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We investigate the zeros of the difference of the derivative of solutions of the higher-order linear differential equations f* +
A (2) f *=D gy A(2)f 4 Ay(2)f = 0 and small functions, where A,(2), ...,A;_,(2z) are entire or meromorphic functions of

finite iterated p order.

1. Introduction and Main Results

In this paper, a meromorphic function will mean meromor-
phic in the whole complex plane. We shall use the standard
notations in Nevanlinna value distribution of meromorphic
functions [1, 2] such as T(r, f), N(r, f), m(r, f). For the
definition of the iterated order of a meromorphic function,
we use the same definition asin [3], [4, p. 317], [2, p. 129]. For
all 7 € R, we define exp,r := ¢’ and exp,,, 7 := exp(exp,r),
p € N. We also define for all r sufficiently large log, r := log r
and log,,,r := log(log,r), p € N. Moreover, we denote by
exp,r := r,logyr :=r,log_,r := exp,r and exp_,r := log,r.

Definition 1 (see [2, 3]). Let f be a meromorphic function.
Then the iterated p order p,(f) of f is defined by

log, T (r f)

ogr (p=1is an integer).

(1)

o, (f) = lim sup

r— +00

For p = 1, this notation is called order and for p = 2 hy-
perorder. If f is an entire function, then the iterated p order

p,(f) of f is defined by

log,T (r, f) L

ogr r — +00

log,. .M (7, f)
T p+1
pp(f) =lim sup sup—

(p =1 is an integer),

(2)
where M(r, f) = max,_,| f(2)I.

Definition 2 (see [3]). The finiteness degree of the order of a
meromorphic function f is defined by

i(f)

K for f rational,

min {] eN:p;(f) < +oo} , for f transcendental

for which some j € N

= 4 with p; (f) < +oo
exists,

+00, for f with Pj(f):
+oo Vj e N.

3)



Definition 3 (see [3]). The iterated convergence exponent of
the sequence of zeros of a meromorphic function f(z) is
defined by

logPN (r,1/f)

logr . (p=1is an integer),

(4)

Ap (f) = lim sup

where N(r, 1/ f) is the counting function of zeros of f(z) in
{z : |z| < r}. Similarly, the iterated convergence exponent of
the sequence of distinct zeros of f(z) is defined by

logpﬁ (r,1/f)

og7 , (p=1is an integer),

(5)

Ap (f) =lim sup

where N(r, 1/ f) is the counting function of distinct zeros of

f(z)in{z : |z| < r}.

Definition 4 (see [3]). The finiteness degree of the iterated
convergence exponent of the sequence of zeros of a meromor-
phic function f(z) is defined by

ir(f)
i 1) ogr
0, 1fn<r,?>—0(l gr),
= min{je]N:)tj(f)<oo}, if A;(f) < oo for
some j € N,
00, if A;(f)=coVjeN.

(6)

Remark 5. Similarly, we can define the finiteness degree i3( f)

of A, (f).

Definition 6 (see [5]). Let f be an entire function. Then the
iterated p type of f, with iterated p order 0 < p,(f) < oo is

defined by

log M (r, f)
P L
o (p>1is an integer),

7)

7, (f) = lim sup

7 — +00

where M(r, f) = max,_,| f(2)I.

We define the linear measure of a set E C [0, +00) by
m(E) = IJOO Xg(t)dt and the logarithmic measure of a set
F c (1,+00) by Im(F) = L+OO(XF(t)/t)dt, where y,; is the
characteristic function of a set H.

Recently, Xu, Tu, and Zheng have investigated the rela-

tionship between the small functions and the derivative of
solutions of higher-order linear differential equation:

O AL @f N et A @ f A @ f=0, )

where Ay(z), ..., A,_(z) are entire or meromorphic func-
tions and have obtained the following results.
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Theorem A (see [6]). Let Aj(z) (j=0,1,...,k— 1) be entire
functions with finite order and satisfy one of the following
conditions:
(i) max{p(Aj) 1 j=12,...,k-1} < p(Ay) < oo.
(i) 0 < p(Ar_;) = -+ = p(A)) = p(Ay) < o0 and
max{T(Aj) cj=L2,.. k-1l =1, <1(4A)) = T.

