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EXISTENCE RESULTS FOR ELLIPTIC SYSTEMS INVOLVING
CRITICAL SOBOLEV EXPONENTS
MOHAMMED BOUCHEKIF , YASMINA NASRI
ABSTRACT . In this paper , we study the existence and nonexistence of positive
solutions of an elliptic system involving critical Sobolev exponent perturbed
by a weakly coupled term .
1. INTRODUCTION
We establish conditions for existence and nonexistence of nontrivial solutions to
the system

—Au = (o + a0 + pla’ + Duo?+1 inQ

)0+1 B8’

~Av=(B+ 1)uua>0 v +v ,u( + 1111Q in) (1.1)
u=v=0 ondf,

where  is a bounded regular domain of RY (N > 3) with smooth boundary 09,
neR a,pB,d, [ are positive constants such that o + 5 = —_ and 0 <o’ 4+ 5 <4

N —2.

In the scalar case , the problem

—Au=uP + pu? inQ)
u>0 inQ (1.2)
u=0 ondf,

has been considered by several authors . The paper of Brezis - Nirenberg [ 7] has
drawn our attention .

In [ 7], they have obtained the following results : ~ Suppose that € is a bounded
domain in RN N>3,p= N+2 5 @ =1 and let A\; > 0 denote the first eigenvalue

of the operator —A with homogeneous Dirichlet boundary conditions .
(1) If N >4, then for any € (0, A1) there exists a solution of (1. 2) .
(2) If N =3, there exists pu* € (0, A1) such that for any p € (1*, A1) problem ( 1
2 ) admits a solution .
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(3) IszBaninsaball,thenu*:%andforyg);Tlproblem(l. 2 ) has
no solution .

They have also obtained the following results for 1 < ¢ < % :
(a) There is no solutions of (1. 2 ) when u < 0 and Q is a starshaped domain .
(b) When N >4, (1.2) has at least one solution for every u > 0.
(c¢) When N = 3, We distinguish two cases :
(1) If 3 < g <5, then for every p > 0 there is a solution of (1. 2) .

(ii)If1 < g <3, then for every p large enough there is a solution of (1. 2 ) .

Moreover , (1. 2 ) has no solution for every small g > 0 when € is strictly
starshaped .

In the vectorial case , Alveset al . [ 1] and Bouchekif and Nasri [ 4 | have extended
the results of [ 7 ] to elliptic system . A number of works contributed to study the
elliptic system for example :  Boccardo and de Figueiredo [ 3], de Th é lin and V é
lin[11]and Contietal. [8].

Our aim is to generalize the results of [ 7 | to an elliptic system when the lower
order perturbation of u®t1v#+! for each equation is weakly coupledi . e .

_)
—AU = VH + uVG,

where

%A-(ﬁ), H(u,v) = u®Tloftt U—(u),

v

G(u,v) = u® 1P+ and p is a real parameter .
Our main results are stated as follows :
Theorem 1. 1. If a+f=+5;0<a'+8 < 5251 <0and Qis a s tarshaped
domain , then (1. 1) has no s o lution .
Theorem 1. 2. We suppose that N >4 and o+ = ﬁ We have :
o If 0<d+p < ﬁ then for every u > 0 problem (1. 1) has at least one

s

s o lution .
o If &/ +p5 =0,then  forevery 0<pu <A problem (1.1) has a s o lution .
Theorem 1. 3. Assume that N =3 and a+ f=4. We distinguish two cas
es :
o If 2<da+p <4, then for every p >0 problem (1. 1) has a s o lution .
o If 0<a' + B <2, then for every p large enough there exists a s o lutio n to
problem (1.1).

The paper is organized as follows . Section 2 contains some preliminaries and
notations . Section 3 contains the proof of nonexistence result . Section 4 deals with
the existence theorems proofs .

2. PRELIMINARIES
Lemma 2 . 1 ( Pohozaev identity [10] ). Suppose that (u,v) € [C?(Q)]? isthes
o lution
to th e problem

u=v=0 ond,
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where Q) is a bounded domain in RN (N > 3)  with smooth boundary
o, F €

C'(R?), F(0,0) = 0, then we have

du i, 00 [ o |
/asz(l 6V| +|8V|)x1/do+(N 2)] Q(uau—i—vav)da:]—QN QF(u,v)d:v (2.1)

where v denotes th e exterior unit normal .

We shall use the following version of the Brezis - Lieb lemma [ 6 | . Lemma 2 . 2 .
Assume that F € CYRY) with F(0)=0 and | % |<C|ulP7t. Let

(un) C LP(Q) with 1 <p<oco. If (uy) is bounded in LP(Q) and u, - u a . e.
on £,

then

(
lim [ F(u,)— F(u, —u)) = /QF(U)

n— oo Q

Let us define :

Jo | Vu |? dx

(o T [479%2 da) 2

fQ(| Vu |? + | Vo |?)dx
(Jo [ w ot v [P+ dx)

Setpra = Sarsra(®) = u € 05 (Q) \ {0}

Sa.s = Sa,5(Q) = (u,0) € [0 ()]*\ {(0,0)} 5
a+pB+2

Lemma 2.3 ([1]). Let Q beadomain in RN ( not necessarily bounded ) and
a+6§%_2 then we have
arn)_B+1 +(a+1> —a-1]1
PHla+B+2 B+l a+B+2

Moreover , if Satp+42 is attained at wg, th en S, g is attain ed at (Awg, Bwy) for
any
real constants A and B such that 4 = (%)1/2.

