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Abstract In this paper, we study the growth of meromorphic solutions of higher order
linear differential equations with entire coefficients and we obtain some esti-
mations on the hyper-order and hyper convergence exponent of zeros of these
solutions. We extend some results due to C. Y. Zhang, J. Tu [16]; L. Wang,
H. Liu [14].
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1. INTRODUCTION

We assume that the reader is familiar with the fundamental results and the
standard notations of Nevanlinna’s theory (see e.g. [10, 12, 15]).

Definition 1.1. The order of a meromorphic function f is defined as

o(f) = limsup log T'(r /)

r—+400 logr '

here T(r, f) is the Nevanlinna characteristic function of f which is defined by

T(r,f) =N f)+m(r,f), (r>0),

where

N(r,f)= /[n(t’m’f);n(O’OQf)]dt—i-n(O,oo,f)logr,
0

2

m (r, f) = % / log* ) f (rew) ‘ a9
0
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and n (t, 00, ) denote the number of poles of f in the disc |z| <t. If f is an
entire function, then

log log M
o(f) = limsup g 08 VL) (r.f)
r—+00 10g7”

where M (r, f) = max,—, |f(2)].

Definition 1.2. The hyper-order of a meromorphic function f is defined as

oo () = limsup 28108 T /)
00 log 7

If f(2) is an entire function, then

. log log log M (r,
"2<f>:1i2i20p g glogr( f)

Definition 1.3. The lower order of a meromorphic function f is defined as

wu(f) = liminfw.

r—+oo  logr
If f is an entire function, then

loglog M
1) = lim inf 08108 M (1 f)
T—+00 logr
Definition 1.4. The convergence exponent of zeros and distinct zeros of a
meromorphic function f are respectively defined by

log N (r, & _ log N (r, 1
A(f) :limsup#, A(f) zlimsup#
r—4-00 log r r—+o0 log 7

)

where N (r, %) (W <'r, %)) is the integrated counting function of zeros (dis-
tinct zeros) of f in {z: |z| <r}.

Definition 1.5. The hyper convergence exponent of zeros and distinct zeros
of a meromorphic function f are respectively defined by

loglog N (r, +
A2(f) = limsup # A2(f) = limsup

loglog N (r, %)
r—+o0 logr 400 logr '

+oo
Definition 1.6. Let f(z) = > an2™ be an entire function. We denote by
=0

n
p(r) = max {|ap|r™ : n=0,1...} the mazimal term of f. Then the central
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imndex of f is defined by
vy (r) =max{m;u(r) = |an|[r"}.

In the past years, many authors investigated the growth of solutions of
the higher order linear differential equation

O+ A1 (@) fF D o+ AR+ Ao(2) f = F(a), (1.1)

when A;(z) (j = 0,1,---,k — 1), F(2)(# 0) are entire (or meromorphic)
functions and obtained some valuable results, (see e.g. [2, 3, 4, 11, 12, 13, 14,
16]). In 2014, Wang and Liu investigated the properties of solutions of equation
(1.1) when there exists some coefficient Ag(z) (0 < s < k — 1) verifying the
condition p(As) < 3 and obtained the following result.

Theorem A [14] Suppose that Ao(z), -, Ax—1(2), F(z) are meromorphic
functions of finite order. If there exists some s € {0,1,--- ,k — 1} such that

b — max {J(Aj), (G # 5),0(F), A (;)} < n(Ay) < %

then

(i) Every transcendental meromorphic solution f of (1.1) whose poles are of
uniformly bounded multiplicities, satisfies p(As) < o2(f) < o(As). Further-
more, if F # 0, then we have pu(As) < Xa(f) = Aa(f) = o2(f) < o(Ay).

(i) If s > 2, then every non-transcendental meromorphic solution f of (1.1)
is a polynomial with deg f < s — 1. If s = 0 or 1, then every nonconstant
solution f of (1.1) is transcendental.

When F(z) is of infinite order, Wang and Liu considered the linear dif-
ferential equation

FO 4 A () f* Y o A(2) f + Ao(2) f = Qel, (1.2)

when A;(z) (j =0,1,--- ,k —1), Q(2)(# 0) are meromorphic functions and
P is a transcendental entire function and obtained the following result.