Then for every solution f #0 of (8) and for any entire function
¢(2) £0 satisfying p,(¢) < p(A,), we have

L7 -9 =p, () =p(4), (=01,.). ()

Theorem B (see [6]). Let Aj(z) (j = 1,...,k = 1) be pol-
ynomials and Ay(z) be a transcendental entire function. Then
for every solution f £0 of (8) and for any entire function ¢(z)
of finite order, we have

(i) Mf — @) = A(f —9) = p(f) = c0,
(i) Mf7 - 9) = Af" =) = p(f? —g) =00, (i > L,i €
IN).

When the coefficients are meromorphic functions, they
have proved the following theorem.

Theorem C (see [6]). Let A]-(z) (j = 0,1,....,k — 1) be
meromorphic functions satisfying max{p(A;) : j = 1,2,...,
k -1} < p(Ay) and 8(co, Ay) > 0. Then for every meromor-
phic solution f #£0 of (8) and for any meromorphic function
¢(z) £0 satisfying p,(¢) < p(A,), we have

Xz(f(i)_?’)=)‘2(f(i)_€0) > p(4),

(i=0,1,..), where f© = f.

(10)

In this paper, we improve and extend the above results by
considering the iterated order, and we obtain the following
theorems. For some closely related to applications of this
paper, see the papers of Gupta et al. [7, 8].

Theorem 7. Let Aj(z) (j=0,1,...,k - 1) be entire functions
of finite iterated order with i(A,) = p(0 < p < co) and satisfy
one of the following conditions:

(i) max{pP(Aj) =12, ,k-1} < PP(A0)~
(ii) max{p,(A;) : j = 1,2,....,k =1} < p,(Ag) = p(0 <
p < ©00) and max{TP(Aj) : pP(Aj) = pP(AO)} <
TP(AO) =7(0 < T < 00).
Then for every solution f #0 of (8) and for any entire function
¢(2) £0 satisfying p ,,,(¢) < p,(Ag), we have

Xp+1 (f(i) - 4’) = Ap+1 (f(i) - (P) = Ppa1 (f) =Py (AO)’

(i=0,1,..).
(11)

Theorem 8. Let A;(2) (j =1,2,...,k—1) be polynomials and
Ay(2) be a transcendental entire function with 0 < p ,(A) <
00. Then for every solution f#0 of (8) and for any entire
function ¢(2) of finite iterated order p,,(¢) < co, we have
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D) A,(f = 9) = A,(f —9) = p,(f) = c0.

i) A,(fY = @) = A,(f7 = 9) = p,(f? — ) = c0,i >
1,i e N.

Theorem 9. Let Aj(z) (j =0,1,...,k — 1) be meromorphic
functions of finite iterated order with i(A,) = p(0 < p < ©0)
satisfying max{p(A;) : j = 1,2,....,k -1} < p,(Ay) and
0(0c0,Ay) > 0. Then for every meromorphic solution f#0
of (8) whose poles are of uniformly bounded multiplicity and
Jor any meromorphic function ¢(z) £0 satisfying p,,,,(¢) <
P (Ag), we have

Lot (F7=9) =, (f7 - 0) =p, (A), (=0,1,..).
(12)

Corollary 10. Under the assumptions of Theorem 7, if p(z) =
z, then, for every solution f £0 of (8), we have

Xp+1 (f(i) _Z) = Ap+1 (f(i) - Z) = Pp+1 (f) = Pp (AO)’

(i=01,..).
(13)

Corollary 11. Under the assumptions of Theorem 8, if p(z) =
z, then, for every solution f £0 of (8), we have

D) Ap(f =2) = A,(f = 2) = p,(f) = c0.

(i) A, (f =2) = A, (fV =2) = p,(f - 2) = c0,i 2 1,
ieN.

Corollary 12. Under the assumptions of Theorem 9, if p(z) =
z, then for every meromorphic solution f 0 of (8) whose poles
are of uniformly bounded multiplicity, we have

Xp+1 (f(i) —z) = Apar (f(i) —z) =p, (4), (=0,1,..).
(14)
2. Auxiliary Lemmas

In order to prove our theorems, we need the following lem-
mas.

Lemma 13 (see [6]). Assume that f %0 is a solution of (8), set
g, =1 @ @, and then g, satisfies the equation

k P (k- i
g + U1 g "+ + Upg,
® i (k1) i (15)
=—[‘P +Ug19 +"'+U090])
where
i i US 0
Uj=Up +Uj - U Uj=4;
0
(16)

i=0,1,2,..., k-1,

i—1

Ui'=1, (iz1,ieN).

