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Abstract

The purpose of this paper is to introduce some new metrics on the
set C(H) of closed densely defined operators on a Hilbert space H and
we characterize the closure of the subset of bounded elements of C'(H)
for these metrics. We define the notion of quotient-convergence in C'(H)
and we show that the toplogy induced by quotient-convergence is strictly
stronger than the topology induced from the gap metric.
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1 Introduction

Let H be a separable Hilbert space. Let us denote by B(H) the algebra
of bounded linear operators on H and C(H) the set of closed operators of
dense domain in H. If A € C(H), the domain of A is denoted by D(A) and
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G(A) = {(z,Az) ; x € D(A)} is its graph, in particular G(A) is a closed
subspace of H & H. The null space and the range of A will be denoted by
N(A) and R(A) respectively. A*is the adjoint of A.

C(H) equipped with a distance g called "gap” metric becomes a metric
space.

A,BEC(H), g(AvB):g(G(A)’G(B)): HPG( PG

) serom

where P4y and Pg(py denote respectively the orthogonal projection in H & H
on the graph G(A) of the operator A and the graph G(B) of the operator B.

Nevertheless, the spectral analysis is incomplete in C(H) with respect to
the one in B(H) because of certain insufficiencies of algebraic and topological
characters taken in C'(H). Precisely, the sum and the product of two closed
operators need not be closed on H and C'(H) is not complete for the metric g
because if we consider for example the sequence of operators (nl),en- where
I is the identity operator on H, then the nl are bounded operators, therefore
closed on H, for all n € N*.

{( )xEH} for all n € N*
nhm 9( (nl), {0} ®H) =0

But {0} & H cannot be the graph of a linear operator on H, thus (nl),en- is
a Cauchy sequence without limit in C'(H).

We can remedy this defect by considering the completion of C(H) in the
set LR(H) of closed linear relations on H , i.e. the set of all closed linear
subspaces of H @ H of infinite dimension and codimension. Equipped with the
metric g, LR(H) is a complete metric space.

Closed linear operators are identified as linear relations via their graphs
and hence the inclusions B(H) C C(H) C LR(H) hold.

Theorem 1 (see [7]) The closure of C(H) in LR(H) is the complement in
LR(H) of semibounded linear relations E such that indy(E) # 0.

Where F € LR(H) is semibounded if F + Hj is closed in H & H and
min(dim(E N Hy),dim(E+ N Hy)) < +00. indy(E) = dim(E N Hy) — dim(E+ N
Hl), H1 = H@ {0} and HQ = {0} @H

Other metrics equivalent to g can be defined in term of the operator norm
of Ry = (1 + A*A)fl, R4+ and ARA
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Indeed, if A € C(H) then Ry = (1+A*A)~! exists as a bounded self-adjoint
operator with domain D(R4) = H, ARsx = Ry-Ax for all x € D(A). It is
known (see e.g. [6],[5]) that the function A — F(A) = ASa(I + S4)~! sends
elements of C'(H) onto the set Cy(H) of contractions T" such that ||T'[| gp) < 1
and N(I — T*T) = {0} where Sy = /R4 is the unique positive definite
selfadjoint square root of R 4.

The fundamental properties about R4 and S, are (see [6]) .

Ry, Sa € B(H), HRAHB(H) < land HSAHB(H) <1
||ARA||B(H) < I and HASAHB(H) <1
(ARA)" = A*Ry« and (AS4)" = A*Sa- (1)

A*SpsASa=1— Ry
Furthermore,

(F(A))" = F(A)
RF(A) = %([ + SA) (2)
F(A)RF(A) = %ASA

The topology induced by g on C(H) has good properties concerning the
stability of the index of operators with index. On the other hand the results
are much less good as regards the stability of the spectrum of an operator. For
application it proves to be for use to have other metrics on C'(H), which are
more pratical.

The second metric is defined on C'(H) by

p(A, B) = \JI1Ra = Rl + [ Ra — Riellyapy + 2 | AR — BR|

Then p is equivalent to g and one has
g(A, B) <V2p(A,B) < 2g(A,B) ; for all A,B € C(H) (3)
and
p(A,B) <4||A—Bj| ;forall A,B € B(H)
Moreover we have for all A, B € C(H) (see [5])
9(A, B) < 8g(F(A), F(B)) < 8VZp(F(4), F(B)) < 322 | F(4) = F(B)l| s
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Definition 2 Let A, B € C(H). We put,

(A, B) = \JIRa~ Ralsu + AR — BRs |3,
dQ(A,B) = ﬂmlﬂ(dl(A,B),dl(A*,B*))

It is evident that d; and dy is metrics on C(H) and do(A, B) < v/2d,(A, B) <
V2p(A, B) < 29(A, B).

Theorem 3 The topology induced from the metric g on C'(H) is strictly stronger
than that induced from di which is strictly stronger in his turn than that in-
duced from ds.

In order to exclude the possibility that the metrics dy, d2 and g generate
the same topology, we shall show an exemple of a sequence which converges
differently in gap metric g, d; and ds.

