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INTRODUCTION

The theory of Nevanlinna also known as the theory of the distribution of values of a meromorphic
function was developed by the Finnish mathematician Rolf Nevanlinna at the turn of the twentieth
century.

In the study of the growth of solutions of linear differential equations in the complex domain
Nevanlinna’s theory plays a crucial role.

The opening and two chapters make up this thesis. The first chapter begins with some basic
concepts of Nevanlinna’s theory.

The first section begins with a presentation of Jensen’s formula, which serves as the foundation
for Nevanlinna’s theory, the definitions of the functions m(r, f), N(r, f), T'(r, f) and some of their
properties are then given, the first Nevanlinna theorem, which is a result of Jensen’s formula is
next discussed.

The second section of this chapter looks at the [p, g]-order of growth of a meromorphic and an
analytic function and its properties, in the third section we will set out some very important
lemmas to finish the first chapter. These will be used in the following steps of this thesis.

The application of Nevanlinna’s theory of linear differential equations is the subject of the second
chapter. We are particularly interested in the linear differential equations of the form:

FO 4 A1 () fED o+ () + Ao(2)f =0, (0.0.1)

where A;(z) are analytic or meromorphic functions in the unit disc A = {z : |2| < 1},
i=0,1,..,k—1,k>2.

Since the 1980s, the theory of complex differential equations in the unit disc has been developed
by establishing the definition of the function spaces in the year 2000, Heittokangas [9] examined
the growth theory of equation (0.0.1) when the coefficients A4; (i =0,1,...k — 1) are analytic and
meromorphic functions in the unit disc for the first time. His findings also provided some useful
instruments for more research into the meromorphic theory solutions of equations (0.0.1) in the
unit disc A.

This chapter is devoted to investigating the growth of solutions of equation (0.0.1), it is about
the [p, g]-order of growth which is the generalisation of the paper of Hamouda [6], who studied
the growth of solutions of (0.0.1) by using the concepts of iterated n-order. Also, we will improve
the result of the paper of Qin et al. [12]. So, the conditions on the coefficients will be expressed
by using the [p, g]-order instead of the iterated n-order defined in the paper of Hamouda [6] and
the paper of Qin et al. [12]. Furthermore, the coefficients of equation (0.0.1) are meromorphic
functions.



Chapter 1

Nevanlinna’s theory

In this chapter, we will present Jensen’s formula, define the functions N (r, f), m(r, f) and T'(r, f)
which are known as the pole count function of f, proximity function and Nevanlinna’s character-
istic function and discuss their properties. The goal is to obtain Jensen’s simplest formula and
demonstrate Nevanlinna’s first fundamental theorem, which is a result of this formula. Next, the
order of growth of meromorphic functions will be defined. Finally, we will give the statement of
some lemmas.

1.1 Jensen’s formula

Theorem 1.1.1 [14] Let f be a meromorphic function such that f(0) # 0, co, with zeros (a1, az, as,..

and poles (by,ba,bs,...), each taken into account according to its multiplicity then:

1 [ ; T T
log | £(0)] = / log|f(re’)|dp — Y log— + Y log——. (1.1.1)
2m Jo lajl<r 2 bl <r 15
J J
Proof. The theorem is demonstrated when there are no zeros or poles on the circle |z| = r,
consider the following function:
r2—¢'zjz
H r(z—a;)
o \aj|<r
9(z)=f (Z)W-
r(z—bj)
|bj|<'l‘

Then g # 0,00 and ¢ is an analytic function in disc |z| < r consequently log(g) is analytic in
the disc |z| < r and its real part is a harmonic function, according to the moyen formula for the
harmonic function, we can write

2m
log(la(0)) = 5- [ log]a(rei®)| de. (112)

)



1.2 Poisson’s formula 4

We have
r
ol la,]|
aj;|<r
19(0)] = £ (0)] =+
151
[bj[<r
then
log [g(0)| = log | f(0)] + Z log| | Z log — |b § (1.1.3)
jaglr Y
For z = re’?, we have for all ¢ € C
r? —cz r? — cret? r— cel? o |TeT¥ —¢
= . =|— = ‘elﬂ — | =1
r(z —c) r(re — c) rel¥ —c re'¥ —c
Then ' ‘
}g(rew)‘ = ‘f(rewﬂ . (1.1.4)

By substituting (1.1.3) and (1.1.4) into (1.1.2), we obtain

1 g2
log(\f(0)|):27T/0 log{f fre }dcp— Z log—+ Z log —

al * A= 0

laj|<r

1.2 Poisson’s formula

Theorem 1.2.1 [2] Let f be a meromorphic function in the disc |€] < R. If z = re' and r < R,
6 € [0,2n[, then

21
Refre) = 1/ o Ref(Re#)d (12.1)
21 ) R2—2rR cos(6 — ) + 12 w- 2.
0

Proof. Let f be an analytic function in the disc || < R according to Cauchy’s integral formula
_ 1 j{
27

For 2* = R; the symmetric point to z in relation to the circle, according to the cauchy theorem

the function gf_(—i) is analytic in the disc |{] < R and

(1.2.2)

=0, (because z* is outside the circle). (1.2.3)
2i f —

[¢|=R



1.2 Poisson’s formula

Then (1.2.2) and (1.2.3) gives us

1) = 27 £—z 6_277” §
lEl=R l¢l=R
1 1 1
= 971 <§—Z_§—Z*>f<f)d§
lEl=R
We have
1 1 1 1
E—2 £—2* - f—z_g_R;
1 z
T f-. &R
We put & = Re? = d¢ = Rie’?dy and z = re', so
1 7 1 re= "
fre?) = 27i <Rei€0 —rei?  Reivre—i0 — R2> J(Re™)Rie™dyp
0
1 T Re'® re~Wei® ,
- %0 (Rew —reif  reive—if — R) f(Re®)dep.
We have
Re'? re" el Re'¥ x e~ re~ei®
Re¥ — e  reive—0 _ R (Rei — reifl) x e—ie  reive—i0 — R
R re el
T R—_rele-iv  reve— _R
R rel(#=0)
T R_reil0—9)  reile0 _R
R ret(v=0)
T R—reil0—9) * R — rei(v=0)
B R x (R - rei(‘p_e))
N (R —retl0=9)) x (R — reile=9))
ret#=0) x (R — rei(aﬂo))
* (R —reilv=0) x (R — rei(0=¢))
R2 — Rrei(e—0) 4 Rpeilo—6) _ 2
- Rp2_ Rr(eie=0) + e=ile=0)) + 12
R2 _ ;2
T ORI 2rRcos(0 — o) + 12’
SO

2
T .
Re'*)d
27r/R2—2rRCOSO ©) + rzf( e7)d



1.3 Poisson Jensen’s formula 6

By taking the real part of f (z), we get

27
: 1 R? —r? :
0y _ _— ip
Ref(re”) 27T/R2 —2rRcos(f — ) + 12 Ref(Re')de
0

1.3 Poisson Jensen’s formula

Theorem 1.3.1 [14] Let f be a meromorphic function such that f(0) # 0, oo, with zeros (a1, as, as,..

and poles (by,ba,bs,...) each being counted with its order of multiplicity. If z = re® and r < R
then
2

1 R2 _ ,r-2 . R2 —aiz
Og|f(2’)‘ QW/RQ—QT‘RCOS(G—@)—FTQ Og‘f(Re )‘ ¥ |Z|<:R 08 R(Z—Gj)
0 @
RZ—b,z
log | ——=|. 1.3.1
+ 2 log R(z — b)) )
bj|<R
Proof. Set
R2—ajz
wlen R(z—a;)
. aj;|<
9() = F) .o
R(z—bj)
bj|<R

Then g # 0,00 and ¢ is an analytic function in disc |z| < R consequently log(g) is analytic in the
disc |z| < R and its real part is a harmonic function, according to the Poisson formula, we get

. 7" .
1 ‘ i l )| dep. 1.3.2
og |g(re”) 2TF/RQ_%RCOSH S 5 log[g(Re™?)| dyp (1.3.2)

For z = Re™? and for all c € C

R —cz| |zz-ex| |ol|z-c¢
R(z—c)| |R(z—¢c)| R|z—c|
So
H ‘ RQ—C_l]'Z
<R R(z—a;)
i i a;j|< i
g(Re#)| = |f(Re)| I T ES — |#(Re¥), (1.3.3)
|bj|<R
because ‘}1—‘?(2;—&;5 = ’ g(zz__*g; = 1. So, we have
R? — bz
1 =1 1 1 1.3.4
oglg(z)] =log|f(2)| + ) log z_aj) — ) log R b) (1.3.4)
la;|<R lb;|<R

)



1.4 Truncated logarithm function with properties

By substituting (1.3.3) and (1.3.4) into (1.3.2), we obtain

2

1 R2_7,,2 . RQ—EL'Z
- 1 Ddp— 3 log | %2
log | f(2)] /RQ—QTRCOS(H ©) + 12 o |f(Re)] e |z|<:R e R(z — a;)
aj
n o —b iz
Z & z—b)

|bj|<R

1.4 Truncated logarithm function with properties
Definition 1.4.1 [14] For all x > 0 we define

log"(z) = max(log(z),0) = { log(z) ifz>1

0 ifo<z<l1
this function is called truncated logarithm function.

Lemma 1.4.1 [14] We have the following properties:

a) log(z) < log™(x), if z > 0;

b) log™(x) <log™(y) ,if 0 <z <y;

c) log(z) = log™ (z)— log™(2), if z > 0;
d) |log(z)| = log™ (z)+ log™ (L), if 2 > 0;

n n
e) log+(H x;) < Zlong(xi), ifx; >0,i=1..n;
i=1 i=1

f) logt () i) <) log™(x;) +1log(n), if 3 > 0,i=1..n
=1 =1

) Jlog™ |z| —log™ |y|| < ,if 2,y € C¥;

h) [log* |z| —log* |y|| < log™ |z — y| +log2, if z,y € C.

