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Abstract

This thesis is devoted to the study of the growth and oscillation of solutions to
certain classes of linear differential equations whose coefficients are analytic in the
closed complex plane except a finite singular point. For that, we use the Nevanlinna
theory with an adapted notions by a conformal mapping. We point out that there
are several similarities between the results of the complex plane and the results ob-
tained in this work.

Key words : Linear differential equation, finite singular point, growth of solu-
tions, exponent of convergence, Nevanlinna theory, order of growth, type of growth,
oscillation, entire function, meromorphic function, analytic function.
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Résumé

Cette these est consacré a 1’étude de la croissance et 1'oscillation des solutions
de certaines classes d’équations différentielles linéaires dont les coefficients sont des
fonctions analytiques dans le plan complexe fermé privé d'un point singulier fini.
Pour cela, nous utilisons la théorie de Nevanlinna avec des notions adaptées par une
tranformation conforme. Nous soulignons qu'’ils existent plusieurs similitudes entre
les résultats du plan complexe et les résultats obtenus dans ce travail.

Mots clés: Equations différentielles linéaires, point singulier fini, croissance des
solutions, exposant de convergence, théorie de Nevanlinna, ordre de croissance, type
de croissance, oscillation, fonction entiere, fonction méromorphe, fonction analytique
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Introduction

Since 1925, the year when R. Nevanlinna published the results of his work on the
theory of the distribution of the values of meromorphic functions, researchers have
not ceased to publish in the same thematic and several problems have been studied
and resolved. Close links with other fields are highlighted, in particular with the
analytical theory of differential equations. Nevanlinna theory is an essential tool in
the study of the properties of solutions of complex differential equations notably the
growth and oscillation of solutions. For an introduction to the theory of differential
equations in the complex plane with the theory of Nevanlinna see [49, b5]. Active
research in this field was launched by H. Wittich and his students in the 1950s
and 1960s. One of the important results due to Wittich concerning the growth of
solutions of the linear differential equation

FO L A () f" D4+ A (2) f 4+ Ay (2) f=0, (0.0.1)

is as follows: The coefficients Ag,..., Ax_1 are polynomials if and only if all the
solutions of the previous equation are entire functions of finite order of growth.
Mr. Frei extended the above result, assuming that A;, the last coefficient which
is transcendent while all the coefficients A;q,..., Ay—1 are polynomials, and he
demonstrated that the equation has at most j linearly independent solutions of
finite order.

In 1982, the theory of complex oscillation of solutions of linear differential
equations in the complex plane C was first introduced by Bank and Laine [2]; they
studied the oscillation of differential equations of the form f* + Af = 0 where A is
an entire function, then in 1983, they studied the zeros of meromorphic solutions of
second order linear differential equations.

The importance of this theory has inspired many authors to find modifications
and generalizations to different domains. Extensions of Nevanlinna Theory to annuli
have been made by [8, U5, 46, 47, b3]. Recently in [25, B3], Fettouch and Hamouda
investigated the growth of solutions of certain linear differential equations near a
finite singular point by using an adapted definitions and properties of Nevanlinna
theory by introducing a conformal mapping. In this work, we continue this investi-
gation to study the behavior of solutions near a finite singular point to other types
of linear differential equations.



This thesis contains an introduction and five chapters. In the first chapter,
we will cite some notations, definitions and results that we need in our work. In the
second chapter, we investigate the growth of solutions of the differential equation

f”—i—A(z)exp{ﬁ}f’%—B(z)exp{L}f:(), (0.0.2)

(20 — 2)"
where A(z) and B(z) are analytic functions in the closed complex plane except at
2o and a, b are complex constants such that ab # 0 and a = ¢b (¢ > 1). Another
case has been studied for higher order linear differential equations with analytic

coefficients having the same order near a finite singular point. In the third chapter,
we will study the growth of solutions of the differential equation

4+ Ay (2) exp{ak—ln}f(k_l) + ot Ao (2) exp{L} f=0,

(20 — 2) (20 — 2)"
where A;(z) are analytic functions in the closed complex plane except at 2z of order
near 2o less than n and a; (j = 0,...,k — 1) are distinct complex numbers. In

the fourth chapter, firstly we will prove that all non trivial solutions are of infinite
order when Ay(z) dominates the other coefficients on a curve near the singular
point zy. In the other hand, we study the existence of a finite order solution in
the case when a coefficient Ay(z),s # 0 dominates the others in a sector near z.
In the last chapter, we investigate the exponent of convergence of f® — ¢ where
f # 0 is a solution to certain class of linear differential equations with analytic and
meromorphic coefficients in the closed complex plane except a finite singular point
and ¢ is a small function of f.



Chapter 1

Preliminaries

1.1 Some elements of the theory of R. Nevanlinna

1.1.1 Jensen’s formula

Theorem 1.1.1 /37, 49] Let f be a meromorphic function such that f (0) # 0,00
and let ay, as, ... (resp. by, be, ...) denote its zeros (resp. poles), each taken into

account according to its multiplicity. Then

L[ i r r
g £0)) = 5= [ tomf(re) i+ 3 tog i~ 3 og 1

|bj|<r lai|<r

Definition 1.1.1 For any real number x > 0, we define log™ x by
log™ r = max {0, logz}.
The properties of the truncated logarithm are contained in the following lemma.

Lemma 1.1.1 [49] Let «, 5, «; strictly positive real numbers. So we have
a) loga <log"a,

) logha<log" B fora <,

)

+1
) llog a :10g+04+10g+§,
)

(=

loga = logt o — log

QO

o’
n n

log*(JTaw) < 3 log™ au,
i=1

=1

™

f) log™ (Z@i) < S log" a; +logn,
i=1 i=1



Definition 1.1.2 /37, /9] Let f be a meromorphic function, not being identically
equal to a € C. Let i(z,a,f) denotes the multiplicity of an a -point of [ at z.
Then we define

n(r,a, f) _n(r,ﬁ) = i(za,f),

|2|<r
f(z)=a

i.e, n(r,a, f) counts the number of the roots of f(z) = a in |z| < r, each root

according to its multiplicity. for the poles of f, we define similarly

n(r,00, f) =n(r,f) = 5 i(z,00,f).
|2l <r
F(z)=c0

1.1.2 Counting function

Definition 1.1.3 [37, /9] For a meromorphic function f, we define

N (r,a, f) :N(T’—fia) :/Orn(t’a’f);n(o’a’f)dthn(O,a,f)logr

for a # oo and

"n(t,00, f) —n (0,00, f)

; dt +n (0,00, f)logr

N(oe ) =N = |

N(r,a, f) is called the counting function or the function a-points of f in the disc
|z| <.

1.1.3 Proximity function

Definition 1.1.4 [37, /9] For a meromorphic function f, we define

1 1 2m
m(r,a,f):m(r,f_a> :%/0 log™

1 [ 4
mr.oo.f) = mrf) = 3= [ 1og?|f (1) d,

dy, a # oo

and

m (r,a, f) is called the proximity function of the function f at point a.

4



1.1.4 Characteristic function

Definition 1.1.5 [/2] The characteristic function of a meromorphic function f will
be defined as

T(r,f)=N(rf)+m(r[).

Example 1.1.1 For the function f(z) = e* (a € C*) , we have m (r, ) = ﬂ,
T
a
Nrf)=0,s0 T(r.p)="4"

Lemma 1.1.2 [49] Let f, f1, ..., fn be meromorphic functions and a,b,c,d € C such
that ad — bec # 0. Then

A m <r, znjl fl-) < izn:lm(r, £) + logn
(B) m(nﬁﬁ)simmﬁ>

n

©  N(nEh) < ENG

=1 i=

—_

n

) N (nILH) £ EN0)

(E) T (r, ilfz) < iT(r, fi)+logn  forn>1
(F) T ( 1:[1f) <ST(f) forn=1
(G) T (r, _”) =nT (_7", ), pour (n € N¥)

(H) T(r, gﬁg) =T (r,f)+0(1), fgé—g.

Proof. We will prove only some properties.

(E) We have
(8 - (£ (2]
< Zm fi) +logn+ZN r, f;)
- ZT(r,fi)+logn.
(F) We have i

m (nHﬁ) < Zm(r, £:)

5



and . .
N<T7Hfz> SZN(T7fz>
=1 =1

therefore

T(r,ﬁfz) :m<7’;ﬁfi> +N<7’7ﬁfi> SiT(Tafi)-

i=1
(G) We have | 7] = |f|" <14 |f] <1
If |f| <1, s0

T(r,f")=N(r, ") =nN(rf).
If |f] > 1, so

T(r f*) = m(r, f*)+N(r, f")
= nm(r,f)+nN(r,f)=nT(r, f).

(H) Set fo= £, fi = fo+ 5. fo = chis fo =

J:
fa= be - adf& fs=ri+ %, if ¢ #0,T(r, fisr) =T(r, fr) + O (1).

Hence the result.

Proposition 1.1.1 /37, 49] Let f be a meromorphic function with the development

of Laurent expansion
f(Z):ZCiZi7 Cm#ou mEZ,
at the origin. Then

2
log ] = %/0 log | (re™®)| d8 + N (r, f) — N (T, l) |

1.1.5 First fundamental theorem of R. Nevanlinna

Theorem 1.1.2 /37, /9] Let f be a meromorphic function , a € C and

f(z)—a= ', em#0, meZ,
be the Laurent expansion of f — a at the origin. Then ,
1

):T(r,f)—log|cm|—|—g0(r,a),

where

o (r,a)] <log™ |a| + log 2.

6



Proof. Assume first a = 0. By Lemma n (¢) and Proposition , we obtain

loglen| = —/ log™ |f (re’ \dQ——/ log™ | 7= )d0+N( ) - N(r,%)
wenen(s2) exn- v (1)
= 1) -7 (n5).

therefore

T(r, %) — T f) —logon| | (1.1.1)

with ¢ (r,0) = 0.
Proceeding now to the general case a # 0. we define h = f — a. Then

N(r,%) :N(r,L), N (r,h) =N (r,f —a)=N(r,f),

f—a
and
1 1
mlr,—)=m|r .
7h 7f_a
Moreover,
log" [h] = log"|f —a| <log"|f| +log" |a| + log2.
log"|f] = log"|f —a+a|=log" |h+al

< log" |h| +log™ |a| + log 2.
By integrating the two members from 0 to 27 ,we find

< m(r, f) +log" |a|] +log2,
m(r,f) < m(r,h)+log" |a| +log2,
Set
o (r,a) =m(r,h) —m(r, [),
Then
lo (r,a)] <In"|al + In2.

Applying () for h we obtain
1
- N(r =
() = (r3)

1
h
(r,h) — log|cm|
(ryh) + N (r,h) —log |cm|
(r, f) + @ (r,a) + N (r, ) = log |cm]
(r, [) —logem| + ¢ (r,a).

I
N3 3 3 3

7



So
1

f—a

T(r,a, f) =T(r, ) =T(r, f) —loglem| + ¢ (r,a),

where
o (r,a)| < log™ |a| + log 2.

Remark 1.1.1 The first main theorem may be expressed as:

1

T(r, a

)=T(r, f) +0(1)

for all a € C.

1.1.6 The growth of a meromorphic and entire function in
the complex plane

Definition 1.1.6 [37, 49] Let f be an entire function. Then the order and the

hyper-order of f are defined respectively by

log log M
o (f) = limsup oglog M (r f)
r—s+00 IOgT

and

Y

log log log M
o (f) = lim sup 28108108 (. f)
r—s+o00 IOgT
where M(r, ) = r‘n|axf(z). If f is a meromorphic function, then the order and the

hyper-order of f are defined respectively by
logT
o (f) = limsup 2L S)
r—>—+00 IOgr

and

loglog T
oy (f) = lim sup 28108 L (12 /)
r—r+00 IOgT

I

where T (r, f) is the characteristic function of f.

Definition 1.1.7 [37, 49/ Let f be a meromorphic function , we define the n-iterated
order of f by

| T
on (f) =lim sup—og” (r, f)
P00 logr

and if f is an entire function , we define the n-iterated order of f by

1 M
o, (f) — lim sup Ogn+l <T7 f) )
r——400 log T

Y

where log, ., (v) = loglog, (x) (n > 1 is an integer)

8



Theorem 1.1.3 /@] Suppose h(z) is a non-constant entire function and f(z) =
e"?) . Then

a2(f) = a(h).
Example 1.1.2 /@] Let f(z) = exp {S"\l}[} Put
PRI Z G
@2n+1)! — (2n+ 1)1
Since
hmsup\/|a_n = limsup {' ( Dl ' lim sup (;)n =0,
n—st00 oo \| | (20 + 1)1 notoo \ (24 1)!
then h is an entire function. Then by Theorem , we have
o2(f) = o (h).
Let us calculate o (h). We have
sin \/z X (=1)"
1) = e || = e 3

_ |sin (£iv/T)

_ sinh/r
+ivr | ’

\/F

_sinhyr eV —e V" eV’

(r;h) NG 2\ 2\/r (r = +00)
Then
oglog
loglog M (r, h
o (h) = limsup oglog M (r,h) = lim sup 2\/F
00 logr r—+00 logr
log (2\/?)>
log \/T (1 -
1 —log (2
= lim sup og (V7 — log (2v/7)) = lim sup vr
r——+o00 10g r r—-+oo log r
1 log (2
. 2 T 1
= lim sup =
400 logr 2
and

oa(f) = olh) = 5.



Remark 1.1.2 If f is of finite order, then the hyper order of this function is zero.

Lemma 1.1.3 [49] If f is a non-constant meromorphic function in C, then o(f*) =

a(f).

Definition 1.1.8 [39, 51/ Let f be a meromorphic function in the complex plane of
order o(f) =0 (0 <o < 00). We define the type of f by

7(f) = limsupT<r’ f)

r—>+00 re

If f is an entire function of order op (f) = op (0 < oy < 0), we define the type

b
S log M (r, f)

Tr (f) = limsup g

r—>+00

Remark 1.1.3 In general 7 (f) does not equal Ty (f), as the following example

shows.

Example 1.1.3 For f (z) = exp{z}, we have T (r, f) = £ and M (r, f) = exp {r} .
Therefore 7 (f) = = and 7 (f) = 1.