Let H = [? the space of square-summable sequences and put for n € N*,

Ap(2) = A1, 2o, ooy s ) = ([An (@)1, [An ()]s ooy [An(@)]es --2)

where
kxy, if k<n
A =
[An (@)l { krp it k>n
Then,
kx, if k<n
[AX ()] = 0 itk=n
(k—Dag—y if E>n
and thus,
1+ E)z if k<n
(T4 AXA) ()] =] @, ifk=n
1+ (k= 1)z if k>n
Consequently,
—(1-&-1,%2)‘1']9 if k<n
[Ra,(2)]x =4 zn ifk=n
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Let us define,

We have RA = RA* = RA;, HRA* - RA;

BH) = 0 and

0 if k<n

k (k—1)
A+ Yk = T (=107

Tp_q if k>n

Thus,

2

4 R A3y < e

and nl_{ffoo [ARA-AnRa, gy = nl_{ffoo HA*RA*fAZRA; B(H) — 0.
Furthermore,
0if k<n
[(Ra—Ra,)(@)s =4 (g —Dan  ifk=n
(2k+1) zp if k>n

(1+k2)(1+(k—1)2)

2

Then, |Ra-Ra,| gy = T
We find finally that, lirf di(A, A,) =1and lirf dy(A, A,) = 0. If we put

B = A* and B, = A}, we have lim d,(B,B,) =0and lim p(B,B,) =1
n—+00 n—+00

Our purpose in this paper is to introduce on C(H) some metrics, in term
of the operator norm of R4, strictly stronger than the gap metric g. We char-
acterize essentially the closure of B(H) in C'(H) for these metrics.

Using the quotient representation of bounded operators, we also introduce
a metric in the set of almost closed operators on H, the topology induced on
C(H) from this metric is strictly stronger than that induced by g.

Finally, we define the notion of quotient-convergence of a sequence in C'(H)
and we show that the topology induced by quotient- convergence is strictly
stronger than the topolgy induced from the gap metric.

2 Strictly stronger metrics than g

To be able to refine the completion of C'(H) from g, we construct in this section
some metrics strictly stronger than g .
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Definition 4 Let A, B € C(H). We put,

s(A,B) = \/||5A — Spllpm + 1484 = BSsl g + 15as — Spe |l + [[A*Sar — B*Sp-

s(A, B) is ametric on C'(H) and it follows from (1) that s(A, B) = 2p(F(A), F(B)).
Let us put I(A, B) = 2g(F(A), F(B)). Then it follows from (3) that

g(A, B) < 4l(A, B) < 4v2s(A, B) < 8V2I(A, B) (4)

The topology induced from the metric s on C(H) is strictly stronger than
that induced from the metric g.
Indeed, let us define the operators A,, on [? by

kx, if k<n
A —
An(@)le { —kxy, if k>n (5)

Then, AX = A, , [Ra, (2)]x = [RA; ()] = 1?112 and

[AnRa, (2] = [AL Rax (7)) = {

%xk if k>n

If we define A on I by [A(2)] = kay, we see that g(A, A,) = [|Sa-(A — An)Sa, [l gy <
1_2&2. Thus, the sequence (A4,), converges to 0 for g but does not converge to

the same limit for the metrics s, because [|ASa — ApSAn| gy = \/1217 — 2.

Theorem 5 B(H) is dense open subset of the metric space (C(H), s).

Proof. Let A € C(H) and A, = 2tF(A)(1 — *F(A*)F(A))™ for ¢t < 1.
Then, A; € B(H), F(A;) =tF(A), and

9(As, A) 8g(F(Ar), F(A)) = 4l(A;, A) (6)

<
< 32V2 1 =t | F(A) gy
Thus, Prqg(Ah A) = Prrlll(At, A) = lmll s(Ay, A) = 0.

We show now that B(H) is open in (C'(H), s). More precisely, if A € C'(H)
and B is a bounded operator on H such that s(A, B) < ————— then A

201+ Bll B (ary)
is bounded on H.

Let x € D(A), then for all y € H,

<A:L',y>—<[)3,B*y> = <(x7Ax>’(_B*yay)>H@H
= (Pgay(z, Az), (I — PG(B))(—B*?J;?J»H@H

2
B(H)
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and hence by using Schwarz inequality,

(A= B)z,y)| < 9(A, B) I(z, A2)| go 1(=B"Y, )l o (7)

Setting y = (A — B)z in (7), it follows from (4)

I(A = B)a|| < 4v2s(A, B)y/llz|* + [|Az]*/1 + | Bll 5z
Let us put p = 4v/2s(A, B),/1 + HBH2B(H) =1-¢,e>0. Thus,

[Az|[ < [|Be]| + (1 =) ll=]| + || Az{]]

or finally

1
€

[Az|| < [1 4+ [|Bl[ pan) ) 1]

what shows that A is bounded. =

Remark 6 B(H) is open and dense respectively in the metric spaces (C(H), g),
(C(H),p) and (C(H),1).

