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Oscillation of Solutions and Their Arbitrary Order Derivatives
of Higher Order Non-Homogeneous LDE

M. Saidani, B. Belaı̈di

Abstract: In this paper, we investigate the iterated order of solutions of higher order non-
homogeneous linear differential equations

Ak (z) f (k)+Ak−1 (z) f (k−1)+ · · ·+A1 (z) f ′+A0 (z) f = F (z) ,

where A0 (z) ,A1 (z) , · · · ,Ak (z) ̸≡ 0 are entire functions of finite iterated p−order and F (z) is
entire function of infinite iterated p−order. We improve and extend some recent results of Chen
and we obtain general estimates of the iterated convergence exponent, the iterated p-order and
the iterated convergence exponent of arbitrary order derivatives of the solutions of the above
equation.
Keywords: Linear differential equations, Entire function, Iterated order.

1 Introduction and main results

In this paper, we shall assume that the reader is familiar with the fundamental results and
the standard notations of the Nevanlinna value distribution theory of meromorphic functions
see ([10] , [13] , [22]), such as T (r, f ) , N (r, f ) , m(r, f ) . For the definition of iterated order
of meromorphic function, we use the same definition as in [15] , [16] . For all r ∈ R, we
define exp1 r := er and expp+1 r := exp

(
expp r

)
, p ∈ N. We also define for all r ∈ (0,+∞)

sufficiently large log1 r := logr and logp+1 r := log
(
logp r

)
, p ∈ N.

Definition 1.1 ([15] , [16]) Let f be a meromorphic function. Then the iterated p-order
ρp ( f ) of f is defined by

ρp ( f ) := limsup
r→+∞

logp T (r, f )
logr

, (p ≥ 1 is an integer).
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For p = 1, this notation is called order and for p = 2 hyper-order. If f is an entire function,
then the iterated p-order ρp ( f ) of f is defined by

ρp ( f ) := limsup
r→+∞

logp T (r, f )
logr

= limsup
r→+∞

logp+1 M (r, f )
logr

, (p ≥ 1 is an integer),

where M (r, f ) = max|z|=r | f (z) |.

Definition 1.2 [15] The finiteness degree of the order of a meromorphic function f is defined
by

i( f ) :=


0, for f rational,

min
{

j ∈ N : ρ j ( f )<+∞
}
, for f transcendental for which

some j ∈ N with ρ j ( f )<+∞ exists,
+∞, for f with ρ j ( f ) = +∞, ∀ j ∈ N.

Definition 1.3 [15] Let n(r,a) be the unintegrated counting function for the sequence of
a-points of a meromorphic function f . Then the iterated convergence exponent of a-points
of f is defined by

λp ( f ,a) := limsup
r→+∞

logp n(r,a)
logr

, (p ≥ 1 is an integer) .

In the definition of the iterated convergence exponent, we may replace n(r,a) with the
integrated counting function N(r,a), and we have

λp ( f ,a) := limsup
r→+∞

logp N(r,a)
logr

, (p ≥ 1 is an integer) ,

where N(r,a) = N(r,a, f ) = N
(

r, 1
f−a

)
. If a = 0, then the iterated convergence exponent

of the zero-sequence is defined by

λp ( f ) := limsup
r→+∞

log+p N
(

r, 1
f

)
logr

, (p ≥ 1 is an integer) ,

where N
(

r, 1
f

)
is the integrated counting of zeros of f in {z : |z| ≤ r}. Similarly, if a = ∞,

then the iterated convergence exponent of the pole-sequence is defined by

λp

(
1
f

)
:= limsup

r→+∞

logp N (r, f )
logr

, (p ≥ 1 is an integer) .
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Definition 1.4 [15] Let f be a meromorphic function. Then, the iterated exponent of con-
vergence of the sequence of distinct zeros of f is defined as

λ p ( f ) := limsup
r→+∞

logp N
(

r, 1
f

)
logr

(p > 1 is an integer) ,

where N
(

r, 1
f

)
is the integrated counting function of distinct zeros of f in {z : |z| ≤ r}. For

p = 1, this notation is called exponent of convergence of the sequence of distinct zeros and
for p = 2 hyper-exponent of convergence of the sequence of distinct zeros.

Definition 1.5 [15] The finiteness degree of the iterated convergence exponent is defined by

iλ ( f ,a) :=


0, if n(r,a) = O(logr) ,

min
{

j ∈ N : λ j ( f ,a)<+∞
}
, for some j ∈ N

with λ j ( f ,a)<+∞ exists,
+∞, if λ j ( f ,a) = +∞ for all j ∈ N.

Remark 1.1. If a= 0, then we set iλ ( f ,a)= iλ ( f ). If a=∞, then we set iλ ( f ,a)= iλ
(

1
f

)
.

Similarly, we can define iλ ( f ,a) = iλ ( f ) if a = 0 and iλ ( f ,a) = iλ
(

1
f

)
if a = ∞.

Definition 1.6 [14] , [20] The iterated lower p−order µp ( f ) of a meromorphic function f is
defined by

µp ( f ) := liminf
r→+∞

logp T (r, f )
logr

, (p ≥ 1 is an integer) .

The Lebesgue linear measure of a set E ⊂ [0,+∞) is m(E) =
∫
E

dt, and the logarithmic

measure of a set F ⊂ (1,+∞) is ml (F) =
∫
F

dt
t . The upper density of E ⊂ [0,+∞) is given

by

dens(E) = limsup
r→+∞

m(E ∩ [0,r])
r

and the upper logarithmic density of the set F ⊂ (1,+∞) is defined by

logdens(F) = limsup
r−→+∞

ml (F ∩ [1,r])
logr

.

Proposition 1.1 [3] For all H ⊂ (1,+∞) the following statements hold:
(i) If ml (H) = +∞, then m(H) = +∞;
(ii) If dens(H)> 0, then m(H) = +∞;
(iii) If logdens(H)> 0, then ml (H) = +∞.
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For k ≥ 2, we consider the homogeneous and non-homogeneous linear differential
equations

f (k)+
k−1

∑
j=1

A j f ( j)+A0 f = 0 (1.1)

and

f (k)+
k−1

∑
j=1

A j f ( j)+A0 f = F, (1.2)

where A0 (z) ̸≡ 0,A1 (z) , · · · ,Ak−1 (z), F (z) ̸≡ 0 are entire functions. It is well-known that
if some of the coefficients of the linear differential equation (1.1) are transcendental then
the equation (1.1) has at least one solution of infinite order. Thus, the question which arises
is : What conditions on A0 (z) ̸≡ 0,A1 (z) , · · · ,Ak−1 (z) will guarantee that every solution
f ̸≡ 0 of (1.1) has an infinite order? For the above question, there are many results for
the second and higher order linear differential equations (see for example [1] , [2] , [7] , [12]).
When A0 (z) ̸≡ 0, A1 (z) , · · · ,Ak−1 (z) and F (z) ̸≡ 0 are meromorphic functions, a precise
estimation of the hyper-order of meromorphic solutions of the above equations has been
given by Long and Zhu in [17] , where they provided that there exists one dominant coeffi-
cient. Recently, in [18] the authors improved the previous results by studying the growth of
meromorphic solutions of

Ak (z) f (k)+Ak−1 (z) f (k−1)+ · · ·+A1 (z) f ′+A0 (z) f = 0, (1.3)

Ak (z) f (k)+Ak−1 (z) f (k−1)+ · · ·+A1 (z) f ′+A0 (z) f = F (z) (1.4)

and obtained the following results.