1.1.7 Exponent of convergence of zeros of a meromorphic
function

Definition 1.1.9 [50, 155, 56] Let f be a meromorphic function. We define the

exponent of convergence of zeros of the function f by

A(f) =lim :supM

r—>+00 1Og r

and the exponent of convergence of distinct zeros of the function f by

_ log N (r, %)
A(f) =limsup——————=
r—stoo  logr
where
/o rﬁ<t,%>—ﬁ(0,%) 1
N{(r = :/ dt—{—ﬁ(o,—) log r,
( f) 0 t f

n (t, %) denotes the number of distinct zeros of the function f located in the disc
2] < t.

10



Similarly, we define the n-iterative exponent of convergence of zeros of the func-
tion f by

An (f) =lim supM

9
3400 logr

and distinct zeros by

Ao (f) = lim SUPM.

r—s+00 logr
Example 1.1.4 Let f (2) =¢e* —a, a # 0, 0.
We have ¢ = a < z=1Ina =In|a| +i(arga + 2k7), k € Z

2] < t= \/(ln la|)® + (arga + 2km)* < t

—\/t? — (Ina)® —arga 2 — (Ina)® — arga
N 5 k<
7r

2T

1 2 —(Ina)®
= n(t, o)~~~ o 40
f T

IN

1.2 Linear and logarithmic measure

Definition 1.2.1 [37, 9] The linear measure of a set E C [0,+00) is defined by

+o0
m(F) = /o X (t)dt,

where xg (t) is the characteristic function of the set E and the logarithmic measure

of a set F' C [1,400) is defined by
+o00 t
Im (F) = / xe ) gy
1

t
Example 1.2.1 The linear measure of the set E = [2;e] C [0; 400 is

m(E):/O+OOXE(t)dt:/26dt:e—2.

The logarithmic measure of the set F = [1;e*] C [1;+o0] is

+o0o et
Im (F) :/ XF(t)dt:/ a_y
1 1t

t

11



Lemma 1.2.1 [37] Let f be a transcendental meromorphic function and k > 1 be

an integer. Then

- ( §> — 0log (T (r. £))

and if f is of finite order, then

m (7‘, ?) = O (logr).

1.3 Maximum term and Central index
+oo
Definition 1.3.1 /38, 9] Let f(z) = >_ a,z™ be an entire function. It is clear
n=0
+00

that if for all r > 0, the series > a,z" converges, then for all given r > 0:

n=0

lim |a,|r" =0,
n—oo

and the maximum term
plr) = plr, f) = maxfa,|r
is well defined.
Definition 1.3.2 /3§, 49] We define the central index by

V(r) =V(r, f) = maxim : |am|r™ = p(r, f)}

Example 1.3.1 1. Let p(2) = 42" + an_ 12" ' + ... + ag, a, # 0 be a polynomial.

For r sufficiently large, we have
p(r; p) = lan| ",

and consequently
V() = Virp) =n.

+oo
2. Let f(2) = e*. The Taylor expansion of f is f(z) = >, %z" Set a, = % we
n=0
have
n 1 n
plr) = plr, f) = max|ay| r" = max_r".

12



Set u, = |a,|r" = %7’”. Let’s study the monotony of the sequence u,,. we have

Un+1 o r

Up, n+1

So u, is decreasing if % < 1, that is to say n > [r] — 1, where the hook [r]
designates the entire part of r. the sequence (uy,) is increasing if “Z—:l > 1, that is to

say n < [r] — 1, hence

uir, f) = ﬁrw,

and consequently

1.4 Wiman-Valiron theorem

We recall the Wiman-Valiron theorem of entire functions.

Theorem 1.4.1 /38, 9] Let f be an entire transcendental function. Then there
erists a set E C (1,400) that has finite logarithmic measure, such that for all
7 =0,1,... we have .
j
B
as T — oo, r & E, where z. is a point on the circle |z| = r that satisfies |f (z.)| =
M (r, f) =max |f (2)], 0 < r < +o0.

|z|=r

V<r>>j’

Zr

1.5 The growth and distribution of the values of
an analytic and meromorphic function near an

isolated finite singular point

Definition 1.5.1 [2]] Let f be a meromorphic function in C\ {20} where z, € C,
we define the counting function near zy by

r

Ny () = - [HEDERE D oo, g,

[e. 9]

wheren (t, f) counts the number of poles of f (z) in the region {z € C : t < |z — 2| }U

{o0} each pole according to its multiplicity

13



Definition 1.5.2 [25] Let f be a meromorphic function in C\ {z} where z, € C,

we define the proximity function near zg by

2

mey () = 5 [ 108" | (20 = re9)] dy.

0
Definition 1.5.3 [2]] Let f be a meromorphic function in C\ {2} where z, € C.
We define the characteristic function near zy by
Ty (ry f) = Ny (1, f) +m (r, f) -
Definition 1.5.4 [2]] Let f be an analytic function in C\ {z}. Then the order and
the hyper-order of f near zo are defined respectively by
log" log™ M, (r, f)

om (f,20) = limsup

r—0 —logr ’
. lo + lo + lo + Mz r,
oom (fi20) = llmjélp g 108 —E)gr o ( f)7

where M, (r, f) = max{|f (z)| : |z — 20| =7}. If f is a meromorphic function in
C\ {20}, then the order and the hyper-order of f are defined by

log™ T, (r, f)

or(f,z0) = limsup 1

r—0 —logr

i log™ log™ T, (r,
oor (f,20) = hmj(l)lp g _glog;j ( f)

Definition 1.5.5 (2] Let f be a meromorphic function in C\ {2} of finite order
(0 < or(f,20) =0 < 00), we define the type of f near zy by

TT (fa ZO) = lim SuprUTzo (T7 f) .

r—0

If f(2) is analytic in C\ {20} of finite order (0 < oy (f,20) = 0 < 00), we define

the type of f by
™ (f> ZO) = lim SupTU 10g+ Mzo (T’, f) :

r—0

Definition 1.5.6 [22] Let f be a meromorphic function in C\ {2}, we define the

n-iterated order of f near zy by

logt T,
On,T (f,20) = lim supOgn—o(va)
r—0 — logr
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If f (2) is analytic in C\ {20}, we define the n-iterated order of f near zy by

logh. | M, (r,
on (f, 20) = limsup 0811 Mz (r f)

where log,; (x) =log" log! () (n >1 is an integer)

Remark 1.5.1 It is shown in [25] that if f is a non constant meromorphic function

in C\ {2} and g (w) = f (20 — 1) then g (w) is a meromorphic in C and we have

m<R7g) = My, (T7f)7 T(Rag) :TZO (Taf)>

where |{w| = R = %, therefore o (f,z0) = o (g) . Also, if f(2) is analytic in C\ {z},
then g (w) is entire and thus or (f,z0) = om (f, 20) and in general on1 (f,20) =
o (f,20) n > 1. So, we can use the notation o, (f, zy) without any ambiguity. But

concerning the type, as in the complex plane, Tr (f, zo) does not equal to Tps (f, 20) -

(_;n}, where n € N*, we have
20—2)

M., (r, f) =exp{L}, then on (f,20) =n and 7y (f, 20) = 1. In the other side, we

1
have Ty, (r, f) = my, (r, ) = #, so or (f,z0) =n and 77 (f,20) = —.
T

Example 1.5.1 For the function f(z) = exp{

Definition 1.5.7 [22] Let f be a meromorphic function. We define the exponent of

convergence of zeros of the function f near zy by

log N, <r, %)
A(f, z0) = limsup————=
r—0 —logr

O CE Ty GO R P o P

t

where

o0

n (t, %) denotes the number of poles of f in the region {z € C:t < |z — 29|} U {0}

and the exponent of convergence of distinct zeros of the function f near zy by

_ log NZO (7", %)
X (f, z) = limsup————22
r—s0 —logr

N., (T,l> = —/Tﬁ(t’ %> —ﬁ<00,%> dt—ﬁ(oo,%) log,

[ /

where

o0
n (t, %) denotes the number of distinct poles of f in the region {z € C : t < |z — z|}U

{o0}.
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Similarly, we define the n-iterated exponent of convergence of zeros of the func-

tion f near zy by
log, N, (r, %)
>\n (f7 ZO) = lim sSup

r—s40 —logr

and the n-iterated exponent of convergence of distinct zeros by

— logn NZO (T’ %)
An (f) = limsup :
r—0 —logr

Definition 1.5.8 [24] The linear measure of a set E C (0, 00) is defined as [;° xp (t) dt
and the logarithmic measure of E is defined by fl Xe® gt where XE (1) is the char-

acteristic function of the set E.

Definition 1.5.9 [33] Let f (z) = Z Uy = (Z = be an analytic function in C\ {20}

Then for all given |z — zo| = r > 0;

1
lim |an| — =0,
n—oo
and the mazimum term
= ur, ) = max ]
,LL(T) = QT f Izlg(})( Qn| —

is well defined and we define the central index of f(z) b

1
Val) = Vil £) = e {m s ol 2 = i)}
Theorem 1.5.1 [33] Let f be non-constant analytic function in C\ {z0}. Then, there
exists a set B C (0,1) that has finite logarithmic measure, that is fol XET(”dt < 00,
such that for all 7 = 0,1, ... we have

f9 (z) (Vzo (r) )j
= (1+o(1) (222 |
e (I+0(1)) p—
as v — 0, r ¢ E, where z. is a point on the circle |zg — z| = r that satisfies

£ G)l = M () = max |7 (2)].

16



Chapter 2

Growth of solutions of a class of
linear differential equations near a

singular point

2.1 Introduction and results

The linear differential equation
f"+AR) e f +B(2)e*f =0, (2.1.1)

where A (z) and B (z) are entire functions, was investigated by many authors; see
for example([[l], 12, [15, B0, 48]. In [48], Kwon proved that if ab # 0 and arga # argb
or a = ¢b with 0 < ¢ < 1, then every solution f (z) # 0 of () is of infinite order;
after, Chen completed the case ¢ > 1 in [12]. In 2012, Hamouda proved results in
the unit disc concerning the differential equation
a b

Frr AR e =2 L B)elzo—2)"f =, (2.1.2)
where 1 > 0 and arga # argb or a = ¢b (0 < ¢ < 1), see [B4]. After that, Fettouch
and Hamouda proved the following two results.

Theorem 2.1.1 [25] Let zo, a,b be complex constants such that arga # argb or a =
cb (0 < ¢ < 1) andn be a positive integer. Let A(z), B (z) # 0 be analytic functions
in C\ {2} with max {o (A, z),0(B,2)} < n. Then every solution f (z) # 0 of the

differential equation

f”+A(z>exp{ﬁ}f’w(z)ew{ﬁ}f 0,
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satisfies o (f, z9) = 0o, with o9 (f, z0) = n.

Theorem 2.1.2 [25] Let Ay (2), Ay (2), ..., Ar_1 (2) be analytic functions in C\{z}
satisfying max{o (A;,20) : j # 0} < 0 (Ao, 20). Then, every solution f(z) #Z 0 of

the differential equation
FO 4 A () fP V4 L+ A (2) f + A (2) f=0. (2.1.3)

satisfies o (f, z9) = 0o, with o5 (f, z0) = o (Ag, 20) -

In this chapter, we will investigate the case ¢ > 1 to complete the remaining case
in Theorem P.1.1}, in the following two results.

Theorem 2.1.3 [20] Let n € N\ {0}, A(2) #0, B(z) # 0 be analytic functions in
C\ {20} such that max{c (A, z),0 (B, 2)} < n. Let a,b be complex constants such
that ab # 0 and a = ¢b, ¢ > 1. Then every solution f(z) #Z 0 of the differential

equation
1" a / —b =
reager{ Lo lrep@en{ talr-o @l
that is analytic in C\ {2} satisfies o (f, z) = oc.

Theorem 2.1.4 [20] Let n € N\ {0}, A(2) #0, B(2) # 0 be polynomials. Let a,b
be complex constants such that a = cb, ¢ > 1. Then every solution f(z) # 0 of the

differential equation

o)l () o

that is analytic in C\ {2} satisfies o (f, z) = oo, with oo (f, z) = n.

In the following result, we will improve Theorem by studying the case when
max {0 (A;,20) : j # 0} <o (Ao, 20).

Theorem 2.1.5 [20] Let Ao (z) £ 0, Ay (2),..., Ax_1(2) be analytic functions in
C\ {2z} satisfying the following conditions

i) 0 < o(Aj,20) <0(Ag,20) <o00,j=1,....k—1;

i) max{Ta (A4;,20) : 0 (A;, 20) = (Ao, 20)} < Tar (Ao, 20)-

Then, every solution f(z) # 0 of ) that is analytic in C \ {2z} , satisfies
o (f,z0) = oo, with o (f, 20) = o (Ao, 20) -

18



Remark 2.1.1 [f we replace T by Tr in the condition ii) in Theorem we get

the same result.

We can find the analogous_of Theorem in the complex plane and in the
unit disc in ([p9, Theorem 1], [85, Theorem 3]).

We signal here that when the coefficients Ay (2) # 0,A4;(2),..., A1 (2) are
analytic functions in C \ {2}, it may happen that the solution f of (2.1.3) is not
analytic in C\ {2}. For example, f () = z is a solution of the differential equation

reeo{thr oo {thr-o (21.6)

where the coefficients of () are analytic in C\ {0}, but the solution f (z) = z is
not analytic in C\ {0} . That’s why we wrote in our results (every solution f (z) # 0
of (@), that is analytic in C\ {20} ,...). So, it is a priori assumed that f is analytic
in Theorem and Theorem P.1.2. It is similar to the case when the coefficients
are meromorphic in C, it is well known that the solutions of (R.1.3) may be non
meromorphic in C.

2.2 Preliminary lemmas

To prove these results we need the following lemmas.

Lemma 2.2.1 [25] Let A(z) # 0 be analytic function in C\ {2}, with o (A, z) <

n , n is a positive integer. Set g (z) = A (z)exp where a = a+ 15 # 0

a
, (20— 2)"
is complex number, zy — z = re"?, d,(p) = acos(ny) + Bsin(ny), and H =
{p €10,27) : 8, (p) = 0}, (obviously, H is of linear measure zero). Then for any
given € > 0 and for any ¢ € [0,27)\ H, there exists ro > 0 such that for 0 < r < ro,

we have
(i) if 04 (p) > 0, then

sp{1-26 ) L bl sen{aran@ ) @2

(i) if 04 (p) < O, then

{1490 L <hlsew{i-260) 5} @22

pr

Lemma 2.2.2 /25 Let f be a non constant meromorphic function in C\ {z} . Let

a >0, e>0 be given real constants and 7 € N. Then
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i) there exists a set Ey C (0,1) that has finite logarithmic measure and a constant

A > 0 that depends on o and j such that for all r = |z — 2| satisfying r € (0,1)\ E4
9 )
f(z

o

it) there exists a set Ey C [0,2m) that has a linear measure zero and a constant A > 0

we have A
j

<A [%T (ar, )log T, (ar, f) (2.2.3)

that depends on o and j such that for all 6 € [0,27)\Ey there ezists a constant
ro = 10 (0) > 0 such that ) holds for all z satisfying arg (z — zy) € [0,27) \ Eq

and r = |z — 2| < 1.

