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Introduction

The study of meromorphic functions and their value distribution has played a pivotal role
in the development of modern complex analysis. A landmark contribution to this field came
in the 1920s from finnish mathematician Rolf Nevanlinna (1895-1980), who is credited with
founding what is now known as Nevanlinna’s Theory. Building on earlier work by mathem-
aticians like Emile Picard, who proved that a non-constant entire function can omit at most
one complex value, Nevanlinna revolutionized the subject by introducing a precise, quant-
itative framework to analyze how often and in what manner a meromorphic function takes

certain values.

In his seminal doctoral dissertation "Zur Theorie der meromorphen Funktionen" (1925),
Nevanlinna introduced three key tools: the characteristic function T'(r, f), the counting func-
tion N(r,a), and the proximity function m(r, a). These concepts became the building blocks
for the First and Second Fundamental Theorems of Nevanlinna, which form the core of value
distribution theory. A fundamental concept derived from the characteristic function is the
order of growth of a meromorphic function—a measure of how rapidly the function increases.
This notion of order is essential in the classification of meromorphic functions and plays a

crucial role in analyzing the nature of solutions to complex differential equations.

While Nevanlinna laid the foundations, the theory was further expanded and refined by a
number of influential mathematicians. Lars Ahlfors, a student of Nevanlinna, made significant
contributions to value distribution and function theory, and was awarded the first Fields
Medal in 1936. Others, such as W. K. Hayman, Paul Montel, and Shoshichi Kobayashi,
extended the theory in various directions, including uniqueness theory, value-sharing results,

and connections with complex differential geometry. Later developments by Ilpo Laine,



Kazuya Tohge, and R. G. Halburd deepened the connections between Nevanlinna Theory
and differential equations, especially in the study of Painlevé-type equations and integrability

conditions.

Nevanlinna’s theory has since found profound applications across mathematics, including in
Diophantine approximation, algebraic geometry, and mathematical logic. The Second Fun-
damental Theorem, in particular, has become a cornerstone in proving uniqueness theorems
and understanding defect relations, which describe how a meromorphic function may "miss"

or underrepresent certain values.

This research aims to explore key applications of Nevanlinna Theory to the analysis of mero-
morphic solutions of differential equations, with special attention to how the value distribu-
tion and growth, measured by order, offer deep insights into the behavior and structure of

these solutions.
This work is composed of an introduction, and two chapters.

In the first chapter, we introduce some elementary definitions of the theory of Nevanlinna,
and some other notations that we will need in the next chapter.

The second chapter is devoted to the results obtained in the article [5], where the authors
have studied the growth of solutions of some complex linear differential equations.

Four differential equations were used to obtain some results on the (p, ¢)-order of the solutions.

First, we consider the differential equations
A () [P+ A ) SV A (2) f + Ao (2) =0,
A () O+ A () fE D AL () [ Ao (2) f = F (2),
where A; (2) (j=0,1,--- k) and F (z) with Ay(2)Ao(z) # 0 are entire functions and ob-
tained some results when there exists some coefficient A, (0 < s < k), of maximal (p, ¢)-order

and being a Lacunary serie.

For the differential equations
O+ A () 5V 4 AL [+ A (2) f =0,
FO+ A () SV + A (@) [+ Ao (2) f = F(2),
where A; (z) (j=0,1,--- ,k—1) and F'(z) are entire functions, some results were generel-

ized in [5] due to the authors in [I1], [19].

We conclude this work with a conclusion.



Chapter 1

Elements of Nevanlinna’s theory

1.1 Basic definitions

Definition 1.1.1 (Entire function) An entire function is a type of complex function that
is holomorphic (complex differentiable) everywhere on the entire complex plane C. In simpler
terms, an entire function has no singularities or points of discontinuity anywhere in the

complex plane .
Example 1.1.1 The functions €*, sin(z), cos(z), 2" are entire functions.

Definition 1.1.2 (Meromorphic function) A meromorphic function is a function that
is holomorphic everywhere in a given domain except for a set of isolated poles (singularities
where the function tends to infinity).

In practice, we can consider a meromorphic function as the quotient of two entire functions.

1 1 2+3
Example 1.1.2 The functions —, — , Gl
2z sin(z)” z—1

are meromorphic functions.

Definition 1.1.3 (Lacunary serie) A lacunary serie is a type of power series in which the
sequence of exponents that has large gaps. More formally, a lacunary power series is of the

form
k
n
E ap, 2",
k

where {ny} is a strictly increasing sequence of integers that grows rapidly, meaning that the

differences ngy1 —ny increase significantly.

Example 1.1.3 f(2) = Zsz =z+22+ 24+ 28+ is a lacunary serie.
k=0
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Definition 1.1.4 (The symbols O and o)

Let f (r) and g (r) be complex functions defined over [0, +oo[ with g(r) a real positive function.
We say that

(i) f(r) =0(g(r)) when r — +oo if ()

(ii) f(r) =0 (g(r)) when r — 400, if there exist constants c,ry such that

— 0 when r — +o00.

[f (r)] < eg(r),Vr=ro.

sin(r)

T

Example 1.1.4 We have rsin(r) = O(r) and sin(r) = o(r) since — 0 when r — +o0.

Remark 1.1.1 f(r) = O (1) means that f is bounded.

Definition 1.1.5 (Maximum modulus) The mazimum modulus of a complex function
f(2) is defined by
M (r, f) = max|[f (2)],

|z|=r
where M (r, ) represents the maximum value of |f (z)| on the circle of radius r centered at

the origin in the complex plane.

Example 1.1.5 Let f (2) = 22 +1. Let’s compute the mazimum modulus M (r, f) on a circle
of radius r, that is

M(r f) = mix\f(z)\ = mix}zQ +1|

|2| |2|
Let z=re”. Then |z| =1 and f(2) =% +1.
Therefore

F ()] = [r2e2® 1] = 1/ (r2 cos(20) + 1)* + (2 sin(26))°.
This gets a little messy, but we can simplify
1 (2)] = |r?e” + 1|2 ="+ 2r%cos (20) + 1.

So the mazimum occurs when cos (20) = 1, that is M (r, f)* = + 212 + 1 = (r2 + 1)*.
Hence

M(r,f)=r*+1.
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1.2 Nevanlinna’s theory

Definition 1.2.1 ([76]) For any real number x > 0, we define

logz, if x=>1

Lemma 1.2.1 ([16]) We have the following properties of logt x :
(1) log  <log" z, z > 0.

(2) log+ x < log+ y, 0 <z <uy.

(3) log x = log™ x — log™ (i) , x>0.

1
(4) [log z| =log™ z + log™ (—) , x> 0.
T

(5) log™ (H $]~> < > log"z;, x;>0.

Jj=1 Jj=1

n

(6) log™ (Z xj) < leogJr z; +log n, z; > 0.
iz

J=1

Definition 1.2.2 (Counting function) ([10]) Let f be a meromorphic function. For any
complex number a, we denote by n (t,a, f) the number of roots of the equation f(z) = a located
in the disk |z| < t. Each root is counted with its multiplicity, and we denote by n (t, 00, f) the
number of poles of the function f in the disk |z| < t.

We have

r

N(r,a,f):N(r, L ):/n(t’a’f)_n(o’&’f)dt—i—n(o,a,f)logr, iff£acC

f—a t

0

and

T

N<noo,f)=N<r,f>:/

0

n (t, 00, f) —n (0,00, f)
t

dt +n (0,00, f)logr, if a = oc.