Theorem B [14] Suppose that Ay(z), -, Ax—1(z), Q(2)(# 0) are meromor-
phic functions of finite order, P is a transcendental entire function such that

max {U(P),U(Q),U(Aj), (1<j<k—1),A (i})} < n(Ag) < %
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Then every solution f of (1.2) is transcendental, and every transcendental
meromorphic solution f of (1.2) whose poles are of uniformly bounded multi-
plicities satisfies p(Ao) < Xa(f) = Xa(f) = o2(f) < o(Ap).

For k > 2, we consider the linear differential equation
AR W+ A1 @D+ A+ Ao2)f = (), (13)

when A;(z) (j =0,1,--- k), F(z) are entire functions such that AgA,F # 0.
It well-known that if Ag(z) = 1, then all solutions of (1.3) are entire functions,
but when Ag(z) is a nonconstant entire function, then equation (1.3) can
possess meromorphic solutions. For instance the equation

1 1
2f" +4f" + <—1 . z) e *f + ((1 — 522 + 2z> e 4 Z€3Z> f

2
1 2 —z 1 3 2 —2z 2 _—3z
= —1—5,2 —z)e 4+ z—§z +2z% ) e + z%€e
. . R .
has a meromorphic solution f (z) = —e® ~ + z. Thus, there exist two ques-

2
z
tions. Firstly, can we have the same properties as in Theorem A for the linear
differential equation (1.3), when there exists some coefficient A4(z) (0 < s < k)
1
verifying the condition p(As) < 5? Secondly, how about the growth of mero-

morphic solutions of the linear differential equation
AW+ A1 ()Y - @)+ Ao(2)f = Qe (1.4)

when A;(z) (j =0,1,--- k), Q(z)(# 0) are entire functions and P is a tran-
scendental entire function? In this paper, we proceed this way and we obtain
the following results.

Theorem 1.1. Suppose that Ao(2),---,Ar(z), F(z) are entire functions of
finite order. If there exists some s € {0,1,--- ,k} such that

o= max {o(4,), (7 # 8),0(F)} < p(A,) < 5, (15)

then

(i) Every transcendental meromorphic solution f of (1.3) such that X (%) <
w(f) satisfies p(As) < o2(f) < 0(As). Furthermore, if F' # 0, then we have
1(45) < Jo(f) = Ma(f) = 0a() < o(Ay).

(it) If s > 2, then every rational solution f of (1.3) is a polynomial with
degf < s—1. If s = 0 or 1, then every nonconstant solution f of (1.3) is
transcendental.
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Remark 1.1. Setting Ax(z) = 1 in Theorem 1.1 we obtain the result of Zhang
and Tu ([16], Theorem 1.8).

Corollary 1.1 Suppose that Ag(z),- - , Ax(2), F(2)(Z£ 0) are entire functions.
If there exists some s € {0,1,--- ,k} such that

a =max{0(4;),(J # s),0(F)} < p(As) = 0(4s) <

9

N | —

then every transcendental meromorphic solution f of (1.3) such that A (%) <
w(f) satisfies Aa(f) = Aa(f) = o2(f) = 0(As), and every rational solution f
of (1.3) is a polynomial with deg f < s — 1.

Theorem 1.2. Suppose that Ay(z), -, Ar(z), Q(2)(£ 0) are entire functions
of finite order, P is a transcendental entire function such that

max {o(P),0(Q),0(4;), (1 <j < k)} < p(Ao) < 5. (1.6)

N

Then every solution f of (1.4) is transcendental, and every transcendental
meromorphic solution f of (1.4) such that A <%) < u(f) satisfies p(Ag) <

Xa(f) = Xa(f) = o2(f) < o(Ao).

Remark 1.2. In Theorems 1.1 and 1.2, we remove the restriction A <A%> <
11(As).

Corollary 1.2 Suppose that Ag(z),--- , Ax(2), Q(z)(Z£ 0) are entire functions
of finite order, P is a transcendental entire function such that

max {o(P), 5(Q), a(4;), (1 < j < B)} < u(Ao) = 7(4o) < 5.

Then every solution f of (1.4) is transcendental, and every transcendental
meromorphic solution f of (1.4) such that X (%) < u(f) satisfies Xo(f) =
Aa(f) = o2(f) = (Ao).

Remark 1.3. Obviously, Theorem 1.1 and Theorem 1.2 are generalization of
Theorems A, B of Wang and Liu [14] and Theorem 1.8 of Zhang and Tu [16].