Lemma 2.2.3 [33] Let f be a non-constant meromorphic function in C\ {z} of
finite order o (f,z9) < oo. Let € > 0 be a given constant. Then there exists a
set By C (0,1) that has finite logarithmic measure such that for all r = |z — 2| €
(0,1) \E,, we have

(ke N). (2.2.4)

' ¥ ()
f(2)

= Jk(otD)te’

Lemma 2.2.4 [22] Let f (2) be a non constant meromorphic function in C\ {z} .
Then

O-(f(j)az()) :U(f7Z0)7 JGN

Proof. It is sufficient to prove that o (f’,20) = o (f,z20). By Remark [L.5.1]
g(w) = f (20— %) is meromorphic in C and o (g9) = o (f,2). It is well known
that for a meromorphic function in C we have o (¢') = o (g), (see [60], [b7]). We
have f'(z) = &3¢  (w). Set h(w) = ¢’ (w). Obviously, we have o (h) = o (¢'). In

w?

the other hand, by Remark [L.5.1], we have o (h) = o (f’, z9) . So, we conclude that
O_(f/720) = 0(f7Z0)'

Lemma 2.2.5 [20] Let f be a non constant analytic function in C\ {2} and
suppose that |f("’) (z)| is unbounded on some ray arg (zo — z) = 6. Then there exists
an infinite sequence of points zm = 2o —rme®, m = 1,2, ..., where r,, — 0, such that

f®) (2,,) = o0 and

<M, M>0 j=0,1,. k—1. (2.2.5)

‘f(j) (Zm)
f® (2m)

Proof. Let M (r, 0, f(k)) denotes the maximum modulus of f*) () on the line

segment [zo —rie? 2 — rew] . Clearly, we may construct a sequence of points z,, =
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20— rme®, m > 1, r,, — 0, such that M (T,H, f(k)) = ‘f(k) (zm)‘ — 00. For each m,
by (k — j)-fold iteration integration along the line segment [z1, 2,,,| we have

fOm) = 9 () + f9 (1) (20 — 21)
1

I N T( ki1
+..+ (k—j—l)!f (z1) (2 — 21)
Zm Yy
+/.../f(k) (x) dzdy...dt,

and by an elementary triangle inequality estimate we obtain

[f9 )| < [F9 G+ 19 )] (zm = 21)]

1 k- k—j—1
et 5T | FED ()| |z — 21) "
1

(k — j)! |f(k) (zm) | | (2m = 2)[7 (2.2.6)

From (R.2.6) and taking account that when m — oo, f® (z,,) — 00, 2, — 20, We
obtain:
9 (2m)

_|_

GO (M > 0)
Lemma 2.2.6 [20] Let f be a non constant analytic function in C\ {20} of finite
order o (f,zy) = o > 0 and a finite type Ty (f,20) = 7 > 0. Then for any given
0 < B < 7 there exists a set F' C (0,1) of infinite logarithmic measure such that for
all r € F we have
log M., (1, f) > é

TO'

Proof. By the definition of 7/ (f, 29) , there exists a decreasing sequence {r,, } —
0 satisfying miﬂrm > a1 and

lim r? log M., (1, f) = T.

m—o0

Then there exists mg such that for all m > my and for a given £ > 0 we have

T —¢£

log M, (1m, f) > (2.2.7)

log
rm

There exists my such that for all m > m, and for a given 0 < ¢ < 7 — 3, we have

( m )J>TB . (2.2.8)

m+1 — €
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By () and (), for all m > mgy = max {mg, m;} and for any r € [miﬂrm, rm},

we have
log M., (r, f) > log My, (rm, f) > —— > 7S (™ A
og M., (r, og M, (T, —.
& Mo & M=o re ro m+1 ro
Set F'= J [miﬂrm,rm} . Then we have
m=msy
> T dt m+1
O B
m=mz_m” m>mo
m+1"m

Lemma 2.2.7 [20] Let f be a non constant analytic function in C\ {z0} of infinite
order with the hyper-order oo (f, z0) = o and let V., () be the central index of f (see

[33]). Then
log* log™ V., (r)

lim sup =o0. (2.2.9)
r—0 —logr
Proof. Set g (w) = f (20— 1) . Then g (w) is an entire function of infinite order
with the hyper- order o)) (g) oy (f.20) = 0, and if V (R) denotes the central index
of g, then V,, (r) = (T) From [18, Lemma 2], we have
log* log™ V (R
lim sup 28108 V.(R) _ (2.2.10)
R—+o00 10g R

Substituting R by * in (), we get ()

Lemma 2.2.8 [20] Let A;(z), j = 0,...k — 1, be analytic functions in C\ {z}
such that o (A, z0) < o < oo. If f is a solution of

fO LA )Y AR+ A(2)f=0, (2.2.11)
that is analytic in C\ {20}, then oo (f, 2) < a.

Proof. For any given ¢ > 0, there exists ry > 0 such that for 0 < r = |z — z| <
ro, we have

1
|A; (2)| < exp {rm—e} . (2.2.12)
By the Wiman-Valiron near a finite singular point (see [33]), we have
f9 () (Vzo (r) >j :
—A+on (VL) =0, k-1, 2.2.13
oy (22) 2213
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where V., (1) is the central index of f and |f (2,)| = M (r, f) = max |f (z)|. From

|z0—z|=r

(), we can write

f(k) f(k—l) /

| < |Ap1 (2)] ‘ 7 + ...+ |41 (2)] 7 + |4 (2)] - (2.2.14)
Substituting (2.2.19) and (£.2.13) into (£.2.14), we obtain

(Vao ()" L (Ve ()™
1+ o) Vel <o f L Tl o),
and so .
Vi (1) < k:rexp{ra+g} |14+ 0(1)]. (2.2.15)

By () and Lemma , we get

02 (f, Zo) S .

Lemma 2.2.9 [33] Let P (z) = a,2" + ... + ag with a,, # 0 be a polynomial and
Az) = P( 1 > Then, for every e > 0, there exists o > 0 such that for all

20—2

0 <71 =z — z| < ro, the inequalities
Ay, Gp,
1-o < ja@) <ol

hold.

Lemma 2.2.10 [20] Let f be a non constant analytic function in C\ {z} of infinite
order with the hyper-order o9 (f,z0) = «, and let V,, (r) be the central index of f.
Let E C (0,1] be a set of finite logarithmic measure. Then, there exists a sequence
of points {zp, = 20 — rp€®™} . m > 1, such that |f (2m)| = M.y (rm, f) wigr;oem =
0*€10,27), rm & E, = 0 and for any given € > 0, we have

log" V%, (r)

lim sup————— = o0, (2.2.16)
r—0  —logr

1 1
exp {ra_a} <V, (r) <exp {ra+5} . (2.2.17)

Proof. Set g (w) = f (20 — <) . Then g (w) is an entire function of infinite order
with the hyper-order o9 (g) = 09 (f, 20) = @ and if V (R) denotes the central index
of g then V, (r) =V (). From [12, Remark 1], we have

log™ V., (R)

! _ 9.2.18
o logR o ( )
exp {RQ’E} <V(R) <exp {RO‘“} ) (2.2.19)

Substituting R by % in () and (), we get () and ()
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2.3 Proof of Theorem 2.1.3

We assume that o (f, z9) = a < 0o, and we prove that is failing. By Lemma ,
for any given € > 0 there exists a set E C [0,27) that has a linear measure zero
such that for all 6 € [0,27) \ E' there exists a constant ro = ry (¢) > 0 such that for
all z satisfying arg (z — 29) € [0,27) \E and r = |z — 29| < 1o, we have

f"(z) 1
f/ (Z) < potlte’ (231)
Set a =a+if, zg—z=re? §=24,(0) =acos(nf)+ Bsin(nb),
H={0€c]0,2m):,(0) =0}, (2.3.2)

(obviously, H is of linear measure zero). By Lemma , for any given 0 < e < 1
and for any 0 € [0,27) \E' U H, there exists ro > 0 such that for 0 < r < o, ()
and (2.2.9) hold.

Now we take 6 € [0,27)\E U H (obviously, E U H is of linear measure zero).
Then we have two cases: d, (6) < 0 or d, (6) > 0.

Case (i) 6, =0 < 0. Bya=cb, ¢>1, 6 (0) = 16, () = 16. By (), we get

< e | 5]+ oo {12

5 il (233

If |f”(2)| is unbounded on the ray arg(zp — z) = 6, then by Lemma there
exists an infinite sequence of points {zm =2zy— Tmeia} , m > 1, where r,, — 0 such
that f” (2,,) — oo and

[ (zm) I (2m)
f" (2m) [ (2m)

Using Lemma E2I and (531) into (R.3.3), we get as m — oo

>~ 1,

< M,. (2.3.4)

1< Mlexp{(l—e)in}+M2exp{(1_5)1i} —0,

n
T cr,,

a contradiction. Hence
11" (2)] < Cn, (2.3.5)

holds on arg(zp — z) = 0, where C] is a constant. By integration along the line
g0 0 :
segment [zo — 1€, zg — re”] | from () and the equality

() = f (22) + / aors

we obtain

|f(2)] £ Co+ Cr |z — 21| < Cs, (2.3.6)
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as z — 29. Analogously, by (), we can obtain
f (2)] < Cu, (2.3.7)

holds on arg (29 — z) = 0 as z — 2.

Case (ii) 6 > 0. We have &, () = 6, () = 16 > 0. By (), we have

e {gap ) <[ral o t@=arilral

If |f'(2)| is unbounded on the ray arg(zy — z) = 6, then by Lemma , there
exists an infinite sequence of points {zm =zy— rmew} , m > 1 where r,, — 0 such
that f'(z,) — oo and

(2.3.8)

[ (2m)
I (2m)

Substituting (2.3.1)) and () into () and by Lemma P.2.1|, we obtain

< M. (2.3.9)

) 1 146
exp{(l—s)—n} S m+MgeXp{(1+€)——}

e cry,
< %exp {(1 +¢€) %%} :
which implies that
1< $exp{[(1+g>%—(1—g)] %} (2.3.10)

By taking 0 < e < %, a contradiction follows in () as m — 00. So

[f'(2)] < Cs.
As above, we obtain that

|f ()] < G,

holds on arg (29 — z) = 0 as z — 2.

Now, we proved that |f (z)] < C on any ray arg (z0 — z) =60 € [0,27) \ (FUH).
Set g (w) = f (2) such that w = Zol_z. g (w) is an entire function in C and |g (w)| <
C" (C" > 0) on any ray arg (w) = —6 such that § € [0,27) \ (E U H) . By Phragmen-
Lindelof theorem in sectors, we get that |g (w)| < C” in C and By Liouville theorem
we conclude that ¢ (w) is a constant. So, f (z) is constant. We know that the only
constant solution of (m) is f = 0. Hence, every solution f(z) # 0 of (ﬂ) is of

infinite order.
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2.4 Proof of Theorem 2.1.4
Assume that f ‘é 0 is a analytic solution in C\ {z} of () By Theorem

and Lemma we have o (f,2z9) = oo and o9 (f, 29) = o < n. We assume that
o9 (f,20) = a < m, and we prove that is failing. Since the Wiman-Valiron near a
finite singular point ( see [33] ), we have

f9 &) _ Vo ()Y .
where |f (z.)] = M., (r, f) = max |f(z)|. By Lemma , there is a sequence

|z0—z|=r

{zm = 2 —rmeiQM}, m > 1, such that |f (z,)] = M., (rm, f), lim 6, = 6* €
m—0o0
0,27), rm & E, 7, — 0 and for any given € > 0, we have

log V., (m)

limsup—————= = o0,
m—00 —IOng
1 1
< Vi (rm) < : 2.4.2
e { | <V <ew{ ) (242

Set a = a+iB, 20—z = re? § = §,(0") = acos(nd*) + Bsin(nh*). Since
a =cb, ¢ > 1, we have & (%) = 24, (6*) = 16. There is three cases: (i) 6 < 0, (ii)
§ >0, (i) § = 0.

Case (i). § < 0. By nli_r}nooem = 0*, as m is sufficiently large, we have d (6,,,) = d,, <

0, dq (0) = cby, < 0. From (), we can write
1
Jr (o))
20 — Zm
2.4.3)

b % 1 a—b f
e"p{@o—w}’ T S‘A<20—zm)e}‘p{<z()—zm>"}‘ 7

Substituting (2.4.1)) —() into () and by Lemma P.2.1 and Lemma , for
any given ¢ (0 < & < n — «) as m is sufficiently large, we have

exp{(l —9) _T—im}exp{rfe} Tig 11+ 0(1)]

m m

o { sy ]

O 1 14+o0(1 1
< eXp{(1—€) (0—1)7}6XP{TQ+5}| W T

<

T m m
Om 1 1
< M exp {(1 - 8) (C - 1) @} €xp {T%+€} rgn+2’

where M; > 0 is a constant and d = deg B; which implies

exp {Tf_a } (140(1)) < Myexp {(1 —€) ci—:} exp {T;ﬁ } é (2.4.4)

m m
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By taking 0 < ¢ < max{l,n — a}, the right side of inequality () tend to zero
as m — oo. This is a contradiction.
Case (ii). 0 > 0. By lim 6,, = 0*, as m is sufficiently large, we have ¢, (6,,) =

m—0o0

Om >0, 84 (0,,) = b, > 0. By (), we can write

(&) el =l () = s )|

f f
4.5)
Substituting (2.4. )—() into () and by Lemma , as m is sufficiently

large, we have
Orm 1 1 1
exp{(l—s)c—}exp{ }| +oll)l
T roe Tm

< p(e=5) e tmma)lls

f
Om
< exp{rois} |1—|—r(23<1)| _‘_exp{(l_i_g)ﬁ}

<

M. 2 Om,
< Fov g 0o

where My > 0 is a constant, which implies the following inequality

exp{ra—l_e} (1+0(1) < iexp{%}exp{[(l b —(1-e)d 5—;7} (2.4.6)

m T'm m ,rm

By taking 0 < ¢ < max {%, n — o}, the right side of inequality () tend to zero
as m — oo therefore a contradiction follows.

