1)|

< ng|ug —vo| +n1fur —vi| 4+ ..+ np1 [up—1 — va—1l,
with 7 := max {mi}?:_ol , T 1= max {ni}?:_ol .
(H2) The functions fi, f2 : [0,1] x R™ — R are continuous.
(H3) There exist positive constants Ly and Lo, such that for all ¢t € [0,1],w € R™,
we have
|fi (b, w)| < Ly i =1,2.

Our first result is given by:

Theorem 8. Suppose that v # };ﬁt?f,é # gq(?rﬂlf and assume that (H1) holds. If

1
max (m, n) max (M, My, My, M) < —, (9)
n

then the fractional system (1) has a unique solution on [0,1].
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Proof. Consider the operator T : X x Y — X X Y defined by

T (u,0) (t) = ( T1 (v) (t), T2 (u) (t) ), (10)
where
Ty (v) (t)
i (t — S) ot a—1 a—2 a—(n—1)
:/0 (o) f1 (s,v(s),D v(s),D* v (s),....,D v(s)) ds
ot W (p+n)tn!

L'(n) (T (p+n) —ynprtn=t)

K (7] — S)p+a_l a—1 a—2 a—(n—1)
) </0 o (506D ) D R0 (), DT D (s)) ds

and
Ty (u) (t)
t (g g)B-1
:/0 (; (B)) fo (S,U(S),D'B_lu (S),Dﬁ_QU (S),...,DB_(n_l)u(S)) ds
+ S or (q + TL) A

L (n) (T (q+mn) —6¢T" ")

T (q+p)

L. ¢!
T <q+1>>'

We use Lemma 4. For all k =1,2,....n — 1, we have
D Ty (v) (1)

x </ I (), D s), DR (s) o DO () d
0

f—s)*! a-1 a=2 a—(n—1
:/0 0 f1 (s,v(s),D v (s),D* v (s),...,D*( )v(s)) ds

W (p A n) et
T p+n)—ypptn=HT (n+k—a)

+

K (77 — 8)p+a_1 a—1 a—2 a—(n—1)
X(/O oo f1(371;(5),D v(s),D* v (s),..., D¢ v(s))ds

« "
+“°r<p+1>)’
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and for all h =1,2,...,n — 1, we can write
D7y (u) (1)
t (t _ S) h—1

:/0 T (h) fo (s,u(s) , DM (s), D2 (s), ...,Dﬁ_(”_l)u(s)) ds

6T (q +n) tnth—6-1
(T(g+n)—6¢C"™ )T (n+h-p)

¢ (= 5)q+B_1 1 —2 —(n—1)
X (/O S TR (3 u(s), DP~u(s), DP~2u(s),..., DP u(s))ds

L
+”Or<q+1>>'

We shall show that T is contractive. Let (u1,v1), (ug,v2) € X x Y. Then, for each
t € ]0,1], the operator T defined by (10) implies that

IT1 (v2) (t) —T1 (v1) ()]

Pt —s)! VT (p+n)t"t (- s)PT!
= / T “'Toretn 1)y Tota ©
X sup ’fl (5,112 (5)a~~-aDa7("7l)U2( )) f1 (8 vy (s), vy DO (g (3))’
0<s<1

Using (H1), we can write:

T3 (v2) — T (v1))]

1 Y| T (p+ n) Pt
= (F<a+1>+r<n>|r<p+n>—vnp+n1r<p+a+1>>

x (mollea = il + o+ may [ D200 (0 — ) ).

Consequently,

[T (v2) — T (v1)|| < Mymn [Jvg — o1y, - (11)

Similarly, it can be shown that

T2 (u2) — T (ur)|| < Mann [lug — ;- (12)
On the other hand, for all k =1,2,...,n — 1, we have

|Da_kT1 (7.)2) (t) — Da_le (’Ul) (t)’

S PR 2 T (Y FL )
o T T@+n Tt k—a) )y Tita

X sup ’fl (s g (8) ., DO Dy (s )) f1 (5 vy (s) ..., DOV, (s))’

0<s<1
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This implies that
|Da_kT1 (’1)2) — Da_le (’Ul)|

< ( 1 T (p+n)n" )
+
- \I'(k+1) [T'(p+n)—yppt»T'(p+a+1)T'(n+k—a)

% (mollea = 1]l + ooty [D207D) (03— ) ).