Proof. ¢) We have for z > 0

log™ (z) — 10g+(%) = max(log(z),0) — max(log(%),O)
max(log(z),0) — max(—log(z),0)

max(log(x),0) + min(log(x),0)

= log(z)



1.4 Truncated logarithm function with properties

d) We have for z > 0

log* (z) + 10g+(%) ~ max(log(x),0) + max(log(%), 0)
= max(log(z),0) + max(—log(x),0)
max(log(z),0) — min(log(x),0)

e) We have for z; > 0,i=1...n:

n
if H$l <1 then
i=1

n
if Hx, > 1 then
i=1

according to (a) we find
log+(H x;) = Zlog(mi) < Zlog+(:ci)
i=1 i=1 i=1
f) We have for x; > 0,7 = 1...n : according to (b) and (e) we get
+ ) < + .
log (Z; z) < log"(n max ;)

< log(n) +log™( max x;)

<> log* (a) + log(n)

=1

g) For z,y € C* we have

log™ |z| = log™* xy‘ <log™ x|+10g+!y < |log xHJrlogﬂy\
Yy Y Y
because +< ) < Jlog(a)|
1 log™ (x) < |log(z
lom:10+x+lo+:>{ -
llog(z)| g™ (z) g (x) 10g+(%) < |log()|
then

log™ || —log™ |y| < |log

|



1.5 Pole count function , proximity function and Nevanlinna’s characteristic
function 9

Similarly
log™ |y| = log™ ‘gaz‘ < log™ ‘y‘ +log™ |z| < ‘log )QH +log™ |z|
x x x

|

1l

log™ |z] = log* [z —y +y| <log" |z —y| +log™ |y| + log 2

SO

— (log™ |z| — log™ |y|) < |log

then

log™ |z] — log™ |y|| < |log

h) For z,y € C* we have

then
log* || —log* |y <log* |z — y| +log 2.
Similarly
log* |y| =log™ [y — x + x| <log™ |z —y| +log™ [z] + log 2
SO
— (log™ |z[ — log™ |y[) <log™ |z —y| + log2
then

llog™ || — log™ |y|| < log™ |z — y| + log 2.
0

1.5 Pole count function , proximity function and Nevanlinna’s
characteristic function

Definition 1.5.1 [14] n(t,a, f) denotes the number of zeros in the disc |z| < t of the equation
f(2) = a with each racine being counted with its order of multiplicity and n(t,a, f) denotes the
number of distinct racines in the disc |z| < t.

The number of poles of f in the disc |z| < t counted with their order of multiplicity is denoted by
n(t,00, f) and the number of poles distinct of f in |z| < t is denoted by n(t, 0, f).

Example 1.5.1 For f(z) = €*, we have n(r,0, f) = a(r,0, f) = 0 because f has not any zeros
and n(r,00, f) = n(r,00, f) = 0 because f has not any poles.

Example 1.5.2 Consider f(z) = so n(r,00, f) = 2 [2] and n(r,00, f) = 4[%£].

1
cos?(z)?

Definition 1.5.2 [14] Let f be a meromorphic function such that f # a € C, the function a-points
of f is defined by

T

)= NGra.f) = [

0

1
f—a

n(t7a7f> — n(O,a, f)
t

N(r, dt +n(0,a, f)log(r),



1.5 Pole count function , proximity function and Nevanlinna’s characteristic
function 10

T

N(r, f) = N(r, 00, f) = /”“’ %, f) ; 0,20, f) 4 n(0, 00, f) log().

0

Similarly, the function a-points distinct of f is defined by

N(r,a, f) = /ﬁ(t,a, /) ; (0, a, f)dt +7(0, a, f)log(r),
0

N(r,o00, f) = /n(t,oo,f) ; ﬁ(o’oo’f)dt—i—ﬁ(O,oo,f) log(r).

0

Example 1.5.3 Consider the following function f (z) = eXpizzn), such that n,p € N*, a € C*. So
n(t, 00, f) =n(0,00, f) = p then

r

/n(t,oo,f) —n(0, 00, f)
t

N(r, f) = dt + n(0, oo, f)log(r)

= /dt+plog( )

= plog( )-
Also, we have n(t, 00, f) = n(0,00, f) =1 then

N(r o0, f) = /ﬁ(t’oo’f);ﬁ(o’oo’f)dt+ﬁ(0,oo,f)10g(r)
0
= log(r).

Lemma 1.5.1 [14] Let f be a meromorphic function with a-points ai,as, ..., am in the disc |z| <r
such that 0 < |a1| < laz| < ... <|am| <7 each being counted with its order of multiplicity, then

Tn(t,a,f) Tn(t,a,f)—n(O,a,f) B
/t dt:/ - dt= ) log‘

0 0 0<l]az|<r

a;|’

Proof. We put |a;| =7}, (1 <j <m). Then

7,.m
1 1 =1
> s z og £ —tog (T )

0<]a;|<r
T r3\ 2 ra\ 3 T m-1 r\"
zlog(2x<3> ><<4) ><...><< m> ><<> )
1 T2 r3 Tm—1 'm
:log( >+210g< )—1—31 (7“4)
1 T2 3
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—|—---—|—(m—1)log< Im > +mlog <T>
T'm—1 T'm

T 72 T3

1 T4
dt dt dt dt
—/O‘ﬁ/l't*/%*/?’t
0 T2 T3

T1

Tm r

dt dt
o [ fu

Tm—1 Tm

T T

/n(t,a, D _ /n(t, a,f) =n0.a.f)

t t
0 0

O

Proposition 1.5.1 [14] Let f be a meromorphic function with the development of Laurent around
the origin

“+oo
f(z) = chzj, cm #0, meZ, ze€C.
j=m
Then
1 27 i 1
log [ey| = 5— | log|f(re'?)| dip+ N(r, f) = N(r, 3).
™ Jo f

Proof. Consider the meromorphic function A defined by

h(z) = &;), meZ
z
then h(0) # 0,00 and m = n(0,0, f) — n(0,00, f). In fact, if m > 0 then n(0,0, f) = m and
n(0,00, f) = 0, if m < 0 then n(0,0,f) = 0 and n(0,00, f) = —m, finally, if m = 0 then
n(0,0, f) = n(0,00, f) = 0. So f and h have the same zeros and poles in the disc that is centered
on 0 (0 < |z| <), according to Jensen’s formula

1 (% , r r
log(|h(0)|):/ log [h(re®)|dp— 3 log—+ 3 log—.
27 Jo J‘ |bj‘

a
0<|aj|<r ’ 0<|bj|<r
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By Lemma 1.5.1

- ]n(t, 0.f) = n(0,0,1)
t

1 2m i
alod = - [a] 20

27 Jo (reie)™

_’_/n(tvooaf)tn(oﬂooaf)dt

0

1 27 ] r ,0, f) —n(0,0,
= 277/0 log | f(re'?)| dp — mlog(r) — /n(t f) : n( f)dt
0

T

+/n(t7oo7f);n(0’oo7f)dt

0
2m
= = / log |£(re®)| dip — (n(0,0, f) = n(0, 50, £)) log(r)

n(t,0.4) = n(0,0,f) ,  [nt,00, f) = (0,0, f)
dt + . dt

0 0

2m Tn ]
— 217r/0 log | f(re'?)| dp — (n(0,0,f)log(r)+/ (t,0,f) - (O’O’f)dt)

0

+ (H(O, o0, f)log(r) + /n(ta 0, f) ; n(0, oo, f) dt)

0

2 .
= 217T/0 log‘f(TeW)‘dsD—l-N(r,f)_N(r’ch)‘

O

Definition 1.5.3 [14] Let f be a meromorphic function such that f # a € C, we define the
function of proximity of f by

2m
1 1
mira. ) = 5 [ log* r—de
0
and )
mir o0, £) = mr,f) = - [ log™ | (re")| d.

Example 1.5.4 Let f (z) = a € C*, then
i) We have n(t,00, f) =0, so N(r, f) = 0.



1.5 Pole count function , proximity function and Nevanlinna’s characteristic
function 13

i1) We calculate m(r, f)

2m
mircf) = oo [ log" | F(re’)| d
0

2m
1
= /logJr la] dp = log™ |a] .
27
0
Example 1.5.5 Consider the following function: f(z) = eXpiﬁzn), such that n,p € N*, a € C* so

a=|a|e'?8? —mw <arga < m. We have

2m
mircf) = oo [log" | F(re’)| di
0

2

1
= — [ loe™t
27r/0g

0

exp (‘a’ T.nei(arg a+mp))

rpeivy

de

2 TP
0

27
_ l/logJr (exp(\a|r”cos (arga—i—mp))) do.



1.5 Pole count function , proximity function and Nevanlinna’s characteristic

function

14

We put ¢ = arga +np = dp =

di

-» we obtain

2mn+arga

1 / log* (exp(|a|r” cos¢)> b

2mn rP
arga

2mn TP

2mn
1/ 10g+ (eXp(|(I|7"nCOS’l]ZJ)> d¢

n—1 27m(j+1)

S8 e (o)

J=0 on;

R / o (SR )Y
n

rp

rp

;/log+ (exp(|a|r COST/}))de

21/10g <exp(!a\r cos¢)>d¢

rp

1
2/ la| ™ cos pdi) — %

log rdy

\wh\

VB

Definition 1.5.4 [14] Let f be a meromorphic function, then

T(r, f) =m(r, f) + N(r, [).

T(r, f) is the Nevanlinna’s characteristic function.

Example 1.5.6 Consider the following function: f(z) = M, such that n,p € N*, a € C*.

Then

T(T’ f) =

2P

m(r, f) + N(r, f)

n
= ol —Elogr+plogr
s 2

n
= m—i—Blogr.
s 2

Proposition 1.5.2 [14] Let fi, fa, ..., fn, f be meromorphic functions, then



1.5 Pole count function , proximity function and Nevanlinna’s characteristic

function

15

n o n .
mr 15 = 5, [ s TLatre)|de
=

1 2r M

_ + | £. (et
27 ), ;log ‘fj(re )‘dap

n 1 2m )
= Y5 | e e
= 2 0

= Z m(r, f])
j=1

n
If 2 is a pole of order \; > 0 for fj, it is also a pole of order equal at most Z Aj for the function

Hfj. Then
j=1
N(T)Hf]) < ZN(T’f])’
j=1 j=1
SO

IA
]
A
=
e
_l_
|'M
=
“\3
s

7j=1 7j=1
= Z (m(r, f]) + N(Ta f]))
j=1
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b) We have according to the Lemma 1.4.1 (f)

m(r, Y i) = oo [ log" | fi(re')| dy
j=1 0 j=1
IR LGN .
7
< 5 ), (e e+ logrids
n
< Zm(r, fj) + logn.
j=1
n
If zg is a pole of order A; > 0 for f;, it is also a pole of order equal at most max Aj < Aj for
<j<n ;
=1
. J
the function Z fj- Then
j=1
n n
N f) <Y N, £),
j=1 j=1

SO

T(r,Y f) = mr,> i) +NE Y f)
j=1 j=1 j=1

> m(r, f;) +logn+>_ N(r, ;)

<
j:]- j:]_

= Z(m(r, fj)+ N(r, f;)) +logn
j=1

= ZT(vaj)‘l‘lOgn.
=1

¢) We notice that, for all m € N*
fM<1e|fl<1

i) If | f| <1 then
m 1 o + | £m %
mir ™) = 5= [ log” |77 o = 0
and
N(r, f™) = mN(r, f)

So
T(r, f™)=0+mN(r, f) = m(m(r, f) + N(r, f)) = mT(r, f).



