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Introduction

This course, designed for third-year undergraduate students in Mathematics (LMD sys-
tem), covers the core of the material on Measure and Integration. It includes lectures with
examples, and application exercises with solutions are provided at the end of each chapter
to allow students to test their knowledge and prepare for tests and final exams.

Based on my experience teaching this subject for several years, I decided to prepare this
course pack, which contains all the fundamental concepts related to this topic.

It should be noted that the content of this course pack is exactly the same as that offered
in the official curriculum, following the framework provided by the Ministry and currently
applied in all departments of Algerian universities.

We assume that the reader has a good knowledge of the usual topology of R, the first
principles of set theory and the concept of integration in the Riemann sense.

Since this course material is a lecture, we have chosen to prove almost all results comple-
tely, that is, without referring back to a well-known result or admitting a difficult auxiliary
result. We have also included a considerable number of solved exercises as they were tes-
ted in tutorials or used in reflective assignments or knowledge assessments. It goes without
saying that the reader will benefit from trying to solve the problems without first reading the
solution. The chapters of this course material conclude with solved exercises drawn from the
tutorial series prepared by the teaching staff of the Mathematics Department at Abdelhamid
Ibn Badis University of Mostaganem.

The originality of this handout lies in its content, shamelessly inspired by existing lite-
rature.

Let’s now turn to a more precise description of what you will find in this handout.

In the first chapter, we will briefly present the useful properties concerning operations on
sets, countability, limits of sets, and characteristic functions of sets. We will then introduce
the notion of a sigma-algebra, particularly the Borel sigma-algebra. We will offer a detailed
study of positive measure, exterior measure, and in particular, Lebesgue measure on the
Borel sigma-algebra.

The second chapter contains the general properties of measurable functions, notably
measurable numerical maps, which will be denoted by £°. We will study convergence almost
everywhere and convergence in measure.

In the third chapter, we will address and discuss the concept of integration with respect to
a positive measure. First, we will study it for measurable real-valued functions and present
the Monotone Convergence Theorem (or Beppo-Levi Theorem) and its consequences. We
will then examine the integral of a measurable real-valued function and conclude with a
comparison of the Lebesgue integral with the Riemann integral. Finally, we will provide
a general overview of the construction of the L' space and the Dominated Convergence
Theorem in this space.

In the fourth chapter, we devote ourselves to the study of product measure, including
Fubini’s Theorems and some applications.

Finally, given the frequent and recurring errors in exam papers for this subject, I've
noticed that most students don’t pay enough attention to the lecture material and instead
work on exercises based solely on the solutions. I therefore advise students to first read the
lecture notes carefully, then complete all the examples provided after each solution, and



finally, proceed to solve the exercises without referring back to the solutions. The solutions
are only useful for assessing the student’s level of effort.

Ultimately, I hope this document will help students who want to master this area ofma-
thematics.



Chapitre 1

Tribes and measures

1.1 Reminders on Set Theory

Throughout the following, we consider a basic set E. We recall that P(FE) denotes the
family of all subsets of E. For all subsets A and B of E, we have

A={z e E .z ¢ A},
the complement of A in F.
ANB = {zr€E:x€Aandz ¢ B}
= ANB‘=A\(ANDB)
AAB = BAA = (AN\B)U(B\A) = (AUB)\ (AN B).

1.1.1 Countability

It is essential, in everything concerning measurement theory, to be able to distinguish
what is countable from what is not.

Definition 1.1 The set X is said to be countable if there exists a bijection between X and
N. In other words, we can write

X ={z, :n e N} ={zg,x1, .., T, ...},
that is, any countable set that can be indexed by N (or if we can enumerate all its elements).

Remark 1.1 1. Any finite set is countable.
2. N,7Z,Q are countable, but R is not countable.

3. Any subset of a countable set is countable.
+0o0
4. If for every integer n € N, the set A,, is countable, then U A, is countable.
n=1
5. Property 4) remains true if we replace the sequence (A,),~, by the countable family
(Ai);eps that is, with I countable.

6. Any product of a finite number of countable sets is countable.

In general, countable families or properties that are expressed in terms of countability are
denoted with the prefix o to indicate their countability (examples : o-algebra, o-additivity).
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1.1.2 Limits of sets

Definition 1.2 Let E' a non-empty set and (A, 2 sequence of subsets of E, we define

the upper and lower limits of the sequence (A,), -, by

“+00 400

limA,, = hm sup 4,, ;= A = ﬂ U Ap.
n=zlk>n n=1k=n
400 +o0
limA, = hmmf AL = U ﬂ Ap.
n=1lk>n n=1k=n
Remark 1.2 Note that o
limA, C limA,
Indeed : we have
() Ak C A, Vk = n
k>n
then o
() Arc () U Ak = TimA,,
k>n n=zlk>n
therefore
U ) Ak € TimA,.
n>1k>n

Proposition 1.1 (Convergent sequence of sets)

1. If (A,),, is increasing, that is
An C AnH,Vn 2 1

then
limA, = limA, = | J A,

2. If (A,),, is decreasing that is
An+1 C An,Vn > 1
then
imA, = limA, = [ 4.
In both cases, we say that the sequence (A,), is convergent.
For real sequences, recall that if (a,), is an sequence in R, we define

lim sup a,, = inf Esupay.
n nx1 k>n

lim inf a,, = supinfay.
n n>1k>n



These two numbers always exist in R = [—o0, +00] .
Similarly if (f,), is a sequence of functions of aset EinR, f, : E — R, we define
limsup f,, and liminf f,, as functions from £ in R

<li7rln sup fn> (z) = infsup fx(z).

n21k>n

(lién inf fn> (x) = supinf f(x).

n>1k2n

1.2 Characteristic functions of sets

Recall that the characteristic (or indicator) functiony , of a part A of X is the function
X4 : X — R defined by
1,ifre A
Xal®) = { 0,if x ¢ A.

This function therefore only takes two values :1 or 0, depending on whether it is evaluated
on A or not.
The characteristic function satisfies the following properties :

Proposition 1.2 Let X a non empty set and A,B C X
2. Xae =1—x4 and if B C A then x4 p = Xa — X5-

3. If (Ay), a sequence of subsets of X then we have

Xiima, = lminf x, and Xgg;,, = limsup x4, -
Moreover, if the A,, are pairwise disjoint, then

X+<x> —+oo

UnSo
n=1

n=1

1.3 Algebras and Tribes

Definition 1.3 (Boolean algebra) : Let E any non-empty set and P(E) the set of subsets
of the set E.
A C P(E) is a (Boolean) algebra if for all A,B € A :

1. {0, X} eA
2. AA=FEN\Aec A
3. ANBe A
4. AUBe A

It is a semi-algebra (denoted &) if conditions 1) and 3) are satisfied and the complement
of an element of § is a finite union of elements of 0.



Remark 1.3 The algebra A generated by a semialgebra consists of the finite unions of sub-
sets of &

Definition 1.4 (Tribe or o—algebra) : Let E any set and T C P(E) a set of parts of E. T
18 tribe or c—algebra on E if :

1. EeT

2. T is stable by the transition to the complement
VAeT, A°eT.
3. T is stable by the countable union

V(Ap)en €T, U Ay eT.

neN

Example .1

1. T = {0, E} Rough tribe.
2. T = P(F) Discrete tribe.

Remark 1.4 o €T, o = E°

T is stable by countable intersection

V(An),en € T, NA €T

neN

na = (U4

neN neN

In general, the tribe is stable under any countable sequence of operations on sets.

Remark 1.5 If T is a tribe on E then
i) £ €T because E = ()¢
ii) If (An),>, is a sequence of T then (| A, €T.

neN

iii) If A, B € T' then AN\ B, AAB € T because
ANB=ANB €T and AAB = (A\B)U(B\A) €T.

Proposition 1.3 T is a tribe on E if and only if
1. 0eT.
2. T s stable under complementation and finite intersection.
8. If (An),>, 15 a sequence of T pairwise disjoint(i.e A; N A; =0, Vi # j), then
U A, eT.

neN



Proof. The necessary condition is obvious. To show that it is sufficient, it suffices to show
that T' is stable under countable union, so let ((A,),-, be a sequence of T and let

BlziAl
n—1 ¢
_Bn1=¢4nr1<lj fh) y ﬂ/212
=1

according to the hypothesis (2) of the proposition we have B, € T for all n > 1. For all
n #m, if n > m we have

BnNB, CA,NB,=A,N (A, NA{N..NA, N..NAS_) =0,

then
B,NB, =0, Vn#m,

on the other hand , it is clear that
+o0 +00
U B, C U A..
n=1 n=1
+o00

For inverse inclusion, if x € |J A,, threre exists n > 1 such that x € A,,. We put r the

n=1
smallest n > 1 which verifies that © € A,, i.e
r=min{n € Nz € 4,},
then
€A, x ¢ A _1,x ¢ Arg,...and x & Ay,

which gives © € B,., then

+00
z e | Bn.
n=1

We have shown that the B, are pairwise disjoint and
+o00 +o00
LJ<An:: LJ<Bn7
n=1 n=1
then according (3) of the proposition, we have

+o0
U A4, eT.

n=1

1.3.1 Generated Tribe
Proposition 1.4 Let (T;), a family of tribes on the set E. Then ()T} is a tribe on E.

iel
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Proof. We have E € T;, Vi € I then FE € ﬂTi.Now let

iel

A e (Ti=AecTviel
iel

= A°eT,,Viel (because T; is aTribe)
= Ac(\T.

i€l

let

{An}neN - ﬂ T,

iel

then ﬂﬂ 18 a tribe on E. m

el
Remark 1.6 The union of a family of tribes does not necessarily constitute a tribe.

Example .2 Let
E ={a,b,c}

Tl - {@,{a},{b,c},E}
T, = {@,{b},{a,c},E}
T1 and Ty are tribes, but
TyUTy, ={2,{a},{b},{a,c},{b,c}, E}

18 not a tribe because
{a} U{b} ={a,b} ¢ T1 UTs.

Remark 1.7 [f Ac Tand BC A+ BeT
{b,c} € T} but {b} C {b,c}
doses not belong to Tj.

Definition 1.5 (Generated tribe) Let E be a set and C' a subset of P(E). We call a tribe
generated by C noted o(C'), the smallest tribe containing C'. Therefore, it is the intersection
tribe of all the tribes containing C'.

o(C)=nNT, T tribe, C CT

Example .3 1. 0({9@}) =0(F)={FE,2}.
2. Let A € P(E) such that A# E and A # @, then

o(A) = {2, E, A, A}

3. E=N, A={{n},neN}, o(A) = P(E).



1.3.2 Direct image tribe, reciprocal image tribe

Theorem 1.1 Let f: E — F an application. We have

1. If T a tribe on E, then
T"={BCF:f'(B)eT},

is a tribe on F. (Direct image tribe).
2. If T" is a tribe on F, then

[T ={f(B): BeT'},
is a tribe on E. (reciprocal image tribe).

Proof. Let f : E — I an application m

1. We have
T"={BCF:f'(B)eT},
and
FCFand f Y (F)=E€T),
therefore
FeT.
Let

BeT = BCFetf'(B)eT,

and we have
B¢ C F,

on the other hand, we have
[N (B = (f'(B))" €T (because T stable by complementarity),

therefore
BceT.
Now, let
(Bi)pew € T'=VneN,B,eT
= VneN,B,C Fand f'(B,) €T,

therefore, we obtain
UBicFand (| JB)= (JF'(Ba)eT,
neN neN neN
(because T' stable by U countable), therefore, we get
UB.eT,
neN

then
T"={BCF:f'(B)eT},

is a tribe on F.
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2. We have
fUTY={f(B):BeT},

is a tribe on F

a) we have
E=fYF)and FeT = E c f1(T).

b) Let
A ¢ f{(IY=A=f*B), BeT
= A= (f7(B) =B,

and we have

terefore

c) Let (A4,),cy C f7H(T"), then
(Awew € JHT) = V¥n N, Ay [T
— VneN, 3B, €T : A, = f(B,),

on the other hand, we have
Ua.= U 7By = 4 Ba), with | B, e T,
neN neN neN neN

therefore

U An e (D).

neN

1.3.3 The Borelian tribe or Borel tribe

Definition 1.6 (FE, 1) is said to be a topological space if T it is a family of subsets of E
called open subsets containing & and E, stable by any union and stable by finite intersection.

Example .4 (E, P(F)) is a topological space.

Definition 1.7 (Borel tribe) Let (E,T) a topological space. The Borel tribe or Borel tribe is
the tribe generated by the set of open sets of 7. This tribe will be denoted B(E). The elements
of B(E) are called Borel elements of E.

Ezxzample .5 If E =R, B(R) = o(C), where C is any of the families of intervals,

{la,b[,a,b € Rya < b}, {]—00,a[,a € R, }
{la, +oo[,a € R}.
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Remark 1.8 B(F) is also the tribe generated by the set of closed sets of E. The closed sets
are the complements of the open sets.

BR) = o(C) with C ={[a,b],a,b € R,a < b}
or {]—00,a],a € R,} or {[a,+o0[,a € R, }.
Proposition 1.5 Let T a tribe and C C P(FE). Then
CcT=o0(C)CT.

Proposition 1.6 The Borel tribe B(E) is also generated by the closed sets of the topological
space E.

Proof. Let F the family of all closed sets of E. Since the tribes are stable by transition to
the complement and the closed sets are the complements of the open sets, we have

F C B(E),
then
o(F) C B(E).
Conversely, let 0 € T an open of E, then
6 € F Co(F),
therefore 6 € o(F). This shows that T C o(F) and since B(E) = o(7) we have B(E) C o(F).
[

Lemma 1.1 Every non-empty open set of R is a countable union of intervals |a, b| .
Proof. Let 0 a non-empty open set of R. We put the part A C Q? dfined by

A={(pq) €@ p<q:lpalCb}.
If x € 0, there exists ¢, > 0 such that |x — e,z + €,[ C 0. By the density of Q in R we can
take p, q. € Q verifying

x—sxépxéxandméqxéx—{—&x,

it results that
T € PG| Clo —ep,x+e,[ CH,
then p.,q. € A, therefore
v €lpmalC | Ipal,

(p.9)eA
that is to say
oc |J Indl.
(p.g)eA
Conversely, if
re |J Ipdl,
(p.g)eA

there exists py,q, € A with x € |p,, q.[ C 0 then x € 0. We deduce that
0= |J Ip.dl-
(p,g)eA

This union is countable because the part A C Q? is countable. m
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Theorem 1.2 (The tribe B(R)) Th etribe B(R) is generated by the intervals |a,+oo[ for
a € R.

Proof. Let S = {|a, +oo[,a € R} the family of all intervals Ja, +oo[ and T the set of open sets
of R. It is clear that S C 7T then o (S) C B(R) because by definition we have o (1) = B(R).

Now, we show that T C o (S), let 0 € T then according to the previous lemma, 0 is a countable
+0o0

union of intervals of the form ]a,b[ then 6 = U lan, by]. For all a,b € R with a < b we have
n=1
+oo
Ja,b] = |—o00,b[N]a, +oo] and [b, +o0] = ﬂ b—l +00
) 7 Y ) n?

For all n > 1 we have
1
}b— E,+OO{€SCU(S),
therefore stability by intersection guarantees that [b, +oo[ € o (S) and with complementary
J—00,b[ = ([b, +oo])* € 0 (5),
and
la,+oo[ € S Co (S),
which gives |a, bl € o (S). Then

“+oo

0= ]an bl €0 (S).

n=1

Finally we get inclusion T C o (S) which implies that B(R) Co (S). =

1.4 Positive measure

Definition 1.8 "Measurable space - Measurable part” Let E be a set and T a tibe on FE.
The pair (E,T) is called the measurable space. The parts of E that are elements of T are
called the measurable parts of E.

Proposition 1.7 Let E be a set , (E',T") is a measurable space and f : E — E' an
application.

T=fT)={f"(B), BeT}
is a tribe on E called the reciprocal image tribe of T" byr f.

Proposition 1.8 Let (F,T) is a measurable space E is a set and f : E — E' an applica-
tion,

T"={BCE:f'(B)eT}
15 a tribe on E called the direct image tribe of T' by f.