Definition 1.2.3 (Proximity function) ([16]) Let f be a meromorphic function that is

not constant on the complex plane. Then, we define the proximity function of f as

2

1 1 1 )
m(r,a,f)zm(r,—) /log+md«9, if f£a€C

f—a T o
0

and
27

m (r,00, f) =m(r, f) = %/long | f (re”) ] db.

0



1.2 Nevanlinna’s theory

Definition 1.2.4 (Characteristic function) ([16]) We define the characteristic function

of the function f (in the sense of R. Nevanlinna ) as

T(r,f)=N(r, f)+m(r, [).

Example 1.2.1 Let f (z) = e*. We have n (t,00, f) =n (0,00, f) = 0 because f (z) = € is

an entire function, and so N (r, f) = 0.

Let’s calculate m (r, f). We have

2w

1
df + —

21 Jar
2

log-‘r (67’ cos 0) do

1 2m ;
m(r, f) = %/0 log+|f(r69)‘d9
— i 27T10g+ (ercosﬂ) do
2 Jo
™ 3
1 [3 1 %
= — 1 + 7 cos do _/ 1 + T cos
27 ), og (e ) +27r . 0g (e )
1 3 1 2
= —/ rcos@d@—i——/ r cos 0df
2 Jo 2 i
1 s 1
= %[rsinﬁ]g%—%[rsinﬁﬁé
1 < . . 0>+ 1 9 . oT
= — |rsin—- — rsin — [ rsin2m — rsin —
2 2 2 2
o r
oo 2w
_r
=
Hence

T(r,f)=N(r,f)+m(r f)=

r
™

Example 1.2.2 Let g (z) = z+1. We haven (t,00,g) = n (0,00, g) = 0 because g (z) = z+1

is an entire function, and so N (r,g) =0 and
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2
1 .
m(r,g) = %/logfr ‘g (re*’)}de
0

2T
= i /10g+ ‘rew + 1| db
2T
0

2

1 )
= — 10g|7"e“9(1—|—0(1))‘d9
2m

0
1 2m
= %/logr(l—l—o(l))d@
0

= logr(l+o(1))
= logr+C, C'=Cte.

Hence

T(r,g) = N(r,g) +m(r,g) =logr+C.
1.3 The growth and distribution of the values of an
entire or meromorphic function

Definition 1.3.1 (Order of growth) ([10,[16]) Let f be a meromorphic function. The
order of growth of the function f is given by

 ——1log T (r, [)
o) = tm =

If f is an entire function, then the order of f is given by

o (f) = Tim log T (r, ) T log log M (r, f)

r—+oo  logr r—-00 log r

Example 1.3.1 Let f (z) = e¢*. We have f is an entire function and therefore

Then we get
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Example 1.3.2 Let g(z) = z+ 1. We have g is an entire function and therefore
T(r,g) =logr+ C.

Since T'(r,g) ~ logr as r — 400, then we have

— log T (r, g) T log (log r)
r—+oo  logr r—+oo logr

=0.

Proposition 1.3.1 ([1], [70, [16]) Let f and g be meromorphic functions. Then
(1) o(af) = o(f), a € C*

(2) o (f +9) <max{o (f).0o(9)}

(3) o (fg) <max{o (f),o(9)}.

In particular, if o (f) < o (g), then o (f +9) =0 (fg) =0 (g).

Example 1.3.3 Let f (z) = crz Then

Sincea(i) =0<l=0 <%> , then o (f) = 1.
Definition 1.3.2 (The type) ([10]) Let f be a meromorphic function with 0 < o (f) < +o0.
Then the type T (f) of f is given by

r(p)= T )

r——400 To(f) )

If f is an entire function, then the type of f is given by
log M (r, f)

™ (f) - rkgloo TU(f)
Example 1.3.4 Let f(z) = © . We have T(r, f) = Ty O(logr) and therefore o (f) = 1
z 7r
1
dr(f)=~.
and 7 (f) -

1.3.1 The exponent of convergence of zeros and poles of a mero-
morphic function

Definition 1.3.3 ([70]) Let f be a meromorphic function. The exponent of convergence of
the zeros of f is defined by

)\(f>:mw

r—-+o0 logr



1.3 The growth and distribution of the values of an entire or meromorphic
function 7

and the exponent of convergence of the distinct zeros of f by

N () = mlogw (7’, %)

r—+00 log r

where

f

N(r,l) :jﬁ(t7%> _ﬁ(oa%)dt—i-ﬁ((),l) log r
0

and T <t, %) denotes the number of distinct zeros of the function f lying within the disk of

radius |z| < t.

Example 1.3.5 Let g (z) = z + 1. Then we have

N (r, l) =logr + O(1).
g

So

_ ~ logN (7", é)
(g) rﬂlinoo log r

Definition 1.3.4 ([16]) We define the exponent of convergence of the sequence of the poles
of the meromorphic function f by

\ (1) _ e N(r f)

f r—+o00 log r

z

Example 1.3.6 Let f (z) = O We have z =0 is a simple pole and therefore
2z

N(Taf> =

/TL(t’OO’f)_n(o’oo’f)dt—i-n((),oo,f)log?“
0

Then
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1.3.2 The (p,q)-order, Lower (p, q)-order, (p, q¢)-type and (p, ¢)-exponent
of convergence of an entire or meromorphic function

For r € [0,+4oc[, we define exp,r := ¢" and exp,.,r := exp(exp,r), p € N. For all r
sufficiently large, we define log, r := logr and log,,, r := log(log,r), p € N. We also denote
expyr = r = log,r, log_,; 7 = exp,;r and exp_; r = log, r. For the unity of notations, we

present here the definition of (p, ¢)-order where p and ¢ are integers with p > ¢ > 1.

Definition 1.3.5 ([17], [18]) The (p, q)-order of a meromorphic function f is defined by

—log, T'(r, f)
T(pa) (f) = Tl{g})olfog—r
q

where T (r, f) is the characteristic function of Nevanlinna of the function f. If f is an entire

function, then

log, T (r, f) 108,41 M (r, f)

= Tim 22— —
I(pg) (f) et log, r ror oo log, 7 7

where M (r, f) is the mazimum modulus of f in the circle |z| = r.

Example 1.3.7 Let f (z) = €* is an entire function. We have T (r, f) = " Then
T

r
log, —
log, T g1
oo (f) = T Bl 0l
r—=Too 217 r—+oo log| T

So 0(1,1) (€Z> =1.

Definition 1.3.6 ([17], [18]) The lower (p,q)-order of a meromorphic function f is defined

by

log, T'(r, f)
= lim —2
Hwa (£) % log, r

If f is an entire function, then

10gp+1 M (Tv f)

Hna) () = TE% log, 7
2
Example 1.3.8 Let h(z) = cosz. We have T(r,cos z) = i O(1) and therefore
T
2r
1 —+0(1
e o (5 o)
f,1) (h) = lim s = lim =1,
r—+oo og, T r—+oo log, r

S0 puy 1) (cos z) = 1.
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Definition 1.3.7 ([17), [18]) The (p, q)-type of a meromorphic funtion f with 0 < 0,4 (f) <

+00 is defined by

_ logp_l T (Ta f)
T(p.q) (f) - rkgloo (log 74) ) (f)
q—1

If f is an entire function, then

log, M (r, f)
)o@

TM,(pq (f) = lim
P 7—-+00 (10gq_1 r

Example 1.3.9 Let f (z) = e*. We have log M (r,e") = r and logyr = 1. Then

So

TM7(171) (ez) =1.