1.6 Nevanlinna’s first fundamental theorem 17

i7) If | f| > 1 then

m 1 n m )
m(r, f™) = %/0 log™ | f™(re'%)| dp
2

— i m i
= %, log‘f (re )‘dcp

1 2 )
= m%/o log‘f(re“p)‘dcp

1 27 )
= m/ log™ |f(rew)‘ dy
0

2w
= mm(r, f)
and
(r, f) =mN(r, f)
So

T(r, f) = mm(r, f) + mN(r, f) = m(m(r, f) + N(r, f)) = mT(r, f).

1.6 Nevanlinna’s first fundamental theorem

Theorem 1.6.1 [14] Let f be a meromorphic function such that f # a € C, let the Laurent
development of the function f — a around the origin

+o0
z)—a:ZCjzj, em#0, meZ, z€C.

Then

T(T7 a) = T(T7 f) - log |Cm| + (Ta CL)

f _
with
o (r,a)| <log™ |a] + log 2.

Proof. We assume that a = 0, so according to the Proposition 1.5.1 and the Lemma 1.4.1 (c),
we get

27
oglenl = 5 | log\fuewndwzv(r,f)—N(n})
21 N 1
= / log™ | f(re'?)| dp — / ) de+ N(r, f) (7"7?)
1
= (,})JFN( rf)— f
_ T(r,f)—T(r,]le). (1.6.1)
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Then
T(r,—4)="T(r, f) — log|cm]
in this case
@(r,a) =
If a # 0 , we pose g(z) = f (2) — a, then
N(Tig) = N(r, Jf),
N(r,+) = N(r, f_a),
1\ _ 1
m(r, g) - m(r, ffa)
We have
log™ |g(2)] = log"|f (z) —al
< log™ |f(2)| +log™ [a] + log2
and
log™ |f(z)] = log" |g(2) +al
< log™ |g(z)| +log™ |a] + log 2,
SO
m(r,g) = 1/27r log™ }g(rei“’)‘ dy
’ 27T 0
I + i +
< o (log |f(re “”)‘ +log™ |a| + log 2)dy
0
= m(r, f) +log™ |a| +log 2
and
1 27 N i
m(r, f) = o log ‘f(re )‘dgo
™ Jo
1 + i +
< py (log }g(re “0)‘ +log™ |a| + log 2)dy
0
= m(r,g) +log™ |a] + log 2.
We put ¢ (r,a) = m(r,g) — m(r, f), then
— (log™ |a| +1og2) < m(r,g) —m(r, f) <log™ |a| +log2
SO
o (r,a)| <log* |a| + log 2.
According to (1.6.1) we obtain
1 1
T(T, m) = T(?", 5) = T(’l", g) - log ‘Cm| = TTL(T, g) + N(Tv g) - log |Cm|
= m(T7f) +§0(T7a) +N(T,f) —log\cm|
= T(T7 f) + @ (’I”, CL) - IOg ‘c’m|
with |¢ (r,a)| < log™ |a| + log 2. O



1.6 Nevanlinna’s first fundamental theorem 19

Remark 1.6.1 The first fundamental theorem of Nevanlinna can be expressed as follows

1
T(r, m) =T(r,f)+O(1), r — +oo.
Example 1.6.1 Consider the following function g (z) = —2—, such that n,p € N*, a € C*.

exp(az™)’
According to Example 1.5.6, we have g (z) = ﬁ, we applicate the first fundamental theorem of
Nevanlinna, we get

T(r,g) = T(r,f)+0(Q)

la] "

+ glogr + O(1).

Proposition 1.6.1 [14] Let f be a meromorphic function and g(z) = g}c((zz))j__s, where a,b,c,d € C
with ad — be # 0 and f # —2. Then

T(r,g)=T(r, f)+ O(1).

Proof. Ifg= gﬁ:g, then f = _ngj(;b, it is therefore sufficient to demonstrate that

T(r,g) <T(r,f)+O(1).
i) If ¢ = 0 s0 g(z) = %f(2) + &, according to the Proposition 1.5.2
a
d

b
T(r, 2f) +T(r, ) +log?

T(r, %)+ T(r, f) + T(r, ) + log?

= T(r,f)+O(1).

T(rg) = T(57+75)

IN

IN

i7) If ¢ # 0 we can write

_af+b
g = cf+d
af +b

o(f+9)

f+ )4t
o(f+9)

a+bc—ad 1

2 d’
c c f+2
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Then we use the Proposition 1.5.2 and the first fundamental theorem of Nevanlinna, we obtain

a bec—ad 1
T(r,g) = T(T’E+Tf+4)
a bc—ad 1
T(r,=)+T
(T7C)+ (T‘, 2 f—l—d

bc — ad 1
62 ) +T(7”,ﬁ) +10g2

C

IN

)+ log2

IA
S
=

+ T(r,

be — ad

c2

)+ T(r, f)+O(1) 4 log 2

I

S

—~

=3
ol ol
~
_I_
)
—_

Thus

O

Example 1.6.2 Consider the following function: h(z) = J;c((z))j_i, where f(z) = %, such

that n,p e N*, a € C*. We have 1 xi—1x1=—-141#0, by the Proposition 1.6.1, we obtain
T(r,h) = T(r,f)+0(1)

ol "

= —i—glogr—i—O(l).

Proposition 1.6.2 [2| Let f be a meromorphic function and a € C*, we have

a) [m(r,af) —m(r, f)| <|[log|all,

b) Im(r, f +a) —m(r, )| <log" |a| + log 2.

Proof. a) For a € C*

2 2

L /10g+ |af(re'?)| de — L /log+ | f(re'®)| de
2T 21
0 0

im(r, af) —m(r, f)|

IN

27

1 ) .

277/ ‘logJr ‘af(re“p)‘ —log™ ‘f(re“p)H dy
0

IN

27

1 i i

o [ o |t + o™ ol - tog* |17
0

IN

[log [al|
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b) For a € C*

21 21

mirf +a) = m(r f)| = |5 [log" |fre®) | do — o [ log™ | (re’)| dio
0 0

IN

2
;ﬂ/ ‘logJr ‘f(rei‘p) + a} —log™ ‘f(rew)H dp
0

IN

2w
2177/ ‘logJr ‘f(rei‘p)‘ +log™ |a| +1log?2 — log™ |f(rei“")“ de
0

2

1
/logJr la| + log 2d
27

0
= log™ |a| + log 2.

IN

Remark 1.6.2 The previous proposition gives us

m(r,af) = m(r, )+ O(1),
m(r, f+a) = m(r, f) +O(1),

~—

then
T(r,af) = T(r,f)+0(1),
T(r,f+a) = T(r, f)+ O(1).

Definition 1.6.1 [14] Let f be a meromorphic function then the order of growth p of f is defined
by

Example 1.6.3 Consider the following function f(z) = exl’iiz ) such that n,p € N*, a € C*.
Then

o logT( )
pf) = D s

log (LL:" + 5log 'r’)
= lim sup
r—-—400 log r
log (%r" (1 + 2\{:?;" log r))
= lim sup
r—-+oo logr
log (r™) + log (%) + log (1 + % log r)
= lim sup

r—-00 logr
= n.
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Proposition 1.6.3 [2] Let f and g are two non-constant meromorphic functions then

T(r, }) = T(r, f) + O(1),

SO

log T'(r, 1)
: ) F
— ] A i
) oo P log r
log (T 1
L i e 08T +00)
r—-+o0 log r

logT(r, f) +log(1 + T%(ﬂ’l}))

~l =

= lim su
oo P logr

, logT'(r, f)
= lim sup ———=
r—-00 logr

= p(f)

b) We have
T(ryaf)=T(r, f)+ O(1),
then
plaf) = p(f)-

c¢) Let € > 0 then for r sufficiently large, we have

SO

T(r,f)+T(r,g) +log2
rP)+5 + rP9)+5 + log 2
rmax{p(f).p(g)}+e

(VAN VAN VAN VAN

then
p(f +g) < max{p(f),p(9)} +e¢,
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for all € > 0 being arbitrary, so

p(f +g) < max{p(f),p(9)}

d) We have
T(r.fg) < T(rf)+T(r.g)
< PN g prl9) s
< gpmaxi{p(f).p(9)}+35
< pmax{p(f).p(9)}+e
then

p(fg) < max{p(f).p(g)} + e,
for all € > 0 being arbitrary, so

p(fg) < max{p(f),p(g)}
e) If p(g) < p(f) then

max{p(f),p(9)}
p(f)
max{p(f), p(g)}
p(f)-

p(f+g)

p(fg)

1 VAN I VAN

We have

p(f+9—9)

max{p(f + g), p(—g)}
max{p(f + g), p(9)}
= p(f+9),

A

then
p(f) =p(f+9),

we have also

then
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Definition 1.6.2 [14] Let f be a meromorphic function of order 0 < p(f) < +oo then the type of

f is defined by
Tr = lim sup I /)
r——+00 rﬂ(f) ’

(az™)

Example 1.6.4 Consider the following function f(z) = Z23*=, such that n,p € N*, a € C*.
We have p(f) = n. Then

Tr = lim sup I, f)
r—-+00 rﬂ(f)
lalr™ | p
+ Slogr
= lim s.up’r—2g
r—+o00 rn
_
—

Definition 1.6.3 For all r € Ry we pose exp;r = € and exp, 17 = exp (exp, ), n € N, and
for all v € R%, log, r = logr and log, ,, r = log (log, r), n € N.
We also denote expgr =1 = loggr and exp_;r = log .

