PEOPLE’S DEMOCRATIC REPUBLIC OF ALGERIA
MINISTRY OF HIGHER EDUCATION AND SCIENTIFIC RESEARCH
ABDELHAMID IBN BADIS UNIVERSITY OF MOSTAGANEM
FACULTY OF EXACT SCIENCES AND COMPUTER SCIENCE

Ao

{N

UNIVERSITE

Abdelhamid Ibn Badis
MOSTAGANEM

THESIS
Presented to obtain

The DEGREE of DOCTOR in APPLIED MATHEMATICS

By :
Saadia BENBERNOU

On the Analysis and Resolution of Certain Optimal Control Models
in Biomedical Sciences

Defended on 4" July in front of the committee composed of

Chairman : Abdessamad AMIR Professor UMAB, Mostaganem, Algeria
Reviewers : Khadra NACHI Professor U. Oranl Es Senia, Oran, Algeria
Mohammed Amine GHEZZAR MCA NHSM, Algiers, Algeria
Mohand OULD ALI Professor UMAB, Mostaganem, Algeria
Supervisor : Boubakeur BENAHMED Professor NHSM, Algiers, Algeria

Co-supervisor : Djillali BOUAGADA Professor UMAB, Mostaganem, Algeria







Publications and Communications

International Publications

* Saadia Benbernou Belmehdi, Djillali Bouagada, Boubakeur Benahmed,
and Kamel Benyettou. On the Positivity and Stability Analysis of Conformable
Fractional COVID-19 Models.Nonlinear Dynamics and Systems Theory (2025):
487, Scopus B.

* Saadia Benbernou Belmehdi, Boubakeur Benahmed, and Djillali Bouagada.
Newton’s Method for Discretized SEIR Optimal Control. (Accepted with revision),
category A .

International and National Conferences

* Saadia.B, Djillali.B and Boubakeur.B Stability Problem For an Epidemiolog-
ical Model (COVID-19). 1%t International Conference On Pure And Applied
Mathematics, Ouargla, Algeria, 26 — 28 May, 2021.

* Saadia.B, Djillali.B and Boubakeur.B Stability Criteria For an SEIR Model.a
State Space Approach. International Workshop On Functional Analysis, Control
Systems & Decision Support, Abdelhamid Ibn Badis University, Mostaganem,
Algeria, 25 — 27 May, 2021.

* Saadia.B, Boubakeur.B and Djillali.B The analysis and resolution of some
optimal control models in biomedical sciences. 2" Doctoral Program in Applied
Mathematics, Mostaganem, Algeria, June 23, 2022.

* Saadia.B, Boubakeur.B and Djillali.B The analysis and resolution of some
optimal control models in biomedical sciences. 3" Doctoral Program in Applied
Mathematics, Mostaganem, Algeria, June 20, 2023.



ii

Publications and Communications

* Saadia.B, Boubakeur.B and Djillali.B Stability analysis and resolution of the
optimal control problem in COVID-19. 4" Doctoral Program in Applied Mathe-
matics, Mostaganem, Algeria, June 24, 2024.

* Saadia.B, Boubakeur.B and Djillali.B A Nonsmooth Newtons Method for
Discretized SEIR Optimal Control Problem. Fifth International Congress on
Operators Theory and Applied Mathematics, University of El Oued, El Oued,
Algeria, 11713 November, 2025.



Dedication

I dedicate this work:

Firstly, to my dear parents, who closely assisted me throughout this work, for their
availability, the trust they placed in me, their sacrifices, support, and the priceless
counsel they provided throughout the completion of this project.

I'would also like to express my sincere gratitude to my sister, Samia, and her daughter,
Nouria, as well as my brothers, and every member of my paternal family, for their

sacrifices, support, and prayers throughout my studies.

Special dedication to my husband and my grandson Abdel Hamid. Thank you, Abdellah,
for your encouragement, your sacrifices, and your patience during my research years.

iii






Acknowledgements

I would like to express my gratitude to the Almighty Allah for instilling courage in my
heart and granting me good health to complete this project, which has opened up the
path of knowledge for me.

I would like to express my sincere thanks first of all to my thesis director, Professor
Boubakeur BENAHMED, and my co-thesis director Professor Djillali BOUAGADA , not
only for the honor they have given me by supervising my graduation project, but also for
their scientific and pedagogical qualities, their continuous motivation, encouragement,
and support throughout this academic experience. I have learned a great deal from them.
I will always be grateful for their advice and assistance during this period of my doctoral
thesis.

In other hand, I warmly thank Professor Abdessamad AMIR from Abdelhamid Ibn
Badis University of Mostaganem for having accepted to examine this work and to chair
the jury of this thesis. My thanks also go to Dr. Mohammed Amine GHEZZAR, Associate
Professor at the National School of Higher Education of Algiers, Mr. Mohand OULD ALI,
Professor at Abdelhamid Ibn Badis University of Mostaganem, and Ms. Khadra NACHI,
Professor at the University of Oran 1 Es Senia, Oran, Algeria, who have honored me for
agreeing to evaluate my thesis.

My appreciation and thanks are extended to all members of the laboratory of
pure and applied mathematics (LMPA) of the Abdelhamid Ibn Badis University of
Mostaganem.






Contents

Glossary xi
General Introduction 1

1 Fundamental concepts and preliminaries 3
1 Introduction . . . . . . . . . v i it e e e e 3

2 Fundamentals of differential equations . . . . ... ... ... .... 3
2.1  First-order ordinary differential equation . . . . . .. ... .. 4

3  Methods of solving differential equations . . . . .. ... ... .... 4
3.1 Aomnestepmethods ... .................... 4

4 Fractionalcalculus . ... ... ... ... ... ... .. . ... ... 7
4.1  Special fractional functions . . ... ... ... ........ 7

4.2  Fractional derivatives . . . ... ... ... ... ... ..., 8

5 Integraltransforms . . . .. . . . ... ... ... ... 9
5.1 Laplace transform . . .. ... .. ... ... ......... 9

5.2  Sumudutransform . .. ... ... ... ... 11

6 Conclusion . .. ... ... ... e 13

2 Epidemic models 15
1 Introduction . . . . . . . . . . i i i e e e 15

2 Introduction to epidemiology . . . ... ... ... ... ... 15

3 The compartmental models in epidemiology . . . . ... ... .. .. 16
3.1 Compartmentsandrules . . . ... ... ............ 16

3.2  Basic examples of epidemiology models . . ... ....... 17

4 Conclusion . . . . ... e e 25

3 Characterization of SEIR model stability 27
1 Introduction . . . . . . . . . ... 27

2 Preliminary stability of themodel . . . . ... ... ... ....... 28
2.1  Method for calculating the basic reproduction number Ry . . 28

iii



iv Contents
2.2  Lyapunovstability . ... ... ... ... .. ... ..., 29

3 Stability analysis of the SEIR ODEmodel . . . . .. ... ... .... 30
3.1 Problem statement . . . . ... ... ... ... ... ... 30

3.2  Positivityof solutions . . . . . . ... ... ... ... ..., 30

3.3  Determination of equilibrium points . . . .. ... ... ... 31

3.4  Calculation of the Basic Reproduction Number . . ... ... 32

3.5  Global Asymptotic Stability of the Disease-Free Equilibrium . 33

3.6 Global Asymptotic Stability of the Disease Endemic Equilibrium 34

4 Stability Analysis of the SEIR Conformable Model . . . . .. ... .. 35
4.1  Problem Statement . . . . . . ... ... 35

4.2  Positivity of solutions . . . . . .. ... 36

4.3  Determination of Equilibrium points . . . ... ... ... .. 36

4.4  Calculation of the Basic Reproduction Number . . . . . .. .. 37

4.5  Global stabilityof the DFE . . . . ... ... ......... 39

4.6  Global stabilityof the DEE . . . .. ... ... ........ 40

5 Conclusion . ... .. ... ... 41

4 Positivity and Stability Analysis of Conformable Fractional COVID-19

Models 43
1 Introduction . . . . . . . . . . . it e e 43
2 Model formulation . . ... ... ... ... .. 43
3  Non-negativity and boundness of solutions . . . . . .. ... ... .. 45
4 Equilibrium points and basic reproduction number of the model . . . 46
5 Stabilityanalysis . . . ... ... 47
5.1 Localstability . . . . ... ... ... ... .. . 47
5.2  Globalstability . . ... ... ... ... .. .. 48
6  Numerical results and discussion . . . . ... ... .......... 51
7 Conclusion . . ... .. ... ... e 53
5 Introduction to Optimal Control Theory 55
1 Introduction . . . . . . . . . v v i i i e e e e e 55
2 Optimal Control Problem Statement . . ... ... .......... 55
3 Numerical Methods in Optimal Control . . . . .. ... ... .... 56
3.1 Direct Method . . . ... .. ... .. ... .. ... .. 56
3.2 Indirect Method . . ... .......... . ... ... 62
4 Conclusion . . ... ... e 64
6 Nonsmooth Newton’s Method for Discretized SEIR Optimal Control Prob-

lem 65
1 Introduction . . . . . . . . . v v i i i e e e e e 65
2 Formulationof themodel . ... ... ... .. ... ......... 65
2.1 Model without control . . . . . ... ... ... ........ 67
2.2 A Model with an unlimited supply of the vaccine . ... ... 68

2.3 A model with a limited supply of vaccines at each instant of
time . . . . . . . e e e e e e e 68
3 Numerical Analysis of the Model . .. ... ... ........... 69

3.1 Model without control . . . . . . . . . . . . ... .. ..... 69



Contents

3.2 Model with unlimited supply of vaccine . ... ... .....

3.3  Model with limited supply of vaccines at each instant of time
4 Numerical Results and Discussion . . . . ... ... ..........
5 Conclusion . .. ... ... . ... e

General Conclusion

Bibliography

72
77
81
87

89

91






List of Figures

2.1 SI epidemiological model diagram in the shortterm . . ... .. .. 17
2.2 SI epidemiological model diagram in the long term . . . ... .. .. 18
2.3 SIS epidemiological model diagram in the shortterm . . . . . .. .. 18
2.4 SIS epidemiological model diagram in the long term . . . .. .. .. 18
2.5 SFI epidemiological model diagram in the shortterm . . . . ... .. 19
2.6 SEI epidemiological model diagram in the long term . . . .. .. .. 19
2.7 SEIS epidemiological model diagram in the shortterm . . ... ... 20
2.8 SEIS epidemiological model diagram in the longterm . . . ... .. 21
2.9 SIR epidemiological model diagram in the shortterm . . . ... .. 21
2.10 SIR epidemiological model diagram in the longterm . ... ... .. 21
2.11 SIRS epidemiological model diagram in the shortterm . . .. .. .. 22
2.12 SIRS epidemiological model diagram in the longterm . ... .. .. 22
2.13 SEIR epidemiological model diagram in the short term . . .. .. .. 23
2.14 SEIR epidemiological model diagram in the long term . . .. .. .. 24
2.15 SEIRS epidemiological model diagram in the short term . .. .. .. 24
2.16 SEIRS epidemiological model diagram in the longterm . . . .. .. 25
4.1 Diagram of a compartmental model for COVID-19 transmission. . . . 44
4.2 Impact of @ on System Dynamics . . . . . . . .. ... ... ..... 52
6.1 SEIR compartmental model with vaccination. . . . .. ... ... .. 66

6.2 The dynamics of S, I and N when no vaccines are used (without control) 82

6.3 The optimal trajectories and optimal vaccination rate with unlimited
vaccines (Pyy ). v v v v e e e e e e e e e e e e e e e e e 85

6.4 The optimal trajectories and optimal vaccination rate for (Pizeq) - 86

vii






List of Tables

4.1
4.2
4.3

6.1
6.2
6.3
6.4

Epidemiological Parameters of the Model . . . . . . ... ... .... 45
Initial model parameters. . . . . . .. ... ... ..., 51
The initial values for the model variables. . . ... ... ... .. .. 51
Description of model parameters. . . . . ... ... .......... 66
Parameters values and constants [67] . . . . . . . . . ... ... ... 82
Comparative Analysis of the Methods (Iterations and Cost) . . . . . . 83
Initial values of the multipliers . . . ... ... ... ......... 83

ix






Glossary

DEE

DFE

DOCP

GAS

IVP

KKT

LAS

NNM

OCP
ODE

PMP

RK4

SEI
SEIR

SEIRS

SEIS

SI

Disease-endemic equilibrium.
Disease-free equilibrium.
Discretized optimal control problem.
Globally asymptotically stable.
Iinitial value problem.
Karush-Kuhn-Tucker conditions.
Locally asymptotically stable.

Nonsmooth newton method.

Optimal control problem.
Ordinary differential equation.

Pontryagin’s maximum principle.
Runge-Kutta 4th Order method.

Susceptible-Exposed-Infected model.
Susceptible-Exposed-Infected-Recovered
model.
Susceptible-Exposed-Infected-Recovered-
Susceptible model.
Susceptible-Exposed-Infected-Susceptible
model.

Susceptible-Infected model.

xi



xii

List of Tables

SIR
SIRS

SIS

Susceptible-Infected-Recovered model.
Susceptible-Infected-Recovered-Susceptible
model.

Susceptible-Infected-Susceptible model.



General introduction

In December 2019, the emergence of the COVID-19 virus in Wuhan, China, marked
the beginning of a global pandemic that rapidly spread and became a worldwide
public health emergency. With fever, cough, tiredness, and respiratory difficulty as
symptoms, its high contagiousness necessitated prompt control interventions [1, 2, 3,
4]. In such a situation, mathematical modeling has become essential to infectious
disease outbreak knowledge and control.

Mathematical modeling is vital in epidemiology to forecast epidemic behaviors
and evaluate intervention policies. Dynamics of the disease are generally too com-
plicated such that simplified models need to be applied to investigate transmission
behaviors and to incorporate public health policies [5, 6]. The SIR model, which
Kermack and McKendrick first introduced in 1927 [7], was one significant initial be-
ginning of epidemic forecasting. Subsequent work has adapted this model to include
local and global stability of SEIR and SIR models [8, 9, 10, 11, 12, 13]. More recent
research has been focused on modeling COVID-19, its dynamics of spread, basic
reproduction number, and stability [14, 15, 16, 17, 18], with some also incorporating
vaccination effects [19, 20].

Fractional models are particularly effective at capturing epidemiological systems’
long-term memory and non-local dynamics. The stability of fractional SEIR models
for COVID-19 has been investigated by researchers [21, 22, 23, 24], with conformable
fractional derivatives offering computational simplicity without sacrificing analytical
tractability [25, 26, 27]. These derivatives offer simplicity of stability analysis
without sacrificing the compatibility with classical derivative conditions. The Sumudu
transform has also been employed in fractional conformable models to achieve
analytical solutions [28, 29].

Optimal control theory offers a potent framework for controlling infectious dis-
ease models, minimizes transmission, and optimizes the allocation of resources.
Through the inclusion of constraints, policymakers can assess intervention strategies
more accurately. A fundamental method for solving unconstrained optimal control
problems is Pontryagin’s maximum principle [30, 31], allowing analytical solutions
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2 General Introduction

and real-world interpretations. Since its early applications in biomedical engineer-
ing [32], optimal control has been widely applied in epidemic modeling, with and
without vaccination strategies [33, 34, 35, 36, 37, 38, 39, 40].

The Nonsmooth Newton method is perfectly appropriate for constrained optimal
control problems, whether control, state, or mixed constrained. It is also well
suited to large-scale mathematics optimization, decision science, and engineering
optimization owing to its speed of convergence and stability. Whereas indirect
techniques like Pontryagin’s maximum principle, that solve the problem analytically
first and then discretize (e.g., via RK4 or forward-backward sweep), the Nonsmooth
Newton method is a direct technique that first discretizes the problem. The technique
has been successfully used in some works [41, 42, 43].

This thesis is situated in the field of mathematical epidemiology, specifically the
SEIR model. It is organized into six chapters, each addressing a basic or advanced
topic. Chapter One provides the theoretical background by presenting differential
equations and dynamical systems, emphasizing solutions, existence, uniqueness,
stability, and properties of fractional equations. Building on this foundation, Chapter
Two introduces classical epidemiological models, particularly the SEIR model, and
presents examples of disease spread modeling. This leads to Chapter Three, which is
dedicated to the stability analysis of the SEIR model, focusing on determining the
basic reproduction number and analyzing the local and global asymptotic stability of
the model’s equilibria, including a detailed numerical analysis. Chapter Four then
examines the stability analysis of COVID-19 fractional-order models, where fractional
derivatives are discussed, classical mathematical methods are extended to memory-
dependent systems, and parameter sensitivity is analyzed. Following this, Chapter
Five explores optimal control theory, describing classical methods such as Pontryagin’s
Maximum Principle and their application to control problems in the epidemiological
context. Finally, Chapter Six proposes a novel neural network-based method for
solving an optimal control problem for a discrete SEIR model, demonstrating a
convergence between classical mathematical analysis and contemporary artificial
intelligence methodology. Through this structure, the thesis seeks to provide a
profound, mathematically rigorous, and methodologically diverse insight into the
dynamics of epidemic spread and optimal control measures.



CHAPTER

Fundamental concepts and
preliminaries

1 Introduction

This chapter provides a significant theoretical foundation for understanding the
tools and techniques employed in this thesis. It begins with an exposition of the
fundamental principles governing ordinary differential equations (ODEs) and the
methods of résolution, which form the foundation for modeling the concerned
dynamical systems. From this context, we then explore the advanced mathematical
theory of fractional calculus, a rich extension of classical calculus that enables the
description of refined phenomena inadequately described by integer-order derivatives.
Finally, we introduce the Laplace and Sumudu transform, integral transformation
techniques playing a central role in the analytical solution of continuous functions.