Definition 1.3.8 ([17], [18]) The (p, q)-exponent of convergence of zeros of a meromorphic
function f is defined by
log, N <7" l)
—_ T f
A = Tm —0 7/
o (f) = lim_ log, r

and the (p, q)-exponent of convergence of distinct zeros of a meromorphic function f is defined

by
_logpw (7“, %)

X(p,q) (f) = lim

r—too  log 7 '

where N (r, %) (W (r, %)) is the integrated counting function of zeros (distinct zeros) of f
in{z:|z] <r}.

Example 1.3.10 Let f(z) = sinz. The zeros of f are z, = nm, for all n € Z. Then
2t 2
n(t,0, f) ~ —, ast — 400 and therefore N (r, %) =Ly O(1).
T T
Hence
log N (7“, %)
Ay (f) = lim ————=

r—+00 log r

log (2% + O(l))

= lim
r—-+00 log r
2r o1
log— [ 1+ 2(7, )
. 7r -
= lim T
r—-+o0 logr
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z = —1, (with multiplicity 3)
z = nm, (distinct, infinite).
But the distinct zeros {1,m,2m,37, ...} are of same growth as sinz and so A\q1y (9) = 1.

Now, let g (z) = (1 + 2)’sinz. The zeros of g are {

Definition 1.3.9 ([17], [18]) The lower (p,q)-exponent of convergence of zeros of a mero-
morphic function f is defined by

log, N (r, %)
Apa) () = 7«2% log, r

and the lower (p, q)-exponent of convergence of distinct zeros of a meromorphic function f is

defined by

Example 1.3.11 Let f(z) = sin(wz). The zeros of f are z = n € Z and N(r,%) =
2r+0(1).
So forp=1 and g =1, we get

Ay () = lim log(2r + O(1))

=1
p——— logr

For the function f, all zeros are distinct and so N (r, %) =N (r, %) , which gives z(l,l) (f) =
1.

Definition 1.3.10 (|77, [18]) The (p, q)-exponent of convergence of poles of a meromorphic

funtion f is defined by
1 log, N (r,
Ao <?) _ T 2B NS

r—+o0 1qu T

Example 1.3.12 Let f (z) = tan(z). The poles of f (z) are z = g + nm, for all integers n.

2
Then N (r, f) = T and
T

log — .

1 g

)\(p 9 - — hm P 7 —_ O’ pr > q,
’ f r——+00 logq T 1, ifp=gq.

1.4 Elements of the theory of Wiman-Valiron

The theory of Wiman-Valiron is primarily used to study the local behavior of entire functions

based on their series expansion.
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Definition 1.4.1 (Maximal term) ([10]) Let f (z) = Zanz” be an entire function. The
n=0
mazimal term is defined as

p(r) = p(r, f) = max{lan[r",n € N}.
Definition 1.4.2 (Central index) ([16]) The central index of f is defined by
v(r) =v(r,f) = max{m: p(r, f) = |am|r™"}.

Example 1.4.1 Let P(z) = a,2" 4+ -+ + ag, a, # 0. Then p(r) = max{|a;|ri; j =

0,---,n} = |a,| ™™, r large enough, and therefore
vp(r) = max{m : |a,|r™ = |a,| "} = n.

Proposition 1.4.1 ([16]) Let f be an entire function of order o(f). Then

o(f) = T 08V () -loglog M(r. /)
r—+oo logr oo log

1.5 Hadamard’s factorization theorem

Definition 1.5.1 (Canonical product) ([16]) Let f be a transcendental meromorphic func-

tion and let zq, za,.. its zeros with 0 < |z1| < |23] < ... Let p be the smallest integer such that

the series -
>
— ’zn’p—‘rl
converges. We call
E(u,0) = (1-u),
u? u?
E(u,p) = (1 —u)exp <u—|— ?4—...—1— ?> , p=12 ..

p1 ’L’TZCZpCLl factm s. The mzimte p1 oduct
P(Z) = | |E —,p
n=1 n 7 ’

converges uniformly in each bounded domain in C and P(z) is called the canonical product

of f formed by the zeros of f. The integer p is called the genus of the canonical product.
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Theorem 1.5.1 ([70]) Let f be a meromorphic function of a finite order o (f) and let
{a1,a2,...} and {b1 by, ...} be the zeros and the poles of f in C\ {0}, respectively. Suppose

that f can be represented as
f(2) = ad + 2™+ (o £ 0),

in the neighborhood of z = 0. Then

P (2)
Py (2)’

f(z) = 2"

with Q (2) is a polynomial with degree less or equal to o (f) and Py (2) and P, (z) are the

canonical products of f formed by the zeros and poles of f.

1.6 Linear measure and Logarithmic measure of sets

Definition 1.6.1 (Linear measure) ([16]) The linear measure of a set E C [0,+o0o[ is

defined by
m(F) = /dt.

E

Example 1.6.1 Let E = [0,27n]. We have

Definition 1.6.2 (Logarithmic measure) ([16]) The logarithmic measure of a set H C

[1, +00[ is defined by
dt

Example 1.6.2 Let H = [1,¢e"]. We have

dt
oy (H) = / @ _q
e b



Chapter 2

The (p, q)-order of solutions of some
complex linear differential equations

2.1 Introduction and main results

In the past years, many authors investigated the complex linear differential equations

O+ A () f 4+ AL (2) 1+ Ao (2) f =0 (2.1)

and
FO+ A (@) fEV b+ AL(2) o+ Ao (2) f = F (2), (2.2)
when A;(z) (j=0,1,--- ,k—1), F(z) are entire functions and obtained some valuable

results, (see e.g. [2], [11], [17],[18],]19],[20] and [23]).

In 2013, Tu et al. investigated the growth of solutions of equation (2.2) when the dominant

coefficient A4 (2) (0 < d < k — 1) is of maximal order and being Lacunary series.

Theorem A ([19]) Let A, (z) (j =0,1,....,k — 1), F'(2) be entire functions of finite iterated

order satisfying
max{o, (4;) (j # d) 0, (F)} < pt, (Ad) = 0, (A) =0 <00 (0<d<k—1).

o0

Suppose that A; = > ¢\, 2 is an entire function such that the sequence of exponents {\,, }
n=0

satisfies the gap condition

An
> (logn)**"(n > 0, n € N). (2.3)
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Then every transcendental solution f(z) of (2.2) satisfies u,., (f) = op11 (f) = 0. Further-
more, if F'(z) # 0, then every transcendental solution f (z) of (2.2) satisfies

zpﬂ (f) :Ap+1(f) :Xpﬂ (f) :)‘erl (f) =0.

Recently, Huang et al. [II] considered the equation (2.2) with different conditions on the

ceofficient A, (z) and obtained the following result.

Theorem B ([11]) Let A;(z) (j =0,1,--- ,k —1), F (z) be entire functions. Suppose that
there exists some d € {1,--- ,k — 1} such that max{o (A;),0 (F) : j # d} < 0(As) < o0,
max{7 (A4;) : 0 (4;) = 0 (Aq) ,7(F)} < 7(Ag) and T (r, Ag) ~ log M (r, Ag) as r — 400
outside a set of r of finite logarithmic measure. Then we have

(i) Every transcendental solution f of (2.2) satisfies o9 (f) = 0(Aqg), and (2.2) may have
polynomial solution f of degree < d.

(ii) If F (2) # 0, then every nonconstant solution f of (2.2) satisfies Ay (f) = Xa (f) = 02 (f) =
o(Ag) .