Proposition 1.6.4 For all x > 0, y > 0 and n € N* we have
i) log,t (x +y) < log; =+ log} y + O(1);
ii) log,! (wy) < log) x+ log,” y + O(1).

Proof. i) For all z > 0, y > 0 and n € N*, we will demonstrate it by induction. For n = 1 by
Lemma 1.4.1 (f) we have

log™ x + log™t y + log 2
log™ z +logty + O(1).

log* (z+y) <
<

We suppose that
log;; (z +y) < log} z +log, y + O(1)

and we demonstrate that
log,! 1 (z+y) <log/ 4z +log} y+O(1)

SO

log)y (x+y) = log* (logt (z +))
< log™ (log, = +log} y +O(1)) .

From Lemma 1.4.1 (f) we obtain

IA

log® (log,! ) +1log™ (log; y) + O(1)
= logf{+1 T+ 1og71rl y+ O(1).

IOg:zr-s-l (z+y)

Then we get
log! (z +y) < log, x + log,” y + O(1).
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i1) For all z > 0, y > 0 and n € N* we will demonstrate it by induction. For n = 1 by Lemma
1.4.1 (e) we have
log™ (zy) <log™ x +1log™ y.

We suppose that
log;, (zy) < log;, = + log y + O(1)

and we demonstrate that
log; 1 (zy) < log) ;o +logh,  y+ O(1)
SO

log, 1 (zy) = log* (logf (a1))
log™ (log;} z + log;l y + O(1)) .

A

From Lemma 1.4.1 (f) we get

log; 4y (ay) < log* (1o @) + log* (log; 3) + O(1)
= log;[H T+ longr1 y+ O (1),
then we obtain
log;}, 1 (zy) < log ;o +log},, y+O(1).
O

Definition 1.6.4 i) Let f be a meromorphic function in A. Then the iterated n-order of f is
defined by

. log,y T(r, f)
—1 n -0
o) =0 S o=y

where log] r = log™ r = max{logr, 0}, log;f_H r=log" (log} r), n€N.
i1) Let f be an analytic function in A. Then its iterated n-order is defined by

log,\ s M(r, f)
_ 1 n+1 9
Prrn (f) msup A

where M (r, f) = max |f(2)].

|z|=r

Forn =1, we have pyy (f) = par (F) 5 p1 (F) = p(f).-

Suppose that p and ¢ are integers satisfying p > ¢ > 1. Then [p, ¢]-order is defined as follows.

Definition 1.6.5 [1] i) Let f be a meromorphic function in A, then the [p, q]-order of f is defined
by

log, T'(r, f)
f) =lim sup —2—— """,
p[p,q] ( ) r—1- 7 1qu(1 - 7”)
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i7) Let f be an analytic function in A, then its [p, q]-order is defined by

log,ty M(r, f)
=i p+1
Paatpa (7) = lim sup 0

where M (r, f) = max |f(z)].

|z|=r

For q= 1 we have p[p,q] (f) = Pp (f) ) pM,[p,q] (f) = PMp (f) :

Remark 1.6.3 [1] Let p and q be integers such that p > q > 1, and f be an analytic function in
A, the following tow statements hold:

Z) pr =4q, then p[p,q} (f) < pM,[p,q] (f) < p[p,q} (f) + 1.
ZZ) pr > q, then Plp,q) (f) = PM,[p,q] (f)

Proof. a) First step we will demonstrate the following inequalities, let 0 <7 < R < 1

143 1
< + TT( +r
1—r 2

T(r, f) <log" M(r, f) < /)

where M(r, f) = Tn|ax|f( 2)|.
a.i) We have f is an analytic function then the first inequality is trivial because f haven’t any

poles

2

T(r.f) = mirf)= / log™ | £(re*?)]| dyp
0
< log" M(r, f).

a.ii) Now let’s show that log™ M (r, f) < H3T(r ) £). For zg = re®, r < Rand |f(20)| = M(r, f)
, we have the following inequality

‘R(zo — a;)

R — ;% <1, (because r < R).

From Poisson-Jensen Formula we get if |f(z0)| = M (r, f) > 1

r .
log M 1 : i 4
og M(r, f) =log | f(z0)] /R2—2RTCOSH 90)—!-7”2 og‘f(Re )’ ©
Y b m 2 g
© R(z0 — a;) 27T R? — 2R7’ cos(f — ) + g ®
laj|<R
+ Z lo M < 1/7r R? — 72 logt ’f(Reicp)|d
laj|<R i RQ_ajZO ~ 2w ) R?2—2Rrcos(6 — ) + 12 g %
aj 4
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- 5 log™ [ f(Re™)| dyp

+ 2 o

la;|<R m 27r R2—2Rr0059 ©) +
21
1 (R—1r)(R+7) i
‘27r/ (B=r + 2Rr(L—cos(d o) & (AN ¢
2
21/ R+T)1 gt | f(Re™)| dep, (because 1 — cos(6 — ¢) > 0)
0
2
(R4 1 ; (R+7)
- (B- )zﬂ/l‘)gﬂf(R@‘p |[do = gy ™R])
0
 (R4+)
- (R—’I")T(R’f)

If [f(20)] = M(r, f) <1

log M(r, ) < log" M(r.f) =0 < 078 ),
then R
log" M ) < (TR )
It R= 1—'57' then
log" M(r, f) < T T(-17 ).

b) Second step we demonstrate the previous remark. By the previous inequalities we have:

1+37"T 147

T(r.f) < log" M(r.f) < T T ).

Then

1+3r_ 1+r
log,! T(r, f) <log}, M(r, f) <log} < T ,f)> ,

there exist a constant ¢ > 0, such that

1 1
log;< +37’T +r

T (2,f)) < logz (14 3r) —i—log;Dr (1ir>

1+
T log <T< ! Cf)) e,

we get
log,l T(r, f) <logl , M(r, f)

< log;" (1+37“)—|—1ogp( ! >+lg (T(l—gr,f)>+c.
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i) If p=q we get
logy T'(r, f) < 1Og;or+1 M(r, f) < log,y (1 + 3r)

log,, (Tir - log, (ﬁ) a log,, (l—ir)
lo S + 14r
A= log! (T(~, 1)) c
+ 1 1 + 1 )
log, (ﬁ) log,, (17_,,) log,, (ﬁ>
then .
log, T'(r, lo M (r,
lim sup —2 (1 7) < lim sup Ep+1 1( f)
r—1- 1ng (17) r—1— logp (17)
log (1+3r) log (%T) log (T(Lr,
< lim sup e ( . )+ P 11 4 gp((? f))+ c1
r—1= \ log, (g) log,, (g) log,, (ﬁ> log,, (ﬁ)
1
(g o () g aeg e ()
= lim sup ; : : n 1
| o () log () 1og, <1 ) log, () log, (i)
L 2
logt (1+43r) log (ﬁ) logt (T(£2, 1)) log (TT)
= lim sup g ( " )_|_ P 11 I gy (T 1)) ‘o8 11 N c1
r—1~ | log, (ﬁ) log,, (ﬁ) log,, (111+T> log,, (ﬁ) log,, (1—_r>
2
logg (1+3r) 108 (25)  log/ () +1og,2+0)

= lim sup +
r—1- logp (ﬁ) logp

4 ; ! :
log, <1ITT> ™17 log, <111+T>
2

SO




1.6 Nevanlinna’s first fundamental theorem

then
p[p,q] (f) < pM,[p,q} (f) < p[p,q] (f) + L.
i1) If p > ¢, then
logt T'(r, log’ , M(r,
lim sup 28 2\ J) (r.f) < lim sup O8pr1 2N T) (. /)

oy, () e g, (1)

logt (1+3r) log
< lim sup Bp ( )—I- r

r—1= \ log, (l—ir) log

_Q

()

()
— lim sup log; (14 3r) N log, (Tir) N logy (T(X~, f)) log, (111J2FT>
r—1~ | log, (ﬁ) log, ( )

c

log, (%)

_|_

) log,} (1 + 3r) log,
= lim sup

= lim sup
r—17 | log, (Tir) log,

()

r—1- 1ogq(1—ir) 1ogq(ﬁ> log, <1_11J2rr) logq<1%r) logq<ﬁ)
() f
()

Cc

log, (%)

logt T(~,
< 04 0+lim sup &p 55/

r—1- lqu (1_11;,>

_|_

(1+0+0)+0

SO

logt T(r, log't | M(r, log)! T(4-,
lim sup 28~ ) (: /) < lim sup P ) 1( f < lim sup 28 "2 )) ( 2 f)
r—1- lqu (ﬁ) r—1- logq (ﬁ) r—1- logq <1_11+,>
2
Then
Pip.g) (F) < Parpg (F) < pppg (),
consequently

P (F) = Parjp.q (f)-
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Example 1.6.5 Consider the following function f(z) = exp; ﬁ, such that z = re® € A,

k>1and p>1. We have

eXPg (1—12)“ < expy, (1—17’)”
then 1
M (r, f) = expy, m,
SO
. log;rl M(r, f)
Patipa )= AP og Ty
= lim sup loBy 1 XDy ﬁ

r—1- _logq(l - T)

When 0 < r < 1 we have ﬁ > 1, so the positive logarithmic function becomes the usual
logarithmic function.

a) If p>q =1, we have three cases:

Case 1: If p =k, we have

PM,[p,1] (f) = PM,;;(f)

. log (1—17")”
= lim sup ———~"—
r—1- log@

Case 2: If p > k, we have

pM,[p,l] (f) = PMp (f)
. log, 141 ﬁ
= lim sup ———5——

r—1- 08 T—r)

= 0.
Case 3: If p < k, we have

PM,[p,1] f) = PM,p(f)

1
XPh—p-1 ="

= lim sup T
r—1- log a—r

b) If p > q > 1, we have also three cases:
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Casel: If p =k, we have

log ﬁ
PM,[p,q) (f) = lim sup 1(7;)
r—1- qu W

= —o0.