We adopt the following notation :

SatB+2-

1
Forp > 1, |ullp=(] |ul? dalys
Q p

e H{(Q) is the Sobolev space endowed with the norm
lull 1,2 = [ | Vu|* d2]'/?;
o (o) 2B =[ulf,+IlvIis
. B [HYQP

b

e [’ denotes the dual of E; ¢ 2* := % is the critical Sobolev exponent ;
out := max(u,0)andu” = u" — u.

The functional associated to problem (1. 1) is written as

Jv) =3 || () [ / () () — g / (W) ) Mz, (2.2)

3. NONEXISTENCE RESULT



Theorem 1 . 1 is a direct consequence of the Pohozaev identity . Proof of Theorem 1 .
1. Arguing by contradiction .  Suppose that problem ( 1. 1) has
a solution (u,v) # (0,0), applying Lemma 2 . 1 and putting

F(u,v) = H(u,v) + pG(u,v),
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) becomes

ou ov / ,
/ 15, F+13 |2)x”df’:ﬂ[2N—(N—2>(0/+5’+2)]/ |u [ [P da,
o v v O

Since 2N — (N — 2)(a/ + 8’ +2) > 0 and the fact that € is st arshaped with respect to
the origin , we get

ou , ov 5
< —_— — .
0< [ (50 F+1 50 Pavde <0

A contradiction . Hence ( 1. 1) has no a solution for 4 < 0. O
4 . EXISTENCE RESULTS

The proof of Theorems 1.2 and 1.3 are based on the following
Ambrosetti -
Rabinowitz result [ 2] .
Lemma 4 . 1 ( Mountain Pass Theorem ). Let J be a C' functional on a Banach
space E. Suppose there exits a neighborhood V of 0 in E and a positive constant p
such that

(1) J(u,v) > p for every U in th e boundary of V.

(ii) J(0,0) <pand J(p,9) <0 for s ome ¥ := (p,¢)element —slashV. We s e t

c= ¢1>Ielfr t e, (o(1))

with T ={¢ € C([0,1], E) :¢(0)=0,¢(1)=T}. Then there exists a s equence
(Un,vn) in E such that J(up,v,) = ¢ and J'(up,v,) — 0in E’. Proof . Using
Holder ’ s inequality and Sobolev injection , we obtain that

1 ’ ’
Huw) = 5 1 o) [ = [ @ @) e = [ (@)@ o

1 * a/ ! 2
> 5 | (wo) 5 =A| (wo) | 2°E =B | (w0) [57F

where A and B are positive constants .
If o/ + B’ > 0 then (4) is satisfying for small norm || (u,v) || E = R. If &/ + 8 = 0,
we have

W) .
="l (wv) 2B - A (w,0) |%

J(u,v) > N

DN =

u
and condition (4) is still satisfied for g < A; and R < (E—f)ﬁ For any (¢,) €

E with ¢ # 0 and ¢ # 0, we have that lim;_, ;o J(tp,t)) = —oo.  Thus , there
are many (p,1) satisfying (i4). It will be important to use with a special (p,v) :=
(to0, to10) for some tg > 0 chosen large enough so that (¢, ¥)element—slashV, J(p, ) <
0

and sup;sq J(to, ty) < %(S;—;ﬂ)]v/g. Then there exists a sequence (up,v,) €FE
such that J(up,v,) = ¢ and J'(un,v,) = 0in E'. O

Lemma 4. 2. Suppose > 0 andlet (un,vs)  be a s
equence im E  such that J(up,v,) = ¢ and J'(up,v,) — 0 in E' with

2* S, 2 S,
< S (BeByN2 - _Z (2B yN/2

N 2% N —2" 2%

Then (up,vy) is relatively compact in E.
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Proof . We show that the sequence (uy,v,) is bounded in E. Since (uy, v,,) satisfies

1 ’ ’
3 | o) 128 = [ () 1) e = o [ () ) P = e of1)
Q Q
(4.1)

and

I (e o) I3 —2° /Q () ()P — p(od + B+ 2) /Q () (n)? e

= (en, (Un,vn))
(4.2)withe, - 0in E’. Combining (4. 1) and (4. 2 ), we obtain
r +yat1 o, +)B+1 o + 4 FRON S Ry S
G =0 [ e () [ @) ) e @43)
<cto(W)t [l en | B || (un,vn) || E.