Therefore,

| D*~FTy (v3) — D*™FTy (v1)]| < Mygmn ||va — val]y, - (13)
With the same arguments, we get

| DTy (ug) — DP"Ty (ur)|| < Mpman [lug — uq ), - (14)
Thanks to (11) and (13), we obtain

171 (v2) = T1 (v1) |y < max (My, M) mn |lvz = villy, - (15)
Using (12) and (14), we get

T2 (u2) — Tz (urs)|l; < max (M, Mj)7in |luz — ], - (16)
Thanks to (15) and (16), we deduce that

1T (u2,v2) = T (u1,v1)ly <
nmax (m, 7) max (M, Mo, My, My) ||(uz — u1,v2 — v1)]|, - (17)

Combining (9) and (17), we conclude that T is a contraction mapping. Hence by
Banach fixed point theorem, there exists a unique fixed point which is a solution of
(1). O

The second result is the following:

Theorem 9. Suppose thaty # Z,Eﬁ:fff , 0 # gq(?jfz and assume that (H2) and (H3)
are satisfied. Then the fractional system (1) has at least one solution on [0, 1].

Proof. First of all, we show that the operator T is completely continuous. Note
that T is continuous on X X Y in view of the continuity of fi; and fo. We proceed
on two steps:

Step 1: Let us take ¢ > 0 and B, = {(u,v) € X xY;|(u,v)||, < o}. For
(u,v) € B,, using (H3), we can write

|lug| n?

T (D < LiMy + |ud| + w) ————
1Ty (v)|| < LiMy + |ug) T+ 1)

< +o0, (18)

and
|vg ¢*

T (uw)]| < LoMy + |vg| + wg ———2—
T2 (u)|| < LaMa + |vg] 2T+ D)

< +o0. (19)
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On the other hand, for all £k = 1,2
[P (o)

Ly + || T (p+n) < Lynppte |U0|77p>
“I(k+1)  T+n)—aprt T (n+k—-a) \T'(p+a+1) T(p+1)

|lug| n?
< L M| + ’7<+oo,

,...,n — 1, we have

(20)

(21)
and for all h = 1,2, w,n—1,
vE| 9
| DTy (uw)|| < Lo M}, + ;F|(°|<) < +o0. (22)
Thanks to (18),(19), (20) and (21), we obtain
‘u8|77p / ’ ‘u8|77p
T < LM — L1 M, —_—
IT1 (v)[l; < maX( 1My + |ug| +w1r<p+1), 1 ’“+ka( ) < +oo,
1T (u)]] < max | LaMs + |vg| + wo=——— [vg1¢” ,LoM} + W) ————— [l ¢* < 400
e = I'(g+1)’ I'(g+1)
These two inequalities imply that

IT (u,v)]|y < 4o00.

Step 2: Let t1,t2 € [0,1],t; < t2 and (u,v) € B,. We have

| Ty (v) (t2) = T (v) (t1) |
_ Lt —t9) | hITe+n) (657" -6 <
S Tlarl) TG+ ]
The inequality (22) implies that

L177p+a |u0‘ n > (23)
'p+a+1) T(p+1))

| 11 (v) (t2) — T1 (v) (t1) | (24)
Ly (tg —1%) Lynppte |ug| 1P ne1 -
(§+1) w <r(pl+a+1) r(;sﬂ))(t? ).

In the same way, we have

| T2 (u) (t2) = T2 (u) (t1) |

(25)

B B

< L2 (tz B tl) +w LQC(H_B 4 ‘,UEH Cq (tn—l o tn—l)
ST+ \T+B8+1) T(+1) '

On the other hand, for all £k =1, 2.

..,m— 1, we can write

| D7 (T (v) (t2) — T1 (v) (t1)) | (26)
L1 (tg - ttll) ! L177P+a |U’*| np n+k—a—1 n+k—a—1
<y v (e tarn triay) BT S,

and for all h =1,2...,n — 1, we have

| DT (T (v) (2) = T2 (v) (1)) | (27)
Ly (tf - tf) ( INGE.

/ vo| ¢ n+h—f—1 __ n+h—f—1
NCES F(q+ﬁ+1)+l“(q+1)><t2 B )
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As ty — t1, the right-hand sides of the inequalities (23), (24), (25) and (26) tend
to zero. Then, as a consequence of steps 1,2, and by Arzela-Ascoli theorem, we
conclude that T is completely continuous.

