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Abstract

In this thesis, we will study certain classes of differential equations of fractional order
in the sense of Caputo and some other classes in the conformable fractional sense of Khalil.
We use the theory of fixed points on Banach spaces. We use also the theory of nonlinear
operators and the theory of inequalities to study the existence, uniqueness and stability in
the sense of Ulam-Hyers. We illustrate the main results with several academic applications.
We will also try as far as possible to deal with problems inspired by physics. We devote a
final part of our thesis project to physical applications, we will be interested to study some
important classes of EDF solutions that are called traveling wave solutions”. Such classes of
solutions are very important in applications because they can be used to model the spread
of epidemics. We use numerical methods, such as: Tanh Method to obtain and calculate

these important classes of solutions.

Keywords: Caputo derivative, Conformable derivative, Riemann-Liouville, Fixed

point, Existence, Uniqueness, Stability Ulam-Hyers, Traveling waves.
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Résumé

Dans cette these, nous étudions certaines classes d’équations différentielles d’ordre frac-
tionnaire au sens de Caputo et d’autres au sens fractionnaire conforme de Khalil. Nous
utilisons la théorie des points fixes appliquée sur les espaces de Banach, nous utilisons aussi
la théorie des opérateurs non linéaires ainsi que la théorie des estimations pour traiter les
questions d’existence, d’unicité et la stabilité des solutions au sens d’Ulam-Hyers. Nous
illustrons les résultats obtenus par des applications académiques et nous essayons, lorsque
si possible, de présenter un cadre théroqie pour traiter des problemes inspirs de la physique.
Nous consacrons une autre partie de notre these des applications physiques, nous nous
intéressons a des classes tres importantes des solutions des EDFs & savoir 7 les travel-

2

ling wave solutions ”; les solutions ondes progressives. Ces classes de solutions sont tres
importantes en application car elles peuvent étre utilisées a modéliser la propagation des
pidémies. Nous utilisons des méthodes numériques, comme par exemple: Tanh Methode

pour déterminer et calculer ces classes de solutions.

Mots clés: Dérivés au sens de Caputo, Dérivés au sens conforme de Khalil, Riemann-

Liouville, Point fixe, Existence, Unicité, Stabilité Ulam-Hyers, Ondes progressives.
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General Introduction

Applied mathematics as it is known is the application of mathematical knowledge for
the formal purposes of problem solving that comes from various applications, such as phys-
ical, biological, engineering, social sciences and other areas of science. Their solutions re-
quire knowledge of various branches of mathematics, such as analysis, differential equations,
stochastics, optimization and graph theory...., using analytical and numerical methods.

In recent years, fractional calculus has successfully attracted many researchers in various
fields of science and engineering. One of the major advantages of fractional arithmetic is
that fractional derivatives provide a superior approach to describing the memory and genetic
properties of various substances and processes [3],[6],[12].

Fractional derivation theory is a subject almost as old as classical calculus as we know it
today. These origins date back to the end of the 17th century, the time when Newton and
Leibniz developed the foundations of differential and integral calculus [34]. The first question
that led to fractional calculus was: Can the integer derivative ZZ—Z: be extended to make
sense when n is a fraction? Later the question became: can n be any number: Fractional,
irrational or complex? Because the latter question was answered in the affirmative, fractional
calculus became a misnomer and might better be called fractional order integration and
differentiation. Then the goal of fractional calculus is to generalize traditional derivatives
to non-integer orders. As is well known, many dynamic systems are best characterized
by a fractional order dynamic model, generally based on the notion of differentiation or
integration of non-integer order. The study of fractional order systems is more difficult than
for their integer order counterparts.

The theory of fractional differential equations has emerged as an interesting area to

explore in recent years. Note that several phenomena of physics and engineering sciences



General Introduction

can very well be modeled using differential equations of standard order as well as of non-
integer order.

In recent years, numerous results have been established concerning the existence and
uniqueness of the solution of fractional differential equations using fixed point theory (see
8],[9],[12],[15]). The concept of Ulam-Hyers stability means that we are not looking for the
exact solution for a stable Ulam-Hyers system but that it is necessary to find a function
that satisfies an appropriate approximation inequality. This approach can ensure that there
is a close exact solution useful in many applications (see [19],[21]).

Another type of non classical derivative is the so called conformable derivative that was
introduced by Khalil et al. in [20]. This interesting fractional derivative is based on a limit
form as in the classical derivative and has similar properties than the classical one. The
new conformable fractional derivative is now knowing a great interest and is the subject of
several articles concerning boundary value problems, (see [11],[31],[32],[33].)

Motived by works on non classical derivatives, the thesis has two objectives, the first
one is the study of existence, uniqueness and stability of solutions for systems of fractional
differential equations in the sense of Caputo with boundary conditions , to this end, some
fixed point theorems are used. The second objective is to study traveling wave solutions of

conformable time-fractional differential equations. The thesis consists of four chapters.

e Chapter one: In this chapter, we present some of the fundamental notions of
fractional calculus like special functions, integral operators and derivative operators
and their properties as well. We also find it useful to mention some of the basics of
analysis and topology as a helpful mean to understand functional analysis theorems

and how they work.

e Chapter two: This chapter is study of the existence and uniqueness of solutions
of new nonlinear fractional differential equations with integral boundary conditions,
using fixed point techniques. We conclude the chapter by providing some illustrative

examples in order to show the validity of the results.

e Chapter three: This chapter is concerned with a new alpha-beta-point non-linear
boundary value problem that involves both Caputo derivatives and RL integrals, such

that its limiting-case on the parameters alpha and beta product a fourth order problem
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that arises in bridge design. We begin first by presenting a uniqueness of solution
result for the problem. Then, the Ulam-Hyers stability is discussed. An example is

then discussed.

e Chapter four: In this chapter, we apply the tanh method and exp-funtion method
for finding travelling waves for a nonlinear problem that involves Khalil derivatives in

time and space. Some graphs are plotted for the obtained travelling waves.

