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1. Introduction

The theory of the normal forms has been introduced by H. Poincaré (1957) in his thesis and since remains a fundamental
tool for the treatment of the nonlinear dynamics. G.D. Birkhoff [3] applied for the first time the method of normal forms in
the Hamiltonian case where he studies some nonresonant Hamiltonian systems near an equilibrium position. This method
has been extended to the resonant case by F.G. Gustavson [11] so that, one should refer to the Birkhoff-Gustavson normal
forms (BGNF).

The concept of Birkhoff-Gustavson normal forms led to several applications [2,9,17]. We mention the article [8] as refer-
ence to an algorithm of reduction to the Birkhoff normal form. M. Gutzwiller [12] in his book emphasized the importance
of the method of normal forms in different semiclassical constructions. For other applications of the Birkhoff normal forms,
one can consult the article of S. Zelditch [21].

The normal forms for pseudodifferential operators near a nondegenerate minimum of a symbol, are already used by
several authors, let’s mention in particular the article [19] of ]. Sjostrand that treats the nonresonant case in a neighborhood
of a fixed point of elliptic type and the article of V. Guillemin [10] where he construct a microlocal Birkhoff normal form in
a formal neighborhood of a periodic curve.

A. lantchenko define in [13] the Birkhoff normal form for the Fourier integral operators associated to canonical transfor-
mations of the real hyperbolic type, microlocally near the fixed point of the transformation.

L. Charles and S. Vu Ngoc treats in [4] the completely resonant case and gives new proofs for many of the results. It is
shown that a pseudodifferential operator can be reduced to a Toeplitz operator on a reduced symplectic orbifold. Using this
quantum reduction, new spectral asymptotics concerning the fine structure of eigenvalue clusters are obtained.

Concerning quantum and semiclassical mechanics, the Birkhoff normal form can be applied in very prosperous way. It
became an important tool in molecular physics and numerical computations of eigenvalues and resonances (see [20] and
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more recently [15,18]). We suggest the reader to consult [1,5,14,16,21] for further references and connections with other
problems.

On the other hand, we are interested in [7] to the calculation of the spectrum in the 1: 2 resonance relation, it after have
calculate the BGNF of the Hamiltonian in this case, while passing by the principle of annihilation and creation operators
and Bargmann transform.

The purpose of this paper is to survey in a first step some of the results in this area and to give indications of some of
the techniques used to prove them. We present the quantum formal Birkhoff normal form theorem, where the main idea
is to find the simplest form of the Schrédinger Hamiltonian after having transformed it in a perturbation of the harmonic
oscillator.

In the second step, the Birkhoff-Gustavson normal form is employed to study the resonances of semiclassical Schrédinger
Hamiltonians. We explicitly determine the Birkhoff-Gustavson normal form in 1:1, 1:2 and 1 : 3 resonances. The basic tool
used here is the Weyl symbolic calculus and consequently the Weyl quantization.

2. Hypotheses, classical results and quantum formal Birkhoff normal form theorem

Let T*R" = R?" be the phase space with coordinates (x,&) = (x1,...,Xn,&1,...,&r), and we consider the Schrédinger
operator
h2
P(h):—;A—}-V(x) (1)

where V is a smooth potential on R". Assume V € C°®°(R", R) has a global minimum at a point 0 which we shall call here
the origin, and suppose this minimum is nondegenerate. By a linear, unitary change of variables in local coordinates near
0, one can assume that the hessian matrix V”(0) is diagonal, let (vlz, R v,%) be its eigenvalues, with v; > 0. The rescaling
xj — /Vjx; transforms P(h) into a perturbation of the harmonic oscillator Ha:

P(h)=Hz + W () 2)
with
n 2
~ Vi 0
B,= 3 Y _h2—+x2.) 3
2 ; 2 ( oxs ®

where W (x) is a smooth potential of order O(|x|?) at the origin.

First of all, we recall the h-Weyl quantization which is based on a particular grading for formal symbols in x, £, h, where
the degree in semiclassical parameter counts twice the degree of each other variable x; or &;.

Let d and m be real numbers, and S¢(m) the set of all families (a(., h))nejo,17 of functions in C®(R?") such that for all
a e N

|006)0(x. &, W] < Coh®(1+ [x* + 1£1%)

for some constant C, > 0, uniformly in h.
Let w4(m,R") be the set of all unbounded linear operators A on L2(R") that are h-Weyl quantizations of symbols
ae Sim):

m/2

(Au)(x) = (Op) (@u)(x) =

/e%<xfyf>a<";y,s,h>u<y>dyds 4)

1
Q@mh)"
R2n

Now, we introduce the space
E=CIx,§,h1=Clx1,...,xn,81,..., & h]

of formal series of (2n + 1) variables with complex coefficients, where the degree of the monomial x*£#ht is defined by
| + 18] +2¢, o, BeN", £ eN.