Theorem A [18] Let H be a set of complex numbers satisfying logdens{|z| : z ∈ H} > 0
(or ml({|z| : z ∈ H}) = +∞) and let A j (z) ( j = 0,1, · · · ,k) , be entire functions such that
Ak (z) ̸≡ 0. Suppose there exists an integer s, 0 ≤ s ≤ k such that i(As) = p, 0 < p < +∞,
and

max
{

ρp (A j) , j ̸= s, j = 0,1, · · · ,k
}
< µp (As)≤ ρp (As)<+∞

(p ≥ 1 is an integer) and for some constants 0 ≤ β < α, we have, for all ε > 0 sufficiently
small,

|A j (z) | ≤ expp

(
β |z|ρp(As)−ε

)
, j ̸= s, j = 0,1, · · · ,k,

|As (z) | ≥ expp

(
α|z|ρp(As)−ε

)
,

as z → ∞ for z ∈ H. Then every transcendental meromorphic solution f of equation (1.3)
with λp

(
1
f

)
< µp ( f ) satisfies i( f ) = p+1 and ρp+1 ( f ) = ρp (As) .
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Theorem B [18] Let H be a set of complex numbers satisfying logdens{|z| : z ∈ H} > 0
(or ml({|z| : z ∈ H}) = +∞) and let A j (z) ( j = 0,1, · · · ,k) , F (z) ̸≡ 0 be entire functions
such that Ak (z) ̸≡ 0. Suppose there exists an integer s, 0 ≤ s ≤ k such that i(As) = p,
0 < p <+∞, and

max
{

ρp (A j) , j ̸= s, j = 0,1, · · · ,k, ρp (F)
}
< µp (As)≤ ρp (As)<+∞,

(p ≥ 1 is an integer) and for some constants 0 ≤ β < α, we have, for all ε > 0 sufficiently
small,

|A j (z) | ≤ expp

(
β |z|ρp(As)−ε

)
, j ̸= s, j = 0,1, · · · ,k,

|As (z) | ≥ expp

(
α|z|ρp(As)−ε

)
,

as z → ∞ for z ∈ H. Then every transcendental meromorphic solution f of equation (1.4)
with λp

(
1
f

)
< µp ( f ) satisfies λ p+1 ( f ) = λp+1 ( f ) = ρp+1 ( f ) = ρp (As) .

Remark 1.2. Following the Lemma 2.7 of this paper, when the dominant coefficient in
equation (1.3) is A0 (z), then we obtain that every solution f ̸≡ 0 of equation (1.3) with
λp

(
1
f

)
< µp ( f ) satisfies ρp ( f ) = +∞ and λ p+1 ( f ) = λp+1 ( f ) = ρp+1 ( f ) = ρp (A0) .

Now there exists another question: How about the growth of meromorphic solutions
of equation (1.4) if ρ (F) = +∞? With regard to above question, very recently, Chen [6]
investigated the growth and fixed points of solutions and their derivatives of the equation

f ′′+A(z) f ′+B(z) f = F, (1.5)

where A(z),B(z) (̸≡ 0), F(z) ̸≡ 0 are entire functions with ρ (F) = +∞ and obtained some
precise estimates of the hyper-order, the hyper-exponent of convergence of distinct zeros
and the hyper-exponent of convergence of fixed points of the solutions of equation (1.5)
and their 1st, 2nd derivatives.

Theorem C [6] Let H be a set of complex numbers satisfying logdens{|z| : z ∈ H} > 0,
A(z),B(z) be entire functions such that for some constants α ≥ 0,µ ≥ 0, we have

|A(z)| ≤ exp{α|z|µ}< |B(z)|

as z → ∞ for z ∈ H and let ρ (A) ≤ ρ (B) = µ, and let F(z) be an entire function with
ρ (F) = +∞. Then every solution f of equation (1.5) satisfies ρ ( f ) = +∞.
(i) If ρ2 (F)≥ µ, then every solution f of equation (1.5) satisfies ρ2 ( f ) = ρ2 (F) ;
(ii) If ρ2 (F) < µ, then every solution f of equation (1.5) satisfies λ 2 ( f ) = λ2 ( f ) =
ρ2 ( f ) = µ with at most one exceptional solution f0 satisfying ρ2 ( f0)< µ.
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Theorem D [6] Let A(z),B(z) , F (z) and H satisfy all of the hypotheses of Theorem C (ii) .
Then every solution f of equation (1.5) satisfies λ 2 ( f − z) = λ 2 ( f ′− z) = λ 2 ( f ′′− z) =
ρ2 ( f ) = µ with at most one exceptional solution f0 satisfying ρ2 ( f0)< µ.

Recently, El Farissi in [8] investigated the relationship between solutions and their
derivatives of the homogeneous differential equation (1.1) for k ≥ 2 and small functions,
where A j ( j = 0,1, · · · ,k − 1) are meromorphic functions of finite iterated p−order and
obtained the following result.

Theorem E [8] Let A j (z) ( j = 0,1, · · · ,k−1) be meromorphic functions of finite iterated p-
order. Suppose that all solutions of the equation (1.1) are of infinite p-order and ρp+1 ( f ) =
ρ . If φ (z) (̸≡ 0) is a meromorphic function satisfying i(φ) < p+1 or ρp+1 (φ) < ρ, then
every meromorphic solution f of equation (1.1) satisfies iλ

(
f (i)−φ

)
= iλ

(
f (i)−φ

)
=

i( f ) = p+1 and λ p+1
(

f (i)−φ
)
= λp+1

(
f (i)−φ

)
= ρp+1 ( f ) = ρ ,(i = 0,1, · · ·) .

In the present paper, we continue to study the oscillation problem of solutions and their
derivatives, we improve and extend Theorem C, Theorem D and Theorem E for equations
of the form (1.4) by using the concept of the iterated order. We obtain the following results.

Theorem 1.1 Let H be a set of complex numbers satisfying logdens{|z| : z ∈ H} > 0
(or ml({|z| : z ∈ H}) = +∞) and let A j (z) ( j = 0,1, · · · ,k) , Ak (z) ̸≡ 0, F (z) be entire func-
tions such that ρp (F) = +∞. Suppose that i(A0) = p, 0 < p <+∞, and

max
{

ρp (A j) : j = 1, · · · ,k
}
< µp (A0)≤ ρp (A0)<+∞, (1.6)

(p ≥ 1 is an integer) and for some constants 0 ≤ β < α, we have,

|A j (z) | ≤ expp

(
β |z|ρp(A0)

)
, j = 1, · · · ,k, (1.7)

|A0 (z) | ≥ expp

(
α|z|ρp(A0)

)
, (1.8)

as z → ∞ for z ∈ H. Then every meromorphic solution f of equation (1.4) with λp

(
1
f

)
<

µp ( f ) satisfies ρp ( f ) = +∞.

