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We investigate the zeros of the difference of the derivative of solutions of the higher-order linear differential equations 𝑓𝑓(𝑘𝑘𝑘 +
𝐴𝐴𝑘𝑘𝑘𝑘(𝑧𝑧𝑧𝑧𝑧

(𝑘𝑘𝑘𝑘𝑘 + ⋯ + 𝐴𝐴1(𝑧𝑧𝑧𝑧𝑧
′ + 𝐴𝐴0(𝑧𝑧𝑧𝑧𝑧 𝑧 𝑧 and small functions, where 𝐴𝐴0(𝑧𝑧𝑧𝑧𝑧,𝐴𝐴𝑘𝑘𝑘𝑘(𝑧𝑧𝑧 are entire or meromorphic functions of

�nite iterated 𝑝𝑝 order.

1. Introduction andMain Results

In this paper, a meromorphic function will mean meromor-
phic in the whole complex plane. We shall use the standard
notations in Nevanlinna value distribution of meromorphic
functions [1, 2] such as 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 , 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 , 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 . For the
de�nition of the iterated order of a meromorphic function,
we use the same de�nition as in [3], [4, p. 317], [2, p. 129]. For
all 𝑟𝑟 𝑟 𝑟, we de�ne exp1𝑟𝑟 𝑟𝑟 𝑟𝑟𝑟𝑟 and exp𝑝𝑝𝑝𝑝𝑟𝑟 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑝𝑝𝑟𝑟𝑟,
𝑝𝑝 𝑝 𝑝. We also de�ne for all 𝑟𝑟 sufficiently large log1𝑟𝑟 𝑟𝑟𝑟𝑟𝑟𝑟𝑟 
and log𝑝𝑝𝑝𝑝𝑟𝑟 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟  𝑟 𝑟. Moreover, we denote by
exp0𝑟𝑟 𝑟𝑟𝑟𝑟 , log0𝑟𝑟 𝑟𝑟𝑟𝑟 , log−1𝑟𝑟 𝑟𝑟𝑟𝑟𝑟 1𝑟𝑟 and exp−1𝑟𝑟 𝑟𝑟𝑟𝑟𝑟 1𝑟𝑟.

De�nition � (see [2, 3]). Let 𝑓𝑓 be a meromorphic function.
en the iterated 𝑝𝑝 order 𝜌𝜌𝑝𝑝(𝑓𝑓𝑓 of 𝑓𝑓 is de�ned by

𝜌𝜌𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 = lim sup
𝑟𝑟𝑟𝑟𝑟

log𝑝𝑝𝑇𝑇 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱
log 𝑟𝑟

, 󶀡󶀡𝑝𝑝 𝑝 𝑝 is an integer󶀱󶀱 .

(1)

For 𝑝𝑝 𝑝𝑝 , this notation is called order and for 𝑝𝑝 𝑝 𝑝 hy-
perorder. If 𝑓𝑓 is an entire function, then the iterated 𝑝𝑝 order

𝜌𝜌𝑝𝑝(𝑓𝑓𝑓 of 𝑓𝑓 is de�ned by

𝜌𝜌𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 = lim sup
𝑟𝑟𝑟𝑟𝑟

log𝑝𝑝𝑇𝑇 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱
log 𝑟𝑟

= lim sup
𝑟𝑟𝑟𝑟𝑟

log𝑝𝑝𝑝𝑝𝑀𝑀 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱
log 𝑟𝑟

,

󶀡󶀡𝑝𝑝 𝑝 𝑝 is an integer󶀱󶀱 ,
(2)

where𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀   𝑀𝑀|𝑧𝑧𝑧𝑧𝑧𝑧|𝑓𝑓𝑓𝑓𝑓𝑓𝑓.

De�nition 2 (see [3]). e �niteness degree of the order of a
meromorphic function 𝑓𝑓 is de�ned by

𝑖𝑖 󶀡󶀡𝑓𝑓󶀱󶀱

=

󶀂󶀂󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒
󶀊󶀊󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒
󶀚󶀚

0 for 𝑓𝑓 rational,
min 󶁂󶁂𝑗𝑗 𝑗𝑗𝑗𝑗𝑗   𝑗𝑗 󶀡󶀡𝑓𝑓󶀱󶀱 < +∞󶁒󶁒 , for 𝑓𝑓 transcendental

for which some 𝑗𝑗 𝑗𝑗
with 𝜌𝜌𝑗𝑗 󶀡󶀡𝑓𝑓󶀱󶀱 < +∞
exists,

+∞, for 𝑓𝑓 with 𝜌𝜌𝑗𝑗 󶀡󶀡𝑓𝑓󶀱󶀱 =
+∞ ∀𝑗𝑗 𝑗𝑗𝑗

(3)
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�e�nition � (see [3]). e iterated convergence exponent of
the sequence of zeros of a meromorphic function 𝑓𝑓𝑓𝑓𝑓𝑓 is
de�ned by

𝜆𝜆𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 = lim sup
𝑟𝑟𝑟𝑟𝑟

log𝑝𝑝𝑁𝑁 󶀡󶀡𝑟𝑟𝑟 𝑟𝑟𝑟𝑟󶀱󶀱
log 𝑟𝑟

, 󶀡󶀡𝑝𝑝 𝑝 𝑝 is an integer󶀱󶀱 ,

(4)

where𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁  is the counting function of zeros of 𝑓𝑓𝑓𝑓𝑓𝑓 in
{𝑧𝑧 𝑧 𝑧𝑧𝑧𝑧 𝑧 𝑧𝑧𝑧. Similarly, the iterated convergence exponent of
the sequence of distinct zeros of 𝑓𝑓𝑓𝑓𝑓𝑓 is de�ned by

𝜆𝜆𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 = lim sup
𝑟𝑟𝑟𝑟𝑟

log𝑝𝑝𝑁𝑁 󶀡󶀡𝑟𝑟𝑟 𝑟𝑟𝑟𝑟󶀱󶀱
log 𝑟𝑟

, 󶀡󶀡𝑝𝑝 𝑝 𝑝 is an integer󶀱󶀱 ,

(5)

where𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁  is the counting function of distinct zeros of
𝑓𝑓𝑓𝑓𝑓𝑓 in {𝑧𝑧 𝑧 𝑧𝑧𝑧𝑧 𝑧 𝑧𝑧𝑧.

�e�nition � (see [3]). e �niteness degree of the iterated
convergence exponent of the sequence of zeros of ameromor-
phic function 𝑓𝑓𝑓𝑓𝑓𝑓 is de�ned by

𝑖𝑖𝜆𝜆 󶀡󶀡𝑓𝑓󶀱󶀱

=

󶀂󶀂󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒
󶀊󶀊󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒󶀒
󶀚󶀚

0, if 𝑛𝑛󶀥󶀥𝑟𝑟𝑟 1
𝑓𝑓
󶀵󶀵 = 𝑂𝑂 󶀡󶀡log 𝑟𝑟󶀱󶀱 ,

min 󶁂󶁂𝑗𝑗 𝑗 𝑗 𝑗𝑗𝑗 𝑗𝑗 󶀡󶀡𝑓𝑓󶀱󶀱 <∞ 󶁒󶁒 , if 𝜆𝜆𝑗𝑗 󶀡󶀡𝑓𝑓󶀱󶀱 <∞  for
some 𝑗𝑗 𝑗 𝑗𝑗

∞, if 𝜆𝜆𝑗𝑗 󶀡󶀡𝑓𝑓󶀱󶀱 = ∞ ∀𝑗𝑗 𝑗 𝑗𝑗
(6)

Remark 5. Similarly, we can de�ne the �niteness degree 𝑖𝑖𝜆𝜆(𝑓𝑓𝑓
of 𝜆𝜆𝑝𝑝(𝑓𝑓𝑓.

�e�nition � (see [5]). Let 𝑓𝑓 be an entire function. en the
iterated 𝑝𝑝 type of 𝑓𝑓, with iterated 𝑝𝑝 order 0 < 𝜌𝜌𝑝𝑝(𝑓𝑓𝑓 𝑓𝑓  is
de�ned by

𝜏𝜏𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 = lim sup
𝑟𝑟𝑟𝑟𝑟

log𝑝𝑝𝑀𝑀󶀡󶀡𝑟𝑟𝑟 𝑟𝑟󶀱󶀱

𝑟𝑟𝜌𝜌𝑝𝑝(𝑓𝑓𝑓
, 󶀡󶀡𝑝𝑝 𝑝 𝑝 is an integer󶀱󶀱 ,

(7)

where𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀   𝑀𝑀|𝑧𝑧𝑧𝑧𝑧𝑧|𝑓𝑓𝑓𝑓𝑓𝑓𝑓.
We de�ne the linear measure of a set 𝐸𝐸 𝐸 𝐸𝐸𝐸𝐸𝐸𝐸  by

𝑚𝑚𝑚𝑚𝑚𝑚𝑚  𝑚+∞0 𝜒𝜒𝐸𝐸(𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and the logarithmic measure of a set
𝐹𝐹 𝐹𝐹𝐹𝐹𝐹𝐹𝐹   by 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  +∞1 (𝜒𝜒𝐹𝐹(𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, where 𝜒𝜒𝐻𝐻 is the
characteristic function of a set𝐻𝐻.

Recently, Xu, Tu, and Zheng have investigated the rela-
tionship between the small functions and the derivative of
solutions of higher-order linear differential equation:

𝑓𝑓(𝑘𝑘𝑘 + 𝐴𝐴𝑘𝑘𝑘𝑘 (𝑧𝑧) 𝑓𝑓
(𝑘𝑘𝑘𝑘𝑘 + ⋯ + 𝐴𝐴1 (𝑧𝑧) 𝑓𝑓

′ + 𝐴𝐴0 (𝑧𝑧) 𝑓𝑓 𝑓𝑓𝑓  (8)

where 𝐴𝐴0(𝑧𝑧𝑧𝑧𝑧 𝑧𝑧𝑧𝑘𝑘𝑘𝑘(𝑧𝑧𝑧 are entire or meromorphic func-
tions and have obtained the following results.

eorem A (see [6]). Let 𝐴𝐴𝑗𝑗(𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧    𝑧 𝑧𝑧𝑧𝑧𝑧𝑧    be entire
functions with �nite order and satisfy one of the following
conditions:

(i) max{𝜌𝜌𝜌𝜌𝜌𝑗𝑗)∶  𝑗𝑗 𝑗𝑗𝑗  𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗      0)<∞  .
(ii) 0 < 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘) = ⋯ = 𝜌𝜌𝜌𝜌𝜌1) = 𝜌𝜌𝜌𝜌𝜌0)<∞   and

max{𝜏𝜏𝜏𝜏𝜏𝑗𝑗)∶  𝑗𝑗 𝑗𝑗𝑗  𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗      1 < 𝜏𝜏𝜏𝜏𝜏0) = 𝜏𝜏.

en for every solution 𝑓𝑓 ̸≡ 0 of (8) and for any entire function
𝜑𝜑𝜑𝜑𝜑𝜑 ̸≡ 0 satisfying 𝜌𝜌2(𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑  0), we have

𝜆𝜆2 󶀢󶀢𝑓𝑓
(𝑖𝑖𝑖 − 𝜑𝜑󶀲󶀲 = 𝜌𝜌2 󶀡󶀡𝑓𝑓󶀱󶀱 = 𝜌𝜌 󶀡󶀡𝐴𝐴0󶀱󶀱 , (𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖  ) . (9)

eorem B (see [6]). Let 𝐴𝐴𝑗𝑗(𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧   𝑧 𝑧𝑧𝑧𝑧𝑧𝑧    be pol-
ynomials and 𝐴𝐴0(𝑧𝑧𝑧 be a transcendental entire function. en
for every solution 𝑓𝑓 ̸≡ 0 of (8) and for any entire function 𝜑𝜑𝜑𝜑𝜑𝜑
of �nite order, we have

(i) 𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆    𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆      ,
(ii) 𝜆𝜆𝜆𝜆𝜆(𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑  (𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑  (𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑𝜑  , (𝑖𝑖 𝑖𝑖𝑖  𝑖𝑖 𝑖

ℕ).

