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Abstract

This thesis focuses on Nevanlinna's theory of difference and its applications in the study
of complex functional equations. We are interested in some problems related to the
growth of solutions of difference equations and also to differential difference equations
in general. The substance of these studies is found in the recent counterparts of
Nevanlinna's difference theory. The key result is the lemma of the logarithmic
derivative in difference form obtained recently by Halburd-Korhonen and Chiang-
Feng, independently.
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Résumé

Cette these porte sur la théorie de Nevanlinna aux différences et de ses applications
dans I'étude des équations fonctionnelles complexes. On s'intéresse a certains
problémes liés a la croissance des solutions des équations aux différences et également
aux différences différentielles en général. Le fond de ces études se trouve dans les
contreparties récentes de la théorie différence de Nevanlinna. Le résultat clé est le
lemme de la dérivée logarithmique en forme différence obtenu récemment par Halburd-
Korhonen et Chiang-Feng, indépendamment.

Mots clés: Equations aux différences linéaires, équations aux différences différentielles
linéaires, solution méromorphe, ordre, type, ordre inférieur, type inférieur, ordre
itératif, type itératif.
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Introduction

The appearance of R. Nevanlinna’s theory in 1925, which represents the modern
theory of the value distribution of meromorphic functions in the complex plane and
which is considered to be the first events of mathematics in the twentieth century,
which gave very effective tools for the study of the growth and the oscillation of
functional equations. For an introduction to the theory of functional equations with
the Nevanlinna theory (see, [13, 17, 40]).

There are two questions that have interested several researchers in the topic :

1) What are the conditions on the coefficients that ensure that all the solutions to be
of infinite order?

2) Under what conditions do there exist solutions of finite order in the case when there
are coefficients transcendental entire functions?

Several researches have published articles answering these two questions, see for ex-
ample (]18,19,20,21,25,35]). In [37]|, Wittich showed that all the solutions of the dif-
ferential equation

FO 4+ A1 () fR D 4ok A () + Ao(2) f(2) = 0,

are of the finite order, if and only if the coefficients are polynomials. Frei [12] extended
this result, assuming that if p is the greatest index such that A, is a transcendental
entire coefficient, then there exist at most p linearly independent solutions of finite
order. Laine and Bank are considered among the first mathematicians who interested
in the oscillation of solutions of linear differential equations of second order with entire
coefficients. In 1982, they studied in [22], the distribution of zeros of solutions of the
linear differential equation
"+ Af =0,

where A is a polynomial or a transcendental entire function. In 1996, Kwon ([19])
studied the hyper-order of solutions of the differential equation

"+ A2) f + B(2)f =0,

where A(z), B(z) # 0 are entire functions of finite order. Recently, Li and Wang (|25]),
Cao, Xu and Chen (|7]) investigated the higher order linear differential equation

FO+ A () fE Y 4 A(2) f + Ao(2) f =0,

and they proved under some conditions on the coefficients that any solution of these
equations is of infinite order.

What concerns the difference equations, recently an active research in this field and
several problems were investigated and resolved. The key result here is the difference
analogue of the lemma on the logarithmic derivative obtained by Halburd-Korhonen
[15,16] and Chiang-Feng [11], independently. In the recent years, several authors have
done a study of the properties of meromorphic solutions of complex linear difference
equation

Ar(2)f(z+cp) + Ap1(2) f(z +cpor) + -+ A(2) f(z + 1) + Ao(2) f(2) = 0,
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where ¢y, ..., ¢; are non-zero distinct complex numbers when one coefficient has max-
imal order or among coefficients having the maximal order, exactly one has its type
strictly greater than others and achieved some important results, see e.g. ([11], [23],
[26], [28], [41]).

This thesis consists of an introduction and four chapters.
The first chapter, contains reminders and definitions on the theory of Nevanlinna,
which we will need in the other chapters.

In the second chapter, we are interested in the study of the growth of meromorphic
solutions of non-homogeneous linear difference equation

An(2)f(z+cn) +--+ Ai(2)f(z + e1) + Ao(2) f(2) = Ania(2),

where A, 11 (2), ..., Ag (2) are entire or meromorphic functions and ¢; (1, ..., n) are non-
zero distinct complex numbers. Under some conditions on the (lower) order and the
(lower) type of the coefficients, we get some estimates on the lower bound of the order
of meromorphic solutions of the above equation. In fact, we extend results of Luo and
Zheng, Belaidi and Benkarouba.

Also, we study the growth of meromorphic solutions of homogeneous and non-homoge-
neous linear difference equations

Ap(2)f(z +cp) + -+ Ai(2) f(z + 1) + Ao(2) f(2) = 0,
Ap(2)f(z +cp) + -+ A(2) f(z +e1) + Ao(2) f(2) = F,

where Ay (2),...,Ao(2), F (z) are meromorphic functions and ¢; (1,...,k) are non-
zero distinct complex numbers. Under some different conditions on the coefficients,
we extend some results due to Zhou and Zheng.

The third chapter is devoted to the study of the growth of meromorphic solutions of
the homogeneous and the non-homogeneous linear differential-difference equations

i=0 j=0
n m
Z Awf(])(z + Ci) = F,

i=0 j=0
where A;; (i =0,...,n;5 =0,...,m), F' are meromorphic functions and ¢; (0, ...,n) are
non-zero distinct complex numbers. Under some conditions on the coefficients, by
combining complex differential and difference equations, we extend some results due
to Chen and Zheng.

The main goal of the last chapter is to extend and generalize some of our results
and those of Zhou and Zheng, for this we will use the concept of iterated p—order,
which was introduced by Schénhage and Sato, see [31,32], and its definition was given
by Kinnunen in 1998 (]|20]). In fact, we obtain lower bound estimates of iterated p-
order and p-lower order of meromorphic solutions of some linear differential-difference
equations.



Chapter 1

Nevanlinna theory of meromorphic
functions

We will quote only the elements necessary for our work in this thesis and for more
details, see [1,13,17,40].

1.1 Characteristic function of R. Nevanlinna

Theorem 1.1.1. (Jensen formula, see [21]) Let f be a meromorphic function such
that f(0) # 0,00 and let ay,as,...(resp by, by, ...) denote its zeros (resp. poles), each
taken into account according to its multiplicity. Then

1 2m ‘ , .
o110 = 5= [ 1os17re g+ 3 tog 7= 3 g

|bi|<r ' lai|<r

Definition 1.1.2. (Unintegrated counting function, see [21]) Let f be a meromorphic
function not being identical equal a € C. Let i(z,a, f) denote the multiplicity of an
a—point of f at z. Then we define

n(r.a, f) = n (r, - ! a) —nta) = Y izaf)

|2|<r.f(2)=a

i.e., n(r,a, f) counts the numbers of the roots of f(z) = a in |z| < r, each roots
according to its multiplicity. For the poles of f, we define similary

n(r,o0, f) =n(r, f) =n(r,o0) = Z i(z,00, f).

|2 <7, f(2)=00
Example 1.1.3. Let’s pose

(z+1)°(z—-2)°
z2(z—1)2

f(z) =

For 5 < r, we have

n(r,f)=3, n <T, %) =8.
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Definition 1.1.4. (Counting function, see [21]). For a meromorphic function f, we

define
N (7’, b ) = / nit, e, f) —n(0,a, f)dt +n(0,a, f)logr
/ 0

—a t
supposing f #Z a € C and

/T n(t, 00, f) — n(0, 00, f)

N (r, f) = ;

dt +n(0, 00, f)log .

Definition 1.1.5. (Prozimity function, see [21]) For a meromorphic function f, we

define
1 1 2T
= — log™
m(r’f—a) 27r/0 o

supposing f Za € C and

1

do

27
m(r, f) = %/0 log™ ‘f(?“ew)‘ dep.

Definition 1.1.6. (Characteristic function, see [21]) The characteristic function of a
meromorphic function f will be defined as

T(r, f)=m(r, )+ N(r, f).
Example 1.1.7. For the function f(z) = e*, we have

mr, f) = = N(r.f) =0

and

T(r,f)=—.

7
Remark 1.1.8. The characteristic function offers a natural way to define a measure
for the growth of a meromorphic function.

Theorem 1.1.9. (First main theorem, see [21]) Let f be a meromorphic function, let

a € C and let
+oo

f(z)—a:Zcz-zi, cm #0, meZ,

=m

be the Laurent expansion of f — a at the origin. Then

T (r, ﬁ) = T(T7 f) — log ‘le + @(Tv a),

where
lo(r,a)| <log2+ log™ |al.

Remark 1.1.10. The first main theorem may by expressed as

T (7‘, ﬁ) —T(r, f) +O(1)

for all a € C. Note the bounded error term O(1) depends on a € C.
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Proposition 1.1.11. (see [13,21]) Let f, f1, fa, ..., fn, be meromorphic functions and
let a, B,7,6 € C such that ad — By # 0. Then

(a) T(Ta flefn) S Z?:l T<T7 fz)a fOT' all r 2 17
(b) T(T, fn) = nT(r, f)a neN,
(¢) T(r, > oy fi) < 25 T(r, fi) +lognm,  r>1,

(d) T (7’ aerﬁ) =T(r, f) + O(1), with assumption f # —3/7.

> vf+o

1.2 Growth and value distribution of meromorphic
function

In the following, we recall some fundamental definitions which are used later.

Definition 1.2.1. ([13],[17],[40]) Let f be a meromorphic function. Then, the order
p(f) of [ is defined by

logT
o(f) = lim sup 28 L f)
r—-+00 10g r

where T'(r, f) is the characteristic function of Nevanlinna (see, [13],[17],[40]). If f is
an entire function, then the order of f is defined as

logT loglog M
p(f) =lim supOg—(r’f) = lim sup oglog M(r, /)
r—too  logT P00 log r

Y

9

where M (r, f) = max|, =, |f(2)].

Definition 1.2.2. ([13],[17],[40]) Let f be a meromorphic function. Then, the lower
order u(f) of f is defined by

. logT(r, f)
p(f) = liminf=—= ="

If f is an entire function, then the lower order of f is defined as

log T’ log log M
p(f) =lim inng—(T’f) — lim inf—2-%8 (r, f)
r—+o00 log r r—4o00 log r

Definition 1.2.3. ([13],[17]) Let f be a meromorphic function of order (0 < p(f) <
o0). Then, the type T(f) of f is defined by

I(r f)
rp(f)

7(f) = limsup

r—-+o00

If f is an entire function, then the type Ta(f) of f with order (0 < p(f) < o0) is

defined as
L log M(r, f)
v (f) = hmsupW.

r—-+o0o
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Definition 1.2.4. ([10],[17]) The lower type T(f) of a meromorphic function f with
lower order (0 < u(f) < o0) is defined by

7(f) = lim infT(r’ /)

r—+00 r#(f) ’
If [ is an entire function, then the lower type T,,(f) of f with lower order (0 < p(f) <
o0) is defined as

Tu(f) = liminfw_

r——4o00 ’]"N(f)

Definition 1.2.5. ([22])
convergence of poles A (%) of [ 1s defined by

A (1) = lim sup—10g N(r, f),

f r—too  lOgT

where N (r, f) is the integrated counting function of poles of f in {z:|z| <r}.

Let f be a meromorphic function. Then, the exponent of

Example 1.2.6. 1. Me?) = A(P) = 0, where P is a polynomial.
2. Me* —12) = A(sinz) = A(cos z) = 1.

1.3 The notion of iterated p-order of a meromorphic
function

If the order of entire or meromorphic function is infinite, then we can define the
iterated p—order. In the following, we recall some fundamental definitions which are
used later.

For all r € R, we define exp; 7 := ¢" and exp, ,r := exp (expp r) , p € N. We also
define for all r > 0 sufficiently large log, r := logr and log, , r := log (logp T) ,peN.
Moreover, we denote by exp,r :=r, log,r :=r, log_, r := exp, r and exp_, r := log; 7,
see [18].

Definition 1.3.1. ([20]) Let p > 1 be an integer. Then, the iterated p-order p,(f) of
a meromorphic function f is defined by

. log, T'(r, f)
pu(f) = 1?3?2101)?-

For p =1, this quantity is called order and hyper-order when p = 2. If f is an entire
function, then the iterated p-order of f is defined as

10 T T, 10 M T,
ool ) = timsup 22 L S) i B M),
r—-+00 log r 400 10g r
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Definition 1.3.2. ([18,33,34]) Let p > 1 be an integer. Then, the iterated lower
p-order w,(f) of a meromorphic function f is defined by

. Jog, T(r, f)
Hp(f) = Timinf=—=12" ==
For p =1, this quantity s called lower order and hyper lower order when p = 2. If f
15 an entire function, then the iterated lower p-order of f is defined as
log T 3 lo M )
po(f) = liminf—gp (r. f) = hminf—gpJrl (r f)
r—+00 log r r—+00 log r
Definition 1.3.3. ([7,18]) Let f be a meromorphic function of finite and non-zero
iterated p-order p,(f). Then, the iterated p—type 7,(f) of f is defined by

lo T(r,
7,(f) = lim supgp;lpp—(f()f) (p > 1 an integer) .

r—-+o00

If f is an entire function, then the iterated p—type Tar,(f) of f with finite and non-zero
iterated p-order p,(f) is defined as

log, M (r, f)

T (p > 1 an integer) .
PP

TM,p(f) = hfgiup

Definition 1.3.4. ([18]) The iterated lower p-type 7,(f) of a meromorphic function
[ of finite and non-zero iterated lower p-order p,(f) is defined by

7,(f) =lim infw

mint—"" (p > 1 an integer).

If f is an entire function, then the iterated lower p—type T, (f) of f with finite and
non-zero iterated lower p-order p,(f) is defined as

szp(f) = lim inf—logpM(r’ /)

teo | phn() (p > 1 an integer) .

Definition 1.3.5. ([33,34]) Let f be a meromorphic function. Then, the iterated
p-exponent of convergence of poles \, (%) of f is defined by

1 log, N(r,
Ap (?) = lim supgpl—(f) (p > 1 an integer) ,
r—+00 ogr

where N (r, f) is the integrated counting function of poles of f in {z:|z| <r}.

1.4 Linear and logarithmic measure

Definition 1.4.1. The linear measure of a set E C [0, +00) is defined as

+o0
m(E) = / ve(t)dt,
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and the logarithmic measure of a set F' C [1,4+00) is defined by

Im(F) = /0 xrl)

t
where xy(t) is the characteristic function of a set H.

Example 1.4.2. The linear measure of the set E = [1,3]U[2,3] C [0, +00) is

+o0 % 3
m(E) = / xe(t)dt = / dt+£ dt =1.
0 1 3

The linear measure of the set E = N, is equal zero. Moreover, the linear measure of
the countable set is equal zero. The logarithmic measure of a set F' = [1,2] C [1,400),

18
+o0 2 d
Im(F) = / el gy [Ty
0 13 1 t




Chapter 2

Growth of meromorphic solutions of
linear difference equations

2.1 Introduction and statement of main results

In this chapter, we are interested in the study of the growth of meromorphic solutions
of homogeneous and non-homogeneous linear difference equations with entire or mero-
morphic functions. We impose some conditions on the (lower) order and the (lower)
type of the coefficients.

Recently, many articles focused on complex difference equations ([2], [9], [22], [23],
[24], [26] , [41]). The back-ground for these studies lies in the recent difference counter-
parts of Nevanlinna theory. The key result here is the difference analogue of the lemma
on the logarithmic derivative obtained by Halburd-Korhonen [15, 16] and Chiang-Feng
[11], independently. Several authors have investigated the properties of meromorphic
solutions of complex linear difference equation

A2 f(z4 )+ A1 () f(z 4+ cor) + -+ A1(2) f(z 4+ 1) + Ao(2) f(2) =0, (2.1)

where ¢y, ..., ¢; are non-zero distinct complex numbers, in the case when one coefficient
has maximal order or among coefficients having the maximal order, exactly one has its
type strictly greater than others and achieved some important results (see e.g. ([11],
23], [41])).

In [11], Chiang and Feng investigated meromorphic solutions of the linear differ-
ence equation

Ar(2)f(z+ k) + A () f(z +h =1+ -+ Ai(2) f(z+ 1) + Ag(2) f(2) =0 (2.2)
where Ag(z), ..., Ao(2) are entire functions and proved the following result.

Theorem 2.1.1. ([11]) Let Ag(z), ..., Ax(2) be entire functions. If there exists an
integer 1 (0 <1 < k) such that

p(Ar) > max {p(4;)}

0<I<k,j#l

holds, then every meromorphic solution f(# 0) of equation (2.2) satisfies p(f) >
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For the case when there is more than one of coefficients which have the maximal
order, Laine and Yang ([23]) obtained the following result.

Theorem 2.1.2. ([23]) Let Ay(z),..., Ax(2) be entire functions of finite order such
that among those having the maximal order

p = max {p(4,)}.

0<j<k

exactly one has its type strictly greater than the others. Then for every meromorphic
solution f (£ 0) of equation (2.1) we have p(f) > p+ 1.

By using the concepts of lower order and lower type, Zheng and Tu ([41]) inves-
tigated the growth of solutions of equation (2.2) and proved the following result.

Theorem 2.1.3. ([41]) Let Ay (2), ..., Ax (2) be entire functions such that there exists
an integer | (0 <1 < n) satisfying

max {p (A)) 5= 0,1, .k j #1} < p(A)) < oo
and
max {7a(A;) : p(4;) = pu(4) >0:5=0,1,..,k,j#1} <1)(4) < 0.

Then every meromorphic solution f (# 0) of equation (2.2) satisfies p (f) > p(A;)+1.

When the coefficients Ay (2), ..., Ax (2) are meromorphic, Latreuch and Belaidi
([24]) investigated the growth of solutions of equation (2.2) and obtained the following
result.

Theorem 2.1.4. ([24]) Let Ay (2), ..., Ak (2) be meromorphic functions such that for
some integer [(0 <1 < k), we have

1

)\(E) <p(A)=p 0<p<oo), T(A)=7(0<7<00).

Suppose that
max {p(A;) 10 < <k j AL} <p

Z T(4;) <.

p(Aj)=p

If f (£ 0) is a meromorphic solution of (2.2), then p (f) > p(4;) + 1.

and
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Very recently [28], Luo and Zheng have studied the growth of meromorphic solu-
tions of (2.1) when more than one coefficient has maximal lower order and the lower
type strictly greater than the type of other coefficients, and obtained the following
Theorems 2.1.5 and 2.1.6.

Theorem 2.1.5. ([28]) Let A;(z) (j = 0,...,n) be entire functions, and let k,l €
{0,1,...,n}. Suppose that the following three assumptions hold simultaneously:

(1) max{u(Ar), p(4;),J # k,1} = p < p(Ar) < 00, u(Ar) > 0;
(2) zar(Ar) > Tas(Ar), when p(Ay) = p(Ax);
(3) max{rar(4;) : p(A;) = u(Ar),j # k, 1} = 11 <1 (Ar), when
(A1) = max{p(A;),j # k,1}.
Then every meromorphic solution f %0 of (2.1) satisfies p(f) > u(A;) + 1

Theorem 2.1.6. ([28]) Let A;(2)(j = 0,...,n) be meromorphic functions, and let
k,l €{0,1,...,n}. Suppose that the following four assumptions hold simultaneously:

(1) max{a(Av). p(A}),j # ki L} = p < p(A) < 50, u(4) > 0
(2) § (00, Aj) =6 > 0;

(3) 67(A) > T(Ay), when u(Ar) = p(Ay);

(4) max{7(A4;) : p(4;) = p(A4),5 # k, 1} =7 <O1(A;), when

(A1) = max{p(A;),j # k,1}.
Then every meromorphic solution f # 0 of (2.1) satisfies p(f) > u(A;).

Very recently, Zhou and Zheng [41], considered the case of the non-homogeneous
equation and got the following result.

Theorem 2.1.7. ([41]) Let A;(2) (j=0,1,....k) and F (z) be meromorphic func-
tions. Suppose there exists an integer | (0 <1 < k) such that A, (z) satisfies

A <Ail) < p(A;) < o0

max{p(A4;):7=0,1,... k j#1} < p(4),
T(A;) <7 (4) < o0.
p(Aj)=p(A1), j7#1
() If p(F) < p(Ar), or p(F) = p(Ar) and 32,4 1~y T(A5) + 7(F) < 7(A), or
p(F) = p(A1) and Y-, 4 —apso, j T(A)) < ( ), then every meromorphic solution
f(#£0) of equation
A (54 0+ A1 (D ) o+ A2 (4 o)+ Ag(2) () = F (), (23)

satisfies p(f) > p(A;). Furthermore, if F'(z) =0, then p(f) > p(4;) + 1.
(i) If p(F') > p(A;), then every meromorphic solution f of (2.3) satisfies p(f) > p(F).
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It is natural to ask an interesting question such as:

Question 2.1.8. What can be said if we replace the conditions on " p(A;) and
7 (A;) " in Theorems 2.1.4 and 2.1.7 by the conditions on " u(A;) and 7 (A;)"?