(iii) If d = 1, then every nonconstant solution f of (2.2) satisfies o9 (f) = 0 (A4;), Further-
more, if F (z) # 0, then every nonconstant solution f of (2.2) satisfies Ay (f) = Xa (f) =

oy (f) =0 (A1).
As for the linear differential equations

Ap(2) fO+ A () f* Y4 v A 2) f + A (2) f=0 (2.4)

and

A (2) [P+ A1 () fE Vo + AL (2) '+ Ao (2) f = F(2), (2.5)
where k > 2, A;(z) (j=0,1,---,k—1), F(2) are entire functions with AgA;F # 0, many
authors investigated the properties of their solutions and obtained some interesting results,
(see e.g. [, [6], [9], [21]). It is well-known that if the coefficient Ay, (z) = 1, then all solutions
of (2.4) and (2.5) are entire functions, but when Ay (z) is a nonconstant entire function, then

equation (2.4) or (2.5) can possess meromorphic solutions. For instance, the equation

1
2f" 4" + (—1 — =22 - z) e f + ((—1 - 522 + 22) e % 4 ze_?’z) f=0

~" and the equation

Z3fm—2’3f”— 222]0/_ (Z3+3Z’2 _6) f= (z2 —6) sin z



2.1 Introduction and main results 15

COSs 2

has a meromorphic solution f(z) =
z

In 2015, Wu and Zheng have considered the equations (2.4) and (2.5), and obtained the

following result when the coefficient Ay (z) is of maximal order and Fabry gap series.

Theorem C ([21]) Suppose that k& > 2, A;(z) (j=0,1,---,k—1) are entire functions
satisfying Ay (2)Ao(2) # 0 and 0 (4;) < 0(Ax) < 00 (j=0,1,--- ,k—1). Suppose that
Ay (2) = 3 ey, 2 and the sequence of exponents {\,} satisfies the Fabry gap codition

n=0

% — 00, (n— 00). (2.6)

Then every rational solution f (z) of (2.4) is a polynomial with deg f < k—1 and every tran-
scendental meromorphic solution f (z), whose poles are of uniformly bounded multiplicities,

of (2.4) such that A (%) < u(f), satisfies

AMf=@)=Mf-p)=0(f) =00, X (f =) =X (f—¢) =02(f) =0 (A),

where ¢ (z) is a finite order meromorphic function and doesn’t solve (2.4).

Now, in the light of these theorems, Ferraoun and Belaidi in [5] asked two questions : First,
can we have the same properties as in Theorem B for the solutions of equation (2.2) when
the coefficients are of (p, ¢)-order? and secondly, what about the growth of solutions of the
equations (2.4) and (2.5) when we have the arbitrary coefficient A, (2) (0 < s < k) instead
of the coefficient A ()7 In this chapter, they answered these questions and obtained the

following results.

Theorem 2.1.1 ([4]) Let A; () (j =0,1,--- k) with Ay (2) Ag (2) #Z 0 be entire functions
such that

max{o(q) (A;) J 7 5} < O(pg) (As) <00, (0<5<Fk).
Suppose that Ag (z) = io cx, 2™ and the sequence of exponents {\,} satisfies (2.3). Then

every rational solution f (z) of (2.4) is a polynomial with deg f < s —1 and every transcend-

ental meromorphic solution f (z) of (2.4) such that A4 (%) < g (f) satisfies

O (p+1,9) (f) = O (p,a) (As).
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Theorem 2.1.2 ([4]) Let A;(2) (j =0,1,--- k) with Ax(2)Ao (2) # 0 be entire functions
such that

max{o () (A;), J# s} <figg (As) =0pq (As) =0 <00, (0<s<k).

Suppose that A, (z) = Y ¢y, 2™ and the sequence of exponents {\,} satisfies (2.3). Then
n=0
every rational solution f (z) of (2.4) is a polynomial with deg f < s —1 and every transcend-

ental meromorphic solution f (z) of (2.4) such that A4 (%) < [i(pq) (f) satisfies

F(p+1,9) (f> = O(p+1.4) <f) = O(pa) (As) = 0.

Theorem 2.1.3 ([4]) Let A;(2) (j =0,1,--- k) with Ax(2)Ao (2) # 0 be entire functions
satisfying the hypotheses of Theorem 2.1.1 and F (z) # 0 is an entire function.
(1) If 0(pi1,q) (F) < 0(p,q)(As), then every transcendental meromorphic solution f (z) of (2.5)

such that \.q) <%> < g (f) satisfies
Tpi1g) (f) = 0 (As)
with at most one exceptional solution fo satisfying opi1.4) (fo) < T (As)

(i) If 0 (pi1,9) (F) > 0p.q)(As), then every transcendental meromorphic solution f (z) of (2.5)
such that \(.q) (%) < fip.g (f) satisfies

0 (p+1,9) (f) = O (p+1,9) (F).

For equation (2.2), they obtained the following result.

Theorem 2.1.4 ([3]) Let A;(z) (j=0,1,--- ,k—1), F(2) be entire funtions. Suppose that
there exists some s € {1,2,--- k — 1} such that

max{o (g (Aj) (7 8), 000 (F)} < 0pq (As) =0 < 00,

max{7(p,qg) (A7) : Opg) (Aj) = g (As) ;T (F)} < T(pg (As)
and that T (r, As) ~log M (r, As) asr — 400 outside a set of v of finite logarithmic measure.
Then
(i) Every transcendental solution f(z) of (2.2) satisfes 0pi1,4) (f) = O (As), and every
non-transcendental solution f (z) of (2.2) is a polynomial of degree deg (f) < s — 1.



2.2 Preliminary Lemmas 17

(ii) If F(z) # 0, then every transcendental solution f(z) of (2.2) satisfes Api1.q (f) =
Ap+1) (f) = 019 () = 0pg) (As) -

(iii) If s = 1, then every nonconstant solution f (z) of (2.2) satisfes opi1,9) (f) = Tpg) (A1)
and if F(z) # 0, then every nonconstant solution f(z) of (2.2) satisfes Api1q) (f) =

Ap+1,9) (f) = O (p+1,9) (f) = 0 (p,q) (A1)

2.2 Preliminary Lemmas

To prove the previous theorems, we need the following lemmas.

Lemma 2.2.1 ([7)) Let f be a transcendental meromorphic function in the plane, and let
a > 1 be a given constant. Then for any given constant and for any given € > 0 :
(i) There exists a set By C (1,+00) that has a finite logarithmic measure, and a constant
B > 0 depending only on o such that for all z with |z| =r ¢ [0,1] U E, we have
’ f (2)
fom (2)

(i) There exists a set Hy C [0,2m) that has linear measure zero and a constant B > 0

<B (M (log®r)log T (ar, f))n_m (0<m<n).

depending only on «, for any 0 € [0,2m)\Hy, there exists a constant Ry = Ry (0) > 1 such

that for all z satisfying arg z = 0 and |z| = r > Ry, we have

‘ £ (2)
7 (z)

<B (M (log®r)log T (ar, f))n_m (0<m<n).

Lemma 2.2.2 ([J]) Let f(2) = % be a meromorphic function, where g (z) and d(z) are
2

entire function satisfying i, (9) = peo (f) = 1 < 04g(9) = 049 (f) < +oo  and
Apa) (d) = 00) (d) = Apg) (%) < .
Then there exists a set Ey C (1,400) of finite logarithmic measure such that for all |z| = r ¢
[0,1] U Ey and |g (2)| = M (r,g) we have
f(Z)
f®) (2)

Lemma 2.2.3 ([13]) Let f(2) = 3. ¢y, 2™ be an entire function and the sequence of expo-

<r?* (keN).

n=0
nents {\,} satisfies the gap condition (2.3). Then for any given & >0

IOgL(’F,f) > (1 o €)lOgM<T,f)
holds outside a set Es of finite logarithmic measure, where M (r, f) = sup |f (2)| and L (r, ) =
|2|=r
inf |f (2)].

|z|=r
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Lemma 2.2.4 ([1§]) Let f (2) be an entire function of (p,q)-order satisfies 0 < 0,4 (f) =
o < 00. Then for any given ¢ > 0, there exists a set E4 C (1,+00) having infinite logarithmic

measure such that for all r € E4, we have

o . logp T (Ta f) - . 1ng+1 M (Ta f)
o= im —_— = lim

r——+oo,r¢Fy logq T r——+oo,r¢Ey 1qu T

and

M (r, f) > exp,1{(c — €)log,7}.

