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1. Introduction 

The theory of differential equations of fractional order has been shown to be very useful in the 

study of models of many phenomena in various fields of science and engineering, such as 

electrochemistry, physics, chemistry, visco-elasticity, control, image and signal processing, biophysics. 

For more details, we refer the reader to [2, 4, 7, 8, 9, 13, 14, 15] and references therein. Recently, there 

has been a significant progress in the investigation of these equations (see [5, 6, 18]). More recently, 

some basic theory for the initial boundary value problems of fractional differential equations has been 

discussed in [1, 10, 11, 13, 19]. Moreover, existence and uniqueness of solutions to boundary value 

problems for fractional differential equations had attracted the attention of many authors, see for 

example, [3, 5, 6, 12, 13, 17] and the references therein. Motivated by the problem (1) in [12], this 

paper deals with the existence and uniqueness of solutions for the following problem: 

http://www.modernscientificpress.com/Journals/ijmms.aspx
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where ,1,0,1,43   an 
 DD , are the Caputo fractional derivatives, 

  21,,1,0 J  are real constants with 1,1 21    and f  continuous function on  .2J  The 

paper is organized as follows. In section 2, we present some preliminaries and lemmas. Section 3 is 

devoted to the existence of solution of (1.1).  In section 4, we will give an example to illustrate our 

main results. 

2. Preliminaries 

Definition 2.1. The Riemann-Liouville fractional integral operator of order 0 , for a continuous 

function f  on   ,0   is defined as:  
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Definition 2.2. The fractional derivative of    ,0nCf   in the sense of Caputo is defined as: 
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For more details, we refer the reader to [15, 16]. 

Let us now introduce the following Banach space    },,:{ JCxDJCxxX     endowed 

with the norm    .sup,sup; txDxDtxxxDxx
JtJt

X
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We give the following lemmas [9]: 

 

Lemma 2.3. For  ,0  the general solution of the fractional differential equation   0txD  is given 

by 
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Lemma 2.4.  Let  .0  Then  
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for some    .1,1,...,2,1,0,R  nnici
  

We give also the following result: 

 Lemma 2.5.  Let  ,JCg   the solution of the equation  
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is given by: 
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Proof.  For ,3,2,1,0,R  ici
 and by lemmas 3, 4, the general solution of (2.5) is given by 
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Using the boundary condition (2.6) we have  ,020  cc  and 
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Substituting the value of 1c and 
3c in (2.8) we obtain the desired quantity in Lemma 2.5. 

3. Main Results 

Let us introduce the following notations 
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and list the following hypotheses: 

(H1):    The function  2: Jf  is continuous. 

(H2): There exist ba, non negative continuous functions on ,J such that for all  
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Our first result is based on the Banach contraction principle. We have: 
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Proof.  Consider the operator XX :  defined by: 
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We shall prove that   is a contraction: 
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By (H2), we obtain  
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Therefore,  
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which implies, 
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It follows from (3.9) and (3.14) that 
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X

   

Thanks to (3.4) we deduce that   is a contraction.  As a consequence of Banach contraction principle, 

the problem (1.1) has a unique solution on .J  

The second result is the following: 

 

Theorem 3.2.  Suppose that (H1) and (H3) hold. Then, the problem (1.1) has at least one solution on 

.J   

 Proof. We use Scheafer's fixed point theorem to prove that   has at least a fixed point on .X  The 

proof will be given in the following steps: 
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Step1: Thanks to (H1) we conclude that the operator  is continuous. 