When the coefficients are meromorphic functions, they
have proved the following theorem.

eorem C (see [6]). Let 𝐴𝐴𝑗𝑗(𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧    𝑧 𝑧𝑧𝑧𝑧𝑧𝑧    be
meromorphic functions satisfying max{𝜌𝜌𝜌𝜌𝜌𝑗𝑗)∶  𝑗𝑗 𝑗𝑗𝑗  𝑗𝑗𝑗,
𝑘𝑘 𝑘 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘  0) and 𝛿𝛿𝛿𝛿𝛿𝛿𝛿0) > 0. en for every meromor-
phic solution 𝑓𝑓 ̸≡ 0 of (8) and for any meromorphic function
𝜑𝜑𝜑𝜑𝜑𝜑 ̸≡ 0 satisfying 𝜌𝜌2(𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑  0), we have

𝜆𝜆2 󶀢󶀢𝑓𝑓
(𝑖𝑖𝑖 − 𝜑𝜑󶀲󶀲 = 𝜆𝜆2 󶀢󶀢𝑓𝑓

(𝑖𝑖𝑖 − 𝜑𝜑󶀲󶀲 ⩾ 𝜌𝜌 󶀡󶀡𝐴𝐴0󶀱󶀱 ,

(𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖  ) , where 𝑓𝑓(0) = 𝑓𝑓𝑓
(10)

In this paper, we improve and extend the above results by
considering the iterated order, and we obtain the following
theorems. For some closely related to applications of this
paper, see the papers of Gupta et al. [7, 8].

eorem 7. Let 𝐴𝐴𝑗𝑗(𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧    𝑧 𝑧𝑧𝑧𝑧𝑧𝑧    be entire functions
of �nite iterated order with 𝑖𝑖𝑖𝑖𝑖0) = 𝑝𝑝𝑝𝑝𝑝  𝑝𝑝 𝑝𝑝𝑝  and satisfy
one of the following conditions:

(i) max{𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗)∶  𝑗𝑗 𝑗𝑗𝑗  𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗      𝑝𝑝(𝐴𝐴0).
(ii) max{𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗)∶  𝑗𝑗 𝑗𝑗𝑗  𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗     𝑗 𝑗𝑗𝑝𝑝(𝐴𝐴0) = 𝜌𝜌𝜌𝜌𝜌

𝜌𝜌 𝜌𝜌𝜌  and max{𝜏𝜏𝑝𝑝(𝐴𝐴𝑗𝑗)∶  𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗) = 𝜌𝜌𝑝𝑝(𝐴𝐴0)}<
𝜏𝜏𝑝𝑝(𝐴𝐴0) = 𝜏𝜏𝜏𝜏𝜏  𝜏𝜏 𝜏𝜏𝜏 .

en for every solution 𝑓𝑓 ̸≡ 0 of (8) and for any entire function
𝜑𝜑𝜑𝜑𝜑𝜑 ̸≡ 0 satisfying 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝(𝐴𝐴0), we have

𝜆𝜆𝑝𝑝𝑝𝑝 󶀢󶀢𝑓𝑓
(𝑖𝑖𝑖 − 𝜑𝜑󶀲󶀲 = 𝜆𝜆𝑝𝑝𝑝𝑝 󶀢󶀢𝑓𝑓

(𝑖𝑖𝑖 − 𝜑𝜑󶀲󶀲 = 𝜌𝜌𝑝𝑝𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 = 𝜌𝜌𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱 ,

(𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖  ) .
(11)

eorem 8. Let𝐴𝐴𝑗𝑗(𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧    𝑧 𝑧𝑧𝑧𝑧𝑧𝑧  be polynomials and
𝐴𝐴0(𝑧𝑧𝑧 be a transcendental entire function with 0 < 𝜌𝜌𝑝𝑝(𝐴𝐴0)<
∞. en for every solution 𝑓𝑓 ̸≡ 0 of (8) and for any entire
function 𝜑𝜑𝜑𝜑𝜑𝜑 of �nite iterated order 𝜌𝜌𝑝𝑝(𝜑𝜑𝜑𝜑𝜑  , we have
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(i) 𝜆𝜆𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝑓𝑓𝑓 𝑓 𝑓.

(ii) 𝜆𝜆𝑝𝑝(𝑓𝑓
(𝑖𝑖𝑖 −𝜑𝜑𝜑𝜑𝜑𝜑   𝑝𝑝(𝑓𝑓

(𝑖𝑖𝑖 −𝜑𝜑𝜑𝜑𝜑𝜑   𝑝𝑝(𝑓𝑓
(𝑖𝑖𝑖 −𝜑𝜑𝜑𝜑𝜑   𝜑 𝜑𝜑 𝜑

1, 𝑖𝑖 𝑖 𝑖.

eorem 9. Let 𝐴𝐴𝑗𝑗(𝑧𝑧𝑧𝑧𝑧𝑧𝑧   𝑧𝑧𝑧𝑧 𝑧 𝑧 𝑧𝑧 𝑧𝑧𝑧  be meromorphic
functions of �nite iterated order with 𝑖𝑖𝑖𝑖𝑖0)=  𝑝𝑝𝑝𝑝 𝑝 𝑝𝑝 𝑝 𝑝𝑝
satisfying max{𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝑗𝑗 𝑗𝑗𝑗  𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗    𝑗 𝑗𝑗𝑗 𝑝𝑝(𝐴𝐴0) and
𝛿𝛿𝛿𝛿𝛿𝛿𝛿0) > 0. en for every meromorphic solution 𝑓𝑓 ̸≡ 0
of (8) whose poles are of uniformly bounded multiplicity and
for any meromorphic function 𝜑𝜑𝜑𝜑𝜑𝜑 ̸≡ 0 satisfying 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑𝜑
𝜌𝜌𝑝𝑝(𝐴𝐴0), we have

𝜆𝜆𝑝𝑝𝑝𝑝 󶀢󶀢𝑓𝑓
(𝑖𝑖𝑖 −𝜑𝜑 󶀲󶀲 = 𝜆𝜆𝑝𝑝𝑝𝑝 󶀢󶀢𝑓𝑓

(𝑖𝑖𝑖 −𝜑𝜑 󶀲󶀲 =𝜌𝜌 𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱 , (𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖  ) .
(12)

Corollary 10. Under the assumptions of eorem 7, if 𝜑𝜑𝜑𝜑𝜑𝜑𝜑
𝑧𝑧, then, for every solution 𝑓𝑓 ̸≡ 0 of (8), we have

𝜆𝜆𝑝𝑝𝑝𝑝 󶀢󶀢𝑓𝑓
(𝑖𝑖𝑖 − 𝑧𝑧󶀲󶀲 = 𝜆𝜆𝑝𝑝𝑝𝑝 󶀢󶀢𝑓𝑓

(𝑖𝑖𝑖 − 𝑧𝑧󶀲󶀲 =𝜌𝜌 𝑝𝑝𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 =𝜌𝜌 𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱 ,

(𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖  ) .
(13)

Corollary 11. Under the assumptions of eorem 8, if 𝜑𝜑𝜑𝜑𝜑𝜑𝜑
𝑧𝑧, then, for every solution 𝑓𝑓 ̸≡ 0 of (8), we have

(i) 𝜆𝜆𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝑓𝑓𝑓 𝑓 𝑓.

(ii) 𝜆𝜆𝑝𝑝(𝑓𝑓
(𝑖𝑖𝑖 − 𝑧𝑧𝑧𝑧𝑧𝑧  𝑝𝑝(𝑓𝑓

(𝑖𝑖𝑖 − 𝑧𝑧𝑧𝑧𝑧𝑧  𝑝𝑝(𝑓𝑓
(𝑖𝑖𝑖 − 𝑧𝑧𝑧𝑧𝑧  , 𝑖𝑖 𝑖𝑖 ,

𝑖𝑖 𝑖 𝑖.

Corollary 12. Under the assumptions of eorem 9, if 𝜑𝜑𝜑𝜑𝜑𝜑𝜑
𝑧𝑧, then for everymeromorphic solution𝑓𝑓 ̸≡ 0 of (8)whose poles
are of uniformly bounded multiplicity, we have

𝜆𝜆𝑝𝑝𝑝𝑝 󶀢󶀢𝑓𝑓
(𝑖𝑖𝑖 − 𝑧𝑧󶀲󶀲 = 𝜆𝜆𝑝𝑝𝑝𝑝 󶀢󶀢𝑓𝑓

(𝑖𝑖𝑖 − 𝑧𝑧󶀲󶀲 =𝜌𝜌 𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱 , (𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖  ) .
(14)

2. Auxiliary Lemmas

In order to prove our theorems, we need the following lem-
mas.

Lemma 13 (see [6]). Assume that𝑓𝑓 ̸≡ 0 is a solution of (8), set
𝑔𝑔𝑖𝑖 = 𝑓𝑓

(𝑖𝑖𝑖 −𝜑𝜑 , and then 𝑔𝑔𝑖𝑖 satis�es the e�uation

𝑔𝑔(𝑘𝑘𝑘𝑖𝑖 + 𝑈𝑈𝑖𝑖
𝑘𝑘𝑘𝑘𝑔𝑔

(𝑘𝑘𝑘𝑘𝑘
𝑖𝑖 + ⋯ + 𝑈𝑈𝑖𝑖

0𝑔𝑔𝑖𝑖

=−  󶁢󶁢𝜑𝜑(𝑘𝑘𝑘 + 𝑈𝑈𝑖𝑖
𝑘𝑘𝑘𝑘𝜑𝜑

(𝑘𝑘𝑘𝑘𝑘 + ⋯ + 𝑈𝑈𝑖𝑖
0𝜑𝜑󶁲󶁲 ,

(15)

where

𝑈𝑈𝑖𝑖
𝑗𝑗 = 𝑈𝑈

𝑖𝑖𝑖𝑖′
𝑗𝑗𝑗𝑗 + 𝑈𝑈

𝑖𝑖𝑖𝑖
𝑗𝑗 −

𝑈𝑈𝑖𝑖𝑖𝑖′
0

𝑈𝑈𝑖𝑖𝑖𝑖
0

𝑈𝑈𝑖𝑖𝑖𝑖
𝑗𝑗𝑗𝑗, 𝑈𝑈0

𝑗𝑗 = 𝐴𝐴𝑗𝑗,

𝑗𝑗 𝑗𝑗𝑗𝑗𝑗   𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗   

𝑈𝑈𝑖𝑖𝑖𝑖
𝑘𝑘 ≡ 1, (𝑖𝑖 𝑖𝑖𝑖  𝑖𝑖 𝑖 𝑖) .

(16)

Lemma 14 (see [3]). Let 𝑓𝑓 be a meromorphic function for
which 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖     and 𝜌𝜌𝑝𝑝(𝑓𝑓𝑓 𝑓 𝑓𝑓, and let 𝑘𝑘𝑘𝑘   be an
integer. en for any 𝜀𝜀 𝜀𝜀 ,

𝑚𝑚󶀧󶀧𝑟𝑟𝑟
𝑓𝑓(𝑘𝑘𝑘

𝑓𝑓
󶀷󶀷 = 𝑂𝑂󶀢󶀢exp𝑝𝑝𝑝𝑝𝑟𝑟

𝜌𝜌𝜌𝜌𝜌󶀲󶀲 (17)

outside of a possible exceptional set 𝐸𝐸1 of �nite linear measure.