From this inequality , we obtain
[ D i <,
Q
/(ni)“/“(nj)ﬂ'“dx <C.
Q

Where C is  any generic positive constant .  Therefore , the sequence  (uy,vy)
is bounded in F. By the Sobolev embedding Theorem , there exists a subsequence
again denoted by (u,v,) such that

o (up,v,) = (u,v)weaklyinFE

o (up,v,) = (u,v) strongly in L™ x L9 for 2 < r,q < 2*
o (up,v,)— (u,v)a.e.on
Since wy, := ugnd*! and t,, := u&*'n are bounded sequences in [L52— (€2)]?,

a+1

these sequences converge to w := u®v”*! and to t := u®t1v? respectively . Passing to

the limit , we obtain

—Au = (a+1)(uh) () 4 pla + 1) () ()P
—Av = (B+1)(u")F (W) + p(B + 1) (ut) ()

| (w0) | 2E:2*/

() e+ e+ 5 +2) [ @) ) s
Q

Q

Moreover ,

*

J(u,v) = (? -1) /Q(qu)aH(UJr)BJrld:c + u(a/ ; B/) /Q(fu*)a'“(v*)ﬁlﬂdx > 0.

We put



U=1uU,+pn, v=v,+v, and H(u,,v,)= uﬁ“nf"’l

Applying Lemma 2 . 2 for H(u,,v,) and the following two relations ( Brezis - Lieb [ 6

1)
Fun 2=l u—enll2=]wl?+ [l on |* +o(1),
lvn I 2=llv—enll2=llv[*+ Il ¢u * +o(1),
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Huo)+ 5 | (ona) 128 = [ Hgt e = e of1) (14)

and

* ( u+7 H(p,, Ndzx
I Gomatin) 1% + I, 0) = 23 B o) | £ 200 o)) (45)

From this equality , we deduce

| (omipn) || 2B = 2° / Hg i )da + o(1).

We may therefore assume that
I (ona) |28 >k and 2 [ Hlgf 0)do > k.
Q

By the Sobolev inequality ,

| (on,n) 132 Ss( / (o) () ) 2

2%
In the limit ,k > S, 5(£)%/2". It follows that either k =0 or k > 2*(55 B YN/2,
We show that (u,, n) (u,v) strongly in Ei. e. (pn,9,) — (0,0) strongly in
E. Suppose that k > 2*(S 2Y\N/2  Since
k
J(u,v) + N=¢
and J(u,v) > 0, then % <ci.e. ¢> %(S”%@)Nﬂ in contradiction with

the hypothesis . Thus k = 0 and (uy,v,) — (u,v) strongly in E. O

Proof of Theorem 1 . 2 . It suffices to apply the mountain pass theorem with
the value ¢ < %(S‘*%Q))Nﬂ. We have to show that this geometric condition on c is
satisfied .  Following the method in [ 7] .  Without loss of generality we assume
that

0 € Q, we use the test function
o(x)
we(1) = ———— x5
etz )73

where ¢ is a cut - off positive function such that ¢ = 1 in a neighborhood of 0.  Let
A and B be positive constants such that

e>0

A_ (L‘H)l/Z
B~ ‘B+1
then (Awe, Bwe) is a solution of
—Au = (a+ DuvPT inRY
—Av=(B+ 1)uo‘+1v6 inRY
(x)=0, v(x)=0 as|z]|— +oo
By [ 7, lemma 1], we obtain
sup J (tAw,, t B )<2:(L)N/2+0( N*Q)f Ke?
A el AR T pie
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where K is a positive constant independent of €, and 6 := (4 — (o + 8')(N — 2))/4.
For 0 < ¥ if N > 4 the inequality is satisfying for all 0 < o/ + 8’ < w5 Thus

4
N—2

we obtain

)N/2

sup;>g J (tAwe, tBwe) < %(ng for € > 0 small enough .
Then problem (1. 1) has a solution for every p > 0.
For N = 4, we distinguish two cases . Case 1 : We have § < 1 for all o/ + ' > 0.

Case 2 : If o/ + 8/ = 0, we obtain

Sa
sup J (tAw., tBw,) < (T’B)2 +0(e) — pKe | loge |,
t>0
so for € > 0 small enough ,sup,q J(tAwe, tBw,) < (%)2.

Note that the maximum principle ensures the positivity of solution . [ Proof of
Theorem 1 . 3. In three dimension the situation is different . We have

Sa
sup J(tAwe,tBw.) < Q(T’B)g/2 +0(eY?) — uKe’.
>0

In this case we distinguish two cases .

1
(i) O<9<§if2<o/+ﬁ’<4,

(ii) 6>1ifo<a/+p8 <2

In case (i) we have the same conclusion as in the previous proof for (N > 4). So
for the case 0 < o/ + 3’ < 2, the existence of positive solution is assured for p
large enough . It follows that sup,s( J(tAw.,tBw) < 2(%)3/2. Thus (1. 1) has a
solution . O
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