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Abstract

This thesis explores the geometry of surfaces in pseudo-Riemmennian manifolds with den-
sity, an important extension of classical geometric analysis that provides a natural framework
for studying variational problems, curvature, and minimal surfaces under weighted volume
measures. A manifold with density is a Riemannian or pseudo-Riemannian manifold (M, g)
endowed with a smooth weight function p = e¥, which modifies the standard geometric struc-
ture and leads to generalized notions of curvature, mean curvature, and divergence. Such
weighted structures arise naturally in probability theory, diffusion processes, and the study
of geometric flows.

In this work, we investigate the geometric properties of surfaces in Euclidean space R?
and in Minkowski space R?, both endowed with a density function p = e¥. After reviewing
the necessary preliminaries on differential geometry and pseudo-Riemannian manifolds, we
develop and analyze weighted curvature formulas, including the generalized Gauss curvature
and mean curvature. We also examine Plateau-type problems and study the behavior of the
weighted divergence operator in manifolds with density, supported by explicit examples.

The main contributions of this thesis focus on the classification and geometric analysis of
weighted flat translation surfaces in Minkowski 3-space R? and weighted flat radial surfaces in
both Euclidean R? and Minkowski R? spaces. By deriving the corresponding flatness condi-
tions and curvature relations, we extend previous results on linear densities and establish new
characterizations of surfaces governed by weighted geometric structures. These results pro-
vide deeper insight into minimal and flat surfaces in weighted settings and offer a foundation
for future research in differential geometry with density.



Résumé

Cette thése porte sur la géométrie des surfaces dans les variét’es pseudo-Riemmannienes
4 densité, une extension importante de l'analyse géométrique classique qui offre un cadre
naturel pour I'étude des problémes variationnels, de la courbure et des surfaces minimales
sous des mesures de volume pondérées. Une variété densité est une variété riemannienne ou
pseudo-riemannienne (M, g) munie d’une fonction densité lisse

p=¢e’,

qui modifie la structure géométrique standard et conduit & des notions généralisées de cour-
bure, de courbure moyenne et de divergence. De telles structures pondérées apparaissent
naturellement en théorie des probabilités, dans les processus de diffusion et dans I’étude des
flots géométriques.

Dans ce travail, nous étudions les propriétés géométriques des surfaces dans I'espace eu-
clidien R? et dans I'espace de Minkowski R?, tous deux munis d'une densité p = e¥. Apres
avoir rappelé les préliminaires nécessaires en géométrie différentielle et en géométrie pseudo-
riemannienne, nous développons et analysons les formules de courbure pondérée, incluant
la courbure de Gauss et la courbure moyenne généralisées. Nous examinons également des
problémes de type Plateau et étudions le comportement de I'opérateur de divergence pondéré
dans les variétés a densité, en nous appuyant sur des exemples explicites.

Les principales contributions de cette thése portent sur la classification et I’analyse géométrique
des surfaces de translation plates pondérées dans I'espace de Minkowski R? et des surfaces
radiales plates pondérées dans les espaces euclidien R? et Minkowskien R?. En dérivant les
conditions de platitude correspondantes et les relations de courbure associées, nous étendons
des résultats antérieurs relatifs aux densités linéaires et établissons de nouvelles caractérisa-
tions de surfaces gouvernées par des structures géométriques pondérées. Ces résultats offrent
une meilleure compréhension des surfaces minimales et plates dans les contextes pondérés et
constituent une base solide pour de futures recherches en géométrie différentielle avec densité.
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Introduction

Differential geometry is a fundamental branch of mathematics that studies the geometry of
smooth surfaces and manifolds. It has significant applications in physics, engineering, and
other areas of mathematics. In recent years, the study of manifolds with density has gained
increasing attention. These manifolds modify the standard volume measure by a smooth
weighting function, leading to new geometric phenomena and extensions of classical results.
Manifolds with density are particularly important in variational problems, minimal surfaces,
and the study of curvature, providing a natural framework for weighted geometric analysis.
A manifold with density is a Riemannian manifold M™ with positive density function e¥
used to weight volume and hyperarea (and sometimes lower-dimensional area and length).
In terms of underlying Riemannian volume dV; and area dA, the new weighted volume and

area are given by
dV = e*.dV;

dA = e*.dA

One of the first examples of a manifold with density appeared in the realm of probability
and statistics, Euclidean space with the Gaussian density e =277l (see [37] for a detailed
exposition in the context of isoperimetric problems).

For reasons coming from the study of diffusion processes, Bakry and Emery ([2]) defined
a generalization of the Ricci tensor of Riemannian manifold M"™ with density e¥ (or the
oo—Bakry-Emery-Ricci tensor) by

Ricy = Ric — Hessp, (1)
where Ric denotes the Ricci curvature of M"™ and Hessp the Hessian of ¢.

By Perelman (in [35], p.6), in a Riemannian manifold M"™ with density e¥ in order for the
Lichnerovicz formula to hold, the corresponding ¢—scalar curvature is given by

[e's) 2
Sg =58=20p— | Ve [, (2)

where S denotes the scalar curvature of M™. Note that this is different than taking the trace
of Ricy which is S — Ap.

Following Gromov (|22], p.213), the natural generalization of the mean curvature of hy-
persurfaces on a manifold with density e¥ is given by
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1 dy
Hy=H——— 7% (3)
where H is the Riemannian mean curvature and N is the unit normal vector field of hyper-
surface. For a 2-dimensional smooth manifold with density e?, Corwin et al. ([18], p.6) define
a generalized Gauss curvature

Ktp =K — A(,O, (4)

and obtain a generalization of the Gauss-Bonnet formula for a smooth disc D:

/ Kgo+/ Ky = 2, (5)
D oD

where £, is the inward one-dimensional generalized mean curvature as (3) and the integrals
are with respect to unweighted Riemannian area and arclength ([29], p.181).

Bayle [3| has derived the first and second variation formulae for the weighted volume
functional (see also [29],[37]). From the first variation formula, it can be shown that an
immersed submanifold A™~! in M™ is minimal if and only if the generalized mean curvature
H,, vanishes (H, = 0).

Doan The Hieu and Nguyen Minh Hoang [28] classified ruled minimal surfaces in R?* with
density ¥ = e*. In [41], classified weighted minimal translation surfaces in Minkowski 3-space.

In [11], Belarbi and Belkhalfa have previously write the equation of minimal surfaces in
R3 with linear density ¥ = e¥ (in the case ¢(z,y,2) =z, o(x,y,z) =y and p(z,y, 2) = 2),
and characterized some solutions of the equation of minimal graphs in R? with linear density
U = e”.

In [12|, Belarbi and Belkhalfa have studied the ¢—Laplace-Beltrami operator of a non-
parametric surface in R3 with density and we give prove that

Ay X =2H, N+ Vo =2HN + (V)"

, where X is the vector position of a nonparametric surface z = f(z!, 2?) in R with density
U = ¢¥, and (Vo)? the component tangent of Vip.

This thesis is devoted to the study of weighted surfaces in Euclidean and Minkowski
spaces, focusing on the geometric properties induced by density functions. In particular,
it investigates the behavior of flat translation and radial surfaces under these weighted ge-
ometries, and explores new curvature formulas, variational problems, and applications of the
divergence operator in manifolds with density.

The thesis is organized into four chapters:

1. Preliminaries : Introduces the differential geometry of surfaces and pseudo-Riemannian
manifolds, establishing the foundational tools used throughout the thesis. This chapter
includes explicit examples to illustrate the concepts.

2. Manifolds with Density : Defines manifolds with density and presents new curvature
formulas. The chapter also discusses Plateau’s Problem in R? with density and the
divergence operator. Explicit examples are provided to clarify the theory.
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3. Weighted Flat Translation Surfaces in Minkowski 3-Space with Density : Investigates
flat translation surfaces under a density function in Minkowski space.

4. Weighted Flat Radial Surfaces in Euclidean and Minkowski 3-Space with Density :
Studies radial surfaces under density in both Euclidean and Minkowski spaces.

By systematically exploring these topics, this thesis contributes to a deeper understanding
of weighted geometric structures in both Euclidean and Lorentzian contexts, extending clas-
sical results and providing a rigorous foundation for further studies in differential geometry
with density.



Chapter

Preliminaries

In this chapter, we recall and summarize the main mathematical concepts and notations that
will be used throughout this work. We begin with a review of the geometry of surfaces,
introducing parametric and implicit representations, the notions of regularity and tangent
spaces, as well as the fundamental forms and curvature properties of surfaces.

Next, we present some essential notions from differential geometry, including topologi-
cal and smooth manifolds, charts and atlases, tangent spaces, tangent bundles, and vector
fields. These notions extend the study of surfaces to higher-dimensional smooth manifolds
and provide the language for discussing differentiable structures in a rigorous way.

Finally, we introduce the theory of pseudo-Riemannian manifolds, which generalizes Rie-
mannian geometry to include indefinite metrics. We define pseudo-Riemannian metrics, linear
connections, and curvature tensors, and conclude with an overview of the Minkowski space
as the fundamental example of a flat pseudo-Riemannian manifold. ([17], [19], [20], [23], [?],
[31], [32], [33], and [36]).

1.1 Geometry of surfaces

1.1.1 Parametric Surfaces

Definition 1. A parametric surface in R? is a vector-valued function

X(u,v) = (x(u,v), y(u,v), z(u,v)),

defined on a domain D C R%.  The surface is the image of D under X, that is, the set of
points X(u,v) € R3.

Example 1. e Sphere of radius r:
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[~

Sphere:  X(u,v) = (rsinucosv, rsinusinv, rcosu), withu € [0,7], v € [0, 2n]

e Cylinder of radius r and height h:

- Y
i

Cylinder X (u,v) = (rcosu, rsinu, v), withu € [0,27], v € [0, A]

e Plane:

N

Parametrization: X(u,v) = (u, v, au + bv + c), with (u,v) € R?
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1.1.2 Regular Surfaces

Definition 2. A subset S C R? is called a regqular surface if for every point p € S, there
exists an open set U C R2, an open set V C R®, and a map

X:U—=>VnNnS§s,

such that :
e X is smooth,
e X is a homeomorphism onto its image,
e the differential dX .. is injective at every point of U.

This map X is called a local parametrization of the surface.

Proposition 1. Let X : U C R? — R3 be a smooth map such that X, x X, # 0 for all
(u,v) € U. Then the image X(U) is a reqular surface.

Sketch of proof. Since X, x X, # 0, the differential dX is of rank 2, hence injective.
Smoothness and the inverse function theorem imply that X is a local diffeomorphism onto its
image.

Example 2. o The unit sphere:

§*={(z,y,2) €R*|2* +y" + 2" =1},

can be covered by local parametrizations using spherical coordinates.

Unit Sphere: X(u,v) = (sinucos v, sinu sin v, cos u), with u € [0, 7], v € [0, 27]

e The graph of a smooth function f : R?* — R is a reqular surface:

X(u,v) = (u,v, f(u,v))
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\

/N

x
Graph of function: X(u,v) = (u, v, f(u,v)), Ezample: f(u,v) = sin(u® + v?)

Remark 1. Not all subsets of R® are reqular surfaces. For example, the set

SZ{(%Q@’) GRB | z = \/m},

fails to be regular at the origin because the function \/x? + y? is not differentiable at (0,0).

1.1.3 Tangent Space of a Surface

Definition 3. Let S C R3 be a reqular surface and let p € S. The tangent space to S at the
point p, denoted by T,S, is the set of all tangent vectors to curves on S passing through p.
More precisely,

T,S = {7 (0) e R* | v: (—e,6) = S, ¥(0) = p, v smooth} .

Proposition 2. If X : U C R? — S is a local parametrization with X(ug,vo) = p, then the
partial derivatives X, (ug,vo) and X, (ug,vo) span the tangent space T,S. That is,

T,S = span {X, (uo, vo), X,(uo,v0)} -
Example 3. Consider the parametrization of the unit sphere:
X(u,v) = (sinucos v, sinusinv, cosu),
where 0 < u <7, 0 < v < 2m. The tangent vectors at a point X(ug,vy) are given by
X, = (cosucosv,cosusinv, —sinu), X, = (—sinusinv,sinucosv,0).

These vectors span the tangent plane at that point.
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Tangent Plane to the Unit Sphere: X(u,v) = (sinucos v, sinusin v, cos u),
O<u<m O0<wv<2m

Tangent vectors at X(ug, vp):
X, = (cosucosv, cosusinv, —sinu), X, = (—sinusinv, sinucosv, 0).

Remark 2. The tangent space T,S is a 2-dimensional linear subspace of R® and depends
smoothly on the point p € S. It provides the best linear approximation to the surface at the
point p.