The aim of this chapter is to extend the results of Theorem 2.1.5 and Theorem 2.1.6,
through the study of growth of meromorphic solutions of non-homogeneous linear
difference equation

Anflz+ )+ A af(z+cna)+ - +FAif(z4ca) + Aof(2) = Apa (2). (2.4)

In the following, we give two results.

Theorem 2.1.9. ([3]) Let Aj(z) (j = 0,...,n + 1) be entire functions, and let k.l €
{0,1,...,n+ 1}. Suppose that the following three assumptions hold simultaneously:

(1) max{u(Ax), p(A;),7 # k, 1} = p < p(A;) < oo, p(A) > 0;
(2) Ta(A) > Tp(Ar), when p(Ar) = p(Ag);

(3) max{7ar(4;) : p(A;) = p(Ar), j # k. 1} = 110 <15 (Ar), when p(A;) = max{p(4;),
Jj#k,l}.

Then every meromorphic solution f of (2.4) satisfies p(f) > p(4;) if Apsr Z 0.
Furthermore, if A,+1 = 0, then every meromorphic solution f # 0 of (2.1) satisfies

p(f) = p(A) + 1.

Theorem 2.1.10. ([3]) Let A;(2)(j =0, ...,n+ 1) be meromorphic functions, and let
k,l €{0,1,...,n+1}. Suppose that the following five assumptions hold simultaneously:

(1) max{u(Ax), p(4;), j # k, 1} = p < p(Ar) < oo, u(A;) > 0;
(2) 7(A) > 7(Ag) , when p(Ar) = p(Ar);

(3)
> 7(A;) < 7(A;) < +00
p(Aj)=p(Ay)>0, j#k,l
when p(A;) = max{p(4;),j # k,1};
(4)

> 7(A;) + 2(Ar) < 7(A;) < +o0
p(A;)=p(Ar)>0, j#k,l

when p(Ar) = p(Ay) = max{p(4;),j # k,1};

(5) A (AA) < u(A) < oo
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Then every meromorphic solution f of (2.4) satisfies p(f) > p(4;) if Any1 #Z 0.
Furthermore, if A,+1 = 0, then every meromorphic solution f # 0 of (2.1) satisfies

p(f) = n(A) + 1.

Further, we give an answer for the above question, by proving the following two
results.

Theorem 2.1.11. ([4])Let A, (2) (j =0,1,...,k) be meromorphic functions. Suppose
there exists an integer | (0 < l k) such that Al( ) satisfies

G )<Ml

max {p (4;) 1 j=0,1,....k j#1} < p(A),
> T(Aj) <1 (4) < 0.
p(A;)=n(Ar), j#1

Then every meromorphic solution f(z) # 0 of (2.1) satisfies u(f) > p(A4;) + 1.

Theorem 2.1.12. ([4]) Let A;(z) (j=0,1,...,k) and F(z) # 0 be meromorphic
functions. Suppose there ezists an integer I (0 <1 < k) such that A, (z) satisfies

A (%) < p(4;) < 0o
max {p(A4;) 1 j=0,1,... k,j # 1} < p(4),
Z T(A;) < (4 < o0.

p(Aj)=p(Ar), j#
(1) If p(F) < u(Ar), or p(F) = p(A) and 32,00 —uiap, ju T(A5) + 7(F) < 2(A), or
p(F) = p(A) and 3700402, T(A7) + I(Al) 7(F), then every meromorphic

solution f of (2.3) satzsﬁes ,u(f) > u(Ay).
(7) If w(F) > u(A;), then every meromorphic solution f of (2.3) satisfies u(f) > u(F).

Remark 2.1.13. Theorem 2.1.11 is an improvement of Theorems 2.1.83 and Theorem
2.1.4, also Theorem 2.1.12 is an improvement of Theorem 2.1.7.

2.2 Some Auxiliary Lemmas

The proofs of our results depend mainly on the following lemmas.

Lemma 2.2.1. ([11]) Let f be a meromorphic function of finite order p, and let
c1, 02(c1 # ¢3) be two arbitrary complex numbers. Let € > 0 be given, then there exists
a subset By C (1,+00) with finite logarithmic measure such that for all |z| = r ¢
[0,1] U Ey, we have

fz+a)

P < )

< exp{r* 't}
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Lemma 2.2.2. ([13]) Let f be a meromorphic function, ¢ be a non-zero complex
constant. Then we have that for r — 400

(L+o(W)T(r —cf, f(2)) <T(r, f(z+¢)) < (L4 0(1))T(r +|c], f(2)).
Consequently for

peNy ={1,2,..}, po(f(z+ ) = pp(f),  1(f(z+ ) = pp(f)

Lemma 2.2.3. ([8]) Let f be a meromorphic function of finite order p. Then for any
given € > 0, there exists a set By C (1,400) having finite linear measure and finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U Ey and sufficiently
large r, we have

exp{—r"""} < [f(2)] < exp{r"}.

Lemma 2.2.4. ([10], [18]) Let f be an entire function with pu(f) < oo. Then for
any given (> 0), there exists a subset E5 C (1,4+00) with infinite logarithmic measure
such that for all r € E3, we have

W(f) = lim loglog M(r, f)

r——400 log r
rekg

and
M(r, f) < exp{r“(f)+€}.

Lemma 2.2.5. ([10], [39]) Let f be an entire function with 0 < u(f) < co. Then
for any given (> 0), there exists a subset E; C (1,400) with infinite logarithmic
measure such that for all r € Ey, we have

. log M(r, f)
IM(f) - rggloo Tﬂ(f)
reEy

and
M(r, f) < exp{(zp (f) + )"},

Lemma 2.2.6. ([15]) Let f be a non-constant meromorphic function, c € C, § < 1

and € > 0. Then
flz+0) T(r+ e, /)
m(r,————) =o0 ,
f(z) re
for all r outside of a possible exceptional set By C (1,+00) with finite logarithmic

measure Im (E1) = [, & < .

Lemma 2.2.2 and Lemma 2.2.6 lead to the following lemma.

Lemma 2.2.7. ([15]) Let f be a non-constant meromorphic function, ¢, h € C,
c#h,6<1,e>0. Then

. (T’ %) _, (T(r+ c — iL+ \h|,f)1+€> 7

holds for all v outside of a possible exceptional set By C (1,+00) with finite logarithmic

measure Im (E) = [, & < oco.
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Lemma 2.2.8. ([2]) Let ny, 1o be two complex numbers such that n; # ny and let f
be a finite iterated p—order meromorphic function, p > 1 is an integer. Let p,(f) = p
be the iterated p—order of f. Then for each € > 0, we have

(i) If p =1, then ( see [11])

m <r, M) 0 ().

f(z+mn2)
(i) If p > 2, then

( f(z+m)
m|r o2

f(z+mn2)
Lemma 2.2.9. ([4]) Let f be a meromorphic function with finite iterated lower p—order

wp(f) . Then, for any given € > 0, there exists a subset Ey C (1,+00) of infinite log-
arithmic measure such that

) — 0 (exp, {r"7}).

T(r,f) < exp,_; {T“p(f)+€} .

Proof. By definition of iterated lower p—order, there exists a sequence {r,} ~  tending
to oo satisfying (1 + %) Ty < Tpy1 and

_ log, T (rn, f)
lim —=
Tn—>+00 log Tn

:,Up(f>-

Then for any given € > 0, there exists an integer ny such that for all n > no,

T (v, f) < exp,, {72}

“+o00

Set £, = U [#lrn,rn} . Then for r € E; C (1,400), we obtain
n=ngy

T(r,f) ST (. f) < exp,, {rir"72}

L\ A+
< exp,_; { (n + r> < exp,_; {T"P(f)+5}

n

—+o0 Tn +oo
andlm (Eq) = Y. [ %= 3 log(l+2)=oc.Thus, Lemma 2.2.9 is proved. [

n=nog _"_ n=n
2 n+1T'L 2

Lemma 2.2.10. ([4]) Let f be a meromorphic function of finite and non-zero iterated

lower p—order u,(f). Then, there exists a subset E5 C (1,+00) of infinite logarithmic

measure such that | T )
7,(f) = lim logy-1 7, £),

r——4o00 ’]"Ml’(f)
reEg

Consequently for any given € > 0, for all r € Fs

T(r, f) < exppy {(,(f) +) rD} .
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Proof. By the definition of the iterated lower p—type, there exists a sequence {r, } -,
tending to oo satisfying (1 + %) Ty < Tpy1 and

1ng—l T<T7“L7 f)

rn—+00 TMP(f)
n

Then for any given € > 0, there exists an n; such that for n > n; and any r €
[Lrn,rn} , we have

n+1
log, 1 T(:257n, f) . logps T(r,f) log, T(ra, f)
rnﬂp(f) - rﬂp(f) - (nLHrn)Hp(f)

It follows that

( n )“"(f) log, 1 T'(;}57n, [) < log, T(r, [)

n-+1 (nL_H n)Mp(f) - rﬂp(f)

< logp—l T(TTH f) n+1 ue(F)
- rnﬂp(f) n ’

Set

+o0
n
E3: U |:n+17"n,7"n:| .

n=ni

Then, we have

. 1ng—l T<T7 f) . 1ng—l T(T’n, f)
7‘22100 rhp(f) N rnllg—loo rnﬂp(f) o Ip(f)
reEg
“+o00o Tn —+o00
E3 n=ni —L_ry, n=ni

n+1
Lemma 2.2.11. ([11]) Let v, R, R' be real numbers such that 0 <y < 1,R >0, and
let 1 be a non-zero complex number. Then there is a positive constant C., depending

only on v such that for a given meromorphic function f we have, when |z| = r,
max{1,r + |n|} < R < R/, the estimate

() o () = e (e n e (75))

e (o ) (Ve (m 7).

Lemma 2.2.12. ([4]) Let ni, n2 be two complex numbers such that n, # ne and let f
be a finite iterated lower p—order meromorphic function. Let p,(f) = p be the iterated
lower p—order of f. Then, for any given ¢ > 0 , there exists a subset E5 C (1,400)
of infinite logarithmic measure such that for r € E5, we have:

(i) If p =1, then
f(z ‘H?l) o Tu—l—&-s
m(r,—f(z+n2))—0( )

(@) If p > 2, then

m (r LEEI)Y 0 (exp, ().
( f(2+772))
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Proof. We have
g (H) =m ( f(; @m)) ( f<];(+)n2>)
)l

Since f has finite iterated lower p—order u,(f) = p < 400, then by Lemma 2.2.9 for
any given ¢, 0 < ¢ < 2, there exists a subset E5 C (1,400) of infinite logarithmic
measure such that for r € Es

T(r. f) < oxp,_ {r**5). (26)

By using Lemma 2.2.11, we obtain from inequality (2.5)
m(rfg) < g (e s m (R 7))
e (i) (Yo (7))
s (@ em (1.7
e G i) (Ve (7))
~ (o T (mwn em (2.))

+ 2R < ] Cy Im|”
(B =R)\R—r—|m| Q-7
|7]2| Cv |772|7 , o1
+R—r—|n2|+(1—7)ﬂ> (N(R’f)+N<R’?>>' (27

By choosing v =1 — %, R =2r, R =3r and r > max{|n|, |n2], 1/2} in (2.7), we get

() = (e o) (mennem (2 7))

20, |m|' 2 20, |no|' 2 1
o Aml 2C0ml F ], 20yl (N (3r,f)+ N (3r, —))
r— |m] er'™z r—|m| er'~z f

4|771\7" 4’772|7“
<4 { +
(r—1mD?* ~ (r—|nal)?

20, (|7 + |na|' 2
A 72| ”(m 2
+6 ( + + s

T3r f).
r—|m| o —nl er'™z Gr.f)
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From this, by using the estimate (2.6), we have for p =1

[(z+ 771)) { 4y |7 4{ma|r
m(“ ST T e

26, (Iml"™ + Il ?) :
‘771| + |772| + (37“)”+5

1-£&

+ 6
r—|m| = | ET 2

< Mpk=ite,
where K > 0, M > 0 are some constants. When p > 2, we obtain

[ (z+ 771)> { 4y |7 4|ma|r
m(“f@+ng ST T e

20, (jmfF + el
ml ] 2 (m 2
+ +

+6 . exp,{Br’”%}
r—fml T Jm o St
< Myexp, ; {r**},
where M; > 0 is some constant.This completes the proof of Lemma 2.2.12. O]

Remark 2.2.13. We note that the Lemmas 2.2.2,2.2.6,2.2.7,2.2.8 and 2.2.11 hold
without any finite order conditions on meromorphic functions.

2.3 Proof of the Theorems

Proof of Theorem 2.1.9 If f has infinite order, then the result holds. Now we
suppose that p(f) < oco. We divide (2.4) by f(z + ¢) to get

n

_ PRVICRE)) f(z+cx) ) A (2)
—Ay(z) = j%m A;(z)f(z T T Ai (2) e +Ao(z)f(z Yol " ot
(2.8)
Therefore
- Sz + CJ f z+ )
|AZ<Z)| S j—%kl | ‘ | Z+ Cl
f(z n+1 Z)

+ [Ao(2)| o+ ) f Cra)l (2.9)

It follows by Lemma 2.2.1 that for any (> 0), there exists a subset E; C (1,+00)
with finite logarithmic measure such that for all |z| = r ¢ [0, 1] U E4, we have

< exp{r’~1*}, <exp{r’ 't} AL (2.10)

K o
fz+a) Z+c

By Lemma 2.2.2, we have

G+ ) = () =0l
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Then by Lemma 2.2.3, for the above ¢, there exists a subset Fy C (1,400), having
finite logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U Ey and
sufficiently large r, we have

‘ ey ’ < exp{r+e}. (211)

In the following, we divide the proof into four cases:
(i) We suppose that p < u(A;)
By the definition of p(A;) for the above ¢ and sufficiently large r, we have

|A; (2)] < exp{r? ) * e} < exp{r’te}, j £k, (2.12)
By the definition of p(A;), for sufficiently small £ > 0 and sufficiently large r, we have
|A; (2)| > exp{r#A=¢}, (2.13)

By the definition of 1(A) and Lemma 2.2.4, for any given (> 0), there exists a subset
Es3 C (1,+00) with infinite logarithmic measure such that for all » € Es5, we have

|Ag (2)] < exp{rHAte] (2.14)

By substituting (2.10) — (2.14) into (2.9) , for all z satisfying |z| = r € E3 \ ([0,1] U
E, U E,), we obtain

exp{r“(Al)_‘f} <(n-1) exp{r“a} eXp{Tp(f)_1+a} + eXp{rM(Ak)""E} exp{rp(f)_1+5}

+exp{r’t} exp{r”(f)Jre}. (2.15)

Now, we may choose sufficiently small ¢ satisfying 0 < 3 < u(A;) — p, we deduce from
(2.15) that for |z| =r € E3\ ([0,1] U Ey U Ey), r — +00

eXp{TH(Az)—%} < exp{rp(f)%},

that is, u(A;) < p(f) + 3¢, since € > 0 is arbitrary, then p(f) > p(A4,).

(i) max{p(A;),j # k, 1} = a < u(Ax) = p(Ar), Ty (A1) > 7 (Ag).
By the definition of p(A;) for any given £(> 0) and sufficiently large r, we have

|4; (2)] < exp{rp(Aj)+5} <exp{r®t}, j#k,l (2.16)

By the definition of 7,,(4;), for sufficiently small ¢ > 0 and sufficiently large r, we
have
A (2)] = exp{(zy (A1) — &) "} (2.17)

By the definition of 7,,(Ax) and Lemma 2.2.5, for any given (> 0), there exists a
subset £, C (1,400) with infinite logarithmic measure such that for all » € E4, we
have

[Ar (2)] < exp{(zy(Ar) + ) )} = exp{(z(Ak) +€) 0} (2.18)

By substituting (2.10), (2.11) and (2.16) — (2.18) into (2.9), for r € |z| = r € E,\
([0,1] U Ey U E3), we have

exp{ () (A)) — &) "M} < (n — 1) exp{r*™*} exp {r*)71*¢}
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+exp{ (T, (Ap) + &) r* WY exp {rP 1) 4exp{r*T}exp {r"¥e} . (2.19)

Now, we may choose sufficiently small ¢, 0 < 2¢ < min{u(A4;) — o, 7,,(A) — 70 (Ax)},
then from (2.19) for r € E, \ ([0, 1] U Ey U Es)) sufficiently large r, we obtain

exp{ (T (A1) — 75, (Ax) — 25>7=M(Al)—6} < exp{r”(f)+5}7

that is, u(A;) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > u(4;).

(iii) We suppose p(Ax) < max{p(4,),5 # k,1} = p(A;) and max{7my(4,) : p(4;) =
(A, j # k, 1} =mn < 1),(A). By the definitions of p(4;) and 7(A;), for any given
€ > 0 and sufficiently large r, we have

145 (2)] < eXp{rP(Aj)+8} < eXp{’/’M(Al)_é‘}’ if p(4;) < u(A), j#k,l,
T exp{(m + &) A0}, i p(A;) = u(Ay), j # kL.

Then, by substituting (2.10), (2.11), (2.14), (2.17) and (2.20) into (2.9), for all z
satisfying |z| = r € E3\ ([0,1] U Ey U E,) sufficiently large r, we have

(2.20)

exp{(Ty(A) — &) 4} < O (exp{(m + &) M} exp {7V 714°])

+0 (exp{rHA0==} exp {rN-1+2))
Fexp{r 1 exp (014 4 exp(m +2) P exp (O0F) . (221)

Now, we may choose sufficiently small ¢ satisfying
0 < 2e <min{p(A1) — p(Ar), Tar(Ar) — 11},
then from (2.21) for sufficiently large r € E5\ ([0, 1] U Ey U E5), we get
exp{(T (A1) — 7 — 2e) r A=} < exp {rPDFE

that is, u(A;) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > u(A4,).
(iv) We suppose that max{p(A4;),j # k,l} = p(Ax) = n(4;) and

max{7, (Ar), T (A5) 1 p(Ay) = p(Ar), j # k, 1} = 12 < 1, (A).

Then, by substituting (2.10), (2.11), (2.17), (2.18) and (2.20) into (2.9), for all z
satisfying |z| =7 € E4 \ ([0,1] U Ey U E,) sufficiently large, we obtain

eXp{(zM(Al) — 8) rM(Az)} <0 (exp{<7-2 + 5) Tu(Az)} exp {Tp(f)—l-i—e})

+0 (exp{r“(A’)_E} exp {Tp(f)_1+5})

+exp{(zar(Ar) + &) r WY exp {71} 4 exp{(ry + &) P exp {70+
(2.22)
Now, we may choose sufficiently small ¢ satisfying

0 < 2 <1y (A) — 7o,
then from (2.22) for sufficiently large |z| =7 € E4\ ([0, 1] U By U Es), we get

exp{ (7 (A)) — 72 — 28) A=Y < exp {rPFeY
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that is, u(A;) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > u(A4;).
Further, if A,,; = 0, then by Theorem 2.1.1, every meromorphic solution f # 0 of
(1.2) satisfies p(f) > u(A4;) + 1.