2 Fundamentals of differential equations

In mathematics, there are two types of differential equations that are normally
distinguished: ordinary differential equations and partial differential equations,
which can be first- or second-order, linear, or nonlinear. Differential equations are of
great significance in areas such as physics, chemistry, biology, etc. However, exact
solutions to these equations are not always feasible, and numerical methods are
required to find approximate solutions.
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2.1 First-order ordinary differential equation

Let U be an open subset of R x R™ and f : U — R™ be a continuous function.
We consider the relation

Y = f(t,y) (1.1)
where (t,y) e U, t € R, y € R™
The relation (1.1) is called a first-order ODE.

A solution of (1.1) on an interval I = [0,7] C R is a differentiable function
y : I — R™ such that:

e Vtel: (tyt) eU
e Vtel:y(t) = ft,y)).

The unknown of equation (1.1) is a function of ¢.

Cauchy problem

Given a point (0,yy) € U, the Cauchy problem involves of finding a solution
y: I — R™ of (1.1) in an interval I containing 0, such that y(0) = yo.

The formulation of the problem is given as follows:

y'= f(t.y(t)
{ y(0) = o, teR (1.2)

Practically, the variable t denotes time, and y signifies the state of a particular
material system. Equation (1.1) physically expresses the law of evolution of the
system under consideration as a function of time.

3 Methods of solving differential equations

3.1 A one-step methods

The one-step method is a class of numerical methods designed to approximate the
solution of an ordinary differential equation (ODE) at a point within a given interval.
A one-step method is generally used for initial value problems (IVPs), in which the
solution is advanced step-by-step from an initial condition.

The one-step method’s most important feature is its reliance on information from
a single previous point to compute the solution at the subsequent point in order. In
numerical analysis, a one-step method refers to an iterative formula that computes
the solution at the next time step ¢,,1 based on information at time step ¢,.

Some typical examples of one-step methods are:
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Euler’s method

The objective of the Euler method is to provide approximations to solve a well-posed
initial value problem.

E%zf@w,aétéa y(a) = o (1.3)

The solution y(t) cannot be expressed as a continuous function. Instead, it will
be computed at discrete points within the interval [a, b], called mesh points.
a=ty<t1 <...<tp <thy1 <...<ty=0b.
Once the approximate solution is obtained at the given points, it is possible to
extend this approximation to the whole interval by interpolation ie:
t; = a+th, foreachi=0,1,2,..., N.
The step size is the regular distance 'h’ between points.

(b—a)
N
For 0 < n < N, the approximate solution to the problem (1.1) is given by:

h = =tliy1 —t;

tn+1
W) = o)+ [ fsu(s)) ds (1.4
tn
By recurrence, we construct an approximation y,, of y(t,) by replacing (1.4) with:

Ynt1 = Yn+ hnf(tn,yn), foreach n=0,1,...,N—1. (1.5)

Thus, the Euler method is defined by the relation (1.5).

Runge kutta method

The numerical method (RK4) is a common reference for approximating ODE solu-
tions. The method has become increasingly popular since it provides a reasonable
compromise between computational effort and increased accuracy for the numerical
solution of ODEs.

The following differential equation describes the Cauchy problem:

“ tel=]a,b], (1.6)
y(a) = a,

{y’(t) — f(t,y(1)),

The interval [a, b] is divided as follows:
a=1ty <ty <-"<tn<tn+1<"'<t1\7:b.

Let’s set:
h - tn+1 - tn
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The approximation of y/(t) is defined as follow:

e N )

we get the iteration rule of the so-called explicit classical Runge-Kutta method

kl = f(thy’L)vh )
ky = f(ti+>yi+kl>a
2 2 (1.7)
h lk .
k3 - f(tz+2ayz+2 2)7
ks = f(ti+h,yi+k3).
leading to
h
Yir1 = Yi+ 8(/{1 + 2ko + 2k3 + k4). (1.8)

Midpoint’s approximation method

The method of approximating the midpoint is a numerical technique used to estimate
the definite integral of a function. To calculate the area under a curve, divide it
into rectangles and take the value of the curve at the middle of each rectangle to
determine its height. The sum of all rectangular areas approximates the total area
under the curve. It is a specific type of Riemann sum, without using the left or right
edge of rectangles but with the middle. This type often leads to a better balance
between over- and under-estimating the area below the curve.

Given a function f(z) defined on the interval [a, b], its definite integral is given
by:

b
/ fx)dx (1.9)
can be approximated using the Midpoint Rule as follows:

1. Divide the interval [a, b] into n subintervals of equal width:

h—
Ax = a
n
The endpoints of the subintervals are:
ro=a,xr1 =a+ Ax, xo =a+2Ax, ..., x, = 0.

2. For each subinterval [z;_1, z;], compute the midpoint:

Tl T
C; = 72

3. Evaluate the function f(z) at each midpoint c;.
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4. Multiply each function value by the width of the subinterval Az and sum them
up:

/bf(x) dr ~ i fle)Ax (1.10)

=1

The Midpoint Rule formula is defined by the relation (1.10).

4 Fractional calculus

Fractional calculus represents an essential extension of the usual differentiation
and integration to arbitrary orders, providing a powerful mathematical technique
for describing complex phenomena and dynamical systems that conventional cal-
culus cannot handle. For 300 years, mathematicians like Riemann, Liouville, and
Caputo have developed it, and this has resulted in different definitions of fractional
derivatives and integrals, which, although not always giving the same results, are
taken as equivalent for a broad class of functions. It has witnessed massive interest
in applied sciences, control theory, and engineering. At the same time, more recent
developments, such as the conformable derivative operator introduced by Khalil et al.,
have led it further into applications in finance, biology, medicine, and physics. From
its inception in the 17th century with Leibniz and L’Hopital and onward through
recent computational developments, fractional calculus has evolved as an effective
technique of solving fractional differential equations and modeling real-world issues,
placing itself firmly within applied mathematics.

4.1 Special fractional functions

Gamma function

Definition 4.1. [44]
The Gamma function, denoted by I'(z) is a generalization of the factorial function
k!, ie.,

I'(k)=(k—1)! VkeN. (1.11)

For complex arguments with positive real part it is defined as
o0
[(z) = / t*~Le~tdt, Re(z) > 0. (1.12)
0

This function has the following essential results:

Proposition 4.2. [44]
For a complex argument z with positive real part Re(z) > 0. So we have the following
result:

[(z+41) = 2T'(2). (1.13)

Some of the most important values are
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r(3) = v& (1.14)

The Mittag-Leffler function

While the Gamma function is a generalization of the factorial function, the Mittag-
Leffler function is a generalization of the exponential function

First introduced as a one parameter function by the series [44]

0o o
Ea(Z) = Z m, Z,0 € C, Re(Od) > 0. (116)

n=0

Later, the two parameter generalization is introduced by Agarwal

Eup(z) = gaw z,a,B € C, Re(a) > 0, Re(B) > 0, (1.17)

which is of great importance for the fractional calculus. It is called two parameter
function of Mittag-Leffler type. Some of its interesting values are [44]

Elyl(z) = ez,
E51(2?) = cosh(z),
. (1.18)
Fya(2?) = sinh(z)

Eoi1(z) = Ea(2).

4.2 Fractional derivatives
Conformable derivative

Definition 4.3. [45]
Let a function x : [0,400) — R. The conformable derivative of this function of order
a, with a € (0, 1] is defined as follows
l—a) _
To () (t) = tim EE LD =20 gy (1.19)

e—0 €

A function x is called «-differentiable if its conformable derivative of order « exists
for every t > 0.
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Theorem 4.4. [45]
Let a € (0,1] and 1, z2 : Ry — R be a-differentiable functions. Then, Yt > 0

1. T*(az1(t) + bza(t)) = aT*(x1)(t) + bT*(z2)(t), for all a,b € R;
2. T*(tP) = ptP~«, for all p € R;
3. T*(\) =0, for all constant function z1(t) = X;

4. T*(z1(t)x2(t)) = z1(t) T (z2)(t) + 22(t) T(x1)(t);

5. To (1Y) = 2OTE)O_OT @0,

x2(1) z5(t)

6. If x is differentiable, then, T*(x1)(t) = tlfad””d;t(”.

5 Integral transforms

Integral transforms are essential in solving engineering and differential equations
problems [46, 47, 48]. The current focus is on fractional transforms [49, 50] to
solve fractional differential equations in physics and engineering. Their algebraic
transmutation of differential operators enables computationally tractable solutions.
This section will list interesting properties and rules for continuous functions, includ-
ing Laplace and Sumudu, along with their integral transforms in the conformable
fractional case .

5.1 Laplace transform

Laplace transformation is a fundamental concept in engineering mathematics and
mathematical sciences. The French mathematician Pierre-Simon Laplace, working
in the 18th century, originated the Laplace transform. Mathematically, it provides a
robust tool for simplifying the solution of differential equations and converting func-
tions dependent on time into a corresponding representation in complex frequency
space.

Definition 5.1. [51] A function f is causal if it satisfies the condition:

f(t)=0, for t<O. (1.20)

Definition 5.2. [51] Let f : [0,+0c0) — R, the Laplace transform of a causal function
f(t) is a function of the complex variable s, represented by F'(s). The Laplace transform

of fis

+o00o
LI = F(s) = /0 = £ (1) dt. (1.21)

A necessary condition for the existence of the Laplace transform of a function f(t) is
the convergence of the integral.
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Conditions for the Existence of the Laplace Transform

A function f must satisfy the following conditions for its Laplace transform to be

defined.

* f must be defined for ¢t > 0.

* f must be of exponential growth; that is, a constant M and a real number o

such that | f(t)] < Me°® for all t > 0.

* f(t) must be integrable over [0, ), i.e.,

/ |f(t)|e”"'dt < oo for some v.
0

Some Main Properties of the Laplace Transform

Let f, g be causal functions for «, 5 € R, a € R*, and s > 0. Then, the important

properties of the Laplace transform are defined as follows:

¢ Linearity

Llaf(t)+Bgt)] = aLlf({t)]+ BLIg()]

e Derivative
The Laplace transform of the derivative f’(t¢) is given by:

LIf' ()] = sF(s) = £(0).

¢ Integration
The Laplace transform of the integral is:

! _ F(s)
E[/O f(T)dT]— pt

LI(f+9)®)] = LIFB]Lg(B)] = F(s)G(s)

where (f x g)( fo g(t — s)ds.
e Time Shlft

e Convolution

LIf(t—a)] = e F(s).

e Multiplication by a scalar

e Dirac impulse

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)
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Conformable Laplace transform

Theorem 5.3. [52] Let f : [0,400) — R be a causal function and 0 < o < 1. Thus,
the conformable fractional Laplace transform of T f is given by

Lo [T®f(1)] (s) = sFa(s) — F(0), s> 0. (1.29)

Theorem 5.4. [52] Let f : [0,+00) — R be a causal function and 0 < o < 1.
Hence, the following relation holds between the conformable Laplace transform and the
conventional Laplace transform:

Fuo(s) = £ |f(at)] (s). (1.30)

Theorem 5.5. [52] Consider ¢, a,p € R and for 0 < a < 1. Thus, the Laplace transform
of some usual functions is defined as follows:

1.
Lalc](s) = g s> 0 (1.31)

2. Nl
Lo[tP)(s) = aa ( 1j£5)7 s> 0; (1.32)

S «a

3. .
ta
ole¥T](s) = : . 1.

Lo a](s) T 5”0 (1.33)

5.2 Sumudu transform

The Sumudu transform is a substantial integral transform that emerged in the 1990s
as a less complicated alternative to the Laplace transform for solving differential
equations. Unlike conventional approaches, it maintains units and scaling, rendering
it highly intuitive for applied sciences and engineering. The transform naturally
accommodates initial conditions without alteration, simplifying solutions to ODE:s,
PDEs, and difference equations. Its applications are spread over control theory, signal
processing, and fractional calculus; thus, it is pervasive. The following subsection
covers necessary terminology and key theorems for the Sumudu transform. Then,
the fractional Sumudu transform is introduced.

Definition 5.6. [53] Let A denote the set of functions of exponential order, defined as
follows:

[t]

A= {fO)I3M, 71,72 > 0,[f()] < Me 7, if t € (=1) x [0,00)}, (1.39)
We define the Sumudu transform of a continuous function as follows:
S[f)] = F(v) = / fut)e™tdt, v e (—m1,72), (1.35)
0

or a similar alternative
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S = Fv) = 11)/000 FB)etdt, v >0, (1.36)

Some Main Properties of the Sumudu Transform
Theorem 5.7. [54]
We state the fundamental properties of the Sumudu transform for real parameters
A, B, a and given functions f and g.
* Linearity property
Slaf + Bgl(v) = AF(v) + BG(v), v € (=71, 72); (1.37)

* Integral function

S [/0 f(T)dT] =vF(v); (1.38)

* Convolution product

S[(f*g) )] =vS[fl(v)S[gl(v), v € (=71,72); (1.39)
where

(f % 9)( / F(r)g(t — 7)dr;
« Dirac impulsion
Sl (v) = o7 (1.40)
« Multiplication by a scalar
S[f(at))(v) = F(av). (1.41)

Conformable Sumudu transform

Theorem 5.8. [52] Let f : [0,00) — R be a given function, 0 < o < 1. Then we have
the following property

Sa[Tf()](v) = = [Salf(1)](v) = F(O)], ¥t >0, (1.42)

1.

Sale™ ¥ f(t)] = ” v , v>0; (1.43)

Salc](v) = ¢ (1.44)
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3.
Sa {n] ()= ZEED" o, (1.45)
[0 v
4. ) )
at®
o T o = R —. 1.
S le }(v) e (1.46)

Although the Laplace and Sumudu transforms are both integral tools used to solve
differential equations, their main difference lies in their kernel and their handling
of scales. The Laplace transform uses an exponential kernel e~*!, which makes it
particularly effective for dealing with initial condition problems and linear time-
invariant systems. In contrast, the Sumudu transform is distinguished by its kernel
e~'u and its scale invariance property (u-scale invariance), which allows it to preserve
the dimensional homogeneity of equations and facilitate the transition between a
function and its derivatives. This characteristic makes the Sumudu transform often
more direct for manipulating initial conditions and more suitable for certain control
and physics problems where scale properties are crucial.

6 Conclusion

This chapter’s work provided a theoretical basis for this thesis’s computational and an-
alytical strategy. We established classical solution techniques required for dynamical
system modeling from the fundamentals of ordinary differential equations (ODEs).
From there, we introduced fractional calculus as a successful extension of integer-
order calculus to model complex memory-dependent and non-local behaviors, which
classical methods cannot model. Furthermore, we discussed the Laplace and Sumudu
transforms as basic instruments for solving differential and fractional differential
equations, highlighting their advantages in simplifying and unifying analytical tech-
niques. The Sumudu transform, in particular, demonstrated its utility by preserving
scaling properties and handling initial conditions with ease. These mathematical
tools provide this work’s subsequent analytical and numerical investigations with a
complete foundation, brokering between theoretical rigor and practical applicability
in dynamical systems analysis.






CHAPTER

Epidemic models

1 Introduction

Compartmentalized epidemiological models, essential mathematical tools in epi-
demiology (the study of population health and its causes), divide a population into
compartments (such as SIR or SEIR) to model the spread of infectious diseases. These
models, which date back to the early 20th century with the pioneering work of En’ko,
Hamer, Ross, Kermack, and McKendrick, describe transitions between states of health
(susceptible, exposed, infected, recovered) using differential equations to predict
epidemic dynamics, assess response strategies and understand disease behavior at
the population level based on microscopic data and assumptions.

2 Introduction to epidemiology

Epidemiology is the scientific study of the distribution of health issues within a
population and the factors that determine it. Its main objective is to understand the
reasons leading to diseases and hence enhance the treatment and preventive tech-
niques for diseases. Modeling and mathematics are key components of epidemiology.
Mathematical models in epidemiology describe the progression of a disease over
time, which depends on various parameters, including:

1. Disease stages.
2. Mobility of individuals.

3. Disease type.

15
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The usefulness of mathematical models in epidemiology can be summarized as
follows:

* Mathematical models help us understand the disease and its development.

* They serve as decision-support tools for health authorities and policymakers.

3 The compartmental models in epidemiology

Compartment models appeared in 1920. These compartmental models are deter-
ministic models where the population is subdivided into several categories according
to different characteristics (such as age, sex, particular genetic character) and their
disease status (susceptible, infected but not contagious (Exposed), infectious, im-
mune, deceased, etc.). A set of differential equations governs the transition of
individuals between these categories.

3.1 Compartments and rules

A compartment model describes disease spread using two key components:

The rules

The rules define how individuals move between compartments, specifying the
proportions transitioning from one state to another.
The compartments

The following compartments represent common disease states, with each compart-
ment indicating the number of people in that condition at time t:

 Susceptibles S(¢): Individuals that can contract the disease.

* Exposed E(t): Infected individuals who have already been infected but not yet
infectious in the latent period.

* Infected I(¢): Individuals who can infect others.
* Recovered R(t): People recovered from the infection.
* Deceased D(t): The number of individuals who have died from the disease.

* Quarantine ()(¢): Individuals in this state are still potentially infectious but are
quarantined to prevent the spread and isolated from the general population
through further disease spread.