10



CHAPTER 1
Notions of Fractional Calculation

In this chapter we recall some definitions, notions, properties and results on the different
approaches of fractional derivation and some results which will be useful in the rest of this

thesis.

1.1 Gamma Function

In this section, we present the Gamma function, which will be used in the other chapters.

This function plays a very important role in the theory of fractional calculus.
Definition 1.1 [22//29] The Gamma function noted T is defined by the following integral:

+oo
rw)= [ et er,.

with T'(1) = 1,T(0") = +oo0.

1.1.1 Some Properties of The Gamma Function
1) T'(¢+1) = ¢I'(¥).

2) T'(m+1)=m!,meZ.

Proof.
1) Using integration by part, we have

+00 +oo
Lp+1) = / eVt = [t + / etV dt
0 0

11



Notion of Fractional Calculation

— 1/}/0%0 e VTt = YT ().

2) Using the property 1), we will have

@ = I1I'(1)=1,
r() = 2Ir'2)=2x11=2,
I'(4) = 3I(3)=3x2 =3,

'm+1) = mI'(m)=m(m— 1) =ml
Proposition 1.1 The Gamma function is well defined on R™.
Proof. We can write I' (¢)) under the form

I (y) = / e tVldt = / e "t + / e "tV dt,
0 0 1

wo pt My = ettt and My = [ et

We have . )
1
M1:/ e_ttw_ldt</ 9l = —,
0 0 (0

from where M is convergent for 0 < ¢ < 1. Let us study the convergence of M. We have

g -t

—— <1 because lim — = 0.
E t—> 400 E

e 2 e 2

Then
+oo +o0 72 71
M2:/ e_tt¢_1dt</ e 2dt =2e 2.
1 1

Finally the Gamma function is defined for every ¢ > 0.

12



Notion of Fractional Calculation

1.1.2 Beta Function

Definition 1.2 /29/,[22] Let v, v* € RY.. The beta function of Euler is the function defined
by

1
B(i,") = / (L)Y e,
0
* Some of the properties of the beta function of Fuler is that it can be written as follow

([29])

o _ TOTET)
RS CETO)

* Another property to this function that is related to the previous property is that ([29])

B, ") =B ¢), (@ >0,4">0).

1.2 Fractional Integrals

There are several mathematical definitions of fractional order integration, in this section we
will introduce the fractional integration operators that are more used in our work and their

definitions and characteristics.

1.2.1 Riemann-Liouville Integral

Fractional order integration is a generalization of the notion of integer order integration. The
definition of fractional integration in the Riemann-Liouville sense is based on the Cauchy

formula which calculates the repeated integral n times of a causal function g,

O R

Definition 1.3 [27] Let g be a continuous function on |a,b]. The integral of g of order «

with the approach of Riemann-Liouville is:

(I%g) (t):/ (t‘?;)g(s)ds, t € [a,b]. (1.1)

13



Notion of Fractional Calculation

Remark 1.4 In the case a = 0, the fractional integral I° is interpreted as an identity

operator.

Example 1.5 Let a > 0 and g(t) = A

o= | %d

= Tla) /at(f — )% ds,
B A> Pt_S)Q] .

N —a
At — a)”

S=a

al'(«)
Proposition 1.2 Let g € C ([a,b]). Then, we have

IG(IPF () =I8%PF(), a>0,8>0.

Proof
By definition, we have
1 t
o (18 f t——/ t—s)*" (I8 f) (s)ds
120 0= s [ =9 120 o
1

- ST /Dt@ et (/Os(s _ T)ﬁ—lf(T)dT> ds (1.2)

We put

SO we can write

/T (1 8 (s — 1) Nds = (1 — 7y /O (1= )l e

= (t —1)°"71B(a, B) (1.3)
_ a+ 71F(OJ>F(5)
= (t — 1)t CE

Replacing (1.3) in (1.2), we will have

19 (I2f) () = m / (t — 1) fr)dr = IoH £(h)

14



Notion of Fractional Calculation

1.2.2 Conformable Integral

Definition 1.6 [1] [20] The conformable fractional integral of a function f : (0,00) — R

of order « is defined as

Jof (t) = jTa_lf (1) dr, 0<a<l.
0

1.3 Fractional Derivatives

There are several definitions of fractional derivatives, unfortunately they are not all equiva-
lent. In this part we present the definitions of Riemann-Liouville, Liouville, Caputo as well

as Al-khalil which are the most used.

1.3.1 Riemann-Liouville Derivative

Definition 1.7 [27] Let f € L' ([a,b]),a > 0, and n = [a]. The fractional derivative of

Riemann-Liouville of order « is given by
wefatl (“0e) @) = (§) @
- (%) / (=) f ()
Remark 1.8
If « =n e N,, then
(Def) ) = [,
where (™ is the standard derivative of order n of the function f.

Example 1.9

Let f be the function defined by f (t) = t*,t € [0,0],b >0,A> —landn—1<a <n,n €
N*.

So, we have
i@ s = (5) (e | o)

15
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- o (3 (o [

1 d\"
= ———BM\+1ln—a)|—) 2"
I'(m—a) A+1n-a) (d:c) ’

Since ( )
d\" F'p+1
L) e p—1D . p—nt+ )P = — LT
for any p € R\ {—1,—-2,-3,...}.
Therefore, we obtain
1 FA+DT(n— ) F'n—a+X+1) _
RLDoc — A—a
(D5 1) (@) F(n—a)x FA+14+n—a) XF(n—oH—/\—m—l—l)gv
_ F(/\+1) x)\foz
- T'(A—a+1) '

Remark 1.10

As a special case, if A = 0, then we get
x—Oé
I'(l—a)
BLpel = 0,Va € Z,.

RL D1 , Va e R\ {0,1,2,3,...} .

Remark 1.11 The fractional derivative in the sense of Riemann-Liouville of a constant

function is not zero.