2. PRELIMINARY LEMMAS

Lemma 2.1 [8] Let f be a transcendental meromorphic function in the plane,
and let o« > 1 be a given constant. Then there exist a set E1 C (1,+00) that

119
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has a finite logarithmic measure, and a constant B > 0 depending only on «
and (m,n) (m,n € {0,1,--- ,k}) m < n such that for all z with |z| = r ¢
[0,1] U Eq, we have

()
()

<B <T(O‘7f’ﬁ(10ga r)log T'(ar, f))n_m .

Lemma 2.2 [6] Let f(z) = ZE'Z% be a meromorphic function, where g(z) and
d(z) are entire functions satisfying pu(g) = p(f) = p < o(g) = o(f) < 400
and A(d) = o(d) = )\(}) < p. Then there exists a set Ey C (1,400) of finite
logarithmic measure, such that for all z satisfying |z| = r ¢ [0,1] U Ey and
lg(2)| = M(r,g) we have

‘ f(2)
fO(2)

Lemma 2.3 [9] Let g : [0,+00) — R and h : [0,+00) — R be monotone
nondecreasing functions such that g(r) < h(r) for all v ¢ E3 U [0,1], where
Es C (1,400) is a set of finite logarithmic measure. Then for any o > 1,
there exists an ro = ro(a) > 0 such that g(r) < h(ar) for all r > ro.

<% (seN).

Lemma 2.4 [6] Let f(z) = 38 be a meromorphic function, where g(z) and

o(f) < +o0
and A(d) = o(d) = )\(]lc) < p. Then there exists a set Ey C (1,400) of finite

) =

(1,
logarithmic measure, such that for all z satisfying |z| = r ¢ [0,1] U Ey and
9(2)| = M(r,g), we have

F) _ (ve(r)
o - (%

where vy4(r) denote the central index of g(z).

d(z) are entire functions satisfying p(g) = u(f) = pn < o(g

> (I+0(1)), (n>1),

Lemma 2.5 [5] Let g(z) be an entire function of order o(g) = a < oo.
Then for any € > 0, there exist a set E5 C [1,400) that has a finite linear
measure and finite logarithmic measure, such that for all z satisfying |z| =
r ¢ [0,1] U E5, we have

exp{—r""*} < [g(2)] < exp{r®7}.
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Lemma 2.6 [7] Let g(z) be an entire function of infinite order, with the
hyper-order o2(g) = o, and v4(r) denote the central index of g(z). Then

log1
limn sup 28108 (1) _

r—+o0 log 7

Lemma 2.7 [1] Let g(z) be an entire function with 0 < u(g) < 1. Then for
every o € (u(g), 1), there exists a set Eg C [0,00) such that

logdensEg > 1 — M,

where Eg = {r € [0,00) : m(r) > M(r)cosma}, m(r) = |i‘11:leog]g(z)\,
M (r) = sup log|g(2)|.

|z|=r
Lemma 2.8 Let f(z) be an entire function such that u(f) < &. Then for any

given € > 0, there exists a set By C (1,400) with logdensE7; > 0, such that
for all z satisfying |z| = r € Ey, we have

[f(2)] = exp{r D=},

1

Proof. Set oy = 2+g(f). Then, by Lemma 2.7, there exists a set H with
logdensH > 1 — %ﬁ), such that for all z satisfying |z| = r € H, we have

log | f(z)] > cos(may) log M (r, f). (2.1)

By the definition of the lower order, for any given € > 0, there exists r; > 0
such that

log M (r, f) > r#/)73, (2:2)
holds for r > r1. Since
cos(mag)ri)—3
)= — 400, (r = 400), (2.3)

then, by (2.1) — (2.3), there exists ro(> r1), such that for all z satisfying
|z| =r € H \ [0,732], we have

|f(2)] = exp {cos(vrao)r“(f)*é} > exp{rtH—¢}.