Lemma 2.2.5 ([8§]) Let g : [0,+00) — R and h : [0, +00) — R be monotone nondecreasing
functions such that g (r) < h(r) for all r ¢ [0,1] U E5, where E5 C (1,400) is a set of
finite logarithmic measure. Then for any o > 1, there exists an 1o = ro(a) > 0 such that
g(r) < h(ar) forallr >y

(2)
(2)

entire functions satisfying jig, ) (9) = Hpo (f) = 1 < 04 (9) = 04 (f) < +o0 and
Ap.g) (d) = 0pq) (d) = Apg) (%) < pi. Then there exists Eg C (1,400) of finite logarithmic
measure such that for all |z| =r ¢ [0,1]U Eg and |g (z) | = M (r, g) we have
() (200
f(z) z

where v, (1) is the central index of g (2).

S

Lemma 2.2.6 ([J]) Let f(z) =

be a meromorphic function, where g (z) and d(z) are

S8

)n(l—i-o(l)),(nEN),

Lemma 2.2.7 ([J]) Let f (z) be an entire function such that 0,4 (f) = 0 < 400 . Then
there exist entire functions 5 (z) and D (z) such that

f(z)=B(2)e"?,

O(pg) (f) = max{o(pq) (8), 04 (eD(Z))}

and

_ log, N (7", %)
T(pg) (B) = TEEPOO log, 7 .
q

Moreover, for any given € > 0, we have

1B (2)] = exp{—exp,{(a(q) (B) +¢)log,r}} (r & E7),

where E; C (1,400) is a set of r of finite linear measure.
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Lemma 2.2.8 ([3]) Let f (z) be an entire function such that 0, (f) = 0 < +oo . Then,
there exists a set Eg C (1,400) of r of finite linear measure such that for any given & > 0,

we have

exp{—exp,{(c +¢e)log,7}} < |f (2)| < exp,,{(c +¢)log,r} (r & Ey).

Lemma 2.2.9 ([18]) Let f (z) be an entire function of (p, q)-order, and let vy (1) be a central
index of f (z). Then

—log, vy (r)
O (p.q) (f) = Tkg-noo lgg P
q

Lemma 2.2.10 ([3]) Let f (z) be an entire function with 044 (f) = 0,0 < 0 < co. Then
for any gqiven B < o, there exists a set Eg having infinite logarithmic measure such that for
all |z| = r € Ey, we have

log, .y M (r, f) > Blog,,

where M (r, f) = sup |f (2) |.

|2|=r

Lemma 2.2.11 ([3]) Let f (2) = . ¢, 2™ be an entire function with o, (f) = 0,0 < 0 <
n=0
oo. If the sequence of exponent {\,} satisfies (2.8), then for any given 5 < o, there exists a

set B9 having infinite logarithmic measure such that for all |z| = r € Eyo, we have

|f (2)] > exp,,,{Blog, 7}

Lemma 2.2.12 ([4]) Let f (z) be an entire function with j, , (f) = p < co. Then for any
given € > 0, there exists a set Ey1 C (1,+400) having infinite logarithmic measure such that

for all |z| =r € Ey1, we have

. logp_H M (T7 f)
u(p,q) <f) o T_>+£IQI§’16E11 lqu T

and

M (r, £) < exppod (s + ) log, 7}
Lemma 2.2.13 ([17) If f (2) is a meromorphic function, then o, q) (f') = 0(pq (f)-

Lemma 2.2.14 ([19) Let f (z) be a transcendental entire function, and let z, = re’’" be a
point satisfying | f (z,)| = M(r, f). Then, there ezists a constant 6, > 0 such that for all z
satisfying |z| =r ¢ Ei5 and argz =0 € [0, — 6,0, + J,], we have

<2r, (j €N).

¥t}
f9) (2)
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Lemma 2.2.15 ([18]) Let f (2) be an entire function of (p, q)-order satisfying 0 < o, ¢ (f) =
o < o0 and 0 < 7o (f) = 7 < oo. Then for any given < T, there exvists a set
Ey3 C [1,400) that has an infinite logarithmic measure such that for all |z| = r € Eis,

we have

log, M (r, f) > 3 (log,_, r)’ (r € E3).

Lemma 2.2.16 ([3]) Let f (2) be a transcendental entire function satisfying 0 < o, ¢ (f) =
0<00,0<Te(f)=7<o00and T (r,f) ~logM(r,f) asr — +oo outside a set of r
of finite logarithmic measure. Then for any given B < T, there exists a set F14 C (0,+00)
having infinite logarithmic measure and a set Hy C [0,27) that has linear measure zero such

that for all z satisfying |z| = r € E14 and argz = 0 € [0,27)\ Ha, we have
|f (rew)’ > exp, {3 (logq_1 7“)0}.

Lemma 2.2.17 ([17]) Let Ao(z),A1(2), ..., Ax—1(2) and F (z) # 0 be meromorphic func-
tions. If f(2) is a meromorphic solution to (2.2) satisfying

maX{U(p+1,q) (F), O (p+1,q) (Aj) 1j=0,1,--- Jk—1} < O (p+1,q) (f),

then we have

Ap+1.a) (F) = Aparg) (F) = 01 (f) -

2.3 Proof of Theorem 2.1.1

Assume that f(z) is a rational solution of (2.4). If either f (z) is a rational function, which
has a pole at z of degree m > 1, or f (z) is a polynomial with deg f > s, then £ (2) # 0.
Since max{o (. q) (A;), J# s} < Tpg (As) <00, (0<s < k), then

Ty (0) = 0oy (Ak (2) O+ Ay (2) FE D 4o A (2) f 4 Ao (2) f) (2.3.1)

We have max{o(,q) (A;), j # s} < 0@ (As) < 00, (0<s<k), and 0¢,4 (0) = 0 and
m

T (p.q) (Ak () f® 4+ A () fE D 4 A (2) f A (2) f ) < max{oq) (A;), j# s}

So from (2.3.1) we have this result
0 <max{og (4;), j # st <o, (As) >0,

which is a contradiction. Therefore, f(z) must be a polynomial with deg f < s — 1.
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Now, we assume that f(z) is a transcendental meromorphic solution of (2.4) such that
/\(p,q) (%) < u(p,q) (f) .
By Lemma 2.2.1, there exists a constant B > 0 and a set £y C (1, 400) of finite logarithmic
measure such that for all z satisfying |z| = r ¢ [0, 1] U E7, we have
’f(j) (2) (T(% f)
B =)
f(2) r

(log®r) log T (2r, f))j , (1<j<k)

< BT (2 fY T2 ])
< B(T(@r )"
< BT /)T, A<j<h) (2.3.2)
Since A, q) G) < [, (f), then by Hadamard’s factorization theorem, we can write f as
f(z)= %, where ¢ (2) and d (z) are entire functions satisfying
z

H(p.q) (9) = H(p.q) (f)=1< 04 (9) =@ (f)