(i) If ρp+1 (F)≥ ρp (A0) , then every meromorphic solution f of equation (1.4) with λp

(
1
f

)
<

µp ( f ) satisfies ρp+1 ( f ) = ρp+1 (F) ;

(ii) If ρp+1 (F)< ρp (A0) , then every meromorphic solution f of equation (1.4) with λp

(
1
f

)
<

µp ( f ) satisfies λ p+1 ( f ) = λp+1 ( f ) = ρp+1 ( f ) = ρp (A0) with at most one exceptional so-
lution f0 satisfying ρp+1 ( f0)< ρp (A0) .
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Example 1.1 Consider the differential equation

z f ′′′+3 f ′′+ ze−2iz f =
(

cos2z−
(

3
2
+ i
)

sin2z
)

cosh(sinz)

−
(
sin2 zcosz

)
sinh(sinz) . (*)

In this equation, we have A0 (z) = ze−2iz, A1 (z) = 0, A2 (z) = 3, A3 (z) = z,

F (z) =
(

cos2z−
(

3
2
+ i
)

sin2z
)

cosh(sinz)−
(
sin2 zcosz

)
sinh(sinz)

and
µ (A0) = ρ (A0) = 1,ρ (A1) = 0,ρ (A2) = 0,ρ (A3) = 0,

ρ (F) = +∞, ρ2 (F) = 1.

Set
H =

{
z ∈ C : z = reiθ , r ∈ [6,+∞[,

π
4
≤ θ ≤ π

3

}
.

Then
|A0 (z)|=

∣∣ze−2iz
∣∣= re2r sinθ ≥ er

√
2, |A1 (z)|= 0 < exp{r} ,

|A2 (z)|= 3 ≤ exp{r} , |A3 (z)|= r ≤ exp{r}

as z → ∞ for z ∈ H. It is easy to see that the conditions (1.6) , (1.7) and (1.8) of Theorem
1.1 are satisfied with α =

√
2 and β = 1. Since ρ2 (F) = ρ (A0) = 1, then by Theorem 1.1

(i), every meromorphic solution f of equation (∗) with λ
(

1
f

)
< µ ( f ) satisfies ρ2 ( f ) =

ρ (F) . We see for example that the function f (z) =
cosh(sinz)

z
with λ

(
1
f

)
= 0 < µ ( f ) =

ρ ( f ) = +∞ satisfies equation (∗) and we have ρ2 (F) = ρ2 ( f ) = 1.

Example 1.2 Consider the differential equation

z2 f ′′′−6 f ′+ z2e−2iz2
f = (3− zsin2z)sinzsinh(sinz)

+
(

ze−2iz2 −3cosz(zsinz+ cosz)
)

cosh(sinz) . (**)

In this equation, we have A0 (z) = z2e−2iz2
,A1 (z) =−6,A2 (z) = 0, A3 (z) = z2,

F (z) = (3− zsin2z)sinzsinh(sinz)

+
(

ze−2iz2 −3cosz(zsinz+ cosz)
)

cosh(sinz)
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and
µ (A0) = ρ (A0) = 2,ρ (A1) = 0,ρ (A2) = 0,ρ (A3) = 0,

ρ (F) = +∞, ρ2 (F) = 1.

Let
H =

{
z ∈ C : z = reiθ ,r ∈ [6,+∞[,

π
8
≤ θ ≤ π

6

}
.

Then
|A0 (z)|=

∣∣∣z2e−2iz2
∣∣∣= r2e2r2 sin2θ ≥ er2

√
2, |A1 (z)|= 6 < exp

{
r2} ,

|A2 (z)|= 0 < exp
{

r2} , |A3 (z)|= r2 ≤ exp
{

r2}
as z→∞ for z∈H. It is easy to see that the conditions (1.6) , (1.7) and (1.8) of Theorem 1.1
are satisfied with α =

√
2 and β = 1. Since ρ2 (F) = 1 < 2 = ρ (A0) , then by Theorem 1.1

(ii), every meromorphic solution f of equation (∗∗) with λ
(

1
f

)
< µ ( f ) satisfies λ 2 ( f ) =

λ2 ( f ) = ρ2 ( f ) = ρ (A0) with at most one exceptional solution. We see for example that the

function f0(z) =
cosh(sinz)

z
with λ

(
1
f0

)
= 0 < µ ( f0) = ρ ( f0) = +∞ is an exceptional

solution which satisfies equation (∗∗) and we have ρ2 ( f0) = 1 < ρ (A0) = 2.

Let A0 (z) ̸≡ 0,A1 (z) , · · · ,Ak (z) ̸≡ 0 and F (z) ̸≡ 0 be entire functions. We define the
following sequence of functions.

A0
j (z) = A j (z) , j = 0,1, · · · ,k,

Ai
j (z) =

(
Ai−1

j+1 (z)
)′
+Ai−1

j (z)−Ai−1
j+1 (z)

(Ai−1
0 (z))

′

Ai−1
0 (z)

,

i = 1,2, · · · ; j = 0, · · · ,k−1,
Ai

k (z) = Ai−1
k (z) = · · ·= A0

k (z) = Ak (z) for all i ∈ N,

F0 (z) = F (z) ,F i (z) =
(
F i−1 (z)

)′−F i−1 (z) (
Ai−1

0 (z))
′

Ai−1
0 (z)

, i = 1,2, · · · .

(1.9)

Corollary 1.1 Let A j (z) ( j = 0,1, · · · ,k) , F (z) , H satisfy all of the hypotheses of The-

orem 1.1. Suppose that f is a solution of (1.4) with λp

(
1
f

)
< µp ( f ) and let Ai

j (z) ,

F i (z) ,( j = 0,1, · · · ,k) , i ∈ N be defined as in (1.9) . Then every meromorphic solution g
of the equation

Ai
k (z)g(k)+Ai

k−1 (z)g(k−1)+ · · ·+Ai
1 (z)g′+Ai

0 (z)g = F i (z) , (1.10)

satisfies i(g) = p+ 1, ρp (g) = +∞ and ρp+1 (g) = ρp (A0) with at most one exceptional
solution g0 satisfying ρp+1 (g0)< ρp (A0) .
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In the following theorem, we study the stability of the exponent of convergence of the
sequence of zeros (resp. distinct zeros) of solutions for higher order differential equation
(1.4) with their derivatives.

Theorem 1.2 Let A j (z) ( j = 0,1, · · · ,k) , F (z) , H satisfy all of the hypotheses of Theorem
1.1 (ii) , and let φ (z) (̸≡ 0) be a meromorphic function satisfying i(φ) < p or ρp+1 (φ) <
ρp (A0) . Then every meromorphic solution f with λp

(
1
f

)
< µp ( f ) of equation (1.4) satis-

fies iλ
(

f (i)−φ
)
= iλ

(
f (i)−φ

)
= p+1 and λ p+1

(
f (i)−φ

)
= λp+1

(
f (i)−φ

)
= ρp+1 ( f )=

ρp (A0) , (i = 0,1, · · ·) with at most one exceptional solution f0 satisfying ρp+1 ( f0)< ρp (A0) .

Example 1.3 Consider the differential equation

z2 f ′′′+2z f ′′−2 f ′+ ze−4iz3
f = eez

[
(z−1)ez +(3z−1)e2z + ze3z + e−4iz3

]
. (***)

In this equation, we have A0 (z) = ze−4iz3
,A1 (z) =−2,A2 (z) = 2z, A3 (z) = z2,

F (z) = eez
[
(z−1)ez +(3z−1)e2z + ze3z + e−4iz3

]
and

µ (A0) = ρ (A0) = 3,ρ (A1) = 0,ρ (A2) = 0,ρ (A3) = 0,

ρ (F) = +∞, ρ2 (F) = 1.