Case 2: If p > k, we have
logp7k+1 ﬁ

P (f) =lim sup
M, [p,q] sup oz, (17;)

here, we have two different cases:
i) Ifp—k+1=q, we get

) logq ﬁ
P fpg (f) = lim sup (7;)
r—1— qu @

= 1.
- 108 k41 Ty
PM,[p,q] (f) = lim sup 1—(1”)
r—l1— qu @
= 0.
i) If p—k+1 < g, we obtain
; logp—k—H ﬁ
PM,pg (f) = lim sup 1_5)
r—l1— qu W
= 400
Case 3: If p <k , we find
i EXPr—p—1 T=r)"
Parjpq (F) = lim sup — =)
r—1- qu (1—7’)
= 400

Finally, If p > q we have

1.7 Some Lemmas

Lemma 1.7.1 ([5]) Let k and j be integers satisfying k > 7 > 0, and let € > 0 and d € (0,1). If
f(2) is a meromorphic function in A such that fU)(z) does not vanish identically, then

F9(2) s[( 1 >2+€max{log1,T(s(\z\),f)}]k_j, 2| ¢ E, (1.7.1)

FO(2) 1— |2 T




1.7 Some Lemmas 32

where E C [0, 1) with finit logarithmic measure /ldTT < o0 and s(|z]) = 1—d(1—|z]). Moreover,

E
if pray (f) = p1 (f) < oo, then

)
()

and if py, g (f) < 0o, forp>q>1 and p > 2, then

(k) p.q (F)+e
‘f () Sexpp_l{(logq_l (1_1||))[ | } ol ¢ B (1.7.3)

Proof. We demonstrate only (1.7.3), so from (1.7.1), we have
‘f"“)(zv)

70()
Lo < [(1_1|Z|)2+Emax{log1_1|Z,7T<s<|zr>,f>}r

By the definition of the [p, ¢]-order we have

T(s(|z]), f)gexpp_l{<1ogq_l < 1_;(4) ))p[p,qu)ﬁ}

L\ D)o (H+2e)
< ( ) , |2l ¢ E (1.7.2)

1—|z]

—J

Then
7 (2) [/ 1 \2te 1 1 1 1 Pip.q)(F)+5 e
0G| = _<1 ) e emes | (o ()
- X P (D45 1%
S O S { <Iqu_1 (1—8(|Z’)>) }]
- 1 Pip.q) (F)+3
< lexp {(k —J)exp,_o { <logq_1 <d(1—|z|))> }}]
<

1 p[p,q] (f)+€
S t=F)) |

Lemma 1.7.2 ([12]) Let f : A — R be a meromorphic function in A. If there exists a point wy
on the boundary OA = {z : |z| =1} and a curve v C A tending to wg such that

O

Jim f(z) <1,
zey

then there exists a set E C [0,1) with infinite logarithmic measure /fjrr = 00 such that we have

E
f(z) <1 forall|z| € E.
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Proof. Let lim f(z) =a, 0 <a < 1. By definition, for ¢ = 1 — a, there exists § > 0 such that
Z—wo
zey

for all z € y and 0 < |z — wg| < 8, we have |f(z) — f(wg)| < &, so

1f ()| = [ fwo)l| < [f(2) = fwo)| <e,
then
—& <|f(2)] = [f(wo)| <& = —e+|f(wo)| <[f(2)] <e+|f(wo)l,

we obtain
f@) <eta=1

Let E={|z|] : z € yand 0 < |z — wp| < §}, we get

1
dr B dr — 4
1—r 1—r >
1-46

E

because
6 > |z —wo| = ||z — |wol| = [lz[ =1 = [1 = |z[|, (wo € DA )
SO
—0<1l—|z|<d=1-0<|z| <1494

and we have
ze A=zl <1

then
1-6< |zl <1

O

Lemma 1.7.3 ([8]) Let f be a meromorphic function in A, and let k > 1 be an integer. Then

where S(r, f) = O (log+ T(r f) +log(1—ir)), possibly outside a set E C [0,1) which satisfies

/1‘# < 00. If f(z) is of finite order, then

r
E

f(k)

):o<1og(1ir)>.

f

Lemma 1.7.4 ([11]) Let p and q be integers such thatp > q > 1, and let k > 1 be an integer and
f(z) be a meromorphic function in A that satisfies py, o (f) = p < +oo. Then for any e > 0 and
for allr ¢ E C[0,1), we have

(k) pte
w20 o ()

where E has finite logarithmic measure.

m(r,
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Lemma 1.7.5 ([13]) Let p and q be integers such that p > q > 1. If the coefficient Ao (2),
Ay (2) .oy A1 (2) are analytic functions in A, then all solutions f(z) of (0.0.1) satisfies

Plp+1,q] (f) < max {pM,[p,q] (AJ) :7=0,..., k — 1} .



Chapter 2

Application of the Nevanlinna’s
theory

The following complex linear differential equation has numerous applications in various scientific
discipline

FO 4+ A1 (2)f5 D 4o+ Ay (2)f 4 Ao(2) f =0, (0.0.1)
where A;(z) are analytic or meromorphic in the unit disc A = {z: |2| < 1},i=0,1,...,k—1,k > 2.
In this chapter, we apply Nevanlinna’s theory to investigate the growth of solutions of the previous
differential equation.
Several researchers have investigated the growth of solutions of the linear differential equation
(0.0.1).
In [6], Hamouda come up with a new and a good idea, such that Ay dominates the other coefficients
near the unit disc’s boundary to find the fast growing solutions of (0.0.1) and he obtained the
following two results that improve and generalize the results of Heittokangas et al. [9].

Theorem 2.0.1 ([6]) Let Ao (2),A1(2),...,Ar—1(2) be analytic functions in A. If there exists
wo € A and a curve v C A tending to wg such that for any constant p > 0,

k—1
D14, (2)] +1
lim =1

1
p— O’
Z-1- Ao (2)] (1- \Zl)“)
zey

then every nontrivial solution f(z) of (0.0.1) is of infinite order.

Theorem 2.0.2 ([6]) Let Ao (z),A1(2),...,Ar—1(2) be analytic functions in A. If there exists
wo € A and a curve v C A tending to wg such that for any constant p > 0, such that

kol

-1
|4 ()| +1
lim =1

A
fo- Ao ()] b { (1 W} =0

zZEy
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where n > 1 is an integer, A > 0 is a real constant, then every nontrivial solution f(z) of (0.0.1)
satisfies py(f) = 00 and p,y(f) = .

Recently, in the study of growth of solutions of the equation (0.0.1) Qin et al. [12] improved the
result of Hamouda [6] and they obtained the following result.

Theorem 2.0.3 ([12]) Let Ay (2),A1(2), ..., Ak—1 (2) be analytic functions in A. If there exists
wo € OA and a curve v C A tending to wg satisfying

k—1

Y14 () +1

i e ) <

im ———exp —_— ,

F—1- Ao (2)] g 1— ¢

zey

where > 0 and X > 0 are two real constants, then every nontrivial solution f(z) of (0.0.1)

satisfies pp, o (f) = 00 and pj,q g(f) = p-

Also, Qin et al. [12] treated the case where Ag, s = 1,....k — 1,k > 2 dominates the other
coefficients near the unit disc’s boundary and they got this result.

Theorem 2.0.4 ([12]) Let Ay (z), A1 (2),..., Ax_1 (2) be analytic functions in A satisfying

max{pMJp,q](Ai) 1= 1, ,k — 1} < pM,[p7q](A0) = W,

where p > 0. If there exists wg € OA and a curve v C A tending to wqy such that

k—1
H eT('r,Ai)

- 1 H
. =1
A epr{A(l—m) }<1’

zey

where A > 0 is a real constant, then every nontrivial solution f(z) of (0.0.1) satisfies py, o(f) = 00
and p[PJrl,q](f) = PM,p,q] (AO)

A natural question is how to characterize the [p, g]-order of growth of solutions of (0.0.1) under
Hamouda-like conditions. So, in this thesis we will express the conditions by using the [p, g]-order
instead the iterated n-order defined in the paper of Hamouda [6] and the paper of Qin et al. [12].
Furthermore, the coefficients of equation (0,0, 1) are meromorphic instead of analytic.

Here, we investigate the issue and arrive at the following conclusions.

Theorem 2.0.5 LetAg(z),A1(2),...,Ax—1(2) be meromorphic functions in A. If there exists
wo € 0A and a curve v C A tending to wg and two constants > 0 and X\ > 0, such that

k—1
Do lAi ()l +1
lim = exp, {A <logq1 (1>)#} <1 (2.0.1)
o () e
z€y

for all p,q € N such that p > q > 1, then every nontrivial meromorphic solution f(z) of (0.0.1)
satisfies pi(F) = 00 and pip1,g () = b
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Proof.  Assume that f is a nontrivial solution of (0.0.1) with pp, (f) = p < 0o . According to

Lemma 1.7.1, for any given ¢ > 0, there exists a set E7 C [0,1) with / < oo such that for all

Ey
z satisfying r ¢ Fp, we have
ifp=q=1, pp1(f) = p < oo, we get
f(é)) < (7=  j=1.k (2.0.2)

and if p > ¢ > 1, we obtain

(4) (Ptp,q1 (N)Fe)
ffJ(S) < exp,_; { (logq_l (L)) } , j=1..k. (2.0.3)
By (0.0.1) we have
F®(z) FED(z) f'(2)
“hE =Ty A DT T e A B R
0 (k) (k-1)
fP(z) fH () f'(z)
|Ag (2)] < ) + A1 (2)] ‘f(z) + o4 AL (2)] eIk (2.0.4)
Combining (2.0.2) and (2.0.4), we get
1 k(p+2+€) k* i(p+2+¢)
w@l < (1) 4 ol(1)
1 Jj(p+2+¢)
< 0+T A0 { )
We have r < 1 so l—ir > 1, then sup { % p+2+5)} %)k(p“ﬁ) which implies
1<j<k
+2+-¢)
|40 (2)] < 1+Z\A (1 ! > v (2.0.5)

and combining (2.0.3) and (2.0.4), we obtain

o (CIC) R
+§ |4; (2)] exp,_, { <10gq_1 <1 i 7n>>(ﬂ[p,q](f)+e)} |
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w0 k-1 1 (P11 (N)+e)
002 < (14 3 14 ey { (05,4 (12,)) } S 200)

According to assumption (2.0.1) and Lemma 1.7.2, for any p > 0, there exists a set Fy C [0,1)

with /f‘ﬁ" = oo such that for all z satisfying |z| = r € Eq, we get

= =
E>

k-1

145 (2)] +1

e a (o (1)) <

Then for any z € A satisfying |z| = r € E2, we have

Ao (2)] > Iéij(z)yH expp{)\(logq_l (L))M} (2.0.7)

If z€{z€ A:|z| =r € Ea\E1} such that / 4 = 00 we obtain

Ex\Er
i) (2.0.7) contradicts with (2.0.5), in fact

1 u 1 kE(p+2+¢)
epr )\ logq_l ﬁ > 1 — .

i7) (2.0.7) contradicts with (2.0.6), in fact

exp, {/\ <logq_1 (117“) ) “} > exp,_, { <logq_1 (1 ! T) ) (Prp.a (f)+a)} |

p[p,q}(f) = 0.