Definition 1.9 Let (E,T) a measurable space, a positive measure on (E,T) (or more simply
on E) is an application of set i : T — [0, +00| verifying the following properties :
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(1) n(®) =0

(ii) For all sequence (A,), >, C T of pairwise disjoint measurable parts, we have

+00 +00
" (U An) = (4.
n=1 n=1
We say that (E,T, 1) is a measured space.
Remark 1.9 1. In the previous definition, condition (i) can be replaced by the condition
JAeT: pu(A) < oo, (i.e u(A) is finite).

2. The o—additivity (condition (ii)) contains, in particular the simple additivity property
for all n > 1, if the n measurable sets Ay, ..., A,, are pairwise disjoint , then

p(ATULUA) = (A + .o+ p(4),

it suffices to take A1 = Apyo = ... = 0.

Definition 1.10 "Measure" Let (E,T) a measurable space. We call measure on (E,T) an
application m : T" — R verifying
1. m(@) =0.
2. m is o—additive, that is, for any family (Ay),cy C T of pairwise disjoint parts (A, N
A, = forn #m), we have

m(u An) =X m(Ay).

neN neN

The measure m is called finite if m (E) < 4+o00. The measure m is a probability on E
if m(E) = 1.

Definition 1.11 Let E is a set and T a tribe on E. We call probability is a measure P on
T such that P(E) = 1. We say that (E,T, P) is a probability space and the elements of T
are called events.

Example .6 1. Dirac mass : Let E is a set, T is a tribe on E and a € E. We define on
T the application 6, for A€ T by

_J0,ifag¢ A
5“(A)_{ 1, ifa € A,

we verify that d, is a measure on . We have
(a) 6,(©)=0,0a¢ 2.
(b) Let (A,), ey C T such that A, N A, = D forn #m.
We show that

5a( U An) = Z dq (An)

neN neN
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We distinguish two cases
1) Ifae U A, we have 0,(|J A,) = 1. Moreover

neN neN

ac JA,=3IngeN:acA,, (An),y are disjoint,

neN
then
5a(An) = 07 vn 7& No,
therefore
0a( U An) =1 =10a(Ans) = 2 60 (An) -
neN neN
2) Ifa¢ | A, we have §,(|J An) = 0. Moreover
neN neN
a¢ A, = VnneN:ad¢ A, 0,(4,) =0, Vn € N,
neN
then

5a( U An) = Z dq (An) =0.

neN neN

From 1) and 2), 6, is a measure on E and it is a probability, 6,(E) = 1.

2. Counting Measure : Let (F,T) is a measurable space and m the application defined
by
card(A), if A is finite
+00, if not,

() = {
we can verify that m is indeed a measure on F.

Definition 1.12 (Measured space) We call that measured space every triple (E, T, m) where
(E,T) is a measurable space and m a measure on (E,T).

Definition 1.13 "measure o—finie" Let (E,T,m) a mesured space . We say that m is
o— finite if

3(Ap),en C T such that E = |J A, and Vn € N,m (A,) < +o0.

neN

Proposition 1.9 Let (E,T, 1) a mesured space . The measure p has the following properties

1. Monotonicity : If A, B € T with A C B then u(A) < u(B).
2. If A,BeT with AC B and p(A) < oo then u(B\A) =pu(B)—pn(A).
3. Subadditivity : For any sequence (A,),., in T" we have

1 (U An> <> p(A).

Proof.
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1. If A, B € T with A C B then B = AU(B\ A), since AN(B\ A) = (), by the additivity

of the measure we have
p(B) = p(A) + p(BNA) = p(A4).

2. If moreoever p (A) < oo then p (B\A) = p(B) — u(A).

3. From the sequence (A,),,.,, we construct the sequence (B,),,., defined by

Blel

n—1 ¢
Bn:Anﬂ<UAi> L n>2,

i=1

we have B, C A, for n > 1, the sets B,, are disjoint pairwise in 7" and
“+o00 —+00
4. =JB.
n=1 n=1

The monotony of the measure gives i (B,,) < pu(Ay) for all n > 1. On the other hand
, according to the o—additivity of the measure we have

u (sz%) = p <LOJOBn> Ziu(Bn) < iu(z‘ln%

n=1 n=1

]

Definition 1.14 We say that a positive measure p is finite if it has finite values, i.e.
p(A) <oo forall AeT.

In other words, pu (E) < oo.

Definition 1.15 Let u a measure on (E,T). We say that it is o—finite if ther exists a
sequence of measurable parts (E,), ., such that

+o00
E=|]JE,
n=1
and p (E,) < oo for alln > 1.

Example .7 1. Dirac’s measure 6, is finite because §, (F) =1 < oo
2. The counting measure on E s :
i) finite if and only if E is finite
ii) o—finite if and only if E is countable.
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1.4.1 Properties of measures, external measure, complete measure

The property of measure continuity will be the basis of one of the most important and
most used theorems for the Lebesgue integral and the monotone convergence theorem.

Theorem 1.3 Let (E,T, 1) a measured space, then

1. Increasing continuity : If (A,),~, is an increasing sequence of measurable parts, we

have
+00
n=1
2. Decreasing continuity : If (An)@ 1 18 a decreasing sequence of measurable parts with
H (Al) < 00,

then, we have

(ﬂA)— lim pi(Ay).

Proof.
1. Putting
Ay
Bn = An\Anfl, n 2 2,

+oo

the sets B,, are mesurables and A,, U By, for allm > 1, wich is impies that U B,
n=1

+o0

U A,,. Moreover, the sets B,, n > 1 are pairwise disjoint, therefore

n=1

B (U An) = u (U Bn) IZM(Bn> = lim > p(By)

= lim p (U Bk> = lim p(A,).

k=1

2. Foralln > 1 we put B, = A)\A, = A1NA;,. Since (A,),, is decreasing, the sequence
(Bn),s1 is increasing, using 1) we obtain

m (U Bn> = lim pu(B,) = u(A) — lim p(A,),

n—:aeoQ n—:eoo

on the other hand, we have

+oo +oo +0o0
UBn:A1m<UAZ>:A1\ﬂA"’
n=1 n=1 n=1
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it results that

(0) s (10)

Finally, we can simplify by p (A1) since this last quantity is finite,

+oo
n=1

Remark 1.10 The condition 1 (A;) < oo in 2) of the previous theorem is necessary as
shown in the following example

Example .8 Let us consider the measured space (N, P (N), card) and the sequence of mea-
surable parts (A,),~, such that

A, ={n,n+1,n+2 ..},

let us show that the condition 1 (A;) < oo is necessary for the decreasing continuity of the
measure

Proof. The sequence (A,),, is decreasing
Appr={n+1n+2n+3,. .} CA, ={nn+1,n+2 ..},

and
p(Ay) = card ({1,2,3,...}) = +oc.
+oo
If v € ﬂ A, then x > n, for alln > 1. Therefore N is bounded, which is a contradiction.

Therefore
+o0
() An=0.
n=1

On the other hand, we have

n—=ao0 n—=aoo

+00
=3 (ﬂ An> # lim p(A,) = lim card({n,n+1,n+2,..}) = +oc.
n=1

1.4.2 Negligible set and complete measure

Definition 1.16 Let (E, T, p) a measured space and N C E. The set N is said negligible in
(B, T, ) if there exists A € T such that N C A and pu(A) =0
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“+00
Remark 1.11 If (A,),-, a sequence of negligible parts in (E,T, 1) then U A, is nigligible.
n=1
Indeed : for all n > 1 there exists B, € T such that A,, C B,, and u(B,) = 0.
Since
+o0 +o00 o0 +00
A, c B and p (U Bn> <> p(B,) =0,
n=1 n=1 n=1 n=1
“+o00
therefore U A, is nigligible.
n=1

Definition 1.17 a measured space (E,T, 1) is said to be complete if every negligible part
is measurable (and therefore of zero measure). In this case we say that the measure p is
complete.

1.4.3 External measure

Definition 1.18 Let X a set. We call an exterior measure on X an p* : P (X) — [0, +00]
possessing the following properties

1. p*(0) =o0.
2. If AC B C X then u* (A) < u*(B).
of parts of X we have

+oo +o0
n=1 n=1

Remark 1.12 [t is clear that any positive measure on (X, P (X)) is an exterior measure
on X, but the converse is not true in general, as the following example shows

3. For all sequence (A,)

n

Exzample .9 Let X a non-empty set. The application p* : P (X) — {0,1} defined by

{u*(@)zo
i (A) =1, if A£0,

is an exterior measure on X.Moreoever if card (X) > 1, the application p* is not a positive
measure on (X, P (X)).
Proof. Let A,B € P(X) with AC B

i) If A=0, then u* (A) =0 < p* (B)
ii) If A+ 0 then B # 0 and therefore pu* (A) = 1 = pu* (B)
Now, let (A,), a sequence of parts of X.If all the sets A, are empty, we have
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+oo
Conversely, if there exists j € N such that A; # 0 we have U A, # 0 and then

n=1

+oo R
i (U An> =1=p"(4) < D_u' (An),
ne1 n=1

which means that p* is an exterior measure on X.
Since card (X) > 1, we can choose a,b € X with a #b. We put A = {a} and B = {b}.
In this case p* is not additive because

pr(AUB) =1#p"(A)+p" (B) =2,
then p* is not a positive measure on (X, P (X)). m

Proposition 1.10 Any additional external measure on X is a positive measure on (X, P (X)) |
Proof. We verify the o—additivity. Let (A,), a sequence of P (X) pairwise disjoint.
First, note that

n

p +o0
A, c A,
n=1 n=1

for all p > 1. By the additivity hypothesis and 2. of the previous definition, we have

P P +00
St () = (U An> < <U An) ,
n=1 n=1 n=1
and by taking the limit when p — +00 we obtain
+oo +oo
o< (Unn).
n=1 n=1

this last inequality and 3) of the previous definition give the o—additivity of p*. m

Definition 1.19 Let X a non-empty set and let ;i* be an exterior measure on X. A part E
of X is called p*—measurable if for all A C X we have

p(A)=p (ANE) +p* (AN E).

We also say that E is measurable in the Carathéodory sense (with respect to p*). We denote
by M (u*) the family of u*—measurable subsets of X.

Remark 1.13 1. The measurability of E does not involve p* (E) but p* (A) where A is
called the test set.

2. For all A C X we can write
A=AN(EUE)=(ANE)U(ANE"),
by the subadditivity of the exterior measure (3 in definition 1.19) we always
pr(A) < pt(ANE) +p" (AN ES),
then to show that a subset E C X is p*—measurable, it suffices to show that
pr(A) Z p (ANE) +p" (AN ES),
forall A C X.
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Example .10 Let X a non-empty set

1. X and () are p*—measurable for all exterior measure.

2. If u* is an exterior measure on X and E C X such that p*(E) = 0, then E is
w*—measurable.

Proof. 2) it suffices to show that
pr(A) Z @t (AN E) +p (AN E°),
18 true for all A C X. By the inclusions
(ANFE)CFE and (ANE°)NA,

we have
WANE) <t (B) =0 and p* (AN E) < ' (A),

which implies that
pw(ANE) 4+ p" (AN E®) = p" (AN E°) <yt (A).
|

Theorem 1.4 Let p* be an exterior measure on a non-empty set X. Then M (u*) is a
sigma-algebra (tribe) on X and the restriction of u* to M (u*) is a measure.
Proof. ), X € M (u*), by the previous example. Immediately, starting from the equation

p(A) =p (ANE) +p* (AN E°),

we have E € M (u*) if and only if E € M (u*)°. It therefore remains to be seen that M (u*)
15 closed under countable unions.

We begin by establishing this for a finite union.

Let En, Ey € M (p*), for all AC X

pw (A =p (ANE) +p (ANEY), (1.1)
we test the pu*—mesurability of Ey by the set AN EY
p(ANEY) =p (ANE{NEy) +u" (ANE{NES), (1.2)
by replacing 1.2 in 1.1 we obtain

W (A = p(ANE)+up (ANE;NEy) + u* (AN E; N ES)
> W [(ANE)U(ANE;NEy)]+p* (ANE{NEY),
but

and also
ANE{NEs=AN(EUEy),
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therefore we obtain
p(A) 2 pt [AN(Ey U Ey)] + 5" (AN (Ey U E)Y),

then
FEyUE, e M(p").

To complete the proof that M (11*) is a sigma-algebra (tribe), let’s show its closure with respect
to countable unions. We consider a family (E,), of pairwise disjoint elements of M (u*) if
(An),>q 18 a family of elements of M (u*), we can always writeest U, A, = U, E,, with the
elements E, are pairwise disjoint. We

= U E
k=1
for all n > land we show by induction on n that for any subset A C X we have

“(ANF,) Z“ (AN Ey), (1.3)

the property is true for n = 1 and if we assume that it is true for an index n, and since
F, € M (i) is a finite union of the elements in M (*), we test its measurability by ANF, 1
W (ANE, )= (ANF, 1 NE)+p* (AN E, 1 NES), (1.4)
on the other hand in fact that
FoonkE,=F, and F, .1 NE; = E,44,
the equality (1.4) gives
(AN Fy) = p (ANE,)+p" (AN Eq)

= SWANE) 4 (AN Byn)
k=1
n+1

= Y W(ANE).

+o0
Now, if we put F = U Ey, we have ANF, C ANFE for alln > 1. Therefore, according to

k=1
the monotonicity of the exterior measure and (1.3) we have

W (ANF) > " (ANF,) Z“ (AN Ey),
we taking the limit whene n — +o00, we obtain

“(ANF) Z“ (AN Ey),
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conversely and by (3) of the definition 1.19

“+oo “+o0o
pwANF) =p || JANE)| <) w (ANE),
k=1 k=1
therefore for all A C X
+o00
p(ANF)=> p (ANE). (1.5)
k=1

We have a F° C F¢ for alln > 1 and
pr(A) = p(ANF,) +p (AN EY)

= Y W (ANEy) +p (ANFY)

k=1

> S W (ANB) + i (ANFY),

k=1
and by taking the limit as n — +o0 and by (1.5), we get

pr(A)Z p (ANFE) +p" (ANF),

therefore
+0o0
F=|JBeMu),
k=1
the o—additivity of p* on M (u*) resulte of the formula (1.5) taking as the test set A = X.
[

1.5 Lebesgue’s measurement of the Borelian tribe

1.5.1 Measure of Lebesgue on R

Theorem 1.5 There is a unique positive measure on (R, B(R)), noted A, such that
A(]byal) =b—a,
for all a,b € R, a < b. It is called the Lebesgue measure on R.

Remark 1.14 1. It is clear that the measure \ is o— finite since
400
A([=n,n]) =2n < 400 and R = U [—n,n].
n=1
2. For all x € R we have X ({x}) = 0 and consequently

A(Jb,af) = A(Jb,al) = A([b, al) = A([b,a]) = b —a.
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Indeed :

n

{x}:ﬁ]x—%,x%—l[,

therefore, by decreasing continuity, (2) in Theorem 1.3, we have

n—-s-+4o00o n n n—-+oon

1 1 2
A({z}) = lim A @x— —,x—l——D = lim —=0.
It immediately follows that
Proposition 1.11 FEvery countable set D of R has a zero Lebesgue measure A (D) = 0.

Proof. Since
+00

D= U {xn}a

n=1,x, ER

we have .
AD) <D A{za}) =0,
n=1
which implies that A (D) =0. =

Proposition 1.12 The Lebesgue measure \ is invariant under translation and invariant
under symmetry. That is, for all a € R, we have

AMa+A)=A(A) and A (—A) = A (A),
for all Borel A of R, then
a+A={a+a,aec A} and — A= {—a,a € A}.

1.5.2 Lebesgue measure on R"”

Recall that a cuboid P of R™ is a product of bounded intervals P = I; X Iy X ... X I,,,
with I; CR (j = 1,...,m) is a bounded interval. The measure of cuboid P is given by

m(P) = L] X |Iz| X ... X |L,],
with |;| is the length of the segment I;.

Definition 1.20 For any part A of R™, we define

+oo +o0
A" (A) = inf {Z m(P;): AC U P, P; open cuboid of]Rm} ,
n=1 n=1

the infimum is taken over all countable coverings of A by open tilings

Theorem 1.6 We have the following assertions
1. X" is an exterior measure on R™.
2. The tribe M (u*) contains the Borel sigma-algebral3 (R) .
3. X' (P) =m(P), for any cuboid P C R™.