1
Ap.g) (d) = O(p,q) (d) = Ap.a) (?) < U.

Then by Lemma 2.2.2, there exists a set Ey C (1,+00) of finite logarithmic measure such

that for all |z| =7 ¢ [0,1] U Ey and |g(2) | = M (r, g) and for r sufficiently large, we have

f(2)

2s

7O <r*, (seN). (2.3.3)
Set & = max{o(,q) (A;) J # s} < 0(pq) (As) = 0 < 00. Then, for any givene (0 < 2e <0 — ),
we have

1 M (r, A;

08p+1 (r, J) <a+te

log, r
= log, .1 M (1, 4;) < (a+¢)log,r
= M (r,A;) <exp, {(a+¢)log, 7},

that is,

14, ()] < expyi{(a+ ) log, 1} # . (2.3.4)
By Lemma 2.2.3 and Lemma 2.2.4, there exists a set Ej5 C (1,400) having infinite logar-

ithmic measure such that for all » € E;5, we have

A, (2)]| > L(r, A) > (M(r, A))' = > (expp+1 {(a - g) logqr}>1_£ > exp, (0 — ¢)log, r}.
(2.3.5)
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By (2.4), we have
Ak (2) fO+ Ay (2) S50 4 A (2) fOHY

1A (2) O+ A () OV 4+ AR f + Ao (2) f =0
= —A,(2) f(S) = A (2) f(k) + A (2) f(k—l) L

+ A (2) FOT + A (2) FED 4 Ay (2) f'+ Ao (2) f

f(k—l)
/

f(s+1)
/

+ Ak (2) ] [+ [ A (2)]

/

=1
f f
Hence, by substituting (2.3.2) - (2.3.5) into (2.3.6), we obtain for all z satisfying r €

Eis\(E1U Ey,U [0,1])

+]As1 (2)]

+o A (2)]

+ A (z)@ . (2.3.6)

exp,1{(c —¢)log, 7} < r** exp, . {(a+¢)log, r}kB (T (2r, 1)
Since a < o, then, for any given ¢ (0 < 2¢ < 0 — ), we have
exp{(1 — o(1)) exp,{(c — &) log,7}} < r**kB (T (2r, f))**". (2.3.7)
By (2.3.7) and Lemma 2.2.5, we have

O (p+1,9) (f) > 9 (p.q) (As)-

Now, we prove that o(p11,¢) (f) < 0(p,q) (As) . We can rewrite (2.4) as
A (2) [+ Ay (2) fEY o+ A (2) FOY + A (2) FO)

+A () T+ A () f + A (2) f =0
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(k) (k=1) (s+1) (s)
= —Ak (Z) fT = Akfl (Z) f f + + As+1 (Z) f _]:_ + As (Z) ff
f(s—l) f/
G b A D) S A (2.3.8)

By Lemma 2.2.6, there exists a set Fg C (1, +00) of finite logarithmic measure such that for

all |z| =r ¢ [0,1]U Eg and |g (2) | = M (r,g) , we have

I9C) _ (™Y 1y oqy. (=0,
f(2) _< p ) 1+0(1)), (G=0,--- k). (2.3.9)

Since max{o(pq) (A;), j # s} < 0(p,q) (As) < 00, then for sufficiently large r, we have

|A; (2)] < exp,{(0(pq (As) +€)log,}, (j =0,--- k). (2.3.10)

By Lemma 2.2.8, there exists a set Fg C (1,400) of finite linear measure (and so of finite

logarithmic measure) such that for all |z| = r ¢ Eg, we have

|4 ()] =2 exp{—exp,{(0(.0) (Ar) + ) log, 7}}

> exp{—exp,{ (0 (As) +¢) log,7}}. (2.3.11)

From (2.3.8) and (2.3.9), for z all satisfying |z| =7 ¢ [0,1] U Eg and |g(2) | = M (r,g), we

4 (Y o) = a0 () o)

et A (2) <”92<7"))8H (1+0(1)) + A, (2) (“g (”)S (1+0(1))

have

z

YA (2) (”gz(”y_l (1+0(1)+ -+ A (2) (“g (”)1 (1+0(1)) + Ao (2)
It follows that
() ()

(L) (140 (1) + |4, ()]

A (2)] (T + o)) < [Ap-1 (2)]

+oo 4 A (2))]

[(L+0(1)] + A (2)]
(2.3.12)
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and by (2.3.10) - (2.3.12) for z all satisfying |z| = r ¢ ([0, 1] U Eg U Eg) and |g (2) | = M (r,9),

we have

expl=exp,{ (7 (4 + 2) g, 11} () (140 1)

< k?eXPpH{(U(p,q) (As) + 5) 1qu (1 +0(1))]

v (1)

= —exp,{(0(pg) (As) +¢) log, 7} + log <
< logk + exp,{(0(p,q) (As) +€) log, 7}
= lOg Ug (7/.) — logr S lOg k + 2 epr{(O'(pﬂ) (AS) + E) logq ,r,}

= log, 1 vy (1) —log,, 7 <log, , k +log,2 + (U(p,q) (As) + 5) log, 7

log,, 1 vy (1) log, iy 7 - log, 1k log,2

log, 7 log,r = log,r log, r

t 0 (pg) (As) +¢

log,, 1 vy ()
— lim 2= < Ay 2.3.1
Lo log,r Opg) (As) +€ (2.3.13)
Since € > 0 is arbitrary, then by (2.3.13), Lemma 2.2.5 and Lemma 2.2.9, we have 0,114 (9) <

O (p,q) (A), that is O (p+1,q) (f) < 0 (p,9) (As). Therefore, we get O (p+1,q) (f) = O (p,q) (As).

2.4 Proof of Theorem 2.1.2

Assume that f(z) is a rational solution of (2.4). By the same reasoning as in the proof of
Theorem 2.1.1, it is clear that f(z) is a polynomial with deg f < s — 1. Now, we assume
that f (2) is a transcendental meromorphic solution of (2.4) such that A, 4 (%) < Hpg) (f)-
By Theorem 2.1.1, we have 0,11, (f) = 0(p,q) (As) = 0. Then, we only need to prove that
Lps1,g) (F) = Hpg) (As) = 0. Since max{o(,q) (4;), (j # s)} < 0, then there exist constants
a1, By satisfying max{o,¢(4;),(j # s)} < a1 < B, <o. Then

log, .4 M (r, Aj)

log, 7

<a1

= log,,. s M (r,A;) < aylog,r

=M (Tv AJ) < expp+1{a1 Iqu r}?j 7£ S,

= |4; ()] < exp,{ailog, 1}, j # s. (2.4.1)
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Also, we have A (z) = > ¢y, 2™ such that the sequence of exponents {),} satisfies (2.3) and
n=0
Hp.) (As) = 0(pq) (As) = 0. Then, by Lemma 2.2.11, there exists a set Eo having infinite
logarithmic measure such that for all z satisfying |z| = r € Ejo, we have
log, ; M (r, As)

log, 7

> 34

= log, ., M (r, As) > B, log, 7

= M (r, As) > exppﬂ{ﬁ1 log, r}

= |A; (2)] > exp, {8, log, }. (2.4.2)

Hence, by substituting (2.4.1), (2.4.2), (2.3.2), (2.3.3) into (2.3.6), for all z satisfying |z| = r €
E1o\ ([0,1] U By U Ey) , we have

exppﬂ{ﬂ1 log, r} <B expp+1{a1 log, T}rgsk‘ T (2r, f)]’H1 ) (2.4.3)

Since (3, is aribitrarily close to o, then by (2.4.3) and Lemma 2.2.5, we obtain

v

’u(P+17Q) (f) 0 = /'L(p,q) (AS) .