Next, we show that the set

Q:={(u,v) € X XY, (u,v) = AT (u,v),0 < A < 1}

is bounded.
Let (u,v) € Q, then (u,v) = AT (u,v), for some 0 < A < 1. Hence, for ¢t € [0,1],
we have:
u(t) = ATy (v) (t),v (t) = ATz (u) (1)
Thanks to (H3) and using (18) and (19), we conclude that

full < A(Lady 4 146] + 2 )
* | O|Cq
[l = A{ LeMo + fvg| + wa g =255 (28)
and by (20) and (21), we can state that
D> Ful| < A (L M +w ;Fm“'” >
D71 < A (LQM;’L+w;LUO|Cq>, (20)
- I(g+1)
for all k,h € {=1,2,...,n—1}. By (27) and (28), we can state that
|ug | n” ,ugln” >
< Amax | L1 My + |ud| + 4————LA4+ — | < o0,
fully < Amax (L -+ oG]+ a0 Ly + i O
lv];, < Amax (L2M2+|v6‘|—|—w2 [vg  ¢* ,LoMy + wh ————— lvg | ¢” ) < +o00.
I'(g+1) I(g+1)
Hence,

[, v) |5 < +-o00.
This shows that € is bounded. As a conclusion of Schaefer fixed point theorem, we
deduce that T has at least one fixed point, which is a solution of (1). O

Our third main result is based on Krasnoselskii theorem [8]. We prove the
following theorem:

Theorem 10. Let v # F,(,ﬁj:”z L0 # gq(?rf") Suppose that (H1), (H2) and (H3) are

satisfied, and

max (7, 7) < % (30)

Then, the fractional system (1) has at least one solution on [0,1].

uy |nP
Ly My + fug| +w1%,
Lo My + |vg| + wo o ,
2 /l o iy |ui|n§>q+l) and consider By :=
e s el
Lo Mj, + Wi 041
{(u,v) € X xY,|| (u,v)]]2 < 0}. On By, we define the operators R and S as

Proof. Let us fix § > max
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follows:
R (u,v) (t) = (R1 (v) (1), R2 (u) (1)), S (u,v) () = (S1(v)(t),52(uw)(t)), (31)

where,

Ry (v) (1) = / _ (a>) (500, D770 (5), DO (8) o DO () s i,

tp_ g AT
RQ(U)(t):/O (t= ) f2(s,u(s)7D*3_1u(s),DB_2u(s),...,D’B_("_l)u(s))ds—i—v{)".

and
_ M (p+n) no1
S OO = Ty T )

. </0n %h (5.0(5), D" 10 (3), D" 20 (8) . D* D () ds) |

_ 6F (Q+n) n—1
Sa (u) (t) = T (TL) (F (q + n) _ 5<q+n—1)

S9! - - -
X </0 =5 (5,u(5),D5 Yu(s), D 2u(s), ..., DP( 1)u(5)) ds).

T (q+p)

Let (u1,v1), (u2,v2) € By,t € [0,1]. Then, thanks to (H3), and using (30), we
obtain

. |ug| n”
< - -
HR1 (’U1)+Sl (’Ug)” < L1M1+|u0\+wlr(p+1),
(32)
. |vg | ¢*
< _—.
||R2 (Ul) + So (UQ)H < LoMs + |UO‘ + (UQF (q n 1)
Also, we have
wn| nP
HDa7k (Rl ('Ul) + Sl (’UQ))H S 1-41]\4;/C + wﬁc|(;|_:_71),
q
DAt < L M /M.
| (R (u1) + 82 (u2))|| < Lo T 1) (33)

Using (31) and (32), yield the following two inequalities

|u0|17p / / |u0|77p >
R + 5 <max | LMy + Fwrs——, LMy + w5 |
IRy (1) 1(v2)||1_m><< 1M+ fuol +wr e T My +wh e

(34)
and

|vol €7 o vl ¢!
R S < Ly M. Ty LM T+
| R (u1) 4+ S2 (u2) ||, _maX( 2 2—1_|UO|—i_w2I‘(q—|—1)7 2 h+WhF(Q+1)

(35)
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By (33) and (34), we obtain