26

1.6 Corrected Exercises

Exercise 1.1 Let I/ a non-empty set and (A;),.; a family of subsets of E. Show that

- (U&-) =((E-4)

- (ﬂz‘h) :U(E—Az’)

Solution 1.1 1. Letx € £ — (U Ai> , then

i€l

= E—(UA1><:>I€E,$¢UAZ-

el el
<— zeFE, x¢gAViel
— we(F-4), Viel

= ze(E-4),
i€l
then

(UA) ((E-A)

el el
2. In the same way, we show that

(ﬂA) JE-4).

el el

Exercise 1.2 Let £ a non-empty set and (A;),.; a family of subsets of E. Show that

)y

icl iel
040
icl iel

Solution 1.2 1. Letx € f~1 (U AZ-), then

el

T ( ) ::L_Jj4i

i€l
<~ dkel, f(x) e A
— zecf A ,k:

k)
= zelJr! (Az),

el
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therefore

—1 (U A1> — Uf*l
icl i€l

2. In the same way for

-1 (ﬂ Az> — mf—l
el iel

Exercise 1.3 Let (A;),.; a family of non-empty subsets of a set E. Show that

1. f (UAZ-> =Jr

el i€l

2. f (ﬂ AZ) C ﬂ f(Ay), and in this case the equality is true if and only if the function
i€l
f s injective.

icl
Solution 1.3 1. Let

y € f(UAZ) —=dwelJAiy=flo)

i€l el
dkel,xe A
y € f(Ax)
ye Uf(Ai)

el

(ze] ) i€l

y € ( )@erﬂA y = f(z)

el

117

ﬂ

2. Let

re A, Viel
ye f(A),Viel

ye()f(A)

el

f(ﬂAZ) c()f(A

i€l i€l

MII

!

Now, let

y ﬂf )<=vyef(4),Viel
il
— dr; € A1y = f(xy),
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therefore

E— wgz...:xn:xeAi:xémAi
iel

— y=f(z)ef (ﬂAl) .
iel
Example .11 Let
f : [_2a 2] - [Oa4]
T - a?
we have
F=2n{2}) # r{-2Hnf2}),
therefore, the inclusion operation is verified, but the equality is not verified because f is not
mjective.
Ezxercise 1.4 (Oprations on tribes)
1. Let F a tribe of 2 and B an element of F. Show that the set
Fe={ANB,AcF},

is a tribe of B.

2. Let (X x Y, F) a measured product space and 7 : X x Y — X the canonical projec-
tion. The set
Fx = {W(F),FGJT},
is a tribe ?
3. We consider on N, for each n > 0, the tribe

Fn.=0({0},{1},{2},....,{n}).

Show that the sequence of sigma-algebras (F,),,-, is increasing, but that U F, is not
n=>0
a sigma-algebra. (Hint : you can reason by contradiction and use the subset 2N.

4. Let (F,.A) a measurable space . Let C' a une family of parts of £, and let B € o(C),
then necessarily there exists a countable family D C C such that B € o(C). Is this
true?

Solution 1.4 1. i)We have
B=QNBE¢ FB

it) Let C = BN D € Fp with D € F. Then D¢ € F and Cj = BN D° € Fp.
iii) Let C,, = BN D, € Fp with D, € F. Then | D, € F and

|JB.=Bn|JD. € Fs.

Therefore the set Fg is a tribe on B.
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2. We conside for X =Y = {0,1} the tribe F generated by the element (0,0) € X x Y.

It is clear that
F={0,X x ¥,{(0,0)}, X x Y\ {(0,0)}}.

We verify that
Fx={0,{0}, X},
which 1s not a tribe.
3. We put

F=J %

neN
and we suppose that F is a tibe . We have
{2n} € Fo, C F and 2N = U {2n}.

n=0

Therefore , 2N € F 1i.e there exists ng € N such that 2N € F,,,. Now, the only elements
of infinite cardinality of F,, are of the form N\ A, where A is a part of {0,1, ..., }-
We therefore obtain a contradiction.

4. Yes is true . Indeed , let
G={Be€o(C);3aD C C countable such that B € o (D)} .

We show that G is a tribe on E.

i) It is clear that E € G

ii) If A € G, then there exists D C C countable such that A € o (D), and then
A¢ € o (D) : we have A° € G.

iii) If (A,) C G, then for all n there exists D, C C countable such that A,, € o (D,),

then
U A, € 0 (D), where D = U D,, C C is countable ,

neN neN

(being a countable union of countable sets), we have

U4a.eg

neN

In conclusion, G is a tribe . Or C C G, which implies that
o(C)Co(G)=6co(C),
hence the result.

Exercise 1.5 1. Is the set of open sets of R a sigma-algebra (tribe) ¢
2. If we denote by A The Lebesgue measure, recall why A ({x}) =0 for all x € R, then

A(R) =\ (Um) => A({zp)=>0=0.

zeR z€R z€R

Where is the problem ¢



30

3. If F and G are two tribes , Is FAG always a sigma-algebra (tribe) ?

4- If (an) >, and (bn),~, are two sequences of real numbers, do we always have

lim sup (a, +b,) = lim supa, + lim supb,?

n—:aoR n—-aoo

And if the two sequences are bounded ¢ And if b, converges ?

Solution 1.5 1. No, because the complement of |—00,0[ is not open.

2. No, not always. For example, yes, if we note
0 =1{1,2,3},

we take

F= {97{1}7{273}’9}7
and
Indeed, we have

FUg={0,{1},{2}.{2,3},{1,3},Q},

which 18 not closed under union
{1} u{2} ¢ FUG.

3. We have
A({z}) = nli_r)noo)\ ([t —1/n,x+1/n]) = 0.

Furthermore, the equality

) (U {x}) Y (),

18 not verified because R is uncountable.

4. This is not always true (for example, a,, = —b, =n). On the other hand, the left-hand
side s less than or equal to the right-hand side when both sequences are bounded, and
the equality is verified whenb,, converges.

Exercise 1.6 (Borel-Cantelli Lemma) (E, A, pt) is a measured space (1 is a positive measure
) and (A,),~, is a sequence of elements of A. Recall that we denote

li_r)n iann:UﬂAk and h_r)n supAn:ﬂUAk.

n=lk>n n=>1k>n
1. Show that
1 ( lim inf An> < lim inf p(A,),
and if

u (U An) < 00,
n>=1
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then
u( lim sup An> > lim suppu(A4,).

n—=aoQ0 —00

H(ya)-

2. (Borel-Cantelli Lemma.) We assume that Zu ) < oo. Show that

n>1

What happens if

,u( lim supAn> =0.

n—:aeo0

3. (An application of the Borel-Cantelli Lemma.) Let € > 0.Show that for almost x € [0, 1]
(for the measure of Lebesgue), there exists only a finite number of rational numbers p/q
with p and q coprime such that

1
q2+ﬁ

1.e., almost every x is "poorly approrimated by rational numbers of order 2 + €.

Solution 1.6 1. We note that, for alln > 0 and for all k >

M (ﬂ An> < p(Ag) -

<ﬂ Ak> < 1nfu (Ag) . (1.6)

k>n

Hence,

Or the sequence (ﬂ Ak) 1s increasing. The result is therefore obtained by taking
the limit when n — oo in (1.6). Similarly, we have

I (U Ak) > supp (Ay) - (1.7)

k>n

Or the sequence (U Ak) 15 decreasing and [ (U An) < 4o00. The result is
k>n n>0 n>=0

therefore obtained by taking the limit when n — oo in (1.7). We can also use the
previous result and reason by taking the complement. Indeed , we put F = U A, then

n=>0
we have

F\ lim sup A4, = hm inf (F\A4,),

n—=aoo
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then
i (F\ lim sup An> < lim inf (F\A4,),

n—--auoo —00

that is to say

M(F)—M( lim supAn> S p(F) = lim supp(4,),

n—=ao0 n—:aoo

since 1 (F) < 0o, that implies the result.

2. We have for alln > 0,
" <U Ak) <D n(Ay),

k>n k>n
or

1 <JLmoo sup Ak> < i (g Ak> , forallmn >0

and Z p (Ag) is the remainder of a convergent series and therefore tends towards 0

k>n
when n — 0o. Hence we obtain the result.

3. For all ¢ > 1, we denote
q
B p 1 p 1
d= 00 [F G B o
p_
hence , A (A,) < 2/q'"¢, consequently

Z A(A4,) < +o0.

qz1

According to the Borel-Cantelli lemma, A (lim sup Aq> = 0, or the set lim sup A,

q—00 q—>00

contains the set of real numbers well approximated by rational numbers of order 2 + e.

Exercise 1.7 Consider E a set and T a part of P(FE) stable under countable union, stable
under passage to complement with ) € T.

1. Prove that T is atribe on E

2. Is the set of finite subsets of E a sigma-algebra (tribe) ?

Solution 1.7 1. We have E € T since E = (° and T is stable under complementation.
On the other hand, T is stable under countable intersection because, if

(A,) C T,

we have

<ﬂ&)—U%eﬂ

neN neN

(because T is stable under complement and under countable union) therefore
(A €T,

(because T is stable under complement).
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2. We distinguish two cases :
a) If E is finite, the set of finite subsets of E is a sigma-algebra, it is the sigma-algebra
P(E).

b) If E is infinite, the set of finite subsets of E is not a sigma-algebra, because it is not
closed under the complement (the complement of a finite subset is infinite...).

Exercise 1.8 Let E an infinite set and
S ={{z},z € E}.

Determine the sigma-algebra tribe) generated by S (distinguishing between countable and
uncountable cases of E).

Solution 1.8 We denote by T(S) the tribe generated by S.

i) We suppose that E E is at most countable (that is, finite or countable). According to the
closure of T'(S) under countable unions, the sigma-algebra (tribe) T(S) must contain
all at most countable subsets. Since all subsets of E are at most countable, we deduce
that T'(S) = P(E).

ii) Now, we suppose that E is infinite and uncountable. We denote by A the set of parts of
E at most countable and

B={A° Aec A}.

According to the stability of T'(S) under countable unions, the sigma-algebra T'(S) must
contain A. By the stability of T'(S) under complementation, T'(S) must also contain
B. We will now show that AU B is a sigma-algebra (it follows that T'(S) = AU B).
We have

e AcC AUB,

and it is clear that AU B is stable under complementation because
Ae A=A e B,
and

Ae B=A€c A

Finally , if (A,),en C AU B, we distinguish two cases :
1) First case if
A, € A, Vn €N,

then, we have

UA,eAC AUB.

neN

2) Second case : if there ezists n € N such that A,, € B then, we have AS € A, therefore AS,

18 at most countable and .
(U Ap) = ()4 c A,

peN peN
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18 also almost countable , which gives

<U A,,) € A,
peEN

and
J4,eBcAUB.
peN
We have already shown that
JAe AUB.
neN

This proves the stability under countable unions of AU B.
Finally , AU B is a tribe containing S and contents in T(S), which gives

T(S) = AUB.

Exercise 1.9 Consider A a measurable set (measure of Lebesgue) such that A C [0,1], and
let
f () = p(ANI0,])

1. Prove that f is continuous.
2. We put p(A) = a, (o > 0). Show that

V8, 0<B<a; IBC A u(B) =5
Solution 1.9

1. We show that f is continuous.

Ve >0;30 > 0; |z — x| <6 = |f(z) — f(x0)| <€

|f (@) = [ (zo)] = [w(AN[0,2]) —p(AN[0,z0])]
| (AN Jinf (2, 29) ; sup (2, z9)])|
< |p (Jinf (z, 20) ;sup (2, 20)])| = |z — |

— f is continuous.
2. We have
f0)=0; f(1) =p(AN[0,1]) = n(4) =a
f is continuous and by the Intermediate Value Theorem there exists ¢ € [0, 1] such that

f(c) = B with 8 € [0, a] which means the existence of a set of the form B = AN [0, c|
which is included in the set A and also

f(e) = p(ANI0,¢]) = u(B) = 5.

Exercise 1.10 Let (E,T,m) a measured space .
Prove that
VA, BeT:m(AUB)+m(ANB)=m(A)+m(B).
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Solution 1.10 We have
AUB = (A\B)UB and (AN\B)NB =@,
By using the o—additivity of m, we obtain

m(AUB) = m(A\B)+ m(B)
= m(AUB)+m(ANB)=m(A\B)+m(B)+m(ANB)
— m(AUB)+m(ANDB)=m(A)+m(B),

because

m(ANB)+m(ANB) = m((A\B)U(ANDB))
= m(A).

Exercise 1.11 Consider (E,T,m) a measured space where m is a measure verifying
m(E) = 1.

Show that the set
F={AecT;m(A) =0vm(A) =1},

18 a tribe on E.
Solution 1.11

1. We have E € T and m(E) = 1, therefore £ € F

2. Let Ac F=AecT:m(A) =0Y m(A) =1, on the other hand, we have A® € T,
(car T is stable by par complement) and

m(A%) = m(E—A) =m(E) - m(A)
S
— m(A) e F—=A"€F
3. Let
(A)yey C F=—=VneNA,eF

= VneNA, €T and m(4,) =0Y m(4,) =1,
therefore, we have

U A, € T (because T is stable by U countable),
neN

We distinguish two cases. :
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i) If
Vn e N, m(4,) =0,
then
0 < m (U An> < Zm(An) =0
neN neN
= m (U An> =
neN
ii) If
dng € N, m(A,,) =1,
then

1 = m(An0)<m<UAn><m(E):1

neN
= m (U An> =1,
neN
therefore, we get
U A, € F.
neN

Exercise 1.12 Let (E,T,m) a measured space , we put

T={AUN:A€T, Ne€N,},

where N,, is a set of negligible parts.

Prove that 7T is a tribe on E containing TU N,),.

Solution 1.12 Let B
T={AUN:AeT, NeN,},
We prove that T is a tribe on E :
1. We have

E €T because E = EU @ with E€T and @ € N,,, (m(2) = 0).

2. Let
CeT=3AcT,ANEN,, : C=AUN,
since

N € N,,, thendB €T : N C B and m(B) =0,



on the other hand, we have
C° = (AUN)°

= A°NN°

= A°N(B°U(NN\BY))

= (A°NB°)U(A°N (N\B))

= (A°NB°)U(A°NN°NB),
with

(A°NB°) €T and (AN N°NB) € Ny,

because
A°NN°NBC B,

we deduce that B
ccel.
Now, let

C, ¢ T=VneNC,eT
— VneN,dA, €T,dN, € N,,: C, = A, UN,,

on the other hand, we have

N, €N,,—3B,€T: N, C B, and m(B,) =0,

then

U= “un,) = (U An> U (U Nn> ,

neN neN neN neN
with

(U An) €T and <U Nn> C (U Bn) ;
neN neN neN
and
m (U Bn) < m(B,) =0,
neN neN

therefore

Hence T is a tribe on E.

We show that TUN,, C T

i) If A€ T, then
A=AUg and 9 € N,,,

therefore
A€T, hence T CT.
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ii) If N C N,,, then
N=gUNand@ecT = NCT,

therefore
N,, CT,

finally, we obtain -
TUN,, CT.

Exercise 1.13 Let E be an uncountable set. For any subset A of E, we set

0 if A is atmost countable
400, otherwise

() = {
m is a measure on P(E) ?

Solution 1.13 1. We have m(2) = 0 because & is almost countable
2. Let
(An)pen CP(E) : Ay N Ay, =@ Yn#m,
We distinguish two cases :

i) IfVn € N, A,, is almost countable, then U A, s almost countable, therefore
neN

m (U An> => m(4,) =0.

neN

if) If 3p € N : A, is infinite and uncountable, then U A, is infinite and uncountable,

neN
then we have :

m <U An> = too=) m(A,)

= Y m(A,)+m(4,).
n#p

Therefore m is indeed a measure on P(E).

Exercise 1.14 (Lemma of Borel-Cantelli) : Let (E,T,m) a measured space and (Ay), o C
T such that Zm(An) < 00.

neN

Show that m (EAYJ =0.

Solution 1.14 We have

+o00
m(A,) < oo therefore Zm (Ax) — 0,

k=n



39

on the other hand, we have

m (U Ap) < Zm(AP)a

therefore

m (UAP> :09,

p=n

the sequence (U Ap> 1s decreasing, because if we put
neN

p=n
B, = |JA, Bi=A4,U4,1UAnU...
nz=n
Bn+]_ — An+1 U ATL+2 U An+3 U

— B, C B,,¥n €N,

on the other hand, we have

neN neNp=n

= lim m(U A,) =0,
n=n

hence
m (@An) = 0.

Exercise 1.15 Consider (E,T,m) a measured space and (Ay), .y C T such that m(A,) =
m(E), Vn € N.
Show that

m ( N An> = m(E).