Proof of Theorem 2.1.10 If f has infinite order, then the result holds. Now, we
suppose that p(f) < co. It follows by (2.8) and Lemma 2.2.2 that

T(r, Ai(2)) = m(r, A(2)) + N(r, A(z)) < > m )) + m(r, Ap(2))
J=0,j#k,l
f(z+¢)) o f(2) o 1
*}; ( z+cz>)+ (’f<z+cl>>+ (’f(z+Cz)>
FN(r, A(2) +0(1) < Y T(r, A(2)) + T, Aw(2)) + N(r, Ay(2))
§=0,j#kl
S N o Y O G oL A W G (€ I
*T(“ﬂwcl))i}}# (’f<z+c,>)+ (n7ds) von
< Y T A ) + Tl A(2) + N A2)
J=0,j#k,l
- fete), (. f&)
P lal 7)) +j§j:#m (T’ f(z+cz)> i ( 7f(z+cz)) +ow)
< Y T(rAi(2) + T(r, Ak(2) + N(r, Ai(2))
J=0,j#k,l
- fEre)\ (. &)
+2T(2r,f)+j§#m(r, f(z+c,)) + (,—f(z+cl)) + O(1). (2.23)

By Lemma 2.2.8, for any given £(> 0), we have

m (r, %) = O(rPV=1He) (Tj;z—j;ccjl))) = O(rPD=1Fe) G 41 (2.24)

By the definition of A(All), for the above ¢ and sufficiently large r, we have

N (r, 4) < G+ (2.25)

(i) We suppose that p < u(A;).
By the definition of p(A;) and p(f) for the above ¢ and sufficiently large r, we have

T(r, Aj) < pPdte <ppte g oL g, (2.26)

T(r, f) < rPte, (2.27)
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By the definition of p(A;), for sufficiently small £ > 0 and sufficiently large r, we have
T(r, A)) > rHA0=e, (2.28)

By the definition of ;(Ay) and Lemma 2.2.9, for any given (> 0), there exists a subset
Es C (1,4+00) with infinite logarithmic measure such that for all » € E5, we have

T(r, Ay) < riAn)te, (2.29)

By substituting (2.24) — (2.29) into (2.23) for sufficiently large r € Ej5, we obtain

TN(AZ)_E < nrPte + Tu(Ak)—i-E + T.)‘(Ail)"_g +92 (27,.)p(f)+5 + O(T.P(f)_l""‘f). (230)

Now, we may choose sufficiently small ¢ satisfying

0 < 3¢ < min {M(Az) —p, (A — A (%l) } ;

we deduce from (2.30) that for |z| =r € E5, r — 400

PrAD)=2 < o)+

Y

that is, u(A;) < p(f) + 3¢, since € > 0 is arbitrary, then p(f) > pu(A4).
Further, if A, = 0, then by by substituting (2.24) — (2.26), (2.28) and (2.29) into
(2.23) for sufficiently large r € Fs5, we obtain

pr(A)—e < (n—1)r" + ri(An)te 4 rk(%l)ﬁ + O(Tp(f)—lﬁ)' (2.31)

Now, we may choose sufficiently small ¢ satisfying

1
0 < 3¢ < min {,u(Al) —p, (A) — A <Z> } 7
!
we deduce from (2.31) that for |z| =r € Ej5, r — 400

A)— _
ph(Ar)—2¢ < rPU) 1+€’

that is, u(A;) < p(f) — 1+ 3¢, since € > 0 is arbitrary, then p(f) > u(A;) + 1.
(i) ma{p(Ay), ] # b, [} = o < p(Ax) = p(Ar), 7(A) > 7(A).
By the definition of p(A;), for any given (> 0) and sufficiently large r, we have

T(r,A;) < rPADTe <pote 5 L |, (2.32)
By the definition of 7(4,;), for sufficiently small € > 0 and sufficiently large r, we have
T(r, A)) > (T(A}) — &) r#A0), (2.33)

By the definition of 7(Ax) and Lemma 2.2.10, for any given £(> 0), there exists a
subset Eg C (1,400) with infinite logarithmic measure such that for all » € Fj, we
have

T(r, Ay) < (2(Ay) + &) r# %) = (7(Ag) + &) A0, (2.34)
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By substituting (2.24), (2.25), (2.27), (2.32) — (2.34) into (2.23), for sufficiently large
r € Fg, we obtain

(7(A) —¢) riAD) < ppete 4 (1(Ax) +¢) (A

+T>\(ALZ)+E 49 (2r)p(f)+5 + O(rP)=1e), (2.35)

Now, we may choose sufficiently small ¢ satisfying

0 <2 < min {,Ml) ~ o z(A) — 7(Ay), pl(A) — A (Ail) } |

then from (2.35) for r € Ej sufficiently large, we get
(T(A)) — T(Ay) — 2e)rHA)=e < prlf)te,

that is, u(A;) < p(f) + 2¢, since € > 0 is arbitrary, then p(f
Further, if A,,; = 0, then by substituting (2.24), (2.25), (
for sufficiently large r € Fj, we obtain

> pu(Ay).
32) —

)
2. (2.34) into (2.23)

(T(A) = &) ) < (n = 1) 1% 4 ((Ag) + ) )

4G | O(rP)=1tey, (2.36)

Now, we may choose sufficiently small ¢ satisfying

0 <2 < min {Wm = o 2(Ag) — 7(An), plA) — A (Ail) } |

we deduce from (2.36) that for |z| =r € Eg, r — 400
(T(Ar) — 7(Ax) — 25)7’“(‘41)_5 < pp)-lte,

that is, u(A;) < p(f) — 1+ 2¢, since € > 0 is arbitrary, then p(f) > u(A4;) +1
(ili) We suppose p(Ay) < max{p(4;),j # k,1} = p(A;) and

Z T(A;) < 1(4;) < +o0.

P(A))=p(A)>0, j#k.]

Then, there exists a set J C {0,1,...,n + 1}\{k,{} such that for j € J, we have
p(A;) = p(A) with Y 7 (4;) =n <z (4)andfor j € {0,1,....n+1}\ (JU{k,I}),

jeJ
we have p (A;) < u(4;). Hence, for any given ¢ > 0 and sufficiently large r, we have

T (r,A;) < (1 (A4;) +e)rH M je g (2.37)
and
T(r,Aj) <=2 5 40,1,...,n+ 1\ (JU{k,1}). (2.38)
Then, by substituting (2.24), (2.25), (2.27), (2.29), (2.33), (2.37) and (2.38) into
(2.23), for all z satisfying |z| = r € Ej; sufficiently large r, we obtain

(7(A}) — &) rA) < Z ) 4 ¢) i) Z prlA)—e o pu(Ar)+e
jeJ J€{0,1,....n+1 1\ (JU{ k,1})
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_|_7=)‘<Ail>+€ ) (2T)p(f)+g 4 O(rp(f)—l—l-a) S (7_1 + TL&) TH'(AZ) + O (T,U»(Az)—e) + TN(Ak)+E
_Hﬂ)\(ALl)-i-a 19 (QT)p(f)+8 + O<Tp(f)—1+5)' (2.39)

Now, we may choose sufficiently small ¢ satisfying

WA — (A 2(A) - 1A =2 (%)

0 <e< mi
€ < min 5 a1 5 ,

then from (2.39) for sufficiently large |z| = r € E5, we get
(T(A) — 71 — (n+ 1)) prA)=e < prlDFe,

that is, u(A;) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > u(A4;).
Further, if A, = 0, then by substituting (2.24), (2.25), (2.29), (2.33), (2.37) and
(2.38) into (2.23) for sufficiently large r € Es5, we obtain

(I(Al) _ 5) yi(AD) < (7-1 + (n _ 1) g) (A +0 (f,,u(Az)fE) + pH(Ak)+e

(G L ogetn—irey, (2.40)

Now, we may choose sufficiently small ¢ satisfying

(A) — (A T(A) — 7 HA)—A (A%)
2 " n+1 2 ’

0 < e <min

we deduce from (2.40) that for |z| =r € E5, r — 400
(T(4) — 71 — ne) piAD=e < polf)—1te

that is, u(A;) < p(f) — 1+ 2e, since € > 0 is arbitrary, then p(f) > u(A4;) + 1.
(iv) We suppose that max{p(A;),j # k,l} = u(Ax) = n(4;) and

Z T(Aj) + 7(Ap) < 7(A) < +o00.
p(Aj)=u(Ar)>0, j#k,l
Then, by substituting (2.24), (2.25), (2.27), (2.33), (2.34), (2.37) and (2.38) into (2.26),

for all z satisfying |z| = r € Ej sufficiently large, we have

(HA) =) < S () S s
jed 50,1, AT\ (JUL i}
+ (z(Ag) + &) A 4 )+ +2(2r)P ¥ L (D1t
< (11 +7(Ap) + (n+ 1) e) r#) 4 O (prA)=e)

1

G g 2 L opetn) 19y, (2.41)
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Now, we may choose sufficiently small ¢ satisfying

£(A) =71 — (A HA) = (%)

0 < e < min
! n+2 ’ 2 ’

then from (2.41) for sufficiently large |z| = r € Eg, we get
(T(A) — 1 — T(Ay) — (n+ 2) ) rAD=e < prll)+e,

that is, u(A;) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > u(A4;).
Further, if A, = 0, then by substituting (2.24), (2.25), (2.33), (2.34), (2.37) and
(2.38) into (2.23), for sufficiently large r € Eg, we obtain

(T(A) — &) r* ) < (71 + 2(Ap) + ne) v + O (rHA0=e)

) O(rP =14y, (2.42)

Now, we may choose sufficiently small ¢ satisfying

£(A) = 7 — z(Ag 1A -2 (%)

0 < e < mi
£ = n+1 ’ 2 ’

we deduce from (2.42) that for |z| =r € Eg, r — 400
(r(A) — 1 —7(Ax) — (n+1)¢) piAD=e < po(f)=1te

that is, u(A;) < p(f) — 1+ 2¢, since € > 0 is arbitrary, then p(f) > u(A4;) + 1.

Proof of Theorem 2.1.11. Let f # 0 be a meromorphic solution of (2.1). If f
has infinite lower order, then the result holds. Now, we suppose that pu(f) < oco. We
divide equation (2.1) by f(z + ¢) to get

k

_A(z) = ';ﬂ Aj<z)% + Ao(z)%. (2.43)

From Lemma 2.2.12, it follows that for any given € > 0, there exists a subset E5 C
(1, +00) of infinite logarithmic measure such that for r € Es5, we have

T(r, Ai(2)) = m(r, A(2)) + N(r, Ai(2)) < ) m(r, 45(2))

=01
+ i m (r, JL;(('Z—JJ;Z))) +m (r, %) + N(r, Ai(2)) + O(1)

< > T AR+ Y O T 4O (D7) £ N(r, Ai(2) + O(1)

J=0,5#l J=1j#
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< Z ) + N(r, Ai(2)) + O (r#D=1e) (2.44)
J=0,5#l

First, we suppose that b = max{p(4;) : j=0,1,...,k,j # 1} < u(A4;) = p. Then, for
any given £ (0 < 2¢ < p — b) and sufficiently large r, we have

T (r, Ay) > rHAD=e (2.45)

and
T(r,A) <™ (=01, .k j#1). (2.46)

By the definition of A (A% for any given ¢ <0 <2e<p—A (%)) and sufficiently
large r, we have

N(r, A) < 2 (F)+ (2.47)
By substituting the assumptions (2.45), (2.46) and (2.47) into (2.44), for any given
€ <0 < 2e < min {u —bpu—A (A%) }) and sufficiently large r € E5, we obtain

rhTE < krPtE 4 r/\<f+l)+€ +0 (r“(f)_Hg) .

So
(1-o(1)r* =<0 (r“(f)’HE) ,

that is, u(f) > p+ 1 — 2. Since € > 0 is arbitrary, we get u(f) > pu(A4;) +1
Assume

maX{p( ) jfoalaakaj#l}:M<Al):
and 7 = Zp(Aj):u(Al),jaélT(Aj) < 7(A;) = 7. Then, there exists a set J C {j =
0,1,...,k}\ {l} such that for j € J, we have p(A;) = p(A) = pwithm = > 7(4;) <

jedJ
7(A) =7 and for j € {0,1,---, 1= 1,0+ 1,...,k}\J, we have p(4;) < pn(4;) =
Hence, for any given ¢ (O <e< = “) and sufficiently large r, we have

k+1
T (r,A;) < (1(A) + )P je g (2.48)
and
T(r,A;) <, 5€{0,1,-- 1 —=1,14+1,..,k}\J, (2.49)

where 0 < pp < p. By the definition of lower type, for the above ¢ and sufficiently
large r, we have
T (r, A)) > (1 — &) rA), (2.50)

) )

Now, we may choose sufficiently small ¢ satisfying 0 < ¢ < min ) T

substituting the assumptions (2.47), (2.48), (2.49) and (2.50) into (2.44), for sufficiently
large r € 5, we obtain

(r—¢ r“<z )+ e)rt + Z r“°+rA<A%>+E

JE€J FE€{0,1, I—1,14+1,... . k}\J

+O (712 < (7 + ke) r# + krto + r’\<Aiz>+€ + O (rHD=1re)
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It follows that
(l—o(1)(r—n—(k+1)e)r* <O (r“(f)_1+€) ,

that is, u(f) > p+ 1 — €. Since € > 0 is arbitrary, we get u(f) > pu(4;) + 1.

Proof of Theorem 2.1.12.
Let f be a meromorphic solution of (2.3). If f has infinite lower order, then the result
holds. Now, we suppose that u(f) < co. We divide equation (2.3) by f(z + ¢) to get

S flz+¢) f(z) F(z)
—Ay(z) = jﬂz’j# Aj(z)m + Ap(2) ot et (2.51)

From Lemma 2.2.2 and Lemma 2.2.12, for any given (> 0), there exists a subset
E5 C (1,4+00) of infinite logarithmic measure such that for all r € Es5, we have

T(r,Al(2)) =m(r, Ay(z)) + N(r, A(2))

< 3 mea@e 3 on (WS on ()
+m (r, m) Fm (r, F(2)) + N(r, Ay(2)) + O(1)

k k
< N TrAR)+ Y 0
=051 J=Ly#l
+O (F7) + T, f(z + @) + T(r, F(2)) + N(r, Au(2)) + O(1)

< ) T Ai(2) + O (r ) + (L4 o(D)T(r + |al, f(2))
J=0,5#l
k
+T(r, F(2)) + N(r, Ai(2)) < Z T(r,A;j(2)) + O (r*~1F°)
J=0,5#l
+T(r,F(z))+ O (r“+5) + N(r, Ai(2))
k
< Z T(r,A;()) + T(r,F(2)) + N(r, 4(2)) + O (r*71*%) + O (r**¢) . (2.52)
J=0,5#l

(i) If p(F) < u(A;) = p, then for any given ¢ (0 < 2e < p — p(F)) and sufficiently
large r, we have

T(r, F) < pPtte, (2.53)
First, we suppose that b = max {p(A4;) : j =0,1,...,k, 7 # 1} < u(4;) = p. By sub-
stituting the assumptions (2.45), (2.46), (2.47) and (2.53) into (4.1), for any given ¢

AR
(0 < & < min {ﬂ - <Al> u=plF) }) and sufficiently large r € Es5, we obtain

20 2 ’ 2

rhE < frtte o) Fe )+ + O (r* %) + O (r**e).
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So
(1—o()r"= <O (),

that is, u(f) > p — e. Since € > 0 is arbitrary, we get p (f) > u(A4)).
Assume that

max {p(A;):j=0,1,... .k, #1} = p(A) = p
and 71 = ) p(Aj) =i A, 21 7(A;) < 7(A;) = 7. By substituting the assumptions (2.47),
(2.48), (2.49), (2.50) and (2.53) into (4.1), for any given

T—T ”_/\<A%) p—p(F)

el 0<e < min , ,
k+1 2 2

and sufficiently large r € Es5, we obtain

(r—¢ r“<z )+e)rt + Z rHo

JjeJ 7€{0,1, I—1,14+1,....k}\J

e g A o (r*=1%) + O (r719)

< (7 + ke) r + ko 4 pPUE)te 4 r’\(fl%)Jrs + O (r* %) + O (r**9).

So
(I—o@)(r—7n—(k+1)e)r* <O (1),

which implies u(f) > pu(A).
If p(F) = u(A;) = p and Zp(Aj):u(Az),#l T(Aj) +7(F) =7 +7(F) < 1(A;) =7, then
for any given ¢ > 0 and sufficiently large r, we have

T(r,F) < (1(F) +¢) r#A0, (2.54)
Now, we may choose sufficiently small ¢ satisfying

K= /\< l) T—11 —7(F)

0 < e < mi
€ < min 7 , D) ,

by substituting the assumptions (2.47), (2.48), (2.49), (2.50) and (2.54) into (4.1), for
sufficiently large r € Fs5, we obtain

(r—¢ r“<z )+e)rt + Z rte

jed G€{0,1,+ I—1,01+1,....k}\J

+(7(F)+¢e)r + TA<A%)+E +0 (r“_1+€) +0 (r““)

< (1 +ke)r* + krto + (7(F) + &) + A Lo (r* %) + O (1) .
It follows that

(1—0(1))(7’—7’1—7(F)—(k+2)5)r“§0(7’“+8),
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which implies p (f) > p (A).
If u(F) = p(A4;) =pand 11 + 7(A4;) < 7(F), then for any given £ > 0 and sufficiently
large r, we have

T(r, F) > (z(F) — )r#A0. (2.55)

By Lemma 2.2.10, for the above ¢, there exists a subset F3 with infinite logarithmic
measure such that for all » € E3, we have

T(r, A)) < (T(A) + e)r*A), (2.56)

By (2.45) and Lemma 2.2.2, we obtain

k

T(r,F(2)) <> T(r,Aj(2) + Y _T(r. f(z+¢;) + T(r, f(2)) + O (1)

J=0 J=1

<D T A5(2) + (Lo (D) KT(r + e, f(2) + T(r, f(2)) + O (1)

< Y T(r Ai(2) + T(r, Auz)) + (25 + 1) T(2r, f(2)), |es] = max {lesl}. (2.57)
J=0,j#l
T(F)—11—T7

Now, we may choose sufficiently small € satistying 0 < ¢ < =—=5—, by substituting
(2.48), (2.49), (2.55) and (2.56) into (2.57) that for r € Ej5 sufficiently large, we get

(r( —5r“<z )+e)rt + Z rho
jeJ FE{0,1, 0w =114 1,. KN\ J
+(r+e)rt + 2k+1)T(2r, f(2))
< (m+ke)r* + krto + (1 4+ e)r* + 2k + 1) T (2r, f(2)).
It follows that
l—o()(x(F)—m—7—(k+2)e)r* < (2k+1)T(2r, f(2)),

which implies u (f) > p (A;).
(ii) Next, we consider the case u(F') > pu(A;) = p. Let f be a meromorphic solution
of (2.45). Then, for any given ¢ (0 < 2¢ < u(F') — p) and sufficiently large r, we have

T(r, F) > rr)=e, (2.58)

By Lemma 2.2.9, for the above ¢, there exists a subset F, with infinite logarithmic
measure such that for all » € E,, we have

T(r, A)) < rrA0+e, (2.59)

If b =max{p(A;):7=0,1,... .k j#1} < p(A) = p, then by substituting the as-
sumptions (2. 46) (2.58) and (2.59) into (2.57), for any given € (0 < 2e < u(F) — u)
and sufficiently large r € E,, we obtain

TM(F)—E < krb'i‘f + rhte -+ (Qk' + 1) T(27’, f(Z))
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Thus
(1—o(1)r*B== < (2k 4+ 1) T(2r, f(2)),

that is, u(f) > u(F) — e. Since € > 0 is arbitrary, we get u(f) > u(F).
If

max {p(A;):j=0,1,... k,j# 1} =p(4) =
and 71 = Zp(Aj):M(Al),j#lT(Aj) < 7(A;) = 7, then by substituting the assumptions
(2.48), (2.49), (2.56) and (2.58) into (2.57), for any given € (0 < 2¢ < p(F') — p) and
sufficiently large r € Ej3, we obtain

MITE <N (7 (Ay) o)t + > r 4+ T(r, A(2))
JjeJ GE{0,1, I—1,0+1,....k}\J

+ 2k +1)T2r, f(2) < (1 +ke)r* + krt + (7 +e)r* + (2k + 1) T(2r, f(2)).

Thus
(1—-0(1)) prF)—e < (2k+ 1) T(2r, f(2)),

that is, u(f) > p(F) — e. Since € > 0 is arbitrary, we get u(f) > p(F).

2.4 Examples

Example 2.4.1. Consider the non-homogeneous difference equation with entire coef-
ficients

Asf(z+V7) + Asf(z — V7o) + ALf(z + \/7%) + Ao f(2) = Ay (2.60)
Case 1. max{p(A;), u(Ay) : j # Lk} < u(4). In (4.1), for
Ao (2) =1, Ay(z)=e WVrtim,
Ap(2) = =268V 12T Ay (o) = e ST 4 (2) = ¢,

we have
maX{p(Aj) (] =0,1, 4) 7:“(/42)} =1< M(AB) = 2.

As we see, the conditions of Theorem 2.1.9 are verified. The function

f (Z) _ 64(22—7r)—8\/772

is a solution of equation (2.60) which satisfies p(f) =2 > u(As) = 2.
Case 2. max{p(A;) :j #k,1} < p(Ar) = p(Ar), (A1) > 1) (Ax). In (2.60), for

AO (Z) — €Z, Al (Z) — 62(174ﬁ)+37r’ A2 (Z) _ _26z(1+8\/?)7127r + ez2+16ﬁz’

AS (z) — 674z2+z+87r _ €z2+1671" A4 (Z) — ez’

we get

max{p(A;) (j = 0,1,4)} =1 < p(As) = u(As) =2, Ty(Ao) = 1 <4 =1,,(4y).
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Obuviously, the conditions of Theorem 2.1.9 are satisfied. The function

f (Z) _ e4(z277r)78\/?z

is a solution of equation (2.60) and satisfies p(f) =2 > pu(Asz) = 2.
Case 3. p(Ay) < max{p(A,),j # k,l} = u(4;). In (2.60), for
Ag(2) =1, Ay(z) = e VTHom,

2

Ay (2) = —2e8V™ 127 Aq (2) = e 3BT 4, (z) =€,
we have
1(Ao) =0 < max{p(4;) (j =1,2,4)} =2 = p(A3),
(A =1 <3 =1,,(A43).