* Massive Immunity M (¢): This can be divided into two compartments. It
represents people who have immunity from birth, probably through maternal
means. It also arouses people who have the disease but do not show overt
symptoms, contributing to the disease’s latent or asymptomatic phase.

 Total Population N(¢): Represents the overall size of individuals in the model.
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3.2 Basic examples of epidemiology models

The value of g plays a central role in modeling disease transmission and may vary
depending on the context and specific parameters relevant to the situation under
investigation. It is essential to understand that this parameter depends on the host
population and the disease itself.

The most commonly used expression for S is as follows:

B = —clog(l — p);
In this equation:

* "c"represents the rate of contact between individuals, which depends on the
characteristics of the population and how individuals interact with one another.

° nn

p" corresponds to the probability of infection during an infectious contact,
which depends on the specific properties of the disease, such as its virulence
and its ability to spread.

All the rates mentioned in the following models are favorable and expressed in
units such as [time unit] ~! so that both sides of the ODE systems are consistent with
units of [number of individuals] and [time unit] !.

SI Model:

BSI

Fig. 2.1: SI epidemiological model diagram in the short term

as
- = —BSI
2.1
dI
il T
dt ps
In the long term the number of births and deaths is not negligible,
ds
o upN — BSI — upS
(2.2)
drl
— = I —pupl
L BSI — up

Where: S(t) + I(t) = N(t).
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BSI

s

Fig. 2.2: SI epidemiological model diagram in the long term

Hyl

SIS Model:

In the short term:
BSI

al

Fig. 2.3: SIS epidemiological model diagram in the short term

ds
(2.3)
dl
© ~ BST—al
i B85S «

In the Long-term:

Ty

M

al
IUDS ‘uDI

p

Fig. 2.4: SIS epidemiological model diagram in the long term
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% = upN —pBSI+al — upS
2.4
dl
il BST —al —upl
Where: S(t) + I(t) = N(t).
SEI Model:
In the short term:
Fig. 2.5: SEI epidemiological model diagram in the short term
as
il —BSI
dE
e — - 2.5
7 BSI — kE (2.5)
dl
E = kKE
In the Long-term:
\ " S u E H, I

Fig. 2.6: SEI epidemiological model diagram in the long term
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ds

i puN — BSI — pupS

% = pBSI—kE — upFE (2.6)
dl

i kKE — upl

Where: S(t) + E(t) + I(t) = N(t).

SEIS Model:

In the short term:

al

BST ' KE |

Fig. 2.7: SEIS epidemiological model diagram in the short term

ds

E = —,BSI+ ol

dE

— = I —kE 2.7
7 BS K 2.7)
dl

% = kB —al

In the Long-term:

d

d_f = upN —pBSI+al —upS

E

aE = pBSI—kE —pupk (2.8)
dt

dl

i kE —al —upl

Where: S(t) + E(t) + I(t) = N(b).

SIR Model:

In the short term:



3. The compartmental models in epidemiology 21

\‘_’!:*

Fig. 2.8: SEIS epidemiological model diagram in the long term

Fig. 2.9: SIR epidemiological model diagram in the short term

as

& 88T

dt b3

% — BSI—~I 2.9)
dR

L.

dt i

In the Long-term:

Hy N
\. BSI H
\" HpS Hpl o R

Fig. 2.10: SIR epidemiological model diagram in the long term
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ds
o upN — BSI — pupS
% = BSI—~I—pupl (2.10)
dR
pri vl — ppR
Where: S(t) + I(t) + R(t) = N(1).
SIRS Model:
In the short term:
Fig. 2.11: SIRS epidemiological model diagram in the short term
% = —pBSI+6R
o = BsT 211)
dR
In the Long-term:
Hy N\ ¢ 6R
IUDS fJDI IUDR

Fig. 2.12: SIRS epidemiological model diagram in the long term
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d

d—f = ugN — BSI+0R — upS

ar-_ BST —~I — upl (2.12)
dt

dR

= = ~T—0R-—

7 Y R—pupR

Where: S(t) + I(t) + R(t) = N(t).

SEIR Model:

In the short term:

BSI

Fig. 2.13: SEIR epidemiological model diagram in the short term

as

dE
— = I —rkE
7 BS K

(2.13)
dI

Y@ GBI
di rE—T

dR
btk Y |
dt i
In the Long-term:

as

o uN — BSI — pupS

% = BSI—kE —upk
(2.14)
dl

= = KE-—~I—ppl
o KE —~yI — pp

dR
dt
Where: S(t) + E(t) + I(t) + R(t) = N(b).

= vl —upR
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My N

BSI E yI

R

Hp

HpS Hpl

Fig. 2.14: SEIR epidemiological model diagram in the long term

SEIRS Model:

In the short term:

OR

KE

pSI vI

Fig. 2.15: SEIRS epidemiological model diagram in the short term

as

il —BSI+0R
dE
— = I — kE
i BS K
(2.15)
dl
i kE —~I
dR
bV S
7 y OR

In the Long-term:
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6R

e e ]

Fig. 2.16: SEIRS epidemiological model diagram in the long term

\¢

S )S’SI

,uS

d

d—f = wpupN —BSI+0R — upS

E
(th = BSI—kE—upkE

(2.16)

dI

— = KE—~I —pupl
dR
— = ~I—0R—upR

Where: S(t) + E(t) + I(t) + R(t) = N(b).

Such as all the parameters are defined as follows:

e N is the total population.

3 is the transmission rate divided by N.

k is the incubation rate.

~ is the recovered rate.

« is the transition rate from the infected compartment (I) to the susceptible
category (S).

0 is the transition rate from the recovered compartment (R) to the susceptible
category (S).

up is the natural Birth rate.

up is the natural death rate.

4 Conclusion

To conclude, the compartmental models are essential to understanding and managing
epidemics. They can predict disease trends, assess interventions, and optimize control
strategies through extensions that consider more realistic biological and social factors.






CHAPTER

Characterization of SEIR model
stability

1 Introduction

Natural or artificial, dynamical systems operate in some regimes, often characterized
by equilibrium points. These equilibria are important operating states whose stability
determines the behavior of the system in the long term.

Parametric dynamical systems are at the core of epidemic modeling, particularly
through compartmental models such as the SEIR model (Susceptible — Exposed —
Infectious — Recovered). These models frequently exhibit a disease-free equilibrium
(DFE), whose stability relies critically on epidemiological parameters.

A fundamental question is identifying the necessary and sufficient conditions
under which this equilibrium is asymptotically stable. The basic reproduction num-
ber (Ry), as defined by Van den Driessche and Watmough (2002) [55] for finite-
dimensional models, is a key metric that quantifies the average number of secondary
cases caused by an infected individual in a fully susceptible population.

When Ry < 1, the DFE is asymptotically stable, whereas for Ry > 1, it becomes
unstable, signaling epidemic spread.

In this chapter, we consider the global stability of the SEIR model in two mathe-
matical frameworks. The classical one is described by a system of first-order ordinary
differential equations (ODEs) in which usual derivatives govern evolution. The frac-
tional one, characterized by conformable fractional derivatives encompassing memory
effects and non-local dynamics, can better depict slow or anomalous processes.

We first compute the disease-free (DFE) and endemic (DEE) equilibria by solving

27
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both systems and the basic reproduction number. We then discuss stability conditions
in each case with the help of Lyapunov functions.

2 Preliminary stability of the model

2.1 Method for calculating the basic reproduction number R,

This technique was first developed by Diekmann [hamadi.26] and then revisited by
Van den Driessche and Watmough [55] for finite-dimensional systems.
We consider an epidemiological model comprising n compartments

i = fi(z)
3.1
= F@)+ V@) - V(@) o0
Here x; (where i € {1,...,n}) denotes the population size in each compartment.

The first m compartments correspond to infected states (such as latent or infectious
individuals), while the remaining compartments represent uninfected individuals
(e.g., susceptible or recovered populations).

Definition 2.1. [55] Let w be defined as the set of all disease-free states. That is

w={x>0|z;=0,i€{l,...,m}} (3.2)

Remark 2.2. [55]

The function F;(z) denotes the rate at which new infections appear in compartment
i, while V" (z) represents the inflow rate of individuals into compartment i for any
other cause.

The functions V;” (z) denote the transfer rate (outflow) of individuals outside com-
partment i. For biological reasons, the functions Fy(x), V;" (z), V" (z) are assumed to
satisfy the hypotheses (1) to (5) as follows:

1. Ifx > 0, then Fi(z), Vi (z), Vi (z) > 0 foralli € {1,...,n}.

2. If &y = 0, then V" (x) = 0 in particular, if x € w then V;” (x) = 0 for all
ie{l,...,m}.

3. If i > m, then Fj(z) = 0.

4. If v € w, then Fy(x) = V" (z) =0 fori € {1,...,m}.

5. If Fi(x) = 0, the system admits a locally asymptotically stable equilibrium point x
such that D(V;* — V,7)(x) has strictly negative eigenvalues.

The functions Fj(z), V;" (z), V;" (z) are assumed to be at least twice differentiable.

7

We introduce Lemma and the following theorem for utility, based on the reference
below [55].

Definition 2.3. A state x of the system is considered disease-free if no infected indi-
viduals are present. This equilibrium, where the disease cannot persist, is known as the
Disease-Free Equilibrium (DFE).
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Lemma 2.4. [55] If x is a disease-free equilibrium (DFE) of (3.1) and f;(x) satisfies
the hypotheses (1)-(5), then the derivatives DF(x() and DV (xq) are partitioned as

F 0 vV 0
DF = D = .
(z0) <0 0) , DV(zo) <J3 J4> ) (3.3)
where F and V' are the m x m matrices defined by
F = lE)F (a;o)] and V = [8‘/ (xo)l with1 <1i,57 <m. (3.4)
895]- al‘j

Moreover, F > 0, V is a nonsingular M-matrix, and every eigenvalue of J4 has a
positive real part.

Definition 2.5. [56] The basic reproduction number R is given by the spectral radius
of the next-generation matrix K = —FV~!. That is,

Ro = p(—FV1). (3.5)

where
* F is the matrix of new infection rates,
* V is the matrix of transition rates between infected compartments.

Theorem 2.6. [55] The disease-free equilibrium xq of system (3.1) (under assumptions
(1)-(5)) is locally asymptotically stable when (Ro < 1) and unstable when (Ry > 1).

2.2 Lyapunov stability

In stability analysis, the Lyapunov method is a standard tool for proving the global
stability of both disease-free and endemic equilibrium points. The process consists
of finding a function V, which is generally complicated. The general form of the
Lyapunov function is defined as follows:

1

n
1=

Theorem 2.7. [57] Let xy = 0 be an equilibrium point for (3.1) and D C R" be a
domain containing xo = 0. Let W : D — R be a continuously differentiable function
such that

V(©0)=0 and V(xo) >0in D\ {0} (3.7)

V(wo) <0in D (3.8)

Then, x¢ = 0 is stable. Moreover; if

V(xo) < 0in D\ {0} (3.9)

Then zy = 0 is asymptotically stable.
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Theorem 2.8. (The principle of invariance of Salle)[58] Consider an autonomous
system & = f(x), where f : D — R"™ is locally Lipschitz (or continuous) and D C R"
is a compact positively invariant set. Let V : D — R be a continuously differentiable
Lyapunov function such that:

1. V(z) > 0forall x € D,
2. V(x) < 0forall z € D (where V(z) = VV - f(z)).

Define the set E = {x € D | V(z) = 0}, and let M be the largest invariant subset of
E. Then, every solution starting in D approaches M as t — oc.

Corollary 2.9. [59] Assume the hypotheses of the previous theorem hold. If the set L is
the singleton {z}, where & € D, then Z is globally asymptotically stable.

3 Stability analysis of the SEIR ODE model

Dynamic systems generally seek to maintain an equilibrium state, and we study their
ability to return to it after a disturbance (asymptotic stability). In epidemiology,
models often have a disease-free equilibrium. The stability of this equilibrium is
determined by the basic reproduction number Ry: if Ry < 1, the equilibrium is
stable; if Ry > 1, it is unstable. R represents the average number of secondary
cases generated by an infectious individual in a completely susceptible population.
The Kermack and McKendrick model is a classic example, but it does not account for
demographic factors.

3.1 Problem statement

SEIR models are also important as conceptual models (similar to prey-predator
models and competitive species in ecology). In this section, we study the stability of
the following system:

$(6) = uN(t) — BSOI() — pS(t)

Bty = BSMOI() — (v +wE(®) .10
i(t) = wKE(t)~ (v+wI(0)

R(t) = ~I(t) - pR(t)

3.2 Positivity of solutions

Theorem 3.1. Let Q = {(S(t), E(t),I(t), R(t)) € R*|S(t) + E(t) + I(t) + R(t) <
N(t),S(0) > 0,E(0) > 0,1(0) >0, R(0) > 0}, then the solutions {S(t), E(t), I(t), R(t)
of the system (3.10) are positive for t > 0.

Proof. From the first equation of system (3.10), we have:

O = uN() -~ BS()I(E) ~ nS ()
(3.11D)
ds
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Integrating Equation (3.11), we get

S(t) > Spe M > 0. (3.12)

Hence, S(¢) remains non-negative for all ¢ > 0. Similarly, using the remaining
equations of system (3.10), we obtain E(t) > 0, I(t) > 0, and R(t) > 0.

O]

Remark 3.2. Birth and death rates are typically assumed to be equal.

3.3 Determination of equilibrium points

In the case of epidemiological models, it is essential to determine the equilibrium
points. For every initial condition, the system trajectories (the state variables
{S(t), E(t),I(t),R(t),t > 0}) will asymptotically approach one of these equilib-
rium points as t — +o00. An equilibrium point is asymptotically stable if the nearby
trajectories converge as time progresses.

The equilibrium points are obtained by solving the system of equations derived
from setting all time derivatives to zero:

S(t) 0
Et) = 0
i = 0 (3.13)
R(t) 0
Nt)=St)+E@#)+1(t)+R(t) =0 (3.14)

So, the size of the population is constant, we can then put the equation of recovery.
The reduced system is the following.

With a constant total population, the equation of the recovered compartment can
be integrated into the system. The reduced system, therefore, becomes:

§() = V() - BSWI) - pS ()
B(t) = BSMOI() ~ (v +wE(®) (3.15)
I(t) = rkE®)—(v+wI(t)
Thus,
f=0 — E:VZMI. (3.16)

By replacing (3.16) in E(t) we obtain
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gor_ et _
. I(BS_WW) _ 0
a (3.17)
I = 0
V
- (kG
Bk

The free-disease equilibrium point X of system (3.10) is obtained by setting all
the derivatives to zero with I = 0, that yields to:

X, = (N,0,0). (3.18)

3.4 Calculation of the Basic Reproduction Number

Ry is computed using the next-generation matrix concept of Van den Driessche and
Watmough [55]. Let X = (£, I)”. System (3.10) can be written as

z; = Fi(z) — Vi(x), (3.19)

where

T T
Fi(r) = (851,0)  and Vi) = ((u+K)E,~kE+ (u+7)) . (3.20)

Their corresponding Jacobian matrices at the disease-free equilibrium are

FzDE(m)z(S ﬁa%), VzDVQ(:c)z(M_:R N?ﬁ). (3.21)

where D is the derivative with respect to (F, ), F is non-negative, and V is
non-singular.

We write the Jacobian matrices F' at the point (Sp, 0,0) without disease:

(3.22)
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+ kK 0
V(S(],0,0) = ( M_H L+ >

— det (V(50,0,0)) = (u+r)(y+p) =0

- 1 3.23)
vl o= \4 T (
— det (V(S0.0.0)) (com V(5),0,0))

1

+ K 0
= v o= ’uli 1

(+r)y+p) v+p

To obtain the next-generation matrix:

kBN BN
FV'l = | (u+r)(v+p) v+p (3.24)
0 0

det(FV=L—\I;) = 0

__®BN _, BN
= |(p+r)(y+n Y+pl = 0
0 )
N- kBN - (3.25)
= ( (u+ﬁ)(v+u))
A =0
Vv
<~ B IﬁﬁN
(1 +£K)(y + 1)
Consequently:
B kBN
Ro = max {0,050 )
(3.26)
kBN
Ry = — "7
e (n+8)(y+ )

3.5 Global Asymptotic Stability of the Disease-Free Equilibrium

Dynamic systems are widely used in biological modeling, particularly in epidemiology.
In many epidemiological models, the disease-free equilibrium is stable when a
threshold quantity, the introductory reproduction rate, is less than 1. When the
same quantity exceeds 1, the disease-free equilibrium loses its stability in favor of an
endemic equilibrium.

The overall stability of the endemic equilibrium when Ry > 1 in SEIR models has
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long been conjectural. Li and Muldowney proved this in 1995 [12]. The evidence is
based on the competitive nature of the system.

Theorem 3.3. If Ry < 1 then the DFE is globally asymptotically stable on ).

Proof. We consider the Lyapunov function

V(E, ) = E+21Fp (3.27)
The derivative of the Lyapunov function is given by:
vEn = Bt SR
— BSI—(k+p)E + “:“(,@E— (v + w1I), (3.28)
— ST (H+u)(7+u)l7
K
. Ro .
by replacing 8 = —N(Fa + 1) (v + p) we obtain
K
vy = BEnoEs [R]%s _ 1] I < o (3.29)
K

Thus, V(E,I) < 0if Rg < 1and V(E,I) = 0if I(t) = 0 and Ry = 1. Therefore,
the largest invariant set contained in this set

L= {(S, B, I)eQ/V(E,I) = 0}

which is reduced to DFE. Hence, by LaSalle’s Invariance Principle [59], it follows
that the disease-free equilibrium point is Globally Asymptotically Stable (GAS) in 2

whenever Rg < 1.
L]

3.6 Global Asymptotic Stability of the Disease Endemic Equilibrium

In this part we consider the system (3.15).