Lemma 14 (see [3]). Let f be a meromorphic function for
which i(f) = p 2 1and p,(f) = p, and let k > 1 be an
integer. Then for any € > 0,

f(k)
m<r,7> = O(exppfzr’”e) (17)

outside of a possible exceptional set E, of finite linear measure.

Lemma 15 (see [1]). Let f be a transcendental meromorphic
function and k > 1 be an integer. Then

f(k)
m (r, T) =0 (log (T (r, f))) (18)

outside of a possible exceptional set E, of finite linear measure,
and if f is of finite order of growth, then

f

Lemma 16 (see [9]). Let ¢ [0,+00) — R and vy
[0, +00) — IR be monotone nondecreasing functions such that
o(r) < y(r) forallr ¢ E5 U [0,1], where E; C (1,+00) is a
set of finite logarithmic measure. Let & > 1 be a given constant.
Then there exists an ry = ry(«) > 0 such that ¢(r) < y(ar) for
allr > r,.

(k)
m(r,f—> =O(logr). (19)

Lemma 17 (see [10]). Let f be a meromorphic solution of (8),
assuming that not all coefficients A are constants. Given a real

constant y > 1, and denoting T'(r) = Z;:é T(r, Aj), we have
logm (r, f) < T (r) {(logr)log T ()},

logm (r, f) < P () {log T (n)}",

fp=0,
ifp>0

. . . p-1
outside of an exceptional set E , with JEP t£77dt < +oo0.

(20)

Remark 18. We note that in the above lemma, p = 1 cor-
responds to Euclidean measure and p = 0 to logarithmic
measure.

Lemma 19 (see [11]). Let f(z) be a meromorphic function of
finite iterated order satisfying i(f) = p. Then there exists a set
E, c (1,+00) with infinite logarithmic measure such that for
allr € E,, we have

log,T (r, f)

= p. 21
logr P 2D

r—00
Lemma 20. Let Aj(2), A;(2), ..., Ar_,(z) be entire functions
of finite iterated order with i(A,) = p(0 < p < 00) and satisfy
max{pP(A]-) cj=12,...,k=1}=p, < Pp(Ao) and set
1 ! AE)
Uj= A+ Aj= 2 A0,
0
: (22)
, o . Ut .
i _ pyi-l1 i—1 0 i—1
Ui=Upa +U; = g Ui
0



where j = 0,1,...,k—1; A, =1, Uy ' =landi > 1,i € N.
Then there exists a set E5 with infinite logarithmic measure such
that for all r € E;

logpm (r, Uf))
m——¢ V'

r =00 lOgr =PP(A0)

Max) e {logpm (r, UIJ)}

> lim sup

r — 00 IOgT
= Pl'
(23)
Proof. We prove this lemma by using mathematical induc-
tion. First, when i = 1, we have U;- = A;H + Aj -
(Ag/A) A}y, j=0,1,....k—Tand A = 1.

When j = 0, thatis, Up = A} + Ay — (Ag/A)A,. Then we
have

m(r,U(l)) <m(r,A)) +m(r, Ay) +m<r,%)
1

, (24)
A
+m(r,—0> +0(1).
Ay
From —-A, = AI1 - UO1 - (A;/AO)AI, we have
| A
m(r,Ag) <m(r,A)+m (r,UO) tm| =
1
, (25)
A
+m(r,—0> +0(1).
Ao
When j # 0, from the definitions of U}, we have
Ut) <m(r,A A Ay
m(r, j) < m(r, jﬂ) +m(r, j) +m| 1, A
(26)

+m(r,ﬂ>+0(l),
Ag

j = 1,2,...,k — 1. Since Aj(z) are entire functions with
max{pP(Aj) j=1L2,. k-1 < Pp(Ao) < 00, then by
Lemma 19, there exists a set E, < (1,+00) with infinite

logarithmic measure such that forall+ € E,
m(r,AjH) =o(m(r,Ay)), (j=12,....k=1). (27)
By this, (26), and Lemma 14, we get for all v € E,

max {m (r.U})}

S 595 {m(r.4;) + 0 (m(r, A)) + O (exp, ")

+Oo()}
(28)
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for some constant 8 < co outside of a possible exceptional set
E, of finite linear measure. From (24), (25), and (28) we get
forallr € E, \ E;

log,,m (r, U(l))

