International Journal of Modern Mathematical Sciences, 2013, 7(2): 195-211

% International Journal of Modern Mathematical Sciences ISSN: 2166-286X
Modern Scientific Press  Journal homepage: www.ModernScientificPress.com/Journals/ijmms.aspx Florida, USA
Article

New Results for a Boundary Value Problem for Differential
Equations of Arbitrary Order

Mohamed Houas !, Zoubir Dahmani **, Maamar Benbachir !

! Department of Mathematics, University of Khemis Miliana, Algeria
2LPAM, Faculty SEl, UMAB Mostaganem, Algeria

* Author to whom correspondence should be addressed; Email: zzdahmani@yahoo.fr

Article history: Received 1 May 2013, Received in revised form 7 July 2013, Accepted 10 July 2013,
Published 12 July 2013.

Abstract: In this paper, we study the existence and uniqueness of solutions for a nonlinear
fractional boundary value problem. New results are established using a Banach contraction

principle and Schaefer's fixed point theorem. An illustrative example is also presented.

Keywords: Caputo derivative; Banach fixed point; fractional differential equation;
existence; unigueness.
Mathematics Subject Classification (2010): 34A08, 34B25.

1. Introduction

The theory of differential equations of fractional order has been shown to be very useful in the
study of models of many phenomena in various fields of science and engineering, such as
electrochemistry, physics, chemistry, visco-elasticity, control, image and signal processing, biophysics.
For more details, we refer the reader to [2, 4, 7, 8, 9, 13, 14, 15] and references therein. Recently, there
has been a significant progress in the investigation of these equations (see [5, 6, 18]). More recently,
some basic theory for the initial boundary value problems of fractional differential equations has been
discussed in [1, 10, 11, 13, 19]. Moreover, existence and unigqueness of solutions to boundary value
problems for fractional differential equations had attracted the attention of many authors, see for
example, [3, 5, 6, 12, 13, 17] and the references therein. Motivated by the problem (1) in [12], this

paper deals with the existence and uniqueness of solutions for the following problem:
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Dx(t)+ f(t,x(t) D’ x(t))=0t e J,
x(o)z 0, x(1)— zix(n)”z 0, (1.1)
x (0)=0,x (1)-4,x (£)=0,
where 3<a<4,B<a-10<n&<1, an D% D’ are the Caputo fractional derivatives,

J =[0,1] 4,, 2, are real constants with 4,7 #1,1,& #1 and f continuous function on J x%R?. The

paper is organized as follows. In section 2, we present some preliminaries and lemmas. Section 3 is
devoted to the existence of solution of (1.1). In section 4, we will give an example to illustrate our

main results.
2. Preliminaries

Definition 2.1. The Riemann-Liouville fractional integral operator of order « >0, for a continuous

function f on [0, is defined as:

%a) [[t-o)"f()dz.a>0, (21)

Jef(t)=

J°f(t)= f(t)

where T'(@) = ["e "u“du.

Definition 2.2. The fractional derivative of f e C"([0,0[) in the sense of Caputo is defined as:

D*f(t)= e _a)J:(t—z')n_“_l f(zr)dr,n—1<a,neN". (2.2)

For more details, we refer the reader to [15, 16].

Let us now introduce the following Banach space X ={x : xeC(J),D’xC(J)}, endowed
with the norm x|, = x|+ HDﬂxH; x| = sup|x(t), HDﬂxH = sup(Dﬂx(tj.
ted ted
We give the following lemmas [9]:

Lemma 2.3. For a >0, the general solution of the fractional differential equation D“x(t)=0 is given
by

X(t)=c, +Ct+c,t’ +..+c, ,t", (2.3)

where ¢, eR,i=0,12,..,n—1,n=[a]+1
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Lemma 2.4. Let «>0. Then

J“DX(t) = x(t)+ ¢, +Ct+C,t° +...+¢, ", (2.4)
forsome ¢ €R,i=012..n-1n=[a]+1
We give also the following result:

Lemma 2.5. Let g € C(J), the solution of the equation

D*x(t)+g(t)=0,teJ,3<a <4, (2.5)
such that
x(0) = 0, (1)~ 4,x(%7) = 0, (2.6)
x (0)=0,x (1)-4,x (£)=0
is given by:
x(t)= —ﬁjﬁ (t—s)* (s, x(s), D”x(s))ds
+m_{: (7—s)" (s, x(s), D*x(s))ds (2.7)

_ mﬂ (1—s)y* (s, x(s), D’ x(s))ds

=22 e+ (o 2n = 2,)0° I

6(4n ~1)(2,¢ -1)T(a-2)

)+ (-0 I
6(41 ~1)(4,¢ ~1)I(er - 2)

: (E-s)°f (s, X(s), Dﬂx(s))ds

0

01(1— s) £ (s, x(s), D”x(s))ds.
Proof. For ¢, eR,i=0,1,2,3, and by lemmas 3, 4, the general solution of (2.5) is given by

x(t) = —Fijz(t —s)"*g(s)ds—c, —c,t —c,t? —c,t°. (2.8)

Using the boundary condition (2.6) we have ¢, =c, =0, and

=~ Tk 9
+mﬂ(1—s)“‘lg(s)ds (2.9)

A,0L- A5 : B
64 —1)((/125 —Z))r(a ~2) L (&-s)g(s)ds

+ (L) '1— s a(s)ds
6(2177—1)(/125—1)1“(05_2)Io(1 ) g(s)ds,

and
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A, ¢ a-3
C3=-— 6(/125 —1)F(Ot _ 2) -[0 (é - S) g(S)dS (2.10)

L ! a-3
’ 6(4,¢ ~1)T(e - 2) L (1-s)""g(s)ds.

Substituting the value of ¢, and c, in (2.8) we obtain the desired quantity in Lemma 2.5.

3. Main Results

Let us introduce the following notations

L - A =1+ |4 0 +1
|2177—1|F(05+1)
(2, = |+ | = )2 + 1= |+~ 1
+ : (3.1
64,77 —1|2,¢ ~T(a -1)
L 1 Ay +1

T(a-p+1) |/1177 r(e+1)T(2-B)
o = 22| E A A= 20| € + -1
6 - —1T(@-1r2— ) P —1ké -IT(a-DrE- )’

and list the following hypotheses:
(H1): The function f : J x9? — R is continuous.

(H2): There exist a,b non negative continuous functions on J, such that for all

ted,(x,y)(x,y,)e R, we have
£(t %, y)— f(tx, ) < at)x—x|+b(t)|y - i, (3.2)
where, @ =supa(t), and @ = supp(t).
ted ted
(H3): There exists M >0 such that

[Tt x,y)<M;ted,x,yeR. (3.3)

Our first result is based on the Banach contraction principle. We have:
Theorem 3.1. Assume that the hypothesis (H1) and (H2) are valid.
If

(L +L) o+a)<, (3.4)

then the problem (1.1) has a unique solution on J.
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Proof. Consider the operator ¢ : X — X defined by:

()= _ﬁ JLt-s) (5, x(5) Dx(s))ds

PR -
(47 -1 (a)
_ m L=y s, x(s). D" x(s))ds
o o= 2 S+ (= 2,)0° I
6(477 —1)(4,£ -1)T(a -2)
-2+ (i -)E I
6(27 —1)(4,£ -1)T(a -2)

"(7—s)™ (s, x(s), D x(s))ds (3.5)

0

(£ - 5) " £(5,x(s), D/ x(s))ds

0

L-s)y (s, x(s), D”x(s))ds.

0

We shall prove that ¢ is a contraction:

(s, x(s), D*x(s))- (s, y(s), Dﬁy(s)X ds

(t)- y(t) < ﬁ [[-sy

n |/11|t n _Saffl
T UG

t 1 a-1
g b )

f(s,x(s), D*x(s))- (s, y(s), Dﬁy(s)] ds

(s, x(s), D*x(s))- (s, y(s), Dﬁy(s)de (3.6)

|4, = A2+ | A 2 = 2,0 I

61,7 —1[4,¢ ~1T(a - 2) (=9

0

f(s, x(s), D?x(s))- f (s, y(s), D y(s)) ds

-2t -1 o
1_
St —1ra—2) b

0

f (s, x(s), D?x(s))- f (s, y(s), D y(s)} ds.