Solution 1.15 We have m(E) < oo

Vn € N:m(AY) =m(EN\A,)
= m(E)—-m(A,) =0.

By o—additivity of m, we have

hence
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Exercise 1.16 We consider (E,T,m) a measured space and (Ay,), oy C 1. We suppose that

dng e N: m UAp < o0.

P>ng

We prove that
m (li_mAn> < limm (4,) < limm(4,) <m (EA,J )

n n

m(liTmAn) :m<U N Ap>.

neNp=>n

Solution 1.16 We have

The sequence ( ﬂ Ap> s decreasing and by increasing monotonicity, we have
neN

p=n

m<U N Ap> zlignm(ﬂ Ap>.

neNp=n p=n
Moreover
m(ﬂ Ap) <m(4,),Yqg > n,
p=n
because
ﬂ A, CALVg=2n
p=n
therefore
m < ﬂ Ap> < ;I;flm (Ay)
p=n
= limm < ﬂ Ap> < limm (A,),
" p=n n "
and as
infm (A4,) < supm (4,),
p=n p=n
then

we have also
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and since <U Ap> s decreasing and
neN

p=n

EInOEN:m<UAp> < +00,

and by increasing monotonicity

p=n

m<ﬂ UA,,) _11£nm<UAp),

neNp=n p=n

m(A,),Yq = n because A, C U A, Vg = n,

p=n

m (U Ap) >supm (4,),

p=n gzn

limm, (U Ap> > limm (A,),

moreover
p=n

therefore

therefore

hence

p=n

m (@An) > Timm (4,



Chapitre 2

Measurable Functions "Random
Variables"

2.1 Mesurable functions

Definition 2.1 Let (E,T) and (F,T") two measurable spaces and f : E — F an pplication.
f s said to be measurable if

VAT, f1(A)eT,
which amounts to saying that
(1) cT.

When E and F' are topological spaces equipped with their Borel tribes, we say that f is
bounded.

Example .12 1. If we equip E with the tribe P(FE), then any application f of E in the
measurable space (F,T") is measurable.

2. Let (E,T) a measurable space and f : E — R such that f(x) = a = cste,Vx € E.
Then f is measurable.

Indeed : Let A € B(R)

Ifac A, f[fY(A)=FE€eT.
Ifag A, f[TY(A)=0€T.

Theorem 2.1 Let (E,T),(F,T") and (G, T") three measurable spaces and f : E — F,
g : ' — G two measurable applications. Then go f is a measurable application.

Proof. We have for all C € T”, g~ (C') € F because g is measurable, and then f~! (¢~ (C)) €]
T since f is also measurable, therefore

(9of) 1 (C) = {z€E:(gof)(z) € C}
= {ze€E:g9(f(x)) €C}
= {m eE: f(x)e g_l(C')}
= {:c €eFE:zef! (g’l(C’))}
fHg7H0O) eT.

which proves that gof is measurable. m

42
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Proposition 2.1 Let (E,T) a measurable space and f,qg two applications from E in R.
Then the application
(B,T) (R?, B(R?))

h:(f,g): —  (f(z),g9(x))

is measurable if f and g are measurable.

Proposition 2.2 If E and I’ are two toplogical spacesque equipped with their Borelian tribes
and f : E — F a continuous application, then f is measurable.

Remark 2.1 The converse is generally false.

Example .13 Let
f:R — R
1 difzeqQ
oo f(”‘{ 0 ifr¢Q
f 1s mon est non continuous but measurable. Indeed : Let a € R, we have :
~ If]a,+oo[N{0,1} = @ then f~(Ja,+oo]) = @ € B(R)
~ If]a,+00[N{0,1} # & then [(Ja, +oo]) € {Q.R ~ Q,R} C B(R).

Remark 2.2 An application can be measurable relative to one tribe and not be for other
tribes.
Proof. Let the tribe

D (R) ={A C R: A countable or A° countable} ,

the identical application

id : (R,B(R)) — (R, B(R)),
18 obuviously measurable. However
id: (R, D(R)) — (R,B(R)),
is not measurable according to (2) in the previous example because B(R) € D (R) as [a,b] €
B(R) but [a,b] ¢ D(R). =
2.1.1 Characterization of the measurability and stability of L' (E)

Proposition 2.3 (Measurability criterion)
Let (E,T) and (F,T") two measurable space and f : E — F an application and let
G C P(F) generating the tribe T' = o(G). Then f is measurable if and only if :

VO CG:fHC)eT. (2.1)

Proof. If the function f is measurable, then the condition 2.1 is evident.
Conwversely, suppose that f~1(C) € T, for C C G and let T' the image tribe of T with f
defined by
={CcF:f'C)eT},

then G C T and since T' = o(G) we have T' C T, and in particular f is measurable. m
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Ezample .14 a) If(F,T') = (R,B(R)), f is masurable if and only if f~*(Ja,b]) € T,Va,b €]
T such that a < b.

b) (F,T') = (R,B(R)), f is measurable if and only if f~*(Ja,+o0]) € T,Va € R,

Corollary 2.1 Let E and F two topological spaces equipped with their Borelian tribes. If
f:(E,B(E)) — (F,B(F)) is continuous , then it is measurable.

Remark 2.3 (Measurability of a numerical function)
Since the tribe B(R) is generated by the family of intervals of R of the form ]a,+ool, then
the function f: (E,T) — (R, B(R)) is measurable if and only if

f(a,+oc)) € T,Va € R.

We denote by L° (E) the set of the functions [ : (E,T) — (R, B(R)) measurable numeri-
cally.

Proposition 2.4 Let (E,T) a measurable space and , (F,T) a topological space , fi, fo €
L0 (E) two numerical measurables applications and ® : R*? — (F, ) an continuous applica-
tion. Then the application h : (E,T) — (F, 1) defined by

hz) = (fi(x), f2(x)) , for all x € E,

1s measurable. In other words, a continuous combination of two measurable applications is
measurable.

Proof. We can write h = ® o F with F : (E,T) — (R? B(R?)) is defined by F(z) =
(fi(z), fo(x)) . Since ® is measurable (because is continuous ), il suffices to show that F is
maesurable. If I and J two intervals of R we have

FHIxJ)=fii ()N fy ' (J)eT.

By the proposition 2.3 and since B(R?) is generated by the rectangles of the form I x J the
application F' is measurable. m

2.1.2 Operations on measurable functions

Proposition 2.5 Let (E,T) a measurable space and f,g: E — R two applications. Then if

I

f, g are measurables the functions : f + g, f-g, A\f (A € R), inf(f, g), sup(f,g), g

are measurable.
Remark 2.4 |f| can be measurable without f being measurable.

Example .15 Let A¢ T and f = x4 — Xac that is to say

1,ifre A
/(@) :{ —1, if x € A°,

then |f| = 1 is measurable, but f non measurable because for example

{1} eBR) et [T ({1})=A¢T.
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Proposition 2.6 Let (f,)nen is a sequence of measurable applications from (E,T) in (R B(@)) I
Then the applications sup fns mf fn, limsupf,, hm mf fn : E — R are also measurables. Mo-

n—---+o00
reover if the sequence ( fn)neN converges szmply to f , then f is measurable.
More generally, the set

{x € E, lim f,(x) ea:ists},

n—---+00

is measurable.
Proof. Soit g = supf,. Pour tout a € R, si x € g~'(Ja,+oo|) alors il existe m > 1tel que

+o0o
fm(x) = a, donc x € U ot (Ja, +o0) .

+oo
Inversement, si x € U It (Ja, +00]) il est clair que g(x) = supf,(z) = a, d’ou

n=1
g~ (Ja, +o0[) U it (la, +oo]) € T.

Ainsi g est mesurable. Il en va de méme de inf f,, = —sup (—f,) . Par définition on a

limsupf, = inf Supf k>

n—s+oo nz1 k>n

et
hm mf fn = Sup inf fj,

'I’L>1 /’Vl

On est donc ramené aux résultats précédents. De plus si (f,), converge simplement vers f
alors
f= lim f, =limsupf, = liminf f,,

d’otu le résultat. Finalement pour montrer la derniére affirmation, on définit ’application
F:(E,T)— (RQ,B(RQD , F(x) = (hmmffn,hm supfn) :
n—-+ n—s-+400

et on remarque que
{m € E, lim f,(x) emiste} = F1A),
n—-+400

ol

A={(z,z):z R},

l’ensemble A est fermé alors il appartient a B(@2) et donc F7Y(A) € T puisque F est
mesurable. ®

Proposition 2.7 Let (E,T) a espace measurable space. Any positive measurable numerical
[+ E —[0,+00] is a simple limit of an increasing sequence of (f,), (measurable) stepped
functions.

We give the proof of this proposition in the form of a corrected exercise (see exercise 2.2.)
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2.2 Characteristic or indicator function

Definition 2.2 Let (E,T) a espace measurable space and A C E. The characteristic or
indicator function of the set A, denoted 14 or x 4, is the function defined by

1,ifzeA
Ly (z) = x4 (2) = { 0 gtherwise.

Remark 2.5 The characteristic or indicator function 1, is measurable if and only if A is
measurable.
Indeed : Let a € R, we have

0,ifa>1
1. (Ja,+o0]) =¢ A,if0<a<1
E,ifa <1

Since (), E € T, it suffices that A€ T.

2.2.1 Stepped functions
Definition 2.3 Let (E,T) a measurable space and [ a function from E in R. We say that
f is step-function if it takes only a finite number of values (i.e : Cardf(E) < +00). Noting

f(E) ={a1,as,...,an},

then we have

f(z) = z aila, (z),

where for each i € {1,2,...,n}, A; = f~'({a;}). This notation is called the canonical
notation.
f is said to be positive step-oriented if a; € Ry, Vi =1,2,....n.

Remark 2.6 f is a finite linear combination of characteristic functions, therefore f is mea-
surable if and only if Vi = 1,n, A; is measurable.

Example .16
f R — R

_J1,ifzeqQ
o f(x){ 2, Otherwise

f is step-dependent because f(R) = {1,2} and we have

f . 1Q+2'1R—Q
Ve € R: f(x)=1g(x) +2- lg_g(x).

Proposition 2.8 If f,g : E — R are two stepped functions and A € R. Then f + \g, f -
g,sup (f,q), and inf (f, g) are stepped functions.



47

Proof. We write f and g in the form

F=> ai-xa and g=>> b;-xp,,
i—1 =1

where n,m € N. Since families (4;),.,.,, and (B;) form partitions of E we can write

1<j<m
n m m n

f = E E a; - XAiﬂBj and g = E E :b] ' XAiﬂBj7
=1 j=1 j=1 i=1

then we have

n m

f+g= ZZ (a;i +b;) - Xa,np, and f-g= ZZ (aibj) - X 4,18,

i=1 j=1 =1 i=1

n m n m

sup (f,9) :ZZSUP (@i, bj) - Xa, NB; and inf (f,g) ZZ (@i bj) - Xa, NB;*

=1 j=1 =1 j=1

2.2.2 Second characterization of measurability

Definition 2.4 Let (E,T) a measurable space and f : E — R an application. We put for
allz € E -

fr(x) = max(f(x),0)
fo(x) = min(f(2),0) = max (- f(z),0)

[fl(x) = |f(@)]
Proposition 2.9 Under the same conditions of the previous definition we have :
f=1-r, fl=f"+f
e

1S measuraoie 1 ana on (3 an ~ o are measurable.
fi ble if and only if f* and f bl

Proposition 2.10 Let (E,T) a measurable space and f : E — R a measurable func-
tion. Then there exists a sequence of functions (f,)nen (measurable) stepped simply converges
to f.

Proof. The applications [T and f~ are measurables then by using proposition 2.7 there
exist two sequences of function increasing (hy)nen and (gn)nen an applications (measurables)
stepped such that h, — f* and g, — f~ simply as n — +oo. We put f, = h, — gn,
such that f,(r) — fH(x) — f~(x) = f(z), as n — +o0, for all x € E. On the other hand
, (fu)nen s stepped (see proposition 2.8). m
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2.3 Some properties of measurable applications

Proposition 2.11 let f,g : (E,T) — (R, B(R)) two measurable application and a € R.
Then the following parts

(f=a): = {zeb:f(x)=a}

(f=9): = {zelk: f(x)=9g)}
(f#9): = {zeb: f(x)#g(x)}
(f>9): = {zeE: f(x)>g)},

are measurable, that means belong to T
Proof. We have directly

(f=a) = f{a})eT

(f=9) = (f—9) " "{ah) eT
(f#9) = (f=9) €T

(f>9) = (f—9) ' (10,40)) €T

2.3.1 Properties true almost everywhere

Definition 2.5 Let (E,T,m) a measured space . A property p(z) concerning © € E is said
to be true almost everywhere if the set

{z € E : p(x) is not true} ,

15 negligible.

2.3.2 Equality almost everywhere

Definition 2.6 Let (E,T,m) a measured space and f,g : E — F two functions (F =
RVRVR, V...). We say that f = g almost everywhere and we denote f = g a.e if the set

{reb: fx)#g(x)}

15 negligible that means
JA € T such that m(A) =0 and f(z) = g(x) Vo € A

Example .17 If the functions f,g: E — R are equal almost everywhere, then there exists
A €T such that
(f #9) C A andm(4) =0,

therefore
f(z) =g(x),Vz € A° and m (A) =0,

we can note that if f and g are measurable, then (f # g) € T and therefore f = g almost
everywhere if and only if m (f # g) = 0.
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Example .18 Let (E,T,m) = (R, B(R),\) and let f,g : R — R such that

1 I
f<x>={‘”f“é0, g<x>={wff#0

%,z’f$:() —1 ,ifx =0,
we have
{zeR: f(z) #g(x)} ={0}, and A({0}) =0,
and
Ve € R—{0}, f(z) # g(),
therefore

f=g ae.

Theorem 2.2 Let (E,T,m) a measured space and f,g: (E,T) — (R, B(R)) two applica-
tions such that f is measurable and f = g almost everywhere. Then g is measurable.
Proof. There exists A € T such that m (A) =0 and

f(z) = g(x), Vo € A“.

Let a € R, if we put
(9> a)=g" (a,+oof),
we have
(g>a) = (g>a)N(AUA°
= [lg>a)NnAJU[(g>a)n A
= llg>a)NAJU[(f >a) N AT,

on the other hand, since f is measurable we have
(f>a)nA°eT

and on the other hand the set
(9g>a)nNA

18 negligible because

(9>a)NACAandm(A) =0,

then
(g>a)NAeT,

since the measure m is complet. We have
(9>a) €T,

therefore we obtain the measurability of g. ®m
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2.4 Convergence almost everywhere and convergence
in measure

Definition 2.7 Let (E,T,m) a measured space , f, : E — R or [0,+00] a sequence of
functions and f : E — R or [0, +00] a function . We say that the sequence (f,), ., converges
almost everywhere to f on E if there exists A C E negligible such that for all x € A°, the
sequence (fn(x)), .y converges to f(x). In this case we write f,, — f a.e.

Remark 2.7 1. IF the functions f, and f are measurable, then the sequence (fy,)
converges almost everywhere to f if

w({rer m o 1)) o

2. Simple convergence implies convergence almost everywhere because if f, — f simply
we have

neN

m (ngrgoofn + f) = m(0) = 0.

Example .19 Let E = |[0,1], T the Borelian tribe on [0, 1] equipped with the Lebesque mea-
sure A and (f,), .. the sequence of functions defined by f,(x) = (—x)". For all x € [0,1] we
have lim f,(z) =0 and

n—--400

A({ze s tim g 20}) =) =0
then f, — f a.e.

Definition 2.8 Let (E,T,m) a espace mesured space and (fy), ., a measurable sequence of
functions of E in R, f : E — R measurable. We say that f,, converges in measure to f

if :
Ve >0, lim m({r € B |fulo) — f(0)] > ) =0,

that means :
Ve>0, dng e N,Vn=2nom({x € E: |f.(z) — f(z)| > ¢}) <e¢,
or

lim m({x € E:|f.(z)— f(z)] = e}) =0.

n—-s-+oo

Remark 2.8 Convergence almost everywhere does not entail convergence in measure.