Setting F7 = H N [rg, +00], then logdensE7 > 0. 1

121
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Lemma 2.9 [15] Let f, g be nonconstant meromorphic functions with o (f)
as order and (1 (g) as lower order. Then we have

p(f+g) <max{c(f),u(g)}

and
p(fg) <max{o (f),u(g)}-

Furthermore, if p(g) > o (f), then we obtain

p(f+g9) =un(fg)=n(g).
3. PROOF OF THEOREM 1.1

(i) Assume that f is a transcendental meromorphic solution of (1.3) such that
A (%) < u(f). From (1.3), we obtain

n _ f A ) A fk=1) A (s+1)
40 < || {14 [Z2 + i [+ 4 et |5
f(sfl) / F
+ |As—1(2)] 7 + -+ |A1(2)] T +|A0(z)|+‘f‘ : (3.1)

By Lemma 2.1, there exists a constant B > 0 and a set Eq C (1, +00) of finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U E;, we have

‘f(j)(z)

e < B(T@r, ), 1<j<k (3.2)

Since A (%) < u(f), then by Hadamard’s factorization theorem, we can write
z)

fas f(z)= dEz), where g(z) and d(z) are entire functions satisfying

1
ue) = ) = 1 < 0(9) = o(1) 0@ =2 (3 ) <
Then by Lemma 2.2, there exists a set Fs of finite logarithmic measure such
that for all |z| = r ¢ [0,1] U Ey and |g(2)| = M(r,g) and for r sufficiently
large, we have
‘ f(z)

70 <72, (3.3)
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By (1.5), for any given ¢ with 0 < 2¢ < u(As) — a, we have for sufficiently
large r

|4;(2)] < exp{r®™}, (j #5), |F(2)] < exp{r®™°}. (3.4)

By Lemma 2.8, for any given ¢ > 0, there exists a set E7 C (1,+00) with
log densE7 > 0, such that for all z satisfying |z| = r € E7, we have

|Ag(2)] > exp{rHAs)—e}, (3.5)

Since o(d) = A (%) < u(f) = p(g), then for any € with 0 < 2e < p(f)—A (%)
and for sufficiently large r we have

F(z)| |d(z) A = d(z) s
‘f(Z) “g<z> (=) ’M(r,m‘F“'
exp{r/\G)JrE}

atel a+e
S exp{ri <} exp{r®T°} < exp{r®T°}. (3.6)
Let Eg = E7\([0,1] U Ej U E3), then we have logdensEg > 0. Then, by
substituting (3.2) — (3.6) into (3.1), for all z satisfying |z| = r € Eg and
lg(z)| = M(r,g), we obtain

exp{r*A)=EY < B(k + 1)r®(T(2r, f))* ' exp{ro*}. (3.7)

By (3.7) and Lemma 2.3, we get pu(As) —e < oa(f). Since € > 0 is arbitrary,
we have u(As) < o2(f). Now, we prove that oo(f) < o(A4s). We can write
(1.3) as

(k) (k—-1) (s+1)
@ = an e = Al
(s) (s—1) /
+As<z>ff LA ()) i) A - ?E; (3.8)

By Lemma 2.4, there exists a set E4 C (1,400) of finite logarithmic measure
such that for all |z| =r ¢ [0,1] U E4 and |g(2)| = M(r, g), we have

fO=) _ (v(r)
o - (%

For any given € > 0, for sufficiently large r we have

>] (I+o0(1), (G=1,--- k). (3.9)

|A4;(2)] < exp{re@)FeY 5 =0, k- 1. (3.10)
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By Lemma 2.5, for any given € > 0, there exists a set F5 C (1,400) of finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U Es5, we have

|Ap(2)] > exp{—roA) e} > exp{—roAs)te] (3.11)

From (3.8) and (3.9), we have

) <<>>k (1-+0(1)) = s [kz 45(2) <”) (1+o(1)

z

j=1
nor-58]
it follows
‘(@) 1+ 0(1) kz:: ‘ 4 o)
+Haoa + | 7). (3.12)

By (3.6) and (3.10) — (3.12) for all z satisfying |2| = r ¢ [0,1] U E4 U E5 and
l9(2)] = M(r,g), we have

<U> 14+ 0(D)] < (k4 1) [1+ o1)] exp{r?¥},

S0,
log lo r
h S g g Vg( )

<o(Ag) + . 3.13
imsup 5BV < o (4,) (3.1

Since € > 0 is arbitrary, then by (3.13), Lemma 2.3 and Lemma 2.6, we have
02(g9) < o(As), that is oo(f) < 0(As). Therefore, we get

1(As) < oa(f) < o(As).
Let ' # 0. Now, we prove A2(f) = A2(f) = o2(f). By (1.3), we have

(k) (k—1) '
;:;<ARJ}+A,€_1JC 7 +- +A1]} +A0>- (3.14)
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If f has a zero at zy of order v > k, then F' has a zero at zg of order v — k.