Case (iii). = 0. Since arg (29 — z) = 6* is an asymptotic line of m, there
is mg > 0 such that as m > my we have

exp {(zo—+m)"}‘ <e, (2.4.7)

exp {m}‘ <ee. (2.4.8)
By (2.L.9), (R4.1) and (.4.9)-(4.9), we obtain

- (ZETZDQ (1+o(1)=A (ZO ! Zm) exp { = _“Zm)n} (;_t}n) (1+0(1))
+B<Zo_lzm) em{ﬁ}. (2.4.9)
By (2.4.7)-(2:4.9) and Lemma P.2.1, for m large enough, we have
(M)Q 1+0(1)] < 25 (VZOr(rm)> 140(1),

— 1
m ng m
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where M3 > 0 is a constant. So

M.
Vay () < =2 140 ()], (2.4.10)

m

where d = max{deg A,deg B}. () contradicts () Thus o9 (f,20) > n

and by Lemma P.2.§, we obtain o3 (f, zp) = n.

2.5 Proof of Theorem 2.1.5
We assume that f # 0 is analytic solution of () in C\ {2}. From (), we

can write

(k—1)

A <z>|\ff !

=. (2.5.1)
f
By Lemma , for any given o > 0 there exists a set E; C (0,1) that has finite
logarithmic measure and a constant A > 0 such that for all » = |z — z| satisfying

r ¢ Ep, we have

[ Ao (2)] <

(k)
‘fT Fo AL (2)]

: 2
‘M <) [%T (ozr,f)] Y (2.5.2)

There exist £, S such that max {7y (A4;,20) : 0 (A, 20) =0 (Ao, 20)} < B1 < B2 <
7r (Ap, 20). There exists a set Ey C (0,1) that has finite logarithmic measure such
that for all r = |z — 2| satisfying r ¢ Fs, we have

|A; (2)] < exp {%} j=1,.. k. (2.5.3)

By Lemma , there exists a set F' C (0,1) of infinite logarirhmic measure such
that for all » € I’ we have

M., (r, Ag) > exp {52} (2.5.4)

ro

From ()—()7 for all z satisfying r = |z — 29| € F\ (F1 U Ey) and |4 (2)| =
M., (r, Ap) , we obtain

2%k
exp{fQ} < kA { T., (ar, f)} exp{fl},

2k
exp {ﬁ2 51} < kA ETZO (aur, f)] . (2.5.5)

From (555), it is easy to obtain that o3 (f, 29) > ¢ and combining this with Lemma
2.2.8, we get the equality oy (f,20) = 0 = 0 (Ao, 20) -

and thus
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Chapter 3

Linear differential equations with
analytic coefficients having the

same order near a singular point

3.1 Introduction and results
The linear differential equation
f"+AR) e f +B(2)e*f =0, (3.1.1)

where A (z) and B (z) are entire functions was investigated by many authors; see
for example [, 12, 15, B0, 48]. In [48], Kwon proved that if ab # 0 and arga # argb
or a = ¢b with 0 < ¢ < 1, then every solution f (z) # 0 of ( is of infinite order;
after, Chen complete the case ¢ > 1 in [12]. These results have been generalized in
different ways to the higher order differential equation

O 4 Ay (2) =" fE=D A (2) e®*" f =0, (3.1.2)

where A; (2) (j =0, ...,k — 1) are entire functions, by many authors, see [13, 14, 59].
In [34], Hamouda proved results similar to () in the unit disc concerning the
differential equation

a b
I+ AR e =2 f i B (myen =2 f =, (3.13)

where > 0 and arga # argb or a = ¢b (0 < ¢ < 1). To investigate the counterpart
of these results near a finite singular point, Fettouch and Hamouda proved the
following result.
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Theorem 3.1.1 [25] Let zo,a,b be complex constants such that arga # argb or a =
cb (0 < ¢ < 1) andn be a positive integer. Let A(z), B (z) #Z 0 be analytic functions
in C\ {20} with max {o (A, z),0 (B, 2)} < n. Then, every solution f (z) # 0 of the

differential equation

" a , b _
/ +A(z)exp{m}f +B(z)exp{m}f—0, (3.1.4)
satisfies o (f, zg) = oo with o2 (f, z0) = n.

In chapter 2, we have completed the case ¢ > 1 of () A natural question
is: can we generalize (B.1.4) to higher order differential equations as in the complex
plane? The following results give the affirmative answer.

Theorem 3.1.2 21/ Letn € N\ {0}; A;(2) (j =0,....,k — 1) be analytic functions
in C\ {20}, such that o (A;,z) < n and Ag(z) £ 0. If a; (j=0,...k—1) are
distinct complex numbers, then every solution f(z) £ 0 of the differential equation

fO LA (2) exp{L} FED 44 Ag (2) exp {L} f=0, (3.1.5)

(20 — 2)" (20 — 2)"

that is analytic in C\ {20}, satisfies o (f, z) = oc.

Theorem 3.1.3 [21] Letn € N\ {0}; A;(2) (j =0,....,k — 1) be analytic functions
in C\ {20}, such that o (A;j,20) < n and Ay(z) # 0. Let a; (j=0,....k—1) be
complex constants. Suppose that there exist nonzero complex numbers as and a;, such
that 0 < s <1 < k—1, ay = |as| €, a; = |a;| €, b, 6, € [0,27), O, # 6;, A,A; Z 0;
for j # s, l; a; satisfies either a; = djas (0 <d; <1) ora; = dja (0<d; <1).
Then, every solution f(z) Z 0 of ), that is analytic in C\ {2}, satisfies
o (f,z0) = oc.

Now, we will study the case s = 0 of Theorem in which we can also express
the hyper-order of the solutions.

Theorem 3.1.4 21/ Letn € N\ {0}; A;(2) (j =0,....,k — 1) be analytic functions
in C\ {20}, such that o (Aj, z) <n, and leta; (j =0,....;k — 1) be complex numbers
such that ag = |ag| €'®, ay = |as| €, apas # 0 (0<s<k—1), by, 05 € [0,27),
Oy # 05, AgAs £ 0; for j # 0, s, a; satisfies either a; = djay (d; < 1) or arga; =
argas. Then, every solution f # 0 of ), that is analytic in C\ {z}, satisfies
o (f,z0) =00 and o9 (f, 20) = n.

Clearly, Theorem is a particular case of Theorem .
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3.2 Preliminary lemmas

By Lemma and Lemma , we get the following lemma.

Lemma 3.2.1 [33] Let f be a non-constant meromorphic function in C\ {z} of
finite order o (f, zp) < 0o; let € > 0 be a given constant. Then:
i) there exists a set EY C (0,1) that has finite logarithmic measure, such that for all
r=|z— 2zl € (0, 1)\E}, we have
9 2)
‘f “(2)

z

1

e (0<i<i); (3.2.1)

<

ii) there exists a set E5 C [0,2m) that has a linear measure zero, such that for all
0 € [0,2m) \E;, there exists a constant ro = ro (6) > 0 such that ) holds for all
z satisfying arg (z — 2zo) € [0,2m) \E3 and r = |z — 29| < 19.

In addition to this lemma, we need also to Lemma , Lemma , Lemma
E.2.4, Lemma P.2.5 and Lemma R.2.§ cited in the second chapter.

3.3 Proof of Theorem 3.1.2
We assume that f # 0 is a analytic solution of ) in C\ {20} with o (f,20) =0 <

0o, and we prove that is failing. By Lemma , for any given € > 0 there exists
a set F; C [0,27) that has a linear measure zero, such that for all 6 € [0,27) \ Ey,
there exists a constant 1o = ro (6) > 0, such that for all z satisfying arg (z — z9) =
0 € [0,2m)\Ey and r = |z — 29| < ro, we have

‘ f(j) (2)
f@(2)

Set a; = a; +1if;, da, (0) = o cos (nf) + B sin (nb) , zo — z = re®,

1 L
< e k2i>i20). (3.3.1)

Ey={6¢€[0,2m):6,,(6)=0,j=0,1,...k—1},
Ey={0€[0,2m) : 640, (0) =0, 0<i<j<k—1}.

By Lemma , for each function A, (2)exp {(zoa_—Jz)n} (j=0,....,k —1), there ex-
ists a set H; C [0,27) with linear measure zero such that for all 6 € [0,2n)\H;,

k-1
(E.Q. I) and (525) hold. Set £y = |J H;, and then E, is also a set of linear mea-
=0

sure zero. For any given § € [0,27)\ (Ey U Ey; U E3U Ey), we have 04, (0) # 0,
da; (0) # 64, (0) (0<i<j<k). Since a; are distinct complex numbers, for any
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given 6 € [0,27) \ (E1 U E2 U E3 U Ey), there exists only one s € {0, ...,k — 1} such

that &,, (0) = max {44, () : j =0,...,k — 1} .Set § = &,, (0),0 = max {d,, (0) : j # s};

then ¢ < 4.
We divide the proof into two cases: (i) § > 0, (it) 0 < 0.
Case (i) 0 > 0. By Lemma R.2.1], for any given ¢ (¢ > 0), we obtain

A, (2) exp {(%i—z)n} > exp {(1 —¢) %} , (3.3.2)

A5 (2) exp{Ln} < exp{(l +5)f_;} (j #5)

(20 — 2)

if & > 0, then

and If ¢' < 0, we have

sEer{ Ut can{a-a L) G149,

(20 — 2)

Set ¢’ < d; < d such that §; > 0. In both cases § > 0, ¢ < 0, we have
; )
A; (Z)eXp{(zOCi—jz)"} §exp{(1+€)r—i} (j #s). (3.3.3)

Now we prove that | f(*) (z)| is bounded on the ray arg(zo — z) = 6.

If ‘ e ( | is unbounded on the ray arg (zo — z) = 6, then by Lemma 3, there
exists an 1nﬁn1te sequence of points {zm = 2zy— rmele} m > 1) where r,, — 0 such
that f©) (2,,) — oo and

f

By (B.1.9), we have
(k)
AS (Zm)eXp{Ln}‘ < f—(zm)"i‘—l-‘Aerl (zm)exp{ Ast1 n}‘

<M, (M>0) (j=0,..,5s—1). (3.3.4)

(20 — Zm) f(;<£+1))( ) ot
o |+ e s )
. f( )(( 77)1) T Ao(Zm)eXp{(Zo —aozm) }‘
n f{ﬁ:i) o

Substituting ()‘() into ()7 we obtain
J K, i X
exp{(l —a)@} < m@m{(h%) Tm} +K2€Xp{(1+€) @}
K 5,
= mexp{ﬂﬂ)@},
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which implies that:

K 1
R (CEEL NSRS (330

n
7n?’T’L

By taking 0 < ¢ < g;‘gi, a contradiction follows in () as m — 00; SO ‘f(s) (,z)‘ <
(1. We can easily obtain % gz)| < Cy, on arg(zg — z) = 0, as z — zp.

Case (ii) 6 < 0. By ( ), we have

1< s @ {8 H [T o v {2 | s |
(3.3.7)

If | f® (2)| is unbounded on the ray arg(z — z) = 6, then by Lemma , there

exists an infinite sequence of points {zm =2y — rmew} (m > 1) where 7, — 0 such

that f*) (z,,) — oo and
f(j) (Zm)

f® (z)
Substituting (B.3.8) into (B.3.7) and by Lemma 2.2.1], we obtain

<M, (M’ >o> (=0, k—1). (3.3.8)

: )
1< kM exp{(l—a)—} — 0,
r,an

m

a contradiction. Hence ’f(k) (z)! < (3, and so |f (2)] < Cy, on arg(zy — z) = 0, as
z = 2.

Now, we proved that |f (2)] < C on any ray arg(zy — z) = 0 € [0,27) \(F; U
Ey U E3U Ey). Set g(w) = f(z) such that w = Zolz. g (w) is entire function in C
and |g (w)] < C" (€’ > 0) on any ray arg(w) = —60, such that 6 € [0,27) \ (£, U
Ey U E3 U Ey). By Remark [1.5.1, 0 (g9) = o(f,20) = 0 < oo. There exists a finite
family of rays arg (w) = —6; where 0; € [0,27) \(E; U E2 U E3 U Ey), such that the
angle between every pair of adjacent rays does not exceed am, such that o < % and
the sum of all angles equals 27. By Phragmen-Lindelof theorem in sectors (see [54]),
we get that |g (w)| < C"in C, and By Liouville theorem, we conclude that g (w) is a
constant. Therefore, f (z) is constant. We know that the only constant. It is clear
that the only constant solution of (E) is f = 0. Hence, every solution f(z) # 0
of (), that is analytic in C\ {2} is of infinite order.

3.4 Proof of Theorem 3.1.3

We assume that f # 0 is analytic solution of (8.1.5) in C\ {20} with o (f, 20) = 0 <
00, and we prove that is failing. By Lemma B.2.1], for any given £ > 0, there exists a
set F5 C [0, 27) with linear measure zero, such that for all 6 € [0, 27) \ E5 there exists
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a constant ro = ro (6) > 0, such that for all z satisfying arg (z — z9) = 0 € [0,27) \ E5
and r = |z — zo| < ro, we have:

) () 1

i — (=i (o+1)+e

(k>j>i>0). (3.4.1)

Set Eg = {6 € [0,27) : 64, (0) = 04, (8)}; since 65 # 6, Ep is of linear measure zero.
By taking 6 € [0,27) \(E5 U Eg), (obviously, E5 U Eg is of linear measure zero), we
have 6,4, (0) > 04, (0) or 4, () < 64, (0) . Set ¢; = 04, (0), 2 = b4, (A) , we divide the
proof into two cases:

(i) c1 > e9;

(ii) a1 < ca.

Case (i) ¢; > co. Here we divide also (i) into three cases:

(a) c1 > o > 0;

(b) c1 > 0 > ¢

(C) 0>c > co.

Case(a) ¢; > ¢o > 0. Set ¢3 = max {5aj @), j# s} , and then c3 < ¢;.