Ezxample .20 Let E =R, T = B(R), m = A the measure of Lebesgue and f, = X n11),

)= {

there exists ng = x| + 1 such that for all n > ng we have f,(x) = 0. Then (f,), converges
simply to 0 on E, which gives f, — f a.e. On the other hand if we put ¢ = 1, we have

AN{z € E:|fu(z) -0/ >21}) = /\({xEE:X[an] > 1})
A([n,n+1]) =1#0,

1 if n<r<n+1
0 if r<norx>n+1,

then f, does not tend towards to 0 in measure.
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Proposition 2.12 In a finite measured space m(E) < oo, Convergence almost everywhere
leads to convergence in measure.

Proposition 2.13 Suppose that the sequence of functions (f,), converges in mesure to f.
Then there exists a subsequence (fy,), of (fn), converges almost everywhere to f.

Proposition 2.14 Let (E,T,m) a measured space and f, : E — R or [0,+0o0] a mea-
surable sequence of functions and f,g : E — R or [0, +00| two measurable functions. If
fn — [ in measure and f, — g in measure, then f = g almost everywhere. That is, the
limit 1s unique almost everywhere.

Proof. We show that f =g a.e .
Let 0 > 0,Vx € EF and n € N*

[f(@) = g(@)] = [f(z) —g(x) = fulz) + ful2)]
< f(@) = ful@)| + [ ful2) = g(2)],

then

{r-n<gholin-a<itcur-d<s.
therefore

(r-a>ac{ir-ni>ghofin-d>3}.
then

wls=ol > <m ({17 £1>3}) +m ({1 -al > 5}).

Passing to the limit when n — +o00, we obtain that

m ({lf — gl >d}) =0,

and we have

(reB: f@) #9@) = (174> 0)
1
= Ufir-asrl,
Y-
then o
m((ee 50 #g@h < m({ir-a>11) o0
therefore

f=g ae.
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2.5 Random variable

Definition 2.9 Let (E,T) a a probability space, a random variable is a function X : E —
R measurable. that means :
X Y(A)eT, VA € B(R),

or any measurable function of (E,T) in (R, B(R)).

Ezxzample .21 1. Any application [ : (X, P(X)) — (Y, P(Y)) is measurable.
2. If T and T are two tribes on E then the identity on E

id: (E,T) — (E,T"), id(x) = z,

18 measurable if and only if T' C T.

3. If (E,T) and (F,T") are two measurables space and f : T — T' a constant function
(that is say there exists yo € F such that for all x € E we have f(x) = yo) then f is
measurable.

4. A stepped function f is always measurable.

5. Let (E,T) a measurable space and A € T'. The indicator function x4, of the set A is
an application from E in R equipped with the Borel sigma-algebra B(R) is measurable
if and only if A € T. For this reason, the elements of T are called measurable sets.

Proof. We prove only (4) and (5).
For (4) indeed if f is a function of (E,T) in (R, B(R)), there exists (A;),,;, a partition

of E and {ay,...,a,} C R such that f = Z a; - Xa,- for all B € B(R), therefore, we have

fH(B) = (U Ai) e,
a;€A

which proves that [ is measurable.
Now, we show that (5), according to if A € T the stepped function x 4 is measurable.
Conwversely, if x 4 is measurable, then

A=) ({1 eT
because {1} € B(R) like a closed set in R. m

Definition 2.10 Let (E,T') and (F,T") two probability spaces, a function X : E — F is a
random element if it is measurable, that is to say :

XY A)eT,VAeT.

When F' is a vector space, we say that X is a vector random variable or a random vector.
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2.5.1 Almost uniform convergence

Definition 2.11 Let (E,T,m) a measured space and (fy), ., a measurable sequence of func-

tions of E in R, f : E — R measurable. We say that f, converges almost uniform to f
if :
Ve >0, A € T such that m(A) < e and f, unif f on A°.

Conver A. U= Conv A.E.

Definition 2.12 (Essential sup) Let (E, T, m) a measured space and f € M, f is essentially

convergent if
JC € R, such that |f| < C a.e.

We call Essential sup of |f| and we denote || f||
| fllo, =inf{C such that |f| < C a.e},

if f is not essentially bounded, we set || f|| . = oo.

2.5.2 Essentially uniform convergence

Definition 2.13 Let (E,T, m)_a measured space and (f,), ., @ measurable sequence of func-

tions from E in R, f : E — R measurable. We say that f, converges essentialy uniforme

o fif : |If ~ flle — 0

2.6 Corrected exercises

Exercise 2.1 Consider the function [ : (R? B(R?)) — (R, B (R)) defined by

’
T

L fx >0 and2x <y <3
[y =4 Ty P07 EIS

0ifz>0andy ¢ |z, 3]
L 0 if z <0.

1. For alln € N*, we put
9 1
A, =3 (r,y) eR*:xa>0andx <y <2z+—p,
n

and .
Bn:{(x,y)€R2zx>0and2x<y<3x+—}.
n

Determine
+00 +o0
A:ﬂAn and B:ﬂBn.
n=1 n=1



o4

2. Deduce that f is measurable.
Solution 2.1 1. We have
A={(z,y) eR*:2>0 and z < y < 2z}
and
B={(z,y) eR*:2>0 and 2z < y < 3z},

now, we put

1
910.9) = e Jor all () € R

The function g : (R?, B (R?)) — (R, B (R)) is measurable because it is continuous. We
now notice that

f=9xa—9x5
For all n € N* the sets A, and B, are open sets of R? then belong to B (R?).

2. We deduce that A, B € B(R?) and then the functions x 4, and x5 are measurables. Fi-
nally the function f is measurable as a sum of products of measurable functions. (Recall
that the Borel sigma-algebra B (R) on R is generated by the intervals a, +oo[,a € R).

Exercise 2.2 For all n > 1, we define the stepped function ,, : [0, +o00] — [0, +00] by

[ 2"E@2M) if 0<t<n

where E(x) denotes the integer part of x € R.
1. Show that 0 < ¢, (t) < @41 (t) for allt € [0,400] and n > 1.

2. We put f, = ¢, o f. Verify that f, is stepped and prove that the sequence (fy), s
INCreasing.

3. Prove that if f(x) < oo then for n sufficiently large we have
fl@) =27 < fu(z) < f (2).
Conclude.
Solution 2.2 1. We have three cases
i) Fort >n+1 (or alsot = +oc0). Then
O () =n+1>n=¢,(1).

ii) Forn <t <n+ 1. According to the growth of the floor ( integer part) function we

have
E (2n+1t) 2 E (2n+1n) — 21’L+1n’

which implies that

1 n
Pr+1 (t) = 2n+1E (2 —Ht) 2 n=e, (t) :
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iii) For 0 <t < n. Since
2"t > 2F (2"t) € N,

we have
E(2"'t) = 2E(2™),

then

1 n 1 n
Prin (1) = s B (27710) 2 5B (27) = 0, (1),

Therefore in all theses cases and for all t € [0,400] and n > 1 we have

P (1) < P (1)

2. It 1s clear that the functions ¢, are stepped for all m > 1, so the f, are also stepped
because

fn(B) = ¢, (f(E)) = ¢, ([0, +0]),

is finite . On the other hand the growth of the sequence (¢, ), we can write

fulz) =0, (f(z)) < Pri1 (f(x)) = foy1(x),Vn > 1,Vo € E.

3. For sufficiently large n, let’s choose n > f(x), in this case we have

1

falw) = 5B (2" f (@),

by the properties of the integer part
2"f(x) =1 < E(2"f(x)) < 2"f(x),

therefore

F(r) — o < fule) < f0),

finally by taking the limit as n — +o00 we conclude that f, — [ simply.

Exercise 2.3 Let X = [0, 1] equipped with the Borelian tribe and the Lebesgque measure .
Let the sequence (f,), of functions defined by f, = X[1 2]

Prove that f, — 0 in measure, but that (f,), not converges almost everywhere to 0 .

Solution 2.3 For all a > 0 , we have

e Xl -ozac|1.2],

n'n
therefore
1 2 1
A{z e X :|fu(x) =0 >a})<)\({E’ED :5—>0,

it results that f, — 0 in measure.
On the other hand, we have

limsupf, =1 # lim%rnffn =0,

n—->-+00
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then for all x € [0,1], we have lim f,(x) # 0. Hence

n—--+o00

A({rexs tim_nw2of) =amap =120

n—-—+00
therefore (f,), cannot converge almost everywhere to 0.

Exercise 2.4 Consider f,g,h: (2, M, ) — R any three functions.
Show that if f = g almost everywhere and g = h almost everywhere, then f = h almost
everywhere.

Solution 2.4 There exists A, B € M such that
(f#9)CA, (g#h) CB and p(A)=up(B)=0.

Since
(f=g9)n(g="h)C(f=h),
we have
(f#h)C(f#9)U(g#h) CAUB,

and we have

n(AUB) < p(A)+p(B) =0,

hence
(f#h)C AUB with n(AUB)=0.

Finally we get f = g almost everywhere.

Exercise 2.5 Consider (E,T) a measurable space and f : E — R a measurable function,
fora >0, we put

a if f(x) > a

fa(@) = fz) if [f(x)] <

—a if f(x)<—

Prove that f, is measurable.

Solution 2.5 We define the function T, : R — R by

a ifs>a
To(s) =4 s if |s|<a
—a if s < —a,

T, is continuous from R in R, therefore measurabele, and moreover f, = T,of, then f, is
measurable as a composition of two measurable applications.

Exercise 2.6 Additivity of the Lebesgue integral over positive functions
Let (E,7,1) a measured space . Consider f,g two positives mesurable function .

Prove that
/(f+g)du—/fdu+/gdu-
E E E

We can begin by assuming f and g are step functions. Then use a theorem for approxima-
ting positive measurable functions with step functions, and finally the monotone convergence
theorem. (Beppo-Leuvi).
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Solution 2.6 Let’s say that f and g are step functions and taking the values a;, i =1,....,n
and bj, 7 =1,...,p on the sets A; and B;.
Note that (A;); et (Bj)j form partitions of E. On the other hand, we have :

/Efdwr/Egdu = Zam(Az-)Jerju(BJ)
= Zai (ZM(AiﬂBj)>+ij <ZM(BJQA1)>
= ZZ (a; +b;) 1 (A; N By).

=1 j=1

On the other hand :

f@)+g(x) = Zail(Az-Hijl(Bj)
- iai(’” 1(Aim3j)>+ibj<n 1(Biji))

j=1 j=1 =1

= ZZ (a; +b;) 1 (A; N By),

=1 j=1

in fact that

To move to any positive measurable functions f, g, it suffices to consider (u,) and (v,) as
increasing sequences of positive step functions such that (u,) — f(x) and (v,) — g(x)
(increasing, therefore) for all x € E. For all n, then, we have

/(un—i—vn) dp = /undu+/vndu.

Taking the limat in this equality and using Beppo-Levi, we find

Jugdn= [ san+ [ gan

Exercise 2.7 Let f, a sequence of positive measurable functions on (E,T,u). We define the
function F for allz € E by r
=2 fa@)
n=0

Show that the function F is positive measurable and that

[E qu:ni;o /E Fadp.
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Solution 2.7 Let F), the partial sum

from the previous exercise we have

| Pau- ; [ fuin

Furthermore, the sequence of functions (Fp)p is an increasing sequence (since the f, are
positive) of positive measurable functions such that F,(x) — F(z) for all v € E. The
monotone convergence theorem then gives that F is measurable (it is also positive) and that :

/ Fdp= lim [ Fdu=_ / m
P JE n=0

Exercise 2.8 We are working on (N, P (N)) equipped with the counting measure p : for all
ACN, pu(A) is the cardinality of A if A is finite, u (A) = 400 otherwise.

Card(A), if A finite
+00, otherwise.

ui)={

1. Let f : N — [0, +00] a positive function on N.

We can also see f as a sequence of positive real numbers u,, = f(n). By noting that f

can be written as
o0

=" fn)ly,

n=0
explain the values of [ fdj.

2. Let (unp), ,on @ double sequence of positive real numbers.

Prove that . . . o
> (L) -2 (o).
n=0 p=0 p=0 n=0
3. Calculate

S(51)

p=2 n=2

Solution 2.8 1. By term-by-term integration of a series of positive functions, we obtain :

| fan- Z/f 1)Ly (2)du(a Zf w{nh) =3 ()

The classic series are complete editions by Lebesgue.



2. Let f, the sequence of positive functions on N defined by f,.(p) = un, for all p € N.

The term-by-term integration theorem gives :

4inw=§4nm

The first question, applied to each side of this equation, yields the result.

3. The terms are positive, so we interchange :

S(S1) - 5(52)

p:2 n=2 n=2 p:2
00
>
nz—n
n=2
(%)

1 1
a ;_E—I_n—l:l’

by telescoping. We don’t know much about the values of the Riemann sums Z 1/n?

for integer p > 2, but we can calculate the sum of these sums!

Exercise 2.9 Let (E,7,1) a measured space , and (f,), a sequence of integrable functions

that converges almost everywhere to an integrable function f.

1. We suppose that

i [ 1fo = fldu=0.
n—-m-~moeo E
Prove that

iim_ [ fudn= [ fdw and Y [ |5l du= [ 17]dn

2. Conwversely, we assume that

mn/anM:/ﬁﬂw

lim [ |fu— fldu=0,
E

n—:oo

Show that

we can use the sequence of functions

and apply to it the only convergence theorem whose hypotheses it satisfies.

3. Summarize the results of the previous questions into an equivalenc
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4. We consider (R, B(R),\).
Give an example of a sequence (f,) of integrable functions that converges to an inte-
grable function f, such that

n—-:aoo

lim [ fodp= / fdp,
E E

and such that, however, ([.|f. — f|du) does not tend towards 0.
Solution 2.9 1. It suffices to write :

/Efndu—/Efdu‘ <[Erfn—f|du,
and

‘/E’f"m”_[EWdMI:‘/EV"‘_VM“‘</E”fn|_’f||dﬂ</E|fn—f|du,

(inverted triangle inequality).

2. The functions g, are positive, we can only do Fatou. Note that g, converges pointwise
to 2|f| almost everywhere by hypothesis. We obtain

/ lim infg,dy < lim inf/gndu,
E n—+o0 E

n—-s-+oo

in other words :
/2]f]du< lim inf/ \f]an]—\f—fn]du:Q/ |fldp— lim sup/ \fn—f|du.l
E n—-4o0o E B n—--+o0o E
The second equality comes from the hypothesis of this question. Therefore
0< tim swp [ £, - fldn <o
n—-—+00 B
Consequently

n—---4oo

lim sup/ |fo — fldu=0.
E

3. We have just shown that, under the hypotheses of the exercise :

lim /]fn—f\du:0<:> lim /yfn\duz lim /!f!du-
n—-4o0o B n—-4o0o B n—-4o0o E

4. It will be necessary to choose functions that change sign, otherwise the previous results
ensure that such functions do not exist. Consider

fo 2

T
The f, are integrable, converge to 0 (which is integrable). We have also :

/fndu=0—>0=/0du,
R R

/|fn_0|d:u:2'
R

(o) = Lj=no])

moreover
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Exercise 2.10 Let f,g : R — R two continuous functions.
1. If X\ is the measure of Lebesgue, prove that
f=g9 ae <= f=g.
2. If 9 is the measure of Dirac :

1ifoeAd
0 otherwise ,

VA € B(R):dy(A) :{
show that
f=g ae < f(0)=g(0)
Solution 2.10
1. We show that
f=9g ae <= f=yg

i) <= 1If f=gie:f(zr) =g(z) Vr €R, and we have f = g a.e because f = g on &°
and \(@) =0
iil) = 1If f=g¢ ae,then 3A € B(R): A(A) =0 and f = g on A°,then we have

{f(z) #g(x)} C A

{fl@)=g(2)} =(f—9) " (R,

is an open since f — g is continuous from R to R, therefore

{f(z) #g(x)} € B(R),
A{f(z) #9(x)}) < A(A) =0,
therefore
{f(z) #£g(z)} =2,

because a non-empty open set always has strictly positive Lebesgue measure,
hence
f =g everywhere.

2. We prove that
f=g ae <= [f(0)=g(0)
i) < If f(0) = ¢(0), we take A = {0}° then, we have A € B (R), and dy (4) = 0 then

f =g on A° therefore f = g a.e.
iil) = If f =g a.e, therefore
JdJAe€ B(R): f=gon A° and 6o (4) =0,

therefore
0¢ Aie:0€ A° hence f(0)= g(0).



Chapitre 3

Integrable Functions

In this chapter (F,T,m) denotes a measure space. We will subsequently study the Le-
besgue integral over E with respect to the measure m.