Lemma 15 (see [1]). Let 𝑓𝑓 be a transcendental meromorphic
function and 𝑘𝑘𝑘𝑘   be an integer. en

𝑚𝑚󶀧󶀧𝑟𝑟𝑟
𝑓𝑓(𝑘𝑘𝑘

𝑓𝑓
󶀷󶀷 = 𝑂𝑂 󶀡󶀡log 󶀡󶀡𝑟𝑟𝑟𝑟 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱󶀱󶀱󶀱󶀱 (18)

outside of a possible exceptional set 𝐸𝐸2 of �nite linear measure,
and if 𝑓𝑓 is of �nite order of growth, then

𝑚𝑚󶀧󶀧𝑟𝑟𝑟
𝑓𝑓(𝑘𝑘𝑘

𝑓𝑓
󶀷󶀷 = 𝑂𝑂 󶀡󶀡log 𝑟𝑟󶀱󶀱 . (19)

Lemma 16 (see [9]). Let 𝜑𝜑𝜑  𝜑𝜑𝜑 𝜑𝜑𝜑 𝜑 𝜑 and 𝜓𝜓 𝜓
[0,+∞)→ℝ    bemonotone nondecreasing functions such that
𝜑𝜑𝜑𝜑𝜑𝜑 𝜑 𝜑𝜑𝜑𝜑𝜑𝜑 for all 𝑟𝑟 𝑟 𝑟𝑟3 ∪ [0, 1], where 𝐸𝐸3 ⊂ (1,+∞)  is a
set of �nite logarithmic measure. Let 𝛼𝛼 𝛼𝛼  be a given constant.
en there exists an 𝑟𝑟0 = 𝑟𝑟0(𝛼𝛼𝛼𝛼𝛼   such that 𝜑𝜑𝜑𝜑𝜑𝜑 𝜑 𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑 for
all 𝑟𝑟 𝑟 𝑟𝑟0.

Lemma 17 (see [10]). Let𝑓𝑓 be ameromorphic solution of (8),
assuming that not all coefficients𝐴𝐴𝑗𝑗 are constants. Given a real
constant 𝛾𝛾 𝛾𝛾 , and denoting 𝑇𝑇𝑇𝑇𝑇𝑇𝑇  𝑇𝑘𝑘𝑘𝑘

𝑗𝑗𝑗𝑗 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑗𝑗), we have

log𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱 <𝑇𝑇  (𝑟𝑟) 󶁁󶁁󶀡󶀡log 𝑟𝑟󶀱󶀱 log𝑇𝑇 (𝑟𝑟)󶁑󶁑𝛾𝛾, if 𝑝𝑝 𝑝𝑝𝑝

log𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱 < 𝑟𝑟2𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑇𝑇 (𝑟𝑟) 󶁁󶁁log𝑇𝑇 (𝑟𝑟)󶁑󶁑𝛾𝛾, if 𝑝𝑝 𝑝𝑝
(20)

outside of an exceptional set 𝐸𝐸𝑝𝑝 with ∫𝐸𝐸𝑝𝑝 𝑡𝑡
𝑝𝑝𝑝𝑝𝑑𝑑𝑑𝑑𝑑𝑑𝑑  .

Remark 18. We note that in the above lemma, 𝑝𝑝 𝑝𝑝  cor-
responds to Euclidean measure and 𝑝𝑝 𝑝𝑝  to logarithmic
measure.

Lemma 19 (see [11]). Let 𝑓𝑓𝑓𝑓𝑓𝑓 be a meromorphic function of
�nite iterated order satisfying 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  . en there exists a set
𝐸𝐸4 ⊂ (1,+∞)  with in�nite logarithmic measure such that for
all 𝑟𝑟 𝑟𝑟𝑟 4, we have

lim
𝑟𝑟𝑟𝑟

log𝑝𝑝𝑇𝑇 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱
log 𝑟𝑟

=𝜌𝜌𝜌  (21)

Lemma 20. Let 𝐴𝐴0(𝑧𝑧𝑧𝑧𝑧𝑧 1(𝑧𝑧𝑧𝑧𝑧 𝑧𝑧𝑧𝑘𝑘𝑘𝑘(𝑧𝑧𝑧 be entire functions
of �nite iterated order with 𝑖𝑖𝑖𝑖𝑖0)=  𝑝𝑝𝑝𝑝 𝑝 𝑝𝑝 𝑝 𝑝𝑝 and satisfy
max{𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝑗𝑗 𝑗𝑗𝑗  𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗    𝑗 𝑗𝑗𝑗 1 <𝜌𝜌 𝑝𝑝(𝐴𝐴0) and set

𝑈𝑈1
𝑗𝑗 = 𝐴𝐴

′
𝑗𝑗𝑗𝑗 + 𝐴𝐴𝑗𝑗 −

𝐴𝐴′
0

𝐴𝐴0
𝐴𝐴𝑗𝑗𝑗𝑗,

𝑈𝑈𝑖𝑖
𝑗𝑗 = 𝑈𝑈

𝑖𝑖𝑖𝑖′
𝑗𝑗𝑗𝑗 + 𝑈𝑈

𝑖𝑖𝑖𝑖
𝑗𝑗 −

𝑈𝑈𝑖𝑖𝑖𝑖′
0

𝑈𝑈𝑖𝑖𝑖𝑖
0

𝑈𝑈𝑖𝑖𝑖𝑖
𝑗𝑗𝑗𝑗,

(22)
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where 𝑗𝑗 𝑗 𝑗𝑗 𝑗𝑗𝑗 𝑗 𝑗𝑗 𝑗 𝑗; 𝐴𝐴𝑘𝑘 ≡ 1, 𝑈𝑈𝑖𝑖𝑖𝑖
𝑘𝑘 ≡ 1 and 𝑖𝑖 𝑖 𝑖, 𝑖𝑖 𝑖 𝑖.

en there exists a set𝐸𝐸5 with in�nite lo�arith�i��eas�re s��h
that for all 𝑟𝑟 𝑟𝑟𝑟 5

lim
𝑟𝑟𝑟𝑟

log𝑝𝑝𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟𝑖𝑖
0󶀲󶀲

log 𝑟𝑟
= 𝜌𝜌𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱

> lim sup
𝑟𝑟𝑟𝑟

max1⩽𝑗𝑗𝑗𝑗𝑗𝑗𝑗 󶁂󶁂log𝑝𝑝𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟𝑖𝑖
𝑗𝑗󶀲󶀲󶀲󶀲

log 𝑟𝑟

= 𝜌𝜌1.
(23)

Proof. We prove this lemma by using mathematical induc-
tion. First, when 𝑖𝑖 𝑖𝑖 , we have 𝑈𝑈1

𝑗𝑗 = 𝐴𝐴′
𝑗𝑗𝑗𝑗 + 𝐴𝐴𝑗𝑗 −

(𝐴𝐴′
0/𝐴𝐴0)𝐴𝐴𝑗𝑗𝑗𝑗, 𝑗𝑗 𝑗 𝑗𝑗 𝑗𝑗𝑗 𝑗 𝑗𝑗 𝑗 𝑗 and 𝐴𝐴𝑘𝑘 ≡ 1.
When 𝑗𝑗 𝑗 𝑗, that is,𝑈𝑈1

0 = 𝐴𝐴
′
1 +𝐴𝐴0 − (𝐴𝐴

′
0/𝐴𝐴0)𝐴𝐴1. en we

have

𝑚𝑚󶀢󶀢𝑟𝑟𝑟𝑟𝑟1
0󶀲󶀲 ⩽ 𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 1󶀱󶀱 + 𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱 + 𝑚𝑚󶀧󶀧𝑟𝑟𝑟

𝐴𝐴′
1

𝐴𝐴1
󶀷󶀷

+ 𝑚𝑚󶀧󶀧𝑟𝑟𝑟
𝐴𝐴′
0

𝐴𝐴0
󶀷󶀷 + 𝑂𝑂 (1) .

(24)

From −𝐴𝐴0 = 𝐴𝐴
′
1 − 𝑈𝑈

1

0 − (𝐴𝐴
′
0/𝐴𝐴0)𝐴𝐴1, we have

𝑚𝑚󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱 ⩽ 𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 1󶀱󶀱 + 𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟1
0󶀲󶀲 + 𝑚𝑚󶀧󶀧𝑟𝑟𝑟

𝐴𝐴′
1

𝐴𝐴1
󶀷󶀷

+ 𝑚𝑚󶀧󶀧𝑟𝑟𝑟
𝐴𝐴′
0

𝐴𝐴0
󶀷󶀷 + 𝑂𝑂 (1) .

(25)

When 𝑗𝑗 𝑗 𝑗, from the de�nitions of𝑈𝑈1
𝑗𝑗 , we have

𝑚𝑚󶀢󶀢𝑟𝑟𝑟𝑟𝑟1
𝑗𝑗󶀲󶀲 ⩽ 𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗𝑗𝑗󶀲󶀲 + 𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲 + 𝑚𝑚󶀨󶀨𝑟𝑟𝑟

𝐴𝐴′
𝑗𝑗𝑗𝑗

𝐴𝐴𝑗𝑗𝑗𝑗
󶀸󶀸

+ 𝑚𝑚󶀧󶀧𝑟𝑟𝑟
𝐴𝐴′
0

𝐴𝐴0
󶀷󶀷 + 𝑂𝑂 (1) ,

(26)

𝑗𝑗 𝑗 𝑗𝑗 𝑗𝑗𝑗 𝑗 𝑗𝑗 𝑗 𝑗. Since 𝐴𝐴𝑗𝑗(𝑧𝑧𝑧 are entire functions with
max{𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝑗𝑗 𝑗 𝑗𝑗 𝑗𝑗𝑗 𝑗 𝑗𝑗 𝑗 𝑗𝑗 𝑗 𝑗𝑗𝑝𝑝(𝐴𝐴0) <∞ , then by
Lemma 19, there exists a set 𝐸𝐸4 ⊂ (1,+∞ ) with in�nite
logarithmic measure such that for all 𝑟𝑟 𝑟𝑟𝑟 4

𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗𝑗𝑗󶀲󶀲 = 𝑜𝑜 󶀡󶀡𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱󶀱󶀱 , 󶀡󶀡𝑗𝑗 𝑗 𝑗𝑗 𝑗𝑗𝑗 𝑗 𝑗𝑗 𝑗 𝑗󶀱󶀱 . (27)

By this, (26), and Lemma 14, we get for all 𝑟𝑟 𝑟𝑟𝑟 4

max
1⩽𝑗𝑗𝑗𝑗𝑗𝑗𝑗

󶁂󶁂𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟1
𝑗𝑗󶀲󶀲󶁒󶁒

⩽ max
1⩽𝑗𝑗𝑗𝑗𝑗𝑗𝑗

󶁂󶁂𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲 + 𝑜𝑜 󶀡󶀡𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱󶀱󶀱 + 𝑂𝑂 󶀢󶀢exp𝑝𝑝𝑝𝑝𝑟𝑟
𝛽𝛽󶀲󶀲

+𝑂𝑂 (1) 󶁒󶁒
(28)

for some constant 𝛽𝛽 𝛽𝛽  outside of a possible exceptional set
𝐸𝐸1 of �nite linear measure. From (24), (25), and (28) we get
for all 𝑟𝑟 𝑟𝑟𝑟 4 ⧵ 𝐸𝐸1

lim
𝑟𝑟𝑟𝑟

log𝑝𝑝𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟1
0󶀲󶀲

log 𝑟𝑟
= 𝜌𝜌𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱 > 𝜌𝜌1

= lim sup
𝑟𝑟𝑟𝑟

max1⩽𝑗𝑗𝑗𝑗𝑗𝑗𝑗 󶁂󶁂log𝑝𝑝𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲󶀲󶀲
log 𝑟𝑟

⩾ lim sup
𝑟𝑟𝑟𝑟

max1⩽𝑗𝑗𝑗𝑗𝑗𝑗𝑗 󶁂󶁂log𝑝𝑝𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟1
𝑗𝑗󶀲󶀲󶁒󶁒

log 𝑟𝑟
.