By Lemma R.2.1, for any given € (¢ > 0) there exists o > 0, such that for
0 < r < ry, we obtain:

A, () expd —2 U > exp {(1 9l } , (3.4.2)
o=

20— 2)" rn
and
a; C3 .
Aj(z)exp{(zo_—]Z)n}‘ §exp{(1+5)r—n} (j #s). (3.4.3)
Now we prove that | f*) (2)| is bounded on the ray arg (zo — z) = 6.
If ! f) | is unbounded on the ray arg (zp — z) = 6, then by Lemma 9, there

exists an mﬁmte sequence of points {zm =207 ew} m > 1) where r,, — O such
that £ (z,,) — oo and
)
‘f()—(zm;‘ <My, (M;>0) (j=0,..,5—1). (3.4.4)
S Zm

Substituting ()—() into (), we obtain
C1 Qg
_ < s
exp {(1 £) Tm} < |As (zm) exp { o) }’

< ‘;Ek)—gi + o+ | A (2m) exp{ ZO::_+Zlm }’ ffs(:l
+ A (2 )exp{<z0a_s_;m) H 'ff@ <£m>
Fo ‘Ao (2m) exp { 2 _aozm)"}‘ 'f](:)(?;i)

My o
mew{(lﬂ)@},
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where M, > 0 is a constant, which implies that

M, 1
1 gt sen{li+ga-0-aa b @4s)

By taking 0 < ¢ < £5%, a contradiction follows in () as m — oo. There-

fore, |f®) (2)| < K on arg(zp—z) = 6. We can easily obtain |f (z)| < K, on
arg (zo — z) = 0.
Case(b) ¢; > 0 > ¢,. Using the same reasoning as in the case (a), we can also
obtain |f (z)] < K3 on arg (z @: 0.
(B-1.9)

Case(c) 0 > ¢; > cp. By , we obtain

e s

1 <
- (20 — 2) f®

ol
et e { ot |t
+...+ |Ap () exp { e CE)Z)n }I ‘f{k)(Z) (3.4.6)

By Lemma , we have

A; (2) exp {L)"H < exp {(1 _a } (GG=0,nk—1).  (3.4.7)

(20 — 2 rn

If }f(k z ‘ is unbounded on the ray arg(zp — z) = 6, then by Lemma , there

exists an infinite sequence of points {zm = 2y — I'm€ “9} m > 1) where r,,, — O such
that f*) (z,,) — oo and:

f(j) (Zm)
’f(k) (2m)

Substituting () and () into (), we obtain:

1< M4exp{(1 —5)6—1} — 0,
rn

< Ms, (M5>0) (j=0,...k—1). (3.4.8)

a contradiction. Hence, |f(k) (z)} < K4, and then |f (z)| < K5, on arg (2o — z) = 0,
as z — 2p.

Now, we proved that |f (2)| < K on any ray arg (2o — z) = 60 € [0, 2m) \ (E5 U Eg).
Set g (w) = f(z), such that w = Z— g (w) is an entire function in C and |g (w)| <
K’ (K' > 0) on any ray arg (w) = —9 such that 6 € [0, 27) \ (E5UEg). By Phragmen-
Lindelof theorem in sectors, we get that |g (w)| < K’ in C, and By Liouville theorem,
we conclude that g (w) is a constant. So, f(z) is constant. We know that the only
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constant solution of () is f = 0. Hence, every solution f (z) # 0 of (), that

is analytic in C\ {20}, is of infinite order.

Case(ii) ¢; < co.

Using the same reasoning as in the case(i), we can also obtain that f(z) is
constant, which contradicts our assumption. Therefore, every solution f(z) # 0 of
(@), that is analytic in C\ {20}, is of infinite order.

3.5 Proof of Theorem 3.1.4

Assume that f # 0 is analytic solution of () in C\ {20}. By (B.1.5), we obtain

ao k) Q-1 JE
e {gigl] s [Fl o {geg]|5
i

a1
ot AL (2) exp { —— .
‘ ' p{(zo—z) H S
Since 0y # 05, there exist (0, 6;) C [0,27) such that for arg (zo — 2z) = 0 € (04, 65),

we have d,, (6) > 0, 8,, (/) < 0. Set dg = 84, (0) , &' = max {d,, (f) : arga; = argao},
§" < 81 < 9o such that 6; > 0. By Lemma PR.2.1], for any given 0 < ¢ < 1, we have:

(3.5.1)

‘AO (z)exp{LH zexp{(1—s)5—0} (3.5.2)

(20 — 2)" rm

and

A; (2) exp {(“—J}' < exp {(1 +e) %} G=1,.k—1). (3.5.3)

20— 2)"

By Lemma , there exist a set £* C [0, 27) that has a linear measure zero, such
that for all # C [0,27) \ E*, there exists a constant 7y = 1o (f) > 0, such that for all
z satisfying arg (z — z9) = 0 € [0,27) \E* and r = |z — 2| < r¢, we have:

‘f;f)é';) < T% T, (ar, )Y (G=1,...k). (3.5.4)
Substituting (B.5.9)-(B.5.4) into (B.5.1)), we obtain:
ew {22 < S fen it ew {0 e 2
which implies that:
exp {((1 )60 — (142)6) Ti} < :T’Z ., (ar, I (3.5.5)

where 0 < € < gg%gi. By (), we obtain oy (f,29) > n. On the other hand, by
Lemma , we have o3 (f, 20) < n. Therefore o3 (f, 29) = n.

36



Chapter 4

Finite and infinite order of growth
of solutions to linear differential

equations near a singular point

4.1 Introduction and results
For k > 2, The linear differential equation
O 4+ A (2) f* Y 4+ A () f + Ay (2) f =0, (4.1.1)

where Ay (z) # 0, A1 (2),..., Ag_1 (z) are entire and meromorphic functions in the
complex plane, is investigated by many authors with some conditions; see for exam-
ple B, 6, b0, 59, B6]. In [B5], Hamouda studied the differential equation (@) in
the unit disc. In 2016, Fettouch and Hamouda proved the following result.

Theorem 4.1.1 [25] Let Ay (2), A1 (2), ..., Ax_1 (2) be analytic functions in C\ {z}
satisfying max{o (A;,20) : j # 0} < 0 (Ag,20). Then, every solution f(z) # 0 of

the differential equation
FE 4 Ay (2) 5D 4+ A (2) f + Ao (2) f=0
satisfies o (f, z0) = 0o with o5 (f, z0) = o (Ag, 20) -

In the following two results, we will base our study on the domination of Ay on
only a curve tending to zp. In this case, it may hapen that

o (Ao, 20) <max{o (A4, %) :75#0}.
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Theorem 4.1.2 [22] Let Ay (z) Z 0, A1 (2),..., Ap_1(2) be analytic functions in
C\ {z0}. If there exists a subset vy of a curve tending to zy such that the set ~y =
{lz0 — 2| : z € v} N (0,1) is of infinite logarithmic measure, such that for z € y, r =
|20 — 2| € Y0 and for any fized p > 0, we have

lim |AO (Z |A; (2)] + 1) (4.1.2)

then every solution f(z) #Z 0 of the differential equation
FO 4 A (2) fE Y b A (2) f + A (2) f =0, (4.1.3)
that is analytic in C\ {20} is of infinite order.

Corollary 4.1.1 Let P;(z), j =1,2,....,k — 1 be polynomials and Py () be a tran-
scendental entire function; let A; (2) = P; (1/ (20 — 2)); then every solution f (z) #Z 0

of ), that is analytic in C\ {2}, is of infinite order.

Example 4.1.1 The differential equation

f’”+ f”+ f Z =0, (4.1.4)

n"2 z”

fulfills the assumptions of Theorem as z tend to zyg = 0 on the ray argh = 0.
So, every solution f(z) Z 0 of ) is of infinite order. We signal here that
g (Ao,O) =0 (Al,O) =0 (AQ,O) =0.

Theorem 4.1.3 [22] Let Ag(z) # 0, A1 (2),..., Ak—1(2) be analytic functions in
C — {z}. If there erists a subset v of a curve tending to zy such that the set
Yo = {|z0 — 2| : z € v} N (0, 1) is of infinite logarithmic measure, such that for z € ~

and r = |zg — z| € v, we have

A
lim \Ao (Z |A; (2)] + 1) exp, — =0 (4.1.5)

wheren > 1 is an integer, X > 0, . > 0 are real constant, then every solution f (z) #
0 of ), that is analytic in C\ {2}, satisfies o, (f,20) = oo and furthermore
Ont1 (f,20) > p.
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Example 4.1.2 The differential equation

1 1 1
£ + exp {;} f" + exp, {Z—} f' + exp, {Z—} f=0, (4.1.6)
fulfills the assumptions of Theorem 1% as z tend to zo = 0 on the ray argf = .
So, every solution f(z) Z0 of (lé.].é) is of infinite order with o3 (f,0) > 2

Now, we will investigate the case when A, s # 0 dominates the other coeffi-

cients in a sector. Let I () = (01 +¢,0; —¢) C [0,27) and S (¢) denote the sector
{zrarg(zo—2)€l(e)}, e >0.
Theorem 4.1.4 [22] Let Ay (2), ..., Ax_1(2) be analytic functions in C\ {z} Satis-
fying that there exist real constants 0 < 0 < 0y < 2w such that for any 0 € (01,02)
there exists a set Tg = {r = |z — 29| : arg(z — 29) = 8} C (0,1) of infinite logarith-
mic measure, and for every fixed p > 0, we have

lim;< S 14, (z)y+1> —0, 540 (4.1.7)

S Viry

where arg (zo —z) = 0 € 1(0) and |20 — z| = r € T'y. Given € > 0 small enough,
if f % 0 is a solution of ) that is analytic in C\ {2} and of finite order
o (f,z0) < oo, then the following statements hold.

(i) There exists j € {0, ...,s — 1} and a complex constant b; # 0 such that f9) (2) —
bj as z — 2y in the sector S (g). More precisely, for every fized p > 0, we have

(4) —_b.
lim—‘f] (2) bj‘ =0

lim ——~ (4.1.8)
with z € S (€) and |zg — z| =1 € Ty.
(ii) For each integer m > j + 1, f™ (2) — 0 as z — 2z in S (g). More precisely,

for every fized ;. > 0 we have

lim M =0, (4.1.9)

2—20 re

with z € S (g) and |zp — z| =1 € [y.

Example 4.1.3 The function f(z) = e: —1 satisfies the differential equation

fm—f—@_%f”‘f‘ (g . E _ E _ l) f/ + (% + l4> f = 0. (4.1.10)
z z Z

22 3 A

The differential equation} fulfills the assumptions of Theorem n any

sector (61,02) C (%, 38) with zo = 0. In this example, As (z) = e = is the dominating
coefficient, while we have j =0 and b; = —1.

39



Theorem 4.1.5 [22] Let Ay (%), ..., Ar_1 (2) be analytic functions in C\ {z} satis-
fying that there exist real constants 0 < 01 < 0y < 27 such that for any 0 € (01,02)
there exists a set Ty = {r = |z — 2| : arg (z — z0) = 0} C (0,1) of infinite logarith-

mic measure, such that we have

k—1
1 A
lim —— E A (2)|+1]exp— =0, s#0 4.1.11
2=20 |As (Z)| <j,0j7és| ! ( )| ) re ( )

where arg (zo —2) =0 € 1 (0) and |zo — z| =r € 'y, A > 0, a > 0 are real constant.

Given € > 0 small enough, if f # 0 is a solution of ), analytic in C\ {2} and
of finite order o (f,zy) < 0o, then the following statements hold.

(i) There exists j € {0, ...,s — 1} and a complex constant b; # 0 such that f9) (2) —
bj as z — 2y in the sector S (€). More precisely, for A > X' > 0 we have

[f9(2) = by < exp (—%)

for all z € S (e) with |zg — z| =r € I'y.
(ii) For each integer m > j + 1, f™ (2) — 0 as z — 2z in S (g). More precisely,

for X' > 0 we have
)\/
£ )] < exo (-2

for all z € S (€) with |zg — z| =1 € ['y.

Corollary 4.1.2 [24] Let Ay (2), ..., Ax_1 (2) be analytic functions in C\ {2} satis-
fying that there exists real constants 0 < 0y < 0y < 27 such that for any 0 € (01,02)
there exists a set Ty = {r = |z — 2| : arg (z — z0) = 0} C (0,1) of infinite logarith-
mic measure, we have
a
4G zepd sA0

5
4; (2)] < exp =

where arg (z9 — z) = 0 € (01,02) and |20 — z| =r € Ty, « > >0, u > 0 are real
constant. Given € > 0 small enough, if f Z 0 is a solution of ) that is analytic
in C\ {20} and of finite order o (f,20) < oo, then the following statements hold.

(i) There exists j € {0, ...,s — 1} and a complex constant b; # 0 such that f9) (2) —
bj as z — 2y in the sector S (€). More precisely, for a« — 3 > X > 0 we have

| F9) () — b;] < exp (—:—u> (4.1.12)
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for all z € S (€) with |zg — z| =1 € T'y.
(ii) For each integer m > j+ 1, f™ (2) — 0 as z — 2z in S (¢). More precisely,
fora— > XN >0 we have

m )\/
|f( ) (2)| < exp (_r_ﬂ) (4.1.13)
for all z € S (€) with |zg — z| =1 € I'y.

Indeed, by taking o — 5 > A > 0, the condition () holds; and then the
assertions (|4.1.12)— 4.1.1j) hold by taking A > A\ > 0.
We can see similar results of these theorems in the complex plane and in the unit
disc in [36, B5, b0].

—~

4.2 Preliminary lemmas

To prove these results we need the following lemmas.

Lemma 4.2.1 [2§] Let f be a non constant meromorphic function in C\ {z} of
finite order o (f,z9) < 0oy let € > 0 be a given constant. Then,
i) there exists a set By C (0,1) that has finite logarithmic measure such that for all
r=|z— 2| € (0,1)\Ey, we have
‘f W (2) 1
Flz) | = rkeinte

ke N; (4.2.1)

i) and there exists a set Es C [0,27) that has a linear measure zero such that for all
0 € [0,2m) \Ey there exists a constant ro = 1o (6) > 0 such that for all z satisfying

arg (z — zo) € [0,2m) \Ey and r = |z — z| < rg, the inequality ) holds.