1.1.4 Surfaces Defined by Implicit Equations

Definition 4. A surface S C R? is said to be defined implicitly if there exists a smooth
function F : R — R such that

S={(z,y,2) €R®| F(z,y,2) =0},

and the gradient VF(p) # 0 for all p € S. The condition on the gradient ensures that S is a
reqular surface near each point, by the Implicit Function Theorem.

Proposition 3. Let S = {F(x,y,z) = 0} be a surface defined implicitly as above. Then the
tangent space T,S at a point p € S is given by

T,5={veR®|VF(p)-v=0}.

In other words, the tangent space is the orthogonal complement of the gradient vector
V F(p), which is normal to the surface at p.

Example 4. Consider the unit sphere:
82 = {(.T,y,Z) €R3 | F(x,y,z) :x2+’y2+22 -1 :O}

The gradient is
VF(x,y,z) = (2x,2y,2z),
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so at the point p = (xo, Yo, 20), the tangent space is
TpS2 = {’U S R3 | ToU1 + YoU2 + 29Uz = 0} .

This is a plane through the origin of R® orthogonal to the position vector p.

Unit Sphere with Tangent Plane and Normal Vector
. (11 1
Point on the sphere: p= < \/_ 7

Gradient (normal vector): VF(p <
Tangent plane at p:

2

B )

1

1 1
TpS2:{U€R3|—’U1+\/§ \/§ 0}

V3

Let S be the hyperboloid of one sheet:
F(z,y,z) =2 +y*— 2> —1=0.

Then,
VE(z,y,z)=(2z,2y,—22),

so the tangent space at p = (xo, Yo, 20) s

1,8 = {v € R® | zov1 + yov2 — 2003 = 0} :
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Hyperboloid and Tangent Plane at Point p
Point on the surface: p=(1,1,1)
Gradient at p: VF(p) = (2,2,-2)

Tangent plane at p:

TpS:{v€R3|v1+vg—v3:O}.

Remark 3. Implicit surfaces are not always easily parametrized, but the description of the
tangent space via the gradient is often simpler and geometrically meaningful. This approach
1s particularly useful in differential geometry and physics, especially when dealing with con-
straints defined by equations.

Definition 5. Let S be an implicit surface defined by an equation of the form F(x,y,z) =0
for (x,y,z) in an open set U C R3. Consider a point My = (x¢, Yo, 20) which is a reqular
point on the surface. Then, locally around My, the surface can be described by a parametrized
patch. Therefore, it has a tangent space whose Cartesian equation is given by:

o (M) — ) + S M)y — ) + G (V)= = 20) = 0.

Example 5. The tangent planes to the cone defined by the equation 2* = xy are given by:

Txo + YYo — 22210 =0.
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Y s

v

Cone 2% = xy with Tangent Plane at p
Point on the cone: p= (1,1,1) since 12 =1-1
Tangent plane at p:

z-1+y-1-22-1=0 = zx4+y—22z=0

1.1.5 Normal Vector to a Surface

Definition 6. Let S C R3 be a reqular surface, and let p € S. A normal vector to S at the
point p is a vector N, € R? such that N, L T,S, where T,S is the tangent plane to the surface
at p.

If the surface is given as a reqular parametrized surface x(u,v), then a normal vector at
p = X(ug,vo) is given by the cross product:

N =X, x X,.

This vector is orthogonal to both tangent vectors X, and X, and hence to the tangent
plane.

Proposition 4. If S is a surface given implicitly by F(z,y,z) = 0, with VF(p) # 0, then
the gradient vector

Ny = VF(p)

is a normal vector to S at p.
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Example 6. e Consider the unit sphere S* = {(x,y,2) € R® | 2 + y* + 2* = 1}. The
gradient of the defining function F(x,y,z) = 2 +y> + 22 — 1 is

VF(x,y,z) = (2z,2y,2z2),

so the normal vector at a point (x,y,2) € S? is N = (2x,2y,22), which is proportional
to the position vector. Thus, the normal vector at any point on the unit sphere points
radially outward.

e Let S be the surface given by the parametrization
X (u,v) = (u,v,u? + v?),
which describes a paraboloid. Then
X, =(1,0,2u), X,=1(0,1,20),

and the normal vector is given by

1 J k
N=X,xX,=1|1 0 2u|=(—2u,—2v,1).
01 2v

Paraboloid with Normal Vector

Remark 4. The normal vector is not uniquely determined; if N is a normal vector, then —N
15 also a mormal vector.
However, in many applications (such as when defining orientations, surface integrals, or

mean curvature), one usually makes a consistent choice of direction, called the unit normal
vector:

N
N=_"_,
IV

Remark 5. On a surface in R3, the normal vector field is crucial for defining geometric quan-
tities such as the shape operator, the second fundamental form, and curvatures. It also plays

a central role in physics, particularly in computing flux and in the formulation of boundary
conditions for differential equations on surfaces.
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1.1.6 First Fundamental Form

Definition 7. Let S C R3 be a regular surface, and let X (u,v) be a local parametrization of
S. The first fundamental form of the surface is the quadratic form on the tangent space T,S
at p = x(u,v), given by:

I =Edu®+2F dudv + Gdv?,

where

E = <Xu7Xu>7 F = <Xu7Xv>7 G = <X07Xv>7

and (-,-) denotes the Euclidean inner product in R3.

Interpretation. The first fundamental form encodes all the information about lengths,
angles, and areas on the surface. Given a tangent vector w = ax, + bx, € 7,5, its squared

norm is:
|w||* = Ea* + 2Fab + Gb*.

Proposition 5. Let v(t) = x(u(t),v(t)) be a smooth curve on the surface. The length of
between t = a and t = b is given by:

b
L(%) _/ VE U2+ 2F 40 + G 02 dt.

Thus, the first fundamental form allows us to measure arc length of curves lying on the surface.

Example 7. e Consider the unit sphere S? with the parametrization
x(u,v) = (sinucosv,sinusinv,cosu), 0<u<m, 0<v<2m.
Then,
x, = (cosucosv,cosusinv, —sinu), x, = (—sinusinv,sinucosv,0),
and computing the coefficients:
E=1 F=0, G=sinu.
So the first fundamental form is:
I = du® + sin® u dv?.
e For the surface of revolution given by
x(u,v) = (f(u)cosv, f(u)sinv, u),
we compute:

x, = (f'(u) cosv, f'(u)sinv, 1), x, = (—f(u)sinv, f(u)cosv,0),
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yielding
E=f(u?+1, F=0, G=f(u)?

So the first fundamental form is:

I=(1+ f'(u)?) du®+ f(u)?dv.

Remark 6. The first fundamental form plays a central role in intrinsic geometry: it al-
lows the definition of geodesics, curvature, and other geometric objects that depend only on
measurements made within the surface, not on its embedding in R3.

Remark 7. Two surfaces are said to be isometric if there is a diffeomorphism between them
that preserves the first fundamental form. Thus, the first fundamental form is the foundation
for comparing surface geometries.

Theorem 1. Let S C R? be a reqular surface. Then, for any point p € S, the first funda-
mental form defines a positive definite quadratic form on T,S.

Proof. Let x(u,v) be a local parametrization of S near p. The tangent vectors x,, and x, are
linearly independent by the regularity of the surface. For any tangent vector w = ax, + bx,,
we compute

I(w,w) = Ea® 4+ 2Fab + Gb* = (w, w).

Since the dot product in R? is positive definite and w # 0 implies (w,w) > 0, the result
follows. O]

Definition 8. Let S C R? be a reqular surface with local parametrization x(u,v) defined over
a domain D C R2. The area of the portion of the surface covered by the parametrization is:

Area(S) = // || %y X %, || dudv.
D

Using the first fundamental form, this becomes:
Area(S) = // VEG — F?dudv.
D

Proposition 6. The quantity V EG — F? is the area of the parallelogram spanned by the
tangent vectors x,, and X, at each point.

Example 8. Consider the unit sphere parametrized as above. We compute:

27 ™ 27 ™
Area(S?) = / / V1-sinu— 0dudv = / / sinu du dv = 4.
o Jo o Jo

Remark 8. The area formula is intrinsic and depends only on the first fundamental form.
Two isometric surfaces have equal area over corresponding regions.
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1.1.7 Second Fundamental Form

Definition 9 (Second Fundamental Form). Let S C R® be a regular surface with a local
parametrization x(u,v), and let N be a unit normal vector field on S. The second fundamental
form at a point p € S is the symmetric bilinear form on the tangent space T,,S defined by:

II(w, 2) = —(dN,(w), z) = (DN, z),
where D denotes the standard directional derivative in R?, and w,z € T,S.

In coordinates, if x,, and x,, span the tangent plane, the second fundamental form becomes:
II = ldu?® + 2mdudv + ndv?,

where
l:<qu,N>, m:<xuv7N>a n:<va,N>.

Proposition 7. The second fundamental form encodes the extrinsic curvature of the surface,
that is, how the surface bends in the ambient space R3.

Example 9. For the unit sphere S* with parametrization:
x(u,v) = (sinwu cos v, sinusin v, cos u),
the unit normal vector is N = x(u,v). Computation yields:
l=1, m=0, n=sinu,
and so the second fundamental form is:
II = du?® + sin® u dv?.

Note that in this case, the first and second fundamental forms coincide because the surface is
totally umbilic.

Remark 9. The second fundamental form depends on the choice of orientation (i.e., the sign
of N ), in contrast with the first fundamental form which is intrinsic.

Proposition 8. Let v(t) be a curve on S. Then the normal component of the acceleration
vector 4(t) is given by:
(3(t), N) = 11(%, %),

which measures how the curve bends with respect to the surface.
Example 10. Let S be the paraboloid given by z = x? + y?, with parametrization:
x(u,v) = (u,v,u* +v?).

Then,
x, = (1,0,2u), x,=(0,1,2v),
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and the normal vector is:
(—2u, —2v,1)

N = )
VAu? + 402 + 1

We find:
2

Vauz + 42 +1°
2

VauZ + 402 +1

[ = <qu7N> = <(O70>2)7N> =

m= (Xuy,n) =0, N = (Xy,,N) =

Thus, the second fundamental form is:

2
II = (du® + dv®).
Vau? + 402 + 1
Remark 10. The second fundamental form allows the computation of principal curvatures
and directions, as well as the mean and Gaussian curvatures when combined with the first

fundamental form.

1.1.8 Curvatures of Surfaces

Definition 10 (Weingarten Map and Matrix). Let S C R? be a reqular surface with unit
normal vector field N. The Weingarten map (also called the shape operator) at a point p € S
1s the linear map

W, : 1,5 — 1,5,
v Wp(”) :_dNP<U)>

where dN, is the differential of the Gauss map N. In a local parametrization x(u,v), the
Weingarten map can be expressed as a matriz:

W =111,
where I and I1 are the matrices of the first and second fundamental forms, respectively.

Definition 11 (Principal Curvatures and Directions). The eigenvalues k1, ke of the Wein-
garten matriz W are called the principal curvatures at a point p € S. The corresponding
etgenvectors give the principal directions in the tangent plane T,S.

Definition 12 (Mean and Gaussian Curvature). Let ki, ko be the principal curvatures at a
point p € S. The Gaussian curvature is defined by

K = Ri1k2,

and the mean curvature is defined by

1
H = 5(/{1 + /432).
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Proposition 9. The Gaussian curvature K and mean curvature H are invariant under isome-
tries of the ambient space R®. In particular, K is an intrinsic invariant (it depends only on
the first fundamental form), while H is extrinsic.

Example 11. Let S C R? be the unit sphere given by X (u,v) = (sinu cos v, sinu sin v, cosu).
Then, the normal vector at each point is N = X (u,v), and the shape operator is the identity
map. Thus:

k=Ko =1 K=1,  H=1.

So every point on the sphere has constant positive curvature.
Example 12. Let S C R? be the hyperbolic paraboloid z = x> — y*. A parametrization is
X(u,v) = (u,v,u? —v?).

The first and second fundamental forms can be computed from the partial derivatives.
After a lengthy computation, one finds that the Gaussian curvature is negative at all points
except at the origin, which is a saddle point. Hence, the surface has negative curvature almost
everywhere.

Remark 11. o If K >0, the surface is locally convex and the point is called elliptic;
o [f K <0, the surface has a saddle shape and the point is called hyperbolic;
o [f K =0, the surface is locally cylindrical and the point is called parabolic.

Proposition 10. A point p € S is umbilic if k1 = ko. At such points, the shape operator is
a scalar multiple of the identity.

For example, every point on a sphere is umbilic.

1.1.9 Umbilic Points and Lines of Curvature

Definition 13 (Umbilic Point). A point p € S is called an umbilic point if the principal
curvatures satisfy k1(p) = ka(p). Equivalently, the Weingarten map W, is a scalar multiple
of the identity at p.