Hence we have )

) < kn(r, 2) +nlr, ),

n(?

N(r,=) < kN(r,=) + N(r, (3.15)

Kﬁ\*—‘ \\H
Kﬁ\»—t \\H

)
By (3.14), we have by the lemma of logarithmic derivative [10]

k
;,) < m(r, %) + Zm(r, A;) +O(logrT(r, f)), (r ¢ E), (3.16)
=0

m(r,
where E is a set of a finite linear measure. By (3.15) and (3.16), we get
1 k
T(r, f) < kN(r, ?)JFT(TB F)+Y T(r,Aj)+0(logrT(r, ), (r ¢ E). (3.17)
=0

For sufficiently large r and any given € > 0, we have

O(logrT(r,f)) =o0(T (1, f)), (3.18)
k
T(r,F)+ Y T(r,Aj) < (k+2)r7Ate, (3.19)
j=0

Hence, from (3.17), (3.18) and (3.19), for sufficiently large r ¢ E, we get that

(1 - o(1)) T(r, f) < kN (r, }) (k4 2) oA+

so a2(f) < Aa(f). Since Aa(f) < a2(f), we get
1(As) < Xa(f) = Xa(f) = oa(f) < o(Ay).

(ii) Assume that f is a rational solution of (1.3). If either f is a rational
function, which has a pole at zy of degree m > 1, or f is a polynomial with
deg f > s, then f(*)(z) # 0. From (1.3), we obtain

£ D) (s+1)
|As(2)] < |[Ak(2)] @ + [Ag-1(2)| OB + o+ [Asa(2)] e
f(s—l) f/
F 1Al o [+ | S| 1o+ 5 71| 620
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Then, by substituting (3.4) and (3.5) into (3.20), we obtain
exp{r“(As)_g} < (k4 1)rM exp{rotel,

where M is a constant. This is a contradiction. Therefore, f must be a
polynomial with deg f < s — 1.

If s=0or 1and f is a polynomial solution of (1.3), then we get that deg f <
s—1. Thus, f must be a constant. Therefore, every nonconstant solution f(z)
of (1.3) is transcendental.

4. PROOF OF THEOREM 1.2

By hypothesis, it is known that every meromorphic solution of (1.4) is of
infinite order. Then, every meromorphic solution of (1.4) is transcendental.

Assume that f is a transcendental meromorphic solution, such that A <%) <

w(f). Set f = ger’. Then, we get that
Xa(g) = Xa(f), Aalg) = Aa(f). (4.1)

By substituting f = ge” into (1.4), we have

0® 4+ By 1 (2)g% ) 4o 4 Bi(2)g + Bo(2)g = Aﬁz) (4.2)
where A
Bpq = 2=l kP (4.3)
Ay,

_ Ap Akt

Byoj= 3+ (k—j+ )PP

A m —J .
+ Z e [( - m) (P)" +Dm1<P'>] i=2.k  (44)

m=2

and D,,_1(P’) is a differential polynomial in P’ of degree m —1, its coefficients
are constants. By (4.4), we get

k

Ap A, A, , y
By=-2 +2°p E—PmDm,P
0= k+k+_ k[()+ 1(P)]

k
Ag+ AP + Y Ay [(P)™ + Dy (P')]

m=2

(4.5)

_ b
-5
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Using (1.6), (4.3), (4.4), (4.5) and Lemma 2.9, we obtain
1(Bo) = max {u(Ao),0(A4;) (1<) <k)} = pn(Ao) (4.6)

and

7 () < max (o(4).0(@) < uAn) 015 < o). =1+ b~ 1.
(4.7)
By (4.2), (4.6), (4.7) and applying Theorem 1.1 for Ax(z) =1 and s =0, we
get ~
p(Ao) < A2(g) = Aa(g) = 02(g) < o(Ao). (4.8)
Since o3(ef’) = o(P) < p(Ag) < 02(g), then we obtain oo(f) = 2(g). Hence,
by (4.1) and (4.8), we have

1(Ao) < Xa(f) = Xa(f) = o2(f) < o(Ao).
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