Hence, the conditions of Theorem 2.1.9 are verified. The function

f (Z) — e4(z277r)78\/?z

is a solution of equation (2.60) satisfying p(f) =2 > u(As) = 2.
Case 4. max{p(A;) : j # k,1} = p(Ax) = p(4;) and max{7,,(Ax), T (4;) : p(4;) =
(A, 7 # k,1} <1 (A). In (2.60), for

2

Ag(2) =€, A (z) = & Vs

Ay (2) = _26z2+8ﬁz7127r’ A (2) = 676z2’ Ay (2) = 672z2787r’
we get
max{p(4;) (j =0,1,4)} = p(A2) = pu(43) = 2,
max{7,,(A2), 7m(4;), (j=0,1,4)} =2 <6 =r1,,(A;3).
We see that the conditions of Theorem 2.1.9 are satisfied. The function

f (Z) _ 64(2’2—7r)—8\/ﬁz

is a solution of equation (2.60) which satisfies p(f) =2 > u(Asz) = 2.

Example 2.4.2. Consider the non-homogeneous difference equation with meromor-
phic coefficients
2
Agf(z+i7r2)+A1f(z—l—i?) + Ao f(z) = As(2). (2.61)

Case 1. max{p(A;), u(Ay) : j # Lk} < p(4;). In (2.61), for

8 23 _12miz2

Ay (Z) _ 6247riz2’ Ay (2) = € _ ,
cos(%)
Ay (2) = 6247r3z+87r5i’ As(2) = — —6m3z—in® Secz(z),
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we have

A (Ail) “ 1< u(A) =3,

max{p(A;), p(Ao) : j = 2,3} =2 < u(A;) = 3.
It’s clear that the conditions of Theorem 2.1.10 are satisfied. The function

fz) ==

sin(%)

is a solution of equation (2.61) satisfying p(f) =3 > u(As) = 3.
Case 2. max{p(

; Aj) g # k1 = a < p(Ay) = p(Ar), 2o (A) > T (Ag). In (2.61),

Ao (2) = L L (2) = o~ 28+6m3z _ (COt<%Z>> o7 i
A2 (Z) — 6247r3z+87r5i’ A3 (Z) _ _6127l'i227’i7r5 Sec(i_z),
T
we have

M) = ma) =3 max{p(a) = 2,30 =2 < u(As) = u(40) =3
1
8 1
T7(A1) = o > - = 7(Ao).
Obuviously, the conditions of Theorem 2.1.10 are satisfied. The function

8.3

fz)= =

sin(%2)

is a solution of equation (2.61) and f satisfies p(f) =

Case 3. We suppose j1(Ay) < max{p(4;),j #k,1} = nu(4) a
> 7(A;) < 7(4) < +o0.
p(Aj)=p(A1)>0, j#k,l
In (2.61), for
12 .3 ;
odmis? e~ # —127iz2 46732
Ag(2) =e , A(z) = ; )
cos(%)
2473 248754 — 43 75 2 iz
Ay (z)=e , As(z)=—er sec*(—),
T
we get

A (A1> =1<p(4) =3, p(l)=1<max{p(4;):j=0,3} =p(A) =3,

Y ) =) = <r(d) =

—-
N
p(A)=p(Ay)>0, j#k,1
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Obuviously, the conditions of Theorem 2.1.10 are satisfied. The function

f(z) =

sin(’2)

is a solution of equation (2.61) which satisfies p(f) =3 > u(A;) = 3.
Case 4. max{p(A;),j # k,1} = p(Ar) = p(4;) and

> 7(Aj) + 7(Ax) < 7(A)) < +oo.

In (2.61), for

e~ %23 —12miz2 46732

Y

Ag () = €54 (z) = .
cos(2)

. 3 . .
A2 (Z) e 6%+24ﬂ3z+8ﬂ527 A3 (Z) e —6_%Z3_7T ¢ SeCQ( ),
we have

M) =1 ata) =3, max{pld,) 7 =2.3) = o) = () =3,

Z 7(A;) + 7(Ay) = 7(A3) + 7(As) + 7 (A)
p(Aj)=p(Ay)>0, j#k,l
1 4 1 6 12

Obuviously, the conditions of Theorem 2.1.10 are satisfied. The function

is a solution of equation (2.61) and f satisfies p(f) =3 > pu(A;) = 3.

Example 2.4.3. Consider the homogeneous difference equation with meromorphic
coefficients

A (2) f(z4+2)+ A1 (2) fz+ 1)+ Ap(2) f(2) =0, (2.62)

where |
2 2
Ag(2) = —e 7 18T sec?(2), Ay (z) = W T3 HDlos

A, (2) = (722 +122+48) log tan?(z).

Clearly, A;(z), j =0,1,2 satisfy

A (A%) =1< p(As) =2,

max {,0(14]) 1) =0, 1} = M(AQ) =2,
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1 41 51 71
T(AO)+T<A1):O§7T+ ogT _ og7r< og

™ ™

= 7(Ay).
As we see, the conditions of Theorem 2.1.11 are verified, where | = 2. The function
f(Z) — 62310g7r

is a solution of equation (2.62) and [ satisfies u(f) =3 > p(A2) +1 =2+ 1.

Example 2.4.4. (i) Consider the non-homogeneous difference equation with mero-
morphic coefficients

Ay (2) fz+ ) + A1 (2) (2 = 5) + Ao (2) f(2) = F(2), (2.63)

where \
2 2 2
Ay (2) = e T A (2) = e % 2™ tan?(42),

9 e—67rz

Ay (2) = e F(2) = o G

Case 1. p(F) < u(A;). We have

)\(Ail) =1<p(Ad) =2 max{p(4;):j=0,2} =pn(4) =2,

P(A))=p(A1).j#1
p(F)=1< pu(A) =2

As we see, the conditions of Theorem 2.1.12 (i) are verified. The meromorphic

function
622

e
J) = sin? (42)
is a solution of equation (2.63) and f satisfies
p(f)=22p(A) =2

Case 2. p(F) = pu(A) and Y 7(A;) +7(F) < z(A4). In (2.63), for

Ay (z) = e 12™ Ay (2) = e %167 tan?(42),

2 g 6—222+%7r2
Ay (2) = —e : F(Z):M,
we have )
— | =1 A) =2
A (Al) < :u( 1) )
max {p (4;) : j = 0,2} = p(Ar) = p(F) = 2,
1 1 2 4 8
> T(A) +7(F) =1(Ag) + T(Ay) + 7(F) = e e e G

p(A})=(A1). A1
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Hence, the conditions of Theorem 2.1.12 (i) are verified. We see that the meromorphic
2

function f(z) = % is a solution of (2.63) that satisfies u(f) =2 > u(A;) = 2.

Case 3. p(F) = u(A) and > 7(A4;) +7(A) < =(F). In (2.63), for

Ag(2) = 2™ A (2) = 7157 tan?(4z),

€9z2+%7r2

cos?(4z)’

A(Ail)zlw(Al):z
max {p (4;) : j = 0,2} = p(A1) = p(F) =2,

1 1 3
> T(A) +T(A) = T(Ap) + 7(Ag) + 7(Ar) = St =
p(AJ):#(Al)J?él
Thus, the conditions of Theorem 2.1.12 (i) are satisfied. We see that the meromorphic
6

function f(z) = % is a solution of (2.63) that satisfies p(f) =2 > p (A1) = 2. (i)
W(F) > p(Ap). T (2.63), for

AO (Z) — e?nrz7 Al (Z) — 687rz_57r ’

Ay (2) = =7 F(z2) =

we have

9
< —
™

3 | o

= 7(F).

we have

1
= A 1
M) =o<ntan =1
max {p (4;) : j = 0,2} = p(A;) =1,
> T(A) =7 (A) +7(A) =6 <8=r1(A),
p(Aj)=p(A1),j#1
p(F) =2> p(A) = 1.
Obviously, the conditions of Theorem 2.1.12 (i) are verified. The meromorphic func-
tion )
eﬁz
sin® (42)
is solution of equation (2.63) and f satisfies

p(f)=2=p(F)=2

f(z) =



Chapter 3

Growth of meromorphic solutions of
linear differential-difference equations

3.1 Introduction and statement of main results

In this chapter, we devoted to the study of the growth of meromorphic solutions of
the homogeneous and the non-homogeneous linear differential-difference equations

zn: in: Awf(])(z + Ci) = 0, (31)

i=0 j=0

n m
>N AfPz+ce)=F, (3.2)
i=0 j=0
where A;; (1 =0,...,n;j =0,...,m), F are meromorphic functions and ¢; (0, ...,n) are
non-zero distinct complex numbers. Under the sufficient condition that there exists
one coefficient having the maximal lower order or having the maximal lower type
strictly greater than the order or the type of other coefficients, we obtain estimates of
the lower bound of the order of meromorphic solutions of the above equation.

Historically, the study of complex differential-difference equations can be traced back
to Naftalevich’s research. Using operator theory and iteration method, Naftalevich [29]
ever considered the meromorphic solutions on complex differential-difference equa-
tions. However, there are few investigations on complex differential-difference field
using Nevanlinna theory.

Very recently, Zhou and Zheng ([42]) have investigated the growth of solutions
of equations (3.1) and (3.2) and have obtained the following results.

Theorem 3.1.1. ([42]) Let A;j (2) (i =0,...,n;5 =0,...,m) and F(z) be meromor-
phic functions. Suppose there ezists an integer | (0 <1 <n) such that A (2) satisfies

1
— A
A<A10)<p( 10) < 00

and

maX{p(Aij):i20717"'7n;j:0717"'7m7<i7j) 7& (l70)} SP(AZO) < 0,
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T = Z T (A;j) <7 (Ap) =7 < 0.
p(Aij)=p(Ai0), (i,3)#(1,0)

(6) If p(F') < p(Aw), or p(F) = p(An) and Zp(A Vo), ()20 T (Aij) + 7 (F) <
7 (Aw) =7, or p(F) = p(An) and 3_ 4 (Ass)=p(Aro), (5.7)£(L0) )T (Ayj) <7 (F), then every
meromorphic solution f of (3.2) satzsﬁes p(f) = p(Ap) when F(z) # 0. Further,
if F(2) =0, then every meromorphic solution f(z) # 0 of (3.1) satisfies p(f) >
p(AIO) + 1.

(i) If p(F) > p(Aiw). then every meromorphic solution f of (3.2) satisfies p(f) >
p(F).

Very recently, after that in [10], Chen and Zheng have investigated the growth of
solutions of equation (3.1), and obtained the following results.

Theorem 3.1.2. ([10]) Let A;; (2) (i =0,...,n;5 =0,...,m) be entire functions, and
a,l € {0,1,...,n},b € {0,1,...,m} such that (a,b) # ( 0). Suppose that the following
three assumptions hold simultaneously

(1) max{p(Aaw), p(Ai), (i,4) # (a,b),(1,0)} = p < p(Aw) < 00, 1(A) >0

(2) Tar(Aio) > 73 (Aap), when M(Alo) (Aa )

(9) Tar(Au) > max{ra(Ay) = p(Ag) = p(Aw), (,7) # (a,8), (1,0)}, when ju(Aw) =
mas{p(Ay) : (i,) # (a,b), (1,0)}.

Then any non zero meromorphic solution f of (3.1) satisfies p(f) > pu(Ap) + 1

Theorem 3.1.3. ([10]) Let A;; () (i=0,...,n;j =0,...,m) be meromorphic func-
tions, and a,l € {0,1,...,n},b € {0,1,...,m} such that (a, b) # (1,0). Suppose that the
following four assumptions hold simultaneously:

(1) 6(c0, Ay) = hm+mfmjjg‘;0 =5 > 0;

(2) max{p(Aa), p(As), (i, 5) 7 (a,0), (1, 0)} = p < p(Aw) < 00, u(Ap) > 0;

(9) 07(Ai) > 7(Au), when p(Aw) = 1 (Aw):

(4) 91(Aw) > max{r(Ay) : p(Ay) = p(Ao), (1) # (ab),(,0)} when p(Aw) =
maX{p(Aij) : (Zaj) 7é (a’ b)> (Z’O)}

Then any non zero meromorphic solution f of (3.1) satisfies p(f) > u(Ap) + 1

In the following two theorems, by combining complex differential and difference
equations, we extend the results of Theorems 3.1.2 and 3.1.3 for equation (3.2). Let
us define

S=A{F Aij : (1,7) # (1,0), (k,p)}, p(S) :=max{p(g):g€S5}.

Theorem 3.1.4. ([5]) Consider a delay-differential equation of type (3.2) with entire
coefficients. Suppose that one of the coefficients Ay with u(Ap) > 0 is dominating in
the sense that:

(1) p=max{u(Ag), p(S)} < p(Aw) < oo
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(2) 70 (A) > 73 (Axyp), whenever p(Ap) = p(Ap):
(3) 7 == max{ma(g) : p(9) = n(Aw), g € S} < Tp(Aw), whenever pu(Aw) = p(S).

Then every meromorphic solution f of (3.2) satisfies p(f) > w(Ap) if F(z) £ 0.
Further, if F(z) =0, then every meromorphic solution f #Z 0 of (3.1) satisfies p(f) >
p(Aw) + 1.

Theorem 3.1.5. ([5]) Consider a delay-differential equation of type (3.2) with mero-
morphic coefficients. Suppose that one of the coefficients Ay is dominating in the
sense that:

(1) p = max{p(Ak), p(5)} < p(Aw) < oo;

(2) (Aw) > (Akp), whenever p(Aw) = p(Arp);

(3)
T = Z T(Ai;) +7(F) < 7(Ap) < 00
p(Aij):/'L(AlO)v (i,j);ﬁ(l,o),(k,p)

whenever (Ay) = p(S);

(4)
T + T(Akp) < 7(Ap) < +00
whenever u(Aw) = 1 (Arp) = p(S);
(5) A (f) < u(Ap) < .

0

Then every meromorphic solution f of (3.2) satisfies p(f) > pu(Ap) if F(z) # 0.
Further, if F(z) =0, then every meromorphic solution f #Z 0 of (3.1) satisfies p(f) >
p(Aw) + 1.

Related to the Theorem 3.1.1, a natural question arises here as follows : What happens
if we replace the conditions on " p(A;0) and 7 (Aj) " in Theorem 3.1.1 by the conditions
on " u(Ap) and 7 (Ayp)" . Concerning this question, we obtain the following results.

Theorem 3.1.6. ([6]) Let A;; (2) (i€ I ={0,1,...,n}; j€J={0,1,...,m}) be mero-
morphic functions. Suppose there exists an integer | (0 <1 <n) such that Ay (z)

satisfies
1
A — A
<Azo) < pu(Ap) < 0

and

max{p(A4;;):i=0,1,...,n;5=0,1,...,m,(4,7) # (1,0)} < pu(Ap) < oo,

T = Z T (A4;5) <1 (Ap) =7 < 0.
p(AiJ):,U'(AlO)v (27‘7)75(170)
Then every meromorphic solution f(z) # 0 of (3.1) satisfies p(f) > p(Ap) + 1.
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Theorem 3.1.7. ([6]) Let A;j(z) (iel={0,1,...,n}; jeJ={0,1,...,m}) and
F(z2) # 0 be meromorphic functions. Suppose there exists an integer [ (0 <[ <mn)

such that Ay (2) satisfies
1
—_— A
A(Alo) < u(Ap) < o0

and
max {p(4;;):i=0,1,...,n;5=0,1,...,m,(4,j) # ([,0)} < pu(Ap) < oo,

T = Z T(Aij)<Z(AlU):T<OO.
p(Aij)::u‘(AlO): (Z'vj)#(lzo)

(7)) If p(F) < p(Ap), or p(F) = u(Ap) and 1 + 7(F) < 1, or p(F) = p(Ap) and
T+ 7 <1(F), then every meromorphic solution f of (3.2) satisfies p(f) > u(Ap).
(7)) If u(F) > wu(Ap), then every meromorphic solution f of (3.2) satisfies p(f) >
p(F).

Remark 3.1.8. Theorems 3.1.4 and 3.1.5 are generalization of our theorems obtained
very recently in ([3]), for the growth of meromorphic solutions to non-homogeneous
linear differential-difference equations, see Theorems 2.1.9 and 2.1.10 in Chapter 2.

3.2 Some Preliminary Lemmas

For the proofs of our results, we will use the Lemmas 2.2.1 — 2.2.11, see Chapter 2,
and the following lemmas.

Lemma 3.2.1. ([14]) Let f be a transcendental meromorphic function of finite order
p(f), and let k and j be integers satisfying k > j > 0. Then for any given (> 0),
there exists a subset Ey C (1,+00) which has finite logarithmic measure such that for
all z satisfying |z| = r ¢ [0,1] U E4, we have

’ fM(2)

(k=3)(p(f)—1+¢)
70 (2) < 2] '
Lemma 3.2.2. ([17]) (Logarithmic Derivative Lemma) Let f be a meromorphic func-
tion and k > 1 be an integer. Then, we have

f(k)
m (7’7 T) =0 (logT(r, f) + logr)

possibly outside a set Eg C [0,+00) of a finite linear measure. If p(f) < oo, then

m (T, %k)) = O (logr).

Lemma 3.2.3. ([13,17,40]) Let f be a meromorphic function and k > 1 be an integer.
Then, we have

T(r, f®) < (k+1)T(r f)+S(rf),
where S (r, f) denotes any quantity that satisfies the condition S (r, f) = o(T (r, f))

as r — 400 possibly outside an exceptional set Eg C (0,4+00) of r of finite linear
measure. If f is of finite order, then S (r, f) = o (T (r, f)) as r — +oc.
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3.3 Proof of the Theorems

Proof of Theorem 3.1.4 If f has infinite order, then the result holds. Now, we
suppose that p(f) < oco. We divide (3.2) by f(z + ¢) to get

— Az E: E: cra)fzra) 55 4 VG +a) =+ o)

ijz+c ) fz+a) et a) fz+a)

1=0,i#l,k j=0 7=0,j#p
®)(y 4+ + m G (2 + F
N kpf (z+cx) f(2 Ck)+ZAljf (z+a)  F(z) . (3.3)
flz+a) flz+a) fe+a)  flz+a)
Therefore
z—l—cl fz+¢a)
Al 30 4yl ) |
i—0aalk i=0 z+c z+cl
z+ck f z 4 c)
+ Z |Akj! P
. - Ck Z+Cl
Jj=0,5#p
FPz+ep) || f(z+ ) - (2 +¢)
+|A 3.4
[ fz+c) || fz4+a) 21 lj| fz+a) fz—i—cl) (34)

From Lemma 3.2.1 and Lemma 2.2.2, for any given £(> 0), there exists a subset
E; C (1,+400) which has finite logarithmic measure such that for all z satisfying
|z| =r ¢ [0,1] U Ey, we have

‘f (z 4+ &)

< |filelite)=14e) — |, 1ie(H)=1te) (5 1,0). 3.5
el | < 2 (i) # (1,0) (3.5)

It follows by Lemma 2.2.1 that for any (> 0), there exists a subset Ey C (1, 400) with
finite logarithmic measure such that for all z satisfying |z| = r ¢ [0, 1] U Ey, we have

fz—l—cz

e < exp{rr=1Ter g £ (3.6)

From Lemma 2.2.2, we get

1+ ) = (s ) =0l

z+4q)

So, by Lemma 2.2.3, for any given ¢ > 0, there exists a subset E3 C (1,+00) having
finite linear measure and finite logarithmic measure such that for all z satisfying |z| =
r ¢ [0,1] U E5 sufficiently large, we have

< exp{r/)tey, (3.7)

e

In the following, we divide the proof into four cases:

Case (i). We suppose that p < p(Ap).

For g € S, by the definition of p(S), for any given ¢ > 0 and sufficiently large r, we
have

|9 (2)] < exp{r"®*e} < exp{r’*<}. (3.8)
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It follows by the definition of p(A), for sufficiently small € > 0 and sufficiently large
r, we have
A (2)] = exp{r#tAo)=e}, (3.9)

It also follows by the definition of ;1(Ay,) and Lemma 2.2.4, for any given (> 0),
there exists a subset £y C (1,+00) with infinite logarithmic measure such that for all
r € Ey, we have

Ay (2)] < exp{rtie) e}, (3.10)

By substituting (3.5) — (3.10)) into (3.4), for all z satisfying |z| = r € E4\ ([0,1] U
E1 U E2 U E3)7 we obtain

exp{rrAn)—1 < Z Zexp{r”+5}|z|j(p(f)_l+€) exp{rrf)-1+e}
i=0,i#lk j=0

+ Z exp{rp+5}‘z|j(p(f)fl+e) eXp{rp(f)st}
7=0,5#p

+|2[PP =149 exp {pHA) e exp {rP)—1He]
+ Z exp{rp+5}|z]j(p(f)’1+€) + exp{rp“} eXp{Tp(f)Jrs}_
j=1

< ((n = 1)(m + 1) 4 2m) r™CD=14) exp {prte} exp{rrH) 11}
PPN exp [t} exp{rA0 144} exp{r Y exp{r Ut} (3.11)

Now, we may choose sufficiently small ¢ satisfying 0 < 32 < pu(A;) — p, we deduce
from (3.11) that for |z| =r € E4\ ([0,1] U Ey U By U E3), r — +00

eXp{r#(Alo)—Qe} < eXp{T‘p(f)_l_e}.