(29)

Now, suppose that (23) holds, for 𝑖𝑖 𝑖 𝑖𝑖𝑖 𝑖𝑖 𝑖 𝑖; that is, there
is a set 𝐸𝐸5 with in�nite logarithmic measure such that for all
𝑟𝑟 𝑟𝑟𝑟 5

lim sup
𝑟𝑟𝑟𝑟

log𝑝𝑝𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟𝑛𝑛
0󶀱󶀱

log 𝑟𝑟
= 𝜌𝜌𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱

> lim sup
𝑟𝑟𝑟𝑟

max1⩽𝑗𝑗𝑗𝑗𝑗𝑗𝑗 󶁂󶁂log𝑝𝑝𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟𝑛𝑛
𝑗𝑗󶀲󶀲󶀲󶀲

log 𝑟𝑟

= 𝜌𝜌1.
(30)

Next, we prove that (23) holds for 𝑖𝑖 𝑖 𝑖𝑖 𝑖𝑖 . Since 𝑖𝑖 𝑖 𝑖𝑖 𝑖𝑖 ,
then we have

𝑈𝑈𝑛𝑛𝑛𝑛
𝑗𝑗 = 𝑈𝑈𝑛𝑛′

𝑗𝑗𝑗𝑗 + 𝑈𝑈
𝑛𝑛
𝑗𝑗 −

𝑈𝑈𝑛𝑛′
0

𝑈𝑈𝑛𝑛
0
𝑈𝑈𝑛𝑛
𝑗𝑗𝑗𝑗, (31)

where 𝑗𝑗 𝑗 𝑗𝑗 𝑗𝑗𝑗 𝑗 𝑗𝑗 𝑗 𝑗; 𝑈𝑈𝑛𝑛
𝑘𝑘 ≡ 1. When 𝑗𝑗 𝑗 𝑗, we have

𝑈𝑈𝑛𝑛𝑛𝑛
0 = 𝑈𝑈𝑛𝑛′

1 + 𝑈𝑈
𝑛𝑛
0 − (𝑈𝑈

𝑛𝑛′
0 /𝑈𝑈

𝑛𝑛
0)𝑈𝑈

𝑛𝑛
1. en we obtain that

𝑚𝑚󶀢󶀢𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛
0 󶀲󶀲

⩽ 𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 𝑛𝑛
0󶀱󶀱 + 𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟𝑛𝑛

1󶀱󶀱 + 𝑚𝑚󶀨󶀨𝑟𝑟𝑟
𝑈𝑈𝑛𝑛′
0

𝑈𝑈𝑛𝑛
0
󶀸󶀸

+ 𝑚𝑚󶀨󶀨𝑟𝑟𝑟
𝑈𝑈𝑛𝑛′
1

𝑈𝑈𝑛𝑛
1
󶀸󶀸 + 𝑂𝑂 (1) .

(32)

Since −𝑈𝑈𝑛𝑛
0 = 𝑈𝑈

𝑛𝑛′
1 − 𝑈𝑈

𝑛𝑛𝑛𝑛
0 − (𝑈𝑈𝑛𝑛′

0 /𝑈𝑈
𝑛𝑛
0)𝑈𝑈

𝑛𝑛
1, then we have

𝑚𝑚󶀡󶀡𝑟𝑟𝑟𝑟𝑟𝑛𝑛
0󶀱󶀱

⩽ 𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛
0 󶀲󶀲 + 𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 𝑛𝑛

1󶀱󶀱 + 𝑚𝑚󶀨󶀨𝑟𝑟𝑟
𝑈𝑈𝑛𝑛′
0

𝑈𝑈𝑛𝑛
0
󶀸󶀸

+ 𝑚𝑚󶀨󶀨𝑟𝑟𝑟
𝑈𝑈𝑛𝑛′
1

𝑈𝑈𝑛𝑛
1
󶀸󶀸 + 𝑂𝑂 (1) .

(33)
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When 𝑗𝑗 𝑗 𝑗, from the de�nitions of 𝑈𝑈𝑛𝑛𝑛𝑛
𝑗𝑗 , 𝑗𝑗 𝑗 𝑗𝑗 𝑗𝑗𝑗 𝑗 𝑗𝑗 𝑗 𝑗

and𝑈𝑈𝑛𝑛
𝑘𝑘 ≡ 1, we have

𝑚𝑚󶀢󶀢𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛
𝑗𝑗 󶀲󶀲

⩽ 𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟𝑛𝑛
𝑗𝑗𝑗𝑗󶀲󶀲 + 𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟𝑛𝑛

𝑗𝑗󶀲󶀲 + 𝑚𝑚󶀩󶀩𝑟𝑟𝑟
𝑈𝑈𝑛𝑛′
𝑗𝑗𝑗𝑗

𝑈𝑈𝑛𝑛
𝑗𝑗𝑗𝑗

󶀹󶀹

+ 𝑚𝑚󶀨󶀨𝑟𝑟𝑟
𝑈𝑈𝑛𝑛′
0

𝑈𝑈𝑛𝑛
0
󶀸󶀸 + 𝑂𝑂 (1) .

(34)

From (30)–(34), there exists a set 𝐸𝐸5 with in�nite logarithmic
measure such that for all 𝑟𝑟 𝑟 𝑟𝑟5

lim
𝑟𝑟𝑟𝑟

log𝑝𝑝𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛
0 󶀲󶀲

log 𝑟𝑟

= lim
𝑟𝑟𝑟𝑟

log𝑝𝑝𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟𝑛𝑛
0󶀱󶀱

log 𝑟𝑟

= 𝜌𝜌𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱 > 𝜌𝜌1

= lim sup
𝑟𝑟𝑟𝑟

max1⩽𝑗𝑗𝑗𝑗𝑗𝑗𝑗 󶁂󶁂log𝑝𝑝𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟𝑛𝑛
𝑗𝑗󶀲󶀲󶀲󶀲

log 𝑟𝑟

= lim sup
𝑟𝑟𝑟𝑟

max1⩽𝑗𝑗𝑗𝑗𝑗𝑗𝑗 󶁂󶁂log𝑝𝑝𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛
𝑗𝑗 󶀲󶀲󶁒󶁒

log 𝑟𝑟
.

(35)

us, the proof of Lemma 20 is completed.

Lemma 21. Let𝐴𝐴0,𝐴𝐴1,…, 𝐴𝐴𝑘𝑘𝑘𝑘 bemeromorphic functions of
�nite iterated order. �f

lim sup
𝑟𝑟𝑟𝑟

max1⩽𝑗𝑗𝑗𝑗𝑗𝑗𝑗 󶁂󶁂log𝑝𝑝𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲󶀲󶀲
log 𝑟𝑟

= 𝛽𝛽1 (36)

and there exists a set 𝐸𝐸6 with in�nite logarithmic measure such
that

lim
𝑟𝑟𝑟𝑟

log𝑝𝑝𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱
log 𝑟𝑟

= 𝛽𝛽2 > 𝛽𝛽1 (37)

holds for all 𝑟𝑟 𝑟 𝑟𝑟6, then every meromorphic solution 𝑓𝑓 ̸≡ 0 of
(8) satis�es 𝜌𝜌𝑝𝑝(𝑓𝑓𝑓𝑓𝑓   and 𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓 𝑓 𝑓𝑓2.

Proof. Suppose that 𝑓𝑓 ̸≡ 0 is a meromorphic solution of (8).
If 𝜌𝜌𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓   𝑓 𝑓, then from (8) we have

𝑚𝑚󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱 ⩽
𝑘𝑘
󵠈󵠈
𝑗𝑗𝑗𝑗
𝑚𝑚󶀧󶀧𝑟𝑟𝑟

𝑓𝑓(𝑗𝑗𝑗

𝑓𝑓
󶀷󶀷 +

𝑘𝑘𝑘𝑘
󵠈󵠈
𝑗𝑗𝑗𝑗
𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲 + 𝑂𝑂 (1) . (38)

By using Lemma 14, we obtain

𝑚𝑚󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱 ⩽ 𝑂𝑂 󶀢󶀢exp𝑝𝑝𝑝𝑝𝑟𝑟
𝜌𝜌𝜌𝜌𝜌󶀲󶀲 +

𝑘𝑘𝑘𝑘
󵠈󵠈
𝑗𝑗𝑗𝑗
𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲 + 𝑂𝑂 (1) (39)

outside of a possible exceptional set 𝐸𝐸1 of �nite linear
measure. By the hypothesis of Lemma 21, there exists a set
𝐸𝐸6 having in�nite logarithmic measure such that for all |𝑧𝑧𝑧𝑧
𝑟𝑟 𝑟 𝑟𝑟6 ⧵ 𝐸𝐸1, we have for any 𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀    2 − 𝛽𝛽1)

exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟
𝛽𝛽2−𝜀𝜀󶁒󶁒 ⩽ 𝑂𝑂 󶀢󶀢exp𝑝𝑝𝑝𝑝𝑟𝑟

𝜌𝜌𝜌𝜌𝜌󶀲󶀲 + (𝑘𝑘𝑘𝑘  ) exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟
𝛽𝛽1+𝜀𝜀󶁒󶁒

(40)

and so by Lemma 16, we obtain

𝛽𝛽2 ⩽ 𝛽𝛽1, (41)

and from this we obtain a contradiction. Hence 𝜌𝜌𝑝𝑝(𝑓𝑓𝑓𝑓𝑓  .
Now, assume that 𝑓𝑓 ̸≡ 0 is a meromorphic solution of (8)

with 𝜌𝜌𝑝𝑝(𝑓𝑓𝑓𝑓𝑓  . By (8) we have

𝑚𝑚󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱 ⩽
𝑘𝑘
󵠈󵠈
𝑗𝑗𝑗𝑗
𝑚𝑚󶀧󶀧𝑟𝑟𝑟

𝑓𝑓(𝑗𝑗𝑗

𝑓𝑓
󶀷󶀷 +

𝑘𝑘𝑘𝑘
󵠈󵠈
𝑗𝑗𝑗𝑗
𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲 + 𝑂𝑂 (1) . (42)

By Lemma 15 and (42), we have

𝑚𝑚󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱 ⩽ 𝑂𝑂 󶁁󶁁log 𝑟𝑟𝑟𝑟 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱󶀱󶀱 +
𝑘𝑘𝑘𝑘
󵠈󵠈
𝑗𝑗𝑗𝑗
𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲 , 𝑟𝑟 𝑟 𝑟𝑟2,

(43)

where 𝐸𝐸2 ⊂ [1,+∞ ) is a set having �nite linear measure.
By the hypothesis of Lemma 21, there exists a set 𝐸𝐸6 having
in�nite logarithmicmeasure such that, for all |𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧    6⧵𝐸𝐸2,
we have by using (43)

exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟
𝛽𝛽2−𝜀𝜀󶁒󶁒 ⩽ 𝑂𝑂 󶁁󶁁log 𝑟𝑟𝑟𝑟 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱󶀱󶀱 + (𝑘𝑘𝑘𝑘  ) exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟

𝛽𝛽1+𝜀𝜀󶁒󶁒 ,
(44)

where 0<2𝜀𝜀𝜀𝜀𝜀    2 − 𝛽𝛽1. By (44) and Lemma 16, we have

𝜌𝜌𝑝𝑝𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 ⩾ 𝛽𝛽2. (45)

Lemma 22 (see [12,eorem 3]). Let 𝑓𝑓𝑓𝑓𝑓𝑓 be a transcenden-
tal meromorphic function, and let 𝛼𝛼 𝛼𝛼  be a given constant.
en there exists a set 𝐸𝐸7 ⊂ (1,∞) with �nite logarithmic
measure and a constant 𝐵𝐵 𝐵𝐵  that depends only on 𝛼𝛼 and
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖   𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖𝑖   , such that for all 𝑧𝑧 satisfying |𝑧𝑧𝑧𝑧𝑧𝑧𝑧  
[0,1 ] ∪ 𝐸𝐸7, we have

󶙧󶙧
𝑓𝑓(𝑗𝑗𝑗 (𝑧𝑧)
𝑓𝑓(𝑖𝑖𝑖 (𝑧𝑧)

󶙧󶙧 ⩽ 𝐵𝐵󶁆󶁆
𝑇𝑇 󶀡󶀡𝛼𝛼𝛼𝛼𝛼𝛼𝛼 󶀱󶀱

𝑟𝑟
󶀡󶀡log𝛼𝛼𝑟𝑟󶀱󶀱 log𝑇𝑇 󶀡󶀡𝛼𝛼𝛼𝛼𝛼𝛼𝛼 󶀱󶀱󶀱󶀱

𝑗𝑗𝑗𝑗𝑗

. (46)

From the above lemma, we obtain the following result.