Proposition 11. At an umbilic point p, every direction in the tangent plane T,,S is a principal
direction. Fquivalently, for any unit tangent vector v,

W,(v) = kv,
where Kk = K1 = Kso.

Proof. If W, = k I, then clearly W,(v) = kv for all v € T,,S, so all directions are eigenvectors
with the same eigenvalue. O]

Example 13. On the unit sphere S?, every point is umbilic because k1 = ko = 1 everywhere.
Thus, the sphere has no distinguished principal directions; it exhibits perfect symmetry in
every tangent direction.
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Definition 14 (Lines of Curvature). A regular curve v(t) C S is called a line of curvature if
its tangent vector 4(t) at each point is a principal direction of the Weingarten map, i.e.,

W (V(8)) = ri(t) ¥(2)
for either k1 or Ks.
Proposition 12. Away from umbilic points, lines of curvature form two orthogonal fam-

ilies of curves on the surface. These foliations are determined by the principal directions
corresponding to k1 and Ksg.

Example 14. On a torus of revolution, the two principal curvature directions correspond to
the meridians (circles through the hole) and the parallels (circles around the tube). These
curves intersect orthogonally and follow the lines of curvature. Indeed, the parametrization
of a torus is
(R4 rcosf)cos ¢
X(0,0)=| (R+rcosb)sing |, 6,¢€[0,27),

rsind

its first fundamental form (I) is given by

L (E FY_(r 0
" \F G) \0 (R+rcosh)?)’

and the second fundamental form (II) is

17— I m\ (r 0
~\m n)  \0 (R+rcosf)cosf)"

Then, the Weingarten Matrix is

W o= I'Il
0
(0 Rfﬁiise) '
Finally, the principal curvatures are
1 _ cosf
A -

Remark 12. Lines of curvature are important in applications such as stress analysis and
computer graphics, because they naturally follow the principal bending directions of a surface.

1.1.10 Minimal and Flat Surfaces

Minimal and flat surfaces are two important classes of surfaces in differential geometry, each
characterized by specific curvature conditions. These surfaces appear naturally in both theo-
retical contexts and practical applications such as physics, architecture, and material science.

Definition 15 (Minimal Surface). A regular surface S C R? is called a minimal surface if
its mean curvature vanishes identically:

H =0 everywhere on S.

Equivalently, a minimal surface is a critical point of the area functional with respect to
compactly supported variations.
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1.1.11 First Variation of Area - Minimal Surfaces

Let X : Q — R? be a regular surface of class C?, with its spherical image (also known as the
Gauss map)

= 1
N :Q —=R?® defined by N:WXU/\XU, W =vVEG - F?= /g,

and denote by gas and b,s (or E, F,G and [, m,n, respectively) the coefficients of the first
and second fundamental forms. Moreover, H stands for the mean curvature of X.

We write:
0X

ou®’
and Fzyﬁ denote the Christoffel symbols of the second kind for X.
We now consider a variation of X, that is, a mapping:

w=(u,v), u=u uv=v, X,=

Z:Q x (—80,60) — RB, g > 0,
of class C?, with the property that:
Z(w,0) = X(w), forall w € Q.

This map will be interpreted as a family of surfaces Z(w,¢), w € Q, which vary X, and
in which X is embedded.
By Taylor expansion, we can write:

Z(w,e) = X(w) + &Y (w) + e R(w, ).
with a continuous remainder term £?R(w, €) of square order, i.e.,
R(w,e) =0O(1) ase—0.
The vector field

Y(w) = %Z(w,s) € CH(Q,R?)
e=0

is called the first variation of the family of surfaces Z(,¢).

We can write:
Y (w) =1’ (w) X s(w) + Mw)N (w)

with functions 7', 1% A of class C*(£2). Then:
Zo=Xa+enoXs+n"Xasg+ AN+ AN, + R,
By virtue of the Gauss equations:
Xoap =T03X 5+ bapN,
and the Weingarten equations:

N,=-bXg, with 0’ = b,.,g",
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we obtain that:
Zo=Xa+ell) X, +vaN]+e*R,,

where we have set:
& =0 +T0n" —basg” N, Va =bagn’ + Aa.
Then, indicating the e2-terms by - - -, we find:
1Z) = E+2e({E+&EF)+ -+,

Zu]? = G+ 2e(&F + 6G) + -+
(Zuy Zy) = F+elGQE+ (6§ + &) F + &G +- -+,

whence:
|22 Z0|? = (Zu Z0)? = W [1 4 26(E} +E2) +---] .

We, moreover, have:
&+ & =+ 02— Noapg® +Tosn".

Since: ) ]
bosg®® =2H, T%, =—g53=—Wj.
ﬁg afs 2gg7,3 W B
We infer that:

1
& +8 = AW+ (PW),} = 2H ).
On account of v/1+z =1+ £+ O(2?) for |z| < 1, we see that:

1/2

(’Zu|2|Zv’2 - <Zu> Zv>2> =W +¢ [(771W>u + (T]2W)v — 2HW)\:| 4.,

Then we can conclude that the first variation:

SAa(X,Y) = L Aa(Z(.2)

e=0

of the area functional Ag(X) on Q at X in the direction of a vector field Y = n*X, + AN is
given by:
§A(X,Y) = / [ W) + (W), — 2HWA] du do.
Q
Performing an integration by parts, it follows that:

JAq(X,)Y) = W(n'dv —n*du) — 2/ AHW du dv.
) Q

This, in particular, implies that:

SA(X,Y) = —2/

(Y, NYHW du dv — —2/ (Y. NVH dA,
X

X

for all Y € C(Q,R?). Since A = (Y, N) can be chosen as an arbitrary function of class
C>(Q), the fundamental theorem of the calculus of variations yields:
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Theorem 2. The first variation 6Aq(X,Y) of Aq at X wvanishes for all vector fields Y €
C>=(Q,R3) if and only if the mean curvature H of X is identically zero.

Proposition 13. A regular surface S C R? is minimal if and only if it satisfies the minimal

surface equation:
(1—|—q2)r—2pqs+ (1+p2)t:O,

where p = 2y, ¢ = 2y, T = Zyg, S = Zgy, t = 2y, and z = z(x,y) is a local representation of
the surface as a graph over the xy-plane.

Example 15. The following are classical examples of minimal surfaces:

e Plane: Every plane in R? is trivially minimal, since it is totally geodesic and flat.

Plane z =0

e Catenoid: the catenoid is the only non-planar minimal surface of revolution in R3.
Consider a surface of revolution around the z-axis, parametrized by

X (u,v) = (r(u) cosv,r(u)sinv,u), wel, vel0,2n),

where r(u) is a smooth positive function. A straightforward computation of the mean
curvature H in terms of r(u) and its derivatives gives

() (141 (w)?) = r(w)r(u)? = r(u)

= 2r (u) (1 + 17 (u)?)3/2

Imposing the minimality condition H = 0 leads to the second-order ODE
r(u)r” (u) — (1 +7"(u)?) = 0.
Solving this ODE, one finds the general solution
r(u) :acosh(g—i-b), a>0, beR,

which is precisely the generating curve of the catenoid. Therefore, up to rigid motions,
the catenoid is the only non-planar minimal surface of revolution.
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Catenoid

e Helicoid: The helicoid is the only non-planar minimal ruled surface in R3. Consider
a ruled surface in R® parametrized by

X(u,v) = c(u) +vd(u),

where c(u) is a curve and d(u) is a unit vector field along c(u). A straightforward
computation of the mean curvature H gives

" (c’xd)-d"
2| x d|
Imposing the minimality condition H = 0 leads to the differential equation

(c'(u) x d(u)) - d'(u) =0,

which forces the director vector d(u) to rotate uniformly around a fixed azis. Solving
this equation, one finds, up to rigid motions, the parametrization

X(u,v) = (veosu,vsinu,au), a € R,

which is exactly the helicoid. Therefore, the helicoid is the unique non-planar minimal
ruled surface in R3.

Helicoid with ¢ = 0.3

e Scherk’s surface: Scherk’s first surface is a doubly periodic minimal translation sur-
face discovered by Heinrich Scherk. It can be written explicitly as:

cosy
#(z,y) = log (cos :1:)
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for x,y near zero. It is a classical example of a minimal surface that is not a surface
of revolution.

Consider a surface in R? given as a graph of a function

2= f(z,y).
For a graph, the mean curvature is

(1 + fg?)fm - 2f:cfyf$y + (1 + fa?)fyy

H =
AL+ 2+ PP

Imposing the minimality condition H = 0 leads to the minimal surface equation :

Searching for solutions of the form

flx,y) = g(x) + h(y),

the PDE reduces to
(L+h%)g" + (1+g*)n" = 0.

Solving this ODE system, one obtains, up to translations and rotations, Scherk’s first
surface

1
R cos(ozy)7
a  cos(ar)

a € R\ {0}.

Thus, Scherk’s surface is a classical example of a nontrivial minimal surface in R3 that
s periodic and can be represented as a sum of functions of x and y.

Figure 1.1: Scherk’s minimal surface: z = }llog (%)
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Remark 13. Minimal surfaces are characterized by their property of having locally minimal
area. In physical terms, they model soap films stretched across wireframes. Their geometry
15 tightly controlled by the vanishing of the mean curvature.

Definition 16 (Flat Surface). A reqular surface S C R? is called a flat surface if its Gaussian
curvature vanishes identically:

K =0 everywhere on S.

Proposition 14. A surface with vanishing Gaussian curvature is locally isometric to a region
of the Euclidean plane. That is, flatness is an intrinsic property of the surface.

Example 16. Fxamples of flat surfaces include:

e Planes: Every plane in R3 is trivially flat and minimal.
e Cylinders: The standard circular cylinder
X(u,v) = (acosu,asinu,v)
has zero Gaussian curvature but non-zero mean curvature.

o Cones: Cones (except at the vertez) are also flat surfaces.

Cone z = /22 + 12

Remark 14. Unlike minimal surfaces, flat surfaces do not necessarily minimize area. How-
ever, they are important in applications such as developable surfaces in manufacturing, where
bending a flat sheet without stretching is desirable.

Proposition 15. Let S C R? be a developable surface (i.e., a surface that can be flattened
onto a plane without distortion). Then S is a flat surface with K = 0.

Definition 17 (Developable Surface). A surface is called developable if it can be unfolded
onto a plane without stretching, meaning there exists a local isometry from the surface to R?.

Example 17. All cylinders, cones, and tangent developables (formed by moving a line along
a space curve) are developable surfaces.

Remark 15. All developable surfaces are flat, but not all flat surfaces are developable. For in-
stance, the helicoid is minimal and hence not developable, despite having interesting curvature
properties.
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1.2 Differential Geometry

1.2.1 Topological Spaces

Definition 18 (Topological Space). A topological space is an ordered pair (X, T) consisting
of:

o aset X
e a collection T C P(X) of subsets of X (called open sets) satisfying:
1. 0, X er

2. Any union of elements of T belongs to T

3. Any finite intersection of elements of T belongs to T
The collection T is called a topology on X.

Example 18 (Standard Topologies).

1. Discrete Topology: T = P(X) (every subset is open),
2. Indiscrete Topology: T = {0, X},

3. Euclidean Topology: On R™, T consists of all unions of open balls B,(x) = {y € R" |
ly — x| <r}.

Definition 19 (Basis for a Topology). A basis for a topology on X is a collection B C P(X)
such that:

1. Vx € X, dB € B with x € B,
2. ]fl’ € B1 mBg fOT Bl,BQ € B, then E'Bg € B with x € Bg g Bl ﬂBQ
The topology T generated by B consists of all unions of basis elements.

Example 19 (Basis Examples).

e Open balls form a basis for R"’s standard topology,
e Open rectangles (a,b) x (¢c,d) form a basis for R?,
o All singletons {x} form a basis for the discrete topology.

Definition 20 (Hausdorff Space). A topological space (X, T) is Hausdorff if for every x,y € X
with x # y, there exist disjoint open sets U,V € 1 such that x € U and y € V.

Proposition 16 (Metric Spaces are Hausdorfl). Every metric space (X,d) equipped with its
metric topology s Hausdortff.

Proof. Given x # y, let r = d(z,y)/2 > 0. Then B,(z) and B,(y) are disjoint open neighbor-
hoods. O
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Definition 21 (Second-Countable Space). A topological space is second-countable if its topol-
ogy has a countable basis.

Example 20 (Manifold-Relevant Examples).
e R" is second-countable (rational balls form countable basis),
o The long line is Hausdorff but not second-countable,

o Fuvery smooth manifold is second-countable by definition.