So

According to Lemma 1.7.1, there exists E3 C [0,1) with / % < oo such that for all z satisfying

E3
|z| =r ¢ E3, and for s(r) =1—d(1 —r), d € (0,1), we have

< ((1fr)2+5max{log1fT,T<s<r>,f>}>j, 21 ¢ By

from pp, o1 (f) = oo, we get

r9()
/(2)

J(2+e) .
<(155) ECOP =g B (2.0.8)
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Combining (2.0.4) and (2.0.8), we obtain

k(2+¢) k—1 i(2+¢) '
(15)  meo N+l () e

k-1 L\ |
1+ 14 ) sup {(1_r> [T(sm,f)v}
=1

4o (2)]

IA

IN

1<j<k

we have |2| =r < 1so t& > 1, then

152k { (i T)jms) T(s(r), f W} - (& TY%) (7 (sr). 1))

1
1—r

SO

k—1 kE(2+¢)
A0 () < 1+ Y 14: () ( ) (s, 1) (2.0.9)
=1

for all z € A such that |z| = r € Ey\ E3, combining (2.0.9) and (2.0.7), we obtain

exp, {)\ <logq_1 (L))”} < (1:)’6%) T(s(12), F)IF (2.0.10)

we put s(r) = R, so 1 — 2| = % (1 — R) and % < 00, so we have R € d(E2\ E3) + 1 —d and

E3
{d (E2\E3) + 1 — d} is of infinite logarithmic measure, then we can write (2.0.10) in the following

o exp,, {A <10gq1 <1EZR>>H} = <1ilR> - [T(R, ). (20.11)

By (2.0.11) if we take k = 1, we have

on oo (£3)) } = (22) 70
= log, [expp {)\ <logq_1 (13}-@))“” <logl [(&)HET(R, )

From Lemma 1.4.1 (a), we have

log, ;1 [expp {A (logql (&))“H <logl [<1ER>2+ET(R, f)

so there exists a constant ¢ > 0 such that

d 4 d 24-¢
log {)\ <10gq1 <1_]%)> } < log;;rl T(R, f) + 10g;+1 (1_]%> +c
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d d 2+4¢
= log)\ + ,ulogq (1—R> S lOg;;_l T(R, f) + logp+1 (1—R> +c
2+e
_d_ + _d_
log)\l . MIqu (11R) < logp+1 T(lRa f) n log, 1 (11R) n c 1
log, (ﬁ) log, (ﬁ) log, (ﬁ) log, (ﬁ) log, <1f>
log (%) logt , T(R
= lim sup log A +u AR < lim sup Pepn 7T & 1)
fimd log, (ﬁ) log, (1%) fimd log, (ﬁ)
d 2+¢
log, 11 (ﬁz) c
1 + 1 ’
log, (1_ ) log, (f)
then pp11,4(f) = p- m

Corollary 2.0.1 LetAg(2),A1(2), ..., Ax_1(2) be meromorphic functions in A. If there exists
wg € OA and a curve v C A tending to wg and some constants p >0, 0 < 8 < «, for z € v and

|z| — 17, such that
1 I
ol > ey o (020 (=75) )}
1 # )
’AJ’ < epr {6 <10gq_1 <]_—|2;|)> } , J = 1, ceny k — 1,

then every nontrivial meromorphic solution f(z) of (0.0.1) satisfies py, 4 (f) = 0o and py, 41 4(f) >
.

and

Proof. In fact, by the assumptions and taking 0 < A < a — 3, we obtain

k-1
45 (2)] +1 )
i e, 3 (1o (1))
i A (o) e
Z€Y

—1)exp, 08,1 (1= ! p
= z'g : 1(3prp{a{?l<(>lgqg1 21(1:)))2}} - o {A <10gQI <1—1’Z\>> } '

We pose X = (logq_l (ﬁ))u — 400, |2] = 17, s0

e

~1
145 (2)] +1
j

o (o (7)) )

lim
zey
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(k—1)exp, {BX} +1

< i X}
= x e exp, {aX} expp (X}
We have k1) (X} 41
— 1l)exp +
li L X} =
X exp, {aX} expp (X} =10,
then we get
k—1
14 (2)] +1
lim = e {)\<lo < ! ))ﬂ} 0<1
im ———————ex 1 — = .
o Al U T
zey
We applicate the Theorem 2.0.5, we obtain py, ,(f) = 0o and py, 41 g(f) > . O

Corollary 2.0.2 LetAg (2),A1(2), ..., Ak—1 (2) be analytic functions in A. If there exists wg € OA
and a curve v C A tending to wy and two constants > 0 and X\ > 0, such that

k—1

D14 () +1

im L exp,, {)\ <logq_1 <1>)M} <1

zl-1= Ao (2)] 1— 2]

zZEy

for all p,q € N such that p > q > 1, then every nontrivial solution f(z) of (0.0.1) satisfies
Pipal(f) = Prapg (f) = 00 and ppi1 g (f) = parjpra,q (f) =

By using similar proof of Theorem 2.0.5, we easily obtain Corollary 2.0.2.

Corollary 2.0.3 LetAg (z),A1(2),..., Ax_1 (2) be analytic functions in A. If there exists wg € OA
and a curve v C A tending to wg and some constants >0, 0< [ < a, for z €y and |z] — 17,

such that ) i
ol e, {o (181 (7)) |
1 # .
|A.7| é epr {B <logq1 (1—|Z|>> } y J = 1a ceey kj - 17

then every nontrivial solution f(z) of (0.0.1) satisfies p, (f) = par,p,q (f) = 00 and pp41.4(f) =
PM,[p+1,q] (f) = p

and

The proof of Corollary 2.0.3 is similar to the one of Corollary 2.0.1.

Theorem 2.0.6 LetAg (2),A1(2),..., Ax—1 (2) be meromorphic functions in A. If there exists
wy € A, a curve v C A tending to wo and p € (0,4+00), such that

k-1

H em(r,Aq)
lim =L A1 BRI B O (2.0.12)
zj—1—  em(rAo) “Pp 8g-1 1— |z ’ h
zey

then every nontrivial meromorphic solution f(z) of (0.0.1) satisfies py, o(f) = o0 and pp41.4(f) >
78
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Proof. Assume that f is a nontrivial solution of (0.0.1) with pp, »(f) = p < c0.

If p=q =1, then according to Lemma 1.7.3, there exists a set E4 C [0,1) with /1‘1’} < 00, such

Ey
that z € A satisfying |z| = r ¢ E4, we have

f(j) Ol ! =1...k 2.0.13
mir L2 = 0 (1ost )} = 1k (20.13)
From (0.0.1) we can write
¥ (2) F* Y () f(z)
—Ap(2) = + A () ————+ -+ A1 (2
"=y PG &5
w0 (*) o /
m(r, —Ao) = m(r, ff + Ap-1 ! 7 -+ AIJ; )-
According to Proposition 1.5.2 and Remark 1.6.2, we obtain
k-1 k ()
f
m(r, Ag) <Y _m(r, Ai) + > _m(r, 7 )+ 0(1). (2.0.14)
i=1 i=1
From (2.0.13) and (2.0.14), we have
- 1
Ap) 1 = Fy. 2.0.15
m(r, Ao) 223 +0 (log 1)) VIl =r ¢ B (20.15)
If p>¢q > 1, by Lemma 1.7.4, there exists a set E5 C [0,1) with / < 00, such that z € A
Es
satisfying |z| = r ¢ Ej5, for any € > 0 we have
@) 1 ) Pte .
m(T, T) = O exppqul {1—7‘} y VJ = ].k (2016)
By (2.0.14) and (2.0.16) , for all |z| = r ¢ Ej5, we get
k—1 1 pte
m(r, Ag) < Z;m(r, Ai))+ O (exppql {l—r} ) . (2.0.17)

According to assumption (2.0.12) and Lemma 1.7.2, there exists a set Fg C [0, 1) with /1‘”1” = 00,

Ee
such that z € A satisfying |z| = r € Eg, for any p > 0 we have

k—1
H em(r,Ai)

i=1 1 a
oAy exp,, {)\ <logq1 (1 — r>> } <1
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SO
k—1 1 u
exp <Z m(r, A;) — m(r, A0)> exp,, {)\ (logq_l (17‘)) } <1, V|z|=r€ Eg
i=1
then
k—1 1 "
m(r, Ag) — Zm(r, Ai) > exp,_4 {)\ <logq_1 <1—7’>> } , V|z| =r € Eg. (2.0.18)
i=1
Thus

i) if |z] =r € Eg\ Es5 so (2.0.18) contradicts with (2.0.17), in fact

e {3 o5 (5)) } >0 (s ()

because we have p>¢g>1= (< -1=p—q—-1<p—1
i1) if |z] = r € Eg\ F4 so (2.0.18) contradicts with (2.0.15), in fact

oty {3 (s (1))} >0 (e ).