Let Dy be the finite dimension vector space spanned by monomials of degree N and Oy the subspace of £ consisting
of formal series whose coefficients of degree < N vanish. Then (On)nen is a filtration:

£=0pD>01D,...., [|On={0}
N

We define [.,.]Jw the Weyl bracket by the Taylor series of the symbol of the operator commutator []‘, £]. More precisely:

[fr,grlw =owlf, &1 =ow(fE—&F) (5)
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where f and g are the h-Weyl quantizations of symbols f and g, with formal Taylor series at the origin fr and gr in £.
Then, [.,.]Jw is bilinear antisymmetrical, and satisfies the Jacobi identity:

[Lfr.grlw.vr]y +[lvr. friw. gr]y, + [ler. vriw. fr],, =0
and the Leibniz identity:

[fr.grvrlw =fr, grlwvr + grlfr. vriw

The Weyl bracket defines an abstract Lie algebra structure on £ (called Weyl algebra), and it is the unique bracket for which
h is central:

h
[h,xjlw =[h,&jlw =0 and [&},xjlw = T forallj=1,...,n
Let A € £, we define the operator ads on £ by:

ada(P) =[A, Plw (6)
and we shall be particularly interested in the adjoint action of elements of D;, where each P of D, is of the forms:
P(h)=hHy + H;

where Hg € C and H; is a quadratic form in (x, £).
Since h is central, we may restrict here to quadratic forms only.
We have a fundamental property of the Weyl bracket:

Proposition 1.
ih~'ady, (P) = {Ha, P}

where the classical Poisson bracket is

_y~9f o8 A P (R"
{f,g}—;asj o ag oS8 eC (R (7)

Proof. Indeed, first recall the Moyal formula [6] which expresses the relation between the Weyl quantization and Lie
bracket. If A and B are two Weyl quantizations of symbols a and b, then we have:

[a, blw =0W[A,B]=%asin<h7D)b (8)

where
n “~— = “~— =

D_Z a 9 a 0
e 0&j 0xj  0x;j 0&;

and

hD X (=1 pEA
(1) =30 _CV B
2 C— (2j + 1)! 22i+1
hence,

2 (hD 2 (—1/h\’ ,
[a,b]w—UW[A:B]—70<7)b+?a<?<E> D >b+---
2h{< da ab da b\ 2 [-1/h\’
(BT ) 2 (1,

i2 e 0&j 0x;  0xj 0§; i 1\ 2
h 3
=?{a,b}+0(h )
Ifa=Hy=3Y, %(x? +&2), then

H,D¥P =0, forallk>3

hence the result. O

Another very important result that is going to serve us thereafter:
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Proposition 2. ady, is diagonal on the C[z, Z, h]-basis {z# 7V}, where g and y are multi-indicesinN", z = (z1, ..., z), zj = Xj +i§;
and we have:
adu, (2°2") = h(y — B, v)2"7¥ 9)

Proof. We have:

) 2 aHz 3H2
Hy=)_ — (5 +)), ox, VK g Vi

= 0 %;
azPzv __ e,
x; B2’ ~eizV +y;z¥ ~¢izP
By
0272 _igiPeiy —iy;zr i
08; j Vi

where ej =(0,...,0,1,0,...,0), j=1,...,n. Thus,

n
{H2. 222V} =) vigj(BizP 42" + ;274 2P) —vjx;(iBj2P =02 —iy;2/ ¢ 2P)
j=1
n
=Y —iviBizP 7Y (xj + i&)) + ivjyz¥ ~0i2P (xj — igj)
j=1
n
= ivi(yj— 827
j=1
and therefore
h
ade(zﬁZV)=?{H2,zﬂ27}=h<y—,8,v)zﬁ23’ O

All necessary ingredients are there, and then the formal quantum Birkhoff-Gustavson normal form can be expressed as
follows:

Theorem 3. If L € O3, then there exists A € O3 and K € O3 such that
e A (Hy) 4 1) =Hy + K
[Hy, Klw =0 (BGNF)

Moreover if Hy and L have real coefficients then A and K can be chosen to have real coefficients as well.
Notice that the sum:

o o) 1/ 1
ell 1adA(H2+L)=Zl—,<%adA> (H2+ D) (10)
=0

is convergent in £ because %adA sends Oy into On41.
(BGNF) is the Birkhoff-Gustavson normal form of the operator P (h) near the origin.