Let
H =

{
z ∈ C : z = reiθ ,r ∈ [2,+∞[,

π
12

≤ θ ≤ π
9

}
.

Then
|A0 (z)|=

∣∣∣ze−4iz3
∣∣∣= re4r3 sin3θ ≥ e2

√
2r3

|A1 (z)|= 2 ≤ exp
{

r3} ,
|A2 (z)|= 2r ≤ exp

{
r3} , |A3 (z)|= r2 ≤ exp

{
r3}

as z → ∞ for z ∈ H. It is easy to see that the conditions (1.6) , (1.7) and (1.8) of Theorem
1.1 are satisfied with α = 2

√
2 and β = 1. Since ρ2 (F) = 1 < 3 = ρ (A0) , then by The-

orem 1.2, every meromorphic solution f with λ
(

1
f

)
< µ ( f ) of equation (∗∗∗) satisfies

iλ
(

f (i)−φ
)
= iλ

(
f (i)−φ

)
= 2 and λ 2

(
f (i)−φ

)
= λ2

(
f (i)−φ

)
= ρ2 ( f ) = ρ (A0) = 3,

(i = 0,1, · · ·) with at most one exceptional solution f0 satisfying ρ2 ( f0) < ρ (A0) , where
φ (z) (̸≡ 0) is a meromorphic function satisfying ρ (φ) < +∞ or ρ2 (φ) < ρ (A0) . We see
for example that the function f0(z) = eez

z with λ
(

1
f0

)
= 0 < µ ( f0) = ρ ( f0) = +∞ is an

exceptional solution which satisfies equation (∗∗∗) such that ρ2 ( f0) = 1 < ρ (A0) = 3.
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When φ (z) = z in Theorem 1.2, we obtain the following corollary which improve and
generalize Theorem D.

Corollary 1.2 Let A j (z) ( j = 0,1, · · · ,k) , F (z) , H satisfy all of the hypothesis of Theorem

1.1 (ii) . Then every meromorphic solution f with λp

(
1
f

)
< µp ( f ) of equation (1.4) satis-

fies iλ
(

f (i)
)
= iλ

(
f (i)
)
= p+1 and λ p+1

(
f (i)− z

)
= λp+1

(
f (i)− z

)
= ρp+1 ( f ) = ρp (A0) ,

(i = 0,1, · · ·) with at most one exceptional solution f0 satisfying ρp+1 ( f0)< ρp (A0) .

2 Preliminary lemmas

We need the following lemmas to prove our results.

Lemma 2.1 [11] Let f be a transcendental meromorphic function in the plane, and let
α > 1 be a given constant. Then there exist a set E1 ⊂ (1,+∞) that has a finite logarithmic
measure, and a constant B > 0 depending only on µ and (m,n) (m,n ∈ {0,1, · · · ,k}) m < n
such that for all z with |z|= r ̸∈ [0,1]∪E1, we have∣∣∣∣∣ f (n)(z)

f (m)(z)

∣∣∣∣∣≤ B
(

T (αr, f )
r

(logα r) logT (αr, f )
)n−m

.

By using similar proof of Lemma 3.5 in [19] , we easily obtain the following lemma
when ρp ( f ) = ρp (g) = +∞.

Lemma 2.2 Let f (z) = g(z)
d(z) be a meromorphic function, where g(z), d (z) are entire func-

tions of finite iterated order satisfying µp (g) = µp ( f ) = µ ≤ ρp ( f ) = ρp (g) ≤ +∞, 0 <
p <+∞, i(d)< p or ρp (d)< µ. Let z be a point with |z|= r at which |g(z) |= M (r,g) and
let νg (r) denote the central index of g. Then the estimate

f (n) (z)
f (z)

=

(
νg (r)

z

)n

(1+o(1)) , n ≥ 1,

holds for all |z|= r outside a set E2 of r of finite logarithmic measure.

Lemma 2.3 [5] Let g(z) be an entire function of finite iterated order satisfying i(g) = p+1,
ρp+1(g) = ρ , iµ(g) = q+1, µq+1 (g) = µ, 0 < p,q <+∞, and let νg (r) be the central index
of g. Then we have

limsup
r→+∞

logp+1 νg (r)
logr

= ρ , liminf
r→+∞

logq+1 νg (r)
logr

= µ.
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Lemma 2.4 [12] Let φ : [0,+∞) → R and ψ : [0,+∞) → R be monotone nondecreasing
functions such that φ(r)≤ ψ(r) for all r /∈ (E3 ∪ [0,1]) , where E3 is a set of finite logarith-
mic measure. Let α > 1 be a given constant. Then there exists an r1 = r1(α)> 0 such that
φ(r)≤ ψ(αr) for all r > r1.

Lemma 2.5 [9] Let p ≥ 1 be an integer, and let f (z) be an entire function such that
i( f ) = p, ρp ( f ) = ρ < +∞. Then, there exists a set E4 ⊂ (1,+∞) of r of finite linear
measure such that for any given ε > 0, we have

exp
{
−expp−1

{
rρ+ε}}≤ | f (z)| ≤ expp

{
rρ+ε} (r /∈ E4) .

Lemma 2.6[18] Let f (z) = g(z)
d(z) be a meromorphic function, where g(z), d (z) are entire

functions. If 0 ≤ ρp (d) < µp ( f ) , then µp (g) = µp ( f ) and ρp (g) = ρp ( f ) . Moreover, if
ρp ( f ) = +∞, then ρp+1 (g) = ρp+1 ( f ) .

Lemma 2.7 Let H be a set of complex numbers satisfying logdens{|z| : z∈H}> 0 (or ml({|z| : z ∈ H}) = +∞)
and let A j (z) ( j = 0,1, · · · ,k) be entire functions such that Ak (z) ̸≡ 0. Suppose that i(A0) =
p, 0 < p <+∞, and

max
{

ρp (A j) : j = 1, · · · ,k
}
< µp (A0)≤ ρp (A0)<+∞,

(p ≥ 1 is an integer) and for some constants 0 ≤ β < α, we have,

|A j (z) | ≤ expp

(
β |z|ρp(A0)

)
, j = 1, · · · ,k,

|A0 (z) | ≥ expp

(
α|z|ρp(A0)

)
,

as z → ∞ for z ∈ H. Then every meromorphic solution f ̸≡ 0 of equation (1.3) with
λp

(
1
f

)
< µp ( f ) satisfies µp ( f ) = ρp ( f ) = +∞ and ρp+1 ( f ) = ρp (A0) .