Lemma 4.2.2 [22] Let f be a non constant meromorphic function in C\ {z} of
finite order o, (f,20) = 0, < 00 (n>1) and let € > 0 be a given constant. Then,
there exists a set By C (0,1) that has finite logarithmic measure such that for all
r=|z—z € (0,1) \Ey, we have

i)ifn =1, {f.2.4) holds,

it) and if n > 2

‘ ()

f(z) S(eXpn—l 1 )k, keN. (4.2.2)

/’ao'n-‘ré‘
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Proof. By the definition

log T, (r,
On (f» ZO) = lim supog”—(’(rf) _
r—0 — logr

ny

for given &’ > 0 there exists rq such that for 0 < r < rg, we have

1 >
8, Toy (1 f) _ e
—logr

which implies
1
Tey (1, f) < exp, ronte (4.2.3)

(3
Combining () with Lemma , for a > 0, there exists a set £y C (0,1) that
has finite logarithmic measure and a constant A > 0 such that for all r = |z — 2|
satisfying r ¢ (0,1) \ Ey, we have

5 <l () e ()]

Then, for ¢ > ¢ > 0 and r near enough to 0, we have

f® (z) Ly
‘ e | = (eXp"—l ) '

Lemma 4.2.3 [24] Let f be an analytic function in C\ {z}. Let a > 1 and

G = {z:|arg(zo—z)| < %}

Suppose that limsup |f (2)] < M for all ¢ € OG, where M is a fized constant.

Z—C<

Suppose further that there exist constants K, b < a such that
1
|f(2)] < Kexp— asr—0,
r

where r = |zg — z| and z € G. Then, |f (2)] < M for all z € G.

Proof. The change of variable w = Tl—z maps G into H = {w : |arg (w)| < £}

and the function g (w) = f (2) is an entire on w € C and we have |arg (2o — 2)| =
3 & larg(w)| = 5o and limsup|g (w)| = limsup|f (z)] < M for all £ € OH.
w—E z—¢

Further, we have
1
lg(w)| = |f(2)| < Kexp— = KexpR" as R — oo,
r

where R = |w| = %. Then, by Phragmen-Lindelof theorem we get |g (w)] < M for
all w € H. Therfore, |f (z)] < M for all z € G.

42



Lemma 4.2.4 [22] If f is analytic function in C\ {2z} such that for any u > 0, we
have
‘f(zo—reie)‘ <r* asr—0

then f ‘f (zo — teie) ‘ dt converges and for every a > 0, we have
0
/‘f(zo—tew)‘dtgro‘ asr — 0.
0

Proof. It is easy to show that [ ‘f (zo — teie) ‘ dt converges; and we have
0

T - T 1
/‘f(zo—tew)‘dtg/t“dt: ;+1'
0 0

Let a« > 0. By taking ¢+ 1 > «, we have

r 4
fzo—tew dtgw <7r* asr—0.
41
0

Lemma 4.2.5 [22] Let f be an analytic functions in C\ {z}. The two following
assertions are equivalent:

i) for any p >0, }f(zo—rew)’ <r* asr—0,

|f (20 = re”)]

Ta

it) for any a > 0, lim = 0.
r—0

|/ (20 —re”)]

”
a >0 and € > 0, there exists 6 > 0 such that for 0 < r < § we have

Proof. (ii) = (i). Suppose that for any o > 0, lin% = 0. For any
r—

‘f (zo — rew)’ < er®.

By taking e = 1 we get the assertion (i).
(i) = (ii). Suppose that for any p > 0,

We have .
|f (zo—re®)] _ ot

7104

f(zo—rei9)| <7rtasr — 0. Let a > 0.

By taking p > o, we obtain



Lemma 4.2.6 [22] If f is analytic function in C\ {zy} such that
i0 A
£ (20 = te)| <exp (=7 ),

where o> 0, A > 0, then [ |f (20 — te”)| dt converges and we have
0

/‘f(zo —tew)‘dt < exp (—%) asr — 0.
0

Proof. It is casy to show that [ |f (20 — te”)|dt converges; and we have
0

T

(1o < fon(-2)a<on(-2) [

0

= rexp (—i) < exp (—i> as r — 0.
rOé /r-Oé

4.3 Proof of Theorem 4.1.2

Suppose that f # 0 is a solution of () of finite order o (f,z)) = 0 < c0. By

Lemma {.2.1], for any given ¢ > 0 there exists a set £ C (0,1) that
logarithmic measure such that for all r = |zg — z| € (0,1) \ FE, we have

f(j) (z) 1 .
’ TG | S ey I =k
From () we can write
L[] A (2)] ’f(’“’ 41 (2)] 'i ‘
1§|A0(2)|’ e 7 1 el 7l

By the assumption (), for r € F and any fixed p > 0, we have

A (2)] :
im ——— = =1...k
lim o (2)] 1 0, J s

and
lim ; =0
r=0 |Ag (2)[r#

Using (li?)l), (EZ’)%) and (lé_l?)é-ll) in (lé_l?)a), a contradiction follows as r

r=|z—z € F\E.

44

has finite

(4.3.1)

(4.3.2)

(4.3.3)

(4.3.4)

— 0 with



4.4 Proof of Theorem 4.1.3

Suppose that f # (_is a solution of () with o, (f.2q) = 0, < 00, n > 1.
If n = 1 we have (4.3.1) and if n > 2, by Lemma {.2.2, for any given ¢ > 0
there exists a set £ C (0,1) that has finite logarithmic measure such that for all
r=|z0 — 2| € (0,1) \E, we have

9 (2) 1\
< =1, ..k 4.4.1
‘ f (2) = eXpnfl 7’0"+€ ) j ) ) ( )
By the assumption (4.1.5), for r € F, we have
. A (2)] A .
1 — = =1,....k 4.4.2
Ay ()] P = T =L (442)
and \
li — =0. 4.4.
ey | Ao (2)] Pn u 0 (4.4.3)

Using () or (), (1.4.2) and (|44£i) in (|4321), a contradiction follows as
r — 0 on vy with r = |20 — 2| € F\E. So, 0, (f,2)) = oo for n > 1. Now by lemma
m and since oy, (f, z9) = oo, we have

‘f(j) (2)

f(2)

By the assumption (), for e1 > 0, 5 > 0, we have
4G«

— >\ )

4o (2)] ~ exp, (2)

1 2k
<A (—TZO (ar, f)> ., j=1.k (4.4.4)
T

j=1,..k (4.4.5)

and
1 E92

< Y

140 (2)] ~ exp,, ()

as r — 0 on vy with r = |z5 — z| € F. Using (|444])—(|44d) in (|432i), we obtain, for
r=|z—z| € F\E,

(4.4.6)

1< LA) (%T (ar, f))Qk, (4.4.7)

exp,, (T—u
where M > 0 is a real constant. Set R = ar. We signal here that E is of finite

logarithmic measure if and only if aF is of finite logarithmic measure. So, from
(K.4.7), we get

Aot 2%k
exp,, % <M <3TZO (R, f)) , ReF\E. (4.4.8)

R
From () we obtain

. logt1 Ty, (7, f
Tni1 (faZO):hmjélp flogé )
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4.5 Proof of Theorem 4.1.4

First, we have to prove that f (z) is bounded in S (¢), for € > 0 small enough and for
that we prove that f(* (z) is also bounded in S (¢). From Lemma E.Q.l, it follows
that there exists a set £ C [0,27) that has linear measure zero, such that for all

je{s+1,.. k}
‘f(j) (z)

f9(z)
where arg (zg — 2) € I(0)\FE and r = |z — 2| € Ty. If we suppose that_f® (z) is
unbounded on some ray arg(z —2) = ¢ € [(0)\E, then by lemma P.2.5 there
exists an infinite sequence of points z, = 2 — rme’?, m = 1,2, ..., whith r,, — 0,
such that f®* (z,,) — oo and

1

< r(—s)(o+1)+e’ <451>

’f(q) Gm) |  yp,) (4.5.2)

where M; >0, g € {0,1,...,s — 1} and m large enough. From (4.1.3) we can write

Ay ()] | £
+I&@H’f@

A (s+1)
L AaGl|s
[As (2)] | f©)

1 )

| As (2)] ‘f(s)
[ As—1 (2)]
|As (2)]

f(s_l)
76

1l

f
mxadﬁﬁ' (4.53)

Combining now (|417|), (|45]J)— (|45Eﬂ) and letting m — oo we obtain a contradic-
tion. Therefore, f©*) () remains bounded on all rays arg(z — 2) = ¢ € I(0)\E.
By Lemma 1.2.3, we conclude that f®) (z) is bounded, say |f(*) (z)| < Mo, in the
whole sector S (%) , for ¢ > 0 small enough.

By integrating s times along the line segment [21,z] in S (£), we have

1
(s —1)!

f(z) = fz)+f () (z=—2)+ ... + FE () (2 — 2)*

+/.../f<5> () dt...dt;

and by an elementary triangle inequality estimate, we obtain

! 1 s—1 s—1 1 s
£ G S 17 G )l = 5ot gy 1O ()] 2 = 2l M 1 = =

and therfore, as z — 2y, we get

|f (2)] < M; (4.5.4)
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for a certain constant Ms; > 0
Now, we begin to prove () for m = s. Using (), we can write

|f(s) (Z)| < ‘f’ < 1 | ‘f(k) |Ak 1 | ‘f S I N |1|412+1< | | (s41)
1Ay (2)] | 577 |A1 G A )
A, (2 | + . A | 7 + 14, (Z)|> . (4.5.5)

By the assumption (), forany u > 0, forevery j € {0,1,...,s — 1, s +1,....k — 1}
and for e > 0, there exist 0 such that for |zy — z| < § we have

Az
:A]E T <elz— 2", (4.5.6)
1
NG )’ <elz— 2", (4.5.7)
where arg (zg —z) = 0 € _1(0) and |zy — z| = r € I'y. Substituting (), (U.5.4),
(1.5.6) and (IZ 5/) into (), we obtain that for any p > 0, we have
s |ZO — Z|u
‘f()(z)‘ §M4m as r — 0.
We conclude that for any fixed o > 0
(s)
I 429

with r = |20 — 2| € Ty and arg (zo — 2) = p € I (£) \E.

Proof of equality () for m > s. Consider z = zy —re? € S (¢) and C (2) the
circle centered at z of radius p small enough such that C (z) is contained in S () ,
we may take p = rsm( ) By cauchy formula applied to the function f() (2) we

have "
— )l s
Fm (2) = (m%s). / - i C)g_)s+ldg, (4.5.9)
C(z)
and using (), we get
) < ) / Ll "

IN




We conclude that, for any fixed @ > 0 and z € S (¢) with r = |29 — z| € [y, we have

m)
lim —=~ |f |
220 |29 — 2|*

= 0.

Until now, we have proved the second assertion for m > s.
We start to prove the first assertion for j = s — 1. Set

:/f(s) (ZO_ 19) z@dt
0

By (), it is easy to see that [ f*) (29 —te) e”dt converges. Moreover, ay is

independent of #, because by (@), the integral of f(*) (¢) over the arc zy — e,

0€(p,¢)CI(5), weget
/f<s> (20 — re®) iredd| < Mrott |/ — o] =0, r—0, M > 0.

)

Define now b,_; = f¢~Y (00) + as, and suppose that b,_; # 0. Let z = 25 — e’ be
an arbitrary point in S (¢) . Then, since

f(s—l) (Z) . bs—l _ f(s) (C) dC . f(s) (ZO . 29) szt
Jrron-]
we may apply () and Lemma , we get
@) =t = | [ 19— / 7O (20 — te®) et

_ /f(s) (ZO_ 10 Zedt—{—/f(s . 10 z@dt

0
_ /f(s) (ZO . 19) z@dt

< / |f(8) (zo — tei9)| dt <r* asr —0, (4.5.10)
0

for any 4 > 0 and z € S(e) with r = |20 —2| € Tp. By Lemma , We
have completed the proof in the case b,_; # 0. If by_1 = 0, we define a, 1 =
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[ FE7Y (20 — te”) e?dt and by_s = f©~?) (00) + a,—; and by applying Lemma
0
with () we obtain that, for every fixed p > 0,

}f(s’m (2) = bs—a| < 1" asr — 0,

for z € S(e) with r = |29 — z| € I'y. By the same method, if b;_1 = bs_9 = ... =
bjs1 =0and b; #0, j €{0,...,s — 1}, then for any fixed x> 0

|f(j)(z)—bj} <rfasr—0,

and
|f(m (2)| <" asr—0forallm>j+1 (4.5.11)
for z € S( ) with r = |z9 — z| € T'y. Now it remains to show that the case b, 1 =
bs_o = ... = by = 0 is not possible. In this case, we have, for any fixed p > 0
‘f(m) (z)| <t asrT — 0, (4.5.12)

for z € S (e) with r = |zg — z| € Ty, for every m Z 0 and any p > 0, there exists
ro (11, m) > 0 such that if |29 — 2| = r < ro then | f(™ (2)| < |20 — z|". Now we take
z € S (g) such that r = |z — 2| < r; = r%ln ro (1, m) ; we remark here that if z is

.....

we can write

|f(s) (z)} _ 1 'f(k) |Ak L (2)] ‘f (k—1) . |Agir ()] F
|/ (2)] A B 2 P 51 I A I [As ()] | S
[As-1 (2)] f<s_1) |41 (2) 4o (2)]
ae | 7|t mel tmer

and by using () and Lemma §1.2.1 in (|4.5.1Zi), we obtain

f (2)] p

W < ‘ZO — Z‘ s (4514)
and by () for m =0 in (), we get

|F® (2)] < |20 — 2™, (4.5.15)

for |20 — z| < 71 and arg(zo—=2) € I(g)\F, hence in S (¢ + %) by Lemma .
Repeating the reasoning of (|4.5.1d)—(|4.5.1 ) with (4.5.15), we obtain

£ (2)] < 120 — 2™,
and by combining with (), we get

[f& ()] < l20 — 2™,
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in S (5 + S+ 2%) . Inductively, by the same reasoning, after (7" — 1) steps, we obtain

| F9 (2)] < |20 — 2™ (4.5.16)

€ € € 1
S(s+§+?+...+2T_1) :5(25 (1— 2T_1)>

with |zg — z| < r1. Thus, we have proved, in this special case b;_1 = bs_9 = ... =
by = 0, that () is valid in S (2¢) for all T € N, provided |zp — 2| < 1. Fix now
a finite line segment L C S (2¢) with |29 — z| < min(1,7). By taking 7" — oo in
(1.5.16), f©) (2) vanishes identically on such a line segment. Therefore, f must be
a polynomial. Since f is analytic in C\ {z}, f has to be a constant. It is easy to
see that the only constant solution of () is f =0, a contradiction.

in

4.6 Proof of Theorem 4.1.5

We will use the same method of the proof of Theorem . The assumption ()
implies that for any € > 0 there exists § > 0 such that for r = |2y — 2| < J, we have

% = eep (‘%) , (4.6.1)
|A51<z>| S e (‘A) (4.6.2)

By the same steps (1.5.1)- (15) with (1.6.1) and (1.6.9), we can prove that /© (2)

is bounded in S (¢), say
£ (2)] < M,

in the whole sector S (%) , for some € > 0 small enough. As above, we can prove
also that
|/ (2)] < M.