We denote by £, : the set of measurable and positive step functions from (F,T) to R
equipped with the Borel sigma-algebra.

3.1 Integral of a positive step function

n

Definition 3.1 Let f € £, with canonical decomposition f =3 a; - x,, We put

=1

/ fdm =Y am(a,) € Ry.
E i=1
This quantity is called the integral on E of the function f with respect to the measure m.

The integral [ fdm is an element of [0, 4o00]. Although the a; are all real, it can very
well be equal to +oo, if for a; > 0, the corresponding m(A;) is equal to +oo. Recall the
convention 0 X (400) := which is very useful here when m (f~! ({0})) = +o0.

Example .22 1. If f is a constant function, then its canonical decomposition is written

[ =axg, with a > 0. the formula [, fdm =3 a;m(a,) which then gives us
i=1

/ adm = a - m(E).
E
2. If f=ax4 witha>0, AeT and A # E, its canonical decomposition is

f =axa + OXAcu

hence

/a-XA—a-m(A)—i-O'm(AC)—a~m(A).

/E fm = /er lw)dm

62

We denote
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3. If i : a; = 0 and m(A;) = +oo, Therefore, we have 0 X (+00) = 0. The Lebesgue
integral is independent of the expression of the stepped function, so if :

n P
f=2aila, = f =) bjlg,
i=1 j=1

then

i:zn:l aim(a;) = jé bim(g, ).

4. IfAET,
/ 1Adm = m(A)
E

Proposition 3.1 Let f and g two measurable, and positive, step functions. Then

/E(f+g)dm=[Efdm+/Egdm-

1. YaeRy: [, (af)dm =« [, fdm.
2. If f > g then fEfdm > ngdm.

Proof.
1. We put
n p
f=2aila, and g= 3 bjlp;.
i=1 j=1
We have
n+p
f + g = Z ’}/klck,
k=1
with
CJoa, 1<k<n Ay, 1<k<n
k_{ be, , n+1<k<n+p and Ck_{ By, , n+1<k<n+p.
Therefore
n+p n n+p
[ rrgdm = X m(C) = 5 aum(@)+ X m(c,)
E k=1 k=1 k=n+1
n n+p
- Z akm(Ak) + Z bk—nm(Bk—n>
k=1 k=n+1
n p
= 22 axm(Ag) + > bpm(By)
k=1 k=1
= / fdm + / gdm.
E E
2. We have

n

af =ad aly, = (wa;)la,.
i=1

i=1
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Therefore

(cva;)m(A;)

1

[ @him =3
E i=
= aiaim(Ai) :a/ fdm.
i=1 E
u

Proposition 3.2 Let f,g € £, (£, : Set of measurable and positive step functions) such
that f > g : we have (f — g) € &, (because R_ is vector space) and

[Efdmz/E[(f—g)Jrg]dm:[E(f—g)der/Egdm

because [, (f — g)dm > 0.

Remark 3.1 If f,g € E with f > g and [, gdm < 400, then

[ =yam= [ fam~ [ g

3.2 Integral of a positive measurable function

Definition 3.2 Let (E,T,m) a measured space and f € M (The set of positive measurable
functionsof E to Ry ). We define the integral of f by :

/fdm:sup{/gdm; g€M+:g<f}.
E E

3.2.1 Monotone convergence theorem

Theorem 3.1 (of the monotone convergence or de Beppo-Levi) Let (E,T,m) a measured
space and (fn)nen an increasing sequence of positive measurable functions converging to a
function f. Then f € M, and

/fdm: lim /fndm:sup/fndm.
E n—teo Jg n JE

Proof. The sequence ( I fndm)n is increasing in [0, +o0], then converges to L € [0, +o0]

L:= lim /fndm:sup/fndm.
n—too Jg n JE

For all n € N we have f,, < f and by the increasing integral we obtain

/E fudm < /E fdm,
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then by taking the supremum onn € N

Lg/fdm.
E

Furthermore, let s € £, such that s < f and let a € )0, 1[. We define
Ay ={r € E: fulz) > a-s(z),}

A, = (fn — - 5)_1 ([07 +OO]) )

and the function x — f,(z) —«-s(x) is measurable, then A, € T for all tout n € N. On the

other hand, the sequence (A,), is increasing because if x € A,,, we have a - s(z) < f,(z) <
+oo

fnt1(z) by increasing of (fn), . then x € A, 41 and also we have E = U A,,. Thanks to the

n=1
definition of A, we can write an inequality between positive measurable functions

&S Xa, < anAn < fa

We deduce by increasing of the intgral and [ 4 fdm = i) 4 fxadm

/A / Fodm < / Fodm. (3.1)

Moreover, if s = Z bi - Xp,, then s- x4, = Z bi - X(Bina,) therefore we have

=1 =1
/ sdm = Z b;-m(B;NA,). (3.2)
An i=1
For alli=1,...,m, the sequence (B; N A,),, is increasing and

—+00

+o0
n=1

n=1

in (3.2), we can take the limit as n tends to +oo, by applying the increasing continuity of
measure m

. A — .. P — .
Jm f, s = Zb (i B:04)) =3t 8 = [

An

Making tender n to 400 in 3.1 we obtain , for all a € ]10,1] and all s € £ with s < f, we

have
a'/sdmgL.
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Corollary 3.1 Let (E,T,m) a measured space and (f,)nen C M., then

+00 “+o00o
E \n=0 n=0JF
Proof. We apply the monotone convergence theorem to the sequence (g,)nen defined by
n = Z fp-
p=0

We have g, € M, and
+o0
gn—>f:pr ; M —— +00,

p=0
moreover
In+1 > 9n Vn € N7 then f S M+7
and
lim gndm = / fdm,
n—-+00 B
that means
lim (Z fp) dm = / (Z fp) dm
n—-+o0o E \p=0
+oo
— Z fpdm / (Zofp> dm

p:

| ]

Proposition 3.3 Let f,g € M, and o € R;. Then

" [ wraydm= [ gam+ [ gim
/E(af)dm:a/Efdm.
/Efdm>/Egdm.

/ fdm = 0.
E
Proof.

1. Since f,g € My,3(0,)nen, (¢n)neny C My and increasing such that

3. If f > g then

4. If m(E) =0, then

f= lim 0, andg= lim ¢,.

n—-+00 n—-+00
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We have
f+g= lm (O0n + ©n),

according to the Monotone Convergence Theorem

/(f+g)dm = lim [ (0,+¢,)dn= lim (/ Hndm+/gpndm)
E n—-+00 B n—-4o0o E E

= lim 0,dm + lim ©,dm
n—+oo [, n—+oo [,

= /Efdm~|—/Egdm.

. We have

=a lim 0, = li 0
af =a lim §,= lm (ab,),

then
/ (af)dm = lim abf,dm = « lim 0, dm = a/ fdm.
B E E

n—-+o0o E n—-+4o0o

. Let f,g € M, such that f > g , we have f — g € M., according to we have :

[Efdmz/E[(f—g)+g]dm=/]E(f—g)dmﬂL/Egdm?/Egdm,

because

| =gyam=o

Consequence : If f,g € M, such that f > g and fE gdm < +o00, then

[ =ayam= [ im— [ gim

n

. For any positive step function ¢ = a;14, we have
i=1

/ wdm =Y a;m(A;) =0 because A; C E and m(FE) = 0,
E i=1

hence

/fdm:sup{/gdm; g€M+:g<f}:0.
E E

Definition 3.3 Let (E,T,m) a measured space and f € My, A € T, we define the integral
of Lebesque of f on A by

/fdm:/flAdm where (f14) (a:):{ f(@) ifw e A Jflae My,
A A

if m(A) =0, then

0 , otherwise
/ fdm = 0.
A
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Proposition 3.4 Let (E,T,m) a measured space, A,B € T such that AN B = & and
foge M,. Then :

/Efdm:/Egdm.

2. If f =g a.e then

Proof.
1. We have :

fdm = /flAqum:/(flA—i—le)dm, (because 14,5 =14+ 15)
B E

- /E Fladm + /E Flpdm = /A Fdm + /B fdm.

2. Let A € T such that m(A) =0 and flac = glae (i.e : f(x) = g(x) on A), we have

AUB

flAc and glAv € M+ and / flAvdm - / glAcdm
E E

Moreover

/Efdm:/Afdm+ Acfdm:/EflAcdm,

/gdm = /gdm+/ gdm:/glAcdm
E A c E
= /flAcdm:/fdm.
E E

Consequence : If f € M, such that f =0 a.e then :

/Efdm: 0.

3.2.2 Fatou’s Lemma

Lemma 3.1 (Fatou’s Lemma) Let (E,T,m) a measured space and (f,)nen C My then

/li_mfndm < li_m/fndm = lim (inf/ fpdm)-
E n E pzn g

Proof. We have

limf,, = lim int f,,
n n pzn
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we put g, = i1>1ffp then (gn)nen € My, and (gn)neny — limf,, , n — 00, according to the
p=zn n
monotone convergence theorem

limf,, € M, and lim / gndm = lim g,dm,
n n—oo E

E n—oo
that means

lim [ inf f, = / lim f,,dm.
E

n—oo Ep}n n

On the other hand for all p > n, we have g, < f, therefore p > n

/gndmé/fpdmﬁ/gndmg inf/fpdm.
E E E pzn g

Taking the limit when n — +o00, it results that :

lim gndm = / limf,dm < lim inf / fpdm
E E E

n—-+oo n n—oo p=n
= lim / fndm.
n E

3.3 Density Measure and Probabilities

3.3.1 Density Measure

Definition 3.4 Let (E,T,m) a measured space and f € M, [, fdm = [ fladm, we define
p:T — Ry by

u(A) = /flAdm = / fdm , VA e T,
A
1 18 a measure onT" called density measure of f with respect to m and denoted by i = fm.

Example .23 "Density Probability”

Definition 3.5 Let P aune probability on B(R). P is a density probability (with respect
to Lebesgue) if

df € M such that /fd)\—l andP(A)—/flAd)\—/fd)\,VAeB(R),
A

Reminder : A probability law is by definition a probability on B(R).

1
Uniform Law U(a,b) : Let a,b e R, a <b: —bl[a’b]
a/ —

1
P(A) = b/l[a,b}lAd)\a VAeT.

a —
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Exponential law e(7): Let 7 > 0 , the exponential distribution is defined by the density f

defined by :
0, if z<0
f(aj)_{Te”" , if x>0.

Gaussian distribution (Law of Guauss) N(p, 07): Let (1, 0) € R x R%. The law of Gauss of
the parameter (u, o) is defined by the density f

1 (z—p)’
f(x)—a 27Texp(— 572 )

3.4 The space L' of integrable functions

Remark 3.2 If f € M (The set of measurable functions), |f|, [, f~ € M. The monotony
of the integral on M, gives

/f+dm</|f|dm and/f_dm</|f|dm:
E E E E
with

fT(x) = max(f(2),0) and f~(x) = min(f(z),0) = max(—f(x),0), ([f|(x) = [f()])-

Definition 3.6 Let (E,T,m) a measured space and f : E — R measurable. We say that
f is integrable in the Lebesque sense if

/|f|dm<—i—oo.
E

In the case
/ frdm < +o0o and / fdm < o0,
E E

[tam= [ rran— [ fanew

We denote by L' the set of integrable functions.

we put then

Proposition 3.5 f is integrable if and only if f* and f~ are integrable.
Proof. "="if f is integrable , we have [, |f|dm < +o0

0<f+<]f|:>0</f+dm</\f]dm<—|—oo,
B E

o<f—<|f|:o</f—dm</|f|dm<+oo,
E E

hence f* and f~ are integrable.
"—"4f f* and f~ are integrable, then

/f+dm<—|—oo and /f_dm<+oo,
E E
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then
/|f|dm:/f+dm+/fdm<+oo,
E E E

therefore we get :

f€£1<:>/f+dm<+oo and /fdm<+oo.
E E

1
Example .24 1. 0, = o Lio,n), n € N* is integrable because

n
/9 A= X\(0,n]) =+, VneN
n e 7” _— — 5 n .
R 2n 2
2. 0 = 1jo, 10| 18 non integrable because

/ Od\ = / Ljo,400[dA = A((0,400]) = +00.
R R

3.4.1 The L! space (Complex case)

If f: E — C a measurable function , then (Re(f),Im(f) both are measurable), we say
that f is integrable and we denote f € LL(E,T,m) if

[ Vftdm = [ /e 7 P < o,

then we put

/Efdm:/ERe(f)de/EIm(f)dm

Proposition 3.6 Let (E,T,m) a measured space. Then
1. L' is a R vector space .
2. The application : [ — fE fdm is linear from L' to R.
8. Let f,g € L' such that f < g then [, fdm < [, gdm.
4. Vfe Lt | [y fdm] < [, |f]dm.

Proof.
1. Let f,g € £! and o, 3 € R. We have

/ af + Byl dm < o / fldm + |3 / gl dm < +oc,
F E FE

therefore (of + Bg) € L.
2. We begin with linearity : Let f,¢g € £! and oo € R. We show that

i) [p(af)dm =« [, fdm.
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ii) [, (f+9)dm = [, fdm+ [, gdm.

i) We have :
aft if a>0 _ af” if a>0
(af)+:{ ~af~ it a<o ) :{ “aft if a<0,
therefore
_ + _
/E(ozf)dm = /E(ozf) dm /E(af) dm
_ Jpaftdm — [Laf~dm if a>0
— \ [o(—af)dm— [ (—aft)dm if a <0
_ O‘(fEf+dm—fEf_dm) if >0
T —a(fy fdm— [y frdm) if a<0
. OéfEfdm if >0
| af, fdm if a<0.
ii) We have

(f+9) = (f+9) =f"—f +g"—g
= (f+9) +f +g =(+g) +fT+g"

=>/E(f+g)+dm+/Ef‘dm+/Eg‘dm=/E(f+g) dm+/Ef+dm+/Eg+dm|
— [rgram=[ gy an= [ rram= [ pant [ gran- [ i

=>/E(f+9)dm=/Efdm+[Egdm-

3. Let f,g € £! such that f < g
= [T <9 —g
ffrg <f +g°

[E(f++g‘)dm</E(f—+g+)dm
/Ef+dm+/Eg_dm<[Ef_dm+/Eg+dm
/Ef+dm—/Efdm<+/Eg+dm—/Egdm
[ gam < [ gam

fio - i
< [Ef+dm+[Ef‘dm
= [ rram— [ iflam.

Lyl

!

4. Let f € L', we have
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n
Consequence : If f,g € £ such that f =g a.e then [, fdm = [, gdm
Proof. We have

fdm—/gdm‘ = |/ U-g dm‘
E E
< /|f gldm =0,
because
[f =9l =0 ae (iff€M+af=0a.e:>/fdm:0,
E

hence

/fdmZ/gdm.

E E
]

3.4.2 Dominated convergence theorem

Let (E, T, m) a measured space and (f,,)nen a sequence of integrable functions converging
to a functionf almost everywhere and g € £' such that

VneN, |fu] <g ae,

then
fe L' and lim fndm: / fdm.
E

n—=ao

Proposition 3.7 Let (E,T,m) a measured space, A € T such that m(A) < oco. If (fn)nen
is a sequence of bounded integrable functions converging to f, then

lim fndm:/fdm and lim /|fn—f|dm:0.
A e JE

n——aod

Proposition 3.8 "Corollary" Let (E,T,m) a measured space, g € L', (fu)nen C LY. If

“+o00
Z fn is convergent such that
n=0
Vn € N, Z fp < g,
p=0
then

(5o e
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3.4.3 Applications of the Dominated Convergence Theorem
Integrals depending on a parameter

Let (FE,T,m) a measured space and f : £ x R — R a function. For ¢ € R fixed, we

define the application
f,t) B — R
x — f(x,1)

and we suppose that f(.,t) € £!,Vt € R, we denote F the application from R to R by

F(t):/Ef(.,t)dm:/Ef(x,t)dm(x).

Theorem 3.2 (Continuity under the integral) : If
1. VteR, |f(x,t)] < g(x) a.e where g € L?

2. The application t — f(x,t) is continuous in ty for almost everywhere x € E. Then
F' 1s continuous in tg

Theorem 3.3 (Differentiability under the integral) : If t — f(x,t) is differentiable a.e and
that on this set

% (f(x,t))' < g(z) where g € L.