Since our goal is to compute the BGNF taking counts the resonances, so let’s recall the definitions of the different
relations of resonances:

Definition 4. Let’s consider the harmonic oscillator Hy = Z]}':l %(x? + sz) where the frequencies v; > 0.
1) One says that a resonance relation exists if there exist integer numbers k; not all vanishing such that:

kivi+--+kyvp=0

i.e. the (vj)1¢j<n are dependent over Z. k = Z?:] |k;j| is called the order of the resonance.
2) One says that there is no resonance relation if the frequencies (v;); are linearly independent over Z (or Q):

n
ij\)j=0 = kj=0, j=1,...,n
=1
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3) and we say that the frequencies (v;); are completely resonant, if there exist a real number v > 0 and coprime
positive integers p1, ..., py such that vj=vpj, forall j=1,...,n.

Remark 5. It’s clear that if the coefficients (vj)1<jgn are completely resonant then there are resonant.
3. Applicationto1:1,1:2 and 1 : 3 resonances

This third and last section is the goal of this paper, so we intend, to apply the quantum BGNF theorem in three com-
pletely resonant cases 1:1, 1:2 and 1: 3 resonances, where K is computed in the C[z, z, h]-basis, then we compute its
symmetric Weyl quantization, and finally we deduct the one of the Hamiltonian P(h).

Let’s notice that the general idea is the same in the three cases but the results are different according to the different
relations of resonances.

3.1. The 1:1 resonance (completely resonant case)

Consider the following harmonic oscillator

~ 1 92 1 92
Hy=-(-n— +2)+-(-h’— +x 11
2 2( m{+1>+2( aX%Jrz (11)
with symbol
1
Hy= §(|z1|2 +1221%) (12)

where zj =x; +i&;, j=1,2.
We propose to look for K3 € D3 such as

[H2, K3lw =0
Since [H», K3]w =0 is equivalent to {H;, K3} =0, it is sufficient to calculate the Weyl symbol
K3 = Z h‘z%z% suchthat (v, —a)=0
20+|Bl+ly1=3
then,
W,p-—a)=0 & ortor=p+p (res1:1)

where « = (@1, 2) and B = (81, B2).
To calculate K3, it is necessary to look for all monomials of order 3 of type

_ o 251 5P
K3 =2{'2,"2]'2,
that satisfy the resonance relation (res 1:1).
We notice that no monomial exists in D3 verifying || + |8| =3 and the resonance relation (res 1:1), so K3 =0, but
one can calculate K4 € Dj.
Indeed, the couples « = («1, @2) and B = (B1, B2) that verify |@|+ |8| =4 and the resonance relation (res 1:1) are:

a=8=(1,1)
a=p=20
a=p=(02)

a=(2,00 and B=1(0,2)
a=(0,2) and B=(2,0)
Thus, K4 is generated by the monomials:
212122, 1214, 12l A8, 723
Finally, we obtain the symmetric Weyl quantization R4 of K4:

Ry € 0p} [vect(1z1 P12z, 1214, |22]*, Re(2323))]

where vect(|z1|?|z2[?, |z1|%, |z2|*, Re(2223)) is the subspace spanned by |z1[?|z2|2, |z1|%, |22|* and Re(z2Z3).
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Consequently,

@:MOP;‘;V(IZH“)+120PXV(|22|4)+?~30PXV(|21|2|22| ) + 240p;" (Re(2323)) (13)

where,

lz11* =x] + & +2x3 ]

22| = x5 + &5 +2x3E2

1212 1221% = X335 + X385 + X567 + 6783

Re(2123) = Xix5 — X785 — XG&] + E7&5 + Aixabafy

and (Aj)1<j<a are the coefficients of Kg.
The Weyl quantization of every monomial gives us,

d
opY (1z11*) = x +h4——h2[ —+2]
Ph (| 1l ) 1 ax? 8x%

82
opY (1z2* :x4+h4——h2[x2—+2]
Ph (l 2| ) 2 axg ZBX%

Wi, 2 2 282 2 00y 0
opy (1z11%1221%) = x3x% — h toog o
D’ (12117 1221%) = X35 [ Vox2 "2 x2 axfaxg]
a

5 5 2 a 2 ) 84 82
op}Y (Re(z3z x—h[ —X— —h*—— +2xix +2]
h ( ( 1 2)) 2 Tax 2 3X% 3)(%8)(% ! 0X10X2

and therefore, we get the following BGNF of the Hamiltonian P(h) in the 1:1 resonance,

- L &l 32 94 92
H2+K4=Z§<—h2ﬁ+)(?>+k]|:X;l+h4W—h2<X%§+2>i|
J

1 1

j=1
I 9% 92
+ A2 x‘2‘+h4—4—h2<x§—2+2>}
L 0x, x5
[0 a2 0% | 58 , o
+A3|x3x5 —h?* (X — + x5 — —h*——
M ( ]8x§ 2Bx% 8xf8x§)]
I 92 92 9% 92
+ A xzxz—h2<—x2——x2——h2 +2x1x +2>] 14
4_ 172 1y 2 Zaxf Ix39x3 1 X 0%, (14)