Proposition 1.3 Let o, >0 suchasn—1<a<nandm-—1<p <m,n,m e N If
a> >0, then for f € L' ([a,b]), we have

("DPIRS) () = 170 F (8).
Proposition 1.4 Let a > 0 such asn—1 < a <n,n € N*. For f € L'([a,b]), we have
(DI ) () = f (1)

Proposition 1.5 Letn —1 < a <n,n € N*,m € N* and f € L' ([a,b]). If the fractional
derivatives (**D*f) (t) and (D*T™f) (t) eist, then we have

("EDm(TEDS)) (8) = (FFDTT) ().

16



Notion of Fractional Calculation

1.3.2 Caputo Derivative
Definition 1.12 The Caputo fractional derivative of order o € R (v > 0) of a function

f e C™([a,b]) is defined by

1 ! a-
)/ (t—s)" """ f®™ (s)ds, n e N, n—1 < a <n,t>a.

DyF() = L7 () = o=y

Remark 1.13

1) In particular, when 0 < a < 1 and f € C([a,b]), then

1

Dy f(t) = m/ (t—s)""f'(s)ds =1, f"(t).

2) If o € N, then we have
Dyf(t) = f" (t).

Example 1.14
Let f(t) = C,t € [a,b], the constant function, then we have
D f(t) = 0 but “ED>f(t) # 0.

Proposition 1.6 Let f and g be two functions such that D*f(t), D*g(t) exist. Then the

Caputo fractional derivation is a linear operator:
Dg (Af +79) () = ADg f (1) + vDgg(t), VA, v € R.

Theorem 1.15 Let a > 0 withn —1 < a < n,n € N* and let f be a function such that
Daf (t) et BEDf (t) exist. Then, we have:

! *) (¢
D3f (1) =" D3f (1)~ Y wf_—éll) (t - a).
k=0

17
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1.3.3 Conformable Derivative

Recently, Khalil et al. gave a new definition of integral and derivative of non-integer order
[20]. This new definition is used as a limit form as in the case of the classical derivative.
They proved the product rule, the fractional Rolle theorem and the mean value theorem.
Later, this theory is developed by Abdeljawad [1] who gave definitions of the left and right
conformable derivatives of higher order, integration by part formulas, chain rule, Taylor

power series representation.

Definition 1.16 [1/,/20] Given a function f:(0,00) — R.

Then, the conformable fractional derivative of order « is defined by

ote -0 3

[e 51*04_
Ta(f>(t):8f(t’x):£im<w)u t >0, 0<a<l.

{> Some Properties of The Conformable Derivative

Several properties of conformable fractional derivative definition are as follows [1],[20]:

Let f,¢g:[0,00) — R two functions a-differentiables, with a € (0, 1]. Then:
1) T.(af +bg) =aT,(f)+ bT,(g), for all a,b € R.

2) T,(C)=0.

3) T, (t*) = bt~ for all b € R.

4) Ta(f9) = 9Ta(f) + fTa(9)-

5) Tu(f)(t) = 124 (1),

1.4 Auxiliary Results

In this section, we provide some lemmas of fractional derivatives, witch will play major roles

in our analysis, see [3],[12].

18
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Lemma 1.7 The general solution of the equation D%u (t) = 0,t € [a,b] can be given by:

n—1

u(t) =Y Ni(t—a) teab],

=0

such that \; e R,i=10,1,2,..,n—1,n = [a] + 1.

Lemma 1.8 Let o > 0. Then, it yields that

n—1

I“(Du(t)) = u(t) + Y _Ni(t—a),t€ab],

1=0

for\; €R,i=0,1,2,...n—1,n=a] + 1.

1.5 Fixed Point Theory

In this chapter, we are concerned with some important notions on fixed point theory. Some
integral inequalities are shown to the reader in order to be used in the two last chapters
[14],[23],[35].

1.5.1 Essential Concepts

The Banach contraction principle is the most elementary result which ensures the uniqueness

of a fixed point. This theorem is essentially based on the following definitions:

Definition 1.17 Let V' a normed vector space, of norm || - ||v et (u,), ,n € N, a sequence

of V. We say that (u,),, is a Cauchy sequence if
Ve >0, dN.>0,Vn> N, Vq> N, ||ug — unl;, <e.

Definition 1.18 We say that the norm vector space S is complete for the norm || - ||v if
every Cauchy sequence (for this norm) is convergent (for this norm). Such a space is also

called Banach space.

Definition 1.19 Let B be a Banach space with the norm || -||p and Z be a map from B to
B, we call a fized point of Z any point u such that:

Zu = u.

19



Notion of Fractional Calculation

Definition 1.20 Let V' be a norm vector space, with norm || - ||v. A function f from V to

V' is called Lipschitzian with constant A > 0 if it satisfies:
Vur,ug € V|| f(ur) — fluz)llv < AJur — wallv.

Definition 1.21 The Lipschitzian function f is called a contraction if A €]0, 1[.

1.5.2 Banach Contraction Principle

Theorem 1.22 [22] [23] Let be B a Banach space and Z : B — B be a contracting
application. Then Z has a unique fixed point.

We propose to the reader also the following theorem:

Theorem 1.23 Let Z be an application on a Banach space B, such as ZM is contraction

on B for a positive integer M. So Z admils a unique fixed point.

1.5.3 Schaefer Fixed Point Theorem

Theorem 1.24 [22] [23] Let B be a Banach space and Z : B — B be a completely contin-

uous operator. If the set:
Q:={ueB:u=\u,\€|0,1[}

1s bounded, hence Z has at least one fixed point.

1.6 Travelling Waves

It is now interesting to give some definitions of certain concepts of the mathematical theory

of waves.