N
Then, by setting all the derivatives to zero with I # 0 we obtain S = —

Ro’
By substituting .S into the first equation of (3.15) we obtain I = % (Ro — 1).
and, by substituting I in (3.16) we obtain £ = M(H;M) (Ro—1).
K
Finally, the disease endemic equilibrium point X; of the system (3.10) yields to:
N ply+p) 7 )
Xi==——"Ro—-1),=(Ro—1) . 3.30
= (o Re - 1. 5 (R - ) (3.30)



4. Stability Analysis of the SEIR Conformable Model 35

When Ry = 1, this equilibrium coincides with DFE; thus, there exists a unique
equilibrium within the simplex if and only if Ry > 1.

Theorem 3.4. If Ry > 1, then the endemic point (S, E, I) is globally asymptotically
stable.

Proof. We introduce the Lyapunov candidate function as follows [9]:

V(S,E,I)=(S—5mnS)+(E—E/mE)+ (I —-Lnl) (3.31)

which satisfies the imposed conditions:

1.
V(S,E,I)>0 (3.32)
2.
AV (S-51\dS  (E-E\dE (I-1L\dl
dt ( S )dt+( E )dt+( I )dt
S-S5 FE—-F
= (552) v - p8T -8+ (S ) (8T - (4 )
I-1T
+< 1.1)(/@E—('y+u)]).
(3.33)
Where:
P = uN+pSi+ BS1I+ Ei(k+ p)
(3.34)

S S
Q = uE+uS+I(fy+u)+§1uN+§1551.
. av .
We conclude that, if P < (), then T <0if S=51, E=FE;and I = I. Thus,
the largest invariant set is given by:

L:{(S,E,I)GQ]%/:O}

It is reduced to the endemic equilibrium according to the principle of invariance
at the point (S, E1, I1), given P < Q.
O

4  Stability Analysis of the SEIR Conformable Model

4.1 Problem Statement

The SEIR compartment model is a classical epidemiology approach for model-
ing infectious disease dynamics. In fractional form, the integer time derivatives
are replaced with non-integer differential operators, which give extra flexibility to
model long-memory effects or anomalous dynamics. We examine the stability of the
fractional-order SEIR model by utilizing the conformable fractional derivative of
order 0 < a < 1, as is given by:
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ToS(t) = u®N — BoSI — p°S,

TE(t) = BSI— (k®+ u®)E,
(3.35)
TeI(t) = K“E— (" +np*),

TOR(t) = ~+°I —pu°R

4.2 Positivity of solutions

Theorem 4.1. Let Q = {(S,E,I,R) € RY|S+ E+ 1+ R < N,S5(0) > 0,E(0) >
0,1(0) > 0, R(0) > 0}, then the solutions {S(t), E(t),1(t), R(t)} of the system (3.35)
are positive for t > 0.

Proof. From the first equation of system (3.35), we have:

TS+ E+1+R)(t) = u*N — u®(S + E+ I+ R)()

which implies that

TON(t) = u*N — pu®N(¢)

and therefore

TON(t) =0

Appling Sumudu transform, we obtain

Thus,

As a result,

So, the functions S, E, I, and R are all non-negative.

Remark 4.2. Usually, the death rate and birth rate are assumed to be equal.

4.3 Determination of Equilibrium points

The equilibrium points are obtained by solving the system of equations derived from
setting all time derivatives to zero:
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ToS(t) 0
TeE({t) = 0
TI(t) = 0 (3.36)
ToR(t) 0
TN (t) = T*S(t) + T*E(t) + T*I(t) + T*R(t) = 0 (3.37)

So, the size of the population is constant, we can then put the equation of recovery.
The reduced system is:

Since the population size remains constant, we can incorporate the equation for
recovered individuals. The reduced system, therefore, becomes:

ToS(t) = peN — BYSI — oS,

TOE(t) = BSI— (k" + po)E, (3.38)
TOI() = KOE - (4 + po)I
Thus,
T =0 — B=1_F (3.39)
K

By replacing (3.39) in the second equation (T*E(t)) of (3.38), we obtain

(kY +p*) (v + p?)

BeST — - I =0
K
(s Y
(3.40)
I = 0
V

(K" 4+ ) (v + )
/804&04

The free-disease equilibrium point X of system (3.35) is obtained by setting all
the derivatives to zero with I = 0, that yields to:

Xo = X = (N,0,0). (3.41)

4.4 Calculation of the Basic Reproduction Number

Ry is computed using the next-generation matrix concept of Van den Driessche and
Watmough [55]. Let X = (E,I)7, system (3.35) can be written as

where

T T
Fiw) = (881,0)  and Vi(2) = ((u*+ 5B, —k"E + (u* +7%)) . (3.43)
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Their corresponding Jacobian matrices at the disease-free equilibrium are

F = DFi(z) = (0 6a5°> . V=DViz) = (“a et 0 ) L (344
0 0 —KY 4y
where D is the derivative with respect to (¥, ), F is non-negative, and V is
non-singular.
We write the Jacobian matrices F' at the point without disease Xy = (.Sy,0,0) =
(N,0,0) wich is define in (3.41):

N
F(N,0,0) = 08 (3.45)
0 0
V(N,0,0) = ( ST )
S e e
= det (V(N,0,0)) = (u*+r")(y*+p) >0
_ 1 3.46)
vl o= V(N,0,0))" @.
= det (V(V,0,0)) com VN, 0.0))
1
(0% o 0
— ‘771 - M /;tzﬁ 1
(1 + ) (> + p) A+ pe
To obtain the next-generation matrix:
KOBEN BN
FVL = | (u*+ k(0 + ) 9 +pe (3.47)
0 0
det(FV™1 —)I;) = 0
KYBEN B BN
= | () (4 pe) 7 +pr =0
0 -\
o e (3.48)
— A ()\ — KBTN ) =0
(1 + £*)(v* + p®)
=0
= KYBYN

(H* + &) (v* + p®)
The basic reproduction number R is given by:
Ro = p(—FV 1) the spectral radius of the next-generation matrix.
Consequently,



4. Stability Analysis of the SEIR Conformable Model 39

(03 (XN
Ry = max {0, it }
(1> + £Y) (v + p®)
(3.49)
KYBYN

(1> + £Y) (v + p®)
The basic reproduction number is used to measure the transmission potential
of a disease. It is the number of secondary cases or new infections produced by
a single infectious individual in a completely susceptible population [55, 56, 60].

An epidemic is expected to increase exponentially if Ry > 1 and to end if Ry < 1 [55].

thus Rg =

4.5 Global stability of the DFE

The disease-free equilibrium is stable when a threshold quantity, the introductory
reproduction rate, is less than 1. When the same quantity exceeds 1, the disease-free
equilibrium loses its stability in favor of an endemic equilibrium.

Theorem 4.3. If Ry < 1 then the DFE is globally asymptotically stable on ).
Proof. We consider the Lyapunov function [12]
AR

,ya

The Conformal derivative of the Lyapunov function, denoted by T*V(E, I) is
given by:

V(E,I) = E+ (3.50)

« «
TV(B,I) = TaE(t)+%TaI(t),

Ha—i_ua

= B°ST— (K" + p)E+ = (B - (" +uMD), 35D

(K + 1) (0" + 1)

= B9SI— = I,
K
1 RO (03 e (6% «
by replacing 5% = RQN(K + u®) (v + p®) then
ToV(E,I) = (K% +p2) (0" + %) {R](\);S_l]f < 0. (3.52)
Ka

Thus, T*V(E,I) < 0if Ry < 1 and T*V(E,I) = 01if I(t) = 0 and Ry = 1.
Therefore, the largest invariant set contained in this set

L={(S E,I)eQ/TV(E,I) =0}

which is reduced to DFE. Hence, by LaSalle’s Invariance Principle [59], it fol-
lows that the disease-free equilibrium point is Globally Asymptotically Stable in
whenever Rg < 1.
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O]

4.6 Global stability of the DEE

In this part we consider the system (3.38).

N
Then, by setting all the derivatives to zero with I # 0 we obtain S = =
0
(0%

7

By substituting S into the first equation of (3.38), we obtain I = 5o (Ro— 1),
and I in (3.39), gives £ = M(HQ;M (Ro —1).
K

Finally, the disease endemic equilibrium point X; of the system (3.10) yields to,
¢ N o pt (" + %) pe

Xy = (=— B TR Ry 1),

' (Ro’ wapa o= b g

When Ry = 1, this equilibrium coincides with DFE; thus, there exists a unique
equilibrium within the simplex if and only if R > 1.

(Ro — 1)) . (3.53)

Theorem 4.4. If Ry > 1, then the endemic point (S, E, I) is globally asymptotically
stable.

Proof. We introduce the Lyapunov candidate function as follows [9],

V(S,E,I)=(S =S8 InS)+ (E—-EiInE)+ (I — I, InI) (3.54)

which satisfies the imposed conditions:

1.
V(S,E, 1) >0 (3.55)
2.
N _ (S=81\dS  (E-E\\dE (I-1)dl
TV(ET) = ( S )dt+< E )dt+< I )dt
S-S E—-E
= ( S 1)<uaw—ﬁa51—uas>+< . 1><5a51—<na+ua>E>
I—-T1
H(552) -
(3.56)
Let:
P = ,uaN—l—,uagl—i-ﬁagll—l—El(Ha—i-ua)
S S (3.57)

S S
Q = ;ﬂE+uaS+I(7a+u‘")+§1u“N+glﬁaSI.

We conclude that, if P < @, then T*V(E,I) <0if S =5, E=E;and I = I,.
Thus, the largest invariant set is given by:
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L={(S,E.I) cQ|TV(E,I) =0}

It is reduced to the endemic equilibrium according to the principle of invariance
at the point (51, E, fl), given P < Q.
O

5 Conclusion

In this chapter, we explored the SEIR model’s global stability in a classical mathe-
matical setting, under first-order ODEs, whose dynamics are governed by classical
derivatives. Key contributions are the deduction of (DFE) and (DEE) equilibria along
with the basic reproduction number Ry, and stability analysis through Lyapunov
functions confirms convergence under threshold conditions (Ry < 1 for DFE, Ry > 1
for DEE).

The fractional approach, by showing the presence of memory-dependent dynamics
that influence stability and convergence, improves the simulation tools for complex
epidemics, as well as the investigation of generalized operators.






CHAPTER

Positivity and Stability Analysis of
Conformable Fractional COVID-19
Models

1 Introduction

This chapter develops a fractional SEIHRDV model with vaccination to better un-
derstand COVID-19 dynamics. The model stability is studied using the Sumudu
transform and conformable derivatives, showing local and global asymptotic stability.
The new approach involving Lyapunov function construction and R, calculation is
checked using numerical simulation and MATLAB plots. The study demonstrates the
use of fractional models and the Sumudu transform in predicting and controlling
infectious disease spread.

2 Model formulation

Several models have been developed in the literature to depict and study the
dynamics of this disease. Rabih Ghostine’s model provides a better explanation and
understanding of the emergence and spread of COVID-19. Several factors contribute
to its significance: Accuracy and Predictive Power, Involvement of Different Variables,
Adjustability, Transdisciplinarity, Openness and Accessibility, and Influence in Reality.
This work focuses on an extended and reformulated version of Ghostine’s model [20],
expressed in a fractional form using a conformable derivative, with a subsequent
investigation of its global stability.

43
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In our model, the human population denoted by N is composed of seven com-
partments (subpopulations) according to the status of the disease. The number of
susceptible individuals S(t), infected individuals in the incubation period E(t), infec-
tious individuals I(t), hospitalized individuals H(t), recovered R(t), and vaccinated
cases V(t). The fractional-order SETHRDV model, under the conformable fractional
derivative of order 0 < o < 1, is given by

TS(t) = A*—p*SI—n*S —u°s,

TOE(t) = BSI+ (0B)°VI— (" + u")E,

TI(t) = ~*E — (0% + pu*)1,

TYH(t) = 6% — ((1 — KA+ (kp)* + u*)H, 4.1)
T*R(t) = (1—k“)A\*H — u*R,

TD(t) = (kp)*H,

TV(t) = 5°S— (0B)°VI — V.

With the following conditions

N(t) = S(t) + E(t) + I(t) + H(t) + R(t) + D(t) + V(t) (4.3)

y71'4

Fig. 4.1: Diagram of a compartmental model for COVID-19 transmission.
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Where the model parameters are defined in Table 4.1

Tab. 4.1: Epidemiological Parameters of the Model

Parameter Interpretation
A New births
Ié] Transmission rate divided by N
71 Incubation period
01 Infection time
n Vaccination rate (rate of people who are vaccinated)
o Vaccine inefficacy
A1 Recovery time
K Case fatality rate
p1 Time until death
1 Natural birth and death rate

3 Non-negativity and boundness of solutions

This section aims to analyze and demonstrate the positivity and boundness of the
system’s solutions, such as introducing a new innovative integral technique named
Sumudu transform to solve differential systems.

Proposition 3.1. The region Q = {(S(t), E(t),I(t), H(t), R(t),D(t),V(t)) € R : 0 <
N(t) < (A> } is non-negative invariant for the model (4.1) for t > 0.
0

Proof. We have.
TS+ E+I+H+R+D+V)t)=A"—p*(S+E+I+H+R+D+V)(t).
= TN(t) = A“ — u*N(t)
=  T*N(t) + p*N(t) = A*.
Taking Sumudu transform, we have

LSaINO]0) ~ NO)] + SN D)) = A° (4.4

= So[N(t)](v) + vu*Sa[N(t)](v) = N(0)+ vA“

- SN = SO
— SANW) = YO A® Ae

Trous o+ ope) e

Applying inverse Sumudu transform, we get
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AOé AOC e et
Ny =2y (N(O) - a) e (4.5)
1 I
Thus
. AN“
lim SupN(t) < () . (4.6)
t—o00 ol

As a result, the functions S, E, I, H, R, D and V are all non-negative.
O

4 Equilibrium points and basic reproduction number of the
model

The primary objective of this section is to determine two essential equilibrium
states: the Disease-Free Equilibrium and the Epidemic Equilibrium. Additionally, we
aim to determine the Basic Reproduction Number Ry.

Based on [55], Basic Reproduction Number R of the model (4.1) is given by

A «
Ry = A 4.7)
HT€ELE2€3
the Disease-Free Equilibrium point (DFE) is given by
A® A)®
X0 = ( 0. 0, 0, 0, ) , (4.8)
€1 el
and the Endemic Equilibrium point (DEE) is given by
Aa
st = ————
BTt + e
Bl = 8pn
o VM + My
My
(4.9
Hl _ 61[1
€1
Rl — (1 - K/a)()\é)a[l
N ’
Vl — (UA)a
(BoT + ) ((0B)° T + )’
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where
e = p*+n%
€ = po+9Y,
€3 = p*+9%,
€4 = p+ A% (1= k%) + (kp)",
e = p+(no)?,
My = (ese3u®)? 4 (ABy0)*® + (e1€2e30%)% — 2(op)“e1€3e3 + 4Ro (o) ere3e5 — 2(ABoyp)*ezes
—2(Bo*yA)¥e1ezes,
My = (BoyA)* — c%e2e3 — u“eqes,

Ms; = 2(fo)%es3
(4.10)

5 Stability analysis

In this section, our objective is to investigate the Local Asymptotic Stability (LAS)
and to study also the Global Asymptotic Stability (GAS) of the Equilibrium points
(DFE) X" and (DEE) X! for the model (4.1).

5.1 Local stability

By the use of the basic reproduction number R, [55], we can present the theorem
that establishes the local stability of the Disease-Free Equilibrium (DFE), which is
defined as follows:

Theorem 5.1. The disease-free equilibrium X° is locally asymptotically stable if Ro < 1
and unstable if Ry > 1.

Proof. The Jacobian matrix (J) of the model (4.1) at (S, E, I, H, R, V) is given by

—p*I—€¢ O —p*S 0 0 0
peI —€g [YS + (0B)V 0 0 (ep)1
0 ¥ —€3 0 0 0
J == ’
0 0 0 —€y 0 0
0 0 0 (I = M)A —p” 0
n® 0 —(oB)*V 0 0 —(op)*I —p~

The Jacobian matrix (J) at the DFE point X° becomes
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o 0 _Refes 0 0 0
€57
R
0 —e Q870 0 0 0
p)/Oc
0 e —€3 0 0 0
J(X% = : (4.12)
0 0 5 —e4 0 0
0 0 0 (1 =rMA —u* 0
R (7
noc 0 B O(UZ) €2€3 0 0 _Iuoc
V€5

The roots of the characteristic equation are defined as fellow:

s1 = —e <0,

So = —eg <0,

s3 = —p* <0,

s¢. = —p* <0, (4.13)
1

S5 = —5 (62 + €3+ \/(62 — 63)2 + 4R06263> <0,
1 .