On the other hand, by (2.4), we have

(k) (k=1) (s+1) (s)
|Ak<z>|\f7 < \Ak1<z>|\ff +~~+1As+1<z>r'ff+ +|As<z>\\ff
(s—1) /
+|As_1<z>|\f @I e (2.4.4)

By Lemma 2.2.12, for any given ¢ > 0, there exists a set E1; C (1,+00) having infinite

logarithmic measure such that for all z satisfying |z| = r € Ej;, one has

|AJ(Z)| < expp+1{(u(p,q) (AS) + 5) logq T}Lj =0,--- >k7- (245>

By Lemma 2.2.8, there exists a set Fg C (1, +00) of finite logarithmic measure such that for

all |z| =r ¢ FEg, we have

A (2) | = exp{—exp{(0(q) (Ak) +¢)log, r}}
> exp{—exp,{(0(p,g) (As) + ) log,r}}
= exp{—exp,{ (1 (As) + e) log, }}. (2.4.6)
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From (2.3.9), (2.4.4) - (2.4.6), for all z satistying |z| = r € E;1\ (Es U Eg) and |g(2)| =
M (r,g), we have

expl= exp{ (s (40 + ) o, 1} () 114 0(0)

k—1
< epr-H{(/‘(p,q) <AS) + 6) logq T} (UQT(T)> |1 to (1)|

4ot epr+1{(M(p,q) (Ag) + 8) log, 7} (ng(r)) 11+ 0(1)]

ey erl (g (40 +2) oy} (20) 10 0)

s—1

ey erl (1 (40 + <)o, ) (0] o)

Vg \T
+oo epr+1{(H’(p,q) (AS) + E) logq 'F} (#) |1 +o (1)| + expp+1{(:u(p,q) (AS) + 5) lqu T},

that is, for all z satisfying |z| =7 € E1\ (Fs U Eg) and |g (2) | = M (r, g) , we obtain
_ A)+e)l LZLGOA NP
eXp{ epr{ (M(p,q) ( S) + 8) 08, T}} r | +o ( )‘

<k|1+4+o(1)]exp,1{ (p(p,q) (Ay) +¢) log, 7 . (2.4.7)

It follows that
lim 1ng-i-l Vg (T‘)

< A +e. 2.4.8
r—too  log,r = M) (As) +e ( )

Since € > 0 is arbitrary, then by (2.4.8), Lemma 2.2.5 and Lemma 2.2.9, we have

H(p+1,9) (g) < H(p,q) (AS) )

that is,
M(p—i—l,q) (f) S :u(p7q) (AS) :
Therefore, we get

H(p+1,q) (f> = Kp,q) (AS) = 0.
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2.5 Proof of Theorem 2.1.3

(i) We assume that f (z) is a transcendental meromorphic solution of (2.5) such that A, ) G) <
Hpg (), and {f1, fa,- -+, fx} is a meromorphic solution base of the corresponding homogen-

eous equation (2.4) of (2.5). By Theorem 2.1.1, we get that

O (p+1,q) (fj) = O(pyg) (As) ) (] =1,2,--- ak) .

By the elementary theory of differential equations, all solutions of (2.5) can be represented

in the form
f(2) = fo(2) + Bifi(2) + Bafa (2) + -+ + Bifi (2), (2.5.1)
where By, --- , B, € C and the function fy has the form
Jo(2) =C1(2) 1 (2) + C2(2) 2 (2) + -+ + Ci(2) fi (2), (2.5.2)
where C} (z),- -+, C (z) are suitable meromorphic functions satisfying
Cl=FGi(fi, o) W (fr, - )] i =12k, (2.5.3)
where G (f1, -, fx) are differential polynomials in fi,---, fx and their derivatives with

constant coefficients, and W (f1,-- - , fx) is the Wronskian of f1,--- | fi . Since the Wronskian

W (f1,---, fr) is a differential polynomial in fi,--- | fi, it is easy to obtain
Opi1q) (W) S max{opirg (fj) 17 =12, k} = 049 (As) - (2.5.4)
Also, we have that G; (f1,-- -, fx) are differential polynomials in fi,-- -, fx and their deriv-

atives with constant coefficients. Then, we have
T (p+1,9) (GJ) < ma’X{U(p'i‘l,q) (f]) =12 7k} = O(pag) (AS> ) (] =1,2--- 7k> : (255)
By Lemma 2.2.13 and (2.5.5), for j = 1,--- , k, we have

1) (C) = Opirg) (C)) € max{o(p1g) (F), 00 (As)} = 0 (As). (2.5.6)

Hence, from (2.5.1), (2.5.2) and (2.5.6), we obtain

O (p+1,q9) (f) < max{a(erl,q) (CJ) y O (p+1,q) (f]) : ] - 1a 27 te 7k} = O(p,q) (As) .

Now we assert that all meromorphic solutions f of equation (2.5) such that A, <%> <

Hp.g) (f) satisty opi1.9) (f) = 0(pq) (As), with at most one exceptional solution f; with

0 (p+1,9) (fo) < O (p,q) (4s).
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In fact, if there exists another meromorphic solution f; of (2.5) satisfying o414 (f1) <
O (p,q)(As), then fo — fi is a nonzero meromorphic solution of (2.4) and satisfies o(p1.1,¢)(fo —
J1) < 0@ (As). But by Theorem 2.1.1 we have any meromorphic solution of (2.4) such that
A(p.g) (%) < g (f) staisfies 0,114 (f) = 0(pg) (As) . This is a contradiction. Therefore,
we have that all meromorphic solutions f of equation (2.5) such that A, (%) < Hpg ()
satisfy o(pi1,9) (f) = 0@pg) (As), with at most one exceptional solution fo with o(,11,4) (fo) <
O(pg) (As) -

(i) From (2.5), by a simple consideration of order, we get o(pi1,9) (f) > O(pt1,9) (F). By
Lemma 2.2.13 and (2.5.3) - (2.5.5), for j =1,2,--- | k, we have

(1) (C) = 0pirg) (CF) < max{o(1g) (F), 0q (As)} < 0r1q (F)- (2.5.7)

By (2.5.1), (2.5.2) and (2.5.7), we have

IN

Tp+1,q) (f) max{o (11,4 (C;) 01 (f5) 15 =1,2,-- ,k}

IN

maX{U(pH,q) (F) » O (p,q) (As)}

IN

O (pt1q) (F) -

Therefore, we get o(p11,) (f) = Tpt1,9) (F).