Step2: The operator  maps bounded sets into bounded sets in :X  For ,0 we take  

}.;{  
X

xXxBx  

For ,Bx  and for each ,Jt  we have: 
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Using (H3), we can write 
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Thus, 

  )18.3(.1MLx   

 

On the other hand, 
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By (H3), we obtain 
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Consequently, 
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Step3: The operator  is equicontinuous on :J  Let us take .,,, 2121 ttJttBx    We have: 
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We have also, 



Int. J. Modern Math. Sci. 2013, 7(2): 195-211  

        

Copyright © 2012 by Modern Scientific Press Company, Florida, USA 

205 

   
 

         

 
      

 
   

      

 
   

      

 
   

 
   

      

 
   

 
   

       .,,1

4211

1

22116

1

,,

4211

22116

,,1
21

)25.3(,,
21

,,
1

,,
1

31

0

21

3

2

3

11

21

1

2

1

1

3

1

3

0

21

3

1

3

2212

21

1

1

1

2

3

122

11

0
1

1

2

1

1

1

0
1

1

1

1

21

1

2

1

2

1

1
0

12

2

1

1

dssxDsxsfs
tt

tt

dssxDsxsfs
tt

tt

dssxDsxsfs
tt

dssxDsxsfs
tt

dssxDsxsfst

dssxDsxsfststtxDtxD

t

t

t















































































































































































 

By (H3), we have: 

   
 

  

   

   

 

   

   

 

   
 

   
 .

4111

1

4111

)26.3(

2111

1

211

1

21116

211

1

2
1

3

2

3

1

21

1

3

1

3

2

21

2

212

1

2

1

1

21

3

1

1

1

1

1

2

21

23

122

1

1

122112








































































































































tt
M

tt
M

ttM

ttM

tttt
M

txDtxD

 

Hence, 



Int. J. Modern Math. Sci. 2013, 7(2): 195-211  

        

Copyright © 2012 by Modern Scientific Press Company, Florida, USA 

206 

   
   

 

   
 

 
 

 
 

 
  

 
  






















































































































1221

1221

3

2

3

1

21

1

3

1

3

2

21

2

212

21

21

3

1

1

12

21

23

122

1

11

12

2
1

2
1

)27.3(
1116

1

1116

1116

1

11

1

111611

1

tttt
M

tttt
M

tt
M

ttM

ttM

ttMtxtx
X

 

   

   

 

   

   

 

   
 

   
 ,

4111

1

4111

21116

1

211

1

21116

211

1

3

2

3

1

21

1

3

1

3

2

21

2

212

1

2

1

1

21

3

1

1

1

1

1

2

21

23

122

1

1




























































































































tt
M

tt
M

ttM

ttM

 

 

which implies      012 
X

txtx   as  .12 tt   By Arzela-Ascoli theorem, we conclude that 

 is completely continuous operator. 

Step4:  We show that the set   defined by: 

 

  )28.3(},10,,{   xxXx  

is bounded: 

Let x ,  then  ,xx    for some .10    Thus, for each  ,Jt  we have: 
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On the other hand,  
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)36.3(.2MLxD    

Thus, from (3.32) and (3.36) we obtain 

  )37.3(.21 LLMx
X

   

Hence, 

  )38.3(.
X

x  

This shows that   is bounded. 
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As consequence of Schaefer's fixed point theorem, the problem (1.1) has at least one solution on  

].1,0[   

4. Example 

Consider the following fractional problem: 

 

 
      

    
 

   

    .0
4

1

2

1
1,00

)1.4(,0
5

1

3

2
1,00

,1,0,0
2157

cos

2
5

2
5

2
7

2

2
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




























xxx

xxx

t
txDxe

txDtxte
txD

t

t



 

 

We have 

 
  

   
   .,0,,1,0:,

2157

cos
,,

2

2









yxJt
yxe

yxte
yxtf

t

t



 

 

Let    ,0, yx  and .Jt  Then we have: 

 

   
 

 
    

   
.

157157

22157

22157
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,,,,
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2

11

2

11
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2

2

11

yy
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e
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e

e
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yyxxe
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yx
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e

te
yxtfyxtf

t

t

t

t

t

t

t

t






















































 

So we can take 

 
 

 
 

.
157

,
157

2

2

2

2

t

t

t

t

e

e
tb

e

e
ta















 

 

Then,  

 

 

We have also 

  
 

.10063311,0
157

886,4
221 







LL  

 

Hence by Theorem (3.1) the boundary value problem (1.1) has a unique solution on ].1,0[    

 

 
 

 
 .sup,sup

1,01,0

tbta
tt 

 
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