Jim ogr P (Ao) > py
. max;jek-| {logpm (r, Aj)}
= lim sup
r—o00 logr

max;gjck_ {logpm (r, U})}
logr '

> lim sup
r— 00

(29)

Now, suppose that (23) holds, for i < n,n € IN; that is, there
is a set E5 with infinite logarithmic measure such that for all
r € E;

log,m (r,Ug)
lim sup———
r— 00

=p (A
l()gr pp( 0)

max ¢ jck_| {logpm (r, U;l)}
logr

> lim sup
r— 00

=P
(30)

Next, we prove that (23) holds fori = n + 1. Sincei = n + 1,
then we have

1 ' U"’

n+ n n 0 n

U™ =UL +Uj - F(JJ.+1, (31)
0

where j = 0,1,...,k — 1, U] = 1. When j = 0, we have
Ut = UY + U - (U} JUS)UY. Then we obtain that

m (r, Ug“)

Un’
sm(r,Ug)+m(r,Urf)+m<r,—0> 32)

Up
Ut
+m|r,— |+0O().
< U'f)

Since ~Ujj = U? — U™ — (U} JUHUY, then we have
m (r,Up)

'
n

U
< m(r,UEH) +m(r,UY) +m| r,—2
Up (33)

Ut
+m|r,— |+0O(1).
( U'f>
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When j#0, from the definitions of U;-‘H, j=12,..
and U}, = 1, we have

m (r, U;‘“)

U,
(r U]H) ( Uj)+m<r,Uil> (34)

j+1
U"’
+m< U ) +0(1).

From (30)-(34), there exists a set E; with infinite logarithmic
measure such that for all r € E;

log,m (r, Ug“)
m——fp 70 J

r — 00

logr

log,m (r,Ug)
logr

=p,(A0) > py (35)

max;gjck-1 {logpm (T, U?)}
logr

max;¢jck-1 {Ingm (r, U;}H)}

= lim sup
r— 00

= lim sup
r—00 logr
Thus, the proof of Lemma 20 is completed. O

Lemma2l1. Let Ay, Ay, ...,
finite iterated order. If

Ay_, be meromorphic functions of

maxy ek {logpm (1’, Aj)}

= 36
logr A (36)

lim sup
r— 00

and there exists a set E¢ with infinite logarithmic measure such
that

1 A
ogmlrd) .

r— 00

logr

holds for all v € Eg, then every meromorphic solution f #0 of
(8) satisfies pp(f) = 0o and ppﬂ(f) = B,.

Proof. Suppose that f #0 is a meromorphic solution of (8).
If p,(f) = p < 0o, then from (8) we have

(]
m(r,Ay) < Zm(r, ) Zm(r, )+O(1). (38)

By using Lemma 14, we obtain

k-1
m(r,Ay) <O (expp_zrp”) + Zm (r, Aj) +O(1) (39
i1

outside of a possible exceptional set E; of finite linear
measure. By the hypothesis of Lemma 21, there exists a set
E¢ having infinite logarithmic measure such that for all |z| =
r € Eg \ E{, we have for any £(0 < 2e < 3, - f3,)

)

(40)

exp, {7} < O (exp, ™) + (k= 1) exp,

and so by Lemma 16, we obtain

By < Brs (41)

and from this we obtain a contradiction. Hence p ,(f) =
Now, assume that f #0 is a meromorphic solution of (8)

with pp(f) = 00. By (8) we have
k f(j) k-1
m(r, Ag) < Y m <r, —) +Yym(r,A;))+0(1). (42)
= f) =
By Lemma 15 and (42), we have
k-1
m(r,Ay) < O{logrT (r, f)} + Zm (r,Aj), r ¢ E,,
=1

(43)

where E, C [1,+00) is a set having finite linear measure.
By the hypothesis of Lemma 21, there exists a set E¢ having
infinite logarithmic measure such that, forall |z| = r € E¢\E,,
we have by using (43)

e,

exp, {r'gz_s} <O{logrT (r, f)} + (k-1) exp,
(44)

where 0 < 2e < 3, — f3,. By (44) and Lemma 16, we have

pp+1 (f) 2 ﬁZ‘ (45)
O

Lemma 22 (see [12, Theorem 3]). Let f(z) be a transcenden-
tal meromorphic function, and let o« > 1 be a given constant.
Then there exists a set E; C (1,00) with finite logarithmic
measure and a constant B > 0 that depends only on o and
i,j(0 < i < j < k), such that for all z satisfying |z| = r ¢
[0,1] U E,, we have

()
O

From the above lemma, we obtain the following result.