Lemma 23. Let 𝑓𝑓 be a transcendental meromorphic function
with �nite iterated order 𝜌𝜌𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓   𝑓 𝑓𝑓, 𝐻𝐻 𝐻 𝐻𝐻𝐻𝐻1,
𝑗𝑗1), (𝑘𝑘2, 𝑗𝑗2),…,  (𝑘𝑘𝑞𝑞, 𝑗𝑗𝑞𝑞)} be a �nite set of distinct pairs of
integers satisfying 𝑘𝑘𝑖𝑖 > 𝑗𝑗𝑖𝑖 ⩾0  (𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖   , and let 𝜀𝜀𝜀𝜀 
be a given constant. en, there exists a set 𝐸𝐸8 ⊂ (1,+∞ )
with �nite logarithmic measure, such that, for all 𝑧𝑧 satisfying
|𝑧𝑧𝑧𝑧𝑧𝑧  8 ∪ [0,1 ] and for all (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘   , we have

󶙧󶙧
𝑓𝑓(𝑘𝑘𝑘 (𝑧𝑧)
𝑓𝑓(𝑗𝑗𝑗 (𝑧𝑧)

󶙧󶙧 ⩽ 󶁂󶁂exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟
𝜌𝜌𝜌𝜌𝜌𝜌𝜌󶁒󶁒󶁒󶁒

𝑘𝑘𝑘𝑘𝑘
. (47)
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Proof. �e de�nition

𝜌𝜌𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 = lim sup
𝑟𝑟𝑟𝑟𝑟

log𝑝𝑝𝑇𝑇 󶀡󶀡𝑟𝑟𝑟 𝑟𝑟󶀱󶀱
log 𝑟𝑟

(48)

implies that for any given 𝜀𝜀1 > 0 there exists 𝑅𝑅 𝑅𝑅  such that
for all 𝑟𝑟 𝑟𝑟𝑟  we have

𝑇𝑇 󶀡󶀡𝑟𝑟𝑟 𝑟𝑟󶀱󶀱 < exp𝑝𝑝𝑝𝑝 󶁁󶁁𝑟𝑟
𝜌𝜌𝜌𝜌𝜌1󶁑󶁑 . (49)

Combining (49) with Lemma 22, for 𝛼𝛼 𝛼𝛼 , there exists a set
𝐸𝐸8 = [1, 𝑅𝑅𝑅 𝑅 𝑅𝑅7 that has �nite logarithmic measure and a
constant 𝐵𝐵 𝐵𝐵 , such that if |𝑧𝑧𝑧 𝑧 𝑧𝑧8 ∪ [0, 1], we obtain

󶙧󶙧
𝑓𝑓(𝑘𝑘𝑘 (𝑧𝑧)
𝑓𝑓(𝑗𝑗𝑗 (𝑧𝑧)

󶙧󶙧

⩽ 𝐵𝐵󶁇󶁇
exp𝑝𝑝𝑝𝑝 󶁁󶁁󶁁𝛼𝛼𝛼𝛼)

𝜌𝜌𝜌𝜌𝜌1󶁑󶁑
𝑟𝑟

󶀡󶀡log𝛼𝛼𝑟𝑟󶀱󶀱 exp𝑝𝑝𝑝𝑝 󶁁󶁁󶁁𝛼𝛼𝛼𝛼)
𝜌𝜌𝜌𝜌𝜌1󶁑󶁑󶁑󶁑

𝑘𝑘𝑘𝑘𝑘

.

(50)

Hence, there exists a constant 𝜀𝜀 𝜀𝜀𝜀   𝜀𝜀1, such that if |𝑧𝑧𝑧 𝑧
𝐸𝐸8 ∪ [0, 1], we have

󶙧󶙧
𝑓𝑓(𝑘𝑘𝑘 (𝑧𝑧)
𝑓𝑓(𝑗𝑗𝑗 (𝑧𝑧)

󶙧󶙧 ⩽ 󶁂󶁂exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟
𝜌𝜌𝜌𝜌𝜌𝜌𝜌󶁒󶁒󶁒󶁒

𝑘𝑘𝑘𝑘𝑘
. (51)

Lemma 24 (see [5]). Let 𝑓𝑓𝑓𝑓𝑓𝑓 be an entire function of iterated
𝑝𝑝 order 0 < 𝜌𝜌𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓   and iterated 𝑝𝑝 type 0 < 𝜏𝜏𝑝𝑝(𝑓𝑓𝑓𝑓𝑓  .
en, for every given𝛽𝛽 𝛽𝛽𝛽 𝑝𝑝(𝑓𝑓𝑓, there exists a set𝐸𝐸9 ⊂ [1,+∞)
that has in�nite logarithmic measure, such that, for all 𝑟𝑟 𝑟 𝑟𝑟9,
we have

log𝑝𝑝𝑀𝑀󶀡󶀡𝑟𝑟𝑟 𝑟𝑟󶀱󶀱 > 𝛽𝛽𝛽𝛽𝜌𝜌𝑝𝑝(𝑓𝑓𝑓. (52)

Lemma 25. Let 𝐴𝐴0(𝑧𝑧𝑧𝑧𝑧𝑧 1(𝑧𝑧𝑧𝑧𝑧 𝑧𝑧𝑧𝑘𝑘𝑘𝑘(𝑧𝑧𝑧 be entire functions
with �nite iterated order and satisfy max{𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝑗𝑗 𝑗
1,2,…,   𝑘𝑘 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑝𝑝(𝐴𝐴0) = 𝜌𝜌2(0 < 𝜌𝜌2 < ∞), and
max{𝜏𝜏𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗) = 𝜌𝜌𝑝𝑝(𝐴𝐴0)} = 𝜏𝜏1 < 𝜏𝜏𝑝𝑝(𝐴𝐴0) = 𝜏𝜏𝜏𝜏𝜏
𝜏𝜏 𝜏𝜏𝜏 , and let 𝑈𝑈1

𝑗𝑗 , 𝑈𝑈
𝑖𝑖
𝑗𝑗 be stated as in Lemma 20. en, for

any given 𝜀𝜀𝜀𝜀𝜀𝜀  𝜀𝜀 𝜀𝜀𝜀𝜀𝜀𝜀  1), there exists a set 𝐸𝐸10 with in�nite
logarithmic measure such that

󶙢󶙢𝑈𝑈𝑖𝑖
𝑗𝑗󶙢󶙢 ⩽ exp𝑝𝑝 󶁁󶁁󶀡󶀡𝜏𝜏1 + 𝜀𝜀󶀱󶀱 𝑟𝑟

𝜌𝜌2󶁑󶁑 , 󶙢󶙢𝑈𝑈𝑖𝑖
0󶙢󶙢 ⩾ exp𝑝𝑝 󶁁󶁁󶁁𝜏𝜏 𝜏𝜏𝜏 ) 𝑟𝑟

𝜌𝜌2󶁑󶁑 ,
(53)

where 𝑖𝑖 𝑖𝑖𝑖  𝑖𝑖 𝑖 𝑖 and 𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗      .

Proof. We prove this lemma by using mathematical induc-
tion.

(i) We �rst prove that𝑈𝑈𝑖𝑖
𝑗𝑗 (𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗       satisfy (53)

when 𝑖𝑖 𝑖𝑖 . From the de�nition of 𝑈𝑈1
𝑗𝑗 = 𝐴𝐴′

𝑗𝑗𝑗𝑗 + 𝐴𝐴𝑗𝑗 −
(𝐴𝐴′

0/𝐴𝐴0)𝐴𝐴𝑗𝑗𝑗𝑗(𝑗𝑗 𝑗 𝑗𝑗 and 𝑈𝑈
1
0 = 𝐴𝐴′

1 + 𝐴𝐴0 − (𝐴𝐴
′
0/𝐴𝐴0)𝐴𝐴1,

we have

󶙢󶙢𝑈𝑈1
0󶙢󶙢 ⩾ 󶙡󶙡𝐴𝐴0󶙡󶙡 − 󶙡󶙡𝐴𝐴1󶙡󶙡 󶀧󶀧󶀧󶀧

𝐴𝐴′
1

𝐴𝐴1
󶙧󶙧 + 󶙧󶙧

𝐴𝐴′
0

𝐴𝐴0
󶙧󶙧󶀷󶀷 ,

󶙢󶙢𝑈𝑈1
𝑗𝑗󶙢󶙢 ⩽ 󶙢󶙢𝐴𝐴𝑗𝑗󶙢󶙢 + 󶙢󶙢𝐴𝐴𝑗𝑗𝑗𝑗󶙢󶙢󶀨󶀨󶙀󶙀

󶙘󶙘

𝐴𝐴′
𝑗𝑗𝑗𝑗

𝐴𝐴𝑗𝑗𝑗𝑗
󶙀󶙀

󶙘󶙘
+ 󶙧󶙧

𝐴𝐴′
0

𝐴𝐴0
󶙧󶙧󶀸󶀸 ,

𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗       𝑘𝑘 ≡ 1.

(54)

From Lemmas 23, 24, and (54), for any 𝜀𝜀𝜀𝜀𝜀  𝜀𝜀𝜀 𝜀
𝜏𝜏 𝜏 𝜏𝜏1), there exists a set 𝐸𝐸10 with in�nite logarithmic
measure such that

󶙢󶙢𝑈𝑈1
0󶙢󶙢 ⩾ exp𝑝𝑝 󶁄󶁄󶁄󶁄𝜏𝜏 𝜏

𝜀𝜀
4
󶀴󶀴 𝑟𝑟𝜌𝜌2󶁔󶁔

−2 exp𝑝𝑝 󶁄󶁄󶀤󶀤𝜏𝜏1 +
𝜀𝜀
4
󶀴󶀴 𝑟𝑟𝜌𝜌2󶁔󶁔 exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟

𝑀𝑀󶁒󶁒

⩾ exp𝑝𝑝 󶁄󶁄󶀤󶀤𝜏𝜏 𝜏
𝜀𝜀
2
󶀴󶀴 𝑟𝑟𝜌𝜌2󶁔󶁔 ,

󶙢󶙢𝑈𝑈1
𝑗𝑗󶙢󶙢 ⩽ exp𝑝𝑝 󶁄󶁄󶁄󶁄𝜏𝜏1 +

𝜀𝜀
4
󶀴󶀴 𝑟𝑟𝜌𝜌2󶁔󶁔

+2 exp𝑝𝑝 󶁄󶁄󶀤󶀤𝜏𝜏1 +
𝜀𝜀
4
󶀴󶀴 𝑟𝑟𝜌𝜌2󶁔󶁔 exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟

𝑀𝑀󶁒󶁒

⩽ exp𝑝𝑝 󶁄󶁄󶁄󶁄𝜏𝜏1 +
𝜀𝜀
2
󶀴󶀴 𝑟𝑟𝜌𝜌2󶁔󶁔 , 𝑗𝑗 𝑗 𝑗𝑗

(55)

where𝑀𝑀 𝑀𝑀  is a constant, not necessarily the same
at each occurrence.