Therefore, pp, (f) = oo. After that, from Lemma 1.7.3 there exists a set Er C [0,1) with

/fl_rr < 00, such that z € A satisfying |z| = r ¢ E7, we have

Er

€)
(. T2) < 0 (1og* 70 1) + 108,

According to (2.0.14) and (2.0.19), we have

k—1
m(r, Ag) < Zm(r, A)+ O (log+ T(r, f) + log(lir)) , |zl =7¢ Ex.
=1

If |2| = r € Eg\ Ey with / 4 = 00, combining (2.0.18) and (2.0.20), we get

Ee\ E7

oty {3 i (1))} 0 (e 1100

Then by (2.0.21) there exists a constant k, such that

sy {2 (10,1 (1))} =5 (10w 70 1w 1)

(2.0.19)

(2.0.20)

(2.0.21)

g (s {3 (o2 (1)) ) o (o o 0 s ) )
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According to Lemma 1.4.1 (a)

o, (e (o (1))} <t (i s 01 0))

and by Proposition 1.5.2

1 2 1
log </\ <logq_1 <1 — r>) ) <logt,, T(r, f) +log, 10%(71 — r) tc

1 a 1
= log A + log (<logq_l <1—r>> > <logy,  T(r, f) +log, log(1 — r) +c

1
= log A + plog, < > < log;+1 T(r, )+ 10g;,r log(li_r) +c

1—

<

1 + 1
I (17) OB TOS o) e
log, (ﬁ) log, (ﬁ) log, (ﬁ) log, (ﬁ) log, (ﬁ)

1

_ log A log, (ﬁ)
= lim sup + )

jol1 log, () log, ()

lo T(r, lo -
< lim sup [ 82 (r,f)  logpy1(:=) ¢ ,
|2|—1~ log, (11?) log, ( lr) log, (1%7,)
then we get p,1.1,4(f) > p O

Corollary 2.0.4 LetAg(2),A1(2), ..., Ax—1 (2) be meromorphic functions in A. If there exists
wo € OA and a curve v C A tending to wg and some constants 0 < 5 < « and p € (0,+00), such

that . i
i 2o o (e (7))
1 ® .
m(r, A;) < exp,_1 {ﬁ <logq_1 <1 — |z|>> } ,i1=1,.. k—1.

where z € vy and |z| — 17, then every nontrivial meromorphic solution f(z) of (0.0.1) satisfies
Pipg (f) = 00 and pp 1y g(f) = p.

and

Proof. In fact, by the assumptions, we have

k—1
H em(r,Ai)

. i=1 1 ®
- et epr{AO"gq—l(l—z\ :

zey
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T exv, {5 (tor 1 (2))") o
o l:elxpp{a(logq_l( ) o {2 (0 (7)) }

B G G GO e >>))}>} o {3 (ot ()}

g
‘ZLE{ exp,, {a (logq,1 (
)

I
We pose X = (logq_l <1%|Z‘) — 400, |2] = 17, s0

k—1
H em(r,Ai)
=1

k-1
1) (exp, {8X})
li 1 —— < i P X
|z|1_rﬁf em(rAo) < Pp {)\ < 98q-1 (1 - |z])> } = x oo exp, {a X} expp A X}

zey

ifp=1,wehavefor0< A<a—(k—1)fand 0< (k- 1) < «

(exp {8X})*! exp {(k —1) BX}

X} = 1l X
X—+oo exp{aX} exp {AX} X-Hoo exp{aX} xp {AX}
= XliIE exp{(k—1)X +AX —aX}
= 0

so in this case we get

k-1

H em(r,Ai)

. =1 1 g —
i B e o (o

zEey
Ifp>2, wehavefor 0 < A<aand 0 <38 < «

- (exp, {8X})"
X—+oo  exp,{aX}

exp {(k— 1) exp,_, {8X}}
Xﬂ+oo exp {exp,_; {aX}}

exp, {AX} = exp {expp_l {AX}}

= lim exp{(k—1)exp, | {8X}+exp, ; {AX} —exp, | {aX}}

X—+o00
| exp,_1 {6X} exp, ; {AX} ) }
Hmexp {eXPp—l {aX} <( ) exp,_1 {a X} i expp_1 {aX}

Then, we obtain

k—1

H em(r,Ai)

. =1 1 : _
LJEE* W epr {)\ <logq_1 (1_’2’ =0 < 1.

zey

Next, we applicate Theorem 2.0.6 we get Corollary 2.0.4. ]
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Corollary 2.0.5 LetAg (2),A1(2), ..., Ax_1(2) be analytic functions in A, for p € (0,+00) we
have

max {:OM,[p,q] (Ai) ri=1,..,k— 1} < pM,[p,q](AU) =H
If there exists wg € OA and a curve v C A tending to wg and a reel constant X > 0 such that

k—1

H eT(r,Ai)

. i=1 1 #
Jm S omy (Al (7=77) ) f <1

zey

then every nontrivial solution f(z) of (0.0.1) satisfies py, q(f) = parp,q (f) = 00 and pp41.4(f) =
P pi1,q (f) = 1

By using the same argument as for the proof in the Theorem 2.0.6 and Lemma 1.7.5 we obtain
the Corollary 2.0.5, thinking in count that for an analytic function f, we have T'(r, f) = m(r, f).

Corollary 2.0.6 LetAg(2),A1(2),...,Ax—1(2) be analytic functions in A, for p € (0,400) we
have
max{pM’[pyq](Ai) ci=1,..,k— 1} < Pup,g (Ao) = .

If there exists wy € OA and a curve v C A tending to wg and some constants 0 < 8 < «, such

that . i
T(r, Ag) > exp,_4 {a (logql <1_|z|>> }
1 H .
T(T7 AZ) < epr,1 {ﬁ <10gq1 <1—’Z|)> } y L= ]-7 A k — 17

where z € v and |z| — 17, then every nontrivial solution f(z) of (0.0.1) satisfies py, o(f) =
P pg) () =00 and pp11 4(f) = parjpr1,q (f) = B

and

By using proof to Corollary 2.0.4, we easily obtain Corollary 2.0.6.

Next, the coefficient Ag(z) is the dominant coefficient in Theorems 2.0.5 and 2.0.6. A natural
question is how to characterize the [p, g]-order of growth of solutions of the equation (0.0.1) when
Ag(z) dominates the other coefficients near the unit disc’s boundary. We continue to look into this
new subject in this work, looking at the growth of solutions of equation (0.0.1) when the coefficients
As(z) (s=0,1,...,k — 1) is the dominant coefficient, so we obtain the following results.

Theorem 2.0.7 LetAg(z),A1(2),..., Ag—1(2) be meromorphic functions in A. If there exists
wo € 0A and a curve v C A tending to wg and some constants A > 0 and p > 0 such that

H em(r,Ai)
lim 2 A1 LR I 2.0.22
|Z‘E>ri._ Wexpp qu—l 1—7|z| < 1. ( U. )
zey

Then, every nontrivial meromorphic solution f(z) of (0.0.1), such that f™ (z) has finite many
zeros for alln < s, (n=0,...,s — 1), satisfies p, o (f) = 00 and py,41,4(f) > p.
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Proof. Assume that f is a nontrivial solution of (0.0.1) with finite [p, ] —order, p, 1(f) = p <

00.
a) If p=¢q =1, by Lemma 1.7.1, there exists a set Fg C [0,1), with /fjrr < 00, such that r ¢ Eg.
Eg
a.i) If s+1 < j <k, for all ¢ > 0, we have
f(j)(z) _ 1 (3—8)(p+2+e) )
f(s)(z) “\1l—-r ’
* (=) (p+2-e)
() J—s)(pt2+¢
PR o 1 '
f&(2)| ~ 1—7r
By (), we have
) 7 G) (reiv
m(r, f—) = /log‘L Lre.) dy
f(s) 2w f(s) (relﬁﬁ)
0
1 F L[ 1\
<
- 27?/10g (1—7“) d¢
0
. (1
< (J—=s)(p+2+¢e)log T
then )
£0 N .

a.ii) If 0 < j < s — 1, we use the first fundamental theorem of Nevanlinna, such that fU) has just
finite many zeros, we obtain

() (s)
7015 = T Lm0
£ 1)

According to the definition of the counting function, we have

f(s)
N(r, W) =0(1),

SO

€) () (s)
;(;) = T(“;(z) — m(r, L)+ o) (2.0.24)

< O<log+1ir>.

m(r,
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From (0.0.1)
= B
=
which implies
m(r,—As) =m <r, ‘;((’? + Ak_lfjf(:) TR As+1f?:) + As—l’]i;s(:) ot AO;;) '

By Lemma 1.4.1 and Proposition 1.5.2

©) ()
m(r, As) < Zm (r, A;) + Z m (r, j;;) + Z m (r, ch(z)) + O(1). (2.0.25)

is s+1<j<k 0<j<s—1

Combining (2.0.24), (2.0.25) and (2.0.23), we have

() ()
m(r,As) < Zm(r, A;) + Z m <r, ‘J]Z(S)> + m (r, ;(S)> +0(1)
its sH1<j<k 0<j<s—1
() (s)
< Zm(r, Ai) + Z m (r, f(s)) + m (r, f(j)> +0 (1)
i#s sH1<j<k f 0<j<s—1 f
which implies
1
m(r, As) < Zm(r, A;))+ 0O (log+ <1 — r)) . (2.0.26)
i#£s

b) If p > q > 1 applying Lemma 1.7.4, there exists a set Eyg C [0,1), with /ldrr < oo such that
Ey

() 1 ) Pte
m(T’, ff) = O (epr_q_]_ {]_—7‘} ) y j = 1]{3

f just has finite many zeros.
b.i) When s 4+ 1 < j < k, by the definition of the counting function , we get
@)
N(T’T) =0(1).

r ¢ Eg, we have
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So
@) @) f
m(ra W) < m(’r? T) + m(ﬁ f(s))
1 )°*tE 1)
< O epr_q_l{l—r} + T (r, 7 )
1 ) rte e 1)
< O(expp_q_l{l_r} ) +m(7"7 f )+N(r7 f )
1\
S O epr—q—l{l_T} )
then
Jik 1 ) rte
m(r, ﬁ) <O | expy 41 {1—7“} . (2.0.27)
b.i1) When 0 < j < s — 1, combining (2.0.24), (2.0.25) and (2.0.27), for all r ¢ Egy, we obtain
1 P+€
m(r, As) < gm(r, A;) + O | exp,_1 { = r} . (2.0.28)

From (2.0.22) and Lemma 1.7.2, there exists a set Ejg C [0,1), with /1d_TT < 00, such that

E1o
r € Eig, and for all u > 0, we have

H em(r,Ai)

i#s 1 K’
Tt P {A (logql <1_>> } <!