1.2.2 Topological Surfaces

Definition 22 (Topological Surface). A topological surface is a 2-dimensional topological
manifold. Specifically, it is a Hausdorff, second-countable space M where every point p € M
has an open neighborhood U C M homeomorphic to an open subset of R2.

Example 21 (Classical Surfaces).
1. Sphere: S* = {(z,y,2) € R¥| 2% + y? + 2% = 1} with subspace topology,
Torus: T? = S' x S' with product topology,

Real Projective Plane: RP? = S?/ ~ where x ~ —x with quotient topology

e e

Klein Bottle: The non-orientable surface obtained by identifying a square’s sides via
aba™1b.

Theorem 3 (Classification of Compact Surfaces). Every connected, compact topological sur-
face is homeomorphic to exactly one of:

o The sphere S?,
o A connected sum of torus T?# - - - #T? (orientable case),
e A connected sum of projective planes RP?4 - - - #RP? (non-orientable case).

Definition 23 (Triangulable Surface). A surface M is triangulable if it admits a decom-
position into finitely many triangles (homeomorphic images of 2-simplices) where any two
triangles intersect only along edges or vertices.

Proposition 17 (Smooth Surfaces are Triangulable). Every compact smooth surface admits
a triangulation. Moreover, any two triangulations have a common refinement.

Example 22 (Constructing Surfaces).

o Connected Sum: For surfaces My, My, remove disks D; C M; and glue along boundary
circles 0D,

e Quotient Space: The Mdabius strip as [0,1] x [0,1]/(0,y) ~ (1,1 —y),

o Suspension: The double cone over S' (not a surface at cone points).
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Definition 24 (Orientability). A surface M is orientable if it contains no subset homeomor-
phic to a Mébius strip. Otherwise, it is non-orientable.

Theorem 4 (Euler Characteristic). For any triangulation of a compact surface M with V
vertices, E edges, and I faces:
X(M)=V —E+F,

1s a topological invariant satisfying:

e X(8%) =2,
e x(T%) =0,
o X(RP*) =1,

X(My# M) = x(My) + x(Ms) — 2.
Remark 16 (Genus-Orientability Relationship). For closed surfaces:
e Orientable genus g surfaces have x = 2 — 2g,

e Non-orientable genus k surfaces have x = 2 — k.

1.2.3 Charts
Definition 25 (Chart). A chart on a topological manifold M is a pair (U, @) where:
e U C M s an open subset,
o v:U— p(U) CR" is a homeomorphism to an open subset of R™.
The component functions ¢ = (z',...,2") are called local coordinates on U.
Example 23 (Standard Charts).
1. Euclidean Space: For M = R™, the trivial chart (R", idgn),

2. Sphere: On S? C R3, the stereographic chart (U, @) where:

U=-5\ 1000 plend) - (1 L),

1—2"1—2

3. Graph of a Function: For f : R™ — R smooth, the graph T'(f) C R has a global
chart:

ot 2™ fat, ..., 2™) = (2. .., 2").

Definition 26 (Compatible Charts). Two charts (U, ¢1) and (Ua, pa) on M are smoothly
compatible if either:

[ J UlmUQZQ, or

e The transition map @z 0 ;" 1 (U NUs) — 0o(Uy N Uy) is a diffeomorphism
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Example 24 (Non-Compatible Charts). On R, consider:
e v1(z) =z (standard chart),
o po(x) =2 (cubic chart).

These charts are not smoothly compatible since @ 0 ;' (y) = y*/? is not differentiable at
0.

Proposition 18 (Local Representation). Let (U, ) be a chart on M with ¢ = (z*,... z").
For any function f: M — R, the coordinate representation:

fop™ 1 o(U) >R,
is well-defined on R™. We say f is smooth at p € U if fo@™! is smooth at o(p).
Example 25 (Polar Chart). On M = R?\ {(0,0)}, the polar coordinate chart (U, @) where:
U = R?\ {non-positive z-axis}, (r,0) = (rcosf,rsind),

with inverse ¢ 1 (x,y) = (\/9:2 + 42, arctan (y>> This chart is not compatible with the
T

standard Cartesian chart at 0 = 7.

1.2.4 Atlas
Definition 27 (Atlas). An atlas o/ for M is a collection of charts {(Un, ) }acr Such that:

JUa =M.

ael

Two charts (U, $) and (V,1) are compatible if either U NV = @ or the transition map:
Yoo i g(UNV) > 4(UNV),
is a diffeomorphism between open subsets of R™.

Example 26 (Standard Atlases).

1. Euclidean Space: The single chart (R", idgn) forms an atlas,
2. Sphere S™: The stereographic atlas with two charts:

o Uy =S"\{N} (north pole removed),
o Uy =S"\{S} (south pole removed),

with transition maps giwen by inversion through the equatorial plane,
3. Torus T?: The atlas generated by angular coordinates:
(0,¢) € (0,2m) x (0,27)

with periodic extensions,
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4. Real Projective Space RP": The atlas of homogeneous coordinates:

—
n

0 : .
[woz...;mn]»—><x ...,I ,%) on U; = {x" # 0}.

Definition 28 (Smooth Atlas). An atlas is called smooth if all its charts are pairwise com-
patible. A smooth atlas is mazimal if it is not properly contained in any larger smooth atlas.

Theorem 5 (Equivalence of Atlases). Two smooth atlases <7y and <ty on M are equivalent
(define the same smooth structure) if o/, U o is again a smooth atlas.

Example 27 (Non-Equivalent Atlases). On R, consider:
1. The standard atlas {(R, id)},
2. The atlas {(R, @)} where ¢(z) = 2?,
These define different smooth structures, though the resulting manifolds are diffeomorphic.

Definition 29 (Complex Atlas). A complex atlas of dimension n is a collection of charts
where transition maps are btholomorphic maps between open sets in C*. This defines a com-
plex manifold.

Example 28 (Complex Atlases).

e Riemann Sphere: CP' with stereographic projections,
o Complex Torus: C/A for lattice A,
e Hopf Surface: (C*\ {0})/ ~ where (z,w) ~ (22, 2w).

Remark 17. The minimal number of charts needed to cover a manifold is a topological
moariant:

e S" can be covered by 2 charts (stereographic projection),
o RP" requires at least n + 1 charts (homogeneous coordinates),

e Fvery smooth manifold admits an atlas with countably many charts.

1.2.5 Smooth Manifolds

Definition 30 (Smooth Manifold). An n-dimensional smooth manifold is a topological man-
ifold M equipped with a C* atlas &/ = {(Ua, ¢a)tacr such that for any two charts (Uy, ¢q)
and (Ug, ¢g) with U, NUs # 0, the transition map:

050 ¢y Pa(Ua NUs) = ¢3(Us N Us)

is a diffeomorphism between open subsets of R™.
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Example 29 (Standard Smooth Structures).
1. Euclidean Space: R™ with the identity chart (R™,id),
2. Sphere: S™ with stereographic projection charts,
3. Torus: T = S! x --- x S with product charts,
4. Matriz Groups: GL(n,R), SL(n,R) as open submanifolds of R™".

Theorem 6 (Smooth Extension). Let M be a smooth manifold and A C M a closed subset.
For any smooth function f : A — R, there exists a smooth function f : M — R such that

fla=f.

Definition 31 (Smooth Map). A continuous map f: M — N between smooth manifolds is
smooth if for every p € M, there exist charts (U, ) about p and (V,) about f(p) such that:

pofoptipUNfH(V)) = v(V),
1s smooth as a map between Euclidean spaces.
Example 30 (Smooth Maps).
e The antipodal map A : S™ — S", A(x) = —x is smooth,
o Matriz multiplication GL(n,R) x GL(n,R) — GL(n,R) is smooth,
e Projection 7 : R"™\ {0} — RP" is smooth.

Proposition 19 (Smoothness is Local). A map f: M — N is smooth if and only if for each
p € M, there exists an open neighborhood U of p such that f|y is smooth.

Theorem 7 (Whitney Approximation). Any continuous map between smooth manifolds is
homotopic to a smooth map. Moreover, if two smooth maps are continuously homotopic, they
are smoothly homotopic.

1.2.6 Tangent Spaces

Definition 32 (Tangent Space). Let M be a smooth n-manifold and p € M. The tangent
space T,M s the set of all derivations at p:

T,M :={v:C®(M) — R| v is linear and satisfies v(fg) = v(f)g(p) + f(p)v(g)}.
This forms an n-dimensional vector space called the tangent space to M at p.
Proposition 20 (Basis for T,M). Given a chart (U, ) = (U, 2z, ...,2") about p, the opera-

tors 5 9 .
- e —(f ° SO )
x|, ort

»(p)

0
form a basis for T,M, where (r') are standard coordinates on R™.
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Example 31 (Euclidean Space). For M = R"™ and p € R", we have the natural identification:
TR~ R" wia v+~ (v(r'),...,v(r")),
where r* are the standard coordinate functions.
Theorem 8 (Dimension Theorem). For any smooth n-manifold M and point p € M :
dimT,M = n.

Definition 33 (Differential). For a smooth map F : M — N between manifolds, the differ-
ential dF, : T,M — Tp@) N is defined by:

(dFp(0))(f) = v(f o F),
forveT,M and f € C>®(N).
Example 32 (Tangent Space to Spheres). For S* C R"™! the tangent space at p is:
T,S"={veR"™ |v.-p=0}.
where - denotes the Euclidean dot product.

Proposition 21 (Chain Rule for Manifolds). For smooth maps F : M — N and G : N — P,
we have:

d(G o F)p = dGF(p) o de.
Theorem 9 (Velocity Vector Interpretation). For any v € T,M, there exists a smooth curve
v (—€,€) = M with v(0) = p and 7'(0) = v, where:

TOf) =5 (Fon),

Example 33 (Matrix Lie Groups). For G = GL(n,R) C R", the tangent space at I is:
T;GL(n,R) = gl(n,R).
the space of all n x n real matrices.
Remark 18 (Geometric Interpretation). The tangent space T,M can be visualized as:
o The set of all possible velocity vectors of curves through p,
o The "best linear approximation” to M at p,

e The space of directional derivatives at p.
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1.2.7 Tangent Bundle

Definition 34 (Tangent Bundle). Let M be a smooth n-manifold. The tangent bundle T M
15 the disjoint union of all tangent spaces of M :

TM := | | T,M ={(p,v) | p € M,v e T,M},
peEM
equipped with:
e The projection map w: TM — M defined by 7(p,v) = p,

e A natural smooth structure making T M a 2n-dimensional manifold.

Theorem 10 (Manifold Structure). Given any smooth atlas {(Uy, ¢a) taca for M, the tangent
bundle T'M admits a smooth structure via the induced atlas:

{&a : 7r_1(U01) — @a(Ua) X Rn}a

, the local coordinates are:
p

h = E b —
where for v 2 v 5

Pa(p;v) = (alp), o', ... 0"),
Example 34 (Trivial Bundles).
e For M = R", the tangent bundle is trivial:

TR" =~ R" x R",

o The cylinder St x R is naturally isomorphic to TS!.
Example 35 (Non-Trivial Bundles).
o The tangent bundle T'S* is non-trivial (by the Hairy Ball Theorem),

e The Mdbius strip can be viewed as a non-trivial line bundle over S'.

Proposition 22 (Fiberwise Vector Space Structure). For each p € M, the fiber m—'(p) =
T,M has a canonical n-dimensional vector space structure:

e (p,v) + (p,w) == (p,v+w),
e )\ (p,v):=(p,Av) for X € R.

Definition 35 (Bundle Coordinates). The local coordinates (x!,... z" vt ... ,v") on TM
induced from a chart (U,p) on M are called bundle coordinates. The transformation rules

are:

" a5
< ox'

= =0
oxd '’
J=1

where T° are the new coordinates on M.
Remark 19 (Physical Interpretation). The tangent bundle represents:
e The configuration space (base manifold M ),

o The velocity space (fibers T,M ),

o The state space for classical mechanical systems.
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1.2.8 Vector Fields

Definition 36 (Vector Field). A vector field X on a smooth manifold M is a smooth section
of the tangent bundle, i.e., a smooth map X : M — TM satisfying:

mo X = idyy,

where w : T'M — M s the canonical projection. Equivalently, X assigns to each p € M a
tangent vector X, € T,M in a smooth manner.

Proposition 23 (Local Representation). Given local coordinates (U, (x%)) on M, every vector
field X can be expressed as:
X = X'—
; Oxt’

where X' : U — R are smooth functions called the components of X .

Example 36 (Canonical Vector Fields).

e On R", the coordinate fields ai form a global frame,
rr-'L

0 0
e On S?%, the azimuthal field X = —x?>—— + x'— wvanishes at the poles,
Oxt Ox?

e On a Lie group G, left-invariant fields satisfy Xgp = (dLy)n(Xp).