Using the (H2), we can write:

) AP0

F(a +1)
il v+ 00" D%) ol - s+ afos - %
4 =T (e +1) A — 1T (e +1)

) (2, = 2o2%| + [ 202sm = 24]) 2 (lx - y] + & D?x ~ D*y])
64, —1|,¢ - T (- 1)
Q1— 2,1773‘ +|An - ﬂ)(w”x - y|+ w”DﬁX - D” yH)
612,17 ~1|2,¢ (e ~1)

(3.7)
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(Wy 1+|4n" +1)(@+a)(x- y| +|D’x- D)
|/1177 HF(a+l)
12, ~ 2o+ 2em - 2l)e + o= |+ im0 + @) (x -yl + [P x - 7]}
6l 4n —1[4,¢ -1 T(a-1)

Consequently we obtain,

#(0) - #y(t) < L (+ @) (x - y] + [D*x— DY) (38)

Hence, we have

lp(x)—#(y) < Lo+ w)(“x —y|+ HDﬂx — DﬁyH) (3.9)
On the other hand,
Prt)- Do) < (al— 57 h (=971 (5x(6) D"x(6)- £(s. ¥(5), D"y(s)] s
M |t1 ! g a-1 A B
A= g b 09 1 D7x(s)) - 1 y(5) 7y(s) s
ﬂln i IEl s ﬂ)j @-s)* f(s, X(s), Dﬂx(s))— f(s, y(s), Dﬁy(su ds (3.10)

‘ﬁz - ﬂzﬂ'ﬁa‘tliﬁ
1 | =Y -Ur2=p5) |re, s
(e -2) Ay — 2|t e
T -UnE-1rG- p)

(s, x(s), D*x(s))- (s, y(s), Dﬁy(s)} ds

L2t
+; 6%” ]“/15 ZIJF(Z A |p —s)* % f(s, x(s), D?x(s))- f(s, y(s), D’ y(s)|ds
Ta-2) P [[@-sy°|f(s,x(s) D”x(s))- t(s, y(s), D”y(s)]ds.

T —14,¢—1r@-p)

By (H2), we obtain

Copyright © 2012 by Modern Scientific Press Company, Florida, USA



Int. J. Modern Math. Sci. 2013, 7(2): 195-211 201

g B
D7 gx(t) - D’ gy(t) < ofx- 3;”(;?”; +X1)_ Dy
il b ofote-0%4) bl fo?s- o
An-14T(a+1)T(2- ) A -1T(a +1)T(2- B)
\/1 — 2’| £ alx - y] + 5D x - D7y
647 ~1|2,¢ ~ 1T (a -1)I(2- )
A - | € (@fx - y] + @|D"x - D)
(A -1|2,¢ -1T(a —1)T(4 - B)
1 27| (wfx - y[ + @D "x - Dﬁyw4Jﬂg7 1(wfx - y| + @|D”x - DY)
67 =146 ~4 (e -2)r(2- o =12, =A@ -1)r(4 - B) -

(3.11)

Hence,

000002 - o e el

(Mz — A dn?| 77 + ‘1_ 2'1773‘)(60+ w)
627 ~1|4,¢ ~ 1T (a -)T(2- B)
. (22 = 2| 82 + | 1) (0 + @)
[ —1]2,¢ 1@ -1)r(4- ) |

(x-yl+|p*x-D%y|)  @12)

Therefore,
ID/gx(t) - D*gy(t) < L,(w+a)(x — y| +|D”x— D*Y]) (3.13)
which implies,
[D?8(x) - D?4(y)| < Ly(w+@)(x - y] +|D"x - D*y|) (3.14)
It follows from (3.9) and (3.14) that
[6()-(y)l, < (L +L,)(@+a)(x - y|+[D?x-D*Y|) (3.15)

Thanks to (3.4) we deduce that ¢ is a contraction. As a consequence of Banach contraction principle,

the problem (1.1) has a unique solution on J.