m(r, A) = Y _m(r, A;) > exp,_; {/\ <logq_1 <1ir>>u} (2.0.29)

i#£s

which implies

Thus
i) If r € E1p\Eo, (2.0.29) contradicts with (2.0.28), in fact

e {3 o5 (5)) } >0 (s (5

because we have p>g¢g>1= —(q<-1=p—q—-1<p—1
i1) If r € E19\ Es, (2.0.29) contradicts with (2.0.26), in fact

ST NES)} BGIES))
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—r 9

Then py, 4(f) = oo. After that, by Lemma 1.7.1, there exists a set £1 C [0,1), with /

E1n
such that r ¢ Fy1, we have if s +1 < j < k so for all ¢ > 0 and d € (0,1), such that s(r) =

1—d(1—r), we obtain

‘f(j)(z)

FO(z) = ((1 i r>2+5 max {10% i,T(s(T), f)})js , 2| =7 (%)
By (%), we have

£0) 1 F N
7“7@) = 27r/log
0

(VAN
)
¥=

o

o

+
N
7N

[—
|-
~_
[\
+
m
=

Q

W
—N

o

o

N~

—~

[

—~

=

=
H,_/
N~
<
QU
AS)

IN
5}
0]
+
VR
N
—_
-
3
~_
)
+
m
B
o]
W
—
[~
o
0]

also, we have lim @ =1, so log 1= > 1 when 7 — 1~ and T(s(r), f) = T(r, f), we obtain

Jim
4 T(s(r), f)})j

(4 2+e€
it < et () et

—S

< (- )logt ( 11T>2+E {log 1: —i—T(s(r),f)})

< (-9 llog* (i5) +rowion logt Tls(r), 1) + O (1)

< (j—9) [(2+5)10g+ 1_T>+log2 —|—10g+T(s(T),f)+O(l)i
L) ogy 1 log T(s(r). )+ 0(1)

IN
—
<
[
V)
~—
—~
\)
_|_
™
~—
—
©]
09
+

IN

IN
(-
I
&
~
+
™
S~—
5}
09
+
7~ N/ N7 N N
—
— —

(G- s)(@+e) flog®

O (log+ T(r, f) +log™ < )) — 1.

<
Then ,
@ N n 1 _
m(r, W) <O (log" T(r, f)+ log T )) 1. (2.0.30)
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If 0 < j < s—1, combining (2.0.24), (2.0.25), (2.0.29) and (2.0.30), we get

mir A € Sl 4) +0 (1067 7 1) 41057 (1)) 7 # B

SO

expy,_1 {)\ <logq1 <1ir>>u} <0 <logJr T(r, f) + log™ <1ir>> , r€ Enn\Fi12 (2.0.31)

such that F19\ F1; is of infinite logarithmic measure, then from (2.0.31), we obtain

. 10g+ 1 T(Tv f)
Pp+1,g(f) = lim sup p+—1 >
log, (ﬁ)

r—1-

because there exists a constant k, such that

exp,_; {)\ <logq_1 (L))H} <k <10g+ T(r, f)+log" <1Lﬂ)>
s () v s ()

according to Lemma 1.4.1 (a) and Proposition 1.6.4

1 a 1
log,, exp,,_ {A (k’gq—l (1_7,>> } <log)  T(r, f) +log] (1 - 7’) e

such that c is a positive constant, then

1 1
log A + plog, (H> < 10g;+1 T(r, f) +log, 4 ( ) +c

1 +
N log)\l n 1% logq (11—7’) é lng+1 Tir, f n 1 r
log, (ﬁ) log, (ﬁ log, (ﬁ) log, (ﬁ)

< lim sup . + ; .
St log, (ﬁ) log, (ﬁ)

Therefore pu < pp, 11 g(f)- O
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Corollary 2.0.7 LetAg(z),A1(2),...,Ax_1(2) be meromorphic functions in A. If there exists
wo € 0A and a curve v C A tending to wg and some constants 0 < § < « and p > 0, such that

m(r, As) > exp,_y {0‘ <1°gq—1 <1—1\Z\>>M}

1 K
m(T‘, Al) S epr_l {5 (logq_l (1_|Z|>) } 3 Z == 17 ...,S - 178 + 1, ,k - 17
where z € 7 and |z| — 17 ,then every nontrivial meromorphic solution f(z) of (0.0.1), such
that f™ (2) has finite many zeros for alln < s, (n = 0,...,s — 1), satisfies Plp.g (f) = o0 and
Pip+1,q () = e

and

The proof of Corollary 2.0.7 is similar to the one of Corollary 2.0.4.

Corollary 2.0.8 LetAg(2),A1(2), ..., Ax—1(2) be analytic functions in A, for any constant p €
(0,4+00), we have

max {pMy[qu}(Ai) i=1,...,s—1,s+1,...k — 1} < Pup,g (As) = 1
If there exists wg € 0A and a curve v C A tending to wy and a reel constant A > 0, such that
eT(T‘,Ai)
. 1#£s 1 ®
i oo (o (7)) ) <2
zEey

Then, every nontrivial solution f(z) of (0.0.1), such that f (z) has finite many zeros for all
n <s, (7’L =0,...,5— 1)7 Satisﬁes :O[p,q](f) = PM,[p,q] (f) =00 and pr—i—l,q](f) = PM,[p+1,q] (f) = K.

By using the same arguments as for the proof of the Theorem 2.0.7 and Lemma 1.7.5, we obtain
Corollary 2.0.8, thinking in count that for f an analytic function T'(r, f) = m(r, f).

Corollary 2.0.9 LetAg(2),A1(2), ..., Ax—1(2) be analytic functions in A,for any constant p €
(0, +00), we have

max {pM,[p,q](Ai) i=1,.,8—1,8+1,..., k— 1} < O gl (As) = pe

If there exists wy € OA and a curve v C A tending to wg and some constants 0 < 8 < «, such

that . u
T(r,As) > exp,_; {a (10gq1 (1_|z’>) }

1 H
T(r,A;) < exp,_4 {ﬂ <logq_1 (1—]z])> } i=1,..,s—1,s+1,..,k—1,

where z € v and |z| — 17, then every nontrivial solution f(z) of (0.0.1), such that f (2) has
finite many zeros for all m < s, (n = 0,...,s — 1), satisfies pp, (f) = prpq (f) = oo and

Pp+1,q)(f) = Prrpirg () = 1

and

The proof of Corollary 2.0.9 is similar to the one of Corollary 2.0.4.



2.1 Examples 53

2.1 Examples

Example 2.1.1 The following example shows that the Theorem 2.0.5 is sharp. Consider the
following equation

"+ A=) f' + Ao(2)f =0, (F 1)

7 7
where Ag(z) = gexp {2 exPg (log6 (ﬁ)) } and Ai(z) = %exp7 { (log6 (lflz)) } . In this case,
we have Ag dominates A.

Then, for wg =1 € OA and a curve v = {z € A:argz =0} C A tending to wg = 1 and two
constants u=7>0 and A=1> 0 and for p=q =7, we have

lim ——————e Allog, 1| ——
TG WA
z€Yy

7
‘%‘ exp7{(log6 1;)) }‘4—1
= lim X
l2[=17 1 1))’
zEny 7‘;‘ exp 9 2 expPg (log6 (1_2 )

o o (22)

exp; (log6 (1%«))7 +r . 7
R {{2 expe (1ogs (j))?} o { (o (7)) }

- g 3 (oo { (o (525)) } o)
oo (1)) -2 (o (1))
o () o o () )
[ e o (s () e (o (1))

= lim =

r—1- T T exp {—eXP6 <10g6 (1:>>7}

1

7

So

. |A1 (2)|+ 1 ( ( 1 >>7 1
lim —————exp logg | ——— =-<1
Z-1 Ao (2)] ! “\1- 2 7

zey
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From Theorem 2.0.5 we obtain every nontrivial meromorphic or analytic solution f(z) of (F1)
satisfies ppr.7)(f) = parr7 (f) = 00 and p 7y(f) = parjsn (f) 2 7

Example 2.1.2 The following example shows that the Corollary 2.0.1 is sharp. Consider the
following equation:
'+ A (2)f + Ao(2) f =0, (F2)

where Ag(z) = 7Ky (2) expy {2 (log6 (112)>7} and A1(z) = K1 (2) expy { (]og6 (11Z)>7}’ such

that Ky, K1 are meromorphic functions that satisfy

K1l <1
|Ko| > 1

In this case, we have Ay dominates Aj.
Then, for wg =1 € OA and a curve v = {z € A:argz =0} C A tending to wg = 1 and two
constants p=7>0 and A=1>0 and for p=q =7, we have

oo 2o () )
oo o ()

oo ()}
o o ()}

From Corollary 2.0.1 (when a = 2 and 8 = 1) we obtain every nontrivial meromorphic or analytic
solution f(z) of (F2) satisfies py 71(f) = parr7 (f) = 00 and ps 71(f) = pass7 (f) > 7

Aol = T|Ko(2)]

\Y]

and

A1 = |Kq(2)]

IN



CONCLUSION

In this thesis, we confirmed the usefulness of powerful Nevanlinna theory tools such as the charac-
teristic function and the first fundamental theorem of Nevanlinna. These techniques helped us to
improve on several results obtained by other researchers concerning the following linear differential
equations

FO + Apa () fFD 4+ A (2)f 4 Ao(2)f = 0,

where A;(z) are analytic or meromorphic in the unit disc A = {z: |z| < 1},i=0,1,....k—1,k > 2.
In the first instance, when Ay dominates the other coefficients near a point on the boundary of
A, we gave the statement of theorems of Hamouda.

Secondly, we investigated the growth of solutions of differential linear equations of [p, g]-order.
In the final stages of this project, we considered generalizing some of the above-mentioned results
by assuming A dominates the other coefficients near a point on the boundary of A.

A natural question: Is it possible to generalize the results of previous theorems if the equation is

non-homogeneous? If we look at the linear differential equations of the following form
FO + A1 () fE D+ A(2) f 4+ Ao(2)f = K (2),

where A;(z), K(z) are analytic or meromorphic functions in the unit disc A = {z:|z| < 1},
1=0,1,..,k—1,k>2.

Is it possible to use the same approach as in this thesis and Hamouda’s paper, namely that one
coefficient dominates the other coefficients near a point on the boundary of A?

Can we improve the results found in this thesis when the coefficients A;(z) are entire functions?
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