1.6.1 Wave Equation

The physical definition of a wave is movement up and down or back and forth. The wave is

also a disturbance that transmits energy from one place to another. The main characteristic

20
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of the traveling wave is that the disturbance finds itself identical to itself after a duration
T (temporal period of propagation) and at a distance of X (spatial period of propagation
or wavelength). For this, the propagation medium must have an infinite extension or, at
least, a very large size compared to that of the wavelength. The simplest wave propagation

equation is given by

_ 2
Uy = C Ugg,

where u(z,t) represents the amplitude of the wave, and ¢ is the speed of the wave. This

equation has the general d’Alembert solution
ule,t) = flz — ct) + gla + ct),
where f and g are arbitrary functions which represent right and left propagating waves

respectively.

1.6.2 Traveling Wave Solution

The traveling wave solution is a permanent shape solution moving with a constant speed c.
Traveling wave solutions are generally obtained by reducing Nonlinear Partial Differential
Equations (NPDE) into associated ordinary differential equations (EDOs), which are solved
by several suitable methods. This is mainly handled by using u(x,t) = u(§), £ = x — ct.

21
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2.1 Introduction

Fractional differential equations have wide-ranging applications in diverse areas of science
and engineering, such as physics, biology, biotechnology, medicine, control theory, and sig-
nal and image processing. The substantial number of important mathematical and physical
publications, as well as numerous outstanding monographs, underscores the significant in-
terest in this field. For more detailed information, please consult, for example,[6] [8]. The
theory on existence and uniqueness of solutions of nonlinear fractional differential equations
has attracted the attention of many authors. Fixed point theorems contribute with a sub-
stantial and great role in the study of the uniqueness and existence. For some recent results,
we refer the interested reader to [9][15][22].

The aim of this chapter to study the following fractional differential problem:
arf(t,u(t), DVu(t)) 4+ azg(t, D'u(t), DY(DPu(t)) + ash(t, u(t))
K (u(t)) ’
u(0) +u(1) = [ bu(s)ds,0 <n <1,
DYu(0) + DYu(1) =0,
D*DPu(0) + DFDru(1) = 0, (2.1)
t€0,1],
0<a,B,v,pp<1,

a17a27a37b € R)

DeDBDVy(t) =

\

where D% DP DY D* Drf are the Caputo fractional, with 0 < a,8,7,p < l,a+ 8 ¢
10,1), 8+~ ¢]0,1), v+ p ¢]0,1),J :=[0,1] and f,g: I xR2 - R, h: I xR — R, and
K : R — R% are given functions.

We prove an uniqueness result, then we discuss an illustrative example.

2.2 The Integral Representation

Since the system we have is not linear, we consider what is called ”integral representation”

or "integral solution” of the given problem.
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The following lemma is an auxiliary result that highlights the integral representation of

the system (2.1) which is very important for the main results.

Lemma 2.1 Let G be any continuous function over J. Then, writing
( o _ G
D DﬂD7U(t) = K@)’
u(0) +u(1) = [ bu(s)ds,0 <n <1,
D7u(0) + D7u(1) = 0,

D*Dry(0) + D*Dru(1) = 0,

(2.2)

18 geven by:

G(t)

ut) = I (e

) _ Qlfo‘*ﬂﬂ(%) | pgletBHL <%)

LA [Gﬂ -1 N 229 — 20291517 N b+t B 2622775*7“}[%%7_2“( G(1) )

zZ5 Z4 26 Ve K(U(l))

Oty — LB 02517 N bz nPHrtt B b23777+1:| a+5< G(1

+ Az[ W(l)))>7

24 25 27 26

(2.3)
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such that one takes into account:

2 =00B+vy—-2u+1),
2 =T(F+1),
zm=T(y=2u+1),

2 =TB+v+1),

z5 =T(y+1),

26 =T'(y+2),
z=T(F+v+2), (2.4)
22023 — 21 # 0,
2—bn=0+#0,

217
M i ]
Ap=—— 2

9[22223 — 21] .

Proof The reader who is familiarized with fractional calculus theory can see that the

two identities:

D? D)) = 1 Gt) )=

K (u(t))
and
Du(t) = IW(K((;QEQ ) —el’(1) ~ e,
are valid.
So, it yields that
o , G(t) B 8+ Y B
u(t) = 17 (K(u(t))> TBEry D Tl @ (2:5)
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Therefore,
( - v G(l) B Co B C1 o K w(s)ds
20+ 1 () T T ) =, e
o G(1) o
2+l +B<K(u(1))> CT(B+1) 0,
[04+5+7—2u( G(1) ) _ o _ €1 _
X K(u(l))/ TB+y—-2p+1) I(y—2p+1)

We solve the above system to write

_ 2AXB Ay —2u+ DB+ DIy —2u+ 1) Ia+6+’772,u< G(1) )
2 (B+ Dy —2u+ 1) —T(B+v—2u+1)

B FB+y—2p+1I'(B+1) Ia+5< G(1) )
A'B+ Dy —2u+1) =T(B+v—2u+1) K(u(1))/”

P T(B+v—2u+D(y —2u+1) [04+5+'Y*2u< a(1) )
1 Ar(B+ D0y —2u+ 1) =T(B+v—2u+1) K(u(1))

FB+1DI(y—2u+1) [aw( G(1) )
'B+ DIy —20+1) —T(B+v—2u+1) K(u(1))/’

Cy =

atB+y G atf+y+1 G
ﬁf ’ [K(vi(li))]_Z—bbn[ ’ (l))))

F'B+vy—2p+1)0(y—2pn+1) 1 B 2(B+1)

A'B+DI(y=2p+1) —T(B+v—2u+1) [(2 —ml(y+1) @2-bLE+y+1)

200(B + 1)n* ! bt }]a+ﬁ+7—2u( G(1) >

T eCmrGt12  2-mIH+2) K(u(1)

(5 +1) [F(B+7—2u+1) C T(y—2u+tl)

MF+ O — 20+ 1) —T(B+7— 20+ ) L2 =B+ 7+ 1) @—bl(y + 1)
OL(B+v —2u+ Ln” 7y,

+ amwmrre ) Ry
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Inserting ¢g, ¢; and ¢y in (2.5), we end the proof. =