B{ T (arn f) (log*r) log T (ar, f)]»]_l. (46)

Lemma 23. Let f be a transcendental meromorphic function
with finite iterated order p,(f) = p < +oo, H = {(ky,
Ji) (ks jiy)s oo (kgs j)} be a finite set of distinct pairs of
integers satisfying k; > j; > 0(i = 1,...,q), and lete > 0
be a given constant. Then, there exists a set E; C (1,+00)
with finite logarithmic measure, such that, for all z satisfying
|z| ¢ Eg U [0, 1] and for all (k, j) € H, we have

*) »
Lol <lonp b @)




Proof. The definition

log, T (r,
p,(f) =lim supL(rf) (48)

r—+00 logr

implies that for any given &, > 0 there exists R > 1 such that
for all r > R we have

T(r, f) < exp,  {r"}. (49)

Combining (49) with Lemma 22, for & > 0, there exists a set
Eg = [1,R] U E, that has finite logarithmic measure and a
constant B > 0, such that if |z| ¢ Eg U [0, 1], we obtain

TGy
f(j) (2)

{ €XPp1 {(“T’)Pﬂl} £
By — .
r

<

(log"r) exp,_, {(ar)P1}
(50)

Hence, there exists a constant € > 1 + ¢, such that if |z| ¢
E¢ U [0, 1], we have

® ()
9

< fexp,, {r . (51)

O

Lemma 24 (see [5]). Let f(z) be an entire function of iterated
porder0 < p,(f) < +00 and iterated p type 0 < 7,(f) < co.

Then, for every given 3 < 7,(f), there exists a set Eq C [1, +00)
that has infinite logarithmic measure, such that, for all r € E,,
we have

log,M (r, f) > Brir/". (52)

Lemma 25. Let Ay(z), A,(2), ..., Ar_(2) be entire functions
with finite iterated order and satisfy max{p,(A;) : j =
1,2,...,k — 1} < pp(AO) = p,(0 < p, < 00), and
max{TP(Aj) : pp(A]-) = pP(AO)} =11 < Tp(4y) = 7(0 <
T < 00), and let U}, Ulj be stated as in Lemma 20. Then, for
any given £(0 < 2e < T 1)), there exists a set E,, with infinite
logarithmic measure such that

|U’J‘ <exp, {() +¢)r}, |Uf)| >exp, {(z —e)rf},

(53)
wherei > 1,i € Nand j=1,2,..., k- 1.

Proof. We prove this lemma by using mathematical induc-
tion.
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(i) We first prove that U; (j=0,1,...,k—1) satisfy (53)
when i = 1. From the definition of U} = A;‘+1 +A; -
(A/A) A}, (j#0) and Ug = A, + A — (Ag/Ag)A,,

we have
Al A
il ad- (52 [2))
A | A (54)
) <o bl 2]+ 2]}

i=1,2,...,k=1, A = 1.

From Lemmas 23, 24, and (54), for any €(0 < 4e¢ <
T —T,), there exists a set E,, with infinite logarithmic
measure such that

Uil > ey {(r=5) "
‘0‘ expp (7= )7
- 2exp,, {(Tl + Z) rpz} exp, {rM}
f P2
-2}
Ul < AP
‘ j‘\expp Tt )r
+2exp,, {(Tl + Z) rpz} exp,_ {TM}

< expp{(r1 + %)rpz}, j#0,

(55)

where M > 0 is a constant, not necessarily the same
at each occurrence.

(ii) Next, we show that Ui- (j=0,1,...,k—1) satisfy (53)
when i = 2. From

2 ’ Ul’
1 1 0 1
UO =U1 +U0—FU1,
0

, Ull (56)
2 1 1 1
U; =Uj, +Uj - U—"lUjH,
0
1

i=1,2...,k=1, Uy =1,

we have

03> [} - \UH( uil,

vl oy (57)
i <ol o+ 2 ).
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By the conclusions of (i) and Lemma 23, (55)-(57), we obtain
forall |z| =1 € Ey,

|U0| > exp, {(T - g) rp2}
~ 2exp, {(Tl + g) er} exp, {rM}

> exp, {(1— )12},

€
|U§| < exp, {(Tl + E)rpz}
€
+2exp,, {(Tl + 5) r”z} exp, {rM}

j#0.