Therefore, p1(Aw) < p(f) + 3¢, since € > 0 is arbitrary, then p(f) > p(Ap).
Further, if F = 0, then by substituting (3.5), (3.6) and (3.8) — (3.10) into (3.4), for
all z satisfying |z| =r € E, \ ([0,1] U Ey U Ey), we obtain

exp{r“(A’O)_‘f} < (nm+n—+m — 1) pmeH-1+) exp{r**c} exp{rp(f)_lﬁ}

_|_TP(P(f)_1+8) eXp{rU(Akp)""E} eXp{T'p(f)_H_E}- (312)

By choosing sufficiently small € satisfying 0 < 3¢ < p(Aj;) — p, we deduce from (3.12)
that for |z| =r € Ey\ ([0,1] U Ey U Ey), r — +00

eXp{TM(Azo)*ZE} < eXp{rP(f)*lJr&}’

that is, u(Ap) < p(f) — 1 + 3¢, since € > 0 is arbitrary, then p(f) > u(Ap) + 1.
Case (ii) We suppose that 8 = p(S) < pu(Aw) = pw(Akp), Tar(Ao) > Tar(Akp)-
For g € S, by the definition of p(S), for any given (> 0), and sufficiently large r, we
have

19 (2)] < exp{r"F=} < exp{rite}. (3.13)
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From the definition of 7,,(Ay), for sufficiently small € > 0 and sufficiently large r, we
have

Ao (2)] = exp{(zy;(Aw) — &) 40}, (3.14)

Also, from the definition of 7,,(Ay,) and Lemma 2.2.5, for any given ¢(> 0), there
exists a subset E5 C (1, +00) with infinite logarithmic measure such that for all r € Ej,
we have

[Arp (2)] < exp{(zs(Arp) + ) 1)} = exp{(zy(Asy) + ) 40}, (3.15)
By substituting (3.5) — (3.7) and (3.13) — (3.15) into (3.4), for all z satisfying |z| =
r€ B\ ([0,1] U E; U Ey U E3), we get
exp{ (T (Aw) — e)rto)}
< (nm+n+m — 1) PO oxp [pBFeY oxp (ppl)-1tey

4 pP(p(f)=1+e) exp{(T,(Arp) + )t} exp{rPH =141 Lexp{rf*e} exp{rrH*e}.
(3.16)
Therefore, we may choose sufficiently small e, 0 < 2¢ < min{u(A;) — 5,7, (Aw) —
T (Akp)}, then from (3.16) for r € Ej \ ([0,1] U Ey U Ey U Ej) sufficiently large, we
obtain
exp{(Zy(A) — Ty (Arp) — 26)r" 075} < exp{r?*e}.

Then, u(Ap) < p(f) + 2¢, since € > 0 is arbitrary, so p(f) > u(Ap).
Further, if F =0, then by substituting (3.5), (3.6) and (3.13) — (3.15) into (3.4), for
all z satisfying |z| =7 € E5 \ ([0, 1] U Ey U Es), we have

exp{(z ) (Ap) — g)rH)}
<(nm+4+n+m-—1) prp(f)—1+e) exp{rﬁ+€} exp{rp(f)_1+€}
_|_Tp(p(f)fl+€) eXp{(IM(Akp> + E)TN(AZO)} eXp{frP(f)*lJrs}_ (317)

Now, we may choose sufficiently small €, 0 < 2e < min{u(Aw)—F, 73, (Ain) =73 (Akp) }
then from (3.17) for r € E5 \ ([0,1] U Ey U E,) sufficiently large, we get

eXp{(ZM(AIO) - ZM(Ak:p) — Qg)rU(AZO)—a} S exp{rp(f)_lﬁ}’

that is, u(Ap) < p(f) — 1+ 2¢, since € > 0 is arbitrary, then p(f) > p(Ap) + 1.
Case (iii) When u(A;) = p(S) > p(Axp), and

max{7ax(g) : p(9) = u(Aw),g € S} =711 < 7y (Auw).

For g € S, by the definitions of p(S) and 7(g), for any given € > 0 and sufficiently
large r, we have

g (2)] < exp{rPTe} < exp{rHAn) ==Y if p(S) < p(Ay),
I = exp{(r + &) A0} if p(S) = p(Ap).

Then, by substituting (3.5) — (3.7), (3.10), (3.14) and (3.18) into (3.4), for all z
satisfying |z| =r € £, \ ([0,1] U Ey U Ey U E3) sufficiently large, we obtain

exp{(zy(A) — ) 1)}

(3.18)
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<0 ( m(e(N)=149) exp{ (11 + ) rA0) Y exp {rp(f)’”‘?})
+0 ( ~1He) exp {rHA0) =€) exp {rp(f) 1+8})
4Plp(f)=1+e) eXp{TN(Akp *<) exp {r” —1+8}
+O( p(f)—1+¢) exp{r“ (A)— 5})
+0 (r™ 149 exp {(7’1 +¢) T“(Al“)}) + exp{(r + &) r# A0} exp {T"UHE} . (3.19)

Now, we may choose sufficiently small ¢ satisfying

0 < 2e < min{p(Aw) — 1(Axp), Trr(Aw) — 11},
then from (3.19) for sufficiently large r € E, \ ([0,1] U Ey U Ey U E3), we get

exp{(T;(Aw) — 71 — 2¢) r A0~} < exp {rP T

That means, pu(Ayp) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > u(Ap).
Further, if F = 0, then by substituting (3.5), (3.6), (3.10), (3.14) and (3.18) into
(3.4), for all z satisfying |z| =r € E, \ ([0,1] U Ey U E,) sufficiently large, we have

exp{ (T (A) — ) r)}
<0 ( m(p(f)=1+e) exp{(m1 + ¢) T“(A“))} exp {Tp(f)_l“Le})
+0 (Tm p(f)—1+e) exp{r”(AlO)_e} exp {Tp(f)—1+€})
o) ~14) eXp{TM(AkPHE} exp {01441
+0 (rmeD=1e) exp {prldo)==}) + O (PPN exp { (1) +¢) r 400 ) - (3.20)
Now, we may choose sufficiently small ¢ satisfying
0 < 2e < min{p(Aw) — p(Akp), T (Ai) — 71},
then from (3.20) for sufficiently large r € E, \ ([0,1] U E; U Es), we get
expq{ (7 (Aw) — 71 — 2¢) r“(A“’)_E} < exp {rp(f)_HE} )

That means, pu(Ap) < p(f) — 1+ 2¢, since € > 0 is arbitrary, then p(f) > pu(Ap) + 1
Case (iv) We suppose that p(S) = pu(Ax,) = p(Ajp) and

max{7(Arp); Tar(9) : p(9) = 1(An), g € S} = 72 < 1) (Auw).

It follows by substituting (3.5) — (3.7), (3.14), (3.15) and (3.18) into (3.4), for all z
satisfying |z| =r € E5 \ ([0,1] U Ey U E5 U Ej3) sufficiently large, we have

oxp{ (T (Ai) — &) o)}
< O (rmeD=159) exp{ (15 + ) A0} exp { P 71HE1)
+0 ( ~1He) exp{rr(A0) =Y exp {rp(f) 1)
L pP(p(f)=1+e) GXP{(IM(Ak;p) +¢) r(Aw) }exp {Tp —1+5}
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+0 (TM(p(f)*lJrs) eXp{ru(Azo)fs}) +0 ( m(p(f)—1+e) exp {(7.2 +¢) 7nu(Azo)})
+ exp{ (12 + &) 74100} exp {rp(f)+€} . (3.21)

Now, we may choose sufficiently small ¢ satisfying
0 <2 <71y,(Ap)—7
from (3.21) for sufficiently large r € E5 \ ([0,1] U Ey U Ey U Ej3), we get
exp{ (T, (Ap) — 72 — 2¢) rHA0)=Y < exp {r"(f”a} ,

that means, p(Ap) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > u(Ap).
Further, if F =0, by substituting (3.6), (3.7), (3.14), (3.15) and (3.18) into (3.4),
for all z satisfying |z| = r € E5 \ ([0, 1] U Ey U Ey) sufficiently large, we have

exp{ (71 (Aip) — &) A0} < O (N1 exp{(7, + £) rA0)} exp {N 7141
10 (rm(p(f)flﬁ) exp{r“ (Aio)— “} exp {rp(f) 1+s})
L pP(p(f)=1+e) GXP{(TM(Akp) + 5) rH(Ao) }exp {Tp —1+5}

O (D 149) exp )2} 1 O (0149 excp {(r 2) pH0}) . (3.2)

Now, we may choose sufficiently small ¢ satisfying
0 <2 <71y,(Ap)—7
from (3.22) for sufficiently large r € E5 \ ([0,1] U Ey U Ey), we get
exp{ (7, (Ap) — 72 — 2¢) r“(A“’)_a} < exp {r”(f)_HE} )

That means, pu(Ap) < p(f) — 1+ 2¢, since € > 0 is arbitrary, then p(f) > p(Ap) + 1
The proof of Theorem 3.1.4 is complete.

Proof of Theorem 3.1.5 If f has infinite order, then the result holds. Now, we
suppose that p(f) < co. By (3.3), we have

T(r, Ap(2)) = m(r, Ap(2)) + N(r, Ap(2))

S0 Dl Ayz)) + m(r, A=)

i=0,i£lk j=0
—i—Z m(r, Agj(z Z m(r, Ay (2 ZZ (%CC)Z))
Jj=0,j#p 1=0,i#l,k =0
n flz+c) m f(] (z 4 c) flz+c)
+i:%,,km (r’ f(2+01)> " ;m (T’ flz+cr) ) 2m (r’ f(z+cl))

3o (Y o o

Jj=1

o)
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N(r, Ap(2)) Z ZTTAW ) 4+ T(r, Agp(2))
1=0,i#l,k j=0
m J)Z c
Y T Ayl +ZTTA,J £ Y Ym ( —:)))
Jj=0,37#p 1=0,1#lk j=1 v
- (z+ ¢ o f9(z 4 cp) f(z+c)
t 2 m(r 7z +C,) 2 m ( o+ o) )Hm(r’f(zwz))

i=0,ilk =1
m fO9(z 4+ ¢q) 1
+z;m (r Tq)) +T(r,F(2)+T <T, m) + N(r, Ai(2)) + O(1).

By Lemma 2.2.2 and the first main theorem of Nevanlinna, when r sufficiently large,
we have

1
T (T, m) =T(rf(z+a)+0Q)<A+o01)T(r+lal,f) <2T2r f).

So, for r sufficiently large we obtain

T(r, Ap(z Z ZT r, Aii(2)) +T(r, Agp(2))

1=0,i#l,k j=0
* Z (r, Agj () + D T(r, Ay(2))
J=0.3#p j=1
+2 Ozz;élk; <r Z+C’) +i=%;;l7km " flz+a) +TnF(z)

- f9(z+¢q)
+2T(2r, f) + ;m (r, —f(,z o) )

(z 4 ) f(z+ck)
+Z ( Lera) ) om ( —f(zm)) £ NG A(2)) + O(1). (3.23)
By Lemma 2.2.8, for any given £(> 0), we have

f(2) _ p(f)—1+4e ( f(Z+Cj)> — Arop(f)—1+e -
m(r, —f(z+cl)> =O(r ), om e =O(r ), AL (3.24)

It follows by Lemma 3.2.2, there exists a subset Fg C [0, 400] of a finite linear measure
such that for all r ¢ Eg sufficiently large, we have

. (T7 f(j)(z + ¢;)

o+ o) ) =O(logr) (1=0,...,n;5=1,...,m). (3.25)

From the definition of A < ) for any given ¢ > 0 and sufficiently large r, we have

N (r, Aw) < )+, (3.26)
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In the following, we divide the proof into four cases:
Case (i) We suppose that p < u(Ayp).
For g € S, from the definition of p(S) and p(f) for any given € > 0 and sufficiently

large r, we have
T(r,g) < r?&*= < ppte, (3.27)

T(r, f) < rPDte, (3.28)

It follows from the definition of p(Ay), for sufficiently small ¢ > 0 and sufficiently

large r, we have
T(r, Ayg) > rHho)=e, (3.29)

It follows from the definition of ;1(Ay,) and Lemma 2.2.9, for any given ¢(> 0), there
exists a subset E7; C (1, +00) with infinite logarithmic measure such that for all » € Ex,

we have
T(r, Agy) < riAr)te, (3.30)

By substituting (3.24) — (3.30) into (3.23) for sufficiently large r € E;\ Es, we obtain
phAn)—e < ((n—1)(m+1) +2m) r°*e + pr(Arp)te O(Tp(f)—lJrs)

12 (2" 4 pere 4 2 (55)4 4 Ologr). (3.31)

We may choose sufficiently small ¢ satisfying

1
0 < 3¢ < min {M(Alo) — p, 1(Ap) — A (A_> } ’
10

it follows from (3.31) that for r € E;\Eg, r — +00

pi(Ain)=2¢ Tﬂ(f)JrE,

that means, u(A4;) < p(f) + 3¢, since € > 0 is arbitrary, then p(f) > u(Ap).
Further, if F =0, then by substituting (3.24) — (3.27), (3.29) and (3.30) into (3.23)
for sufficiently large r € E;\ Fs, we obtain

prA0)=E < ((n — 1) (m + 1) + 2m) rP+e 4 prA)+e L O (prf)—14e)

1+ (35) % 4 0(log r). (3.32)

We may choose sufficiently small ¢ satisfying

1
0 <3¢ <min {N(Alo) — p, 11(Ai) — A <—) } ;
A

from (3.32) that for r € E;\Eg, r — +00

ri(A0)=2e < pp(f)—1+e

Y

that means, p(A;) < p(f) — 1+ 3¢, since € > 0 is arbitrary, then p(f) > u(Ap) + 1.
Case (ii) We suppose that

p(S) = B < pu(Aw) = 1(Arp), 7(Aw) > T(Akp).-
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For g € S, by the definition of p(S), for any given (> 0) and sufficiently large r, we
obtain
T(r,g) < r?®)Fe < pfte, (3.33)

From the definition of 7(Ay), for sufficiently small € > 0 and sufficiently large r, we

have
T(r, Aw) > (z(Ap) — &) ro), (3.34)

It follows from the definition of 7(Ag,) and Lemma 2.2.10, for any given (> 0), there
exists a subset Eg C (1, +00) with infinite logarithmic measure such that for all r € E,
we have

T(r, Agp) < (z(Axp) +€) riAre) < (T(Akp) + €) pr(Ao) (3.35)

By substituting (3.24) — (3.26), (3.28) and (3.33) — (3.35) into (3.23), for sufficiently
large r € Eg\ Fs, we obtain

(T(Ay) — &) A0 < ((n — 1) (m + 1) + 2m) 777 + (£(Ag,y) + €) 740

FO(rP) ey g (2p)P)Te o pBte 4 7*)\(%10)—’—5 + O(logT). (3.36)

Now, we may choose sufficiently small ¢ satisfying

0.< 22 < i {u(w) = 8, 24u) — (i) ) = () |

so from (3.36) for sufficiently large r € Eg\ Es, we have
(T(Ap) — 1(Apy) — 2¢)rHA0)=e < prlD)te

that means, p(A;n) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > p(Ap).
Further, if F' = 0, then by substituting (3.24) — (3.26) and (3.33) — (3.35) into (3.23) ,
for sufficiently large r € Eg\ F, we obtain

(T(Aw) — &) P40 < ((n — 1) (m + 1) + 2m) 157 4 (1(Ayy) + &) )

+O(rPH-1tey 4 TA(%w>+E + O(logr). (3.37)

Now, we may choose sufficiently small ¢ satisfying

0 <25 < min { () ~ 5,2(4w) ~ 2Auy). ) = A (5 ) |-

From (3.37) for sufficiently large r € Eg\ Eg, we get
(T(Aw) — T(Ayy) — 2¢)rhA0)= < polD=14e,

that means, pu(Ap) < p(f) — 14 2¢, since € > 0 is arbitrary, then p(f) > p(Ap) + 1.
Case (iii) We suppose that p(A4;) = p(S) > u(Ag,) and

= > 7(Ay) + 7(F) < 7(Ap).
p(Az]):/'L(AlO)v (%])#(170)7(]‘;71))
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Then, there exists a subset J C {0,1,...,n} x {0,1,...,m}\ {((,

for all (7,7) € J, when p(A;;) = u(Ap), we have > T(A ) <
(4,5)ed

for (i,j) € I = {0,1,...,n} x {0,1,....,m}\ (JU{((,0),(k,p)}) we have p(A;;) <

i (Ap) . Hence, for any given £ > 0 and sufficiently large r, we get

0), (k,p)} such that
7 (Ap) — 7(F), and

(T(Ai) +€) rW‘lo), if (i,7) € J,
T (r, A;j) < { Pl e < plAn)=c if (i 7) € 11 (3.38)

and
(7(F) +e) o) if p(F) = p(Ap),
<
T(T, F) = { yP(F)+e < ri(Aw)— 3 if p(F) < /l(AlO)~
Then, by substituting (3.24) — (3.26), (3.28), (3.30), (3.34), (3.38) and (3.39) into
(3.23), for all z satisfying |z| = r € E;\ E§ sufficiently large r, we obtain

(3.39)

(T(Ap) — &) PA0) < N7 (7 (Ayg) 4 &) o) 4 Y = plAi) e g piAip)te
(4,9)€J (4,4)ell

) ) pin) 4 T,\(ALZO)JFE 1 2(2r) D 40 (r"=1) + O (In7)

< (114 (nm+ n+m)e) rHA0) 4 O (prido)=e) 4ppldi)te

+((F

1) 2 (204 4 0 (0149 4 O (logr) . (340)

Now, we choose sufficiently small € satisfying

(M)~ p(Ay)  TAe) - A0 A (55)

0 < e < min , ,
2 nm+n+m+1 2

then from (3.40) for sufficiently large r € E;\ Eg, we get
(T(A) =11 — (mm+n+m+1)e) rH(Aw)—e < ,np(f)Jrs’

that means, p(Ap) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > u(Ap).
Further, if F = 0, then by substituting (3.24) — (3.26) , (3.30), (3.34) and (3.38) into
(3.23), for all z satisfying |z| = r € E;\ E§ sufficiently large r, we obtain

(I(AIO) _ 8) rH(A) < (7-1 + (nm +tn+m— 1)5) i (Ao) +0 (Tu(Azo)*E)

rr(Arp)te 4 F(ﬁo)“ +0 (rp(f)_Ha) + O (logr). (3.41)

Now, we choose sufficiently small ¢ satisfying

W) — i Ay) ()~ 1A =2 ()
2 "mm+n+m’ 2

0 < e <min

then from (3.41) for sufficiently large r € E;\ Eg, we get

(T(Ap) — 1 — (nm +n +m) ) prAw)=e < prlf)=1te
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that means, pu(Ap) < p(f) — 1+ 2¢, since € > 0 is arbitrary, then p(f) > pu(Ap) + 1
Case (iv) We suppose that p(S) = pu(Aw) = w(Axp) with 7 + 7(Agy) < 7(Aw).

It follows by substituting (3.24) — (3.26), (3.28), (3.34), (3.35), (3.38) and (3.39) into
(3.23), for all sufficiently large r € Eg\ Es, we have

(r(Ap) —¢) pHAn) < (11 + (nm 4+ n+ m)e) riAn) 1 O (r“(A“))_e)

+ (1(App) + &) rHA0) 4 p M)+ 49 (2r)PVF L O (rPD2) £ O (logr) . (3.42)

Now, we choose sufficiently small ¢ satisfying

£(Ap) — 7 — 2(Ay) #(A0) =2 (35)

0 < e <min , ,
nm-+n-+m-+2 2

then from (3.42) for sufficiently large r € Es\ Eg, we get
((Aw) = 71 = T(Aky) = (nm +n 4 m 4 2) ) P07 < el

that means, p(Apn) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > p(Ap).
Further, if F = 0, then by It follows by substituting (3.24) — (3.26), (3.34), (3.35)
and (3.38), for all sufficiently large r € Fg\ Fg, we have

(I(Alo) _ 5) ri(Aio) < (7-1 + (nm +tn4+m— 1)5) 1 (Aw) +0 (Tu(Azo)—é)

+ (1(App) + &) rA0) 4 r’\(f%zo)’LE + O (r'D71) 1 O (log 7). (3.43)

Now, we choose sufficiently small ¢ satisfying

£(An) = 7 — £(Ay) #(A0) = A (35)

0 <e<min , ,
nm-+n-+m-+1 2

then from (3.43) for sufficiently large r € Eg\ Eg, we get
(T(Ap) — 11 — 7(Agp) — (nm 4 n 4+ m + 1) g) A0 =e < prlh)=1te

so that means, u(Ayp) < p(f) —1+2¢, since € > 0 is arbitrary, then p(f) > pu(Ap)+1
The proof of Theorem 3.1.5 is complete.