We will use fixed point theory to study the above problem. Hence, we need the space:
X ={ueC(JR),Due C(J,R),D"Due C(J,R)},

and

[ullx = llullee + 1Dt + [ D DPullco,

where,
[ulloo = sup [u(®)] , |D7ullo = sup |[D7u(t)], | D”D’ulloc = sup [D? D u(t)].
teJ teJ teJ

Then, we consider the application Z : X — X,

) = =" | <t_7>a+ﬁ+v1{alﬂﬂu<7>>D7u<T>>;(ZQ<gT<)T), DYu(r), D" DPu(r))

ash(r,u()] o o [ arsiy [@f (mu(r), Du(r)
T TR () }d (0zs) /o(t ) { K (u(r))

asg(T, DVu(7), D" DPu(T)) + ash(t, u(T))]

r_ 2 -1 ! _Ta+ﬁ+'y
K(u(r) =20 [t =7)

0

y {alf(T, u(7), DVu(T)) 4+ asg(T, D u(1), DY DPu(T)) + ash(t, U(T)):| ir
K (u(r))

+ Az

Ot — 1 229 — 202,887 by Tl 2pzypftatl
1{ n 2 2 i Ui _ 27] }

25 24 26 27

[ o [ 5D g D), 1)

: K(u(r))
azh(r,u(T)) . 1 02119 — 21 23— Ozst?  bznftHL B bzgn L
i (o T e -
! _ yera-l ay f(r,u(T), Du(T)) + asg(r, D u(r), DY DPu(T)) 4+ ash(r,u(T)) .
< famm| K(u(r) Jor
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where

ZgZF(CY—FB‘i"Y),
zg=T(a+pB+v+1),
210 =T(a+ B +v—2pu),

2.3 Uniqueness of Solutions

We are concerned with studying the uniqueness of one solution for (2.1). So, we consider
the following hypotheses that can be seen as sufficient conditions, they can be changed
by some other conditions ( of Caratheodory type, for instance). But for our case, all
what is needed is only the establishment of ”"some” conditions that allow us to assure the

uniqueness of solutions. Therefore, we put:
(A1) : The functions f, g defined on J x R? and h defined on J x R are continuous.

(A2) : There are non-negative continuous functions ¢y (t), ¢2(t), 91 (), ¥a(t), 6(t), such
that for any t € J | u;,v; € R,

2
|f(tur, uz) — f(t, v, 02)] < Z@(t)‘ui—vﬂ,
i=1

2
|g(t7u17u2) _g(t7U17U2)| S Zwl(t)|ul_vl|7
i=1
and for any t € J, u,v € R,

|h(t,u) — h(t,v)| < §(t)|u — vl
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It is to note that we take:

1 = Maa(sup 2(D)] sup [oa(0)).
ol = Maz(sup (1) sup i (£)]),
8]l = sup a(o).

(A3) : The function K satisfies: m < K(u) < M, with m, M € R%, for any u € R.

Also we need to consider the quantities to facilitate the fastidious calculations:

Al = 0 |:’(’(9|Zg)_1 + 29_1| + |b((9212)_1’ + ]Alzfgl

X

0l +1 2z, +2|6|2 bl Tt 2lb|zonftrtl
(|| L 22 ||2+||77 Jr||277
25 Z4 <6 27

Olz1 +21 23+ 10|z blzynP L (bl zenytE
0] 21 1+3H3+|\1TI +\|377 7
Z4 Z5 27 26

+ [Aszry (

AQ = 0 214 + |8A121_31| + |0A221_41 (? -+ Z3)j| s
L 2

Ag = 0 2;71 + |29A122Z£312;631| + |9A2lel412161|:|'

With

_ 2|ail[|9]l + 2fall[¢[| + |as]]5]]
m

Q

Now, we pass to prove the main result.

Theorem 2.1 Assume that the conditions (As) and (As) are valid and suppose that the
constant satisfies A : A =322 A; < 1. Then, problem (2.1) has a unique solution over .J.
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Proof We can use Banach principle to prove this result. For (u1,us) € B?, we can write

[1Zu1 = Zusfloe < ©2 {I(W!Z'g)l + 29 [+ [b(0z12) ]+ [Ar 2|

Ol +1 2z, +2|0|z bl Tt 2|b|zonftyt!
(P 2 o
25 24 26 Z7

(2.7)

+‘A2Z];l

0]z + + 16 b|zynP Tt
1 (\ |Zl <1 +Z3 \ |Z3+| |2177
24 Z5 27

b = v+1

+M)] s — s x-
26

We have also

D' Zu(t) = =z /0 (t—r)aw—l{alf (7, u(7), Du(7)) ;(Zzé(;),D”U(T),D”Dﬂu(r))

azh(r,u(T)) - _ 4B 1 ! _ yetBy-2u-1
+ K@) }d + A6 (1 —2t%) 10/0(15 )

dr

[alf(T, uw(T), DYu(T)) + asg(r, D u(7), DYDPu(T)) + agh(r, u(T))
K(u(r))

w (z_;tﬂ - ) o = e [alf@;((;)(; Duir)

azg(T, DVu(7), DY DPu(T)) + ash(r,u(r))
+ | K(u(r)) Jor

As before, we have

||D’YZU1 — D’YZU/QHOO S Q [214 + |6A121_31| + |6A221_41 (Zl + 23>:| ||U1 — u2||X. (28)

Z9

Also, taking into account that
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D’YDpHU(t) = 21_51 /0 (t - T)a-f-ﬁ—p—l {alf(T’ U(T), DWU(T)) ;(?j(i(;)v DVU(T)’ D’YDPU<T))

azh(r, u(7)) —1,8-p) —1 /1 +B+y—2p—1
Ay (=2 p _ \at+Bty—2u

dr

y [alf(T, u(7), DVu(7))asg(r, D?u(t), DY DPu(T)) + ash(r, u(T))
K (u(r))