Proof. Let f ̸≡ 0 be a meromorphic solution of equation (1.3) with λp

(
1
f

)
< µp ( f ) . By

(1.3) , we have

|A0 (z) | ≤
k

∑
j=1

∣∣A j (z)
∣∣ ∣∣∣∣∣ f ( j)

f

∣∣∣∣∣ . (2.1)

Using Lemma 2.1, there exists a set E1 ⊂ (1,+∞) with ml(E1)<+∞ and a constant B > 0,
such that for all z satisfying |z|= r /∈ E1 ∪ [0,1]∣∣∣∣∣ f ( j) (z)

f (z)

∣∣∣∣∣≤ B [T (2r, f )]k+1 , j = 1,2, · · · ,k. (2.2)
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By the hypotheses of Lemma 2.7, there exists a set H with logdens{|z| : z ∈ H} > 0
(or ml({|z| : z ∈ H}) = +∞) such that for all z ∈ H as z → ∞, we have

|A j (z) | ≤ expp

(
β |z|ρp(A0)

)
, j = 1, · · · ,k, (2.3)

|A0 (z) | ≥ expp

(
α|z|ρp(A0)

)
. (2.4)

Set H1 = {|z| : z ∈ H}�(E1 ∪ [0,1]), so ml (H1) = +∞. By substituting (2.2) , (2.3) and
(2.4) into (2.1) , for all z satisfying |z|= r ∈ H1, we have

expp

(
α|z|ρp(A0)

)
≤ kB(T (2r, f ))k+1 expp

(
β |z|ρp(A0)

)
,

since 0 ≤ β < α, then we obtain

exp
(
(1−o(1))expp−1

(
α|z|ρp(A0)

))
≤ kB(T (2r, f ))k+1 . (2.5)

It follows from (2.5) that
µp ( f ) = ρp ( f ) = +∞

and
ρp (A0)≤ ρp+1 ( f ) .

On the other hand, by the hypotheses of Lemma 2.7, for sufficiently large r, we have

|A j (z) | ≤ expp

(
rρp(A0)+ε

)
, j = 0,1, · · · ,k. (2.6)

By Lemma 2.5, for any given ε > 0, there exists a set E4 ⊂ (1,+∞) of finite linear measure,
such that for all z satisfying |z|= r /∈ E4, we obtain

|Ak (z) | ≥ exp
{
−expp−1

(
rρp(Ak)+ε

)}
≥ exp

{
−expp−1

(
rρp(A0)+ε

)}
. (2.7)

It follows by (1.3) that∣∣∣∣∣ f (k) (z)
f (z)

∣∣∣∣∣≤ 1
|Ak (z) |

(
k−1

∑
j=1

|A j (z) |

∣∣∣∣∣ f ( j) (z)
f (z)

∣∣∣∣∣+ |A0 (z) |

)
. (2.8)

Since λp

(
1
f

)
< µp ( f ) , then by Hadamard factorization theorem, we can write f as f (z) =

g(z)
d(z) , where g(z) and d(z) are entire functions of finite iterated order satisfying µp (g) =

µp ( f ) ≤ ρp ( f ) = ρp (g) ≤ +∞, 0 < p < +∞, i(d) < p or ρp (d) = λp (d) = λp

(
1
f

)
<
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µp ( f ) . By Lemma 2.2, there exists a set E2 ⊂ (1,+∞) of finite logarithmic measure such
that for all z satisfying |z|= r /∈ E2 ∪ [0,1] at which |g(z) |= M (r,g) we have

f ( j) (z)
f (z)

=

(
νg (r)

z

) j

(1+o(1)) , j = 1, · · · ,k. (2.9)

By substituting (2.6), (2.7) and (2.9) into (2.8), we obtain∣∣∣∣νg (r)
z

∣∣∣∣k |1+o(1)|

≤ 1
exp
{
−expp−1

(
rρp(A0)+ε)}

{
k−1

∑
j=1

∣∣∣∣νg (r)
z

∣∣∣∣ j

|1+o(1)|+1

}
expp

(
rρp(A0)+ε

)

=

{
k−1

∑
j=1

∣∣∣∣νg (r)
z

∣∣∣∣ j

|1+o(1)|+1

}
exp
{

2expp−1

(
rρp(A0)+ε

)}
.

Hence
|νg (r)| |1+o(1)| ≤ krk |1+o(1)|exp

{
2expp−1

(
rρp(A0)+ε

)}
, (2.10)

for all z satisfying |z|= r /∈ ([0,1]∪E2 ∪E4) and |g(z) |= M (r,g) , r →+∞. By (2.10) and
Lemma 2.4, we get

limsup
r→+∞

logp+1 νg (r)
logr

≤ ρp (A0)+ ε . (2.11)

Since ε > 0 is arbitrary, then by (2.11) and Lemma 2.3, we obtain

ρp+1 (g)≤ ρp (A0) .

Because ρp (d)< µp ( f ) , so by Lemma 2.6 we have ρp+1 (g) = ρp+1 ( f ) . This and the fact
that ρp (A0) ≤ ρp+1 ( f ) yield i( f ) = p+ 1 and ρp+1 ( f ) = ρp (A0) . Thus, Lemma 2.7 is
proved.

The proofs of the following lemma is essentially the same as in the corresponding
results for the usual order. For details, see Chapter 2 of the book by Goldberg-Ostrovskii
[10]. So, we omit the proofs.

Lemma 2.8 Let f and g be meromorphic functions with i( f ) = i(g) = p+1. Then

ρp+1 ( f +g)≤ max(ρp+1 ( f ) ,ρp+1 (g)) ,

ρp+1 ( f g)≤ max(ρp+1 ( f ) ,ρp+1 (g)) .
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Lemma 2.9 [13] Let f be a meromorphic function and let k ∈ N. Then

m

(
r,

f (k)

f

)
= S (r, f ) ,

where S (r, f ) = O(logT (r, f )+ logr), possibly outside a set E5 ⊂ (0,+∞) with a finite
linear measure. If f is a finite order of growth, then

m

(
r,

f (k)

f

)
= O(logr) .

Lemma 2.10 Let A j (z) ( j = 0,1, · · · ,k) , F (z) (̸≡ 0) be meromorphic functions and let f (z)
be a meromorphic solution of (1.4) with infinite p−order such that i( f )= p+1(0 < p <+∞) .
If either

b = max
{

ρp+1 (F) , ρp+1 (A j)( j = 0,1, · · · ,k)
}
< ρp+1 ( f )

or
max

{
i(F) , i(A j)( j = 0,1, · · · ,k)

}
< p+1,

then iλ ( f ) = iλ ( f ) = i( f ) = p+1, λ p+1( f ) = λp+1( f ) = ρp+1 ( f ) .

Proof. We assume f (z) is a meromorphic solution of (1.4) with infinite p−order. By (1.4),
it is easy to see that if f has a zero at z0 of order α > k, and A0, A1, · · · , Ak are all analytic
at z0, then F must have a zero at z0 of order at least α − k. Hence,

n
(

r,
1
f

)
≤ kn

(
r,

1
f

)
+n
(

r,
1
F

)
+

k

∑
j=0

n(r,A j)

and

N
(

r,
1
f

)
≤ kN

(
r,

1
f

)
+N

(
r,

1
F

)
+

k

∑
j=0

N (r,A j) . (2.12)

Now (1.4) can be rewritten as

1
f
=

1
F

(
Ak

f (k)

f
+Ak−1 (z)

f (k−1)

f
+ · · ·+A1 (z)

f ′

f
+A0 (z)

)
. (2.13)

By Lemma 2.9 and (2.13), for |z|= r outside a set E5 of finite linear measure, we have

m
(

r,
1
f

)
≤ m

(
r,

1
F

)
+

k

∑
j=1

m

(
r,

f ( j)

f

)
+

k

∑
j=0

m(r,A j)
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≤ m
(

r,
1
F

)
+

k

∑
j=0

m(r,A j)+O(logrT (r, f )) . (2.14)

Therefore, by (2.12) and (2.14), we obtain

T (r, f ) = T (r,
1
f
)+O(1)

≤ T (r,F)+
k

∑
j=0

T (r,A j)+ kN
(

r,
1
f

)
+O(log(rT (r, f ))) . (2.15)

for all sufficiently large r /∈ E5. For sufficiently large r, we have

O(log(rT (r, f )))≤ 1
2

T (r, f ). (2.16)

We assume first that

b = max
{

ρp+1 (F) , ρp+1 (A j) ( j = 0,1, · · · ,k)
}
< ρp+1 ( f ) .