By using (|46]J)- (|46j) in (|455|), for r = |zg— 2| € 'y and arg(zp — 2) = ¢ €

I (%) \E, we get
}f(s) (z)‘ < exp <_);a;|—7') ’

where 0 < 7 < A. For m > s, as above, by () we obtain
—A
‘f(m) (2)] gexp( +T),

ra

for all z € S (g) with r = |29 — 2| € I'y, 0 < 7 < \. Puting a, and b,_; as above and
by Lemma {.2.6, we get

| £ (2) = by | < exp (_);nj T) ;
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as 7 = |zg—z| — 0, where 0 < 7 < A. By the same method used in the proof of
Theorem , we can prove the impossibility of the case by_1 = bs_o = ... = by = 0.
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Chapter 5

Exponent of convergence of
solutions to linear differential

equations near a singular point

5.1 Introduction and results

Consider the linear differential equation
FO 4+ A () "V b+ A (2)f 4+ A (2) f=0, (5.1.1)

where A; (z) are entire and meromorphic functions in the complex plane.

In 2012, Xu, Tu and Zheng studied the relation between the small functions
and the derivatives of the solutions of differential equation () and obtained the
following two results.

Theorem 5.1.1 [64] Let A;(z), j = 0,1,...,k — 1 be entire functions with finite
order and satisfy one of the following conditions:

i)max{o (A;):j=1,...,k—1} <o (Ag) < o0;

i) 0 <o (Ap—1) = ... =0 (A1) =0 (Ay) <oo and max{r (A4;):j=1,..,k—1} =
7 <71 (A) =T,

Then for every solution f # 0 of ) and for any entire function ¢ (z) Z 0
satisfying o2 () < 0 (Ap), we have

N (f=9) =X (fD =) =X (f — ) =02 (f) =0 (4y) (i€N).

Theorem 5.1.2 [64] Let A;(z), j =0,1,....k — 1 be meromorphic functions sat-
isfying max{o (A;) : j=1,....k =1} < 0 (Ap) and § (00, Ag) > 0. Then, for every
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meromorphic solution f Z 0 of ) and for any meromorphic function ¢ (z) Z 0
satisfying o2 (@) < 0 (Ap), we have

X (f=@) =X (fY =) =X (fY — ) =0y (f) >0 (Ay) (i€N).

There has been an extension of these results to the unit disc, see [[7, 26, 65]. In
this chapter, we will extend this investigation to linear differential equations whose
coefficients are analytic and meromorphic in the closed complex plane except a finite
point. In fact, we will prove the following results.

Theorem 5.1.3 Let Ag (2), A1 (2), ..., Ax_1 (2) be analytic functions in C\ {z} sat-
isfying 0 < o (Ao, 20) = 0 < 00, 0 < 7 (Ag,20) =T < 00, and o (A;, z0) < o (Ao, %),
T (Aj,20) < T if 0 (Aj,20) = 0 (Ao, 20) (j =1,....,k —1). Then, every analytic solu-
tion f(z) # 0, in C\ {2}, of ), and for any analytic function ¢ (z) Z 0 in
C\ {z0} satisfying o2 (0, 20) < o (Ao, 20) , we have

XZ(f_vazO) :X2 (f(l) _()0720) :)‘2 (f(l) _90720) :UQ(f7ZO) :U(A07ZO) (Z eN)
(5.1.2)

Corollary 5.1.1 Let Ag(z) # 0, A4, (2) be analytic functions in C\ {20} satisfying
o(Aj,z0) <n (j=1,2); suppose that a,b are complex numbers that satisfy 0 <
la| < |b]. If ¢ (2) Z 0 is an analytic functions in C\ {20} satisfying o2 (0, 20) < n,
then every analytic solution f (z) #Z 0, in C\ {20}, of the differential equation

" a , b B
f +A1(2)exp{m}f +A0(2)exp{m}f—0,
satisfies
a2 (f =@, 20) = Ao (f(i) —,20) = Ao (f(i) —¢,20) =02(f,20) =n (i €N).

Theorem 5.1.4 Let A;(2) j =0,1,....k — 1 be meromorphic functions in C\ {z}
with o (A;,20) = 0 and such that there exist a constant B > 0 and a set F' of infinite

logarithmic measure such that for all |z — zo| = r € F and for any a > 0, we have

max {|4; (z)] :j=1,....,k =1} < % and |Ag (2)| > & where |Ag (2)] = M (r, Ap).

ro

Then, for every meromorphic solution f #Z 0 of ), and for any meromorphic
function o (z) Z 0 in C\ {20} of finite order o (¢, ) < oo, we have

Mf=0.20) =X(fD —0,20) =A(f — ¢,20) =0 (f, 20) =00 (i €N). (5.1.3)
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Corollary 5.1.2 Let Pj(z), j =1,2,....,k — 1 be polynomials and Py (z) be a tran-

scendental entire function with o (P, z9) = 0, let A; (z) = P, le) ; then for every

analytic solution f(z) #Z 0, in C\ {2}, of ), and for any analytic function
¢ (2) #0 in C\ {20} of finite order o (p, z)) < oo, the equalities ) hold.

Theorem 5.1.5 Let A, (z) j =0, 1, ...,k — 1 be meromorphic functions in C\ {2}

satisfying max {o (A;,2) : j =1,. — 1} < 0 (Ao, 20) = o with hm 1()rlf?:0(Tﬁ°)) >
0. Then, for every solution f(z) ;é 0 of (-) and for any memmorphzc function

¢ (2) #0 in C\ {20} satisfying oo (¢, 20) < o, we have

X (f = @.20) =X (f =0, 20) =X (f — ¢, 20) = 02 (f,20) > 0 (Ao, %) (i €N).

5.2 Preliminary lemmas

To prove these results we need the following lemmas.

Lemma 5.2.1 [62] Assume f # 0 is a solution of equation ), set g = f — o,

then g satisfies the equation

g™ + Ap1g® Y b+ Arg' 4+ Agg = — [0® + A1V 4L A+ Agy]
(5.2.1)

Lemma 5.2.2 [62] Assume f Z 0 is a solution of equation ), set g; = fO —,

then g; satisfies the equation

k—1)

k i i i —~ i
gz( )+ Uk—lgz( + o+ Uggi = — [SD(k) + Uk—190(k Dt UOSO] (5.2.2)

where

Ul=A;, j=0,1,..,k—1,

J

Uy
Uttt =U;_,+U; - UQU;H, j=0,1,...,k—1, i € N, (5.2.3)

and Ul =1, Ay = 1.
Lemma 5.2.3 [2§] Let f be a non constant analytic function in C\ {z} of order

o (f,2z0) > a> 0. Then, there exists a set ' C (0,1) of infinite logarithmic measure
such that for all r € F, we have

log M., (r, ) > i (5.2.4)

TO&
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Lemma 5.2.4 Let A;(z) j = 0,1,....,k — 1 be analytic functions in C\ {2} sat-
isfying 0 < o0 (Ag,20) = 0 < 00, 0 < 7(Ap,20) = 0 < 00, and 0 (A4;,2) <
o (Ao, z0) or o(Aj,z0) = o(Ag,20) with T(Aj,2) <71 <1, (j=1,...,k—1)
and U]Zf (j=0,1,....,k) (i € N) be stated as in ) Then, for any given &
(0 <2 <T—m), there exists a set F' of infinite logarithmic measure such that

for r € F, we have

\Us| > eXp{TT—_ag} and |U}| < exp{ﬁrtg} (5.2.5)

where UL (2)| = M (r,U}),i€Nand j=1,2,....k — 1.
Proof. The inductive method will be used to prove it.
We first prove ) fori=1. From ), we have U} = A;-H%—Aj—g—lg/lj“ =

Aj +Aj+1 (jﬁii - 3—2) 5 j :0,1,...,1{3— 1 and Ak =1. So

ALl A
03] 2 bl = 1l (| 52+ 52 (526)
A Al
U <A+ |A; L 20 2.
|UJ‘ < JAj| + [Ajl (‘Aj-i-l A, (5.2.7)

By Lemma and )—), there exists a set F' with infinite logarithmic

measure such that

T— = T+ 57 1
ull > L2 oL 5.2.8
| 0} — eXp{ ro } eXp{ ro T’M ( )
> eXp{T_2m_1},
7»0'
T+ & T+=) 1
Ul < exp{ 17"’2 }+Zexp{ 17“0’2 }T_M (5.2.9)

g

T+ et
< exp{—l 2 1},3'%0,
T

where M > 0 is a constant. Now for i =2 in ), we have

ULy Uy
\Ug\z\Uél—\Ufl('(Ulll) ‘(U%) > (5.2.10)
U2z ) 2y '
02| < |U2| + |U2,,| (‘(Uijl) ’(Uoz) ) j 0. (5.2.11)
j+1 0
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From )—), we obtain
‘Ug‘ Zexp{i%__z} and ‘UJQ| Sexp{ﬁt%__z}. (5.2.12)
By ) and fori =3 in ), we have

|U§" Zexp{i@} and ‘U]3| Sexp{m}.

,,,.o'

By the same method until 1 = m, we obtain

‘U8| Zexp{T—_Ug} and ‘U;‘ Sexp{ﬁl_ }
r r

Remark 5.2.1 By the properties of the characteristic function and Remark ,

we can obtain

o (U;, zo) < max{o (Ao, 20) ., 0 (Ap_1,20)} = 0 (Ao, 20) ,
where i € N and 7 =0,1,....k — 1.

Lemma 5.2.5 Let H;(z) j = 0,1,....k — 1 be meromorphic functions in C\ {z}
of finite order satisfying max {|H; (2)| : j =1,....,k — 1} < exp {f—;} and |Hy (2)| >
exp{rﬁg} where |Hy (z)] = M (r,Hy), 0< 1 < B,0>0and |z—2| =1r€ F C
(0, 1) with F is of infinite logarithmic measure. Then, every meromorphic solution
f #Z 0 of the differential equation

fO 4+ Hy g (2) f* Y 4+ Hy(2) f + Ho(2) f =0. (5.2.13)
Satisfies o9 (f, z0) > o.

Proof. Let E _fé 0 be a meromorphic solution of () of finite order o (f, z9) =
2.13

o < oo. From ( ), we obtain

Ho ()] < '%

+§ij (2)] '%' (5.2.14)

By lemma , for a given € > 0 there exists a set £ C (0, 1) of finite logarithmic
measure such that for all |z — 2| = r ¢ E, we have

f(j) (2) 1 |
’ f(z) = pilo+1)+e’ (] =1, ,/{;)

(5.2.15)
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From (|5.2.14])—(|5.2.151) and the assumptions of lemma , we obtain

exp{g} < %exp{%}, (5.2.16)
where M; > 0 is a constant. Since /; < 3. a contradiction follows From () as
r — 0. So, 0 (f,z9) = oo; and by lemma P 3 we obtain

; 2j
‘f;j)(i? <A ETZO (ar,f)] g (j=1,..k). (5.2.17)
From (15.2.141)—(|5.2.17|) and the assumptions of lemma , we obtain
exp {ﬁ} < % [T, (ar, )" exp {%} , (5.2.18)
and thus
exp {ﬁ Tfl} < 2 (T, (ar, )] (5.2.19)
From (), it is easy to obtain that oo (f, z9) > 0.
By the same reasoning of lemma p.2.4 and using lemma - we obtain the

following lemma.

Lemma 5.2.6 Let A;(z) j = 0,1,....k — 1 be analytic functions in C\ {2} with
finite order and satisfy max{o (Aj,20):j#0} = o1 < 0(Ap,20) = 0 < 00,
and U} (j=0,1,...,k) (i €N) be stated as in ) Then, for any given &
(0 <2e <0 —o01), there exists a set F of infinite logarithmic measure such that

for |z — zp| =r € F, we have

l. 1 ; 1
{UO‘ > exp{m} and ’Uj’ < exp{ralﬁ} (5.2.20)
where UL (2)| = M (r,U}),i€Nandj=1,2,....k — 1.

By using the same method of the proof of lemma , we obtain the following
lemma.

Lemma 5.2.7 Let H;(z) j = 0,1,....k — 1 be meromorphic functions in C\ {z}
of finite order satisfying max {|H; (z)| : j =1,....,k — 1} < exp {4} and |Hy (2)| >
exp {-£} where |Hy(z)| = M (r,Hp), 0 < 01 < 0, and |z — 2| =r € F C (0,1)
with F is of infinite logarithmic measure. Then, every meromorphic solution f of

) Satisfies o9 (f, z0) > 0.
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By the well known logarithmic derivative lemma of meromorphic functions in C
we can prove its new version near a singular point as the following.

Lemma 5.2.8 Let f be a non constant meromorphic function in C\ {2}, and let

k € N. Then

) 1

My (Ta f > =0 (lOgTZO (Tv f) + IOg _> s
r

for allr € (0,1) — E, where fE % < oo. If f is of finite order, then

(k)
M, <r,fT) =0 (log%) , ¢ FE.

Proof. Set g(w) = f (20— 1), 2 = 2 — +. from Remark E, g (w) is mero-

morphic function in C and m (R, f) = m., (r, ), T (R, f) = T, (r, f) , where r = +.
By differentiating g (w) = f (20 — =), we obtain f’(z) = w?¢’ (w) and so

f(z) _ o9 (w)

= w

f(z) g(w)’

/ /
M, (r, i) < 2logR+m (r, g_)
f g

= O(logT (R, f)+1ogR).

from which, we get

By differentiating f’ (2) = w*¢’ (w) , we have
" (2) = wly" (w) + 2w’ (w),

and S0 " " /
PG g W) g ()
f(z) g (w) g (w)
By (), properties of the proximity function and logarithmic derivative lemma,
we obtain

(5.2.21)

My (7’, fTH) =0 (logT (R, f) +logR).