2.6 Proof of Theorem 2.1.4

(i) Suppose that f (z) is a transcendental solution of (2.2). On one hand, by (2.2), we get

O+ A @) f Y A (2) [+ Ao (2) f = F (2)

(k) (k—1) /
ka‘f'Ak—l(Z)f]; +'”+A1(Z)7+A0(2)=FJ(CZ)
(k) (k—1) ' 2
e O R Y 1] R E R LA YA

By Wiman-Valiron’s theory [12, p.187-199], there exists a set Fi1s C (1,400) of finite log-
arithmic measure such that for all |z| = r ¢ [0,1] U Eyg and |f (2)] = M (r, f) > 1, we

have

[V () <vf (r)

) j |
o - )(1+o(1)),(j_o,---,k;). (2.6.2)
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By the definition of the (p, ¢)-order, for any given £ > 0 and for sufficiently large r, we have

145 (2)] < exppi{(o +e)log,r},j # s (2.6.3)

and

|F'(2)| < exp,1{(c +¢)log,r}. (2.6.4)

Since |f (z)| = M (r, f) > 1, then by (2.6.4), for sufficiently large r, we have

_IF()
M, f)

By substituting (2.6.2) , (2.6.3) and (2.6.5) into (2.6.1), for sufficiently large r ¢ [0, 1] U Ejg,

. < exp,.1{(c +¢)log,r}. (2.6.5)

'F@)
f(z)

we obtain

(ﬂéﬁ>ﬂ1+oﬂﬂgem%Hﬂa+8ﬂ%ﬂ}<ﬂ%Q)kH1+0@ﬂ+

<o+ exp,,{(0 +¢)log, r} (WT(T)) 1+ o (1) +exp, {(0c+¢)log,r} (Ume> 14 0(1)]

— (ﬁ) 1+ 0(1)] < (k -+ 1) expy (0 + ) log, 7} (ﬁ) 1+0(1)

— (”f—“”)> [1+0(1)] < (k+1)exp,, 1 {(0 +¢)log,}. (2.6.6)

,
By (2.6.6), Lemma 2.2.5 and Lemma 2.2.9, we obtain 0,114 (f) < 0(p.q) (As)+€. Since e > 0
is arbitrary, we get 0(pi1.9) (f) < 0(pg) (As) -

On the other hand, by (2.2), we obtain

(k) (k—1) (s+1)
|As<z>|s\% [fT +|Ak_1<z>|‘ff +---+|As+1<z>|'ff
+M3M@Iﬂ;n+~~+MM@|§-HAM@HW§H- (2.6.7)

For each sufficiently large circle |z| = 7, we take z, = re?" satisfying |f (2,)| = M (r, f) > 1.
Then, by Lemma 2.2.14, there exists a constant 6, > 0 and a set Ej5 such that for all z
satisfying |z| = r ¢ Ey2 and argz =60 € [0, — §,,0, + 0,] , we have

'ﬂ@

<2, (2.6.8)

Fe(2)
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By Lemma 2.2.1, there exist a set H; C [0,27) that has linear measure zero and a constant
B > 0 such that for all z satisfying argz = 6 € [0, — 0,0, + J,] and for sufficiently large r,

we have

‘f(j) (2) < B(T (2r, f))kJrl 1<j<k (2.6.9)

We choose s, 3, satisfying max{7(,.q) (A4;) : Opq) (Aj) = O(pg) (As) s Tpg) (F)} < a2 < By <
T(p,q) (As). Since |f (2) — f ()] < € and |f (2,)] — oo as 7 — +oo, for all suficiently large
|z| =r ¢ E1p and argz =6 € [0, — §,,0, + 0,], we have

14; ()] < exp, { s (log,, 1) s (2.6.10)
and
z o As
’TZ))‘ < |F(2)| < exp, {a2 (log,_, )" )}. (2.6.11)

Since T'(r, As) ~ logM (r, As) as r — +oo (r ¢ Ei2), by Lemma 2.2.16, for any 3, <
T(p,q) (As), there exists a set £y C (0,400) having infinite logarithmic measure and a set
Hy C [0,27) that has linear measure zero such that for all z satisfying |z| = r € Ej4 and

arg z = 0 € [0,21)\ Hz, we have

|As (2)] > exp, {62 (log,_, ) 7" } j#s. (2.6.12)

Substituting (2.6.8) - (2.6.12) into (2.6.7), for all z satisfying |z| = r € E14\ Fi2 and arg z =
6 € [0,2m)\ (H1 U Hy) , we get

exp, {0, (logq 17‘) (. (A } < 2r® (epr{ag (logq_1 ) (.a) (A }B( (2r, f))]’C

+exp,{as (log, )7 UV B (T (20, 1)) -+ exp,{as (log, )Y B (T @20, )

— exp,{B, (log, 1 7)7""} < 2 exp,{as (log, , ) 7"} (k+ 1) B(T (2, f)*
(2.6.13)

Since ay < f3,, then
o As s
exp{(1 = o(1)) exp, {8, (log, 7)™} <20 (k+ 1) B(T 2, ). (2.6.14)
By (2.6.14) and Lemme 2.2.5, we obtain

Tpi1g) (f) = 0(g) (As) -
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Thus, we have
Tpr1a) () = Opag) (As) -
Now, if f (2) is a polynomial solution of (2.2) with deg (f) > s, then f) (z) £ 0. If

max{a(p,q) (45) O (p,q) (F), j#s}< O (p,q) (As) < o0,

and

A (2) O = fW A () FED o A () FOD
+A, 4 (Z) f(sfl) +. A (Z) fl 1 A (Z) f _ F(Z)

then
O (p,q) (AS) = U(nq)(_Asf(s)) = U(pvq)(f(k) + Ar-1 (z) f(k_l) +o 4 Ay (Z) f(s+1)

+A,(2) fO+A () fC V4 4 A (2) f 4+ A (2) f — F(2))

< max{g(p,q) (4;) T (p,q) (F), j#s}< O(p,q) (As),
which is a contradiction.

It maX{U(p,q)(Aj)v U(ZW)(F%J' # s} = U(p,q)<AS) = o and maX{T(p,q)(Aj> “O(p,q) (Aj)ﬂ—(nq)(F)} <
T (p.q) (As), then we choose aw, 3, satisfying max{7, ¢ (4;) : 0pq) (A5) = 0pg) (As) s Trg) (F)} <

g < By < Tpg) (As).
By Lemma 2.2.15, there exists a set E13 having infinite logarithmic measure such that for all

z satisfying |z| = r € Ei3, we have
|As (2)] > exp, {8, (log,_, r)7} (2.6.15)
and for sufficiently large r
|F (z)| < exp,{as (log,_,7)"}, |4;(2)] < exp, {as (log,_,7)"},j#s. (2.6.16)
Hence, from (2.6.7), (2.6.15) and (2.6.16), for all z satisfying |z| = r € E3, we have
exp, {62 (logq,1 r)a} < (k+1)rM exp,, {az (logq,1 r)a} ,

where M is a constant.
It follows that
By (logq_1 r)U <log, (k +1) +log, ™ 4+ s (logq_1 7’)0
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log, (k+ 1) log,
(logq_1 T)U (logq_1 r)

which gives 6, < s, as 1 — +4o00. This is a contradiction. Therefore, f(z) must be a

2 = a+a27

polynomial with deg f < s — 1.

(1) If F'(2) # 0, then we find from Lemma 2.2.17 that every transcendental solution f (z) of
(2:2) satisfies Apr1g) (f) = Aprrg) (F) = 010 (f) = 0 (As) -

(73i) If s = 1 and f (2) is a polynomial solution of (2.2), then by (i7), we get that deg f < s—1.
Thus f (z) must be a constant.

By (i) and (ii), every nonconstant solution f (z) of (2.2) satisfies 0'(p11,¢) (f) = 0(p,q) (A1) and
Ap+1.0) (F) = Aprrg) (f) = 0prrg) (f) = 0pg) (A1) i F(2) 20



Conclusion

Throughout this work, by using the (p,¢)-order and other data, we have discussed some

results about the growth of (p, ¢)-order of the solutions to linear differential equations of the

forms
O L A () Y o A (2) f + Ag(2) f =0,
FOLA @)YV h b A (2) f + A (2) f = F(2),
Ap(2) [P+ A () f* Y 4 v A R) f + A (2) f=0
and

A (2) [O+ A0 () fE 4+ A (2) 4 Ao (2) f = F (2)

where A; (z) and F'(z) are entire functions and some arbitrary coefficient A, (2) (0 < s < k)

being Lacunary series.
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