7,u(T), DVu(T))
K(u(r))

1
+ HAlzl_ll (lel—Gltﬂ—p) / (t . T)OH_B_I |:a1f(
0

+

axg(r, Du(r), D" D*u(r)) +a3h<w<7>>]d7
K (u(r)) |

So, the reader can observe that

|DYDP Zuy — DYDP Zug||oe < Q| 217 + [20A 120275 216 | + |9A2z121_4121_61|] lur — us||x-
(2.9)
Now, thanks to (2.7), (2.8) and (2.9), we find that

| Zur — Zus|l oo < Avllur — usl|x,
||DWZ’LL1 — D'YZUQHOO S AQHUl — U,2||X,
HD’YDpZ/Ltl — D’YDPZUQHOO S AgHul — UQHX

Finally, we get
3
1Zur = Zus|lx < (O Ai)llur — ua|x.
=1

We deduce that Z is contractive. We conclude that Z has a unique fixed point which is the
solution of (2.1). m
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2.4 An Illustrative Example

As illustrative example for the first part of our results, we consider the following problem:

(

2f(t,u(t), Dou(t)) + tg(t,u(t), D% Disu(t)) + Lh(t, u(t))

D% Dis Dou(t) = ) 7

u(0) +u(l) =5 [} u(s)ds, (2.10)
)+ Dxu(l) =0,
) + D%D%u(l) =0,

1

-
— M‘
- olw

Dzu(0
5 D3ou(0

0

D

[

2

(=}

\

with the conditions:

u? il

[t u,v) = 2(t3 + 115) (u® + 1) + (200 +t)(1 + |v])’

4|ul L _cosv
¢ 1252 —25 ' 320 1 {2

g(t,u,v) = (

3ul

M) = T 70 (1 5 Jal)’

1+ 2u?

k(u) = m,

0525—7, BZEJ 7:ﬁ7 p= 10° b:13_07 M:%7 77:067 mIOla
A; =0.5439, A, =0.0039, Az =0.0102,

The conditions of the first main result hold. Therefore, problem (2.10) has a unique solution

on J.
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3.1 Presentation

Fractional differential equations theory is attracting more popularity and increasing impor-
tance, due to its numerous applications in various areas, such as optics, medicine, statistical
physics, automatics, and control theory, see [6] [8]. In this context, many authors have been
interested in studying the question of the existence, uniqueness and stability of solutions for
certain types of such equations. We refer the interested reader to [22][9][15]. Let us now,
on the other hand, recall some papers that have motivated the present work. We begin by
the references [36] where N. Urus et al. have studied the existence of solutions for a fourth

order four-point non-linear boundary value problem (BVP) which arises in bridge design:

;

—yW(s) = Xy (s) = f(s,9(s)),s € (0,1),
y(0) =0,
y'(0) =0,
y(1) = 01y(m) + d2y(n2),
\ y' (1) =01y (m) + 629" (ma),

where f € C([0,1] x R,R),01,00 > 0,0 < ny < mp < 1,\ = ny + 12, m1 and 1, are real
constants.

Also in [4], the authors have been concerned with a suitable fractional presentation for
a simple Jerk circuit that allows us to study chaotic dynamics which was modeled by the

problem:

(Do (D2 4+ X2D)y(t) = f (t,y(t), Dy(t)), te[0,T], T >0,
y(0) =0,
Dl—aDay(O) — 0’
y(T)=pJy(mn), 0<n<T,

\

where D® is Caputo fractional derivative of order a € [0, 1], J7 is the Riemann-Liouville

fractional integral order v € [0,00[, A € Ry, and § € R.
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Very recently, A. Abdelnebi and Z. Dahmani [2] have studied the existence, uniqueness,
and stability of solutions for the following Van der Pol-Duffing jerk equation:

D> (D?* P4+ AD*) a(t)+ ki f1 (¢, z(t), D (t)) + ko f2 (t, x(t), JPz(t)) = h(?),
(1) =0, D@ Apaby(l)=A*cR, z(T)=0,
0<pB<a<l O0<ZLa+p<l, 0<p, tel,
where D® D?*7 8 are the Caputo-Hadamard fractional derivatives, JP is the Hadamard

fractional integral, I = [1,T], k1, ko are real constants, and the functions fi, fo and h are

continuous.

The aim in this chapter to study the following fourth order four-point non-linear bound-

ary value problem (BVP) which arises in bridge design fractional differential problem:

[ —DP(D* + Ny(t) = m(t,y(t), D'y(t)) + n(t, y(t), IPy(t)) + r(t,y(t) + 1(t),t € J,
y(0) =0,
Dy(0) =0,
y(1) = ay(&1) + by(&2),
( Dy(1) = d'D*y(&) + b Dy(&),

(3.1)
under the fact that J :=[0,1], a,a’,b,0 € R,0 < & < & < 1, A = & + &, where & and &
are the real constants, 0 < ¥ < 1,1 < «, < 2, and m,n,r, and [ are some functions that

will be specified later, D* D? and D? are the derivatives in the sense of Caputo.

3.2 Some Auxiliary Results

Lemma 3.1 Let G be a Banach space and Z : G — G is an application that is contractible.

Then, Z has exactly one fixed point in G.

Let us now present then prove another lemma.
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Lemma 3.2 We consider K € C(J). Then the BVP

(_DA(D + \y(t) = K(),t € [0,1],
y(0) =0,

Dey(0) =0,

y(1) = ay(&1) + by(&2),

Dy(1) = a' D*y(&) + b Dy(&,),

(0<a,f<2,
(3.2)
s geven by:
y(t) = —I*PK () + Moy(t) — AT IPK (1) = Ay(1) — a IPK (&) + a' dy(&) — D IPK (&)
+ b/)\y(fg) F(Oé—j—l) — Agl [a+ﬂK(1) — )\[ozy<1) — &[a+ﬁK<£1) + Cl)\[ay(fl)

CBIBR(E) + DAY (E) — ApA] (I K (1) = wy(1) — d IPK (&) + a (&)

— VIPK (&) + bl)\?J(&))]t?

such that

Al =d&+b&—1,

agt bt — 1
['(a+2) ’

AQI

Az = a& +b& — 1,

and,

AA; £ 0.
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Proof
Thanks to Lemma 1.8, it yields

DYy(t) + \y(t) = IPK(t) + cot + 1.