By using the definition of the iterated order, for any given ε(0 < 2ε < ρp+1 ( f )− b), and
for sufficiently large r, we have

T (r,F)≤ expp

{
rb+ε

}
= o(1)expp

{
rρp+1( f )−ε

}
, (2.17)

T (r,A j)≤ expp

{
rb+ε

}
= o(1)expp

{
rρp+1( f )−ε

}
, j = 0,1, · · · ,k. (2.18)

By (2.15) , (2.16) , (2.17) and (2.18) , for r /∈ E5 sufficiently large, we obtain

T (r, f )≤ 2kN
(

r,
1
f

)
+o(1)expp

{
rρp+1( f )−ε

}
. (2.19)

Hence for any f , by (2.19) , we have

ρp+1 ( f )≤ λ p+1 ( f )

then
ρp+1 ( f )≤ λ p+1 ( f )≤ λp+1 ( f ) .

Since by definition, we have λ p+1 ( f )≤ λp+1 ( f )≤ ρp+1 ( f ) , therefore

ρp+1 ( f ) = λ p+1 ( f ) = λp+1 ( f ) .
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Assume now, that max
{

i(F) , i(A j) ( j = 0,1, · · · ,k)
}
< p+1, and hence d =max

{
ρp (F) , ρp (A j)( j = 0,1, · · · ,k)

}
<

+∞. By using the definition of the iterated order, for any given ε (0 < 2ε < ρp+1 ( f )−d) ,
and for sufficiently large r, we have

T (r,F)≤ expp−1

{
rd+ε

}
= o(1)expp−1

{
rρp+1( f )−ε

}
, (2.20)

T (r,A j)≤ expp−1

{
rd+ε

}
= o(1)expp−1

{
rρp+1( f )−ε

}
, j = 0,1, · · · ,k. (2.21)

By (2.15) ,(2.16) , (2.20) and (2.21) , for r /∈ E5 sufficiently large, we obtain

T (r, f )≤ 2kN
(

r,
1
f

)
+o(1)expp−1

{
rρp+1( f )−ε

}
. (2.22)

Hence for any f , by (2.22) , we have

ρp+1 ( f )≤ λ p+1 ( f )

then
ρp+1 ( f )≤ λ p+1 ( f )≤ λp+1 ( f ) .

Since by definition, we have λ p+1 ( f )≤ λp+1 ( f )≤ ρp+1 ( f ) , therefore

λ p+1 ( f ) = λp+1 ( f ) = ρp+1 ( f ) .

This implies that iλ ( f ) = iλ ( f ) = i( f ) = p+1. Thus, Lemma 2.10 is proved.

Lemma 2.11 Suppose f (z) and g(z) are two nonconstant meromorphic function in the
complex plane. If ρp ( f ) = +∞ and ρp (g)<+∞, then ρp ( f g) = +∞.

Proof. Suppose that ρp ( f g)<+∞. Then

ρp ( f ) = ρp

(
f g

1
g

)
≤ max

(
ρp ( f g) ,ρp

(
1
g

))
= max(ρp ( f g) ,ρp (g))<+∞.

This is a contradiction.

Lemma 2.12 [4] Let f be a meromorphic function of [p,q] order. If p ≥ q ≥ 1, then
ρ[p,q] ( f ′) = ρ[p,q] ( f ) .
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Lemma 2.13 Let A j (z) ( j = 0,1, · · · ,k) , F (z) ̸≡ 0 be entire functions such that Ak (z) ̸≡ 0,
A0 (z) ̸≡ 0. Suppose that f is a solution of (1.4). Then gi = f (i) is a solution of the equation

Ai
k (z)g(k)i +Ai

k−1 (z)g(k−1)
i + · · ·+Ai

1 (z)g′i +Ai
0 (z)gi = F i (z) , (2.23)

where Ai
j (z) ,F

i (z) ,( j = 0,1, · · · ,k) , i ∈ N are given by (1.9) .

Proof. Assume that f is a solution of equation (1.4) and let gi = f (i). We prove that gi is a
solution of the equation (2.23). Our proof is by induction. For i = 1, differentiating both
sides of (1.4), we obtain

Ak (z) f (k+1)+
(
A′

k (z)+Ak−1 (z)
)

f (k)

+ · · ·+
(
A′

1 (z)+A0 (z)
)

f ′+A′
0 (z) f = F ′ (z) . (2.24)

By (1.4) , we get

f =
F −

(
Ak (z) f (k)+Ak−1 (z) f (k−1)+ · · ·+A1 (z) f ′

)
A0 (z)

. (2.25)

Substituting (2.25) into (2.24), we get

Ak (z) f (k+1)+

(
A′

k (z)+Ak−1 (z)−
A′

0 (z)
A0 (z)

Ak (z)
)

f (k)

+

(
A′

k−1 (z)+Ak−2 (z)−
A′

0 (z)
A0 (z)

Ak−1 (z)
)

f (k−1)

+ · · ·+
(

A′
1 (z)+A0 (z)−

A′
0 (z)

A0 (z)
A1 (z)

)
f ′ = F ′ (z)−

A′
0 (z)

A0 (z)
F. (2.26)

That is
A0

k (z)g(k)1 +A1
k−1 (z)g(k−1)

1 +A1
k−2 (z)g(k−2)

1 + · · ·+A1
0 (z)g1 = F1. (2.27)

Using (1.9), (2.27) becomes

A1
k (z)g(k)1 +A1

k−1 (z)g(k−1)
1 +A1

k−2 (z)g(k−2)
1 + · · ·+A1

0 (z)g1 = F1.

Suppose that the assertion is true for the values which are strictly smaller than a certain i.
We suppose gi−1 is a solution of the equation

Ai−1
k (z)g(k)i−1 +Ai−1

k−1 (z)g(k−1)
i−1 +Ai−1

k−2 (z)g(k−2)
i−1 + · · ·+Ai−1

0 (z)gi−1 = F i−1. (2.28)

Differentiating both sides of (2.28), we can write

Ai−1
k (z)g(k+1)

i−1 +
((

Ai−1
k (z)

)′
+Ai−1

k−1 (z)
)

g(k)i−1
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+
((

Ai−1
k−1 (z)

)′
+Ai−1

k−2 (z)
)

g(k−1)
i−1 + · · ·+

(
Ai−1

0 (z)
)′

gi−1 =
(
F i−1)′ . (2.29)

From (2.28) , we have

gi−1 =
F i−1

Ai−1
0 (z)

−
Ai−1

k (z)g(k)i−1 +Ai−1
k−1 (z)g(k−1)

i−1 +Ai−1
k−2 (z)g(k−2)

i−1 + · · ·+Ai−1
1 (z)g′i−1

Ai−1
0 (z)

. (2.30)

Substituting (2.30) into (2.29), we get

Ai−1
k (z)g(k+1)

i−1 +

((
Ai−1

k (z)
)′
+Ai−1

k−1 (z)−Ai−1
k (z)

(
Ai−1

0 (z)
)′

Ai−1
0 (z)

)
g(k)i−1

+

((
Ai−1

k−1 (z)
)′
+Ai−1

k−2 (z)−Ai−1
k−1 (z)

(
Ai−1

0 (z)
)′

Ai−1
0 (z)

)
g(k−1)

i−1

+ · · ·+

((
Ai−1

1 (z)
)′
+Ai−1

0 (z)−Ai−1
1 (z)

(
Ai−1

0 (z)
)′

Ai−1
0 (z)

)
g′i−1

=
(
F i−1)′− (Ai−1

0 (z)
)′

Ai−1
0 (z)

F i−1. (2.31)

By (2.31) and (1.9) , we have

Ai
k (z)g(k)i +Ai

k−1 (z)g(k−1)
i +Ai

k−2 (z)g(k−2)
i + · · ·+Ai

0 (z)gi = F i.