P
LA, + o]+ 20
q
Lo Ms + |vg| + wa I[U;\fl)’ Y

’ 1 Juoln
LM, +wkl—‘(p+1 ,

vo|¢
LaMj, + iy

R (ur,v1) + S (u2,v2) ||, < max

Thanks to (35), we get
R (uy,v1) + S (u2,v2) € By.
Now we prove the contraction of R. Using (H1), we can write
nm
_ < 7" _
1By (v2) = Ba(v)| = ot D) [z — vl ,
nn

[R2 (uz) — R (w1)|| < m\\uz—ullll,

and
o o nm
|D**Ry (v2) = D* Ry (v1)]| < m”w—vlnl*v
D" Ry (us) = DRy (wa)]| <

m [|uz *U1H1-

Hence, by (36) and (37), we can write

| R (u2,v2) — R (u1,v1)|ly < nmax (m,7) |[(u2 — ui,v2 — v1)lf,-

125

(39)

Combining (29) and (38), we conclude that R is a contraction mapping. The
continuity of f; and fo given in (H2) implies that the operator S is continuous.

Now, we prove the compactness of the operator S. Let ¢1,t3 € [0,1],¢1 < t3 and

(u,v) € By. We have
151 (v) (2) = 51 (v) (1)

S L1w1777p+a (t§71 — t?il) s
F'p+a+1)

152 (u) (t2) = Sa (u) (t1)]]

q+pB L L
< Lowg————— (271 — "7 7).
= 2 2r(q+ﬁ+1)(2 i)

Also, we have

|D* 81 () (t2) = D781 (v) (1)

< I / 77P+a thrkfafl thrkfafl
1ka(p+oz+1)(2 -1 )

b

IA
=~
[\

E\

(tg+h7ﬁf1 _ t?+h7ﬁf1>
] .

(40)

(41)
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The right hand side of (39), (40), (41) and (42) are independent of (u,v) and tend to
zero as t; — tg, so S is relatively compact on Bg. Then by Ascolli-Arzella theorem,
the operator S is compact. Finally, by Krasnoselskii theorem, we conclude that

there exists a solution to (1). Theorem 10 is thus proved. O
4. Examples
Example 1: Consider the following fractional differential system:
e sin (D2 (t) + D2 (t) + Dzv (t)
1 e o) (
D3u(t) = telo1
ult) = e 32 (72 + 1 te 0.1,
, |u()|+’D2u ‘ ‘DZu ‘ D%u(t)‘
D2y (t) = . - ,te0,1],
Dfu(t)‘ + ’Dfu(t)D

e (mt + 20) (et+|u |+’D2u (t +’

0)‘:{

)
u(0)
o (0) =" (0) —o " (0) = 417 u (n)
v (0) = 0" (0) = 0,0 (0) = 4120 (§),
(44)
where, a = § = %,p =q= %,7 =d=4n=£= % For this example, we have
16 28/
My = My;= 105 + VT 5= = 0.086,
VT 875 1057 - 64(2)")
1 28
M, :r(2)+ ﬁ235 — =1.0021
125 [105y/7 — 64 (2)™7| T (3)
1 28
Mo :r(3)+ ﬁz 5o = 0-5016
125[105y/7 — 64 (2)™7|T ()
1 28\/T
Mo :r(4)+ s = 0166
125 |105y/7 — 64 (2)77| T (1)

We have also v £ L&tn) 5 £ Cqﬁfl) and

np+n 1
o S 1
max (M, ) max (My, My, M}, M}) = 6 X 1.0021 < T

The conditions of the Theorem 8 hold. Therefore, the problem (43) has a unique
solution on [0, 1].

Example 2: Consider the following problem:

DTy (t) = - - ,te0,1],
16 + sin (v (t)) + cos (DZv (t)+ D2v (t))
o2t
D¥u(t) = sin (u (¢ e 0,1], (45)

v (0) = 0’, v (0) = V212
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For this example, we have o = 11 ﬁ:%,pzS,qu,v:é:\/i,n:%,gzé’
and for all (u,v,z) € R3

4

—t

hiltu,0,2) - :
16 + sinu + cos (v + z)
_2t .
ot v, 2) e *tsinu

16 + cos (v + z)

It’s clear that f1 and f5 are continuous and bounded functions. Thus the conditions
of Theorem 9 hold, then the problem (44) has at least one solution on [0, 1].
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