In general, we can obtain

f9(2) _ 2k ®) (w)
f(2) g (w)

where a; (j = 1,...,k — 1) are positive integers; and similarly as above, we get

(k—1) ’
2k-1Y (w) +...+a1wk+1g (w)

Ry o) g (w)

k)
M, <r, T) =0 (logT (R, f)+1ogR).
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Lemma 5.2.9 Let ' # 0,A4,(z) j = 0,1,....,k — 1 be meromorphic functions in
(C\ {ZO} satlsfymg max {Un (F7 ZO) yOn (AJ7ZO) 7j - 07 ]-7 ) k— 1} < Op (f7 ZO) . ‘[f f

is a meromorphic solution in C\ {2} of the differential equation
F® 4 A f*D 4 Agf = F, (5.2.22)

then A\, (f,20) = M (f, 20) = 00 (f,20) (n=1,2,..).
Proof. From (), we can write

1 1 [ f® =1
7 F(TM’H 7

if f has a zero at z; € C\ {2} of order a > k, then F has a zero at 2; of order a — k.
Hence,

Foot AO) (5.2.23)

1 1 1)
Ny (r, ?) < km,, <T, 7) + ny, (7’, f) + jzonzo (r, Aj)
and then
1 - 1 1)
N, (r, ?) < kN., (r, ?> + N, (7", F) + ZNZ° (r, A;). (5.2.24)
By (), we have

f(j k-1 1
( ) Zmz()<, >+Zm20 (r, A;) 4+ me, <T,F)+0(1). (5.2.25)
By Lemma , we have

my (L) =0 (107, ) +h0g 1) G= 1k G220)

olds for all € (0,1) — F where E is of finite logarithmic measure. By (),
(5.2.25) and (), we get

=

T.(rf) = T, <7‘,%>+O(1)
k—1

kﬁzo (7"7 %) + Z T, (7, Aj) + T (r, F) +
=0

IN

+0 (logTZ0 (r, f) + log %) , T¢E (5.2.27)
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By () and by taking account that O (logT%, (r, f) +1log2) < 3T, (r, f), we
obtain

k—1

%TZO (r,f) < kN, (7", %) + Z T.y (1, Aj) + Ty (r, F). (5.2.28)
j=0

By (), we have
on (f,20) < max {Xn (fs20) ;00 (Aj, 20) , 00 (F) Zo)} .
Since
max {0, (F, 20),0n (A;,20);7 =0,1,....k — 1} < 0, (f, 20) ,
we get 0, (f,20) < A (f, 20) . Therefore o, (f, 20) = M (f, 20) = M (f, 20) -

Lemma 5.2.10 Let A;(z) j =0,1,...,k — 1 be meromorphic functions in C\ {z}
with o (A;,z0) = 0, such that there exists a constant By > 0, there exists a set
F' of infinite logarithmic measure such that for all |z — zo| = r € F and for any
a > 0, we have max{|A; (z)| : j=1,...,k =1} < = and |4 (z)] > & where
|Ag (2)] = M (r, Ao), and |z — 2| =7 € F and U} (j =0,1,...,k) (i € N) be stated
as in ) Then, there exists a constant B > 0, for all |z — 29| = r € F and for
any o > 0, we have

. 1 . 1
|Ué (z)‘ > e and |U]z (z)‘ < 5

where Ut (2)| = M (r,U),i€Nandj=1,2,...k — 1.

(5.2.29)

Proof. We use the same method of the proof of Lemma . By Lemma ,
(E.Q.G) and (B.Z?), there exist f; > 0 and for any a > 0, we have
1

Ul (2 zi,TEF.
Ui )| > =

By the same method, for any integer ¢« > 1, there exist § > 0 and for any o > 0, we
obtain

}U;(z)| < oy j=12,..,k—1);

) 1
Ui ()] > —

roa’

Lemma 5.2.11 Let H; (2) j = 0,1,....k — 1 be meromorphic functions in C\ {z}
such that there exists a constant 8 > 0, there exists a set F' of infinite logarith-

mic measure such that for all |z — z| = r € F and for any o > 0, we have
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max {|H; (z)| : j=1,....,k =1} < =& and |Hy ()| > = where |Hy ()| = M (r, Hy)
and |z — zo| = r € F. Then, every meromorphic solution f # 0 of ) Satisfies
o (fa ZO) =0

Proof. Suppose that f # 0 is a solution of () of finite order o (f, z9) =
o < oo. By Lemma p.2.2, for any given ¢ > 0 there exists a set £ C (0, 1) that has

finite logarithmic measure such that for all r = |z — z| € (0,1) — E, we have

‘ f(j) (2)

1 .
< g =Lk, (5.2.30)

From () we can write

f® L Him1 (2)] ‘f’“ Y [Hy ()] | f
1< +..+ — 5.2.31
Eeirake e mellr O
By the assumptions, for r € F' — E and any o > 0, we have
l<h— 5.2.32
= Nk(ot24e)+8” (5.2.32)

By taking a > k(0 +2+¢) + f in (), a contradiction follows as r — 0.

Lemma 5.2.12 Let A;(z) j =0,1,...,k — 1 be meromorphic functions in C\ {z}
satisfying max{o (Aj,20) : j =1,....,k — 1} < 01 < 0 (Ao, 20) = 0 with
2 (1, A
lim mfm > 0.

r—=0 TZO (7’ AO)

Then, every meromorphic solution f % 0 of ) Satisfies oo (f,20) > 0

Proof. From (), we can write

(k) (k=1) '
_AO = fT —f- Ak_lfT + —f- Alf?,
and then

i ()
sz(r,A0)§Zsz( ff )+Zsz (r,A;)) +0O(1). (5.2.33)

By the condition lim inf7= (,40)
r—0 Zo( r,40)

all 0 < r < ry, we have

> 0, there exist 0 < a < 1 and 7y > 0 such that for
My, (T, A()) > Oéirz0 (7”, AQ) . (5234)
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By the same argument of Lemma , for any given 0 < € < o, there exists a set
F C (0,1) of infinite logarithmic measure such that for all » € F, we have

1
T, (r,Ag) > . (5.2.35)
740'—5
By Lemma E2§ and (|5.2.3Z4)—(|5.2.3ﬂ), for 0 < e < 0 — o1, we have
1 1
< aT,, (r,Ag) < clogT,, (r, f) + clog + o € 0. (5.2.36)
7-(7' €

From (), it is easy to get o2 (f,20) > 0.

Lemma 5.2.13 Let Aj(z) j =0, 1, ...,k — 1 be meromorphic functions in C\ {2}

mzo((:::o)) > O

and U;f (7=0,1,...,k) (i e N) be stated as in (ﬂ) Then, there exists a set

F C (0,1) of infinite logarithmic measure such that for |z — 2| = r € F, we have

satisfying max {o (A, 20) : j =1,....k — 1} < 0 (Ap, 20) = o with hm 1nf

logm., (r, Ug)

logm,, (r,U?
limsupgo—(]) <o, (j=1,.,k=1) (5.2.38)
r—0 logr

Proof. We will use the inductive method. For i = 1, we have
Al
Ujl :Aj+Aj+1 (A]—H——> 5 j:O,l,...,k‘—l, (5239)
where A, = 1; and then

A Al
mzo (Tu U(}) S mzo (T, AO) + mzo (Tu Al) + mzo ( A ) + mzo (Ta A_O> + O (]‘> ;
1 0
(5.2.40)
! Ajp Ap
M, (7’, Uj) <y, (1, Aj) + My (1, Ajer) +mg | T +my | r,— | +O(1),
Ajn Ag
(5.2.41)

where j = 1,...,k — 1. From (), we can write Ag = U} + A, ( ﬁ—g) , and
then

/ /
m.,, (1, Ag) < m., (7", U&) +m, (r, Ay) + m,, (T, %) + My, (T, %) +0(1).
1 0
(5.2.42)

By the assumptions, Lemma m, and (|5.2.4d)—(L5.2.4ﬂ), we get

lim logm,, (r, UY) ~ lim logm,, (r, Ag) 0
r—0 logr r—0 log r
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. logm., (r,U}) 1< 110ng0 (r; 45)
lim sup < lim sup < 0.

r—0 log r r—0 logr

Now, we suppose that (15 2.40)-(5.2. 4ﬂ hold for ¢ and prove it for ¢ + 1. By using
the similar argument with (5.2.3) we can easily prove. (|5 2. 4d |5 2. 4ﬂ for i + 1.

5.3 Proof of Theorem 5.1.3

We will consider two cases as follows

Case 1. max{o (Aj.20):j=1,2,....k — 1} <0 (Ap, 20) < co. Suppose that f Z 0
is a solution of é@) and ¢ (2) # 0 is an analytic function in C\ {2z} satisfy-
ing oy (¢, 20) < 0 (A, 2). We start to prove Ao (f —@,20) = Ao (f — @, 20) =
o9 (f,20) = o (Aog, 20). From Theorem , we have oy (f,20) = o (Ao, 20) . Set
g = f — . Since oy (gp,z?! < 0 (Ao, 20) =09 (f, 20) , we have 03 (g, 20) = 02 (f, 20) =
o (Ao, 29) . By Lemma p.2 satisfies (@) Set FF = oW+ Ap_1o*Dp +Agp. If
F =0, then by Theorem R.1.2, we have o3 (¢, 2z0) = 0 (Ay, 20) , a contradiction; thus
F # 0. Now, since 03 (g, 20) = 02 (f, 20) = 0 (Ao, 20) > max {0z (F, 20),02 (A4, 20)},
the assumption of Lemma .2.9 - holds, and then s (g, 20) = X2 (9, 20) = 02 (9, 20) -
So. we conclude that Ay (f — ¢, 20) = A2 (f — ¢, 20 o (Ao, 20) . Now we prove
() for i > 1. Set ¢; = f® — . By Lemma @ and the assumptions we
have os (f(i),zo) = 09(f,20) = 0(Ag,20) and o9 (w.20) < 0 (A, 20). then we
have o5 (g, 20) = 02 (f,20) = 0 (Ag, 20) . By Lemma p.2.2, g; satisfies (5.2.2). Set
Fy =™ 4+ Ui o* D 4 4 Ulp. If F; =0, by Lemma p.2.6 and Lemma m,
o9 (p,20) > 0 (AO, 20); a Contradlctlon with oy (¢, 20) < 0 (Ao, 20); so F; # 0. From
Remerk n we have o (U;, ) < 0 (Ap, 20) < 00; therefore oy (UJZ, ) = 0. We
have agﬁzo) = 05 (f,20) = 0 (Ao, 20) > max {02 (F},2),00 (U;,zo)}, and by

Lemma 7 we obtain X? (gM ZO) = )‘2 (gla ZO) = 02 (gla ZO) ) Le.

X (fD —,20) = Ao (f — 0, 20) = 05 (f, 20) = 0 (Ao, 20) -

Case 2. 0 (A, 2p) < (Ao, 20) < ooand 7 (A4;, z0) < 7 (Ao, z0) if 0 (A7, 20) = (Ao, 20) ,
(j=1,2,...,k —1). Assume that f # 0, is a solution of (h) and ¢ (z) Z 0 is an
analytic function in C\ {zo} satisfying oo (¢, 20) < 0 (Ao, 20). As above, we start t
prove Ay (f — @, 20) = Xo (f — 9, 20) = 02 (f, 20) = 0 (Ao, 2) . From Theorem P.1.5,
we have oy (f,20) = 0 (Ao, 20). Set_ g = f — o, we have 09 (g,20) =05 (f,20) =

o (Ao, 20) - As above, g satisfies (p.2.1)). If F' = 0, then by Theorem P.1.5, we have
o9 (p, 20) Ao,Zg), a contradiction; hence F ;é 0. From the assumptions of
Theorem p.1.3 - we get max {09 (F), 20),02 (4,20) : j=0,1,...k =1} < 02(g,2) =

o (Ao, 20) . From Lemma 5.2.9. we have Ay (f — ¢, zo) =X (f—¢,20) =02(f,20) =

o (Ap, 20) . Now we prove (5.1.9) for i > 1. Set ¢; = f@ — ¢. We have 0y (g;. 2) =
o9 (f,20), and g; satisfies () If F; = 0, by lemma and lemma p.2.5, we
obtain oy (i, z9) > 0 (Ao, 29) . a contradiction with o9 (¢, 29) < 0 (Ao, 20); so F; Z 0.
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As above by lemma , we obtain \a (i, 20) = A2 (gi, 20) = 02 (g3, 20) - i.e.

5.4 Proof of Theorem 5.1.4

We use the same method of the proof of Theorem and the same notations.
From Lemma p.2.11], we have o (f, zp) = oo. Since o (¢, 29) < oo we have o (g, 29) =
o (f,z0) = oco. If FF =0, then by Lemma p.2.11l, we have o (p, z9) = 00, a contra-
diction; thus F' # 0. Since g (g, 20) = o (f,20) = oo > max{o (F, z),0 (A}, z0)},
the assumption of lemma [5.2.9 holds, and then A (g, 20) = A(g,20) = o (g, 2), i.e.
M=o, 20)=Mf—¢,2)=0(f 2) = oco. By Lemma P.2.4 and the assumptions

of the theorem, we have o (f?,2) = o (f,2) = o0 and o (g;,20) = o0. If F; =0,
’.1

then by Lemma and lemma , we have o (p, z9) = 00, a contradiction;
thus F; # 0. As above, by lemma p.2.9, we obtain

X(f(i) —cp,zo) :)\(f(i) —cp,zo) =0 (f,2) = 00.

5.5 Proof of Theorem 5.1.5

By using the similar argument as_in the proof of Theorem and by Lemma
H.2.12, Lemma p.2.13 and Lemma p.2.9, we can get the conclusion

Xz (f(z) -, Z[)) =X\ (f(Z> - ¥, ZO) = 02 (fa ZO) >0 (A07 ZO) (2 € N) :
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Conclusion

Through this work, we have seen that there are several similarities
between our results and those of the complex plane case. However, there
are also some differences: We know that all solutions of LDE with entire
coefficients are entire functions but when the coefficients are analytic in
C— {2}, the solutions may not be analytic in C—{2}; also as indicated
in ([B3]) that fi(z) = L and fo(z) = % constitute the fundamental
system of solutions of the differential equation

4 2
f”+;f/+§f=0;

and we have o (f1,0) = o (f2,0) = 0. Contrary in the complex plane, for
the case of polynomial coefficients, it is not possible to have only polyno-
mials for solutions, see [32]. So, to extend the results from the complex
plane case to a neighborhood of a finite singular point, the problem in its
generality remains open. In the other hand, there is another interesting
question: How about the case when the differential equation contains
more than one singular point? Hamouda has investigated this question
in [33] and this is just the biginning and there is still a lot to do in this
direction.
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