3.2. The 1: 2 resonance (Fermi resonance)

In this case we consider the following harmonic oscillator:

Ay= h2 G +x + ( —n? G +x2 (15)
72 1 ax3 2
with symbol
1
H2=§|21|2+|22|2 (16)

by the same way, we look for K3 € D3 such that [Hj, K3]w = 0 and thus {H,, K3} =0, then it is sufficient to calculate the
Weyl symbol

Ks= > h'z*?
20+|Bl+1y =3
such that
v,B—a)=0 < a1+202=01+28 (res1:2)



312 K. Ghomari, B. Messirdi / J. Math. Anal. Appl. 378 (2011) 306-313

The couples a = (o1, @) and B = (B4, B2) that verify || + |8] =3 and the resonance relation (res 1:2) are
a=(0,1) and B=(2,0)
a¢=(2,0) and B=(0,1)
Thus,
K3 = pRe(z322) = %(222% +212;), peR (17)
Now, we calculate K3 the symmetric Weyl quantization of K3,
Ks = uop}! (Re(z{22))
= nopy (x3x2 + 2x1 616 — E7x2)
= MOPXV (X%Xz +2x1815 — 512?62)

= | x?xy —h%( 2x i X o + 9
R Yoxiax Coxd | ox
and finally, we get the BGNF of P(h) in the 1:2 resonance,

~ o1 hza2 ) h232 2
H2+K3:§ - @‘i‘X] +| - @-FXZ

T I DT N (18)
0X10X2 8)(% 0X2

Contrary to the last article [7], and in the goal to facilitate us the calculation of the spectrum in this case, we calculated the
BGNF of the Hamiltonian, while passing by the annihilation and creation operators and Bargmann transform and not by the
principle of the Weyl quantization as here.

3.3. The 1 : 3 resonance

Now, let us take

~ 1 92 3 92
Hy=-(-h?— +2 ) +=(-h?— +x 19
2 2< BX%_’_ ]>+2( ax%—i_ 2 ( )
with symbol
1 3
Hy= =|z1> + Z|z2)? 20
2 2| 1 +2| 2] (20)

To calculate K3, it is necessary to look for all monomials of order 3 that verify the resonance relation:
(v,B—a)=0 < a1+302=81+3p (res1:3)

As the first case of the 1:1 resonance, we see that no monomial exists in Ds verifying || + |8| =3 and the resonance
relation (res 1:3).

On the other hand, one can calculate K4 € D4, that verifies the previous resonance relation.

Indeed, the couples @ = (1, @2) and 8 = (B1, B2) that satisfy the relation (res 1:3) are:

a=p=(1.1)
a=p=(2.0)
a=p=(0.2)

a=3,0) and B=(0,1)

a=(0,1) and B=(3,0)
Thus, K4 is generated by the monomials:

1211 1221 12112122, 5322, 32
The symmetric Weyl quantization

Ka € 0py! [vect(jz11%, |221*, 2117|221, Re(2322))]
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Then,

Ka =100}’ (121*) + v20p}" (1221*) + y30py" (121 |221%) + 740p} (Re(2322))
where

Re(2i22) = X{x2 + 3x7€162 — 3xixE] — E)6
and (yj)1<j<a are the coefficients of Ky.

Xzaz a§x32234]

3
w 35 3 2
Oph (Re(zlzz)) =X71X2 — h |: 1—8)(1 axz + E — 5 ]XZﬁ — —8X38X2
1 1

2
and the Weyl quantizations of the other terms have already been calculated in the case of the 1:1 resonance.
Therefore, we get the BGNF of P(h) in the 1:3 resonance,

~ 1 92 3 2
Hy+ K4 = §<_h2ﬁ +x%) + —(—hza—2 +x§)

1 2 X3

(4, .40 2f 2 0?
+y| K +ht— —n? (¥ — +2
)/1_1 ax{ (18xf )]

(4,40 2f 2 9°
+y2| X, +h*— —h (x—+2>}
% x5 % 0x2

I 92 92 9%

2.2 p2(.2 2 2
+ 3| x7x5 —h x——i—x——h—)]
)/3_12 <1ax§ 23x§ ax20x3

3 92 a3 92 9%

3 2( 2.2 2

xxy —h*| =xf ——— +3— — Zx1xp— —h* ——— 21
Ty [2]3X13X2+ ox; 202 8x§8x2i| 1

Remark 6. The coefficients (1j)1<j<4. 4 and (¥j)1<j<a can be easily found there and the uniqueness of the BGNF, in the
three previous resonance relations cases, comes because these coefficients only depend on the initial potential V. Their
explicit computations will appear in a paper in preparation.
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