The second result is the following:

Theorem 3.2. Suppose that (H1) and (H3) hold. Then, the problem (1.1) has at least one solution on
J.

Proof. We use Scheafer's fixed point theorem to prove that ¢ has at least a fixed point on X. The

proof will be given in the following steps:
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Stepl: Thanks to (H1) we conclude that the operator ¢ is continuous.
Step2: The operator ¢ maps bounded sets into bounded sets in X: For 6 >0, we take
xeB; ={xe X;|x|, <5}

For x € B, and for each t € J, we have:

(s, x(s), D/’x(s)} ds

POE %a) [[t-sy
P LU (AR

0

t U a1
i@k 7

|4, = A2+ | A 2 = 25|t I
647 —1|2,& -1 (e - 2)

-t -18 o
1—

St a2 b

(s, x(s), Dﬂx(su ds (3.16)

(s, x(s), Dﬁx(s)} ds

(E-s)

0

(s, x(s), Dﬂx(s)) ds

(s, x(s), Dﬂx(S)X ds.

Using (H3), we can write

L U A )
|2177—1|F(a+1)
M2, - 247"+ 22 - 2] ) + (1= 2|+ Vam ~ 1)
+
647 ~1[4,¢ -1 (e -1)
B O R i e
< + .
A =1 T(e +1) 62,7 ~1[4,¢ ~T(a~1)

ox(t) <

(3.17)

Thus,
lp(x)| < ML (3.18)

On the other hand,
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‘Dﬁ(/ﬁX(t)( < F(al_ lg) f (t - 5)057/3—1‘ f (s, x(s), Dﬂx(s)} ds
1-8 \ _1
SE o=l MR
1-p
T A gt 6o )
‘/12 - AAn ‘tl_ﬂ
1| 8- -0TR-8) |/, e
"Ta-2) oy A [e-s)fsx(s)D?x(s))ds  (3.19)
TP -1lnE—1r@-p)
L At
1 |6 —14E-UT2-8) |1, o
+F(a—2) | ]4|an ]jigﬁ I(l—S) f(s,x(s),Dﬁx(g)de_
" —1e (- )
By (H3), we obtain
1 Ay +1
ID/gx(t) < M [( i e TR
‘ﬂ, — L0 & a2+‘1 1,177‘ |/12]177 ﬂ|§a—2 |2'177 1|
3.20
M{alﬂqn Y|2,¢ - 4T (a -1)T(2 )+|,1177 1|1,¢ - 1Ma-1)r@-p) (3.20)
1 i +1 o€ -2
Na—p+1) " -ATa+)r2—-5) " 6 —1A4é —1r(@-1)rE- @-5)|

N o e s u
A -1jAg -1 (@ -1)r (4 - B)

Consequently,

HD%(X)” < ML,. (3.21)
Thanks to (3.18) and (3.21), yields

[¢(x), <M(L +L,) <. (3.22)

Step3: The operator ¢ is equicontinuous on J : Let us take x € B,,t,,t, € J,t, <t,. We have:
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Ix(t,)— x(, ) < % [ (6 -5y & —sy)|fs.x(s) Dx(s)) ds
+ ﬁj: (t, —s) Y £ (s, x(s), Dﬁx(s)} ds

|ﬂ|j:7|( qr(i)f (7— )| (s.x(s). D’ x(s)) ds
t,)

( 1 Sa—l
g k)

N ‘/12 = L,n ‘(2 _t1)+|/12/1177_/12|(t2 _t1)jé(§_s)a_3
6147 ~1|4,¢ - (@~ 2) :
‘1_21773‘(t1_t2)+|/1177_1|(t13_tzs) 1 a-3
+ PR PR Py jo (L)l f (s, x(s), Dﬂx(s)de
M -t 2y -t) M G-t) M-t
MNa+1) |/1177—1|F(a+1) |ﬂ.177—1|1“(a+1)
N M‘/Iz _1221773 fa_z(tz _t1)+ M|/12/1177_/12|§a_2(t23 _tf)
67~ 12,6 - 1T (e -1)
MfL- 27| ~t,)+ M |27 -1 - £])
6l -1|s-1r(@-1)