Thus, Lemma 2.13 is proved.

3 Proof of Theorems and Corollary 1.1

Proof of Theorem 1.1. Assume f is a meromorphic solution of (1.4) with λp

(
1
f

)
< µp ( f ).

Suppose that ρp ( f )<+∞. Combining (1.4) and the first main theory in Nevanlinna theory,
we get

T (r,F)≤
k

∑
j=0

T
(

r, f ( j)
)
+

k

∑
j=0

T (r,A j)+O(1) . (3.1)

By using the similar way in proving T (r, f ′) ≤ 2T (r, f )+m
(

r, f ′
f

)
, see ([21] , p. 97), for

every integer j ∈ [1,k] ,

T
(

r, f ( j)
)
≤ m

(
r,

f ( j)

f ( j−1)

)
+2m

(
r,

f ( j−1)

f ( j−2)

)
+ · · ·+2 j−1m

(
r,

f ′

f

)
+2 jT (r, f ) . (3.2)
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Combining (3.1) and (3.2), we get

T (r,F)≤
k

∑
j=0

T (r,A j)+ c1T (r, f )+ c2

k

∑
j=1

m

(
r,

f ( j)

f ( j−1)

)
+O(1) , (3.3)

where c1 > 0, c2 > 0 are some constants. It follows from max
{

ρp (A j) : j = 1, · · · ,k
}
<

ρp (A0)<+∞ and the lemma of logarithmic derivative that

ρp (F)≤ max{ρp (A0) ,ρp ( f )}<+∞

which contradict the fact that
ρp (F) = +∞.

Hence ρp ( f ) = +∞. Now, we assume that f1, f2, · · · , fk are non-trivial meromorphic so-

lutions with λp

(
1
f j

)
< µp ( f j) ( j = 1, · · · ,k) of the corresponding homogeneous equation

(1.3) of (1.4). By Lemma 2.7, we get that ρp+1 ( f j) = ρp (A0) ,( j = 1, · · · ,k) . By the el-
ementary theory of differential equations, all solutions of (1.4) can be represented in the
form

f (z) = f0 (z)+B1 f1 (z)+B2 f2 (z)+ · · ·+Bk fk (z) , (3.4)

where B1, · · · ,Bk ∈ C and the function f0 has the form

f0 (z) =C1 (z) f1 (z)+C2 (z) f2 (z)+ · · ·+Ck (z) fk (z) , (3.5)

where C1(z), · · · ,Ck(z) are suitable meromorphic functions satisfying

C′
j = F.G j ( f1, f2, · · · , fk) [W ( f1, f2, · · · , fk)]

−1 , j = 1, · · · ,k, (3.6)

where G j ( f1, f2, · · · , fk) are differential polynomials in f1, f2, · · · , fk and their derivatives
with constant coefficients, and W ( f1, f2, · · · , fk) is the Wronskian of f1, f2, · · · , fk. Since
the Wronskian W ( f1, f2, · · · , fk) is a differential polynomial in f1, f2, · · · , fk, by Lemma 2.8
and Lemma 2.12, we obtain

ρp+1 (W ( f1, f2, · · · , fk))≤ max(ρp+1 ( f j) : j = 1, · · · ,k) = ρp (A0) . (3.7)

Also, we have that G j ( f1, f2, · · · , fk) are differential polynomials in f1, f2, · · · , fk and their
derivatives with constant coefficients, then

ρp+1 (G j ( f1, f2, · · · , fk))≤ max(ρp+1 ( f j) : j = 1, · · · ,k) = ρp (A0) . (3.8)

By Lemma 2.12, (3.6) , (3.7) and (3.8) , for j = 1, · · · ,k, we have

ρp+1 (C j) = ρp+1
(
C′

j
)
≤ max(ρp+1 (F) ,ρp (A0)) . (3.9)
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Hence from (3.4) ,(3.5) and (3.9) , we obtain

ρp+1 ( f )≤ max(ρp+1 ( f j) ,ρp+1 (C j) , j = 1, · · · ,k)

≤ max(ρp+1 (F) ,ρp (A0)) . (3.10)

(i) If ρp+1 (F)≥ ρp (A0) , then by (3.10) , every meromorphic solution f of equation (1.4)

with λp

(
1
f

)
< µp ( f ) satisfies ρp+1 ( f )≤ ρp+1 (F) . On the other hand, since max

{
ρp (A j) : j = 1, · · · ,k

}
<

ρp (A0)<+∞ so ρp+1 (A j) = 0, j = 0,1, · · · ,k, then by inequality (3.3) we obtain

ρp+1 (F)≤ ρp+1 ( f ) .

Hence, every meromorphic solution f of equation (1.4) with λp

(
1
f

)
< µp ( f ) satisfies

ρp+1 ( f ) = ρp+1 (F) .

(ii) If ρp+1 (F)< ρp (A0) , then (3.10) gives that every meromorphic solution f of equation

(1.4) with λp

(
1
f

)
< µp ( f ) satisfies ρp+1 ( f )≤ ρp (A0) . On the other hand, we affirm that

(1.4) can only possess at most one exceptional solution f0 satisfying ρp+1 ( f0) < ρp (A0) .
In fact, if there exists a second solution f∗ of (1.4) that satisfies ρp+1 ( f∗) < ρp (A0) , then
by Lemma 2.8, we get ρp+1 ( f0 − f∗) ≤ max(ρp+1 ( f0) ,ρp+1 ( f∗)) < ρp (A0) . But f0 − f∗
is a solution of (1.3), this contradicts Lemma 2.7. Then, ρp+1 ( f ) = ρp (A0) holds for all
solutions of (1.4) with at most one exceptional solution f0 satisfying ρp+1 ( f0) < ρp (A0).
Since ρp+1 (F)< ρp (A0) , then

max
{

ρp+1 (F) , ρp+1 (A j) ( j = 0,1, · · · ,k)
}
< ρp (A0) = ρp+1 ( f ) .

Therefore, by Lemma 2.10, we get that

λ p+1( f ) = λp+1( f ) = ρp+1 ( f ) = ρp (A0) , (3.11)

holds for all meromorphic solutions f of (1.4) satisfying λp

(
1
f

)
< µp ( f ) with at most one

exceptional solution f0 satisfying ρp+1 ( f0)< ρp (A0). This complete the proof of Theorem
1.1.