Theorem 11 (Existence of Vector Fields). A compact manifold M admits a nowhere-zero
vector field if and only if x(M) = 0, where x is the Euler characteristic.

Definition 37 (Lie Bracket). The Lie bracket of two vector fields X,Y € X(M) is the vector
field [X,Y] defined by its action on functions:

(X, Y](f) == X(Y(f)) = Y(X([))
In local coordinates, if X = X'0; and'Y =Y79;, then:

oxI oxI

[X,Y] = (X]OY Yﬂ‘aX) o
or’

Proposition 24 (Properties of the Lie Bracket). The Lie bracket satisfies:
e Bilinearity: [aX + bY, Z] = a[X, Z] + b]Y, Z],
o Antisymmetry: [X,Y] = —[Y, X],
o Jacobi Identity: [X,[Y,Z]|+[Y,[Z,X]|+ [Z,[X.Y]] =0,
o Leibniz Rule: [X, fY] = fIX,Y]+ X(f)Y.

Example 37 (Lie Algebra Structure). The space X(M) of all smooth vector fields forms an
infinite-dimensional Lie algebra under the bracket |-,-]. For matriz Lie groups, this recovers
the standard Lie algebra structure.
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Remark 20 (Geometric Interpretation). Vector fields can be viewed as:
e Differential operators acting on functions,
e [nfinitesimal generators of flows.

e First-order PDEs (integral curves satisfy ¥(t) = Xy ),

1.3 Pseudo-Reimannian Manifolds

1.3.1 Pseudo-Reimannian Metric
Pseudo-Riemannian Metric Tensor

Definition 38. A pseudo-Riemannian metric tensor g on a manifold M is a symmetric,
non-degenerate (0,2)-tensor field of constant index. That is, to each point x € M, the tensor
g assigns a scalar product g, on the tangent space T, M, and the index of g, is the same for
all x € M. It is common to denote this scalar product by (-,-) or occasionally by h(-,-), so
that g(v,w) = (v, w).

Pseudo-Riemannian Manifold

Definition 39. A pseudo-Riemannian manifold of dimension n is a smooth n-dimensional
manifold equipped with a pseudo-Riemannian metric tensor g. The constant index s, with
0 < s < n, s called the index of the manifold. When s = 0, M is called a Riemannian
manifold, in which case each g, defines a positive definite inner product on T, M .

Corollary 1. A pseudo-Riemannian manifold (or metric) is also referred to as a semi-
Riemannian manifold (or metric).

In particular, a pseudo-Riemannian metric on an even-dimensional manifold is called
neutral if its index equals %dim M.

If the index of M is one, the manifold is called a Lorentz manifold, and the corresponding
metric is called Lorentzian.

A manifold of dimension > 2 admits a Lorentzian metric if and only if it admits a one-
dimensional distribution.

Proposition 25. At each point x in the Euclidean n-space E™, there exists a canonical linear
isomorphism from E™ onto T, E". In terms of natural coordinates on E™, it sends a vector v
to v, = Zj v!0;. The inner product on E™ gives rise to a metric tensor on E" with

(U, Wy) :Zvjwj, (1.1)
j=1

where v =377 v10; and w = Y71 w’d;.
For an integer s € [0,n|, if we change the first s plus signs in (1.1) to minus signs, then
we obtain a metric tensor of the form



1.3 Pseudo-Reimannian Manifolds 40

(Vg Wy) = Zv]w]—l— Z vFwk (1.2)

k=s+1

which has index s. The resulting pseudo—Euclzdean space s denoted by E7.
If s =0, E? reduces to the Euclidean n-space E". The space EY is called the Minkowsk:
n-space.

1.3.2 Linear Connections
Affine Connection

Definition 40. An affine connection V on a manifold M is a function
V:iX(M)xX(M)— X(M)

such that for all vector fields X, Y € X(M) and smooth functions f € C*(M), the following
properties hold:

1. VxY is C®°(M)-linear in X,
2. VxY is R-linear in Y,
3. Vx(fY) = (Xf)Y 4+ fVxY.

The expression V xY is called the covariant derivative of Y with respect to X.

Levi-Civita Connection

Theorem 12. On a pseudo-Riemannian manifold M, there exists a unique affine connection
V such that:

1. V s torsion-free, i.e.,
Y, Z] =VyZ — VY,

2. The metric is compatible with the connection:
XY, Z)=(VxY,Z)+(Y,VxZ),
for all X,Y,Z € X(M).

This unique affine connection V is called the Levi-Civita connection of M, and it is char-
acterized by the Koszul formula:

20VyZ, X) =Y (Z, X)+ Z(X,Y) — X(Y, Z)
— Y, [Z, X))+ (Z,[X,Y]) + (X, ]V, Z]).
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Torsion Tensor

Definition 41. Let M be a smooth manifold, and ¥V be a connection on the tangent bundle
TM, then the torsion of V is a tensor field of type (1,2) defined by:
T:X(M)xX(M) — X(M)
(X,)Y) — T(X,)Y)=VxY —-VyX —[X,Y],

where [.,.] is the Lie bracket on X(M). The connection V on the tangent bundle TM is said
to be torsion-free if the corresponding torsion T vanishes i.e.:

[X,Y]=VxY —VyX, V X,Y € X(M).

Remark 21. T(X,Y) = —-T(Y, X), for all X, Y € X(M) (T is antisymmetric).

Geodesics

Definition 42. A geodesic on a smooth manifold M with an affine connection V is defined
as a curve (t) such that parallel transport along the curve preserves the tangent vector to the
curve. This condition can be expressed by the equation

Vi =0, (1.3)

at each point along the curve, where 7y denotes the derivative of v with respect to t.

More precisely, to define the covariant deriwative V57, it is necessary to first extend 7 to
a continuously differentiable vector field in an open set containing the image of v. Howewver,
the resulting value of (1.3) is independent of the choice of extension.

Using local coordinates (z#) on M, the geodesic equation becomes

d2’}/>‘ \ ﬂd’}/y _
dt? wode  dt ’

(1.4)

where y*(t) = x* o y(t) are the coordinate functions of the curve ~(t), and T}, are the
Christoffel symbols of the connection V.

This is a second-order ordinary differential equation for the coordinate functions of v(t),
and it has a unique solution given an initial position and initial velocity. Therefore, from the
point of view of classical mechanics, geodesics can be interpreted as the trajectories of free
particles moving in the manifold.

1.3.3 Curvatures
Riemann Curvature Tensor

Gauss’ “theorema egregium” shows that the Gauss curvature, defined as the product of the
two principal curvatures of a surface in Euclidean 3-space E3, is an isometric invariant of
the surface itself. This remarkable result led G. Riemann to the development of Riemannian
geometry, whose most important feature is the generalization of Gauss curvature to arbitrary
Riemannian manifolds. No significant modifications are needed when extending this theory
from Riemannian to pseudo-Riemannian manifolds.
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For a pseudo-Riemannian manifold M with Levi-Civita connection V, the function
R:X(M)x X(M)x X(M)— X(M)

defined by
R(X,Y)Z =VxVyZ —=VyVxZ —Vxy|Z

is a (1, 3)-tensor field, called the Riemann curvature tensor. Sometimes, we also write
R(X,)Y;Z W)= (R(X,Y)Z, W),
where (-, -) denotes the metric tensor on M.

Proposition 26. Let (M, g) be a semi-Riemannian manifold. For all X,Y,Z,W € X(M) we
have:

1. R(X,Y)Z =—-R(Y,X)Z (antisymmetric).
2. g(R(X,Y)Z, W) =—g(R(X, YW, Z).
3. g(R(X,Y)Z, W) =g(R(Z,W)X,Y).
4. R wverified Bianchi’s identity algebraic:
R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y = 0.

5. R wverified Bianchi’s identity differential:
(VxR)(Y,Z)+ (VyR)(Z,X)+ (VzR)(X,Y) = 0.

Sectional Curvature

Definition 43. Let (M, g) be a pseudo-Riemannian manifold and m C T,M be a 2-dimensional
subspace spanned by two linearly independent vectors X,Y € T,M. The sectional curvature
K(m) at the plane 7 is defined by:

B g(R(X, Y)Y, X)
N g(X,X)g(Y, Y) - g(X7Y)2’

K ()
where R is the Riemann curvature tensor and g is the metric tensor.

Ricci Curvature

Definition 44. Let (M, g) be a pseudo-Riemannian manifold with Riemann curvature tensor
R. The Ricci curvature is the symmetric (0,2)-tensor Ric defined by taking the trace of the
Riemann curvature tensor over the first and third indices:

Ric(X,Y) = t2(Z — R(Z,X)Y),
for all vector fields X, Y € X(M), or in local coordinates:
R’iCij = szk

j.
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1.3.4 Minkowski Space R}

Definition 45. The space R? is defined as a space to be the usual three-dimensional R—vector
space consisting of vectors {(x1, xa,x3)/x1, X2, x3 € R}, but endowed with the inner product

<& ¢ >pe= —61G + &0 + 8303

This space is called the Minkowsk: space or Lorentz space.

Tangent vectors are defined precisely as in the case of Euclidean space R3. A vector ¢ is
said to be :
e space-like, if <&, & >pa> 0,
o time-like, if <&, >ps<0,
e light-like or isotropic or a null vector, if <&, £ >gs= 0, but £ # 0.

Lemma 1. A regular surface element is defined as an immersion X : U — R3, exactly as in
R3 . A regular surface element X : U — R3 is called:

e space-like, in case the first fundamental form is positive definite, and if and only if, at every
point p = X (u) there is a time-like vector & # 0 which is perpendicular, with respect to the
inner product < .,. >gs in Minkowski space, to the tangent plane of the surface at the point
P.

e time-like, in case the first fundamental is indefinite, and if and only if, at every point
p = X(u) there is a space-like vector & # 0 which is perpendicular, with respect to the inner
product < ., . >gs N Minkowski space, to the tangent plane of the surface at the point p.

e isotropic, in case the first fundamental form has rank 1, and if and only if, at every point
p = X(u) there is a isotropic vector & # 0 which is perpendicular, with respect to the inner
product < .,. >gs in Minkowski space, to the tangent plane of the surface at the point p.

Translation Surface in a Minkowski 3-Space

Definition 46. A translation surface in a Minkowski 3-space is a surface that is parametrized
by either

o X(s,t) = (s,t, f(s) +g(t)), if L is timelike,

o X(s,t)=(f(s)+g(t),s,t), if L is spacelike,

o X(s,t)=(s+1t,9(t), f(s)+1t), if L is lightlike,

with the intersection L of the two planes that contain the curves that generate the surface.
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Manifolds with Density

In this chapter, we introduce the concept of manifolds with density, which generalize classical
manifolds by incorporating a smooth weight function that influences geometric and analytic
quantities. We define the main notions, study the corresponding curvature formulas, and
examine Plateau’s problem in R with density. Finally, we present the divergence operator
adapted to this setting. These tools will be useful for the analysis of geometric and variational
problems in weighted manifolds.

2.1 Manifold with Density

Definition 47. A manifold with density is a Riemannian manifold M™ with a positive density
function V(x) used to weight volume and hyperarea (and sometimes lower-dimensional area
and length). In terms of the underlying Riemannian volume dVy and area dAy, the new
weighted volume and area are given by:

dV =vdVy, and dA =V dA,.

Such a density is not equivalent to scaling the metric conformally by a factor A(z) since
in that case volume and area would scale by different powers of \.

Manifolds with density, a special case of the “mm spaces” of Gromouv or the earlier “spaces
of homogeneous type” (see [Coifman and Weiss, pp. 587, 591]), long have arisen on an ad
hoc basis in mathematics. Quotients of Riemannian manifolds are manifolds with density.

Example 38. R* modulo rotation about the z-axis is the half-plane:

H={(z,z) :x > 0}.

2.2 Curvatures in Manifolds with Density

Let M™ be a smooth Riemannian manifold equipped with a smooth positive density e.
Several notions of curvature can be extended naturally to this setting. We summarize the
generalizations of Ricci curvature, Gauss curvature, and mean curvature below.
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2.2.1 Generalized Ricci Curvature

In general dimensions, a useful and elegant extension of Ricci curvature to manifolds with
density is given by the formula:

Ricy = Ric — Hess,

where Ric is the usual Ricci curvature tensor, and Hess ¢ is the Hessian of the density function
. This definition, attributed to Lichnerowicz, Bakry-Emery, and Bakry-Ledoux, plays a
central role in the generalization of comparison theorems such as the Lévy-Gromov inequality.
It also appears in second variation formulas and Perelman’s work on the Poincaré Conjecture.