Then F is differentiable on R an

F@—é%ummmm»

3.5 Comparison between the Lebesgue integral and the
Riemann integral

3.5.1 Riemann integrability

Let f : [a,b] — R a bounded function and let zg, x1, ..., z, a finite set of points such
that a = z¢g <, 71 <,...,x, = b. In each interval [z, z411] we chooses (;, and we put

n—1

S, = Zyk (g1 — xx) such that y, = f(zx).
k=0

If S,, — S (independent of the choice of x;) then S is called the Riemann integral on [a, b]

n—-—:uoo

b
and denoted/f(x)dx.

Lebesguegs idea : to approximate the area under the graph of the function by a union
of rectangles (like Riemann’s method).

In Riemann’s method, we are interested in the variation of the function over its domain
of definition.

In Lebesgue’s method, we define the rectangle in terms of the function’s values.
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Definition 3.7 Apart A of [a,b] is Riemannian measurable if 14 is est Riemannian inte-
grable.

Example .25 1gnp) is not Riemannian integrable on [0, 1] then QN [0,1] is not Riemann
measurable.

Proposition 3.9 Let f : [a,b] — R a function Riemannian integrable. Then f is measu-
rable for the tribe B ([a,b]) .

Proposition 3.10 Let f : [a,b] — R a bounded function . Then f is Riemannian integrable
if and only if f is continuous a.e (the set of discontinuities of f is negligible for the Lebesgue
measure).

Proposition 3.11 Let f : [a,b] — R a bounded function defined on the bounded interval
[a,b] (b > a). If f is Riemannian integrable, then f is Lebesque integrable.

b
. fdx = [f(x)dx.

Remark 3.3 The converse is generally false.

Example .26 The Dirichlet function defined on [0,1] by

] 0 if 2€Q

f=1 a.e , fis Lebesque integrable and its integral is equal to 1, so its Riemannian integral
is undefined.

Proposition 3.12 Let f : Ja,b] — R (—oo0 < a < b < 4+00) a measurable function such

that f is bounded on any compact [, 5] C |a, b| and integrable Riemannian. If the generalized
b

Riemannian / f(z)dzx is absolutely convergent, then f is Lebesgue integrable on |a,b| and

then on [a,b] and we have

/[a,b] fd\ = Lyb[fd/\ = Zf(x)d:p - dh—m> b Zf(w)dx_

cC—a

Conséequence : If f : |a,b] — R is continuous and has a generalized Riemann integral

b
/ f(x)dx absolutely convergent, then f is Lebesque integrable on |a,b| and

b
o fdx = [f(:v)dx.
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b
Remark 3.4 If the generalized Riemannian integral / f(z)dz is not absolutely convergent,

then
/ fld) = +o0
Ja.b]

therefore f is not Lebesgue integrable.

Example .27 The function x — S
x

1s not Lebesgue integrable on R, because

. sin x
lim

A—o00

dr = +00.
T

3.6 The L? spaces (1 < p < +00)

3.6.1 The L? spaces (1 < p < +0o0)

Definition 3.8 Let (E,T,m) a measured space , 1 < p < +o0 and [ : ]Ja,b[ — R a
measurable function. We say that

feLy(E,T,m)=LP
if
/ |fI? dm < +o0.
E
Therefore f & LP if
/ If]P dm = +0.
B

Proposition 3.13 Let (E,T,m) a measured space and 1 < p < +oo, then LP is a R-vector
space .
Proof.

i) Let a« € R and f € LP. We have af € M and

/]af\pdm:]a\p/]f\pdm<+oo,
E E

therefore af € LP
ii) Let f,g € LP, we have f +g € M and

If+9l” < [IfI+1gl]" < 2sup (I£] lgD)"
< 27[fF A+ 19l

therefore

/|f+g\pdm < 2p/|f|pdm+2p/]g]pdm<+oo
E E E
— (f+g)€Lr
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3.6.2 Young’s inequality

1 1
Let a,b € Ry and p, q € |1, +00[ such that —+— =1 (p and ¢ are said to be conjugates).
P 4q
Then
al? bl
ab < —+ —.
p q

3.6.3 Holder’s inequality

1 1
Let (E, T, m) a measured space and p, q € |1, +oo[ such that —+—- =1 and let f,g € LP.
p q
Then fg € £ and

[1sstam < ([ |f|”dm)1/p (f |g|qczm)1/q.

i) We show that fg € £'. We have fg € M and according to the inequality of Young, we
have

Iy ol
q

1 1
— /|fg|dm<—/|f|”dm+—/|g|qdm<+oo,
E PJE qJE

therefore fg € L.
ii) We show that the inequality of Holder
a) If [, [fPdm=0o0r [,|g/?dn=0(.e:f=0aecorg=0ae)

Ifgl <

fgan.eand/\fg]dm:().
E

b) If [, |f["dm #0and [, |g|*dm # 0. We put

f: / 1/p and g = ’ 1/q’
(fE |f\pdm) (fE 9" dm)
we have
o Liye 1 4
7ol < i+
. |fg] S 1 g

([ 1f17 dm) "7 ([ g7 dm) ™"~ p T f17dm " g [ lgl"dm’

taking the integral, we obtain :

Je|fgldm _ LJplfdm 1 [l dm
([ L dm) " ([, |gl2dm) "~ [glfFdm "~ q [ lg"dm
< Lylog

p q
— [islam<( [ \frpdm)l/p (f |g|Qdm)l/q.
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3.6.4 Inequality of Minkowski
Let (FE,T,m) a measured space and 1 < p < +o00 and let f,g € LP. Then (f + g) € LP

and 1/p 1/p 1/p
Pa < Pd Pq .
(/E\f+g! m) <(/E\f| m) +(/E’9’ m)

1
Proof. Let ¢ the conjugate exotrope of p (i.e : — + — =1).
q

We have

SR

If + 9"t € £ because (|f +glP ) =|f+9/" V" =|f+gf.

By using the inequality of Holder, we obtain

) 1/p 1/q
/|f|\f+g|p dm < (/ |f|pdm) (/ |f+g|”dm>
FE E E
) 1/p 1/q
/\ngJrgl"’_ dm < (/ lglpdm> (/ \f+9!”dm>
E FE E
therefore

[1gwaram= [ 15 a1 +aram< [ 15115 g0 dms [ ll1s + P am
E E E B

on the other hand
1/p 1/p 1/q
Pd Pd Pd
([E|f| m) +</E|g| M> ](/Elf+g| m)
1/p 1/p 1/p
— ([urearam) "< ([rsram) " ([t am)

1
since - = 1— -
q p

/ If+gPdn <
E

Proposition 3.14 Let (E,T,m) a measured space and 1 < p < 400 . Then the application :

1/p
F e 117l = ( / \fl”dm)

1s a semi-norm on LP.

Proof. We have

i) 5], RS € £ and
|fll,=0<= f=0 ae.

ii) We have Va € R,V f € LP

1/p 1/p
lafll, = ( / |af|pdm) o ( / |f|pdm>

= lalllf]l,-
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iii) We have Vf,g € LP:
I +all, < 171, + lgll, (noguality of Minkouski).
n

Definition 3.9 Let (E,T,m) a measured space and 1 < p < +oo . We define the space
LP(E,T,m) = L” as the set of equivalence classes of functions L for the relation equivalence
"= a.e". Therefore

Lp:{f/feﬁp} withf:{geﬁp/g:f a.e}.

If FelP and f € F. WeputF:f

1/p
VFlL = 161, = ( / If!pdm> |

Remark 3.5 All the previous inequalities remain true for the space LP.

Proposition 3.15 The application : f — || f|, is a norm on LP.

Theorem 3.4 (Theorem of Fischer-Riesz) (Lp, ||||p) is a Banach space (i.e : a complete

normed vector space).

3.7 The space L™

Definition 3.10 Let (E,T,m) a measured space and f : E — R measurable. We say that
f s essentially bounded and we denote

feLeET,m)=L>,
if there exists ¢ € Ry such that |f| < ¢ a.e.

Proposition 3.16 Let (E,T,m) a measured space . Then L™ is a —R wvector space .
Proof.

i) Let « € R and f € L™ then 3¢ € R, such that |f| < ¢ a.e , we have af € M and
laf] < |al|f] < |alc a.e hence af € L.

ii) Let f,q € L.

f € L® = Jc e Ry such that |f| < ¢ a.e , therefore 3A € T : m(A) =0 and |f| < ¢ on
AC.

g € L>® = Tk € Ry such that |g| < k a.e , therefore AB € T : m(B) =0 and |g| < k on
BC.

We have (f +g) € M and 3D = AUB €T :m(D) =0 and

\f+gl <|fl+|9] <c+k+ D,

hence
If+9|l<c+k aeand (f+g) € L
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]
Proposition 3.17 If f € L™, we put
| fll, =inf{ce Ry :|f| <c a.e} and we have |f| < | f]l, a-e.
Proof. We suppose that f € L>. By definition of the infimum. We have
F(Ch)pen CicERL:|f| <c a.e}

such that C,, — || f||, whenn — oo, therefore for alln € N,3A,, € T such that m(A,) =0
and | f| < ¢, on A, we put A = U A, than we have m(A) = 0 and |f| < ¢, Vn € N on

neN
A€ as C, — || f|l, when n — oo. We deduce that

1< flloe on AC hence |f] < [|f]ls a-e.
|

Proposition 3.18 Let (E,T,m) a measured space. Then the application f —— |[|f]|, is a
semi-norm on L.
Proof. We have

D) flle, vV f €L
ii) We have

Hf”oo = 0<:>1Hf{CER+ . ’f‘ < C a,e} :0
= |fI<|fllo =0 a.e
— [f=0a.e.

iii) If a € R and f € L, then af € L™ and

lafl]] = inf{ceR;:|af|<c ae}
= inf{ceR, :|a||f|<c ace}
= laflIfllw-

iv) If f,g € L=, we have

(f+9) € L%and [f+gl <|fl+]gl <|flle+ 9l ae
= I+ 9l < 1 llo + 19l -

Definition 3.11 Let (E,T,m) a measured space . We define the space LE(E,T,m) = L*,
as the set of equivalence classes of L functions for the relation "= a.e ". Therefore

Lw:{f/feﬁoo} wz’thf:{geﬁoo:g:fa.e}
If FeL*® and f € F. WeputF:f
[Flloo = Ifllo = inf{c € Ry - [f] < ¢ a.e}.
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Proposition 3.19 The application : f — || f||, is a norm on L.

Theorem 3.5 (L*,|.||..) is a Banach space .

Proposition 3.20 "Comparison of LP (1 < p < +o0) Let (E,T,m) a finite measured space
(m(E) < 4+00) and p,q € Ry such that 1 < p < ¢ < +00. Then LT C LP.

Proof.
~ Ifqg=+00 and 1 < p < +o00. We have |f|" < || f|[%, ., therefore

/ P dm < / VI dm < (| £ m(E) < +oo,
FE E

hence
fer”and |fll, <m(E)"-|fll-

— We suppose that ¢ < +o0 and let 1 < p < q, f € L9, then

/|f]qdm < +oo:>/(]f\p)q/pdm<+oo
B E

— |fPeL"”.

We apply Holder’s inequality to the functions |f|” and 1 with the conjugate exponents
1

a:gandﬁz a :(1—1—)> , we obtain
p

a—1 q
p/a 1‘%
[1ram < ( [ asry dm) ( / Mm)
E E E
P
= | fIEm(E) T < +oo,
therefore
1_1
fer? and ||f], < m(B)GH) - ||f],.
|
Remark 3.6 1. If (E,T,m) is a probability space (m(E) = 1) and if 1 < p < ¢ < +00,
then
L*CcL'cL’clL
and

11l < WA, < A1l < Wl -

2. If the condition m(E) < 400 is not verified, LP spaces are in general incomparable.

Example .28 If £ is not of finite measure, f =1 € L*® but not in L*.

1
T €L (RLBERD NI (RY BRY), ).

€ L' ([0, 1) \L* ([0,1]).

€ L' ([0,1])\.L*= ([0,1]) .

Sl= sl
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3.8 Corrected exercises

Exercise 3.1 Consider the sequence of functions f, : (R, B(Ry), ) — R, defined by
fa(z) = X[o,n[(ﬁ)mv
where E(x) denotes the integer part of x € R.
1. Give the simple limit of the sequence (fy),, -

2. Calculate/#d)\(x).

E(x)!

Solution 3.1 1. Since the sequence ([0,n[),-, is increasing and

“+oo

U [07 ’I’L[: R-‘m

n=1

on the other hand , we have
Xiima, = lminf x, and X5, = limsup x4, -

therfore
lim X[o,n[@) =X+ (2) = XR+(5U) =1, forallz € Ry,

n—--+0o
(O]

n=1
hence

1
ninioofn(x) = ) for all x € R,.

2. The sequence (fn(x)),s; is increasing for all x € R . The positives functions v + f,(x)
are decreasing then measurables. According to the monotone convergence theorem, we
have

[ g = [ i @i = i [ L@ae),

n—---+o0o n—-s--+o0o

on the other hand, we have

/ fo()dMz) = / ﬁdm): / ﬁdm)

[0,n] n—1
U[k,k—i—l[
k=0
5 L @) S Lk k+1])
= Qj = _
E(x)! k! ’
k=0 11 k1 k=0 1p k41
B n—1 1
- L
k=0

hence

1 1 X1
| Faa =t 2=
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Exercise 3.2 Let (E,T,m) a measured space and [ : E — R, a measurable function

1. Show that
hm /f Jdm =0 Ve >0, 36 >0: VAT, m(A)<(5:>/fdm<e

1— =

1\" .
( ) e2n+zx dm
n

2. Calculate (1
/ Llogl—2),

xXr n—-o00
(0,1]

[0,1]

1. We show that

Solution 3.2 .
f(@)dm=0<Ve >0, 30 >0: VAeT, m(A)<5:>/fdm<€
A

lim
m(A)—0 J 4
i) The case where [ is bounded : we have
Vee E, IM, f(x) < M

/ Fim < Mm(A) = m(4) < = = /Afdm <c

A
ii) The case where [ is not bounded : In this case we define the sequence (A,) in the

following form
A, ={z, f(z) <n},
1S an increasing measurable that means
Al CAyC...CA,C.., UAR:E
n=1

We put f, = f.14,, then we have

et en utilisant la convergence monotone, on déduit

= / lim f,dm = lim fdm / fdm
En%oo n——maoo

lim fndm =
= Ve>0; dngeN, n>ng / fdm—/fdm‘<5
A E
— /fdm<5+/ fdm
E An
== fdm<e+/ fdm
ENA ANA,
= /fdm<€+n.m(AﬂAn) <e+nm(A) <e, m(A) <
A

Sl
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2. We calculate

T
[0,1]
we have .
log(l —z) = — — ; Vxel0,1],
og(l — ) ; - € [0,1]
then -

> -
e n—1
n=1 n

[0,1] [0,1] 0,1 "1

and according to the property of monotonic convergence, we have

0o l,nfl oo CC,nfl > 1 7'('2
0,1] =1 "= o] e
We calculate
1\" i
lim <1——) e2n +x dm,
n—->:o00 n
[0,1]
we have
()
1\" nlog| 1—— 1 1
(1__) iy n) and 1og<1——)<——
n n n
therefore
2y e
n
n _ 2n+x n+x n+x
n+xr  2n+xz 2n+x 2n+x
n
1 n
. nta < (1__) e+ <elel , m((0,1]) =1 < oo
n

and by the bounded convergence theorem, we deduce that

n
1\" 1\"
lim (1——> e2n+xdm = / lim (1__) e2n+xdm
n n—>0o0 n

[0,1] [0,1]
-1 12 -1 1
= /e e“dm=e2m([0,1]) = —=.
e
[0,1] ve

Exercise 3.3 Consider (E,T,m) a measured space , where m is a positive measure and
f: E — C a measurable function.
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1. Show that if f € LY(E,T,m), then
limn -m ({|f| > n}) =0,

is the converse true ?
2. Prove that if f € LY(E, T, m), then

1
Zﬁ / |f|? dm < +o0,

n>1
= IfI<n

is the converse true?
Solution 3.3
1. We prove that if f € L(E, T, m), then
i ({1f] > ) =0,

We have
0<nm{|f| Zn}) = / nl{fznydm < / |1 L 1=nydm,
E FE

on the other hand, we have
0< gn = Ifl1gszm < IfI € L1(m) and lim |f ()] 1pzny (2) =0,

the dominated convergence theorem ensures that

n—--auo~o

lim / | [l 1{fznydm = 0, d’ou le résultat.
E

hence the result.
The converse is false . The function is continuous and positive on [0, e™!] given by

g(z) =zIn (z7)

has the derivative

and is increasing on [0,e" '] of g(0) =0 in g(e™') =€

e~ ! e~ ! “+oo

{%:[ﬁz / miléu) = lim In(inA) = +oo.