Proof of Corollary 1.1 Let { f1, f2, · · · , fk} be a fundamental system of meromorphic solu-
tions satisfying λp

(
1
f j

)
< µp ( f j) ( j = 1, · · · ,k) of the corresponding homogeneous equa-

tion (1.3) of (1.4). We show that { f (i)1 , f (i)2 , · · · , f (i)k } is a fundamental system of meromor-
phic solutions of the corresponding homogeneous equation

Ai
k (z)g(k)+Ai

k−1 (z)g(k−1)+ · · ·+Ai
1 (z)g′+Ai

0 (z)g = 0 (3.12)
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of (1.10). By Lemma 2.13, it follows that f (i)1 , f (i)2 , · · · , f (i)k are solutions of (2.23) . Let
α1,α2, · · · ,αk be constants such that

α1 f (i)1 +α2 f (i)2 + · · ·+αk f (i)k = 0.

Then, we have
α1 f1 +α2 f2 + · · ·+αk fk = P(z) ,

where P(z) is a polynomial of degree less than i. Since α1 f1 +α2 f2 + · · ·+αk fk is a so-
lution of the corresponding homogeneous equation (1.3) of (1.4), then P is a solution of
(1.3) and by Lemma 2.7, we conclude that P is an infinite iterated p−order solution of
(1.3), this leads to a contradiction. Therefore, P is a trivial solution. We deduce that
α1 f1+α2 f2+ · · ·+αk fk = 0.Using the fact that { f1, f2, · · · , fk} is a fundamental system of
meromorphic solutions of (1.3), we get α1 = α2 = · · ·= αk = 0. Now, let g be a non-trivial
solution of (1.10). Then, using the fact that

{
f (i)1 , f (i)2 , · · · , f (i)k

}
is a fundamental system of

meromorphic solutions of (3.12) , we claim that there exist constants α1,α2, · · · ,αk not all
equal to zero, such that

g = α1 f (i)1 +α2 f (i)2 + · · ·+αk f (i)k . (3.13)

Let
h = α1 f1 +α2 f2 + · · ·+αk fk,

be a solution of (1.4) and h(i) = g. Then, by Lemma 2.12, we have ρp+1 (h) = ρp+1 (g)
and by the conditions of the Corollary 1.1, we obtain ρp (h) = ρp (g) = +∞ and ρp+1 (h) =
ρp+1 (g) = ρp (A0) with at most one exceptional solution g0 satisfying ρp+1 (g0)< ρp (A0) .

Proof of Theorem 1.2 Assume f is a meromorphic solution of (1.4) with λp

(
1
f

)
< µp ( f ).

Then by Theorem 1.1 (ii), we get i( f ) = p + 1, ρp+1 ( f ) = ρp (A0) with at most one
exceptional solution f0 satisfying ρp+1 ( f0) < ρp (A0) . Taking gi = f (i), then by using
Lemma 2.13, we have gi is a solution of (2.23) and by Corollary 1.1, we obtain i(gi) =
p+1, ρp (gi) =+∞, ρp+1 (gi) = ρp (A0) with at most one exceptional solution g0 satisfying
ρp+1 (g0) < ρp (A0) . Let gi be a solution of (2.23) such that i(gi) = p+ 1, ρp (gi) = +∞,
ρp+1 (gi) = ρp (A0) and let φ (z) (̸≡ 0) be a meromorphic function satisfying i(φ) < p or
ρp+1 (φ)< ρp (A0) . Now, set w(z) = gi(z)+φ (z). Then

i(w) = i(gi) = p+1, ρp+1 (w) = ρp+1 (gi) = ρp+1 ( f ) = ρp (A0) . (3.14)

On other hand, by using the fact that gi = w+φ and Lemma 2.13, we get

Ai
k (z)w(k)+Ai

k−1 (z)w(k−1)+ · · ·+Ai
0 (z)w = Di (z) , (3.15)

where
Di (z) = F i (z)−

(
Ai

k (z)φ(k)+Ai
k−1 (z)φ(k−1)+ · · ·+Ai

0 (z)φ
)
. (3.16)
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Now, we prove that ρp (Di) = +∞. By ρp

(
1

Ai−1
0

)
= ρp

(
Ai−1

0

)
<+∞, ρp

(
F i−1

)
=+∞ and

Lemma 2.11, we get ρp

(
F i−1

Ai−1
0

)
=+∞. By Lemma 2.12, we have

ρp

(
Ai−1

0

(
F i−1

Ai−1
0

)′)
= ρp

((
F i−1

Ai−1
0

)′)
=+∞. (3.17)

Since

Ai−1
0 (z)

(
F i−1

Ai−1
0 (z)

)′

=
(
F i−1 (z)

)′− (Ai−1
0 (z)

)′
Ai−1

0 (z)
F i−1,

then, we get

ρp

((
F i−1 (z)

)′− (Ai−1
0 (z)

)′
Ai−1

0 (z)
F i−1

)
=+∞. (3.18)

Suppose that ρp (Di (z))<+∞. Then by (3.16), we have

ρp
(
F i (z)

)
= ρp

((
F i−1 (z)

)′− (Ai−1
0 (z)

)′
Ai−1

0 (z)
F i−1

)

= ρp

{
Di (z)+

(
Ai

k (z)φ(k)+Ai
k−1 (z)φ(k−1)+ · · ·+Ai

0 (z)φ
)}

≤ max
(

ρp (Di (z)) ,ρp

{(
Ai

k (z)φ(k)+Ai
k−1 (z)φ(k−1)+ · · ·+Ai

0 (z)φ
)})

≤ max
{

ρp (Di (z)) ,ρp (φ) ,ρp (A j) ( j = 0,1, · · · ,k)
}
<+∞. (3.19)

So, (3.19) contradicts with (3.18). Hence ρp (Di) =+∞. Since ρp+1

(
1

Ai−1
0

)
= ρp+1

(
Ai−1

0

)
,

then by Lemma 2.8, we have

ρp+1 (Di (z)) = ρp+1

(
F i (z)−

(
Ai

k (z)φ(k)+Ai
k−1 (z)φ(k−1)+ · · ·+Ai

0 (z)φ
))

≤ max
(

ρp+1
(
F i) ,ρp+1

(
Ai

k (z)φ(k)+Ai
k−1 (z)φ(k−1)+ · · ·+Ai

0 (z)φ
))

≤ max(ρp+1 (F) ,ρp+1 (φ) ,ρp+1 (A j) ( j = 0,1, · · · ,k))
= ρp+1 (F)< ρp (A0) . (3.20)

By (1.6) , (3.14) and (3.20) , we get

max
(
ρp+1 (Di) ,ρp+1

(
Ai

j
)
( j = 0,1, · · · ,k)

)
< ρp (A0) = ρp+1 (w) . (3.21)

So, by Lemma 2.10 we know that all solutions of (3.15) with ρp+1 (w(z)) = ρp (A0) satisfy

iλ (w) = iλ (w) = i(w) = p+1, λ p+1 (w) = λp+1 (w) = ρp+1 ( f ) = ρp (A0) . (3.22)

By (3.22), we get iλ
(

f (i)−φ
)
= iλ

(
f (i)−φ

)
= p+1, λ p+1

(
f (i)−φ

)
= λp+1

(
f (i)−φ

)
=

ρp+1 ( f ) = ρp (A0) , with at most one exceptional solution f0 satisfying ρp+1 ( f0)< ρp (A0) .
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