Sg = —5 (62 + €3 — \/(62 — 63)2 + 4R06263> <0 iff Rp< 1,

The disease-free equilibrium X is locally asymptotically stable (LAS) or unstable
according to Ryp < 1 or Ry > 1.
O

5.2 Global stability

The theorems that establish the global stability of the Equilibrium points (DFE)
and (DEE) are defined as follows:

Theorem 5.2. The disease-free equilibrium X is global asymptotically stable in
Q={(S,E,I,H,R,D,V)eR /S+E+I+H+R+D+V <N, S(0)>0,E(0) >
0,

1(0) > 0,H(0) > 0,R(0) >0,D(0) >0,V (0) >0} if Rop < 1, otherwise unstable.
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Proof. Following [12], let consider the Lyapunov function

feY a
TR

V(E,I) = E+1—
Y

(4.14)

The Conformal derivative of the Lyapunov function, denoted by T*V(E, I) is
given by:

ToV(E,I) = TO‘E(t)+T°‘I(t)<;i>,

= BSI+ (6p)*VI — eF + %(VO‘E —esl),

o )

= BYS+0°V)— Efyﬁ (4.15)

_ ez [ap®Ro(S +0V) 17
e A%es ’

IN

2SRy — 1)1
f}/Oé

Thus, T*V(E,I) < 0if Rp < 1and T*V(E,I) =0if I(t) = 0and Ry = 1.

The largest invariant set within L = {(S, E, I, H,R,D,V) € Q | T*V(E,I) = 0}
is reduced to the Disease-Free Equilibrium (DFE).
Thus, by LaSalle’s Invariance Principle [59], the disease-free equilibrium is Globally
Asymptotically Stable (GAS) in 2 for Ry < 1.

O

Theorem 5.3. If Ry > 1 then the endemic equilibrium of the model (4.1) given by X!
is globally asymptotically stable in ).

Proof. The non-linear Lyapunov function of the Goh-Volterra form [9] is as follows:

V(S,E,I,H, V) = (S—8'n(9))+ (E - E'n(E)) + %(I — Itin(I))
+5:fl (H — H'in(H)) + (V- Vin(V)),

(4.16)

the Conformal derivative of the Lyapunov function, T*V(S,E,I, H,V), is ex-
pressed as:
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N Sl N El N 5&51[1 Il N
TV(S,E,LHV) = (1-")TS(t)+ (1 - )T E(t) + Yo (1——)TI(t)
Basl Hl N Vl N
+ 5o (l—H)T H(t)+(1— V)T V),
(4.17)

furthermore, we have

TS(t) < A*—peSI
TE(t) < pBYSI+ (o8)*VI,
TeI(t) < ~°E, (4.18)
TH(t) < 6&°I,
TV(t) < n*S—(oB)*VI.
therefore,
St S Vvis I FEYVI
« [ 2 aglf Y ¥ &~ aylglp -~ ¥V
TV(S, B, LH,V) < A(1—"2)+0"S (g = yop) + (@B) VI (51 = o)
E I E'SI I'E H'
aglyl [ = - _ _
U5 <E1+211 ESLIt  TE! HI! <0,
(4.19)
such as the following inequalities hold
Sl
1—-—<
S ~ 0,
S Vs
PP (4.20)
St vst — 0,
I EWVI <0
It EVi[t =7

and ) . )
£+2i_ EST —IE—HISO.
E! It Esiit Jpt HIY

Thus T*V(t) <0 for Ry > 1.
The point X! is globally asymptotically stable (GAS) if Ry > 1. O
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6 Numerical results and discussion

In this section, we present a numerical simulation of the SETHRDV model with
a conformable fractional derivative for COVID-19 transmission in Algeria. The
parameters are determined based on real-time COVID-19 case data in Algeria from
the World Health Organization (WHO) and the Ministry of Health of Algeria. The
primary objective of this simulation is to assess the impact of the effectiveness of the
vaccination campaign on disease transmission. This study uses the Runge-Kutta 4th
order (RK4) method in MATLAB. Baseline values and initial conditions of our new
model are given in Tables 4.2 and 4.3.

Tab. 4.2: Initial model parameters .

Parameter Interpretation Initial Value Reference
1 Natural birth and death rate 3 x 107° person/day Estimated
A New births 1350 person/day [61]
~~1 Incubation period 5.5 days [62]
071 Infection time 3.8 days [62]
A1 Recovery time 10 days [62]
p-1 Time until death 15 days [62]
n Vaccination rate (rate of people who are vaccinated) 4 x 10~* day ™! Estimated
o Vaccine inefficacy 0.05 day—! [63]
B Transmission rate divided by N 5.7 x 1078 day~!  Estimated
K Case fatality rate 0.028 [64]

Tab. 4.3: The initial values for the model variables.

Variable N I() EO H() R() D() Vb SO
Initial Value 44,600,000 202122 150000 180000 138362 5739 0 44457156
Reference [65] [64] Estimated Estimated [64] [64] [64] Estimated

The graphs show the pattern of disease spread and impact of parameter «.
Susceptibles decrease over time as more and more people become exposed and
infected, and smaller values of o mean fewer susceptibles. The exposed peak is
higher and decreases faster for lower values of «, suggesting faster development to
the infectious state. Infectious individuals peak and then decline, where lower «
values lead to an earlier and higher peak, indicating a quicker and worse spreading.
Hospitalized individuals peak and then decline, where lower « values lead to a
later and lower peak, indicating a lighter burden on the healthcare system. The
recovered individuals increase, with the lowest recovery rates at o« = 1. Vaccinated
individuals rise rapidly at first and then plateau, with lower values of « leading to
faster vaccination rates but reaching this plateau sooner.
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7 Conclusion

In this study, we analyze fractional order derivatives utilizing the Confomable
derivatives with an order of 0 < o < 1 within the SEIHRDV model with vaccination.
Using COVID-19 case data from Algeria at the beginning of vaccine implementation
(September 2021). To prove the positivity of the system’s solutions, we introduce the
Sumudu transform (an integral technique for solving differential systems) as a new
innovative approach. After that, we establish the local stability of the equilibrium
points by calculating the Jacobian matrix and proving that its eigenvalues are negative.
We construct a Lyapunov function to demonstrate the equilibrium points’ global
stability. Our study shows that a lower value of « is associated with a more effective
response to the disease. However, it is essential to note that « is not the only
factor determining a response’s effectiveness. Other factors, such as the vaccine’s
effectiveness and the availability of healthcare resources, also play a role.






CHAPTER

Introduction to Optimal Control
Theory

1 Introduction

Optimal control theory considers the problem of controlling a dynamic system to
achieve a cost function’s minimization (or maximization) subject to constraints.
Direct and indirect solution methods may be employed to obtain optimal trajectories.
Widely utilized in engineering, economics, and robotics, the theory allows one to
optimize performance (energy, time, cost) under various conditions. Variational
methods and numerical algorithms are crucial for practical solutions.

2 Optimal Control Problem Statement

Let to,t1 € Rwith ¢y < t1, and f : [to, 1] x R” x R™ — R", a function

where 20 = (21(0), 22(0),...,2,(0))T € R".

We consider the following system of ordinary differential equations (ODEs):
for a function u : [to, 1] — R™ with u(t) = (u1(t),uz(t),...,un(t))? (with certain
properties that will be specified later) find a function = : [to,¢;] — R™ such that
z(t) = (21(t), 22(t), ..., 2,(t))7T satisfies the Cauchy problem

z(tg) = 2°

{x’(t) = [t z(t),ut), tE€ fto,t] (5.1)

* System (5.1) is called a controlled system.
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* x(t) is called the state of system (5.1).

* u(t) is called the control of system (5.1).

We introduce a function S depending on x and w, called the cost function, which
takes the form .
S(z,u) = / Lt 2(t), u(t)) dt + p(x(t1)) (5.2)

to

where

L:to,t1] xR"xR™ R and ¢:R" =R (5.3)

are given functions

The optimal control problem consists in finding, among all pairs of functions
(z,u) € R* x R* satisfying system (5.1) with v € [0, 1] and z(¢;) € C}, those that
minimize the function S given by (5.2).

So, the formulation of an optimal control problem is as follows:

min S(z.u) = /1L(t,m(t),u(t))dt—|—g0(x(t1)).

to

(P) = i(t) = f(t,z(t),u(?)), tE€ [to,t] (5.4)
z(0) =
x(t1) zt
u € [0,1]

3 Numerical Methods in Optimal Control

Optimal control problems are solved mainly by two kinds of methods: direct and
indirect methods. Both have strengths and domains of preferred application.

3.1 Direct Method

Direct methods reformulate the original problem as an optimization problem in a
standard form by discretizing the control and state variables and then resolving the
discretized problem. Among the various approaches, we consider the Nonsmooth
Newton method as a means of solving the optimal control problem in this chapter.
This method is well-suited to handling complex issues with nonlinearities or disconti-
nuities. These robust and versatile techniques are widely used in modern industrial
processes where ease of implementation matters.

Nonsmooth Newton Method

This method [41, 42] is used to solve discrete optimal control problems with in-
equality constraints or nonsmooth functions (entries). We employ a general one-step
process for differential equations of infinite-dimensional problems. By discretizing
the differential equations, we transform the problem into a finite set of equations that
can be solved numerically. We then use the Fischer Burmeister function to transform
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the necessary first-order conditions for discrete problems into equivalent nonlinear
and nonsmooth equations. The general form of the Optimal control problem is
defined as follows:

T ~
min / fx(t),u(t))dt.

O
(FPy) = i(t) = flz(t),ud)), telto,t] (5.5)
Y(x(0),z(T)) = 0,
c(z(t),ut) < 0,
s(z(t)) < 0

Without loss of generality, the discussion is restricted to autonomous problems on
the fixed time interval [0, 1]. The functions

fiR™ xR™ 5 R, f:R™ xR™ 5 R"™, 1):R™ x R™ — R™,

c:R™ xR™ — R",  and s:R™ — R

are assumed to be at least twice continuously differentiable with respect to all
arguments. Furthermore, we assume that the mixed control-state constraint ¢ satisfies
the rank conditionrank(c/,(t)) = n. for almost every ¢t € [0, 1].

The Discretized Optimal Control Problem (DOCP) is defined as follows

N-
min E :z:z, u;)

(Pa) = Tip1 — x; — Atf(xi,u, At) = 0, i=0,1,..,N -1,
(1'0, ) = 07 _
c(xi,u;)) <0 i=0,1,.,N,
s(z;)) < 0 i=0,1,..,N
(5.6)
We define the variable
y = (zo,T1,..., %5, U0, .- ,uN)T S R(””+n’“)(N+1), (5.7)
and the functions
(o, up)
a(y) = | VW E) | ¢ gOrnwe, (5.8)
s(zo)
s(zy)
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x1 — xg — At (0, ug, At)

h(y) = : € RVn=tny (5.9)
Ty — Ty — At®(ry_q,ug_q, At)

Y(20, T y)
The Lagrangian of the Discretized Optimal Control Problem (DOCP) is given by

N— N— N
Lq := Z f(zi, ) Z ilrivr — 2y — Atf (g, u;, At)] + Znic(xi7ui)
N iy
+ Y mis(@) + Y Sutr(wo, xg)
i=0 k=0 X
N-1

= B($N7UN7)\]\777_N75)+ G(mivuh)\iu’]—i)-

i

Il
o

(5.10)
with multipliers A\ = (\o,..., g ;)| € RN, p = T P L= RO+
7= (10,..,75) " € RWH and § = (dy,... ,5%)T € R"»,

The first order necessary KKT conditions reads as

VeLa(z,u, A\, 7,1,9) 0, (1)
\% Ld(l‘ u, )‘ T, 1, ) = 0, (2)
h@.u) = 0, B Ga
c(xi,u)) <0, m; >0, mnic(zi,u;) = 0, i=0,...,N, (4)
s(z;)) <0, 7,>0, 7s(x;) 0, i=0,...,N. (5)
V2o G (20, uo, Ao, 70, 70)
V,Lq = : c Rr=(V+1) (5.12)
vwﬁ,lG(f’:Nflv“pr)‘NflvTNflvanl)
vﬂ?NB(‘TN?uN’)‘N’TN?nN’é)
VUOG(anu(]’)‘OaTUvnO)
VoLq = : c RN+ (5.13)

Vuﬁ,lG("EN—lv Ug 1 AN 1 TN 1R 1)
VUNB(LUN, Ui A TR > )

If the inequality constraints g(y) < 0 were not present in NLP, the classical
Newton’s method could be applied to the remaining nonlinear equations (1-3) of
5.11 in order to solve them numerically. This approach is just the well-known
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Lagrange-Newton method. In the presence of the inequality constraints we are
focused with a coupled system of equalities (1-3) of 5.11 and complementarity
conditions (4-5) of 5.11 and the numerical solution becomes more intricate. The
sequential quadratic programming (SQP) method and the trust region method are
based on quadratic approximations of NLP and they require to solve a quadratic
program within each iteration. Other approaches work more or less directly with
the optimality conditions (1-5) of 5.11. For example, the most basic interior point
method applies Newton’s method to a perturbed KKT system with an additional
strategy for letting the perturbation tend to zero. We will concentrate on a closely
related method which was suggested by Fischer [66]. The idea is to apply a so-called
NCP function to the complementarity system (4) and transform the KKT system
into an equivalent system of equations. This can be achieved by application of the
Fischer-Burmeister function ¢ : R? — R defined by

ola,b) :=+va?>+b>—a—0>.

The Fischer—-Burmeister function has the nice property that

o(a,b)=0 < a>0,b>0, ab=0. 6)

Notice, that there exist other NCP functions with this property, e.g. min{a, b}.
However, we prefer the Fischer—Burmeister function as it has additional properties
which are particularly useful in view of the globalization strategy below. More
precisely, we will exploit the fact that the squared function ¢(a, b)? is continuously
differentiable. Notice, that other NCP functions may not have this property, e.g.
min{a, b}? is not differentiable.

Exploitation of (6) immediately allows us to restate the KKT conditions equiva-
lently as the nonlinear equation F, which is given by

VZ’Ld(x7 u, )‘7 g, 1, T)
v1/,-[161(357 u, A7 g, 1, T)
h(z,u)
¢(—=c(xo,u0),m0)
F(z):= : =0, z=(z,u, )\,(5,77,T)T, (5.14)

p(—c(xg, ug)ny)
©(=s(z0), 10)

For brevity we use the notations

o(=s1(wi), 7i,1)
o(=s(z;), 1) == : , i=0,...,N, (5.15)

@(_Sns (xl)7 Ti»ns)
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@(—Cl(fﬂi’ui),m,l)

o(—c(xi, ui),m) == : , 1=0,...,N, (5.16)
90(_Cnc($i7ui)7ni,nc)

Forevery z € Dp := {2z = (z,u, \, 6,0, 7) " | |g:(y)| +|ci| +|ss] > 0,5 =1,...,m},

F' is continiousely differentiable in a neighborhood of z and it holds 0pF'(2) =

{F'(2)}

with
VZ,La V2Lqg V% Lq V%Lg V2 Lg
VZ,Lq V2,Lg V%Lq V2 Lg V2 Lg

F'(z) =

h'/ h'/ h, h/ h’
P Pu o\ ©n @
V2, Lqg V2 Lg ()T c] sT (5.17)
Viela ViLa (hy)" C) 0

-R.C, —R.C, 0 . 0

—RsS 0 0 0 Ts

V2, L4 is define as fallow

V?COIOG O v%oxNB
v%de = 0 v c an(NJrl)an(NJrl)
2
v551(7—1)(1\7—1(} :
v: .B .. . v: . B
TNTOo TRHT R
(5.18)
V2,Lq and V2, Lg are defined as fallow
V2ouG 0] V24uy B
ViuLd = (V%de)T = T c Rnw(]v—‘rl)xnu(]\?—i—l)
0 v .G
N—-1"N-1
VCZC N7 UQB v% U B
NYN

(5.19)
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V2, Lq is defined as fallow

V2, G 0
VZULd =
2
O v“N 1UN -1
v: ..B

h! and h/, are defined as fallow
My 1, O 0

th — . .
0 ~Myg_, I

(0 2(1)

where M; = Iy + hf.(x;,u;, h)

—hf)[to] 0
h, = :

C,., C,, and S are defined as fallow

& [to] 0

Cx - .
0 lty]
&, [to] 0

Cu = ..
0 ¢, lty]
s (o) 0

S =
0 S(ay)

R., T., R,, and T, are defined as fallow

R 0

O.RN

C

T 0

O.TN

C

0 ~hfilty=y) O

€ Rnu(ﬁ+1) X1y (N+1)

€ R (N)+ny xng (N+1)

0

e RnI(N)XnM(NJrl)

e Rnc(N+1)><nu(N+1)

c R (N+1)xnz(N+1)

c R7e(N+1)xne(N+1)

c Rn,;(]\?—i—l)xne(]v—&—l)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)
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R 0

R, — € R (N+1)xns(N+1) (5.28)

T, = e RN+ xns(N+1) (5.29)
0 TN

S

Herein, R%, T¢, R%, and T? are diagonal matrices. A specific element of the
B-differential F' can be computed according to Lemma 2.5 in Section 2 of [41]

*Sk(xi) -1
)2 2
,- T I
(R§)kk _ ki -1 (5.30)
(T4 (su()? + 7
<_1> otherwise.
0
] ) N
.12 2
R; K [t;7]¢,j+ " if(¢;[ti), i 5) # (0,0).
AN —— - 1 (5.31)
T7é Cj [tl] + ﬁi’j
<_1> otherwise.
0
fOTi:l,...7N7 j:07-.-7n07 and k: ,---7n8'

3.2 Indirect Method

Indirect methods are based on underlying theoretical frameworks like Pontryagin’s
maximum principle [30, 31]. They comprise the solution of optimality conditions
that form equations and are exact but require more mathematical derivation and
may be more sensitive to initial conditions.