(ii) Next, we show that𝑈𝑈𝑖𝑖
𝑗𝑗 (𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗     satisfy (53)

when 𝑖𝑖 𝑖𝑖 . From

𝑈𝑈2
0 = 𝑈𝑈

1′
1 + 𝑈𝑈

1
0 −

𝑈𝑈1′
0

𝑈𝑈1
0
𝑈𝑈1
1,

𝑈𝑈2
𝑗𝑗 = 𝑈𝑈

1′
𝑗𝑗𝑗𝑗 + 𝑈𝑈

1
𝑗𝑗 −

𝑈𝑈1′
0

𝑈𝑈1
0
𝑈𝑈1
𝑗𝑗𝑗𝑗,

𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗       1
𝑘𝑘 ≡ 1,

(56)

we have

󶙢󶙢𝑈𝑈2
0󶙢󶙢 ⩾ 󶙢󶙢𝑈𝑈1

0󶙢󶙢 − 󶙢󶙢𝑈𝑈
1
1󶙢󶙢󶀨󶀨󶙀󶙀

󶙘󶙘

𝑈𝑈1′
1

𝑈𝑈1
1

󶙀󶙀

󶙘󶙘
+ 󶙀󶙀

󶙘󶙘

𝑈𝑈1′
0

𝑈𝑈1
0

󶙀󶙀

󶙘󶙘
󶀸󶀸 ,

󶙢󶙢𝑈𝑈2
𝑗𝑗󶙢󶙢 ⩽ 󶙢󶙢𝑈𝑈

1
𝑗𝑗󶙢󶙢 + 󶙢󶙢𝑈𝑈

1
𝑗𝑗𝑗𝑗󶙢󶙢󶀩󶀩󶙀󶙀

󶙘󶙘

𝑈𝑈1′
𝑗𝑗𝑗𝑗

𝑈𝑈1
𝑗𝑗𝑗𝑗

󶙀󶙀

󶙘󶙘
+ 󶙀󶙀

󶙘󶙘

𝑈𝑈1′
0

𝑈𝑈1
0

󶙀󶙀

󶙘󶙘
󶀹󶀹 ,

𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗     

(57)
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By the conclusions of (i) and Lemma 23, (55)–(57), we obtain
for all |𝑧𝑧𝑧 𝑧 𝑧𝑧 𝑧 𝑧𝑧10

󶙢󶙢𝑈𝑈2
0󶙢󶙢 ⩾ exp𝑝𝑝 󶁄󶁄󶁄󶁄𝜏𝜏 𝜏

𝜀𝜀
2
󶀴󶀴 𝑟𝑟𝜌𝜌2󶁔󶁔

− 2exp𝑝𝑝 󶁄󶁄󶀤󶀤𝜏𝜏1 +
𝜀𝜀
2
󶀴󶀴 𝑟𝑟𝜌𝜌2󶁔󶁔 exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟

𝑀𝑀󶁒󶁒

⩾ exp𝑝𝑝 󶁁󶁁󶁁𝜏𝜏 𝜏 𝜏𝜏) 𝑟𝑟
𝜌𝜌2󶁑󶁑 ,

󶙢󶙢𝑈𝑈2
𝑗𝑗󶙢󶙢 ⩽ exp𝑝𝑝 󶁄󶁄󶀤󶀤𝜏𝜏1 +

𝜀𝜀
2
󶀴󶀴 𝑟𝑟𝜌𝜌2󶁔󶁔

+ 2exp𝑝𝑝 󶁄󶁄󶁄󶁄𝜏𝜏1 +
𝜀𝜀
2
󶀴󶀴 𝑟𝑟𝜌𝜌2󶁔󶁔 exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟

𝑀𝑀󶁒󶁒

⩽ exp𝑝𝑝 󶁁󶁁󶀡󶀡𝜏𝜏1 + 𝜀𝜀󶀱󶀱 𝑟𝑟
𝜌𝜌2󶁑󶁑 , 𝑗𝑗 𝑗 𝑗𝑗

(58)

(iii) Now, suppose that (53) holds for 𝑖𝑖 𝑖 𝑖𝑖, 𝑛𝑛𝑛  𝑛; that is,
for any given 𝜀𝜀𝜀𝜀 𝜀 𝜀𝜀𝜀 𝜀 𝜀𝜀𝜀𝜀𝜀  1), there exists a set 𝐸𝐸10
with in�nite logarithmic measure such that

󶙢󶙢𝑈𝑈𝑖𝑖
𝑗𝑗󶙢󶙢 ⩽ exp𝑝𝑝 󶁁󶁁󶀡󶀡𝜏𝜏1 + 𝜀𝜀󶀱󶀱 𝑟𝑟

𝜌𝜌2󶁑󶁑 , 󶙢󶙢𝑈𝑈𝑖𝑖
0󶙢󶙢 ⩾ exp𝑝𝑝 󶁁󶁁󶁁𝜏𝜏 𝜏 𝜏𝜏) 𝑟𝑟

𝜌𝜌2󶁑󶁑 ,

𝑖𝑖 𝑖 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖    𝑖 𝑖 𝑖𝑖 𝑖𝑖𝑖
(59)

From𝑈𝑈𝑛𝑛𝑛𝑛
0 = 𝑈𝑈𝑛𝑛′

1 +𝑈𝑈
𝑛𝑛
0 −(𝑈𝑈

𝑛𝑛′
0 /𝑈𝑈

𝑛𝑛
0)𝑈𝑈

𝑛𝑛
1 and𝑈𝑈

𝑛𝑛𝑛𝑛
𝑗𝑗 = 𝑈𝑈𝑛𝑛′

𝑗𝑗𝑗𝑗 +𝑈𝑈
𝑛𝑛
𝑗𝑗 −

(𝑈𝑈𝑛𝑛′
0 /𝑈𝑈

𝑛𝑛
0)𝑈𝑈

𝑛𝑛
𝑗𝑗𝑗𝑗 (𝑗𝑗 𝑗𝑗𝑗𝑗 ,𝑘𝑘𝑘𝑘𝑘  , 𝑈𝑈𝑛𝑛

𝑘𝑘 ≡ 1, we have

󶙢󶙢𝑈𝑈𝑛𝑛𝑛𝑛
0 󶙢󶙢 ⩾ 󶙡󶙡𝑈𝑈𝑛𝑛

0󶙡󶙡 − 󶙡󶙡𝑈𝑈
𝑛𝑛
1󶙡󶙡󶀨󶀨󶙀󶙀

󶙘󶙘

𝑈𝑈𝑛𝑛′
1

𝑈𝑈𝑛𝑛
1

󶙀󶙀

󶙘󶙘
+ 󶙀󶙀

󶙘󶙘

𝑈𝑈𝑛𝑛′
0

𝑈𝑈𝑛𝑛
0

󶙀󶙀

󶙘󶙘
󶀸󶀸 ,

󶙢󶙢𝑈𝑈𝑛𝑛𝑛𝑛
𝑗𝑗 󶙢󶙢 ⩽ 󶙢󶙢𝑈𝑈𝑛𝑛

𝑗𝑗 󶙢󶙢 + 󶙢󶙢𝑈𝑈
𝑛𝑛
𝑗𝑗𝑗𝑗󶙢󶙢󶀩󶀩󶙀󶙀

󶙘󶙘

𝑈𝑈𝑛𝑛′
𝑗𝑗𝑗𝑗

𝑈𝑈𝑛𝑛
𝑗𝑗𝑗𝑗

󶙀󶙀

󶙘󶙘
+ 󶙀󶙀

󶙘󶙘

𝑈𝑈𝑛𝑛′
0

𝑈𝑈𝑛𝑛
0

󶙀󶙀

󶙘󶙘
󶀹󶀹 ,

𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗      𝑗

(60)

en, from Lemma 23 and (59)-(60), for all |𝑧𝑧𝑧 𝑧 𝑧𝑧 𝑧 𝑧𝑧10,

󶙢󶙢𝑈𝑈𝑛𝑛𝑛𝑛
𝑗𝑗 󶙢󶙢 ⩽ exp𝑝𝑝 󶁁󶁁󶁁󶁁𝜏𝜏1 + 𝜀𝜀󶀱󶀱 𝑟𝑟

𝜌𝜌2󶁑󶁑

+ 2exp𝑝𝑝 󶁁󶁁󶀡󶀡𝜏𝜏1 + 𝜀𝜀󶀱󶀱 𝑟𝑟
𝜌𝜌2󶁑󶁑 exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟

𝑀𝑀󶁒󶁒

⩽ exp𝑝𝑝 󶁁󶁁󶁁󶁁𝜏𝜏1 + 2𝜀𝜀󶀱󶀱 𝑟𝑟
𝜌𝜌2󶁑󶁑

(61)

for 𝑗𝑗 𝑗 𝑗, and

󶙢󶙢𝑈𝑈𝑛𝑛𝑛𝑛
0 󶙢󶙢 ⩾ exp𝑝𝑝 󶁁󶁁󶁁𝜏𝜏 𝜏 𝜏𝜏) 𝑟𝑟

𝜌𝜌2󶁑󶁑

− 2exp𝑝𝑝 󶁁󶁁󶁁󶁁𝜏𝜏1 + 𝜀𝜀󶀱󶀱 𝑟𝑟
𝜌𝜌2󶁑󶁑 exp𝑝𝑝𝑝𝑝 󶁂󶁂𝑟𝑟

𝑀𝑀󶁒󶁒

⩾ exp𝑝𝑝 󶁁󶁁󶁁𝜏𝜏 𝜏 𝜏𝜏𝜏) 𝑟𝑟
𝜌𝜌2󶁑󶁑 .

(62)

us, the proof of Lemma 25 is complete.

Lemma 26. Let𝐴𝐴0,𝐴𝐴1,… ,𝐴𝐴𝑘𝑘𝑘𝑘 bemeromorphic functions of
�nite iterated order �ith 𝑖𝑖𝑖𝑖𝑖0) = 𝑝𝑝𝑝𝑝𝑝  𝑝𝑝 𝑝 𝑝𝑝 such that
max{𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗      𝑗 𝑗𝑗𝑗 4 < 𝜌𝜌𝑝𝑝(𝐴𝐴0) = 𝜌𝜌3
and 𝛿𝛿 𝛿 𝛿𝛿𝛿𝛿𝛿𝛿𝛿0) = lim inf

𝑟𝑟𝑟𝑟
(𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 0))/(𝑇𝑇𝑇𝑇𝑇𝑇 𝑇𝑇𝑇𝑇 𝑇 𝑇. en

every meromorphic solution 𝑓𝑓 ̸≡ 0 of (8) satis�es 𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓
𝜌𝜌𝑝𝑝(𝐴𝐴0) = 𝜌𝜌3.

Proof. Assume that𝑓𝑓𝑓𝑓𝑓𝑓 ̸≡ 0 is ameromorphic solution of (8).
By (8) we have

𝑚𝑚󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱 ⩽
𝑘𝑘
󵠈󵠈
𝑗𝑗𝑗𝑗
𝑚𝑚󶀧󶀧𝑟𝑟𝑟

𝑓𝑓(𝑗𝑗𝑗

𝑓𝑓
󶀷󶀷 +

𝑘𝑘𝑘𝑘
󵠈󵠈
𝑗𝑗𝑗𝑗
𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲 + 𝑂𝑂 (1) . (63)

By Lemma 15, we obtain

𝑚𝑚󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱 ⩽ 𝑂𝑂 󶁁󶁁log 𝑟𝑟𝑟𝑟 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱󶀱󶀱 +
𝑘𝑘𝑘𝑘
󵠈󵠈
𝑗𝑗𝑗𝑗
𝑚𝑚 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲 , 𝑟𝑟 𝑟 𝑟𝑟2,

(64)

where 𝐸𝐸2 ⊂ [1, +∞) is a set having �nite linear measure. By
Lemma 19, there exists a set 𝐸𝐸4 having in�nite logarithmic
measure such that, for all |𝑧𝑧𝑧 𝑧 𝑧𝑧 𝑧 𝑧𝑧4, we have

lim
𝑟𝑟𝑟𝑟

log𝑝𝑝𝑇𝑇 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱
log 𝑟𝑟

= 𝜌𝜌3. (65)

Since 𝛿𝛿𝛿𝛿𝛿𝛿𝛿0) > 0, then for any given 𝜀𝜀𝜀𝜀 𝜀 𝜀𝜀𝜀 𝜀 𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀 3−
𝜌𝜌4}) and for all 𝑟𝑟𝑟𝑟𝑟  4, by (65), we have

𝑚𝑚󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱 ⩾ (𝛿𝛿 𝛿𝛿𝛿 ) 𝑇𝑇 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 0󶀱󶀱 ⩾ (𝛿𝛿 𝛿𝛿𝛿 ) exp𝑝𝑝𝑝𝑝 󶁁󶁁𝑟𝑟
𝜌𝜌3−𝜀𝜀󶁑󶁑 . (66)

From (64) and (66), we have for any given 𝜀𝜀𝜀𝜀 𝜀 𝜀𝜀𝜀 𝜀
min{𝛿𝛿𝛿𝛿𝛿 3 − 𝜌𝜌4}) and for all |𝑧𝑧𝑧 𝑧 𝑧𝑧 𝑧 𝑧𝑧4 ⧵ 𝐸𝐸2

(𝛿𝛿 𝛿𝛿𝛿 ) exp𝑝𝑝𝑝𝑝 󶁁󶁁𝑟𝑟
𝜌𝜌3−𝜀𝜀󶁑󶁑

⩽ 𝑂𝑂 󶁁󶁁log 𝑟𝑟𝑟𝑟 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱󶁑󶁑 + (𝑘𝑘𝑘𝑘  ) exp𝑝𝑝𝑝𝑝 󶁁󶁁𝑟𝑟
𝜌𝜌4+𝜀𝜀󶁑󶁑 .