Therefore,
o+l s
y(t) = —ITPK(t) + My(t) — COF(a ) ClF(Oé i cat — c3. (3.3)
The conditions
y(0) =0, D%y(0) = 0,
allow us to write
¢ =c3 =0,

and the conditions

and

y(1) = ay(&1) + by (&),

Dy(1) = a' D*y(&) + b Dy(&),

allow us to get

Co

Ca

ATHIPK(1) = Ay(1) — d IPK (&) 4 a' My (&) — b IPK (&) + b Ay (&)

9

AFH IR (1) = Moy(1) — al*PPK (&) 4 aA[y(&1) — DI*TPK (&) + DATy(&)

A AT (IBK(I) —My(1) = a'T°K (&) + a' Mdy(&1) — b IPK (&) + bl/\y(§2)>] :

The proof is thus achieved. m

3.3

Main Results

Let consider the space

N :={y € C(J,R),D%y € C(J,R)},
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and the norm:

lylly = llylloe + 1Dyl

where,
yllsc = sup [y(t)] , [[Dyl|s = sup [ D y(t)].
teJ teJ

Then, we take the nonlinear operator Z : N — N, where:

Zy(t) = —I"PPKg(t) + Moy(t) — AT IPK(1) = My(1) — a K (&) + a My (&)

o

— VIPK;(&) + b M\y(&) ot 1)

—A3! Ia+5K;;(1) — My(1) — a[O‘+BK;‘(§1)

+aAy(&) — bI*TPEG (&) + DAIY (&) — Ao AT (fﬁK;‘(l) = Xy(1) = d IPK5(&)

+ aXy(&) =0 IPK; (&) + bl}\ﬂ(&))] t,
where
Ky (t) = m(t,y(t), D’y (t)) + n(t, y(t), Py(t)) + r(t,y(t)) + 1(t).

The above notions are introduced in order to transform our problem into a one of fixed point.

The following hypotheses are only sufficient; one can use other conditions of
Caratheodory functions to obtain the same results.

(®1) : The introduced functions are continuous.

(®2) : There exist nonnegative constants X1, Xm2, Xnl, Xn2, &, such that for any t € J |
Yi, y: € ]R>

Im(t,y1,y2) —m(t 1", 12")| < Z XemiYi = ",

)

|n(t, y17y2) - n<t’y1*7y2*)| ZXML% Yi |

and for any t € J , y,y € R,

r(ty) —rty) < Qly—y|
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We put in passage:

X = MaI(XmlaX’nﬂ)»X* = MCLI’(an,Xn2>.

Also, the quantities

1 _ 1+ |al + |b] |AI1‘ . . 1+ |a| + ||
0 = roo g P I o P T TIAT A b LA R LA
1 Do+ 4 +1) A3 |Xr(a+5+1) D(a+1) [AT A5 | NCEY
S YN AT Acia At .
P Ty T \><(1+\a!+!bl)+<F(a+l)+|Al AsAF (1+,a|+,b|)7
1 AT 1+ al + o] ALY L
b = ATIALA
> = Ta+d—0+1) T@—) “Tla+drl) \Tla—vp F1A A8
LAl + V]
re+1) °’

and

1 A3 AT 1A Aot
% = Ty Te o ¥ <1+|a|+|b|)+ Fa 7o AT A

(1 )+ 1),

are to be considered in this paper

3.3.1 A Main Result for Unique Solutions

We propose to establish the following result:

Theorem 3.1 Assume that (®1), (P2) are satisfied. Then, (3.1) has a unique solution if

S0, +6,) <1—\ Y= OX + X* 4+ —— .
(601 + 0) (o1 + ¥2); Q+2X + +F(p+1)

Proof
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Let us take (y,y') € N2, we can write

, _ 1+|a|+|b| |A1_1| —1 -1
Zy — 7y |l St b AT UL B T ASIALA
12y = 2yl < Tla+B+1) A5 Tla+B+1)  \T(a+1) AT Aol
1+ |d|+ |V , 1
f ) Bl LA TP - LA 1
e =l 4 A s + 185 ¢ (1l + )

AT! _ - / '
; < . +|A11A2A31|) (1 1T+ 1) | lly = ol

I'a+1)

The reader can see also that

DPZy(t) = —I*FF0K (1) + AITy(t) — AT PPRG(1) - My(1) — d TKG(E) + a My(&)

ta—'ﬁ

= A IR (1) = Ay (1) — oI ()

— VIPK;(&) + b’Ay(fz)] Tla—9+1)

+aAy(&) — bI*TPEG (&) + DALY (&) — ApAT! <15K5(1) = Xy(1) = d IPK5(&)

tl—ﬂ

+ dMy(&) =V IPK; (&) + b/)\y(&))] 2= 0y

and
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, 1 A 1+ |a| + |b] ALY
D'Zy — D' Zy || < ° o
1D Zy Yllo = Ta+tf-—0+1) T@-0) Ta+ps+1) \Dla—o+1)
Cia oae 14 |a/| + || / 1
AT AN - MTasD
+ A7 AA; |> x T(3+1) ly =l + [a+1)

AL

A5 Af A A
S VCE (1+lal+ pl) + Mo o1 1A Al

X

ly — ||

(1l + 011

Therefore,

1Zy — Zy'|In < | 200+ 602) + Mr + ) | ly — ¢ | n-

We conclude that Z is contraction. As a consequence of Banach fixed point theorem, we

deduce that Z has a unique fixed point which is a solution of (3.1).