However, for n > 1

{a: € [0,671] ,ﬁ > n} = {x € [0,671} ,g(x) < nil} = [0, z,].
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where
Tn € [0, 6_1]

is characterized by
zoln (z,') = g(2,) =n"",

which implies that

1 1 1
n-m xE[O,e },—271 =nr, = —— — 0,
9(x) [In 2,

since x,, — 0. The property (1) can therefore be verified without that f (here 1/g)
let L.

. For f € L', we have

> / |1 dm = / (Zn—ﬂf\zl{m}) dm,

"L gl nzl
with
_ - 2 2 -
F@=Yn?lf@PLy, y@= Y ollf@P=1f@F Y
nz1 nzmax(|f(z),1) nzmax(|f(z)],1)
as for N > 1,

then, we get

s 2 .
@ I @) <2

w2 1
O<F(x)<min(€, )|f(x)|2§ 2
max (|f (z)[, 1) [f @) . .
Fa)l—1 I | ()] > 2.
As for | f (z)] < 2, we have
2 5 _ T2 272
U @F < S @IF @) < 1f @) 2 <4lf @)
and for |f (z)| > 2
f (@) |/ ()]

F@ -1 @ -1 @< @l

it results that
0< Fx)<4|f(2),

which is gives the result.
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the converse is false because with

£ () = T2

(which is not in £'), we nevertheless have

S [utan-3 [ e

n>1
|fI<n

Exercise 3.4 1. Study the possible limit of the sequence (w,,)

Wy, = / S RUA (72?2 dx
r, L+

2. Let a,b € ]0,400|. Justify the following equality

re %t 1
——dr = _
/}0,+oo[ 1—e b Z (a4 bn)?

n=0

neN > given by

Solution 3.4 1. We put

sin ()
(@) = 1w T € Ry
we remark that
1

We verify that g is integrable with respect to the Lebesgue measure on R . Moreover for
all x € Ry, we have

limf, (z) = (@),

where

f(x) = sin(ra),
if x € [0,1],

£(1) = %sin(w).
and

fx) =014 =>1.

The dominated convergence theorem then implies that
. . 2
lim w, = / sin(rz)dr = —.
nTee [0,1] T

2. For all x € ]0,400] and all n € N, we put

falw) = e~ (etinr
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We clearly have
me—ax
Va €10, +ool, T = > fulz).

neN

Since these are positive functions, measurable because continuous on |0,+oo[; the in-
tervention of a positive series/integral implies that

xe—aw
——dx = / fo(x)dx.

n=0

By a linear change of variable

1
/ folz)dz = —2/ xe Tdx.
10,400 (a4 bn)” Jjo,400]

Integration by parts implies that

/ re “dr =1,
10,400

which allows us to conclude.

Exercise 3.5 Consider (E,T,m) a measured space, f : E — R a positive measurable
function and o € R

1. Show that 1
mH%f@>aD<Eéﬂm-

2. Demonstrate the following equivalence :
/fdsz — [f=0 ae
E

3. Prove that
/fdm<oo:>f<oo a.e .
E

Solution 3.5 1. We show that
m({o: @) zap < [ fam
@ JE

We put
A={z: f(z) > o},

then
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2. We prove that

/fdsz <~ f=0 a.e.
E

fdm = [ 0dm =0
f rim= |,
/E fdm =0,

1
An:{:c:f(:n)2—},Vn>1,
n

<—:Iff=0 a.e, then
=>: We suppose that
let

by using 1) , we have
m(A,) < n/ fdm =0,
E

therefore

moreover

. We show that
/fdm<oo:>f<oo a.e.
E

We put
B, ={z: f(x) >2n},Vn > 1,

Boo = {x: f(x) = oo},

therfore, we have

m(Bx) = m (ﬂ Bn> = lim m(B,)

n—ao_o
n>1

1
< lim —/fdm:(),
E

n—aoon
because (By),~, is decreasing and
1
m (Bp) < —/ fdm < +o0,Vn > 1,
nJe

hence f < oo a.e.
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Exercise 3.6 We consider (E,T,m) a measured space such that m(E) < 400, and f :

E — R, a measurable function such that , for all A € T we have :

/ fdm < m(A).
A
1. For all k > 1, we put
Ay ={x € E: f(x) > k}.
We prove that
km(4y) < / fdm;

Ag
en déduire que m(Ay) = 0.

2. We show that
flz) <1 ae.

Solution 3.6 1. We prove that

Em(Ag) < fdm.

Apg
We have

Ay, = 71 ([k, +oo]) € T because f is measurable,
on the other hand, we have

Vi € A flz) >k

= fdm > / kdm = km(Ay)
Ay

Apg

= fdm = km(Ay).
Ag,

Now, we prove that m(Ay) =0 : Since Ay € T we have

km(Ay) < fdm < m(Ay)

Ak
= (k—1)m(4;) <0
andk > 1= m(A;) =0Vk>1.

2. We show that f(z) <1 a.e : We have

{reE: f(zx)>1} = U {xEE:f(:z:)}l—i—%}

neN*

= U Al—i—%a
neN*
on the other hand, the sequence (A

therefore

n

m({z€E: f(z)>1}) = lim m <A1+%> —0,

n—

141 ) 1s increasing in the sense of inclusion,
neN*
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because 1
Vne N, 1+—>1 andm(AH;) =0,
n n

hence the result .

Exercise 3.7 Let (f,),cy @ sequence of positives measurable function convergeant to a func-
tion f.
Prove that

3C>O:VnEN,/fndm<C:>/fdm<C
E E
Solution 3.7 By Fattou’s lemma, we have

/ fdm = / lim f,dm = hmfndm lim / fndm <
E E

n—--0o0

Exercise 3.8 1. For all real o and all integer n > 1, we put :

n

In(a) = / (1+ %)ne_‘”da:.

0

Determine lim I,(a).

2. Determine the following limits of integrales when n — oo

“+o00 n

(sinx)" sin (nz) dx, /(1—£) cos xdx
n
0

ne- /nsin (%) i

n:c—l—l 14+ 22

[
[

Solution 3.8 1. We determine lim I,(a): We put

T n
folz) = (1 + ﬁ) e “lpn(x),r € R,n € N¥,
(fn)nen+ is a sequenc of positives countinuous measurable function and

[fu(@)] < €% L, (2) < €7 1ge (2) = f(2),

on the other hand , we have

+o0o +oo 1 )
[ fe= [ et = =y Fe s
0 0 +oo if a<1

where f € L' (R) if and only if a > 1,moreover

lim f,(z) = f(z),
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therefore if a > 1 and according to the dominated convergence theorem, we have

n—->00 n—oo Jp a — 1,

and if a < 1, we have
h_mfn(z) = e(l—a)x1R+ (ZE),

and according the lemma of Fattou, we have

lim 7,(a) zliTm/an(a:)d:U = /RhTrnfn(x)dx :/e(la)xd:c.

n—:>~o0 R

Therefore
lim /,(a) = +o0, a < 1.

n—-:ao0o

(We can also show that (f,)nen+ 1S increasing and est croissante et we apply the mo-

notone convergence theorem and thus obtain the result directly.
. We determine the limits of integrals :

i) We determine
+oo

lim /e‘“” (sinz)" sin (nz) dz,

n—-aoo

0
we put
Vn eN, f.(x) =e " (sinx)"sin (nz), v € RT,

(fn)n is a sequence of continuous, and therefore measurable, functions; on the

other hand, we have
Vz e R — {g +n7r} , Jsinz| < 1,

and we have
sinz|" — 0,

moreover, we have
Vo € RY, | fu(x)| < |sinz|”,
therefore
VmER*—{g+nﬂ},fn—>0,

n—auoo

)\({g—i—mr:nEN}):O,

because this set is negligible, therefore (f,), converges to 0 a.e and

and

+00
Ve e R",VneN: |f,(z)] <e ™ and / e Ydr =1 < +o0,
0
therefore, by the dominated convergence theorem :
+00
lim / e " (sinx)" sin (nx) dx = 0.

n—-—auoo

0
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ii) We determine

lim (1 — £>n cos xdzx,

n——aoo n
0

we put
fo(z) = <1 — E) cosx.lpn(z), v € R, n e N,
n
(fn)nen+ 18 a sequence of measurables function and :
(@) < e |cos 2| 1 (z) < €™ Lo (2) = f(2),
with f € L' (R), moreover

lim f,,(z) = e “cosxlpn(x),

therefore, by the dominated convergence theorem, we get

n —+o00
) T\ _
lim (1 — —) coszdr = e T cosxdx.
n—-a~oo n
0 0
iii) We determine
1
. ne-*
lim dzx,

the lemma of Fattou gives

1

1 1 1
1\ !
li_m/e"” (a: + —) dr = h_m/ folz)dz > /h_mfn(x)dx = /emxldx = +o00.
n n n n
0 0 0

0

iv) We determine

) n sin (E)
lim 2 dx,
n—s00 1+ 22
0
Vn € N* Vx € [0, 1], we put
n sin (%)

o) = e
(fn)nen s a sequence of continuous, and therefore measurable, functions, and we
have

n sin (%) x
futa)l = | <
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and
x
T —
1+ 22
is intéegrable on [0, 1], moreover
n . [x
.’,CE S1n <E> T
lim f,(x) = lim = Ve €10,1],
n1—>oof (z) n1—>oo 14 22 1+ 22 10,1]
the dominated convergence theorem gives
1 1
lim [ fu(z)dz = / lim f,(z)dx
0 0

T 1 |
= = |=In(1+2%)| ==In2.
/1+$2d93 |:2Il( —l-LE)} 5 I

Exercise 3.9 Let [ a integrable function on R.
Show that

lim fulz)dz = 0.
n—-o00 |:c|2n

Solution 3.9 We put for alln € N, and x € R :

fn(x> = f(x)'l]—oo,—n]u[n,+oo[(x)'

Then
Vn € N, we have : |f.(2)| < |f] € £,

and
Vx € R, we have lim f,(x) =0,

n—-uoo

the dominated convergence theorem gives

lim [ f.(z)dx :/ lim f,(z)dz =0,
hence the result.

Exercise 3.10 For all n € N*, we put

Calculate
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Solution 3.10 We calculate .
| #ayas,
1
we have

400 oo +oo
[f(x)dg;: [;ne_mdx: [;fn(x)dx,

(fn)n 18 a sequence of continuous, and therefore measurable and positive, functions ; therefore,
according to the corollary of monotone convergence, we have :

+oo 0o T 0o T
/ Z falz)dr = Z folz)dr = Z / ne ""dx
1 n=1 n=1 1 n=1 1
00 . 1 1
- Ze 1 -1 T 1
— —e e—
Exercise 3.11 For allt € R, we put :
“+o0o +oo
F(t) = / e~ cos (xt) dz, F(0) = / e dr = \/T%
0 0

1. Show that F is continuous and differentiable on R.
2. Show that F' satisfies the differential equation :

F() + %F(t) o,

and deduce its value .
Solution 3.11 1. We show that F is continuous and differentiable on R.

i) Vt e R,z € [0, 400, we put
f(z,t) = e cos (xt).

ii) We have Vz € [0, +00[,x — f (z,t) is continuous on R and Vt € R,Vz € [0, +o0]

—+o00

|f(z, )] < e and /e_mzdm = g < 400,
0

therefore, by the continuity theorem under integrals,F' is continuous on R
Vo € [0, oo,z — f(2,1)

is differentiable on R, and we have

— f(z,t) = —we " sin (at),

ot
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moreover 5
—f(x,t)] < xe_xQ, vVt € R,
ot
therefore
+oo
/ 2 { 1 _x2]+°° 1
re dr=|—ze = = < +o0;
27 |, 2

According to the differentiability theorem under the integral sign, F is differentiable

on R and
—+o0

F'(t) = — / ze " sin (xt) da.
0

2. We prove that F' verifies the differential equation :

t
F'(t) + §F<t) =0,
i) We have

—+00

Pl = — / e~ sin (at) da

—+00

1
= |Ze ™ sin (at) - = / et cos (xt) dx
2 2
0
+oo

= —— / e~ cos (xt) dx = %F(t),

0

hence the result .

ii) We deduce tha value of F(t) : we have

t t
F'(t) + 5F(t) = 0= F'(t)= —§F(t)

F'(t) t t2
— == In|F(t)| =——

- o) 2:>n| ()] 4+C

+2
= F(t) = Ke 1, moreover F(0)= \/7% =K.
Therefore

Exercise 3.12 We consider on R the function :

+o0

F(t) :/ il dx

1422
0
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1. Prove that F is continuous on R, and calculate . liril F(t).

2. Show that F is est differentiable on R and calculate lim F'(t).

t—0t

Solution 3.12 1. We prove that F' is continuous on R, : ¥Vt > 0,Vx > 0, we put

)
etm

f(l',t) = m7

we have t — f(x,t) is continuous on R, and

t N ) 2
and
+oo
/ d larctana] ™ = = < +
= [arctanx == 00,
14 a2 0 2
0
Therefore, according to the continuity theorem under the integral, F' is continuous on
R,.
We calculate lim F(t), according to the dominated convergence theorem : ¥(t,)nen

n—->-+00

a sequence of positive real numbers that converges to +o0o

—+00

lim F(tn):/ lim

n—-+400 n—+oo1 4 2
0

—tnx2

dr = 0.

2. We show that I is differentiable on R
We have ¥t > 0, t — f(x,t) is differentiable and

0 (2. 1) r2ete’
—f(z,t) = — .
ot ’ 1+ 22
Moreover, Ya > 0,t > 0
a 2 —az? 2 —az?
af (z, t)’ < e with x — 22 integrable,
T T
! 1.267119:2 oo x2€7a:p2
/1+I2dx<+ooand/ 1_i_xzdx<—i-oo,
0 0
because )
lim v e~ = .

n—+oo1 + 2

Therefore F is differentiable on |a,+oo[ and as a is arbitrary F is differentiable R

and we have :
—+o0

x2€—tx2
!
F(t):—/ 2 dz.
0
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We calculate lim F "(t) : We have Y(t,)n a sequence of positive real numbers that
t—0

converges to 0, and according to the lemma of Fattou, we obtain

+oo x2€—tnazz +oo x2e—tnw2
. / o . .
0 0
+oo

2
x
= dx = +00,
/1—|—:1:2

0

therefore F'(t) converges to —oo when t — 0.

Exercise 3.13 Consider (E,T,m) a measured space and f,g two functions belonging res-
pectively to LP and L? where p,q € R7.

1 1 1
Show that if — 4+ — = —, we have
p q T

fg €L and || fgll, <IIfIl, llgll, -

Solution 3.13 We have r + L therefore P and L are conjugate, on the other hand f
r r

and g are measurable, therefore |f.g|" is also measurable , then by using the inequality of
Holder, we have

[Elf-glrdm = /|f|f.|g|7"dm
< ([ <rfr>””dm)r/p.( / <|g|f>"”dm)r/q
= (Lasmam)” ([ asman) " < o

|f|" € LP" and |g|" € LY,

because

hence
fge L and | fgll, < £, llgll,-

Ezxercise 3.14 Let (E,T,m) a measured space and f,g are two functions belonging respec-
twely to LP and L? where p,q,r € R%, such that

1 1 1
—+-+-=1, fell, gel’ hel
p q T

Prove that

fgh € L' and || fghll, < [I£1l, lgll, I, -
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Solution 3.14 We put
1 1 1

’

P q S
then according to the previous exercise, we have

fg €L and || fgll, < IfIl, llgll,,

moreover
1 1
-4 - = 1
S r

Y

therefore according to the inequality of Holder, we have

(fo)h € L' and | fgh|, < | fgll, ],
SO 3

hence the result.
FEzxercise 3.15 Let
feLP(0,+]), g€ L([0,+0]) and 1 < p < q< +oo are conjugate.

Calculeate

t—00

lim %/f(s)g(s)ds.

Solution 3.15 We have

t ¢ t /p /¢ 1/q
[rop < [ fur] | [wr
0 0 0 0

< W71, gl

therefore

1
lim —
t—soo t

]f@M@MSZU
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