Pontryagin’s Maximum Principle

Theorem 3.1. We consider the control system in R"
:U(t) = f(tv i‘(t), U(t)), (5.32)

where f : R x R* x R™ — R" is of class C"', and where the controls are measurable
and bounded functions defined on an interval [0,t.(u)] C R with values in Q C R™.
Let My and M, be two subsets of R™. We denote by U the set of admissible controls u
whose associated trajectories connect an initial point in My to a final point in M, in
time t(u) < te(u).
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Moreover, we define the cost of a control u over [0, t] by

Ot u) = /0 (s, 2(s), u(s)) ds + glt, (1)), (5.33)

where fO: R x R* x R™ — Rand g : R x R* — R are C', and x(-) is the trajectory
solution of (5.32) associated with the control w.

We consider the following optimal control problem: determine a trajectory con-
necting My to M; that minimizes the cost. The final time may or may not be fixed.

If the control w € U, associated with the trajectory z(-), is optimal over [0, 77,
then there exists an absolutely continuous function p(-) : [0,7] — R", called the
adjoint vector, and a scalar p° < 0, such that the pair (p(-),p°) is nontrivial, and such
that, for almost every ¢t € [0, 77,

(5.34)
oH

where H(t,z,p,p%u) = (p, f(t,z,u)) + p°f°(¢, z,u) is the Hamiltonian of the
system, and we have the maximization condition almost everywhere on [0, T':

H(t, 2(t), p(t), p° (1), u(t)) = max H(t, z(t), p(¢), p"(¢), v). (5.35)

If, in addition, the final time to reach the target set M is not fixed, then the final
time condition at 7T is:

)
max H(T, (1), p(T), p°,v) = —poa—z(T,x(T)). (5.36)

If furthermore M, and M; (or just one of the two sets) are manifolds in R"
with tangent spaces at z(0) € My and x(T') € M;, then the adjoint vector can be
constructed to satisfy the transversality conditions at both endpoints (or just one of
them):

p(0) L Ty0)Mo (5.37)
and
09y
p(T)—p %(T,ﬂf(T)) L Ty )M (5.38)

Remark 3.2. If the control u is continuous at time T, condition (5.36) can be written
as:

H(T,(T),p(T),p° w(T)) = —p° =(T, x(T)). (5.39)
Remark 3.3. If the manifold M is expressed as

My ={z € R"| Fi(z) = - = F(x) = 0}, (5.40)
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where the F; are C'! functions on R”, then condition (5.39) takes the form:

P
0
I, A ER [ p(T) = 3" NVE((T)) —&—poa—g(T,m(T)). (5.41)
i=1
Remark 3.4. Under the conditions of the theorem, we also have for almost every
t€[0,7)
OH

%H(t,ﬂf(t),p(t),pO,U(t)) = 5 (62(®),p(t), P’ u(t)). (5.42)

In particular, if the augmented system is autonomous, i.e., if f and f° do not
depend on ¢, then H does not depend on ¢, and we have

Wt €[0,T] max H (x(t),p(t), p° v) = constant.
ve

Note that this equality holds everywhere on [0, 7] (indeed, this function of ¢ is
Lipschitz continuous).

Remark 3.5. The convention p° < 0 leads to the maximum principle. The convention
p® > 0 would lead to the minimum principle, i.e., condition (5.35) would become a
minimization condition.

Definition 3.6. An extremal of the optimal control problem is a quadruple (z(-), p°, u(-))
that solves equations (5.34) and (5.35). If p° = 0, the extremal is said to be abnormal,
and if p° # 0, the extremal is said to be normal.

Remark 3.7. Conditions (5.37) and (5.38) are called transversality conditions on the
adjoint vector. Condition (5.36) is called a transversality condition on the Hamiltonian.

Remark 3.8. The important minimum time problem corresponds to f* =1 and g = 0,
or fO = 0and g(x) = 1. In both cases, the resulting transversality conditions are the
same.

4 Conclusion

The choice between these two paradigms is primarily a function of the type of
problem. While direct methods dominate when dealing with complex systems where
computation time is an issue, indirect methods remain useful for theoretical problems
or when high precision is required. Knowledge of both methods enables one to deal
effectively with diverse challenges in dynamic optimization.



CHAPTER

Nonsmooth Newton’s Method for
Discretized SEIR Optimal Control
Problem

1 Introduction

This chapter’s study utilizes the nonsmooth Newton method (NNM) to overcome
the limitations of standard procedures like Pontryagin’s maximum principle by propos-
ing a comparative analysis of optimal vaccination schemes for an SEIR model. NNM,
with its higher convergence rate and enhanced robustness, deals with optimization
problems with challenging constraints, like mixed state-control constraints. This
novel methodology assesses vaccine efficacy in real-world situations, taking into
account population dynamics and available resources while capitalizing on the role
of mathematical modeling in the control of epidemics.

2 Formulation of the model

This section develops an optimal control model, building on the work of Biswas,
Paiva, and de Pinho [67], to control the spread of disease through vaccination.
Such as the total population, N(t), at the time, t, is divided into subpopulations:
Susceptible, S(t); Exposed, E(t); Infectious individuals, I(t); Recovered, R(t). We
assume that all vaccinated susceptible individuals gain immunity. Let u(t) represent
the percentage of susceptible individuals vaccinated per unit of time. The system of
differential equations related to the schematic diagram in Figure 6.1 is as follows:
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S(t) = bN(t) — cSH)I(t) — dS(t) — u(t)S(t),

E(t) = cSt)I(t)— (e+d)E(1),

I(t) = eB(t)—(g+a+d)I(t), (6.1)
R(t) = gI(t)—dR(t) +u(t)S(t),

N@t) = (b—d)N(t) —al(t).

such as
S(t)+ E(t)+1(t)+ R(t) = N(t) (6.2)

where the model parameters are defined in Table 6.1 .

us
BN [ cls gl
_T § ——=
l
S ar

ef
)
d. aE d/+al

Fig. 6.1: SEIR compartmental model with vaccination.

Tab. 6.1: Description of model parameters.

Parameters  Definition of Parameters
b Natural birth rate
Natural death rate
Incidence coefficient

Exposed to infectious rate
Recovery rate
Disease induced death rate

QL o o

The strategy employed in this study aims to minimize the number of infected
individuals within a given time interval [0, T] and determine the vaccination policy
u by minimizing the following objective function.

T
J(x,u) = /O (AI(t) + u?(t))dt. (6.3)

Where the control effort is modeled utilizing a linear combination of quadratic
terms, u?(t), the constants A represent a measure of the relative cost of the interven-
tions over time [0, T].
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Our analysis aims to find an optimal control for vaccination effort u, such as.

J (", u*) == min{J (x,u),u € U}, 6.4

Where

The control effort u is assumed to be bounded and Lebesgue measurable time-
dependent functions on the interval [0, T"]. The control effort set subject to the model
(6.1) with initial conditions (6.2) are defined as

U := {u | uis Lebesgue measurable, 0 < u(t) < 1,t € [0,T]}, (6.5)

We introduce an extra variable (W) denoted by the number of vaccines used to
handle such a situation. Assuming that 1, is the total amount of vaccines available
during the whole time, the constraint can be represented by

W(t) = u(t)S(t), W(0)=0, W(T)=Wy. (6.6)

With W(T') = W)y, it assumes that all the vaccines should be used. We believe
working with W (T') < W), is more realistic.

The optimal control problem studied in [67] is then:

T
min  J(z,u) = / (AI(t) + u?(t))dt.
O
st.
S(t) bN(t) — eS(t)I(t) — dS(t) — u(t)S(t), te€ [0,T]
Et) = eSH)It) - (e+d)E(t), te[0,7]
(P)= i) = eB(t)— (g+a+d)I), te0,1]
R(t) = gI(t)—dR(t)+u(t)S(t), t€[0,T]
N(t) = (b—d)N(t)—al(t), tel0,T]
W (t) u(t)S(t), te0,7]
u(t) € [0,1],
W(T) < W

2.1 Model without control

In this part, we propose a problem without control (u(¢) = 0), such as this type
of analysis reveals the spontaneous spread of the disease and provides a reference
to compare the impact of control strategies. It is essential to assess the need for
and effectiveness of measures such as vaccination. The problem without control is
defined as follows:



Chapter 6. Nonsmooth Newton’s Method for Discretized SEIR Optimal Control
68 Problem

T
min J(x) = /OAI(t))dt.

st.
(Pvo) = S() = BN(t)—eSWI(M) —dS@), tep,m] OB
Et) = cSWI(t)—(e+d)E(1), te€][0,T]
I(t) = eB(t)—(9+a+d)I(t), tcl0,T]
N(t) (b—d)N(t) — al(t), t€[0,T]

2.2 A Model with an unlimited supply of the vaccine

This part presents the problem of an unlimited supply of vaccines by posing
W(T) < 4o0. It allows exploring the maximum impact of vaccination on the spread
of an epidemic. It also serves as a basis for comparison with situations of limited
resources. The problem with an unlimited supply of vaccines is defined as follows:

min  J(r,u) = /T (AI(t) 4 u?(t))dt.

o
st.

S() = BN(t) — eSE)I(t) — dS(t) — u(®)S(), ¢ € [0,T]
(Pov) = E(t) = eS(I(E) — (e +d)E®), te0,T)

i) = eB(t) — (g+a+ (), te[0,]

N@t) = (b—d)N(t) —al(t), te[0,T]

W (t) u(t)S(t), t€[0,T]

u(t) € [0,1].

2.3 A model with a limited supply of vaccines at each instant of time

Here, the overall limit of vaccines W (T') < W, considered in [67] is replaced by
a mixed control-state constraint of the form:

u(t)S(t) < Vo ae. te]|0,T], (6.10)

Where V) is an upper bound on vaccines available at each instant ¢, the constraint
W(T) < Wy in [67] should be satisfied only at the end terminal 7", while the mixed
constraint (6.10) is to be satisfied at almost every instant of time during the whole
vaccination program.

The problem with a limited supply of vaccines at each instant of time of vaccine
is defined as follows:
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T
min  J(v,u) = / (AI(t) + u?(t))dt.
O
St.
S(t) BN (t) — eS(t)I(t) — dS(t) — u(t)S(t), t € [0,T]
(Prized) = E(t) = cS@H)I(t) — (e+d)B(t), t€[0,T]
Ity = eB(t)—(g9+a+ad)I(t), te[0,7]
N(t) = (b—d)N(t) —al(t), te[0,7]
Wi(t) u(t)S(t), t€[0,T]
u(t) € [0,1],
u®)St) < V.
(6.11)

3 Numerical Analysis of the Model

This approach utilizes a nonsmooth Newton method [41] to solve discrete optimal
control problems. We employ a general one-step process for differential equations
of infinite dimensional problems. By discretizing the differential equations, we
transform the problem into a finite set of equations that can be solved using numerical
techniques. We then use the Fischer Burmeister function to transform the necessary
first-order conditions for discrete problems into equivalent nonlinear and nonsmooth
equations.

3.1 Model without control

The general form of the NLP (P ) is defined as follows:

T
min / AlI(t)dt.
@]

(Pwe) = (6.12)

z(t) = f(t,z(t)), te0,7]

To use the nonsmooth Newton method, we need to discretize the problem,
such as using the direct discretization method for a problem based on a discretization
of the infinite-dimensional problem. The resulting discretized problem will be a
finite-dimensional nonlinear program, like in NLP, with the structure of the objective
function.

By using the Rectangle Method to discretize the integral, we get

N-1
min  Jy(zo,xgy) = Y AtAIL, (6.13)
n=0

By using the Euler discretization method, where its general form is written as
follows:
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Tpt1 = Tp + ALf(tn, Tn), for n=0,1,..,.N -1 (6.14)

where h is the time step size.

Most often, the Discretized Problem is defined as follows:

min = Ja(xo, xy5)
(Pa) = (6.15)

Tne1 = Tp+ Atf(tn,xn), n=0,1,..,.N —1.

we suppose the optimization functions are defined as:

r1 — wo — At f(to, 7o) )
h(z,) := : e R (6.16)

Ty —wy_ — Atf(ty_ 1 Tr_q)

The Lagrangian of the Discretized Problem is given by

N-1 N-1
Ld = Z AtAIn + Z [)\S,nv AE,rm )‘I,rn )\N,n] [xn—s—l —Tn — Atf(tn7 xn)]
n=0 n=0
(6.17)
with multipliers \; = (Ajo,.... A, y_1)T € RV, j = {S,B,1,N}.
The first order necessary KKT conditions reads as
VaLa = 0,
(6.18)
h(z,) = 0,

At [(AS,n - )\E,n)CIn + )\S,nd] - )\S,n

_)‘Eﬁl + At [/\E,nd + C(AEJL — )\[m)]
anLd =
AtA = A+ At[(Asin — Azn)cSn + Arn(d + g) + (Arn + Anm)a]

—ANn + At[)\N,nd — ()\S,n + AN,n)b]
(6.19)

F(z):= (vxLE((in’)Aj’n)> =0 , z= (T, \jn)", (6.20)
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For every z € Dp, F is continuously differentiable in a neighborhood of z, and it
holds OpF'(z) :={V |V = lim,, ., F'(z)}
with

OpF(z) = = e R8VX8N  (6.21)

V2,Lg is defined as follows:

V2, Lq 0
Vi Ly = € RAVx4N (6.22)
2
O VxﬁflxNALd
where
0 0 At(Agy — Agn)e 0
0 0 0 0
V2 Lg = 6.23
Znond At(Asp — Agn)c 0 0 0 (6.23)
0 0 0 0
h! is defined as follows
My I, 0
O _MN,1 Id
where M,, = I, + Atf.(t,, z,)
—d —cl, 0 —cSy, b
cl,, —e—d cSy, 0
fo= : (6.25)
0 e —(g+d+a) O
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3.2 Model with unlimited supply of vaccine

The general forme of the NLP (Pyy) is defined as follows.

min  J(z,u) — /OT <AI(t)+u2(t)>dt.
) — i) = ft (), ult)), 0Tl e
() < 0,
at) 1 < 0
where,
vt = [S@) B 10) N©) u@)] 6.27)

By using the Rectangle Method to discretize the integral, we get

N-1
min  Ja(yo,yx) = Z At[AL, + 2] (6.28)

n=0

By using the Euler discretization method, where its general form is written as
follows:

Tpt1 = Tp + ALf (tn, T, Un), for n=0,1,..,.N -1 (6.29)

where h is the time step size.

Most often, the Discretized Optimal Control Problem (DOCP) is defined as follows:

min = Ja(Yyo,Yx)
Tn4+1 — xn"i_Atf(tnaxnaun)a TLZO,I,..,N—L
(Py) = (6.30)
—u, < 0 n=20,1,..,N,
up—1 < 0 n=0,1,..,N.

we suppose the optimization functions are defined as:

€Tl — X0 — Atf(t[]v Tn, Un)
h(y,) == : e RN (6.31)

Ty =Ty~ Atf(ty_ TR, uy_q)
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Up —

w(up) = ( —un1> e R2ZN+D for n=0,1,.,N. (6.32)

The Lagrangian of the Discretized Optimal Control Problem (DOCP) is given
by:

N—
ynny Z )‘Sny )\E My )\I My )\Nn][xn—s—l - Atf(tnyxna un)]
n=0

Sy

LdZ

2

N-—1
= B(.’IZ‘N,UN,)\]-’N,T’C’N) + Z G(xnaunu Aj,naTk,n)‘

n=0

with multipliers i
)\j = ()\jp, R ,)\ij_l)T € R4XN,j = {S, E, I, N}, T = (Tk,07 .. "Tk,N) S R2<N+1),

where

B(rg ug, N g Thi) = —TipUy + T x(ug — 1) (6.34)
and,
G (T, Uny Njns Tem) = A[AL, + 2] — 71 ptn + T2 (un — 1)

+[A57’n7 )\E,na )\I,nv AJ\/v,n] [‘rn+1 — Tp — Atf(tna Tn, Un)]

(6.35)
The first order necessary KKT conditions reads as
V.La = 0,
vu]:‘d = 07 )
(6.36)
h(z,u) = 0,

wi(up) <0, Tkp >0, TWir(uy,) = 0, k=1,2 n:0717...,]\7



Chapter 6. Nonsmooth Newton’s Method for Discretized SEIR Optimal Control
74 Problem

Vo G (20, %0, Aj o, Tk,0)

V,Lyg := € RAN+1) (6.37)

Vag G(zy_y,uy_q, Aj,N—l’ Tk,N—l)

vaB(xﬁvu]\?v/\j,Nka,N)

Vuo G(20, 0, Ajo, Tk o)

VoLg = e RV+! (6.38)

Vg .G@x_1 Uy 15N 51 T x-1)

VugB(@ g, ugs A 5o T )

where

At[(AS,n - )\E,n)CIn + )\S,nd + AS,nun] - )\S,n

—Agn+ At Agnd+eApn — Ain)]

Ve, G:
AtA = A+ At[(Asn — Apn)cSn + Arn(d + 9) + (Arn + Avn)al

—ANn + AtANd — (A + AN )b
(6.39)

Vu, G = 2A80up + A5 n ALS, —T1+ 72, Vi Bi= 04,1, and Vu B = To.N —T1N
(6.40)

The application of the Fischer-Burmeister function leads to the nonsmooth equa-
tion.
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med(:Um Unp,, /\j,m T]f,n)
VuLa (xna Unp, )\j,na Tk,n)
h(x,, uy,)