(67)

By (67) and Lemma 16, we obtain

𝜌𝜌𝑝𝑝𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 ⩾ 𝜌𝜌3. (68)

Lemma 27. Let𝐴𝐴0,𝐴𝐴1,… ,𝐴𝐴𝑘𝑘𝑘𝑘 bemeromorphic functions of
�nite iterated order. �f there e�ist positive constants 𝜌𝜌5, 𝛼𝛼𝛼 𝛼𝛼𝛼𝛼𝛼
𝛼𝛼 𝛼 𝛼𝛼𝛼 and a set 𝐸𝐸11 �ith in�nite lo�arithmic measure such
that

󶙡󶙡𝐴𝐴0 (𝑧𝑧)󶙡󶙡 ⩾ exp𝑝𝑝 󶁁󶁁𝛽𝛽𝛽𝛽
𝜌𝜌5󶁑󶁑 ,

max 󶁂󶁂󶁂󶁂𝐴𝐴𝑗𝑗 (𝑧𝑧)󶙢󶙢 ∶ 𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗      󶁒󶁒 ⩽ exp𝑝𝑝 󶁁󶁁𝛼𝛼𝛼𝛼
𝜌𝜌5󶁑󶁑

(69)

hold for all |𝑧𝑧𝑧 𝑧 𝑧𝑧 𝑧 𝑧𝑧11, then every meromorphic solution
𝑓𝑓 ̸≡ 0 of (8) satis�es 𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  5.

Proof. Assume that 𝑓𝑓 ̸≡ 0 is a meromorphic solution of (8).
By (8), we obtain

󶙡󶙡𝐴𝐴0󶙡󶙡 ⩽ 󶙧󶙧
𝑓𝑓(𝑘𝑘𝑘

𝑓𝑓
󶙧󶙧 +

𝑘𝑘𝑘𝑘
󵠈󵠈
𝑗𝑗𝑗𝑗

󶙢󶙢𝐴𝐴𝑗𝑗󶙢󶙢 󶙢󶙢
𝑓𝑓(𝑗𝑗𝑗

𝑓𝑓
󶙧󶙧 . (70)
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By Lemma 22, there exists a set 𝐸𝐸7 having a �nite logarithmic
measure such that, for all |𝑧𝑧𝑧 𝑧 𝑧𝑧 𝑧 𝑧𝑧7, we have

󶙧󶙧
𝑓𝑓(𝑗𝑗𝑗 (𝑧𝑧)
𝑓𝑓 (𝑧𝑧)

󶙧󶙧 ⩽ 𝐵𝐵󶁡󶁡𝑇𝑇 󶀡󶀡2𝑟𝑟𝑟 𝑟𝑟󶀱󶀱󶁱󶁱𝑘𝑘𝑘𝑘, 𝑗𝑗 𝑗𝑗𝑗𝑗𝑗  𝑗 𝑗𝑗𝑗𝑗  (71)

where𝐵𝐵 𝐵 𝐵 is a constant. Substituting (69) and (71) into (70),
we obtain for all |𝑧𝑧𝑧 𝑧 𝑧𝑧 𝑧 𝑧𝑧11 − 𝐸𝐸7

exp𝑝𝑝 󶁁󶁁𝛽𝛽𝛽𝛽
𝜌𝜌5󶁑󶁑 ⩽ 𝐵𝐵𝐵𝐵󶁡󶁡𝑇𝑇 󶀡󶀡2𝑟𝑟𝑟 𝑟𝑟󶀱󶀱󶀱󶀱𝑘𝑘𝑘𝑘exp𝑝𝑝 󶁁󶁁𝛼𝛼𝛼𝛼

𝜌𝜌5󶁑󶁑 . (72)

Since 0 < 𝛼𝛼 𝛼𝛼𝛼 , then from (72), �e�nitions 1, 2, and Lemma
16, we can deduce that 𝑖𝑖𝑖𝑖𝑖𝑖 𝑖 𝑖𝑖𝑖𝑖   and

𝜌𝜌𝑝𝑝𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 ⩾ 𝜌𝜌5. (73)

Lemma 28 (see [13]). Let 𝑝𝑝 𝑝𝑝  be an integer, and let 𝑓𝑓𝑓𝑓𝑓𝑓 be
a meromorphic solution of the differential equation

𝑓𝑓(𝑘𝑘𝑘 + 𝐴𝐴𝑘𝑘𝑘𝑘𝑓𝑓
(𝑘𝑘𝑘𝑘𝑘 + ⋯ + 𝐴𝐴0𝑓𝑓 𝑓 𝑓𝑓𝑓 (74)

where 𝐴𝐴0,𝐴𝐴1,…, 𝐴𝐴𝑘𝑘𝑘𝑘 and 𝐹𝐹 ̸≡ 0 are meromorphic functions:
(i) if max{𝜌𝜌𝑝𝑝(𝐹𝐹𝐹𝐹𝐹𝐹 𝑝𝑝(𝐴𝐴𝑗𝑗) (𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗   𝑗 𝑗𝑗𝑗𝑗𝑗   𝑗𝑗 𝑗

𝜌𝜌𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓𝑓    𝑓, then 𝜆𝜆𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝑓𝑓𝑓,
(ii) if max{𝜌𝜌𝑝𝑝𝑝𝑝(𝐹𝐹𝐹𝐹𝐹𝐹 𝑝𝑝𝑝𝑝(𝐴𝐴𝑗𝑗) (𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗   𝑗 𝑗𝑗𝑗𝑗𝑗   𝑗𝑗 𝑗

𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓𝑓    𝑓, then 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓
𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓.

Lemma 29 (see [3]). Let𝐴𝐴0(𝑧𝑧𝑧𝑧𝑧,𝐴𝐴𝑘𝑘𝑘𝑘(𝑧𝑧𝑧 be entire functions
such that 𝑖𝑖𝑖𝑖𝑖0)=  𝑝𝑝𝑝𝑝𝑝  𝑝𝑝 𝑝𝑝𝑝 . If either max{𝑖𝑖𝑖𝑖𝑖𝑗𝑗): 𝑗𝑗 𝑗
1, 2,…,  𝑘𝑘 𝑘 𝑘𝑘𝑘𝑘𝑘   or max{𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝑗𝑗 𝑗𝑗𝑗𝑗𝑗  𝑗 𝑗𝑗𝑗𝑗𝑗   𝑗 𝑗
𝜌𝜌𝑝𝑝(𝐴𝐴0), then every solution 𝑓𝑓 ̸≡ 0 of (8) satis�es 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖   
and 𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0).

Lemma 30 (see [5]). Let 𝐴𝐴0,𝐴𝐴1,…, 𝐴𝐴𝑘𝑘𝑘𝑘 be entire functions
of �nite iterated order, and let 𝑖𝑖𝑖𝑖𝑖0)=  𝑝𝑝𝑝𝑝𝑝  𝑝𝑝 𝑝𝑝𝑝 . Assume
thatmax{𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝑗𝑗 𝑗𝑗𝑗𝑗𝑗  𝑗 𝑗𝑗𝑗𝑗𝑗   𝑗 𝑗𝑗𝑗 𝑝𝑝(𝐴𝐴0)=  𝜌𝜌𝜌𝜌𝜌  𝜌𝜌 𝜌
∞) and max{𝜏𝜏𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗)=  𝜌𝜌𝑝𝑝(𝐴𝐴0)} < 𝜏𝜏𝑝𝑝(𝐴𝐴0)=  𝜏𝜏𝜏𝜏𝜏
𝜏𝜏 𝜏𝜏𝜏 . en every solution 𝑓𝑓 ̸≡ 0 of (8) satis�es 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖   
and 𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0)=  𝜌𝜌.

3. Proof of the Theorems

Proof of eorem 7. We consider two cases.
Case 1. Suppose that max{𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝑗𝑗 𝑗𝑗𝑗𝑗𝑗  𝑗 𝑗𝑗𝑗𝑗𝑗   𝑗 𝑗
𝜌𝜌𝑝𝑝(𝐴𝐴0) < ∞.

(i) First, we prove that 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓𝑓
𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0). Assume that 𝑓𝑓 ̸≡ 0 is a solution of (8).
From Lemma 29, we have 𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0). Set 𝑔𝑔 𝑔𝑔𝑔𝑔𝑔𝑔   .
Since 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝(𝐴𝐴0), then 𝜌𝜌𝑝𝑝𝑝𝑝(𝑔𝑔𝑔𝑔𝑔𝑔  𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0)
and 𝜆𝜆𝑝𝑝𝑝𝑝(𝑔𝑔𝑔𝑔  𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓,𝜆𝜆𝑝𝑝𝑝𝑝(𝑔𝑔𝑔𝑔𝑔𝑔  𝑝𝑝𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓. By
substituting 𝑓𝑓 𝑓𝑓𝑓𝑓   𝑓𝑓 into (8), we get that 𝑔𝑔 satis�es the
following equation:

𝑔𝑔(𝑘𝑘𝑘 + 𝐴𝐴𝑘𝑘𝑘𝑘𝑔𝑔
(𝑘𝑘𝑘𝑘𝑘 + ⋯ + 𝐴𝐴0𝑔𝑔

= − 󶁢󶁢𝜑𝜑(𝑘𝑘𝑘 + 𝐴𝐴𝑘𝑘𝑘𝑘𝜑𝜑
(𝑘𝑘𝑘𝑘𝑘 + ⋯ + 𝐴𝐴0𝜑𝜑󶁲󶁲 .

(75)

Set 𝐹𝐹𝐹𝐹𝐹  (𝑘𝑘𝑘 + 𝐴𝐴𝑘𝑘𝑘𝑘𝜑𝜑
(𝑘𝑘𝑘𝑘𝑘 + ⋯ + 𝐴𝐴0𝜑𝜑. If 𝐹𝐹𝐹𝐹  , then,

from Lemma 29, we have 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝(𝐴𝐴0), which is a
contradiction. Hence 𝐹𝐹 ̸≡ 0. From the assumptions of eo-
rem 7, we get

max 󶁂󶁂𝜌𝜌𝑝𝑝𝑝𝑝 (𝐹𝐹) , 𝜌𝜌𝑝𝑝𝑝𝑝 󶀢󶀢𝐴𝐴𝑗𝑗󶀲󶀲 󶀲󶀲𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗   𝑗 𝑗𝑗𝑗𝑗𝑗   󶀱󶀱󶀱󶀱

< 𝜌𝜌𝑝𝑝𝑝𝑝 󶀡󶀡𝑔𝑔󶀱󶀱 = 𝜌𝜌𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱 .
(76)

From Lemma 28 (ii), we have 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓𝑓
𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0).