In particular, for Gaussian space G™(1) with density ® = e¥, this curvature simplifies to:

Ric, =0 — Hessp = 1.

Note that, unlike in classical Riemannian geometry, in two dimensions the generalized
Gauss curvature defined below is not necessarily half the trace of Ricy.

2.2.2 Generalized Gauss Curvature

For a two-dimensional manifold with density e¥, Corwin et al. define the generalized Gauss
curvature as:

szG_Awa

where G is the classical Gauss curvature. This modification leads to a weighted version of
the Gauss-Bonnet Theorem. For a smooth disc R with boundary OR, the generalized Gauss-

Bonnet formula becomes:
/ Kw + / Ry = 2 ,
R AR

where k, is the inward one-dimensional generalized mean curvature.

Examples of manifolds with Gy, = 0 (e.g., certain punctured planes with density) have
been studied in detail by Carroll et al. Other generalizations of Gauss curvature, involving
terms like | V4|2, are also used to derive asymptotic formulas for areas and perimeters of small
geodesic discs (see Corwin et al., Propositions 5.8 and 5.9).

2.2.3 Generalized Mean Curvature

For a smooth hypersurface in M", the generalized mean curvature H, reflects how the surface
evolves with respect to the weighted area. It is defined as:

L

d
where H is the classical mean curvature, and d—d} is the derivative of 1 in the direction of the
n
unit normal vector to the surface.

This quantity arises in the first variation formula for area and is constant for any surface
that minimizes perimeter under a fixed volume constraint. This is because any variation that
decreases Hy locally would reduce the weighted perimeter while preserving volume.
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As in classical differential geometry, the quantity —(n — 1)H, can be interpreted as the

.. dP
derivative —.

av

2.3 Plateau’s Problem in R® with Density

We shall now study a family of surface S; parameterized by X, : U — R3 in R? with density
e?t, where U is a subset of R? independent of ¢, and ¢ lies in some open interval (—¢,¢), for
some € > 0.

Let S = Sy and e = ¢?. The family is required to be smooth, in the sense that the
map (u,v,t) — X;(u,v) from the open subset {(u,v,t)|(u,v) € U, t € (—¢,¢)} of R? to R3
is smooth. The surface variation of the family is the function n : U — R3 given by

_ o
= o

t=0

Let v be a simple closed curve that is contained, along with its interior int(+y), in U. Then
v corresponds to a closed curve 7, = X; o« in the surface S;, and we define the ¢;-area
function Ag, () in R with density e to be the area of the surface S; inside 7; in R?® with
density e?t:

A¢t<t) = /t( )e¢t dAXt-
int(y

Theorem 13. With the above notation, assume that the surface variation n, vanishes along
the boundary curve . Then,
0Ay,(t 1
944 (1) = A (0) = -2 Hy-n-N-e  (EG — F?)2 dudv, (2.1)
ot t=0 int(7)
where Hy, = H — %Vd) - N is the ¢g-mean curvature of S in R* with density e?, E, F and G
are the coefficients of its first fundamental form, and N is the standard unit normal of S.

0X
Proof. Let n, = G_tt’ so that 9 = n, and let V; be the standard unit normal of S;.

There are smooth functions a4, ; and &, of (u,v,t) such that
Ne = Ny + B Xiu + 0. X0,

so that a = ag =17 - N. We have

Ay, (t) = / et | Xt A Xl dudo = / e’ N, - (Xiu A Xiw) dudv,
int(7)

int(7)
* DA, (1) 9
6N — (e Ny - (Xpu A X du dv. 2.2
ot /inm) g (1N (Xigu 1 Xo)) e 22
Now,
0 e ON,
E (€¢tNt . (Xt,u A Xt,v)) = W . Nt . (Xt,u A Xt,v) + a_tt . €¢t . (Xt,u A th)
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00Xy 0X4 4
e (5 ) e (v ).

Since N is the unit vector,

8Nt
ot

On the other hand,

8 tu
e¢t . Nt . (aXtu A Xt v> ¢t . (Xt7u A Xt,v) : ( X N thu>7
ot 15X A Xt,vu

ON,
(X A X)) = €% L Ny | Xy A X = 0.

bt .
(&
ot

(X ) (X Xow) = (X X1) (X - %)

HXtu/\Xth ’

Gi(Xpu - Bb) — Fy( Xy, - 55t2)
(EyGy — (F)?)V/?

_eqﬁt‘

_e¢>t,

Similarly,

8Xt,”>_€¢t Ey(Xuo - %50) = Fi(Xou - %)

bt . N, .
(& Nt (Xt,u/\ 81& (Eth ( ) )1/2

Using the definition of the function ¢,
9eft  9ef(X(uv)it)
o ot
Substituting these results into (2.1), we get

0
It (€¢tNt (X A Xt,v)) =0V - e - N - (Xiw A Xtw)

E<Xtv'aXtv) E(Xtu'a)(tv)
(ExGy — (Fy)?)'?
—Fy(Xio - 25) + Gol( X - 255

— - Ve - P00

Lot

Lot

) .

(EiGy — (Fy)?)1/? -

Now,

8Xt7u . 87’]t 3N 3Xtu 8Xtﬂ,

= oy Nt + BruXew + 000 Xiw + o

+ By + O,

ot ou
Therefore,

00X, ON,
8;7 = EiBru + Fidru + (Xiw - a_ut

: ONy __ _ _ 1 —
Since Xt,u ' aut - _Xt,uu ' Nt - _Ltu Xt,u : Xt,uu - §Et,u7 and Xt,u ' Xt,uv -

ou

Xt,u :

00X
ot

1 1
Xiw - = BBy + Fidy — Leoy + §Et,u5t + EEt,v(St-

ou

)at + (Xt,u : Xt,uu)ﬂt + (Xt,u : Xt,vu)(st-

(2.3)

1
5Eiq, we get
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Similarly,
OXiu 1 1
Xip - o FiBiw + Gioy — Myoy + (Fy o — §Et,v)ﬁt + §Gt,u5t~
0Xpo ! 1
Xy o EiBiw + Fidso — Moy + 5Ey o3 + (Fyo — §Gt,u)5t~
0X¢.,
Xiw - 8;7 = FiBip + Giry — Nyoy + %Gt,uﬁt + %Gt,vét-

Substituting these last four equations into the right-hand side of (2.3), simplifying, and
using the formula for the mean curvature H; of S, we find that

0
3t (€¢tNt (X A Xt,v)) =10 -V - e - N - (Xew A Xt p)

+ (B e (B,Gy— (F))?] 4 [0 €% - (EGy — (F))'?] ) — 200 Hye (E,Gy — (F)*)'V2.
And if t = 0, we have

0
1 (€¢tNt (X A Xt,v)) =n-Vo¢- €¢(EG - F2)1/2
t=0

+[Bo - Y(EG — F2Y2] 4 [8- e?(EG — F)V?] .
—2n-N-H- e¢(EG — FQ)I/Q _ [BO . €¢(EG— F2)1/2]u + [50 _ €¢(EG B FQ)I/QLJ
—2 (H— %V¢-N) '77-N-6¢(EG—F2)1/2,

Comparing with (2.2), we see that we must prove that
/ [(Bo - e?(EG — F?)'?) + (80 e?(EG — F*)'/?) | dudv = 0.
int ()
But by Green’s theorem, this integral is equal to

/ed’(EG — FHY2(By dv — 6y du),

Y

and this obviously vanishes because fy = d; = 0 along the boundary curve ~. [

Definition 48. A minimal surface in R? with density e® is a surface whose ¢p—mean curvature
is zero everywhere.

Example 39. The surface S in R® with linear density e defined by the parametrization:

2
V1+a?

where (x,y) € R?, and a,b, 3 € R* is minimal.

a2
X (z,y) — <x, Y, — arcsin <56_1-§2x) +ay + b—i—v) ,
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2.4 The Divergence Operator in Manifolds with Density

Let (M™, g) be a Riemannian manifold equipped with the Riemannian metric g. For any
smooth function f on M, the gradient V f is a vector field on M, which in local coordinates
Z1,T,...,T, has the form

ijﬁ

V) =

(Vf) =g o,
where summation is assumed over repeated indices. For any smooth vector field F' on M,
the divergence div F' is a scalar function on R, which is given in local coordinates by

0
det Gij 8331

div F = (det g;; F") .

Let v be the Riemannian volume on M, that is

v =detg;dr,...dx,.

By the divergence theorem, for any smooth function f and a smooth vector field F', such that
either f or F' has compact support,

/Mf div Fdv = —/M(Vf,F>dV.

where (-,-) = ¢g(-,-). In particular, if ' = V4 for a function ¢ then we obtain

/ fdivVydy = —/ (Vf, V) dv. (2.4)
M M
provided one of the functions f, v has compact support. The operator

A = divoV

is called the Laplace (or Laplace-Beltrami) operator of the Riemannian manifold M. From
(2.4) we obtain the Green formulas

/ fAYdy = —/ (Vf, V) dv = / YAfdv.
M M M
Let now p be another measure on M defined by

dp = e?dv.

where ¢ is a smooth function on M. A triple (M", g, ) is called a weighted manifold or
manifold with density. The associative divergence div,, is defined by

! 0 (e“" det gijFi) ,

div, Fl = ————
Vi e? det g;; Ox;

and the Laplace-Beltrami operator A, of (M", g, ;1) is defined by

1
A, =div, oV = " div (eV:) = A - +VV -
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It is easy to see that the Green formulas hold with respect to the measure u, that is,

| rawau=- [ (Vrv0pdu= [ i

M M M

provided f or ¢ belongs to C§°(M).

Theorem 14. Let S be a surface in M3 with density ¥ = e¥, we have
div, N = —2H,,.

where H, is the p-mean curvature of a surface S and N is the unit normal vector field of a
surface S.

Proof. By definition we have
) r .
div, N = " div(e?N) + (Vg, N)
=divN +N-Vp

2
= (Ve N,e;)+ N - Vg

=1
- 22: (Veilen N) = (Veei, N)) + N - Vo
= ::21<HN, N)Y+ N -V
= -2 <H—%V¢-N)
= —2H,,

where we have used that (e;, N) = 0 and the definition of the mean curvature vector. O



Chapter 3

Weighted Flat Translation Surfaces in
Minkowski 3-Space with Density

In this chapter we gives a classifications of all weighted flat translation surfaces in Minkowski
space with radial density e=*@*+v*+=)+¢ where ¢ > 0 and ¢ € R.

3.1 Weighted Flat Timelike Translation Surfaces in Minkowski
3-Space with Density

In this section we study weighted flat timelike translation surfaces ¥ in Minkowski 3-space
R? which are parameterized by

X(s,t) = (s,t, f(s) + (1)), (s,t) € R,

where f and g are reals functions C*(R) , have an orthogonal pair of vector fields on (%),
namely,

€1 = Xs = (1707 f/(S))
and
er =X, = (0,1,4(1)).

The coefficients of the first fundamental form are:
E=<eje >pz=1- f? F=<epem >pe=—fg', G=<ey e >pa=1- q.
As a unit normal field we can take
N = -1
VI-1+ 12497
The coefficients of the second fundamental form are

f//
VI=1+ 12 +47]

(f'.g'1)

[ =< Xss;N >R?:
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m =< Xst,N >R?: 0

1

g
VI=1+ 12+ g7

n =< Xtt7 N >R§:

Let K be the Gauss curvature of X,

In — m2 f//g//
K= EG—F2 (—1+f2+¢?)2 (3.1)

The weighted Gauss curvature of X,
K, =K — Ay, (3.2)

where Ay is the Laplacian of the function ¢ in the Minkowski 3-space. We have ¢(z,y, 2) =
—a(z? + y* + 2?) + ¢, thus the Laplacian of ¢ is

1 0 .
Ap = Vdetgi. (V)| = —2a. 3.3
Then " 1 " 1" 2 1 12 12\ 2
K, - f"g g I8 2a(=1+ 7 + g7 (3.4)

(_1 + f/2 + g/2) ( 1+ f/2 + 912)2
Thus ¥ is weighted flat timelike translation surface in Minkowski 3-space with density e¥
if and only if
K, =0,

that is, if and only if
f”g”-I—Qa(—l +f/2 +g/2>2 =0 (35)

to classify weighted flat timelike translation surfaces must solve the equation (3.5)
olf ff=ac|-1,1].
We replace f(s) = as + ay, in (3.5) gives

g12 — 1 o aQ’
and we get g(t) = £v/'1 — a?t + . In this case ¥ is a timelike plane.

olf ¢ =p€]-1,1].
)=0

We replace g(t + 1, in (3.5) become

f/2:1_627

and f(s) = £4/1 — 25 + (5. In this case X is a timelike plane.
e If f/ and ¢ are not constants smooth functions. In this case, we take derivation of the
equation (3.5) by s and ¢ respectively,

f//l " + 16af f/lg/g/l — O (36)
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We can writes equation (3.6) as
f/// B 16ag/g// B
f/ f// - q" -
where A\ is real constant. Solving the equation (3.7) with respect to the variable s, first
integration gives

A, (3.7)

A
"=+ 8, (3.8)
where [ is a real constant.
e Now if # =0, then
)\ 9 f'//
" - / s

Observe that

SO

d 1 A 1 A 1
—|—=)ds== [ d —— == A= ,
/d3< f’) s 2/ s = 7 28+a:>f %s—i—a

Integrating again,
1 2 1 A
’d5:—/ d5:——/ d|l =s+«
/f %S + A %s +a \2

finally, the solutions of equation (3.8) are

2
f(S) :—Xh'l §S+Oé + Qaq. (39)
Replacing the function f given in (3.9) in the equation (3.5) gives
aX! aX3a aX’a? PRI
?(9/2 _ 1)284 . . 1(912 _ 1)253 + |: 5 1(9/2 o 1)2 + 1(59” +4a(g/2 o 1)):| 52

A A
— laxai(g? — 1)* + Ao (5 ¢" + 4a(g” — 1))] s+ [anfll(g’2 — 1)+ a3(5g" +4da(g? — 1)) +2a| = 0.