@(tn; 71,0)

F(Z) = 90(1 — Up, 7—270) =0 y &= (xnv Un, )\j,nv Tk,n)Ta (641)

QO(UN, Tl,N)
30(1 —Uup, 7-27]\7)

where
Sp(unu 7—1,71) = (Un)z + (Tl,n)2 - (un + 7—1,n)
(6.42)
(1 —up,m0,) = \/(1 —up)?+ (120)% — (L — up + 72.0)
For every z € Dy = {Z = (:c,u,/\j,Tl,Tg)T|wk(u)] + ’Tk’ > 0,k = 1,2},

F' is continuously differentiable in a neighborhood of z and it holds 0pF'(z) :=
{V |V =lim,,—, F'(z)}

with
VieLa Vi, La Vi, La Vi, La VZ,La VZLa (h
vgw]—-‘d vguLd VZ)\de v?%Tde qude vqzw]:‘d (h;)T \i4
opF(z) = =
b, h), b, n, b, b,
O @l oA, o 0 —RuWy
(6.43)
V2,Lg is defined as follows:
2
ngIOG O onxNG
v:%x . e R4(N+1)><4(]\7+1) (644)
0 V2 G V2 .G
N—-1*N-1 N—-1*N
v: ..B ... \YE
N0 NYN
where

V2 .G = V2

TnTn ITnTn

Lgq asdefined in (6.23), and (6.45)
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Vi B=V2, G=V:  B=04, (6.46)
V2,Lq and V2 L4 are defined as follows
v2.G 0 e
Vila = (Vi,La)' = A : € RAN+D)x(N+1)
O v? 2
TN-1UN -1 TN-1UN
v: .B .. 2
T U0 TRUN
(6.47)
where
AtAgsp
V2. G = 0 , V:.B = V2,G = V2 B = 04,
nin 0 N Yn nWn NYN ’
0
(6.48)
V2, Lq is defined as fallows:
V2. G 0 V., G
V2 Lg = 5 e R+ X(F41)
0 VG v
N—-1"N-1 N—-1"N
vz . B ... V2 .-
NUo NUYN
(6.49)
where
V2. G = 2At, and V2 ,B = V2 G = V2 B = 0 (6.50)
h/, and h/, are defined as follows:
—My Iq4 O O
hg — " L c R4(N)><4(N+1) (6.51)

0 ~My_, I

where M,, = Ij+ AtfL(tn, Tn, un)
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—d —cl, — uy, 0 —cSy b
cl,, —e—d cSy, 0
fr= : (6.52)
0 e —(g+d+a) 0
0 0 —a b—d
—Atf [to] 0 0 —5h
h = .. €R4(N)><N+1 A 0
. ) u 0
0 ~Atfifty-4] O 0
(6.53)
W, is defined as follows:
W, = diag(w'(ug) W(ug)) € RQ(NH)X(NH), w (uy,) = 711
(6.54)
R,, and T, are defined as follows:
— d; 0 N 2(N4+1)x2(N+1)
R, diag(R,),,...,Ry) €R , 6.55)

T, = diag(T%,...,TY) e RANV+Dx2(N+1),

Herein, R}, and T}, are diagonal matrices. A specific element of the B-differential F'
can be computed according to Lemma 2.5 in Section 2 of [41]

—W(Uin) 1
\/(Wk(u;n))Q + Tlg,n if(w(un), Th n) £ (070)_
((Rw)kk> _ bin ~1 ’ (6.56)
(T ek \/(Wk(uz‘,n))2 + 7 .
<_01> otherwise.

3.3 Model with limited supply of vaccines at each instant of time

The general forme of the NLP (P,,;.¢q) is defined as follows.
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min J(y) = /T@uw+wm0ﬁ.

O
z(t) = f(t,z(t),u(t)), te0,7]

(Pmimed) = (657)

\
g
—~
=
IA

0,

u(t)—1 < 0,

u(t)S(t) —Vo < 0.

By using the Rectangle Method to discretize the integral, and the Euler discretiza-
tion method we obtain the Discretized Optimal Control Problem (DOCP) defined as
follows

min = Ja(yo,yx)
Tpp1 = Tp+ Atf(tn, Tn,up), n=0,1,..,N —1,
(Py) = —u, < 0 n=0,1,.,N, (6.58)
up—1 < 0 n=0,1,..,N.
USp — Vo < 0 n=0,1,.,N.

The optimization functions h(y,) and w(u,,) are defined by (6.31) and (6.32).
c(yy) is defined as:

uoSo — Vo
c(yn) = : e ROV+D), (6.59)
ugSy — Vo
The Lagrangian of the Discretized Optimal Control Problem (DOCP) is given by

N—
Lq := jd ymyN Z )\Sna AE M A1 Ry )\Nn][$n+1 — Tp — Atf(tnyxnaun)]
n=0

Zz

N

_ZTlnun Z _1)+Z77n[un5n_‘/0]
— n=0 =0
N-1 "
= B(':UN?uN?)\j7N>Tk;7N777N) + Z G(a:n,un, )\j,n77—k,n777n)'
n=0

. (6.60)
with multiplier n = (o, ...,n5) " € RWVHL.

where
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Blzg,ug, A g oo Iy) = —Tuguy + 7o (uy — 1) +nglug Sy — Vol
(6.61)
and,
G(ﬁna Un, )\j,na Tk,ns nn) = At[AIn + ui] — TinUn + 7—2,n(un - 1) + nn(unSn - ‘/0)

+[)‘S,na )\E,na >\I,TL7 )\N,n] [l'nJrl —Tn — Atf(tna Tn,y Un)]

(6.62)
The first order necessary KKT conditions reads as
V:Lg = 0,
VULd = 07 I
h(z,u) = 0, (6.63)
wi(un) <0, Trn >0, Trawi(u,) = 0, k=1,2 n=0,1,..,.N
c(yn) <0, 1 >0, npc(yn) = 0, n=0,1,..,N

V.Lg, V,Lg, and V,, G are defined by (6.37), (6.38), and (6.39).

VunG = 2Atun+)\g7nAtSn—T1+7’2—|—77nsn, quB = TQ,N_TI,N+77HS”’ (6.64)

and
o T
Vi B = (7150, 0,0,0] . (6.65)

Application of the Fischer-Burmeister function leads to the nonsmooth equation
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VoeLd(Tn, Un, Njns Thns 1n)
VuLd(Tn, Un, Njns Thn, )
h(z,,uy)

@(un, T1,0)
go(l — Unp, 7'270)
F(z):= : =0 , z=(Tn,un, )\jm,Tk,n,nn)T,
plug, 7y 5)
(1 —ug, 7 )
(Vo — u0So,m0)

(Vo —ug Sy, ny)
(6.66)
where o(uy,, 71.), ¢(1 — upn, 72,,) are defined by (6.42), and

wi(w)| + %] >0, k=1,2,
For eVeryZ (= DF = z = ($7U>)\j,7'1,7'2,77)—|— | k‘( )| | k| }’

|e(y)| +[n| > 0.
F' is continuously differentiable in a neighborhood of z and it holds 0pF'(z) :=

{V |V =lim,,,, F'(z)}. with

Vi:La Vi,.La Vi, La Vi La Vi La

TTh

VZLa V3,La V2, La V2, La V2Lq

UT

OpF(z) =
b b, b, b h,
ol ©h oy @ o
V2,La ViLg ()T 0o C] (6.68)

Viela  ViLa (h)" W, C;

| n n, 0 0 0

-R.C, -R.C, 0 0 T,

V3.La is defined by (6.44), where V2 , G, V: , G, V; , B,and V; , B
are defined by (6.45)and (6.46).

V2, ,Lq and V2 L4 are defined by (6.47).
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where
At}‘S,n"’n’n
V2 .G = 0 , V2.B = V2, G = 04y, and VZ_,_
nUn 0 N Un nn ’ NYN
0

(6.69)
Viulds Vi, G, Vi 0 G, Vi, B, and VB are defined by (6.49) and
(6.50).
All of b/, h!,, f7, f!, Wy, Ry, and T,, are defined by (6.51) — (6.56).

C, and C,, are defined as follows:

C, = diag(c/(x0),...,¢/(zg)) € ROFXANTD /() = (uy,0,0,0).
C, = diag(c/(up),...,c (ug)) € ROVADX(N+1) ' (un) = Sp.

R., and T, are defined as follows:

R, = diag(R?,...,RY) e ROV HIx(N+1)

(6]

T, = diag(T?,...,TV) e RO+DxE+1), (6.71)

Herein, R} and T7 are diagonal matrices. A specific element of the B-differential F
can be computed according to Lemma 2.5 in Section 2 of [41]

Vo — unSy

-1
o VYo — unSa)* + i if(c(yn), 1) # (0,0).
C — -1 (6 72)
T \/(‘/0 - UnSn)2 + 77% .
¢ -1 .
0 otherwise.

4 Numerical Results and Discussion

The numerical resolution of optimal control problems and nonsmooth dynamic
systems is crucial in optimization and control. Nonsmooth Newton’s method has
been employed to solve our problem. This numerical part focuses on a detailed
comparison of (NNM and PMP) approaches. This chapter discusses and develops the
nonsmooth Newton and the maximum principle discussed in [67], highlighting their
advantages, disadvantages, and potential applications in epidemiology. We evaluate
their effectiveness in terms of convergence and numerical stability.

The simulations are performed using MATLAB, an iterative Globalized Nonsmooth
Newton algorithm in [41] is developed into a Matlab code to compute the numerical
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solution all of (Py¢), (Pyv), and (Pizeq), such as the parameters and the initial
values used in the simulation are given in Table 6.2.

Tab. 6.2: Parameters values and constants [67] .

Parameter b d c e g a A T So Ey In Ry Ny

Initial Value 0.525 0.5 0.001 0.5 0.1 0.2 0.1 20 1000 100 50 15 1165
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Fig. 6.2: The dynamics of S, I and N when no vaccines are used (without control)

Figure 6.2 shows the transmission of an infectious disease through a population
that has not been vaccinated. The infected graph shows the typical epidemic curve
with a sudden rise and gradual fall. The absence of vaccination allows the disease to
spread widely and infect many of the population.

Figure 6.3 shows the optimal trajectories for an SEIR epidemic model with
unbounded vaccination rates.

The plots show how the population of susceptible, infected, and vaccinated people
varies over time and the optimal vaccination rate. We can see that the vaccination
rate is high initially and then decreases as the infected population decreases.

The number of infected people decreases rapidly and approaches a steady state
after a few days. Ultimately, the number of infected people is brought down to zero,
which means vaccination has effectively eradicated the epidemic.

Figure 6.4 shows the optimal trajectories of an epidemic model with an instanta-
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Tab. 6.3: Comparative Analysis of the Methods (Iterations and Cost)

Cases Iterations  Cost

WC (MP) [67] NM 46.49
WC (NNM) ~4 31.20
UV (MP)[67] ~ 31 24.13
UV (NNM) ~8 21.93
MC (MP)[67] ~ 33 33.68
MC (NNM) ~15 10.26

Tab. 6.4: Initial values of the multipliers

Cases As(0) x 1072 Ag(0) x 1072 A7(0) x 1073 A (0) x 1073 An(0) x 1073 74(0) 7=(0) n(0)
WC (MP) [67] - - - - - - - -
WC (NNM) —-3.33 —100.6 —204.8 0 —11.05 - - -
UV (MP)[67] —3.33 —100.6 —204.8 0 —11.05 - - -
UV (NNM) -3.33 -100.6 —204.8 0 —11.05 0.01 0.01 -
MC (MP)[67] —12.61 —~151.1 —293.2 0 —45.28 - - -

MC (NNM) —12.61 —151.1 —293.2 0 —45.28 0.1 01 -10

neous vaccination constraint.

First graph: This graph shows the evolution of the number of susceptible individ-
uals over time. There is a sharp decrease at first, followed by stabilization at around
1600 individuals.

The second: This graph shows the evolution of the number of infected individuals
over time. There is a rapid increase at first, followed by a steep decrease and
stabilization at five individuals.

Third: This graph illustrates the development of the total population over time.
There is steady growth, which stabilizes at about 1700 individuals.

The fourth: This graph illustrates the number of people vaccinated over time.
There was an initial rapid growth, followed by a stabilization of 120 individuals.

The fifth: This figure plots the variation of the optimal vaccination rate. It starts
with a significant drop and then stabilizes around 0.07.

These findings indicate that an optimal vaccination policy, subject to a limita-
tion on the rate of immediate vaccination, successfully contains the epidemic by
reducing the number of infected people to a minimum and the number of vaccinated
individuals to a maximum.

The tabular analysis shows that the non-smooth Newton method (NNM) con-
verges faster and has a lower cost when compared to the Pontryagin maximum (PMP)
principle for the optimal control problems considered. This is true for the three types
of issues: uncontrolled (WC), with unlimited strain on the vaccine (UV), and with
mixed strain (MC).

The findings are summarized as follows:

WC (without control): NNM converges to a cost of 31.20, while PMP requires
more iterations and converges to 46.49. UV (unlimited strain on the vaccine): NNM
converges in 8 iterations to a cost of 21.83, while 31 iterations and 24.13 are required
for PMP. MC (mixed constraint): NNM converges in 15 iterations to a cost of 10.26,
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while 33 iterations and 33.68 are required for PMP.
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Fig. 6.3: The optimal trajectories and optimal vaccination rate with unlimited vaccines
(Puv ).



86CHAPTER 6. NONSMOOTH NEWTON’S METHOD FOR DISCRETIZED SEIR OPTIMAL CONTROL PR

1700 T T T T T T T T 50 T T T T T T T T T
45 1
1600 a
40 i
(%]
w 1500 r 1 w©35 4
© S
2 b=l
> > H 4
3 1400 | 330
= <
s 25 ]
21300 - 1 )
8 ©20F 1
: :
1200} 1 =15 1
10+ 1
1100 1
5L ]
1000 . . . . . . . . 0 . . . . . . . . .
) 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 1 14 16 18 20
time (Days) time (Days)
1800 T T T T T T T T T 140 T T T T T T T T T
1700 § 120r
0
1600 R ©100 q
< S
o ©
F= =
5 =
S1500 - B T 80t B
3 <
o ©
a Q
— o
©1400 8 T 60 i
P S
I
1300 1 > 40 1
1200 1 20 1
1100 . . . . . . . . . 0 . . . . . . . . .
0 2 4 8 10 12 14 16 18 20 0 2 4 6 8 10 1 14 16 18 20
time (Days) time (Days)
0.13 T T T T T T T T T
—— NN Method
0.12 4
5
2011
8
®
£
M
T 01
©
£
a
© 0.09 -
0.08
0.07 . I . . . . . . .
0 2 4 6 8 10 12 14 16 18 20

time (Days)

Fig. 6.4: The optimal trajectories and optimal vaccination rate for (Py,;zeq )



5. Conclusion 87

5 Conclusion

From the comparison of PMP (Pontryagin Maximum Principle) and NNM (Nonsmooth
Newton Method), it can be seen that the NNM method is more efficient globally
for solving the problem without control, an optimal control system with control
constraints, and with a mixed control-state constraint. These observations confirm
that NNM can be a more suitable method to solve optimal control problems. The
better convergence and lower costs achieved with NNM could be due to its better
ability to treat constraints and non-linearity of optimal control problems.






General Conclusion

This thesis develops a new and consistent mathematical toolset for analysis and
control in dynamical systems for application in epidemiology. Starting with the
classic basics of ordinary differential equations, it incorporates fractional calculus in
a systematic way, mainly with the conformable derivative, which is appropriate to
model memory effects and non-local behavior crucial to correctly model infectious
diseases such as COVID-19.

The work rigorously illustrates, through the SEIR model and its extension to the
SEIHRDV model with vaccination, how this fractional setting enriches and modifies
the stability analysis of equilibria, thus affecting the convergence rates and threshold
conditions linked to the basic reproduction number Ry. One key methodological
contribution is in the innovative use of the Sumudu transform to prove the positivity
of solutions and to simplify the analysis.

As concerns the optimal control, the thesis has made detailed and comparative
evaluations of direct methods and indirect methods. Finally, it ends up with the
practical superiority of NNM methods over PMP for constrained problems because
their global efficiency is superior, nonlinear effects can be robustly handled, and their
convergence is better.

In other words, this thesis makes a dual contribution:

1. Theoretical and Analytical: It enhances the toolkit for studying complex
dynamical systems by embracing the fractional paradigm and proposing new
stability proofs.

2. Numerical and Applied: It presents and validates, through the Algeria case
study, effective computational strategies (Sumudu transform, NNM method)
to simulate epidemics and find optimal control policies that take into account
realistic parameters like vaccine efficacy.

Hence, it bridges the mathematical rigor with practical applicability and thus opens
up avenues for more realistic modeling of epidemic dynamics and optimization of
public health intervention strategies.

89






Bibliography

(1]

(2]

(3]

(4]

(5]

(6]

(71

(8]

(91

[10]

Z. Xu et al. “Pathological findings of COVID-19 associated with acute respi-
ratory distress syndrome”. In: The Lancet Respiratory Medicine 8.4 (2020),
pp. 420-422 (cit. on p. 1).

C. Huang et al. “Clinical features of patients infected with 2019 novel coro-
navirus in Wuhan, China”. In: The Lancet 395.10223 (2020), pp. 497-506
(cit. on p. 1).

N. Oreshkova et al. “SARS-CoV-2 infection in farmed minks, the Netherlands,
April and May 2020”. In: Eurosurveillance 25.23 (2020), p. 2001005 (cit. on
p- .