Proof of Theorem 3.1.6 Let f # 0 be a meromorphic solution of (3.1). If f has
infinite order, then the result holds. Now, we suppose that p(f) < oco. Firstly we
divide equation (3.1) by f(z + cl) to get

—Ap(z Z Z (2t c) fz+ ) +i,4 SO+ a) (3.44)
j=1

7, l
L= fz+cz ) flz+a) T fz+a)

By virtue of Lemma 2.2.8 and Lemma 3.2.2, for any given (> 0), there exists a subset
E, C (0,+00) of finite linear measure, such that for all » ¢ E;, we have

T(r, Ap(2)) = m(r, Ap(2)) + N(r, Ap(z Z Zm (r, Ay (2 Zm(r, A(2))

1=0,i#l j=0
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+§:2;(:_lg%%)+fjm(n%ggg>+NmAmm+ou>

=0 j=1 1=0,i#l

Z ZT r, A (2 Z T(r, Aj;(2))+0 (logr)+0O (rp(f)_lJra)—{—N(r, Ap(2))+0(1).
1=0,i#l j=0 j=1
(3.45)
We suppose that o = max {p(4;;) : (¢,7) # ([,0)} < u(Ap) = p. Then, by the defini-
tion of p(Ay) and p(A;;) for any given € (0 < 2¢ < 1 — «) and sufficiently large r, we
have
T (r, Ay) >k (3.46)
and

T (T, Az]) S 7np(Aij)+E S TOH_&? (Za]) 7é (la O) (347)

It follows from the definition of A ( ) for any given ¢ (0 <2< pu—A (ﬁ)) and
sufficiently large r, we have

N(r, Aw) < r*(Fa) e, (3.48)

By substituting (3.46), (3.47) and (3.48) into (3.45), for any given

feremboana ()

and sufficiently large r ¢ E;, we obtain

riTE <m(m o+ Dr T 4 mrtTE 4 Paa) 40 (r9712) + O (logr).

So
(1-0(1)r* =<0 (rp(f)’lﬁ) ,

that is, p(f) > p+ 1 — 2e. Since £ > 0 is arbitrary, then we get p (f) > pu(Ap) +1
Now, assume

max {p(Ay;) : (4,7) # (1,0)} = p(Aw) =
and
T = Z T(Aij) < I(AIO) =T
p(Asj)=p(Aw), (4,5)#(,0)
Then, there exists a set I' C I x J\ {({,0)} such that for (,7) € I', we have p(4;;) =
with 7 = > 7(A;;) <7, and for (i,7) € I x J\ (['U{(,0)}) we have p(4;;) <

(i,5)eT

Hence, for any given ¢ (O <e< m) and sufficiently large r, we have
T (r,Ay) < (7 (Ayj) +e)r*, (i,j) €T (3.49)
and
T, Ay) <7°°%, (ij) € T x T\ (TU{(L,0)}). (3.50)

By the definition of 7(Ay), for the above £ and sufficiently large r, we have

T (r,Ap) > (1 —¢e)rt. (3.51)
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1
“7)‘<A70> T—T1
2 ’ nm4n+m+1

Now, we may choose sufficiently small ¢ satisfying 0 < ¢ < min

by substituting the assumptions (3.48) —(3.51) into (3.45), for sufficiently large r ¢ Ej,
we obtain

(1—e)rt < Z Aj)+e)rt + Z rhTe TA<%w>+E +0 (rp(f)—“rs)
(i.j)er (i)l x J\(TU{(1,0)})
1
+0 (logr) < (11 + (nm +n+m)e) r* +O(r" %) —1—7)(7) +0 (r'Y7172) 10 (logr) .

S0
(I—=o(1))(r—7 —(nm+n+m+1)e)r* <O (r/H71e)

which implies p(f) > p+1—e¢. Since € > 0 is arbitrary, then we get p(f) > p(Ap)+1

Proof of Theorem 3.1.7 Let f be a meromorphic solution of (3.2). If f has infinite
order, then the result holds. Now, we suppose that p(f) < co. We divide equation
(3.2) by f(z+ ¢) to get

Al Z Z J) (z+¢) f(z—i_Ci)—i—iA f(])(z+cl) F(z) (352)

L= fz+c fz+a) Tiera)  fzta)

By virtue of Lemma 3.2.2 and Lemma 2.2.8, for any given (> 0), there exists a subset
E, C (0,+00) of finite linear measure such that for all » ¢ E;, we have

T(r, Aip(2)) = m(r, Ap(2)) + N(r, Ajp(z Z Zm (r, A (2 Z (r, A;(2))

1=0,i#l j=0 j=1
(z+¢) u flz+c) 1
+ZZ (s )Zozz-#m ( T cz>)+m(’“’”2))+m (" )
+N(r, Ap(2)) Z ZT r, Ag(z ZT(T, Alj(2)) + O (log7)
1=0,i7#l j=0 j=1
+O (r'D=1e) + T(r, F(2)) + T (r, e 1+ Cl)) + N(r, Aw(2)) + O(1).  (3.53)

By Lemma 2.2.2 and the first main theorem of Nevanlinna, when r sufficiently large,
we have

1
T (r, m) =T(rflz+0a)+0Q) < (1+01)T(r+|al,f) <272 f).

(3.54)
So, for r ¢ E sufficiently large we obtain

T(r, Ap(z Z ZT r, Az Z T(r,Ai;(2)) + O (logr)

1=0,i#l j=0

+O (rP D7) L T(r, F(2)) 4 2T (2r, f) + N(r, Aip(2)) + O(1).
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< X:EZTTAU X:Ow%@ﬂ+00%ﬂ

1=0,i#l j=0
10 (Tp(f —1+e) +T(r,F(z))+ O (Tp(f)+6) + N(r, Ap(2)) + O(1). (3.55)

(i) If p(F) < u, then for any given € (0 < 2¢ < . — p(F')) and sufficiently large r, we

have
T(r, F) < rPtFe, (3.56)

Assume o = max{p(A4;;) : (1,7) # (1,0)} < p. By substituting (3.46) — (3.48) and
(3.56) into (3.55), for any given & (0 < & < min {“2‘1, - AngO> ) “_g(F) }) and suffi-

ciently large r ¢ F;, we obtain

rh— Z Z a+6+27’a+8—|—0 74p 1+a) _|_7,p(F)+a

1=0,i#l j=0

+0 (Tp(f)JrE) + ﬁ‘(ﬁo)+6 + O (logr)

< n(m+ 1)1 +mrete 440 (rPD 1) ppEte L O (prU)FE) —|—rk<‘%lo)+€—|—0 (log ).
Then
(I—-o(1))r* =<0 (Tp(f)+6) :

which implies p(f) > i — €, since € > 0 arbitrary number, then p(f) > pu.
Assume
max {p(Ai;) : (4,7) # (1,0)} = p(Ap) =p and 7 <T.

By substituting the assumptions (3.48) — (3.51) and (3.56) into (3.55), for any given
¢ satisfying

T “_A(A_zo) p—p(F)
mn+n+m+1 2 ’ 2

0 < e < min

and sufficiently large r ¢ E;, we obtain

(r—e)r* < Z Aij) +e)rt + Z rh=e 4 prte L O (r’)(f)_“”s)
(i,5)€l (4,5)eIxJ\(TU{(,0)})

+rPIre 4 O (rp(f)+‘5) + 7)(“‘%0)+€ + 0O (logr) < (11 + (mn +n+m)e)r* + O(r"=°)

4Pt L0 (Tp(f)—1+€) +pPEte L O (Tp(f)+6) + r’\(A%)*E + O (logr) .

Then

1—o)(r—m1—(mn+n+m+1)e)r" §O(r"(f)+5),

(1
which implies p(f) > p = p(Ajp)-
If p(F) = p(Aw) = p and 7 + 7(F) < 7. Then, for any given ¢ > 0 and sufficiently
large r, we have

T(r,F) < (r(F)+¢e)r. (3.57)
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Now, we may choose sufficiently small ¢ satisfying

'“_)‘<A%o) T—1—7(F)

0 < e < min ,
2 nm+n+m+2

Y

by substituting the assumptions (3.48) — (3.51) and (3.57) into (3.55), for sufficiently
large r ¢ F;, we obtain

(r1—e)r* < Z Aij) +e)rt+ Z P =4O (rPD"HE) 4 (1 (F) + €) rt
(i,5)er (4,5)eIx J\(TU{(1,0)})

+O( +€) +r (A10>+£+O(logr)
<(mn+mm+n+m)e)r* +0@" )+ 0 (7"’ _1+€) + (7(F) 4+¢)r*

+0 (1) 4 ) o (logr) .
It follows that

(I—o(1)(r—1—7(F)—(mm+n+m+2)e)r* <40 (Tp(f)+s)7

which gives p(f) > u = u(Ap).
If u(F) = pu(Ap) =pand 7 + 7 < 7(F). Then for any given ¢ > 0 and sufficiently
large r, we have

T(r,F) > (z(F) —e)r*. (3.58)

By Lemma 2.2.10, for the above € > 0, there exists a subset £, with infinite logarithmic
measure such that for all » € E4, we have

T(r, Ap) < (1 +e)rt. (3.59)

From (3.2), by using Lemma 2.2.2 and Lemma 3.2.3, we get

N Y ZT(T7A1'J'(Z))"‘T(rvAlO(Z))+ZT(TaAlj<Z>>

i=0,i£l j=0
n

+ T(r, fO%z+c)) +O0(1) < Y Y T(r Ay(2)) + T(r, Aw(2))

i=0 j i=0,i£l j=0

+Z rAl] —G—ZZ ]‘l‘l (z—{—Cl))—{—S(T’,f))

n

< DY T(r Ai(2) + T(r, Aw(2)) + Y T(r, Ay(2) + O (T(2r, f(2)) + S (r, f) .
i=0,i#l j=0 =

(3.60)
Now, we may choose sufficiently small ¢ satisfying 0 < ¢ < %, by substi-

tuting (3.49), (3.50), (3.58) and (3.59) into (3.60) for all » € E, sufficiently large, we
get

(T(F)—e)r < Y (T (Ay) + &) +(r+e)r'+ > =4+ 0 (T(2r, f(2)))

(i,j)er (6,7)eIxJ\(TU{(1,0)})
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+o(T(r, f)) <(mn+7+ mm+n+m-+1e)r*+O(r*)+0 (T(2r, f(2)))+o (T (r, f)) .
It follows that

(1 —o (1) (z(F) =1 — 2(Ap) — (nm +n+m+2)e)r* <O(T(2r, f(2)))+o (T (r, f)),

which implies p(f) > u = p (Ajp).
(ii) We consider the case u(F') > p(Ay) = p. Then, for any given € (0 < 2e < pu(F) — p)
and sufficiently large r, we have

T(r, F) > rtE)=e, (3.61)

By Lemma 2.2.9, for any given ¢ > 0, there exists a subset E5 with infinite logarithmic
measure such that for all » € Fs5, we have

T(r, Awg) < 1", (3.62)

If @ = max{p(A;;) : (1,7) # (1,0)} < pu(Ayp) = p, then by substituting (3.47), (3.61)
and (3.62) into (3.60), for any given € (0 < 2¢ < p(F) — u) and sufficiently large
r € Fs5, we obtain

P72 < m 4+ 1)ro e 4+ 79 4 mr = 4 0(T(2r, f(2))) + o (T (r, f)) .-
Thus

(1= o0(1) 7 < O(T(2r, f(2))) + o (T (r. f)),

that is p(f) > u(F) — €. Since € > 0 is arbitrary, then we get p(f) > u(F).
If

max {p(Ay) : (4,5) # (1,0)} = p(Aw) = p and 7 <7.

Then, by substituting the assumptions (3.49), (3.50), (3.59) and (3.61) into (3.60), for
any given € (0 < 2¢ < p(F) — p) and sufficiently large r € Ey, we obtain

rF)—e < Z Aijj)+e)rt + Z rH—e

(i.j)er () €T \(TU{(L0)))
Hr +e)r + 0 (T(2r, f(2))) + (T (r, f))
< (m A+ n(m+1)e)r* + 00" %) + (1 + ) ++0 (T (2r, f(2))) + o (T (r, f)) .-

Thus
(1—=0(1)) P72 <40 (T(2r, £(2))) + o (T (r, f)),

which gives p(f) > u(F) — €. Since € > 0 is arbitrary, then we get p(f) > u(F). The
proof of Theorem 3.1.7 is complete.

3.4 Examples

Example 3.4.1. Consider the non-homogeneous differential-difference equation with
entire coefficients

Apa(2) f"(2) + A (2) f' (2 +1) + Ao (2) f'(2) + Aro(2) f(2 + 1) + Aoo(2) f(2) = ]*;3(2)3)
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Case 1. p(S) < u(Ayp). In (3.63) for
Ap(z) =2 +21%2% Ap(z)=e ™™, Agn(z) = 2n2(z + 1) =7,
1

An(2) = —2m%2,  Ap(z) = —3 F(z) = e 7,

we have

max{p(F), u(An), p(Ay) : (i, 5) # (1,0), (1, 1)} = 1 < p(Ayo) = 2.
We see that the conditions of Theorem 3.1.4 are verified. The function

flz)=em"
is a solution of equation (3.63) which satisfies p(f) =2 > u(Ajp) = 2.
Case 2. p(S) < u(Ap) = u(Agp) with 7,,(Aw) > 73 (Agp). In (3.63) for

2

Ag(z) =212, Ap(z) =272(z+ 1) +e ™2, Ag(z) = 272z,

2

An(z) = =€, Ap(z)=—-1, F(z) =7,

we get max{p(F),p(A”) : (Zaj) 7é (170)7(171)} =1< :U(Alo) = H(All) = 2 and
Tu(Aw) = 72 > 17,,(A11) = 1. Hence, the conditions of Theorem 3.1.4 are satisfied.
The function

2

Z)=e"?
is a solution of equation (3.63) and J{iaiisﬁes p(f) =22> p(Ap) = 2.
Case 3. p(Ap) = p(S) > u(Axpy) with
Tar(Aw) > 71 = max{7a(g) : p(g9) = 1(Aw), g € S}
In (3.63) for
Ag(z) = m* + 21127, Ap(z) = P i Ao (2) = 27%(2 + 1)62”2””2,

1
An(z) = —27°2, Apa(z) = 5 F(z) = e%’r222+27f2z’

we have p(Aip) = max{p(F),p(A;;) : (1,7) # (1,0),(0,1)} = 2 > p(Ap) = 1 and
7(Aw) = % >1 = T1y(F) = % Obviously, the conditions of Theorem 3.1.4 are
verified. The function

2

flz)= e
is a solution of equation (3.63) which iaz)fisﬁes p(f)=22> pu(Ap) = 2.
Case 4. p(Ap) = 1(Axp) = p(S), and 7,,(A10) > max{m, 7, (Axp)}. In (3.63) for
Ag(z) =212, Ap(z) =2z + 1)e” + e 577 Ap(z) = 212,
An(z) = =€, Ap(z) = -1, F(z) = es™ =127
we get p(Aro) = p(Ann) = max{p(F), p(Ay;) : (i, 7) # (1,0),(1,1)} = 2 and

472 2
T (A1) = - > max{7i, T (A1)} = max{my(F), 75 (An)} = 5

We see that the conditions of Theorem 3.1.4 are satisfied. The function
fle)=e"
is a solution of equation (3.63) which satisfies p(f) =2 > u(Ajp) = 2.
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Example 3.4.2. Consider the homogeneous differential-difference equation with entire
coefficients
An(2)g'(z = 1) + A20(2)g(z + 3) + Ao (2)g(2) = 0. (3.64)

Case 1. max{u(Axp), p(A4i;) : (3,5) # (1,0), (k,p)} < p(Aw). In (3.64), for
Ag(2) =1, Agy(z) = (dmi(l — 2z) — ™) e 7% Ap(z) =1,
we have
max{:u(All)vp(Aij) : (Zaj) 7é (270)7 (17 1)} =0< :u(AQO) =1
So, the conditions of Theorem 3.1.4 are satisfied. The meromorphic function

2miz?

g(z)=e

is a solution of equation (3.64) and g satisfies p(g) =2 > p(Az) +1 = 2.

Case 2. max{p(A;) : (i,5) # (1,0),(k,p)} < u(Aw) = w(Ay), with 7y,(Apg) >
Tar(Akp). In (3.64), for

AOO(Z) =1, AQO(Z) = (47m'(1 — Z) _ 627”'2) 6_147”’2, All(z) _ 627@27

we get p(As) = (A1) =1 > max{p(4;;) : (¢,7) # (2,0),(1,1)} =0 and 7,,(Az) =
14r > 1,,(A11) = 27, Obuiously, the conditions of Theorem 3.1.4 are verified. The

meromorphic function
2miz?

g(z)=e

is a solution of equation (3.64) and g satisfies p(g) =2 > p(Ag) +1 = 2.
Case 3. u(An) = p(Axy) = max{p(A;;) : (i,4) # (1,0), (k,p)} with Tp;(Aw) > 71 =
maX{TM(Aij) : P(Aij) = M(Alo)u (i,ﬁ # (l70)7 (k7p)}' In (3'64> , for

Aoo(Z) = 6_27”2, Ago(Z) = (471'1(]_ — Z) — ]_) 6_147”2’ All(Z) — 627riz7

we have p1(Ag) = p(An) = max{p(A;) : (4,5) # (2,0),(1,1)} =1 and 7,,(Az) =
14m > max{7ar(Aoo), Tps(A11)} = 2. It is clear that the conditions of Theorem 3.1.4
are satisfied. The meromorphic function

2miz?

g(z)=e
is a solution of equation (3.64) and g satisfies p(g) =2 > p(Ag) +1 = 2.
Example 3.4.3. Consider the non-homogeneous differential-difference equation with
meromorphic coefficients
An(2)f'(z=1)+ An(2) f'(2) + Ao (2) f(z+ 1)+ Aw(2) f(z — 1) = F (2). (3.65)
Case 1. max{u(Agy), p(S)} < u(Aw). In (3.65) for
3

Alo(z) — 6*7T32;3<|»37r37;2737r3z;+7|—37 A20(z) _ 37T3 (22 - 1) 67371—3'227371—3‘277‘— ’

An(z) = =1, Ap(z) =377 F(2) = tan(r2),
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we have

max{p(F)nu<All)7p<Aij> : (Zaj) # (170)7 (17 1)} =2< M(A10> =3,

1
A(A—w) =0<p(Ap) =3,

It is easy to see that the conditions of Theorem 3.1.5 are verified. The function
f(2) =e"% tan(nz)

is a solution of equation (3.65) which satisfies p(f) =3 > pu(A) = 3.
Case 2. p(S) < u(Ap) = u(Agy) with 7(Ay) > 7(Akp). In (3.65) for

_ 3.3 3,2_ 9.3 3
Alo(Z):e Toz2° 302 =37 247

+ (3#3 (22 — 1) — 327 — wtan(nz) + ﬁ) e

m _3n322 4303 2 4m3

Ago(2) = 37°2% + mtan(nz) + Api(z) = —e :

tan(mz)’
3

An(z)=e*, F(z)=tan(rz),

we get

max{p(F),p(Aij) : (27]) 7£ (1’0)7 (17 1)} =2< ﬂ’(AlO) = M(AU) =3,

1
— =1 A) =
A(f‘ho) <t (Agg) =3

1
I(Alo) =r> I(An) = %

and

Hence, the conditions of Theorem 3.1.5 are satisfied. The function

fz)=e"
is a solution of equation (3.65) and f satisfies p(f) =3 > u(Ay) = 3.
Case 3. p(Ap) = p(S) > u(Axy) with

7(Ap) > = Z T(Ay) + 7(F).
p(Aij):/J'(AlO)’ (i,j);ﬁ(l,o),(k,p)

In (3.65) for

AIO(Z) — 6*27r3z3+37r322737r3z+7|—37 AQO(Z) _ 37‘[‘3 (2Z . 1) 673ﬂ_32273ﬂ_327ﬂ_37

' Szt t
Api(z) = =1, Au(z) = egﬂszzfg,rszﬂrs’ F(z) = M

em?23

we have

M(Alo) = max{p(F),p(Aij) . (27]) 7é (170)7 (17 1)} =3> :U(All) = 27
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1
)\(A—m) =0<p(Ap)=3

and 7(Ay) = 272 > 7 = 7(F) = 7%. We can see that the conditions of Theorem 3.1.5

are verified. The function
F(2) =e"% tan(mz)

is a solution of equation (3.65) which satisfies p(f) =3 > pu(A) = 3.
Case 4. p(Aw) = (Axro) = p(S), and 7(Ar) > 11 + 7(Akp). In (3.65) for

Ap(z) = e_2ﬁ3zg+3ﬁ322_3ﬂ3z+ﬂ3, Ago(z) = 3m% (22 — 1) S e

_ tan(7z)

Ao (Z) — _6(%2)3’ All(Z) _ e(gz)3+37r3z2_37r3z+7r3’ F(Z) _ e

we get

p(Aro) = p(An) = max{p(F), p(Ay) : (4,7) # (1,0),(1,1)} = 3,

1
)\(A—w> =0<pu(Ap) =3

and 7+ 7(Anr) = 7(Ag) + T(As) + 7(F) + 7(An) = (B + 1) w* + & = T2 <
7(Ay) = 272 Obviously, the conditions of Theorem 3.1.5 are satisfied. The function

f(2) =e"% tan(nz)

is a solution of equation (3.65) which satisfies p(f) =3 > pu(Ai) = 3.