(s, x(s), D”x(s)} ds (3.23)

(s, x(s), D”x(s)} ds

N A U S R PR
Mm Ir(a+1)" 6y -1né-1Ir(@-1)| 2 *

_ 1 - 2’|
+M_|2177—]1F(a+1) 64 —1|2,¢ - ]-Ir(a 1)}('[ ~t,) (3.24)
+ _ |lzﬂl77—/12|§“2 3 .3 |ﬂ'177 1| 3 43
M—6|ﬂi'7_]“ﬂ“2§‘”r(“‘l)}(2 i 6} ~4|2,¢ ~4 (e - 1)(t -8)

M 2M
— -t )+ ——=(t, - )"
Har)t Y e

We have also,
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ID7¢x(t,) - D”x(t, ) < 1 E ((t1 —s) T (t, - s)""ﬂ’l)‘ (s, x(s), D/’x(s)} ds

WCEY)

+ ﬁj‘; (t, —s) "Y1 (5, x(s), Dﬂx(s)} ds
Mw“ﬂq(;(ﬂ - tlzﬁ) Ig)r (n—s)" f(s, x(s), Dﬁx(s))ds (3.25)
|2.177 (t]]lf tl— ) IB) r(l S)a—l f(s, x(s), D"]X(s)) ds

‘ﬂz_/lzﬂﬁn‘(;ﬂ_tllﬁ)
6l4,n —14,¢ - T(a - 2)T(2- ﬂ)I
[t = 25| (67 ~17)
- —ir@-2)r-p)

- -17) ]
647 - 4|2¢ ~YTl@-2)T2- ) | o
g B
| A = 14¢ -1 (a - 2)r(4- 8)

By (H3), we have:

‘Dﬂ¢x(t2)_Dﬂ¢X(t1x %(ﬁ‘ﬂ taﬂ+2( )a ﬁ)
A +1 |
+M Mﬂ_”r(‘i“d);ti ﬁ)az (t;—ﬂ_tll-ﬁ)
2417
q&n 1|4,E -1 (a-1)r@2-4)|
. _
r 1 2
M |ﬂ’177 1| (0{+‘1 i’lﬂ ‘ﬂ) (ti'_ﬁ_t;'_ﬂ) (326)
T —1hg —Ir@-1r2-5)|
M|/12/1177 /1|§a2 (ts,b’ t3ﬂ)
" —1[4é —1T(a-Dr@- p)
MMW ]4 (tszf t3ﬂ)
I%n Y2,¢ -1T(a-1)T(4-p) "

Hence,
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a-2

P [ e Y,
A i e O

. 1 -2
M_|2177—]4F(a+1) 614, —1|4,& -1 (a - 1)}(t ~t)

I |’12ﬂ'177 - ﬂvz| 50#2 :| 3 43
M t—t
i _QAU—Mﬂf—ﬂda—D< )

M|ﬂ177 1| (ta 3)
6|2,177 Yr,é-1r(e-1)" *
M

+F(a—+1)(1“—t§‘+2(t2—tl)a)
M ap _toh e s
+m(tl L 2(t2 tl) )
I | +1 ]
| U@+ Jr2-5) _—
4, = A% &
T )
1 .
AT 72 ) .
k- 2r]
6k - 12,¢ AT -Drz- ) |
M|, A7y = 45| & (tsﬂ_tsﬂ)
" Ulé 1T~ 1T (@ - 5)
M -67)

T —12é —r(@-)ra-p)"

206

which implies [|¢x(t,)— gx(t, )|, — 0 as t, >t,. By Arzela-Ascoli theorem, we conclude that

¢ is completely continuous operator.