3 Topologies induced on C'(H) from almost closed

operators

In this section we recall the definition of almost closed operators and their
fundamental properties obtained in [4] and we introduce a metric in the set
AC(H) of all almost closed operators on H. The topology induced on C(H)
from this metric is strictly stronger than that induced from g. We also define
a new topology on C(H) strictly stronger than that induced from g by using
the quotient representation of almost cloed operators.

Let A be an operator with domain D(A) in H. A is called almost closed on
H if there exists an inner product [.,.]4 on D(A) such that Hy = (D(A),[.,.]a)
is complete, H, is continuously embedded in H and A is continuous from H 4
onto H (ie. A € B(Hy, H)).

The class AC(H) contain C'(H) and is invariant under addition, composi-
tion and limits. Almost closed operators verify also the usual properties of the
adjoint of linear operators.
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In particular, if A is almost closed then D(A) is an operator range, namely
there is a unique positive bounded operator A, on H such that D(A) = A H
and [z, = \/[2,2]a = [z 4, for z € D(A) where ||z[|,, = [|Pt[| if 2 = At
and P is the orthogonal projection onto the orthogonal complement N (A, )+
of N(Ay) [1].

Then, A is almost closed if and only if A is represented by a quotient % of
bounded operators, namely there exists a bounded operator B € B(H) such
that N(A;) € N(B), D(A) = AL H, R(A) = BH and AA,x = Buz, for all
x € H [3]. For A = % € AC(H), we have || Al g, gy = Bl pm) -

Consider a be the correpondence between almost closed operators A and
the associated positive bounded operators A, . Such operator A € AC(H) is
uniquely represented up to a by a quotient Aii, so that we denote A = A—B+.

Hirasawa [2] defined an d—neighborhood for 6 > 0 of an almost closed

operator A = % on H by

o« C
V(4 a,0) = {TEAC(H);TZZ, 1B = Cllp < 9} (8)

= {T'e AC(H) ; D(A) = D(T) , [[A =Tl g, m <0}

and considered the topology 7 induced from the neighborhood system as
above. 7 is a locally convex Hausdorf topology in the set AC(H) and is
independent from the correspondence «. In fact, AC(H) becomes metrizable

by means of the metrics

1 if D(A) # D(T)
p(A,T) - { ”AiT”B(HA,H) if D(A) — D(T) (9>

HA=T p(w 1)

Theorem 7 ([2]) In C(H), the topology induced from the metric p is strictly

stronger than that induced from the gap metric g.
B(H) is a connected component of AC(H) and C(H) is open in AC(H).

In particular, it is also shown that the addition and the scalar multiplication
in the set AC(H) are continuous, and that the multiplication from the left side
1s continuous.

Let A € C(H), then we can write A = I'(B) = ﬁ with a unique pos-
itive contraction B € Cy(H ), where I is a reversible function from Cy(H ) onto
C(H) with inverse function defined by I'"}(A) = A(I + A*A)~Y2 = AS, (see
[3]). The related convergence in the space C'(H), called quotient-convergence,
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is defined as follows : A, = BBy converges to A= ﬁ if B,

I—
converges to B in B(H) where B,, B € Cy(H).

The orthogonal projection Pgay : H ® H — H @ H on the graph G(A)
of the operator A = ﬁ can be described through the following matrix
(see Lemma 3.9, [2]) :

(I -B*B) (I - B*B)\/?B*
P ar = 10
G(4) ( B(I_BB*)l/Q BB* ( )
Consequently, if B, converges to B in B(H), then we have (I—BB,)'/?B* —
(B(I — BB*)Y%)*, and this assures the convergence Pg(a,) — Pga) as

n — 00, Or lirf g(A,A,) = 0.

Reconsider now on [? the sequence of operators A, given in (5) and the
linear operator [A(x)]x = kxg. Then, A, =T'(B,) and A = I'(B), where B, =
I'1(A,) = A,S4, and B = T"}(A) = AS, are contractions corresponding
to A, and A respectively. Let us notice that by virtue of (1), || Bullpg) < 1,
1Bllpry < 1, NI — B;B,) = N(I — A;Sa; AuSa,) = N(Ra,) = {0} and
N(I — B*B) = N(I — A*S4.AS4) = N(Ry4) = {0}.Thus, B, B, € Cy(12), for
all n € N.

We have already shown that the sequence (A,,), converges to A for g.

k. .
——ux, if k<n k
B = [B; =q VIR d (B = —
[Bu(@)le = [Ba(@)l { _—/—1k+k2xk it k>n O B(@))k \/1+k2xk

As, [|Bn = Bllpy = [|1AnSa, — ASall gy = % — 2, then (4,,),, does
not converge to the same limit for quotient-convergence.

We have then shown the following fundamental result :

Theorem 8 The topology induced on C(H) by quotient-convergence is strictly
stronger than the topolgy induced from the gap metric.

Remark 9 By wvirtue of theorem 1, it becomes interesting to compare the com-
pletion of C(H) for the metrics g, s and p with AC(H ). In other words, Is
it possible to determine a metrics d on C(H) such as the completion of C(H)
for d coincide with AC(H)?.
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