Example 3.4.4. Consider the homogeneous (differential)-difference equation with mero-
morphic coefficients

A (2)W (2 +im) + Ag(2)h(z + 2im) + Ago(2)h(z) = 0. (3.66)
Case 1. max{u(Axp), p(A4i;) : (4,5) # (1,0), (k,p)} < p(Aw). In (3.66), for

_ _12w224-2472iz—1673 6mz2+1872iz—14x3
Ap(z) = =1, Axp(z)=ce —¢€ )

B cos(2iz)
Aulz) = 6i(z + im)? cos(2iz) + 2isin(2iz)’
we have max{p(A11), p(A;j) = (i,7) #(2,0),(1,1)} =1 < u(Ay) =2 and

1
)\<A—20) =0 < p(Ay) =2

Obuviously, the conditions of Theorem 3.1.5 are verified. The meromorphic function

2iz3

h(z) =

is a solution of equation (3.66) and h satisfies p(h) =3 > u(Ag) + 1 = 3.
Case 2. max{p(Ay) : (i,5) # (1,0), (k,p)} < p(Aw) = p(Arp) with 7(Aig) > T(Ap)-
In (3.66), for

cos(2iz)

Ag(z) =1, Ag(z) = —2¢!2rei2ntiz—16m",
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2 2:,_ 9.3 .
667rz +6m°1z—27 COS(QZZ)

6i(z + im)? cos(2iz) + 2isin(2iz)’

All (Z) =
we get

(Az) = p(An) = 2> max{p(Ay) : (1,7) # (2,0), (1, D} = p(Aoo) = 0,

1
)\(A_m> =0 < 1 (Az) =2

I(AQO) - 12 > I<A11> = 6

It is clear that the conditions of Theorem 3.1.5 are satisfied. The meromorphic function

and

;3
621,,2

hz) = cos(2iz)

is a solution of equation (3.66) and h satisfies p(h) =3 > pu(Agp) +1 = 3.
Case 8. p(Au) = (Awy) = max{p(Ay) : (i, ) # (1,0), (k,p)}, with

7(Ap) > > 7(Aij) + 7(Akp)-

p(Aij):M(AZO)7 (i,j)?ﬁ(l,o),(k,p)

In (3.66) , for
Apo(2) = eﬁ,z?’ Ago(2) = —26137r22+247r2iz—167r3’
eTmz?+6m2iz—2m COS(QiZ)
All(z> ~ 6 )2 . . )
62(2 + Z7T) COS(QZz) + 2 Sln(Zzz)
we have

p(Az0) = p(An) = max{p(Ai;) : (i,7) # (2,0), (1, 1)} = p(Ago) = 2

1
Bl Ao) = 9
)\( 20) O<IU( 20)

I(A20> =13 > T(Aoo) —|—1<A11) =1 + 7=28.

and

It is easy to see that the conditions of Theorem 3.1.5 are verified. The meromorphic

function
3

21z

hiz) = —
() cos(2iz)
is a solution of equation (3.66) and h satisfies p(h) =3 > u(Ag) +1 = 3.

Example 3.4.5. Consider the homogeneous differential-difference equation with mero-
morphic coefficients

2

AQOf (Z + i?TQ) + Alof (Z + %) + AOlf/ (Z) + Aoof (Z) = 0. (367)
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Case 1. max {p(A4;;): (i,5) # (1,0)} < u(Ap). In (3.67), for

7sin(£)

T 2422 sin(2) — icos(2)’

AOO (Z) — e*(67r3z+i7r5) _ 1’ A01 (Z)

™

_ . 2 - 2 12 3 .5
AlO (Z) — (6 12miz® 6127r7,z ) cot (_) ’ A2O (2) _ e1871' z+Tim 7

we have
A (%10) =1<p(Aw) =2, max{p(Ay):(i,7) # (1,0)} =1 < pu(Ay) =2.

As we see, the conditions of Theorem 3.1.6 are verified. The meromorphic function

w

8z
e

f(z) =

sin(’2)
is a solution of equation (3.67) and f satisfies
p(f)=3= p(Aw)+1.

Case 2. max{p(A;): (i,7) # (1,0)} = p(Aw) = p and

T = Z T(Aij) < I(AlO) =T.
p(Aij):luf(AlO)7 (4.4)#(1,0)
In (4.1), for
Tsin(£)

T 2422 sin(2) — icos(2)’

Ago (2) = e O™ 1 Ag, (2)

Ain(2) = 6—127rz'z2 . 6247ri22 cot [ Aon (2) = 6127riz2+187r32+7i7r5
10 20
T Y Y

1
)\(A_m> =1 < (Ayp) =2

max {p (Aij) : (¢,7) # (1,0)} = p (A20) = p(Ar) = 2,

T = Z T (Az]) =T (AQ()) =12 < I(Au)) = 24.
p(Aij)::u(Alo)ﬂ (ivj)i(luo)

It is clear that the conditions of Theorem 3.1.6 are satisfied. The meromorphic function

and

823
e

f(z) =

sin()
is a solution of equation (3.67) and f satisfies

p(f) =32 pu(Ap) +1.
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Example 3.4.6. (i) Consider the non-homogeneous differential-difference equation
with meromorphic coefficients

Anf'(z + Z’T(') =+ Al()f(z —f- Z7T) + A(]lf, (Z) + A()()f (Z) = F (Z) . (368)

Case 1. p(F) < pu(Ap). In (3.68), for

1
Ago (2) = — (22’2 + cot <3)> ™, A (2) = €™,
s T
2. 1 iz2
Ao (2) = <—Zz — 2+ —cot (E + z)) e ¥ ten,
T 7r T
62,2

we have

A (ALIO> =1<p(Aw) =2, max{p(Ay):(4J5)# (1,00} =1<p(Ayp) =2,

p(F)=1<p(Ap) =2
Obuviously, the conditions of Theorem 3.1.7 (i) are verified. The meromorphic function

iz2
P

e

f(z) =

~ sin(2)

is a solution of equation (3.68) and f satisfies
p(f) =22 p(Ap) =2

Case 2. p(F) = pu(Ap) and Zp(Aij):u(Azo),(i,j)sé(lﬁ) T (Aij)+7(F) < 7(Ap). In (3.68),
for

z

Ao (2) = % (2@'2 + cot <E>> eé, Agy (2) = eé)
(

™

2. ]. 122 2122
Alo(z):(—lz—2+—cot i—l—i))ei’m—i—ew,
T T T
A 1z 6%4_22
— T 37 F —_ —
n(2) =€, (2) sin(%—i—z)’
we have .
AM— | =1 Apg) =2
<A10) < (Ao) )
max {p (Ay;) : (4,5) # (1,0)} = u(Aw) = p(F) = 2,
1 1 1 1 11 2
E T(Aij>+T(F):4—7T2+m+ﬁ+P:@<I(A10>:F-

p(Aij)=p(Ar0), (4,7)#(1,0)

Thus, the conditions of Theorem 3.1.7 (i) are satisfied. We see that the meromorphic

2

_1z%
T

function f(z) = & is a solution of (3.68) that satisfies p (f) =2 > pu(Ay) = 2.

sin(Z)
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Case 3. p(F) = p(Aw) and 3,4 ) uaw), (2o T (Aig) + 7(Aw) < 7(F).  In
(3.68), for

Ago (2) = % (2@2 + cot (E)> eé, Agy (2) = eé,

T

2' 1 iz2 iz2
A (2) = (—Zz — 24 —cot <i + Z)) e 5 e,
T T s

{22 - 6—3”2 +2z
An(z) =i, F(2) sin(Z 414)’
we have )
A <A_10) =1<p(dio) =2,
ma {p (Aiy) - (i) # (1L0)} = plAro) = o (F) =2
> 7 (Aiy) + 7(Aiw) = 7 (Aoo) + 7 (A1) + 7(A11) + 7(Aro)

p(Aij):M(A10)7 (7“7])7'&(110)

SRS S U T (A
C 4r2  4x? 372 w2 6m2 T o2

Hence, the conditions of Theorem 3.1.7 (i) are verified. We see that the meromorphic
.2

_ iz

function f(z2) = <= is a solulion of (3.68) thal satisfies p(f) =2 > pu(Ay) = 2.

sin(2)

(7)) p(F) > p(Aw). In (3.68), for

Ago (2) = 2iz + cot <§> , Ao (2) =m,

Ay (2) = 2iz — 27 + cos <E + z) +e %,

A (z) =, z)=— e -,
(2) F () sin(2 + 1)
we have .
A <A_10) =0<p(dp) =1,
max {p (Ai;) : (4, §) # (1,0)} = p(Ai) = 1,

Z 7 (Aij) = 7 (Aoo) = % < 1(Ay) =

p(Aij)=p(A10), (4,5)#(1,0)
Obuviously, the conditions of Theorem 3.1.7 (ii) are verified. The meromorphic function

iz2
P

e

f(z) =

~ sin(Z)

is solution of equation (3.68) and f satisfies

p(f) =22 p(F) =2



Chapter 4

Lower bound estimates of the iterated
p-order and p-lower order of
meromorphic solutions of linear
differential-difference equations

4.1 Introduction and statement of main results

In this chapter, we will continue the study of the lower bound of the order of solutions
of difference equation and differential-difference equation. By using the concept of
p-iterated, we make an extension of some recent results obtained by Zhou and Zheng.

Very recently, Zhou and Zheng [42] have obtained the following results.

Theorem 4.1.1. ([42]) Let p > 2, A;; (2) (i=0,....,n;5=0,...,m) and F(z) be
meromorphic functions. Suppose there exists an integer | (0 <1 < n) such that Ay (2)
satisfies

1
>‘p<A_l0) < pp(An) < o0

and
maX{pp(Aij) D= Oa 77’L,] = 07 cey, M, (Zvj) 7é (l,O)} S pp(AZO) < 00,

max{7,(Ai;) : pp(Aij) = pp(Aw), (i,5) # (1,0)} < 7,(Ai) < 0.
(9) If pp(F) < pp(Aw), or po(F) = pp(Aw) and 7,(F) # 7,(Aw), then every mero-

morphic solution f(z) Z0 of (3.2) satisfies p,(f) > pp(Awo).
(#4) If pp(F') > pp(Aip), then every meromorphic solution f of (3.2) satisfies p,(f) >

pp(F)'

Related to the theorems above, a naturel question arises:
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Question 4.1.2. What can be said about the growth of meromorphic solutions in
Theorem 2.1.1 and Theorem 2.1.7 of Chapter 2, when we use the concepts of iterated
lower p-order and iterated lower p-type?

The aim of this chapter is to give an answer for the above question, and we obtain
the following results.

Theorem 4.1.3. ([4]) Let p > 2 be an integer and Aj(z) (j =0,1,...,k), F(2) #0
be meromorphic functions. Suppose there exists | € {0,1,...,k} such that

1
Ap (E) < pp (Ar) < 00,

max {IOP(AJ> : .] = 07 17 ety kv] 7é l} S IMP(Al)ﬂ
max {7,(A;) : p(A;) = (A1), (G # D)} < 1, (A1) < oo

(0) If pp(F) < pp( A1), or pp(F) = pp(Ar) and 7,(F) < Ip(Al) =7, or pip(F) = pp (A1)
and 7,(F) > 7,(A;), then every meromorphic solution f of (2.3) satisfies p,(f) >

pip(Ay).-
(1) If pp(F) > pp(Ar), then every meromorphic solution f of (2.3) satisfies p,(f) >

pip (7).

Theorem 4.1.4. ([6]) Let p > 2 be an integer and A;; (z) (i € I = {0,1,...,n};
jeJ={0,1,...,m}), F(z) Z 0 be meromorphic functions. Suppose there exists an
integer [ (0 <1 < n) such that A (2) satisfies

1
/\p (A_) < Up (AIO) < 00
10
and
maX{pP(Aij) tl= Oa 17 s >naj = 0717' U (27]) 7é (Z,O)} < MP(AIO) < 00,

71 = max{7,(Aj;) - pp(Aij) = pp(Aw), (i, 7) # (1,0)} < 7,(Ap) = 7 < o0

(&) If pp(F) < pp(Aw), or pp(F) = pp(Aw) and 7,(F) < 7, or p,(F) = p,(Aw) and
7,(F) > 7, then every meromorphic solution f of (3.2) satisfies pp(f) > pp(Auo)-

(1) If py(F) > pp(Ap), then every meromorphic solution f of (3.2) satisfies p,(f) >
fip(F7).

Remark 4.1.5. Theorems 4.1.3 is an improvement of Theorem 1.4 [2] and Theorem
1.5, and generalization of our result obtained, very recently in [4]. [42].

Remark 4.1.6. Furthermore, Theorems 4.1.4 is a generalization of our result ob-
tained, very recently in [6].
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4.2 Proof of the Theorems

For the proofs of our results, we will use the Lemmas 2.2.9-2.2.10, see |[Chapter
2] and the Lemma 3.2.2, see [Chapter 3].
Proof of Theorem 4.1.3 Let f be a meromorphic solution of (2.3). By according to
(2.51) and from Lemma 2.2.2 and Lemma 2.2.7, it follows that for any given (> 0),
we have

T(r,Ai(z)) =m(r, Ai(2)) + N(r, A(2))

: jg;lm(r’ e jij:;élm (ﬁ %) I (T’ %>

1
+m (r, m) +m(r,F(2))+ N(r,A(z)) + O(1)

k k 14
< 3 T A+ S o<(T(T+|Cf_Cl|+|Cl|’f)) )

=01 i=Li#l r
T(r + 2|, e
0 <( (r+ l5 L) ) +T(r,f(z+0a))+T(r,F(2)) + N(r, Ai(2)) + O(1)

< Z T(r,Aj(2)) ++o (%—f»j +2702r, f(2)+T(r,F(z)) + N(r, Ai(2))

=0,j#1

k
< 3 T A(2) + T(r F(2) + N(r, A=) +3(TCr 1)) (A1)
J=0,j#l
for all r outside of a possible exceptional set Fy C (1,+00) of finite logarithmic
measure.
(i) If p,(F) < pp(A;) = p, then for any given € (0 < 2¢ < 1 — p,(F')) and sufficiently

large r, we have
T(r,F) <exp, ; {er(F)JrE} : (4.2)

First, we suppose that b = max{p,(4;):j=0,1,...,k,j #1} < pp(A;) = p. Then,
for any given ¢ (0 < 2¢ < pu — b) and sufficiently large r, we have

T (r,A;) > exp, {rrvriA=el (4.3)

and
T(r,Aj) <exp,_y {r"*} (G=0,1,...,kj#1). (4.4)

By the definition of A, (ALJ’ for any given ¢ (0 <2e<p—N (%)) and sufficiently
large r, we obtain

N(r, Ar) < exp,_; {TAP(XZ)JFE} : (4.5)
By substituting the assumptions (4.2), (4.3), (4.4) and (4.5) into (4.1), for any given
—p 1 _
€ (0 < & < min {“b m(d) ol }) and sufficiently large r ¢ E,, we have

20 2 ) 2

€xXp,_1 {r“_f} < kexp, ; {THE} +exp,_; {/,npp(F)+E}
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+exp, {rAp(f}l)ﬁ} + 3 (T'(2r, f(z)))2
So
(1 —o(1))exp,; {r"°} < 3(T(2r, f(2)))",
that is, u,(f) > p —e. Since € > 0 is arbitrary, we get p,(f) > pp(A4;). Assume

maX{pP(Aj) j = 0717"'7k7j 7£ l} :lUJP(Al) = W,

71 = max {7(A4;) : pp(A;) = pp(Ar), (J 7 1)} <7, (A) = 7.
Then, there exists a set J C {j = 0,1,...,k}\{l} such that for j € J, we have

pp(A;) = pp(Ar) = p with 71 = max {r,(4;) : pp(4;) = pp(A), (j # D} <z, (A) =7
and for j € {0,1,--- Il — 1,1+ 1,...,k}\J, we have p, (4;) < p, (A;) = p. Hence, for
any given & (O <e< %) and sufficiently large r, we have

T (r,A;) < exp,_; {(11+¢) rre AL je g (4.6)
and
T(’l", A]) < eXPp—_1 {ﬂm}) ] S {07 17 T 7l - L [+ 1a ) k}\‘L (47)

where 0 < pg < p. By the definition of lower p—type, for the above ¢ and sufficiently

large r, we have
T (r,A) > exp,  {(T—¢ pHr (A1) b (4.8)

By substituting the assumptions (4.5), (4 6), (4.7)

)
7), (4.8) into (4.1), for any given
(O < 2¢ < min {u Ap <A1> = pp(F), T — 1 ) and sufficiently large r ¢ Fs, we

obtain

exp,_y {(T — &)} < O (exp,_, {(r1 + &) r*}) 4+ O (exp,_, {r"°})

e, {5} toxp, {0 L s e s
So
(1 —o (1) exp,; {(r —e)r"} < 3(T(2r, f(2)))°,
which implies yu,(f) > p,(A).
If pp(F) = pp(A1) = pand 7,(F) < 7,(A;) = 7, then for any given ¢ <0 <e< #)
and sufficiently large r, we have

T(r,F) <exp, {(Tp(F) +¢) r“”(Al)} . (4.9)

First, we suppose that b = max {p,(4;) : j =0,1,...,k,7 # 1} < p,(4;) = pr. We may
choose sufficiently small ¢ satisfying

=% () w—b r—n()

0 <e<mi
€ < min SR S — ,

by substituting the assumptions (4.4), (4.5), (4.8) and (4.9) into (4.1) for sufficiently
large r ¢ FEs, we obtain

exp,_ {(T =€)} < kexp,_y {7} + exp,_y {(7(F) + )}
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v, {0 L s e s

So

(1= o) exp, i {(T =)} <3(T(2r, f(2)))*,
which implies yu,(f) > p,(A).
Now, we suppose that

max{pp(Aj) 17=0,1,.. 'akaj 7é l} = HP(AI) =K
71 =max {7,(A4;) : pp(A4;) = pp(A1), (G # 1} < Ip(Al) =T

We may choose sufficiently small ¢ satisfying

=X <Al> T—11 T—Tp(F)

0 < e < mi
£ < min 5 T 9 T 9 ,

by substituting the assumptions (4.5), (4.6), (4.7), (4.8) and (4.9) into (4.1) for suf-
ficiently large r ¢ Es, we obtain

exp, 1 {(71—¢)r"} <O (expp_1 {(m1 +¢) r“}) +0 (expp_1 {r“o})

+exp, 1 {(7p(F) +¢)r"} +exp, { A <Ai) } + 3 (T'(2r, f(z)))2
So
(1—0(1)exp,_y {(T — &)} < 3(T(2r, f(2)))*,
which implies pu,(f) > p,(A).
If p,(F) = pp(Ar) = pand 7,(F) > 7,(A;) = 7, then for any given ¢ (0 <e< I”(?q)
and sufficiently large r, we have

T(r,F) > exp, , {(7,(F) —¢) re(A0 Y (4.10)

By Lemma 2.2.10, for the above ¢ there exists a subset E3 with infinite logarithmic
measure such that for all » € E3, we have

T(r,A) < exp,_y {(z,(A) +¢) )t (A) } (4.11)
First, we suppose that b = max{p,(4;):j=0,1,...,k,j #1} < p,(4) = p. We
pu=b T,(F)—

may choose sufficiently small € satisfying 0 < & < min ¢ 557, = } by substituting
(4.4), (4.10) and (4.11) into (2.57) for sufficiently large r € E3, we obtain
expy 1 {(7,(F) — ) 1"} < kexp,  {r7)

+exp,  {(T+e)r"} + 2k + 1) T(2r, f(2)).
So
(1—=o0(1))exp, , {(IP(F) — 5) 7’“} < (2k+1)T(2r, f(2)),
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which implies p,(f) > p,(A).
Now, we suppose that

max {pp(A]) : j = 07 17 R ka] 7é l} = MP(AI) = K,
71 = max {7(4;) : pp(A;) = pp(Ar), (G 7 1)} < z,(A) = 7.