(58)

< exp, {(7; +€) ™},

(iii) Now, suppose that (53) holds for i < n, n € N; that is,
for any given £(0 < 4e < T — 1), there exists a set E;
with infinite logarithmic measure such that

|Ub| = exp,, {(r - &) P2},

k-1.
(59)

|U’]‘ <exp, {(zy + &) 2},

i<n j=12,...,

From Ut = UY +Ug - (Up /U)UY and U = U, + U -

(U0 JUDUy (j=1,...k=1), Uy = 1, we have

n+l n n Urll’ Ug’
|U0 |>|U0|_|U1|<U_T U_6,>’
vt | o (60)
U] <|U] + |U]+1|< ﬁ U—%, >
=12 k-1

Then, from Lemma 23 and (59)-(60), for all |z| = r € E,,

|U"+1| < exp,, {(zy +&)r™}
+2exp, {(7) + &) r}exp, {rM} (61)
< exp, {(7, +2¢) ™}
for j#0, and

|U6’+1| > exp, {(7 - &) "}

r*}exp, {rM} (62)

> exp, {(x - 2¢)r"}.

~ 2exp, {(zy +¢)

Thus, the proof of Lemma 25 is complete. O

Lemma26. Let Ay, A,, ..., Ai_, be meromorphic functions of
finite iterated order with i(A,) = p(0 < p < ©0) such that
max{pP(Aj) cj=12,...,k=-1} = p, < pp(AO) = ps
and § = §(c0, Ay) = lirnliorgf(m(r, A)/(T(r, f)) > 0. Then
every meromorphic solution f #£0 of (8) satisfies p,,,,(f) >
pp(AO) = Ps-

Proof. Assume that f(z) # 0is a meromorphic solution of (8).
By (8) we have

(
m(r, Ay) < Zm(r, ]> ZM(T’, j)+O(1). (63)

By Lemma 15, we obtain

k-1
m(r, Ay) < O{logrT (r, f)} + Zm (r,Aj), r¢E,,
=1

(64)

where E, C [1,+00) is a set having finite linear measure. By
Lemma 19, there exists a set E, having infinite logarithmic
measure such that, for all |z| = r € E,, we have

log,T (r, Ay)

= . 65
logr Ps (69)

r— 00

Since §(c0, Ay) > 0, then for any given e(0 < 2& < min{é, p;—
p,}) and for all r € E,, by (65), we have

m(r,Ag) = (8- T (r,Ag) > (8- e)exp,_, {r**}. (66)

From (64) and (66), we have for any given (0 < 2¢ <

min{$, p; — p,}) and for all |z| = r € E, \ E,
(0 -e)exp, , {r"}
(67)
<OflogrT (r, f)} + (k= 1) exp,_; {r"*"}.
By (67) and Lemma 16, we obtain
Pp+1 (f) > P3- (68)
|

Lemma?27. Let Ay, A,, ..., Ai_, be meromorphic functions of
finite iterated order. If there exist positive constants ps, «, (0 <
a < fB) and a set E,; with infinite logarithmic measure such
that

|Ag (2)] = exp, {BrP},
(69)
-1} < exp,, {ar’}

maxﬂAj (z)| :j=12,...

hold for all |z| = r € E,,, then every meromorphic solution
f#00of (8) satisfies p,,,,(f) = ps.

Proof. Assume that f #0 is a meromorphic solution of (8).
By (8), we obtain

k-1

()
31 !

f

k
f()

|Ag| < (70)




By Lemma 22, there exists a set E,, having a finite logarithmic
measure such that, for all |z| = r ¢ E,, we have

@
f@

where B > 0 is a constant. Substituting (69) and (71) into (70),
we obtain for all |z| =r € E; — E,

exp, {fr*} < BK[T (2r, f)]kﬂexpp farPs}. (72)

Since 0 < o < f3, then from (72), Definitions 1, 2, and Lemma
16, we can deduce thati(f) > p + 1 and

Pper (f) 2 ps. (73)
0

<B[TCrn A", j=12..k (@1

Lemma 28 (see [13]). Let p > 1 be an integer, and let f(z) be
a meromorphic solution of the differential equation

f(k) +Ak71f(k71) +.+Ayf =F, (74)

where Ay, A, ..., Ar_, and F £0 are meromorphic functions:

(i) if max{pP(F),pp(Aj) (G = 01L2,....,k - 1)} <
pp(f) = p < oo, then A, (f) = A,(f) = p,(f)

(ii) ifmax{ppﬂ(F),ppH(Aj) (G =101,2..,k-1} <

pp+1(f) = p < 00, then Xp+1(f) = /\p+1(f) =
pp+l(f)'

Lemma 29 (see [3]). Let Ay(2), ...,Ar_,(2) be entire functions
such that i(Ay) = p(0 < p < o0). If either max{i(Aj):j =
1,2,....,k—-1} < pormax{pp(Aj) j=12,...,k-1} <
Pp(Ag), then every solution f #0 of (8) satisfies i(f) = p + 1
and pp+1(f) = pp(AO)'

Lemma 30 (see [5]). Let Ay, Ay, ..., Ax_; be entire functions
of finite iterated order, and let i(A,) = p(0 < p < 00). Assume
thatmax{pP(Aj) 1 j=12,...,k-1} < Pp(Ao) =p(0<p<
00) and max{TP(Aj) : pp(Aj) = pP(AO)} < TP(AO) =700 <
T < 00). Then every solution f #0 of (8) satisfiesi(f) = p+1
and p,,,(f) = p,(Ag) = p.

3. Proof of the Theorems

Proof of Theorem 7. We consider two cases.
Case 1. Suppose that max{p,(A;) : j = 1,2,....k -1} <
Pp(Ao) < 00.

(i) First, we prove that Xpﬂ(f —9) = A (f —9) =
pp+1(f) = pP(AO). Assume that f#0 is a solution of (8).
From Lemma 29, we have p,,,, (f) = p,(A¢). Set g = f - ¢.
Since pp,,(9) < p,(Ag), then p,,1(g) = pp(f) = py(Ag)
and /\p+1(g) = /\p+1(f - §0)7/\p+1(g) = /\p+1(f - ¢). By
substituting f = g + ¢ into (8), we get that g satisfies the
following equation:

k k-1
9"+ A g%+ + Agg
(75)
SV

== [0+ A" 4+ Agg].
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Set F = ¢® + A 0%V 4+ ... 4+ Ayp. If F = 0, then,
from Lemma 29, we have p,,,(¢) = p,(Ao), which is a
contradiction. Hence F # 0. From the assumptions of Theo-
rem 7, we get

max {p,.; (F),p,., (4;)(G=0,1,2,....k-1)}

< Ppi1 (g) =Py (AO) .

(76)

From Lemma 28 (ii), we have )_Lpﬂ(f -¢) = )LPH(f -¢) =
Pp+1(f) = PP(AO)'

(ii) Second, we prove that )_tpﬂ(f -¢) = Apﬂ(f -9) =
Ppii(f) = pp(Ag).Setg, = f =g, thenp, ,(g,) = p,,,(f) =
Pp(A). By Lemma 13, we get that g, satisfies the (15). Set
F, = ¢(k)+U,1<_1go(k_1)+---+U(1)go,whereU} (j=0,1,....k-1)
are stated as in Lemma 13. If F; = 0, then, from Lemmas
20 and 21, we have p,,,,(¢) = p,(Ay), a contradiction with
pp+1((p) < Pp(AO)‘ Hence F, #0. By Lemma 28 (ii), we have

Lo (f=0) = 2pa (£ =0) = Py () = p, (A0). (77)

(iii) Now, we prove that Xpﬂ(f” -) = APH(fH -¢)
PP+1(f) = PP(AO) Set 92 = f - q)’ then pp+1(g2) =
Pp+1(f) = pp(AO). By Lemma 13, we get that g, satisfies

(15). Set F, = go(k) + Ui_l(p(kfl) + - + Uge, where U? (j=
0,1,...,k — 1) are stated as in Lemma 13. If F, = 0, then,
from Lemmas 20 and 21, we have p,,,(¢) = p,(A(), a
contradiction with p,.,(¢) < p,(Ag). Hence F,#0. By
Lemma 28 (ii), we have

Lo (£ =0) =2 (f = 9) = ppus () = P, (A0).
(78)

(iv) Set g5 = [~ @, and then p,.\(g5) = ppui(f) =
Pp(Ao)- From Lemmas 13, 20, 21, and 28 (ii), using the same

argument as in Case 1 (iii), we can get Xpﬂ(fm - @) =

Ayl =9) = Ppr (F) = p,(A).