K. Schlottau et al. “SARS-CoV-2 in fruit bats, ferrets, pigs, and chickens: an

experimental transmission study”. In: The Lancet Microbe 1.5 (2020), e218-
e225 (cit. on p. 1).

F. Brauer, C. Castillo-Chavez, and C. Castillo-Chavez. Mathematical models in
population biology and epidemiology. Vol. 2. 40. Springer, 2012 (cit. on p. 1).
V. Capasso and V Capasso. Mathematical structures of epidemic systems. Vol. 97.
Springer, 1993 (cit. on p. 1).

W. O. Kermack and A. G. McKendrick. “A Contribution to the Mathematical
Theory of Epidemics”. In: Proc. Roy. Soc. Lond. A 115 (1927), pp. 700-721
(cit. on p. 1).

A. 1. Abioye et al. “Global stability of seir-sei model of malaria transmission”.
In: Adv. Math., Sci. J 9 (2020), pp. 5305-5317 (cit. on p. 1).

A. Korobeinikov. “Lyapunov functions and global properties for SEIR and SEIS
epidemic models”. In: Mathematical Medicine and Biology: A Journal of the
IMA 21.2 (2004), pp. 75-83 (cit. on pp. 1, 35, 40, 49).

V. Capasso. Structures mathématiques des systémes épidémiques. Vol. 97. Notes
de cours en biomathématiques. 1993 (cit. on p. 1).

91



92

Bibliography

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

Y. Hamadi, D. Bouagada, and A. Omrane. “Sentinels for an epidemiological
SIR model with spatial diffusion”. In: Mathematica Journal (2018) (cit. on
p.- .

M. Y. Li and J. S. Muldowney. “Global stability for the SEIR model in epidemi-
ology”. In: Mathematical Biosciences 125.2 (1995), pp. 155-164 (cit. on pp. 1,
34, 39, 49).

Z. Shuai and P. van den Driessche. “Global stability of infectious disease
models using Lyapunov functions”. In: SIAM Journal on Applied Mathematics
73.4 (2013), pp. 1513-1532 (cit. on p. 1).

B. Tang et al. “An updated estimation of the risk of transmission of the novel
coronavirus (2019-nCov)”. In: Infectious Disease Modelling 5 (2020), pp. 248-
255 (cit. on p. 1).

H. Wang et al. “Phase-adjusted estimation of the number of coronavirus disease
2019 cases in Wuhan, China”. In: Cell Discovery 6.1 (2020), p. 10 (cit. on p. 1).

S. Zhang et al. “Estimation of the reproductive number of novel coronavirus
(COVID-19) and the probable outbreak size on the Diamond Princess cruise
ship: A data-driven analysis”. In: International Journal of Infectious Diseases 93
(2020), pp. 201-204 (cit. on p. 1).

Y. Fang, Y. Nie, and M. Penny. “Transmission dynamics of the COVID-19 out-
break and effectiveness of government interventions: A data-driven analysis”.
In: Journal of Medical Virology 92.6 (2020), pp. 645-659 (cit. on p. 1).

J. Wangping et al. “Extended SIR prediction of the epidemics trend of COVID-
19 in Italy and compared with Hunan, China”. In: Frontiers in Medicine 7
(2020), p. 169 (cit. on p. 1).

P. Wintachai and K. Prathom. “Stability analysis of SEIR model related to
efficiency of vaccines for COVID-19 situation”. In: Heliyon 7.4 (2021), e06812
(cit. on p. 1).

R. Ghostine et al. “An extended SEIR model with vaccination for forecasting
the COVID-19 pandemic in Saudi Arabia using an ensemble Kalman filter”. In:
Mathematics 9.6 (2021), p. 636 (cit. on pp. 1, 43).

M. Cai, G. E. Karniadakis, and C. Li. “Fractional SEIR model and data-driven
predictions of COVID-19 dynamics of Omicron variant”. In: An Interdisciplinary
Journal of Nonlinear Science 32.7 (2022) (cit. on p. 1).

S. Paul et al. “Study of fractional order SEIR epidemic model and effect of
vaccination on the spread of COVID-19”. In: International Journal of Applied
and Computational Mathematics 8.5 (2022), p. 237 (cit. on p. 1).

M. Wali, S. Arshad, and J. Huang. “Stability analysis of an extended SEIR
covid-19 fractional model with vaccination efficiency”. In: Computational and
Mathematical Methods in Medicine (2022) (cit. on p. 1).

C. Xu et al. “Forecast analysis of the epidemics trend of COVID-19 in the USA

by a generalized fractional-order SEIR model”. In: Nonlinear Dynamics 101.3
(2020), pp. 1621-1634 (cit. on p. 1).



Bibliography 93

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

Z. Gong et al. “A gradient-based optimization algorithm to solve optimal
control problems with conformable fractional-order derivatives”. In: Journal
of Computational and Applied Mathematics (2024), p. 116169 (cit. on p. 1).

A. Malik, K. Alam, and N. Kumar. “Analysis of conformable fractional derivative
model of SEIR-SEI epidemic”. In: Smart Computing. CRC Press, 2021, pp. 440—
446 (cit. on p. 1).

A. Malik, N. Kumar, and K. Alam. “Conformable fractional SEIR epidemic
model with treatment”. In: Recent Advances in Electrical and Electronic Engi-
neering 14.4 (2021), pp. 435-440 (cit. on p. 1).

K. Benyettou and D. Bouagada. “On the positivity of fractional two-dimensional
systems using the non-conformable derivative”. In: International Journal of
Dynamics and Control 11.6 (2023), pp. 2751-2762 (cit. on p. 1).

D. Bouagada and A. Faraoun. “State-space solution of singular linear continuous-
time systems using the conformable derivative and Sumudu transform”. In:
Bulletin of the Transilvania University of Brasov. Series III: Mathematics and
Computer Science (2023), pp. 77-92 (cit. on p. 1).

L. S. Pontryagin. “The mathematical theory of optimal processes and differ-
ential games”. In: Trudy Matematicheskogo Instituta imeni VA Steklova 169
(1985), pp. 119-158 (cit. on pp. 1, 62).

L. S. Pontryagin. Mathematical theory of optimal processes. Routledge, 2018
(cit. on pp. 1, 62).

G. W. Swan. “Optimal control applications in biomedical engineering—a
survey”. In: Optimal Control Applications and Methods 2.4 (1981), pp. 311-
334. DOI: 10.1002/0ca.4660020405 (cit. on p. 2).

A. 1. Abioye, L. Abdulkareem, and W. O. Adebimpe. “Mathematical model of
COVID-19 in Nigeria with optimal control”. In: Results in Physics 28 (2021),
p- 104598. poI: 10.1016/j.rinp.2021.104598 (cit. on p. 2).

D. Aldila, M. Z. Ndii, and B. M. Samiadji. “Optimal control on COVID-19
eradication program in Indonesia under the effect of community awareness”.
In: Mathematical Biosciences and Engineering 17.6 (2020), pp. 6355-6389.
DOI: 10.3934/mbe . 2020320 (cit. on p. 2).

S. E. Moore and E. Okyere. “Controlling the transmission dynamics of COVID-
19”. In: Commun. Math. Biol. Neurosci. (2022). Article-ID (cit. on p. 2).

A. A. Khan, S. Ullah, and R. Amin. “Optimal control analysis of COVID-19
vaccine epidemic model: a case study”. In: The European Physical Journal Plus
137.1 (2022), pp. 1-25 (cit. on p. 2).

M. D. R. De Pinho, I. Kornienko, and H. Maurer. “Optimal control of a SEIR
model with mixed constraints and L 1 cost”. In: CONTROLO’2014—Proceedings
of the 11th Portuguese Conference on Automatic Control. Springer International
Publishing, 2015 (cit. on p. 2).


https://doi.org/10.1002/oca.4660020405
https://doi.org/10.1016/j.rinp.2021.104598
https://doi.org/10.3934/mbe.2020320

94

Bibliography

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

L. Boujallal and M. Elhia. “Set-Valued Control to COVID-19 Spread with
Treatment and Limitation of Vaccination Resources”. In: Iranian Journal of
Science and Technology, Transactions A: Science 46.3 (2022), pp. 829-838 (cit.
on p. 2).

S. Olaniyi, C. Nwafor, and D. Okuonghae. “Mathematical modelling and
optimal cost-effective control of COVID-19 transmission dynamics”. In: The
European Physical Journal Plus 135.11 (2020), p. 938. DOI: 10.1140/epjp/
$13360-020-00933-2 (cit. on p. 2).

H. Abidi, R. Amami, and C. Trabelsi. “Constrained Optimal Control Problem
Applied to Vaccination for COVID-19 Epidemic”. In: (2022) (cit. on p. 2).

M. Gerdts and M. Kunkel. “A nonsmooth Newton’s method for discretized
optimal control problems with state and control constraints”. In: Journal of
Industrial and Management Optimization 4.2 (2008), p. 247 (cit. on pp. 2, 56,
62, 69, 77, 81).

M. Gerdts. “Global convergence of a nonsmooth Newton method for control-
state constrained optimal control problems”. In: SIAM Journal on Optimization
19.1 (2008), pp. 326-350 (cit. on pp. 2, 56).

K. M. Hanchour and B. Benahmed. “Two reduced non-smooth Newton’s meth-
ods for discretised state constrained optimal control problem governed by
advection-diffusion equation”. In: International Journal of Mathematical Mod-
elling and Numerical Optimisation 13.2 (2023), pp. 147-172 (cit. on p. 2).

I. Podlubny. Fractional Differential Equations. San Diego: Academic Press, 1999
(cit. on pp. 7, 8).

R. Khalil et al. “A new definition of fractional derivative”. In: Journal of
computational and applied mathematics 264 (2014), pp. 65-70 (cit. on pp. 8,
9).

M. A. Asiru. “Classroom note: application of the Sumudu transform to discrete
dynamic systems”. In: International Journal of Mathematical Education in
Science and Technology 34.6 (2003), pp. 944-949 (cit. on p. 9).

P. L. Butzer and S. Jansche. “A direct approach to the Mellin transform”. In:
Journal of Fourier analysis and applications 3 (1997), pp. 325-376 (cit. on
p. 9.

A Kilicman and H. E. Gadain. “On the applications of Laplace and Sumudu
transforms”. In: Journal of the Franklin Institute 347.5 (2010), pp. 848-862
(cit. on p. 9).

E. K. Akgiil, A. Akgiil, and M. Yavuz. “New illustrative applications of integral

transforms to financial models with different fractional derivatives”. In: Chaos,
Solitons & Fractals 146 (2021), p. 110877 (cit. on p. 9).

V. G. Gupta, B. Shrama, and A. Kilicman. “A note on fractional Sumudu
transform”. In: Journal of Applied Mathematics 2010.1 (2010), p. 154189
(cit. on p. 9).


https://doi.org/10.1140/epjp/s13360-020-00933-2
https://doi.org/10.1140/epjp/s13360-020-00933-2

Bibliography 95

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]
[65]

[66]

G. Doetsch. Introduction to the Theory and Application of the Laplace Trans-
formation. Revised. Translated from the German by Walter Nader. Berlin,
Heidelberg: Springer-Verlag, 1974 (cit. on p. 9).

Z. Al-Zhour et al. “New results on the conformable fractional Sumudu trans-
form: theories and applications”. In: International Journal of Analysis and
Applications 17.6 (2019), pp. 1019-1033 (cit. on pp. 11, 12).

R. Khalil et al. “A new definition of fractional derivative”. In: Journal of
computational and applied mathematics 264 (2014), pp. 65-70 (cit. on p. 11).

J. Vashi and M. Timol. “Laplace and Sumudu transforms and their application”.
In: Int. J. Innov. Sci., Eng. Technol 3.8 (2016), pp. 538-542 (cit. on p. 12).

P. Van den Driessche and J. Watmough. “Reproduction numbers and sub-
threshold endemic equilibria for compartmental models of disease transmis-
sion”. In: Mathematical Biosciences 180.1-2 (2002), pp. 29-48 (cit. on pp. 27—
29, 32, 37, 39, 46, 47).

P. Van den Driessche. “Reproduction numbers of infectious disease models”.
In: Infectious disease modelling 2.3 (2017), pp. 288-303 (cit. on pp. 29, 39).

H. Khalil. Nonlinear Systems. Pearson Education. Prentice Hall, 2002 (cit. on
p- 29).

J. LaSalle. “The extent of asymptotic stability”. In: Proceedings of the National
Academy of Sciences 46.3 (1960), pp. 363-365 (cit. on p. 30).

J. P. LaSalle. “Stability theory for ordinary differential equations”. In: Journal
of Differential Equations 4.1 (1968), pp. 57-65 (cit. on pp. 30, 34, 39, 49).

O. Diekmann, J. A. P. Heesterbeek, and J. A. J. Metz. “On the definition and
the computation of the basic reproduction ratio R 0 in models for infectious
diseases in heterogeneous populations”. In: Journal of mathematical biology
28 (1990), pp. 365-382 (cit. on p. 39).

The parameter A. https://countrymeters . info/fr/Algeria. Accessed:
31-03-2022 (cit. on p. 51).

G. Evensen et al. “An international assessment of the COVID-19 pandemic us-
ing ensemble data assimilation”. In: medRxiv (2020), p. 2020.06.11.20128777
(cit. on p. 51).

F. P. Polack et al. “Safety and efficacy of the BNT162b2 mRNA Covid-19
vaccine”. In: New England Journal of Medicine 383.27 (2020), pp. 2603-2615
(cit. on p. 51).

Situation report on the COVID-19 outbreak in Algeria 2021 (cit. on p. 51).

Article on the total population in Algeria. https://www.aps.dz/societe/
134560 - demographie-44-6-millions-d-habitants-en-algerie-en-
janvier-2021. Accessed: [add access date if available] (cit. on p. 51).

A. Fischer. “A special Newton-type optimization method”. In: Optimization
24.3-4 (1992), pp. 269-284 (cit. on p. 59).


https://countrymeters.info/fr/Algeria
https://www.aps.dz/societe/134560-demographie-44-6-millions-d-habitants-en-algerie-en-janvier-2021
https://www.aps.dz/societe/134560-demographie-44-6-millions-d-habitants-en-algerie-en-janvier-2021
https://www.aps.dz/societe/134560-demographie-44-6-millions-d-habitants-en-algerie-en-janvier-2021

96 Bibliography

[67] M. H. A. Biswas, L. T. Paiva, and M. D. R. De Pinho. “A SEIR model for
control of infectious diseases with constraints”. In: Mathematical Biosciences
and Engineering 11.4 (2014), pp. 761-784 (cit. on pp. 65, 67, 68, 81-83).



Abstract

This thesis focuses on the application of mathematical models to better understand
and control infectious diseases.

First, it uses a classic model (SEIR) to show how a disease moves through a
population. The result is that if the reproduction number Ry is less than 1, the
outbreak will die out. In order to model diseases, which have a sort of “memory” of
past infections, a more advanced type of math called fractional calculus is used. This
new model gives a more realistic view of how diseases like COVID-19 really behave.

The second part of this thesis is concerned with determining optimal methods for
halting an outbreak. Two major mathematical approaches to finding these optimal
control strategies are compared. The results demonstrate that one approach—the
Nonsmooth Newton Method is faster and better at handling real-world, complicated
limits on resources than its predecessor, Pontryagin’s Maximum Principle. A new
neural network-based approach is also proposed for solving these control problems.

In other words, this work develops better mathematical tools for the simulation
of epidemics and offers more efficient means of calculating the optimal public health
actions like vaccinations required to control such outbreaks.

Keywords: Compartimental model; SEIR model; Covid-19; Lyapunov stability; Equi-
librium points; Fractional calculus; Sumudu transform; Optimal control; Maximum
principle method; Nonsmooth Newton’s method.



Résumé

Cette these se concentre sur I'application de modeles mathématiques pour mieux
comprendre et controler les maladies infectieuses.

Dans un premier temps, elle utilise un modele classique (SEIR) pour montrer
comment une maladie se propage au sein d’'une population. Le résultat principal est
que si le nombre de reproduction de base R est inférieur a 1, I'’épidémie s’éteindra
d’elle-méme. Afin de modéliser des maladies qui présentent une forme de « mémoire »
des infections passées, un type de mathématiques plus avancé, le calcul fractionnaire,
est employé. Ce nouveau modele offre une vision plus réaliste du comportement de
maladies telles que la COVID-19.

La seconde partie de cette these vise a déterminer les méthodes optimales pour
arréter une épidémie. Deux approches mathématiques majeures pour élaborer ces
stratégies de controOle optimal sont comparées. Les résultats démontrent qu'une de
ces approches la méthode de Newton non lisse est plus rapide et plus efficace pour
prendre en compte les limites pratiques et complexes des ressources disponibles que
son prédécesseur, le principe du maximum de Pontryagin. Une nouvelle approche
basée sur les réseaux neuronaux est également proposée pour résoudre ces problémes
de controle.

En d’autres termes, ce travail développe des outils mathématiques améliorés
pour la simulation des épidémies et propose des moyens plus efficaces de calculer
les actions de santé publique optimales telles que les campagnes de vaccination
nécessaires pour controler de telles flambées.

Mots-clés: Modele compartimental; Modéle SEIR ; COVID-19; Stabilité de Lyapunov;
Points d’équilibre; Calcul fractionnaire; Transformée de Sumudu; Contréle optimal,
Principe du maximum; Méthode de Newton non lisse.
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