Step4: We show that the set @ defined by:

O ={xeX,x=up(x),0< u<1}, (3.28)

is bounded:

Let xe®, then x = ug(x), forsome 0< u<1. Thus, foreach teJ, we have:
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(s, x(s), Dﬂx(sﬂ ds

1 1 t a-1
;|x(t)| < TOC)J.O (t-s)

|ﬂ1|t T et
g b )
t n 21

g b )

. 12, = A 2| t+ |2 Aamp = 2, |t I
64,n —1[4,& - T (a - 2)
Rl R LU LT TR

St 12 b

Thanks to (H3), we can write

(5, x(s), D”x(s)) ds (3.29)

(s, x(s), D"x(s)} ds

(e-s)

0

(s, x(s), Dﬂx(s)} ds

(s, x(s), Dﬁx(s)} ds.

1 M (7 =1+ a0 +1)
=|x(t) < A1)
M2, - 24|+ Vo - 1)) + L= |+ |y — 1]
647 ~1|2,¢ ~ 1 1) |

(3.30)

Therefore,

(2 =1+ 20" +1) ]

- 1
X(t) < 1M n ﬂF(a: ) s \ : (3.31)
(2, = 22|+ s = )2 L= |+~ 1
+
647 —1|,¢ -1 (e —1)

Hence,

IX| < ML (3.32)

On the other hand,
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%‘Dﬂx(t)‘ < ;ﬂ) [l syt (5,x(5), D" x(s)) ds

F(a—
At "(h—s)*
I are-prah 7

t+7

e A

(s, x(s), D/’x(s)) ds (3.33)

(s, x(s), Dﬂx(s)) ds

‘/12 - /12/11773“1% |
4| S =Had ~4T 2= A)Te - 2) r(f—s)Hf(s,x(s),Dﬂx(s)}ds
Ay = 2|37 0
Iﬂw 1|4,E-1r(a-2)r(4-4)]
[L- 27|t |
+ 6147 Y|4, ~Ur(2-p)l e -2) jl(l—s)"‘af(s,x(s),D”x(s)}ds.
|ﬂ*177 1|t3/3 0
T -1g 1T - p)r(a-2),
By (H3), we get
1 1 Ay +1
;\Dﬁx(t)(g\/{r(a_ﬂ+1 pEETE Y (2—,3)} (3.34)
O A e ﬂm\ . A = 2| £ + |2 —1
6l4,n —1|4,¢ —IT(a -1)T ) A -14e - -1)T(4-B)|
Therefore,
1 A|n” +1
e ] %9
PV B T e et N Y% o S 7 O
6147 ~ 1|26 ~ (@ -1)I2-p) * |4n-14¢ YT (e-1)r(4 - 5)

HDﬂxH < uML,. (3.36)

Thus, from (3.32) and (3.36) we obtain
X, <M(L +L,) (3.37)

Hence,
lp(x)], < oe. (3.39)

This shows that ® is bounded.

Copyright © 2012 by Modern Scientific Press Company, Florida, USA



Int. J. Modern Math. Sci. 2013, 7(2): 195-211

209

As consequence of Schaefer's fixed point theorem, the problem (1.1) has at least one solution on

[0,1].
4. Example

Consider the following fractional problem:

)+ Ve cos(yzt)(x(t)+ D%x(t))

0 (77 +15¢' 2+ x+ D¥x(t)) -oteld)
x(0)=0, x(1)—- % x(%} =0, (4.1)
: S 11
€ (0)=0,x (1)~ 1x (Z):o.
We have
ft,x,y)= e codat)(x+ ) teld =[0,1] x,y €[0,).

(77 +15¢'f (2+ x + y)
Let X,y e[0,00)and teJ. Then we have:

Jreeosat]| x+y  x+y, |
(7z+15e'f [2+x+y 2+%+y,]

Jze (x—x[+]y - i)

[Pl x )= ftx,y.) =

<
(771' +15et)2(2 +X+y)2+x +y,)
me g dwe
S (tr+1self T (freasetf T
So we can take
Jre Jre
a(t)= ﬁ—tzib(t)z ﬂ-—tz
(77 +15¢ (77 +15¢" )
Then,
o= supal(t),@ = supb(t)
te[0,1] t<[0,1]
We have also
_ 4,886V7

(L +L)(o+@) (7 +15 =0,0063311<1.

Hence by Theorem (3.1) the boundary value problem (1.1) has a unique solution on[0,1].
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