2 2
(3.10)
The equation (3.10) is a polynomial on the variable s and thus the coefficients must vanish.
It follows that the function ¢ satisfies :

9/2_1207

2 2
a)\20‘1 <g/2 . 1)2 +
ala3(g? —1)2 +

24

A2
T (39" +4ag” ~1)) =0, (3.11)
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Thus, ¢’ = +1 and it is a contradiction.
e In the case that 5 # 0, we integrate the equation (3.8) with respect to s, and we get

=2 1In | cos (%\/%3) +51\/¥|+ﬁ2,if§>0,
f(s) = . (3.12)
v 2ls — 2In |l — ANV RS 4 By i f2 <0

By replacing f in the equation (3.5), we have:
If2>0

2
%taﬂ4 (% ?s—l—@ﬁ %) + [5gﬂ+ #(9/2 - 1)] tan’ (% ?S + 5 ?)

+ [2a(¢” = 1)+ ¢"] =0 (3.13)

The equation (3.13) is a polynomial on the function tan ( 1/ Bot B14/2 ) and thus the
coefficients must vanish. It follows that the function g satisfies :

a 2

S =0,

p
By +4E(g% - 1) =0, (3.14)
2a(g” — 1)+ ¢" = 0.

Thus, =0, ¢ = +1 and it is a contradiction.
And if § < 0, we have

2
2 [1 _g12 4 ?} N 2B st4p 4 {—ﬁg" ~ 8a(l _g/2)2 " 32;\? } 30 L s+361

—16 48a3? /=5

2a,32 2677
{—59” —8a(l —g”)* + 5 ;f } MW SEstB 4 9 l1 — g%+ TB} =0 (3.15)

The equation (3.15) is a polynomial on the function e*V = s+81 and thus the coefficients
must vanish. It follows that the function g satisfies :

2 4 28 _
1—9, +T_0’

—Bg" —8a(l — ¢"*)* + —32;252 =0, (3.16)
2
28q" — —712‘1’8(1 — g% +12a(1 — ¢?)* + 48/‘\12”8 =0.

Thus, 8 =0, ¢ = &1 and it is a contradiction.
Thus we have the following theorem.
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Theorem 15. (/14]) Let X be a timelike translation surface in Minkowski 3-space with density
e~a@* v 2t parametrized by

X(s,t) = (s,t, f(s) +g(t), (s,¢) € R?,
Then ¥ is weighted flat timelike translation surface in Minkowsk: 3-space with density ema(@+y*+2?)+e
if and only of
o X(s,t)=(s,t,astV1—-a’t+aw), a€[-1,1], a1 €R, or

.X(S,t>:(8,t,ﬂtﬂ: \/]-_ﬁQS_’_Bl)? 66 [_171]751 € R.

3.2 Weighted Flat Spacelike Translation Surfaces in Minkowski
3-Space with Density

In this section we study weighted flat spacelike translation surfaces ¥ in Minkowski 3-space
R? which are parameterized by

X(Sat) = (f(S) +g(t)787t)7 (S’t) € R2a

where f and g are reals functions C*(R) , have an orthogonal pair of vector fields on (X),
namely,

er = X, = (f'(s),1,0).
and
er =X, = (¢'(1),0,1).

The coeflicients of the first fundamental form are:
E=<e e >pa= 1+ f? F =<ep,e; >ps= [y, G=< ey, >ps= -1+ g~

As a unit normal field we can take

1
(1,
VIL+ 72— g7
The coefficients of the second fundamental form are
f//
NiEyTEyd

m=< Xg, N >R3= 0

_f/> _g/)

l =< X857 N >]R?:

!

g
VIL+ 7= g7s

n =< Xtta N >Ri’:

Let K be the Gauss curvature of X,

In — m?2 B f//g//

K= = )
EG _ F2 (1 + f/2 _ g/2)2

(3.17)
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According to (3.3) and (3.17)the weighted Gaussian curvature of ¥ is given by

f//g// +og— f//g// + 2&(1 + f/2 _ g/2)2
(1 + f/2 _ 912)2 (1 + f/2 _ g/2)2

Thus X is weighted flat spacelike translation surface in Minkowski 3-space with density
e¥ if and only if

K,=K—Ap= (3.18)

K, =0,

that is, if and only if
f//g// + 2@(1 4 f/2 _ g/2>2 =0 (319>

to classify weighted flat spacelike translation surfaces must solve the equation (3.19).

oIf ff=0aecR
We replace f(s) = as + ay, in (3.19) gives

g/2 — 1 o 052,
and we get g(t) = £v/1 4 a?t + ay. In this case ¥ is a spacelike plane.

olf g =p€]—00,—1[U]1,+o0|.
We replace g(t) = ft + (1, in (3.19) become

f/2:_1+527

and f(s) = £4/—1+ [2s + (2. In this case X is a timelike plane.
o If f/ and ¢ are not constants smooth functions. In this case, we take derivation of the
equation (3.19) by s and ¢ respectively,

f/l/g/l/ _ 16af/f//g/gll — 0 (320)

We can writes equation (3.20) as
f/// B 16ag/g// B )\ 3 21
f/f// - q" —h ( : )

where A is real constant. Solving the equation (3.21) with respect to the variable s, according
to (3.8) and and (3.21) the function f is given by (3.12).

By replacing f in the equation (3.19), we have:
If2>0

2
e (BB 1+ - (3o

+ [2a(1 = ¢*)*+¢"] =0 (3.22)
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The equation (3.22) is a polynomial on the function tan ( 1/ Bs4 B/ 2 ) and thus the

coefficients must vanish. It follows that the function g satisfies :

8aB% __ 0
A2 T
gy’ + 421 — g%) = 0, (3.23)

2a(1—¢g*)?* +¢"=0.

Thus, f =0, ¢ = £1 and it is a contradiction.
And if § < 0, we have

2

—16 48a3? YTk
+ |:26'g/l o )\0’6(1 o 9/2) _|_ 12@(—1 + g/2)2 + )\Lf] 62)\ T2ﬁ8+251+
32 2 — ) 2
{—ﬁg” —8a(l—¢”)% + %f} AV 9 [—1 +4%+ Tﬁ} =0 (3.24)

The equation (3.24) is a polynomial on the function e*V %5481 and thus the coefficients
must vanish. It follows that the function ¢ satisfies :

~1+g°+% =0, 2
_691/ . 8@(—1 4 g/2)2 4 32;25 — 07 , (325)
28g" — = (—1+ g"?) + 12a(1 — g?)* + ¥ = 0.

Thus, f =0, ¢ = £1 and it is a contradiction.
Thus we have the following theorem.

Theorem 16. (/14]) Let ¥ be a spacelike translation surface in Minkowski 3-space with
density e~ @' +2)re  porametrized by

X(S,t) = (f(S) +g(t),$,t), (S’t) € RQ,

Then X is weighted flat timelike translation surface in Minkowski 3-space with density e~ a(@+y?+27)+e
if and only if

o X(s,t) = (asEV1—a’t+ay,s,t), a,a1 ER, or
.XSt ﬂti\/l_ﬂQS_'_ﬁlaSt 66] []17+OO[7616R'

3.3 Weighted Flat Lightlike Translation Surfaces in Minkowski
3-Space with Density

In this section we study weighted flat lightlike translation surfaces ¥ in Minkowski 3-space
R?$ which are parameterized by

X(s,t) = (s+t,g(t), f(5)+1), (s,t) € R?
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where f and g are reals functions C?(R) , have an orthogonal pair of vector fields on (X),
namely,

er =X, = (1,0, f'(s)).
and

er =X, =(1,4'(¢),1).
The coefficients of the first fundamental form are:

E=<ey, e >]R:f: 1— flz, F=<e e >]R:f: 1-— f,, G =< ey, €9 >R?: 9/2.

As a unit normal field we can take

1
VP - o
The coefficients of the second fundamental form are
I"g"
VIRg? + (f = 1)% - g7
m=< Xg, N >R3= 0
g"(f = 1)
VIF2g? + (=17 = g2

(_f/g/7 f, - 17 _g/)

l =< X887N >Ri’:

n =< Xtt; N >R?:

Let K be the Gauss curvature of X2,

n—m* e (f —1)
K= EG — F2 (f/2g/2 + (f/ _ 1)2 _ 9'2)2' (3.26)

According to (3.3) and (3.26)the weighted Gaussian curvature of ¥ is given by

PEYS -1 =)+ 20— D+ g - 1)

K,=K-Ap= (292 + (f — 12 — g2)2 (f2g2% + (f' —1)2 — ¢2)2

(3.27)
Since the surface is non-degenerate, f’ # 1 for all s.
Thus X is weighted flat lightlike translation surface in Minkowski 3-space with density e¥
if and only if
K, =0,

that is, if and only if
f// " /(f/ o 1) + 2@ ((f/ o 1)2 +g/2(f/2 . 1))2 _ 0. (328)
to classify weighted flat lightlike translation surfaces must solve the equation (3.28).

o If f'=a €]-1,1[. It is a trivial solution of (3.28), f(s) = as+ai, g(t) = +/ {72t +as,

a1, € R, in this case the surface is lightlike space. ,
o If ¢ = 3 € R. It is a trivial solution of (3.28), g(t) = pt + £, f(s) = %s + fo,
b1, B2 € R, in this case the surface is lightlike space.
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e If f’ is non-constant smooth function. We divide (3.28) by (f' —1)(f’+ 1)? and we take
derivatives with s and t respectively.
Then one obtains

(F=rieip) W0y +1a (f7) 0 =0 (3.29)

Suppose ¢’ = 0. From (3.28) f' =1, a contradiction. Therefore, there exists A € R such that

/
/-1
da (1) (g"g)

_ - =y (3.30)
((f’—l)(f’+1)2>
e If \ = 0, then we have ¢g"* = 23 for some non-zero constant 3. From (3.28) f' = %, a
contradiction.
e If \ # 0, in this case we have
d'd ="+ X\, 1 €ER. (3.31)
We can writ equation (3.31) by
2g/g/l
=2 =9, (3.32)
ge+ 5
and its solution is given by
A
g% = ke? — Tl, Kk € R¥T. (3.33)

Submitting it into (3.28) and (3.31), (3.33), the result is polynomial on e**'and thus coeffi-
cients must vanish. It follows that f satisfies then next three differential equations:

f+1=0=0,
2a(f? = 1) = (S + 12 £ A" =0, (3.34)
A+ M7+ (F = 1)+ 220 4+ 1)% 4+ 2aM (f? — 1) = 0.

Thus we conclude that f* =1, a contradiction again.
Thus we have the following theorem.

Theorem 17. (/14]) Let X2 be a lightlike translation surface in Minkowski 3-space with density
e~ @+ 2t parametrized by

X(s,t) = (s+t,g(t), f(5)+1), (s,t) € R?

Then ¥ is weighted flat lightlike translation surface in Minkowski 3-space with density e~ (@ +y* ) e
iof and only if
o X(s,t)=(s+t,+ L‘L—gt%—ag,as +a1), o €]-1,1[,a1,9 € R, or

hd X(87t> = <8+tvﬁt+ﬁ17%5+ﬁ2+t>7 57 ﬁhﬁQ GR-



Chapter I

Weighted Flat Radial Surfaces in Euclidean
3-opace and Minkowski 3-Space with Density

4.1 Weighted Flat Radial Surfaces in Euclidean 3-Space
with Density

In this section we gives a classifications of all weighted flat radial surfaces in Euclidean 3-space
with radial density es @+’ +2)+¢ where ¢ > 0 and ¢ € R.