(ii) Second, we prove that 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓
′ − 𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝𝑝𝑝(𝑓𝑓

′ − 𝜑𝜑𝜑𝜑
𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0). Set𝑔𝑔1 = 𝑓𝑓

′−𝜑𝜑, then 𝜌𝜌𝑝𝑝𝑝𝑝(𝑔𝑔1)=  𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓
𝜌𝜌𝑝𝑝(𝐴𝐴0). By Lemma 13, we get that 𝑔𝑔1 satis�es the (15). Set
𝐹𝐹1 =𝜑𝜑

(𝑘𝑘𝑘+𝑈𝑈1
𝑘𝑘𝑘𝑘𝜑𝜑

(𝑘𝑘𝑘𝑘𝑘+⋯+𝑈𝑈1
0𝜑𝜑, where𝑈𝑈

1
𝑗𝑗 (𝑗𝑗 𝑗𝑗𝑗𝑗𝑗  𝑗 𝑗𝑗𝑗𝑗𝑗 𝑗

are stated as in Lemma 13. If 𝐹𝐹1 ≡ 0, then, from Lemmas
20 and 21, we have 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝(𝐴𝐴0), a contradiction with
𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝(𝐴𝐴0). Hence 𝐹𝐹1 ̸≡ 0. By Lemma 28 (ii), we have

𝜆𝜆𝑝𝑝𝑝𝑝 󶀣󶀣𝑓𝑓
′ − 𝜑𝜑󶀳󶀳 = 𝜆𝜆𝑝𝑝𝑝𝑝 󶀣󶀣𝑓𝑓

′ − 𝜑𝜑󶀳󶀳 = 𝜌𝜌𝑝𝑝𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 = 𝜌𝜌𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱 . (77)

(iii) Now, we prove that 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓
′′ − 𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝𝑝𝑝(𝑓𝑓

′′ − 𝜑𝜑𝜑𝜑
𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0). Set 𝑔𝑔2 = 𝑓𝑓′′ − 𝜑𝜑, then 𝜌𝜌𝑝𝑝𝑝𝑝(𝑔𝑔2)=
𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0). By Lemma 13, we get that 𝑔𝑔2 satis�es
(15). Set 𝐹𝐹2 =𝜑𝜑 (𝑘𝑘𝑘 + 𝑈𝑈2

𝑘𝑘𝑘𝑘𝜑𝜑
(𝑘𝑘𝑘𝑘𝑘 + ⋯ + 𝑈𝑈2

0𝜑𝜑, where 𝑈𝑈
2
𝑗𝑗 (𝑗𝑗 𝑗

0,1,…,   𝑘𝑘 𝑘 𝑘𝑘 are stated as in Lemma 13. If 𝐹𝐹2 ≡ 0, then,
from Lemmas 20 and 21, we have 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝(𝐴𝐴0), a
contradiction with 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝(𝐴𝐴0). Hence 𝐹𝐹2 ̸≡ 0. By
Lemma 28 (ii), we have

𝜆𝜆𝑝𝑝𝑝𝑝 󶀣󶀣𝑓𝑓
′′ − 𝜑𝜑󶀳󶀳 = 𝜆𝜆𝑝𝑝𝑝𝑝 󶀣󶀣𝑓𝑓

′′ − 𝜑𝜑󶀳󶀳 = 𝜌𝜌𝑝𝑝𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 = 𝜌𝜌𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱 .
(78)

(iv) Set 𝑔𝑔3 = 𝑓𝑓′′′ − 𝜑𝜑, and then 𝜌𝜌𝑝𝑝𝑝𝑝(𝑔𝑔3)=  𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓
𝜌𝜌𝑝𝑝(𝐴𝐴0). From Lemmas 13, 20, 21, and 28 (ii), using the same
argument as in Case 1 (iii), we can get 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓

′′′ − 𝜑𝜑𝜑𝜑
𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓

′′′ − 𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0).
(v) We prove that 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓

(𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝𝑝𝑝(𝑓𝑓
(𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑

𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0), 𝑖𝑖 𝑖𝑖 , 𝑖𝑖 𝑖 𝑖. Set 𝑔𝑔𝑖𝑖 = 𝑓𝑓(𝑖𝑖𝑖 − 𝜑𝜑, and then
𝜌𝜌𝑝𝑝𝑝𝑝(𝑔𝑔𝑖𝑖)=  𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0). By Lemma 13, we get that
𝑔𝑔𝑖𝑖 satis�es (15). Set 𝐹𝐹𝑖𝑖 =𝜑𝜑 (𝑘𝑘𝑘 + 𝑈𝑈𝑖𝑖

𝑘𝑘𝑘𝑘𝜑𝜑
(𝑘𝑘𝑘𝑘𝑘 + ⋯ + 𝑈𝑈𝑖𝑖

0𝜑𝜑,
where 𝑈𝑈𝑖𝑖

𝑗𝑗 (𝑗𝑗 𝑗𝑗𝑗𝑗𝑗  𝑗 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗         𝑗 are stated as in
Lemma 13. If 𝐹𝐹𝑖𝑖 ≡ 0, then from Lemmas 20 and 21, we have
𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝(𝐴𝐴0), a contradiction with 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝(𝐴𝐴0).
Hence 𝐹𝐹𝑖𝑖 ̸≡ 0. By Lemma 28 (ii), we have 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓

(𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑
𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓

(𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓  𝑝𝑝(𝐴𝐴0) (𝑖𝑖 𝑖𝑖𝑖  𝑖𝑖 𝑖 𝑖𝑖.
Case 2. Suppose that max{𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝑗𝑗 𝑗𝑗𝑗𝑗𝑗  𝑗 𝑗𝑗𝑗𝑗𝑗   𝑗 𝑗
𝜌𝜌𝑝𝑝(𝐴𝐴0)=  𝜌𝜌𝜌𝜌𝜌  𝜌𝜌 𝜌𝜌𝜌  and max{𝜏𝜏𝑝𝑝(𝐴𝐴𝑗𝑗) ∶ 𝜌𝜌𝑝𝑝(𝐴𝐴𝑗𝑗)=
𝜌𝜌𝑝𝑝(𝐴𝐴0)} < 𝜏𝜏𝑝𝑝(𝐴𝐴0)=  𝜏𝜏𝜏𝜏𝜏  𝜏𝜏 𝜏𝜏𝜏 .
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(i) First, we prove that 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓 𝑓
𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝐴𝐴0). Assume that 𝑓𝑓 ̸≡ 0 is a solution of (8).
From Lemma 30, we have 𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝐴𝐴0). Set 𝑔𝑔 𝑔𝑔𝑔𝑔𝑔𝑔   .
Since 𝜑𝜑 ̸≡ 0 is an entire function satisfying 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑 𝜑 𝜑𝜑𝑝𝑝(𝐴𝐴0),
then 𝜌𝜌𝑝𝑝𝑝𝑝(𝑔𝑔𝑔𝑔𝑔𝑔  𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝐴𝐴0) and 𝜆𝜆𝑝𝑝𝑝𝑝(𝑔𝑔𝑔𝑔  𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓𝑓
𝜑𝜑𝜑, 𝜆𝜆𝑝𝑝𝑝𝑝(𝑔𝑔𝑔𝑔𝑔𝑔  𝑝𝑝𝑝𝑝(𝑓𝑓𝑓𝑓𝑓𝑓. By substituting 𝑓𝑓 𝑓 𝑓𝑓𝑓𝑓𝑓 into (8),
we get that𝑔𝑔 satis�es (75). Set𝐹𝐹 𝐹𝐹𝐹 (𝑘𝑘𝑘+𝐴𝐴𝑘𝑘𝑘𝑘𝜑𝜑

(𝑘𝑘𝑘𝑘𝑘+⋯+𝐴𝐴0𝜑𝜑.
If 𝐹𝐹 𝐹𝐹 , then, from Lemma 30, we have 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝(𝐴𝐴0),
which is a contradiction. Hence 𝐹𝐹 ̸≡ 0. From the assumptions
of eorem 7, we get

max 󶁂󶁂𝜌𝜌𝑝𝑝𝑝𝑝 (𝐹𝐹) , 𝜌𝜌𝑝𝑝𝑝𝑝 󶀢󶀢𝐴𝐴𝑗𝑗󶀲󶀲 󶀲󶀲𝑗𝑗 𝑗𝑗𝑗𝑗𝑗   𝑗𝑗𝑗 𝑗𝑗𝑗𝑗𝑗   󶀱󶀱󶀱󶀱

< 𝜌𝜌𝑝𝑝𝑝𝑝 󶀡󶀡𝑔𝑔󶀱󶀱 = 𝜌𝜌𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱 .
(79)

From Lemma 28 (ii), we have 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝𝑝𝑝(𝑓𝑓 𝑓 𝑓𝑓𝑓 𝑓
𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝐴𝐴0).

(ii) Now, we prove that 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓
′ −𝜑𝜑𝜑𝜑𝜑𝜑   𝑝𝑝𝑝𝑝(𝑓𝑓

′ −𝜑𝜑𝜑𝜑 
𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝐴𝐴0). Set 𝑔𝑔1 = 𝑓𝑓′ −𝜑𝜑 . Since 𝜑𝜑 ̸≡ 0 is an entire
function satisfying 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑 𝜑 𝜑𝜑𝑝𝑝(𝐴𝐴0), then 𝜌𝜌𝑝𝑝𝑝𝑝(𝑔𝑔1)=
𝜌𝜌𝑝𝑝𝑝𝑝(𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝐴𝐴0). By Lemma 13, we get that 𝑔𝑔1 satis�es
the (15). If 𝐹𝐹1 ≡ 0, then, from Lemmas 25 and 27, we have
𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑 𝜑 𝜑𝜑𝑝𝑝(𝐴𝐴0), a contradiction with 𝜌𝜌𝑝𝑝𝑝𝑝(𝜑𝜑𝜑 𝜑 𝜑𝜑𝑝𝑝(𝐴𝐴0).
Hence 𝐹𝐹1 ̸≡ 0. By Lemma 28 (ii), we have 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓

′ −𝜑𝜑𝜑𝜑 
𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓

′−𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝𝑝𝑝(𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝐴𝐴0). Similar to the arguments as
inCase 1 (iii)–(v) and by using Lemmas 13, 25, and 27, we can
get 𝜆𝜆𝑝𝑝𝑝𝑝(𝑓𝑓

(𝑖𝑖𝑖 −𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝𝑝𝑝(𝑓𝑓
(𝑖𝑖𝑖 −𝜑𝜑𝜑𝜑𝜑𝜑  𝑝𝑝𝑝𝑝(𝑓𝑓𝑓 𝑓 𝑓𝑓𝑝𝑝(𝐴𝐴0), 𝑖𝑖 𝑖 𝑖,

𝑖𝑖 𝑖 𝑖. us, the proof of eorem 7 is completed.

Proof of eorem 8. Since 𝐴𝐴𝑗𝑗(𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧         are
polynomials and 𝐴𝐴0 is a transcendental entire function with
0 < 𝜌𝜌𝑝𝑝(𝐴𝐴0)<  ∞; that is, 𝐴𝐴𝑗𝑗(𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧          satisfy
the conditions ofeorem 7 (i). By using the same argument
as ineorem 7 and Lemma 28 (i), we can get the conclusions
of eorem 8 easily.

Proof of eorem 9. Assume that 𝑓𝑓 ̸≡ 0 is a meromorphic
solution of (8). By (8) we get that the poles of 𝑓𝑓𝑓𝑓𝑓𝑓 can
only occur at the poles of 𝐴𝐴0,𝐴𝐴1,… ,𝐴𝐴𝑘𝑘𝑘𝑘. Note that the
multiplicities of poles of 𝑓𝑓 are uniformly bounded, and thus
we have

𝑁𝑁󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱 ⩽ 𝑀𝑀1𝑁𝑁 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱 ⩽ 𝑀𝑀1

𝑘𝑘𝑘𝑘
󵠈󵠈
𝑗𝑗𝑗𝑗
𝑁𝑁 󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲

⩽ 𝑀𝑀𝑀𝑀𝑀 󶁂󶁂𝑁𝑁󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲 ∶ 𝑗𝑗 𝑗𝑗𝑗𝑗𝑗  𝑗 𝑗𝑗𝑗𝑗𝑗   󶁒󶁒 ,

(80)

where 𝑀𝑀1 and 𝑀𝑀 are some suitable positive constants. is
gives

𝑇𝑇 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱 = 𝑚𝑚 󶀡󶀡𝑟𝑟𝑟𝑟𝑟 󶀱󶀱

+ 𝑂𝑂 󶀢󶀢max 󶁂󶁂𝑁𝑁󶀢󶀢𝑟𝑟𝑟𝑟𝑟 𝑗𝑗󶀲󶀲 ∶ 𝑗𝑗 𝑗𝑗𝑗𝑗𝑗  𝑗 𝑗𝑗𝑗𝑗𝑗   󶁒󶁒󶁒󶁒 .
(81)

Applying now (81) with Lemma 17, we obtain
𝜌𝜌𝑝𝑝𝑝𝑝 󶀡󶀡𝑓𝑓󶀱󶀱 ⩽ 𝜌𝜌𝑝𝑝 󶀡󶀡𝐴𝐴0󶀱󶀱 . (82)

According to the conditions of eorem 9, we can easily get
the conclusions of eorem 9 by using the similar argument
as ineorem 7, the estimation (82), and Lemmas 26 and 28
(ii).
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