We may choose sufficiently small ¢ satisfying 0 < € < I”(i)#, by substituting (4.6) ,

(4.7), (4.10) and (4.11) into (2.57), for sufficiently large r € Es3, we obtain

exp,_; {(IP(F) — 8) T“} <0 (expp_1 {(1 +¢) 7‘“}) +0 (expp_1 {r“o})

+exp,  {(T+e)r"}+ 2k + 1) T(2r, f(2)).

So
(1—=o0(1))exp, , {(IP(F) — 8) 7’“} < (2k+1)T(2r, f(2)),

which implies yu,(f) > p,(A).
(ii) Next, we consider the case p,(F) > p,(A4;) = p. Let f be a meromorphic solution
of (2.3). Then, for any given ¢ (0 < 2¢ < u,(F') — u) and sufficiently large r, we have

T(r,F) > exp, {T“P(F)_a} . (4.12)

By Lemma 2.2.9, for the above ¢, there exists a subset F, with infinite logarithmic
measure such that for all » € E4, we have

T(r,A;) <exp, {r“p(A’)+E} . (4.13)

First, we suppose that b = max {p,(A;) : j =0,1,...,k, 7 # 1} < pp,(A4;) = p. We may
choose sufficiently small ¢ satisfying 0 < 2¢ < p,(F') — p, by substituting (4.4), (4.12)
and (4.13) into (2.57) for sufficiently large r € Ey4, we obtain

exp, {r“P(F)’E} < kexp, {?“b+€} + exp, {7”’“5} + 2k + 1) T(2r, f(2)).

So
(1—-o0(1))exp, ; {r“P(F)_E} < (2k+1)T(2r, f(2)),

that is, p,(f) > pp(F) — €. Since € > 0 is arbitrary, we get 1, (f) > p,(F).
Now, we suppose that

maX{pP(AJ> .] = 0717"'ak7j 7é l} = Mp(Al> :/L,

7 =max{7,(4;) : pp(4;) = pp(A), (j #1)} <T,(A) = 7.
Now, we may choose sufficiently small e satisfying 0 < 2¢ < pu,(F') — p, by substituting
(4.6), (4.7), (4.11) and (4.12) into (2.57) for sufficiently large r € Ej3, we get

exp, {r“P(F)_a} <0 (expp,l {(m1 +¢) T“}) + 0 (expp,1 {r’“’})

+exp,_y {(T +e)rt} + (2k + 1) T(2r, f(2)).
It follows that

(1—-o0(1))exp, ; {r“P(F)_E} < (2k+1)T(2r, f(2)),
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that is, u,(f) > pp(F) — €. Since € > 0 is arbitrary, we get u,(f) > p,(F)

Proof of Theorem 4.1.4 Let f be a meromorphic solution of (3.4). By according
to (3.54) and Lemma 2.2.7, for any given £(> 0), there exists a subset E3 C (1, +00)
of finite logarithmic measure such that for all » ¢ E5, we have

T(r, Ap(z)) = m(r, Aip(2)) + N(r, Aip(z)) < Z Zm r, Aij(z Z (r, Aji(2))

1=0,i#l 7=0

3 m ( Z—:C“)))+ 3 m(r, %)m(n F(2))+m ( m)

=0 j=1 1=0,17#l

N(r, Ap(2)) Z ZT (r, Ay (2 Z (r, A;(2))

1=0,i7#l 7=0 j=1

FO (2 +¢) (T e - al + Jal, £)
+Z 1 ( —+(;))+ > 0( ; )

=0 j= 1=0,i#£l

1
f(z+a)

- £ Eraco a0 )

i=0,i£l j=0 j=1 i=0 j=1

+T(r,F(2))+T (7", ) + N(r, Ap(2)) + O(1)

+ Y 0( (r +|ei — a] + e, f))1+8>+T(r,F(Z))+2T(27”7 F)+N(r, An(2))+0(1)

1=0,i#£l Té
= zZ+¢;)
< 2 2 Tndste Z Atz +zgzl ( z+cz)>
+T(r, F(2)) 4 3(T (2r, f))* + N(r, Aip(2)) + O(1). (4.14)

(1) If pp(F) < pp(As) = p, then for any given € (0 < 2¢ < p — p,(F)) and sufficiently
large r, we have
T(r, F) <exp, ; {rpp el (4.15)

We suppose that a = max {p,(A4;;) : (4,5) # (1,0)} < pp(Ap) = p. Then, for any given
e (0 < 2e < u — «) and sufficiently large r, we have

T (r, Aw) > exp,_; {r"°} (4.16)

and
T (r, Aij) < exp, 4 {ra+6} , (1,7) # (1,0). (4.17)

It follows by the definition of A, < ) for any given ¢ (O <2e<p—A (ﬁ)) and
sufficiently large r, we obtain

N(r, Aw) < exp, ; {r%(mo)“} | (4.18)
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By using Lemma 3.2.2 and substituting the assumptions (4.15), (4.16), (4.17) and
(4.18) into (4.14), for any given ¢ (O < 2e < min {,u —a, =X ( ) L — pp(F)}>
and sufficiently large r ¢ E; U E3, we get

exp, 1 {777} < Z ZeXPp ety ZGXPp Ao+ S f)

1=0,i#£l j=0

t+exp,_y {1} 4 3(T(2r, £(2)) + exp, {7307} + 0 (1)

— O(exp,_; {r**})+exp,_, {1} exp, {130 T} 43 (T(2r, £(2)))*+5 (1, ).

So
(1—o(1)exp,_y {r" =} <3(T(2r, f(2)))* + O (log T(r, f) +logr),

that is p,(f) > p — €, since € > 0 arbitrary number, then p,(f) > 1 = p,(Aw).
Assume that

max {py(Ay) : (i, 1) # (L,0)} = py(Aw) = s,
71 = max {7,(4;) : pp(Aij) = pp(An), (i, ) # (1,0)} < Ip(Al(J) =T

Then, there exists aset I' C I x J\{({,0)} such that for (¢, j) € I, we have p,(A4;;) = n
with 7 = max{7, (4;;) : (i,7) € '} <7 (Aw) =7, and for (,5) € I x J\ (T U{((,0)})
we have p, (A;;) < p. Hence, for any given ¢ (O <e< 5 TI) and sufficiently large r,

we have
T (r, Aij) < exp, ({(m1 +e)r"}, (i,5) €T (4.19)

and
T (T7 Al]) < €XPp—1 {rﬂ—f} ’ (L]) €l x J\ (F U {(l7 0)}) : (420)
By the definition of lower p—type, for the above ¢ and sufficiently large r, we have
T (r, Aw) > exp, {(T—¢)r"}. (4.21)

By substituting the assumptions (4.15), (4.18), (4.19), (4.20) and (4.21) into (4.14),
for any given ¢ (0 < 2¢ < min {u Ap <Al0) = pp(F), T —7'1}) and sufficiently
large r ¢ E), U E3, we obtain

exp,_ {(T —&)r*} < O(exp,_; {(1 + &) r*}) + Olexp,_; {r"~°})

texp, {7 exp, ({00 48 (T@r () + S ().
S0
(1—o(1))exp, ; {(r—¢)r"} < 3(T(2r, f(z)))2 + O (logT(r, f) +1logr),
which implies p,(f) > p = p,(Aw)-
If pp(F) = pp(Aw) = p and 7,(F) < 7,(Ap) = 7, then for any given ¢ (0 < 2¢ <

T — 7,(F)) and sufficiently large r, we have

T(r, F) < exp,_y {(rp(F) + &) riwAo)} (4.22)
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We suppose that o = max{p,(A4;;) : (¢,7) # ([,0)} < pp(Ap) = p. We may choose
sufficiently small ¢ satisfying

1
0<25<min{u—>\p (A_) ,,u—a,T—Tp(F)},
10

by substituting the assumptions (4.17), (4.18), (4.21) and (4.22) into (4.14) for suffi-
ciently large r ¢ F; U E3, we obtain

€XPp-1 {(r—¢e)r} < O(exppfl {TOH_E})

1

+expy, {(7(F) +2) )+ exp, {<>} +3(T(2r f(2))+ S (1)
So
(1—o(1)) exp,_ {(r — &)} < 3(Tr, £(2)))° + O (log T(r, f) + log ).,

which implies p,(f) > 1,(Aw)-
Now, we suppose that

max {py(Aij) : (i,7) # (1,0)} = pp(Aw) = p,

71 = max {Tp(Aij) : pp(Aij) = :up(AlO)ﬂ (173) # (l7 0)} < Ip(AZO) =T

We may choose sufficiently small ¢ satisfying

1
0<2£<min{,u—)\p (A_) ,T—Tl,T—Tp(F>},
10

by substituting the assumptions (4.18) — (4.22) into (4.14) for sufficiently large r ¢
FE, U E3, we obtain

expy 1 {7 — €)1} < O (exp,y {(71 +)r*}) + O (exp, s {r*~})

rexp, 1 (P + 2} expy o GV s s+ s 0.
So
(1= o(1)exp, s {(7 &) "} <3(T(2r, (2)))* + O (log T(r, f) +logr)
which gives p,(f) > p,(Aw)-
If p,(F) = pp(Aw) = p and 7,(F) > 1,(Ap) = 7, then for any given ¢ (0 < 2¢ <
7,(F) — 7) and sufficiently large r, we have

T(r,F) > exp,_, {(z,(F) —¢) "} (4.23)

By Lemma 2.2.10, for the above ¢ there exists a subset E; with infinite logarithmic
measure such that for all » € F,, we have

T(r, Ap) < exp, ; {(7 +e)r"}. (4.24)
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First, we suppose that a = max{p,(A4;;) : (1,7) # ([,0)} < pp(Aw) = p. We may
choose sufficiently small € satisfying 0 < 2 < min {y — a, T, (F) — 7}, by substituting
(4.17), (4.23) and (4.24) into (3.60), for sufficiently large r € E,\ Es, we obtain

exp,_; {(7,(F) —¢) "} < O(exp,_; {r***}) + exp,_, {(T + )"}

O(T(2r, f(2)+ S (r, f).
So
(1—o(1)exp,  {(7,(F) —¢) "} <O(T(2r, f(2))) +o(T(r, f)),

which implies p,(f) > 1 = p,(Ajp)-
Now, we suppose that

max {p,(A;) : (i) # (1,0)} = 1p(Aw) = 1

71 = max {7,(Ay;) : pp(Ay) = 11p(Aw), (0, 7) # (I, 0)} < 1y(Aw) =7

We may choose sufficiently small € satisfying 0 < ¢ < L ", by substituting (4.19),
(4.20), (4.23) and (4.24) into (3.60) , for sufficiently large r € Ey\Eg, we obtain

exp, 1 {(T,(F) — &) "'} < Ofexp,_y {(1 +€)r'"}) + O (exp,_; {r"})

Texp,_y {(r + )} + O (T(2r, f(2)) + 0 (T(r. f)).

So
(1—o(1))exp,_y {(z,(F) —¢) "} < O(T(2r, f(2))) + o (T(r, f))

which implies p,(f) > p = p,(Aw)-
(ii) Next, we consider the case yu,(F) > p,(A;p) = p. Then, for any given ¢ (0 < 2e <
tp(F) — p) and sufficiently large r, we have

T(r,F) > exp, {rerF)=el (4.25)

By Lemma 2.2.9, for the above ¢, there exists a subset Fs5 with infinite logarithmic
measure such that for all » € E5, we have

T(r, Ap) < exp,_y {r"}. (4.26)

First, we suppose that a = max{p,(A4;;) : (1,7) # ([,0)} < pp(Aw) = p. We may
choose sufficiently small € satisfying 0 < 2e < p,(F') — p, by substituting (4.17),
(4.25) and (4.26) into (3.60) for sufficiently large r € F5\ Eg, we obtain

Pyt {77} < Olexp,_y {r**°}) +exp,_y {7} + O (T(2r, f(2)) +o(T(r, f)).

So
(1—o(1))exp, ; {r**" =} <O(T(2r, f(2))) + o (T(r, f)),

that is, p,(f) > pp(F) — €. Since € > 0 is arbitrary, we get p,(f) > p,(F).
Now, we suppose that

max {p,(Aij) : (4,5) # (1,0)} = pp(Ai) = p
71 = max {7,(4) : pp(Aij) = pp(An), (4,7) # (1,0)} <7,(Aw) =7
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Now, we may choose sufficiently small e satisfying 0 < 2¢ < p,(F') — 1, by substituting
(4.19), (4.20), (4.24) and (4.25) into (3.60) for sufficiently large r € E4\ Eg, we get

exp,_; {T“P(F } <0 (expp RIGER) r“}) +0 (epr 1 {r“ 5})

+exp, 1 {(T+e)r"} + O(T(2r, f(2))) +o(T(r, f)).
It follows that

(1 —o(1)) exp,; {rD =2} < O(T(2r, f(2))) +o(T(r, f)),

which implies p,(f) > p,(F') — €. Since € > 0 is arbitrary, we get p,(f) > p,(F'). The
proof of Theorem 4.1.4 is complete.

4.3 Examples

Example 4.3.1. (i) Consider the non-homogeneous difference equation with mero-
morphic coefficients

Ay (2) fz+2mi) + Ay (2) f(z +im) + Ao (2) f(2) = F(2). (4.27)
Case 1. po(F) < pua(A)). In (4.27), for

; — cosh(2z)+cosh(z)+z
Ag(z) = —z€*, Ai(z) = (2 +ime )

Ay (2) = (24 2im)e*, F(z) = —,
we have
A2 (21) =0<pus(Ay) =
max {pz (4;) (7 =0,2),p2(F)} =0 < pz (A1) =1
As we see, the conditions of Theorem 4.1.3 (i) are verified. The meromorphic function

6cosh(2z)+cosh(z)

f(z) =

z

is a solution of equation (4.27) and f satisfies
pe (f) =12 pa(A) =1
Case 2. py (F) = o (A)) and 7o(F) < 174(4;). In (4.27), for

. ; — cosh(2z)
Ay (Z) _ _zesln(;)-l—z, A, (Z) _ (Z + Z7T)€ ’

Ay (2) = (2 + 2i7r)esm(%)+z, F(2)= ,
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we have
1 .
() =0<mU) =1 max(pr(4) (=0, pa(F)} = (A1) = 1,
1
1 2
F)=—<—=1,(4).
72(F) p 7,(A1)
Thus, the conditions of Theorem 4.1.3 (i) are verified. The meromorphic function
6cosh(2z)+cosh(z)
f(Z) = f

is a solution of equation (4.27) and f satisfies
pa (f) =12 p2 (A1) =1.
Case 3. 5(F) = p2(A;) and 7,(F) > 175(A4;). In (4.27), for

. ; cosh(z)
Ao (Z) _ _Zesm(;)—kz’ A, (Z) _ (Z + 27'(')6 ’
z

. ecosh(Qz)
Ay (2) = (2 + 2im)en+2 P (2) = ,
z

we have

1
A2 (A_1) =0<pp(Ar) =1,

max {pz (4;) (j =0,2),p2 (F)} = p2 (A1) = 1,
2 1
F)=—=>—-=1,(A).
75 (F) p > p 75(A1)
Hence, the conditions of Theorem 4.1.8 (i) are verified. The meromorphic function

ecosh(22)+cosh(z)

f(z) =

z

is a solution of equation (4.27) and f satisfies
po (f) =12 pz (Ar) = 1.
(79) po(F) > pa(Ay). In (4.27), for

; cosh(y/z)
Ap(2) = —ze®, Ai(z) = (2 +ime ,

z

ecosh(ZZ) —cosh(z)+cosh(y/z)
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1
po(F) =1> py (Ar) = 5
Obuviously, the conditions of Theorem 4.1.3 (ii) are verified. The meromorphic function
6(:osh(?z)-‘,—cosh(z)
flo) =

is a solution of equation (4.27) and f satisfies

pe (f) =12 po (F)=1.

Example 4.3.2. (i) Consider the non-homogeneous differential-difference equation
with meromorphic coefficients

Case 1. p,(F) < p,(Ap). In (4.28), for

Ago (2) = 7 (tan(mz) — 1), Ay (2) = 7% (sin(272) — sin(7z) — cos(nz) — 1),

Agg (2) = m (cos(m2) — sin(m2)) (sec(rz) — e~ (cos(ma)Fsin(m=)))
Ajo (2) = w (sin(mz) — cos(nz)), F(z) =7 (sin(nz) — cos(nz)),
we have
Ao <AL20) =0 < pp (Ap) =1,
max {p2(F), p2 (Ai5) , (i,5) # (2,0)} = 0 < pi2 (Ag) = 1.
As we see, the conditions of Theorem 4.1.4 (i) are satisfied. The function

f(z) = eeosta)sin(r)
is a solution of equation (4.28) and f satisfies
p2(f) =12 p2 (Az) = 1.
Case 2. p, (F) = pp, (Aw) and 7,(F) < 1,(Ap). In (4.28), for
Ago (2) = tan(mz), Ay (2) = 72 (sin(272) — sin(72) — cos(mz) — 1),

Agg (2) = eos(F)meos(ma)=sin(m2) _ tan(nz),  Ayg (2) = 7 (sin(7z) — cos(wz)),

F(z) = &),

Ao (Aizo) =0 <pz(A) =1, max{py(Aj): (i,)) # (2,0)} =0 < pz (Ag) = 1,

p2 (F) = po (Ago) =1, m(F) = % < Ty(Ago) = 1.

Thus, the conditions of Theorem 4.1.4 (i) are verified. The function

f(Z) _ 6cos(7rz)-i—sin(7rz)
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is a solution of equation (4.28) and f satisfies

p2(f) =12 pa (A) = 1.

Case 3. 1p(F) = pp(Ap) and ,(F) > 1,(Ap). In (4.28), for
Ago (2) = tan(nz), Ay (2) = 72 (sin(27z) — sin(7z) — cos(mz) — 1) esm(i),

Ay (2) = e3(z) — tan(mz), A (2) = 7 (sin(mz) — cos(7z)) esm(i),

F (Z) _ ecos(ﬁ)—l—cos(wz)—i—sin(wz)

Y

we have

)\2 (ALZO) =0< [7%) (AQ()) = 1, max {02 (AZ]) ) (Zvj) 7é (270)} = M2 (AQO) = 1’

max {72 (Ai;) : p2 (Aij) = p2 (A2), (i,7) # (2,0)} = % < Ty(Ag) = %7

2m
1
po (F) = pa (Axg) =1, 15(F) =1> 75(Ay) = —
Hence, the conditions of Theorem 4.1.4 (i) are satisfied. The function

F(z) = eeostn)tsin(r2)
is a solution of equation (4.28) and f satisfies
p2 () =12 pa (Ag) = 1.
(i) 19(F) > iy Au). In (4.28) , for
Ago (2) = tan(mz), Ay (2) = 72 (sin(272) — sin(72) — cos(mz) — 1),

Agg (2) = V™) _tan(rz), Ay (2) = 7 (sin(nz) — cos(mz)),
F (Z) _ ecos(\/ﬁ)—i—cos(wz)—ﬁ—sin(ﬂz)

Y

we have
Ao <AL) =0 < pg (Ag) = %7 max {pz (Aj;) : (i,7) # (2,0)} = 0 < pz (Az0) = 5
20
pa(F) = 1> pip (Azo) = %

Obviously, the conditions of Theorem 4.1.4 (ii) are verified. The function

f(Z) _ ecos(7rz)+sin(7rz)

is a solution of equation (4.28) and f satisfies

p2(f) =12 pe (F)=1.

1

a7



Conclusion and perspectives

In this thesis, we were interested in the study of certain problems related to the order of
growth of complex functional equations, pointing out here that throughout this study,
we have adopted the theory of Nevanlinna on C, more precisely the first main theorem
of Nevanlinna, lemma of the logarithmic derivative, and the associated properties of
Nevanlinna characteristic of f(z+n)), where € C. Important estimates were obtained
in chapters two and three concerning the lower bound of the order and also of the lower
order of growth of higher order linear difference equations, and differential-difference
equations with entire or meromorphic coefficients in the complex plane.
In the last chapter, we generalized some of our results obtained in the two previous
chapters, where we used the concept of p-iterated order instead of the usual growth.
Finally, we think that this work constitutes a contribution in this field of research,
and the problem of extensions and generalization remains open under the following
natural questions :

Q1 : Can we generalize the results of this thesis, when we use the concept
[p, q]—order or more general [p, q] — ¢?

Q2 : Can we extend the present results analogously to the unit disk?
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