Let 2 = {(x, y) € R? 22 + 9% < %}, and consider the radial surface
X:0->R

X(z,y) = (z,y, h(v/ 22 +y?))

we have
X, = (1,0, %h’)
Te+y
2 2
y ! x "
X:I:z = Oa 07 h h
( (22 +y2)3/2 + 72 + 12 )
o Y '
X, = (0,1, \/mh)
2 2
. x / ) "
ny —(0707 (x2 4 y2)3/2h + 2 +y2h )
o . —ZYy / xry "
Xy = Xyo = (0,0, (22 + y2)3/2 2 + th );
and

- —T / —Y !
Xx/\Xy_(\/x2+y2h7\/x2+y2h71)

1 Xe A X[ = VI + 22,
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hence the unit normal vector is

1 -z / Y

- W, o1,
\/1+h’2(\/x2+y2 Va2 + 2 )

The coeflicients of the first fudamental form are

1’2

E=1 h'?
+$2+y2
xy 2
= h
I’2+y2
2
. Y 2
G =1+ 5 h"

and the coefficients of the second fudamental form are

1 2 x?
l — ( y h,l + h”>
VI @4 ey
_ 1 ( —xY / + Ty h//)
VI @4y
n — 1 ( x2 ! y2 h”),

(22 + y2)3/2 + 22 + 12

Vitie

so the gauss curvature is

In —m? _ 1 1 W

TEG-F? (1+hR g

We define the function ¢(z,y, z) = £(2* + y* + 2°) with a > 0, then Ag—a.

K

The gauss curvature with density e is given by
1 1

(L+12)2 /22 442

we want to classify the flat radial surfaces z = h(y/22 + y?) with density e?, we have to solve
the equation

Ky=K—A¢= Wh' —a,

K,=0, (4.1)
let us put /22 4+ y2 = t, so the equation (4.1) becoms
1 1
_h/h// —
(1+h2)2t @

multiplying through by ¢, we simplify the expression.

h/ h//
D
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By the chain rule, h'h” can be rewritten as = (h’2) so this leads to a simpler representation

(h/2)/

m = 2at.

Integrating with respect to t, we obtain this expression, where b is the integration constant

ﬁ + b = at2. (42)

Consequently, wa conclude from (4.2) that b > at®, then ¢* < 2, and because of that we
choose (2 as the domain of definition.

If we consider that b < at? + 1, then

1
W=ty —— 1
b — at? ’

we assume b €]0, 1] to ensure the existance of the square root.
we want to simplify the integral

1
[=+ [ /—— 1
/ b — at? dt
ey
[—+ /,/ 1 (4.3)

mm%t_kamwmﬂao]ﬁ:-J}m@wm@mmwa
= [ o
= :I:/ \/%\/gsin(ﬁ) de,
]—i——/\ﬂ—bml (4.4)

We consider two cases for the integral:

that is

then

1. Case 1: b=1

1
I= j:% sin(f) + ¢,

that is

h(t) = :I:% sin(cos ™ (vat)) + ¢

thus
X(x,y) = (v,y, £—=sin(cos ! (Var/22 + 42)) + ¢),
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2. Case 2: 0<b<1
in this case the integral in (4.4) is a standard elliptic integral of the second kind, denoted
E(6,k) where k = /b , thus we can write

1
I =4+—F
7 0]b) + ¢

Recall the substitution t = \/g cos(f), so

1
h(t) = j:—E(cos_l(\/E\/x2 + y2b) + ¢
Va b
that is
1
X(z,y) = (x,v, j:—E(cos_l(\/gx/ac2 + y2|b) + ¢).
Vva b
Thus we have the following theorem.

Theorem 18. ([15]) Let ¥ be a radial surface in R? with density es @+ +2)%¢  parametrized

by
X:0N >R

X(2,y) = (z,y, h(v/ 22 +32)),

with 2 = {(z,y) € R%, z* +¢y* < 1}
Then S is weighted flat radial surface in R® with density e @t +2%¢ if and only if

oX(x,y):(x,y,i sin(cos™H(yay/a2 +y?)) +¢), c € R or
o X(z,y) = (a:y,:l: E(cos™ (\/Ey/a2 +92[b) +¢), 1>b>0,

4.2 Weighted Flat Radial Surfaces in Minkowski 3-Space
with Density

In this section we gives a classifications of all weighted flat radial surfaces in Minkowski 3-
space with radial density e3 @ ¥’ +2)+¢ where ¢ > 0 and ¢ € R.

Let
X :R? > R3

X(z,y) = (z,y, h(v/ 22 + y?)),
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be a radial surface in R3. Thus
_r
a2+ y?
2 2
y / € 14
XZEIB = 07 07 h h
( (22 + y2)32 + 2% 1 o2 )
P
X?J - (07 1a \/mh )
22 2
hl h/l
(22 + y2)3/2 + 22§ 3 )

— _ Yy / LY "
Xoy = yr — (070’ (ZL'2 _|_y2)3/2h + 272 +y2h )7

Xac = (1707

ny :(0, 0,

and the unit normal vector is
1 — -y
N — hl?
%lh’2—1|(¢x2+y2 Vat+y?

The coeflicients of the first fudamental form are

B, —1).

E=1- h'?
x? 492
— _ zry 12
x? 4 y?
2
B Yy )
G_1_$2+ 2h ,

and the coefficients of the second fudamental form are

— ! ( —y W 56_2}//)
/|h/2 _ 1‘ (1‘2 + y2)3/2 2+ y2

o 1 ry / Ty "

m= /|h’2 __1|<(m2+y2)3/2h _:702—|—y2h )

_ 1 _3:2 / y2 h//)

h _
/|h/2 _ 1| ((1'2 +y2)3/2 {L‘2 +y2

We define the function ¢(z,y,2) = $(2? + y* + 2°) with a > 0, then

1 0 A
A¢ = ety 9, (y/detgij.(ng) ) = a.

And the gauss curvature with density e? is given by

In —m?

~“EG_

Ky

We will discuss two cases based on the sign of h'? —1 :
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1. case 1: W —1 <0, then
1 1
K, = B —
1) (h/2_1)2 /1,2_|_y2 a
to classify the flat radial surfaces in this case we have to solve
1 1
S (4.5)
(1P ot 1 2
2. case 2 : h'> — 1> 0, then
1 1
Ky=— nhn' —
’ (W2 =1)% /22 + 2 "
to classify the flat radial surfaces in this case we have to solve
1 1
— B = 4.6
(h/? _ 1)2 /.I‘2 4 yg ( )
Let us solve the equation (4.5). If we put /22 + y? = t, then (4.5) will be
(h/2)/
—(h/Q ~ ) = 2at,
leads to .
- 2
hl2_1+b—at : (4.7)
Thus, we can conclude from equation (4.7) that b < at?, then
1
N =+y—+1
b — at? +h
with b < at? — 1. Thus, we assume b < —1 to ensure the existence of the square root.
We want to simplify the integral
I= 1dt, 4.8
[\t (4.9

for this purpose, let us consider ¢ = —b, then we get in (4.8)

1
I == — +1dt
/\/—c—at2+ ’
_i/

. t2 1
udt
—c — at?
t2 —1
Ha—dt

c + at?
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with ¢ > 1.

Putting ¢ = /€ sinh(0), dt = /< cosh(§), with 6 > 0, we get
h?(0) — 1
I= / ¢ tcsin 2) \/Ecosh(e) do ,
¢ + csinh?(0) a

h2
= :I:/ \/CCOS 5 Ecosh(@) deé ,
c cosh?( a

\/ccosh )—1
:i/ [COS

ccosh
then
]—j:—/\/ccoshQ ) —1d6. (4.9)
1. Ifc=1
I—i—/\/cosh2 )—1db
= :I:% cosh(6) + ¢y,
and

X(%,y):(.fC,y,j:\/.T2—|—y2+Cl>,Cl ER-

2. If ¢ > 1 then, (4.9) is an elliptic integral of the second kind, and it can given by

1 z\/ccosh (20) + ¢ — 2F (29‘:01)

I =+—
\/E ccosh(20)+c—2 tey
c—1
then
X(z,y) = (z,y,2(z,y)),
where
1 z\/ccosh 2sinh™! (VEV22+9?) + ¢ —2E (zsmh (V22?2 +9?) ‘ﬁ)
Z(I7y) =+t— +cr.
\/a \/ccosh (2sinh™ \/_\/ 2+4y2?))+c—2
Now we solve the equation (4.6). For \/x? + y? = t, then (4.6) will be
(h/2)/
R,
leads to )
b= at’. (4.10)
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Thus, we can conclude from equation (4.10) that b < at?, then
1
W=+y——+1
at? —b +5
with b < at?. Thus we assume b < 0.
We want to simplify the integral
1
I:i/,/2—_+1dt, (4.11)
consider ¢ = —b, then we get in (4.11)
1= /\/ + 1dt
at® + ¢
t2
at* +c+1 &t
at? + ¢
with ¢ > 0.
putting ¢ = \/gsinh(ﬁ , dt = \/Ecosh (0), with 8 > 0, we get
(] 1
= / csinh’(0) +c+ \/jcosh(ﬁ) do |
csinh”(6) + a
h?(0) +
- i/ %\ﬁmgh(m do
ccosh®(0) a
ccosh*(0) +1 [¢
=4 — cosh(0) db
/ V/ccosh(6) \/;COS (6) db,
then
I= i—/\/ccoshZ +14d6, (4.12)
it is an elliptic integral of the second kind and it can given by
I iLz\/ccosh 20) + ¢+ 2E (if ‘Cfl)
\/5 ccosh(20)+c+2 ’
c+1
then
X(z,y) = (z,y,w(z,y)),
where
1 z\/ccosh 2sinh™* \/_\/ac2 +vy?) +c+2F <zsmh \/gw/aﬂ + 12 |(;+L1>
w(z,y) =+— .
\/a \/ccosh(Qsinh ﬂ\/ x24+y?)+c+2
c+1
(4.13)

Thus, we have the following theorem.
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Theorem 19. ([15]) Let S be a radial surface in Minkowski 3-space with density e3@*+v*+2%)+¢,
parametrized by
X:R*5 R}

X(z,y) = (z,y, h(v/ 22 + y?)),

Then ¥ is weighted flat radial surface in Buclidien 3-space with density @ v’ +2%)+e jf
and only if

o X(z,y) = (v,y, £\ /22 + 2+ c1),c1 ER or

| iyfecosh(2sinh (/T /a7 y2) he2B (isinh ) (/2 /22 107)| £ )

i X x’ - I’ 7:|: + C 9
( y) ( Y Va \/ccosh(Qsmh_l(\/:m)H.c_g 1>
c—1
c>1,c0 €R or
44/ ccosh(2sinh™ 2 c+2F (isinh™ a S22 S
o X(z,y) = (v,y, £ v eV sesan (i YT +y|c“>+a)7

c+1

Va \/ccosh(2 51nh_1(\/;\/x2+y Vtc+2
c>0,c0 € R.



Conclusion

Contribution and Methodology

The core of our contribution lies in the geometric characterization and classification of specific
classes of surfaces within the framework of weighted manifolds. Specifically, we focus our
investigation on the following two primary axes:

I. Classification of Weighted Flat Translation Surfaces

We provide a complete classification of translation surfaces in the Minkowski 3-space R3
that exhibit a "weighted flat" nature. In this context, the flatness is investigated with respect
to the weighted Laplacian operator (also known as the drift Laplacian or f-Laplacian).
The surfaces are studied under the influence of a radial density function given by:

o(z,y,2) = e_“(x2+y2+z2)+c, where a > 0, c € R (4.14)

This density introduces a non-trivial weight to the manifold, altering the traditional notion
of curvature and requiring an in-depth analysis of the interaction between the translation
generator curves and the density’s gradient.

II. Study of Weighted Flat Radial Surfaces

In addition to translation surfaces, we extend our investigation to the class of radial surfaces
(surfaces of revolution) parameterized by:

X(z,y) = (m y, h (\/x2 + y2)) (4.15)

Our work establishes a comparative classification between the Euclidean space R? and
the Minkowski 3-space R}. By employing the same radial density, we solve the resulting
non-linear differential equations to identify all possible profile functions h(r) that satisfy the
weighted flatness condition. This comparative analysis highlights how the signature of the
metric (Riemannian vs. Pseudo-Riemannian) fundamentally influences the existence and
geometric form of such surfaces.



Perspectives

The results presented in Chapters 3 and 4 open several compelling avenues for future investi-
gation, specifically regarding the study of alternative surfaces in diverse spaces with varying
densities.
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