(v) We prove that A,,,(f” - ¢) = A,,(f? - ¢)
Ppi1(f) = pp(Ag), i > 3,i € N.Setg; = f(i) — ¢, and then
Ppi1(9:) = Ppi(f) = p,(Ag). By Lemma 13, we get that
g; satisfies (15). Set F; = q)(k) + U;'Hq)(k_l) + o+ Upo,
where U} (j=01,...,k—1,i > 3,i € N) are stated as in
Lemma 13. If F; = 0, then from Lemmas 20 and 21, we have
Ppi1(9) = p,(Ay), a contradiction with p,,,(¢) < p,(Ay).
Hence F;#0. By Lemma 28 (ii), we have Xpﬂ(f(i) -¢) =
Aot (f7 = 9) = ppur () = py(A) (> 3,i € N).

Case 2. Suppose that max{p,(A;) : j = 1,2,....k - 1}
Pp(Ao) = p(0 < p < 00) and max{TP(Aj) : pp(Aj)
Pp(AO)} < TP(AO) =7(0 < 7 < 00).

[[I/AN
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(i) First, we prove that Xpﬂ(f -¢) = )Lp+1(f -¢) =
pp+1(f) = pP(AO). Assume that f#0 is a solution of (8).
From Lemma 30, we have p,,(f) = p,(A). Set g = f - ¢.
Since ¢ #0 is an entire function satisfying p .., (¢) < p,(Ay),
then pp+1(g) = Pp+1(f_(P) = pp(AO) and /\p+1(g) = Ap+1(f_
#), Api1(g) = Ay (f —@). By substituting f = g+ ¢ into (8),
we get that g satisfies (75). Set F = go(k) +Ak_1(p(k_1) +-+ Ay
If F = 0, then, from Lemma 30, we have Pp+1(§") = pP(AO)’

which is a contradiction. Hence F # 0. From the assumptions
of Theorem 7, we get

max {p,.; (F),p,., (4;)(G=01,2,....k-1)}

< Ppi1 (g) =Py (AO) .

(79)

From Lemma 28 (ii), we have Xpﬂ(f -@) = )tpﬂ(f - 9)
Pp+1(f) = pp(AO)'

(ii) Now, we prove that )_Lpﬂ(f -9) = )Lpﬂ(f )
Ppi1(f) = pp(Ag). Set g, = f — ¢. Since #0 is an entire
function satisfying p,,,,(¢) < p,(Ao), then p ., (g,)
Ppi1(f) = p,(Ag). By Lemma 13, we get that g, satisfies
the (15). If F, = 0, then, from Lemmas 25 and 27, we have
pp+1((p) > PP(AO)’ a contradiction with pPH((p) < PP(AO)'
Hence F; #0. By Lemma 28 (ii), we have Xpﬂ(f, -¢) =
/\pﬂ(f'—cp) = Ppi1(f) = p,(Ag). Similar to the arguments as
in Case 1 (iii)-(v) and by using Lemmas 13, 25, and 27, we can

get Ly (f7=9) = 1,1 (f7=9) = p,y () = pp(A), i > 1,
i € IN. Thus, the proof of Theorem 7 is completed. O

Proof of Theorem 8. Since Aj(z) (j = L2,....,k - 1) are
polynomials and Ay is a transcendental entire function with
0< pp(AO) < 00; that is, Aj(z) (j=0,1,2,...,k — 1) satisty
the conditions of Theorem 7 (i). By using the same argument
as in Theorem 7 and Lemma 28 (i), we can get the conclusions
of Theorem 8 easily. O

Proof of Theorem 9. Assume that f#0 is a meromorphic
solution of (8). By (8) we get that the poles of f(z) can
only occur at the poles of Ay, A;,...,A;_;. Note that the
multiplicities of poles of f are uniformly bounded, and thus
we have

k-1
N(r.f) < M{N(r, f) <M, Y N (1, A))
=0 (80)

<Mmax{N(r,A;): j=0,1,....,k-1},

where M, and M are some suitable positive constants. This
gives

T(r.f)=m(rf)

+0(max{N(r,A;) : j=0,1,....k—1}).
(81)

Applying now (81) with Lemma 17, we obtain
Pp+1 (f) < Pp (AO) (82)

According to the conditions of Theorem 9, we can easily get
the conclusions of Theorem 9 by using the similar argument
as in Theorem 7, the estimation (82), and Lemmas 26 and 28
(ii). O
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