Example 3.2 We consider the following problem:

(DD} + Lyy(t) = ﬁ(et“* sin(y (1)) + 5 D2y (1) + %>
107 (yl0) + 8L 1 1y (0)

_|_41—0(#y(t) + In(t + 1)) + %t’

y(0) =0,

D3y(0) =0,

y(l) = 1—10?4(280) 5y(%)
\D%y(l) = lDa (200) + %D%Q(ZS_O)’
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with

m(t,y1,y2) = 165 (€ *sin(y(t)) + etl%D% (t) + St 1)>7
1
2

n(t, y1,y2) = 10~ 1(%@ Cosféi)) + 5l 2y( >>
r(t.y) = & (Hy®) + it + 1)),
I(t) = 3¢,
> =0.0138, 60, =3.4010, 60y =5.0352, A= p1 = 5H.3492, py = 5.8H44.

20’

So, we see that

Y01 +05) <1 — A1+ p2).

The conditions of Theorem 3.1 hold. Therefore, the problem has a unique solution over J.

3.3.2 A Main Result for Stability of Solutions

Definition 3.3 The equation (3.1) has the Ulam Hyers stability if there is a A > 0; for
each @ > 0,t € [0, 1] and for each y € N solution of

|DP(D™ + N)y(t) +m(t,y(t), D'y(t)) + nlt, y(t), [Py (1) +r(t,y(t) +1(t)| < w,
(3.4)

there is certainly y* € N a solution of (3.1);
ly =y llv < Aw.

Definition 3.4 The equation (3.1) has the Ulam Hyers stability in the generalized sense if
there is p € C(RT,RT); p(0) = 0; for each w > 0, and for any y € N solution of (3.4),
there is a solution y* € N of (3.1);
ly = y*llx < p(w).
We prove the following theorem

Theorem 3.5 Under the conditions of Theorem 3.1, problem (3.1) is Ulam Hyers stable.
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Proof: Let y € N be a solution of (3.4), and let y* € N be the unique solution of (3.1).
We have:

P@%*WWKﬂﬂ—A”Mﬂ+Af’WKﬂU—AMU—JWKﬂ&%+¢W@ﬂ—UﬁKﬂ&)

(e}

4+ A7l
Fla+1) -9

—I—b//\y(fg)] X Io‘+ﬂK;(1) — My(1) — aIO‘+5K;(£1) +aX[*y(&) — b[a+5K;(§2)

+OAY(&) — Ao AT <15K;(1) —xy(1) —d IP K (&) + d' My(&) — b T°K; (&) + b/)\y(&))]t‘

w

< —-.
“TI'(a+p8+1) 5)

Using (3.4) and (3.5), we can write

w 1 _ 1+ |a| + |b| |ATY

— ] < +X + [ATY x
ly =yl “T(a+B+1) D(a+ B +1) = D(a+ B +1) (o +1)

- - 1+ |a'| + [V -

ATIALAT _— —y* AM——m + AT (1 b)
+|A 230X TG+ 1) ly —y*ll~ + Fm+D+|3|X + a| + (0]
o AL araaag ) (14 1+ 1) [y = ol

[(a+1) ! 3
(3.6)
Hence,
Iy = 5*llo0 € 5+ (561 + Mg ly — y* |l
= T(a+p+1) ! ! '
Also, the reader can observe that
1D (y = y)lo < - + (20> + Aga)lly — vl
“T(a+B-0+1)
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Thus,

X601+ 602) + A1 +w2) | ly — v || v

" w w
ly =yl = (P(a+,3+1)+1“(a+6—19+1)> *

w N @
['a+p5+1) F(a+ﬂ—19+1)‘

ly —y*llv <

1— | 2(01 4 02) + M1 + 2)

So,

ly —y*llv < Aw.

Consequently, (3.1) has the Ulam Hyers stability.

Remark 3.6 The case p(w) = Aw allows us to guarantee the generalised Ulam Hyers
stability for (3.1).
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CHAPTER
1 Traveling Waves

4.1 Motivation

The travelling wave is one that advances in a particular direction, with an additional prop-
erty of retaining a fixed shape. Travelling waves are associated with having a constant ve-
locity throughout their propagation. Such waves are observed in many areas of science.The
phenomenon of waves is observed in interaction, convection and natural propagation. Re-
cently, new exact travelling wave solutions may help to find new phenomena. So the most
important thing is to seek exact solutions of nonlinear partial differential equation. There
are many method to look for exact travelling solutions such as the first integral method
[24], the exp-function method [16], the (G’/G) expansion method [39], and the tanh method
25, 37].

4.2 How to Obtain Travelling Waves

We consider the equation
M (u, T, T, TPu, T (THw), TP, ...) = 0, (4.1)

where TYu is the fractional conformable derivative of u of order a,0 < o < 1. Introducing

the new wave variable
€= ho g w0, (42)

s0, (4.1) can be transformed to the equation:

M*= (U, U, U",U",..)=0. (4.3)
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4.2.1 Tanh Method

The tanh method is one of most direct method for finding solutions of nonlinear diffusion
equations. This method has been presented by Malfliet [25, 26] and by also by Wazwaz [37]
for the computation of exact traveling wave solutions. Its ida is to express the solution of

the nonlinear differential equation as a polynomial and it is based on ”the balance principle”.

The Tanh method is based on the fact that travelling wave solutions can be expressed

as follows:

u(z,t) = U(€) = P(T) = Zam‘, (4.4)

where

T = tanh(§). (4.5)

leads to the change of derivatives:

d d
&~ g
d? d 2 d?
Al Ui bl Gl o
a3 d 9 d? 3 d
d—5322(1—r2) (3% = 1) = = 6T (1= 7%)" =5 + (1= T%)" =, (4.6)
d! 2 2 d 2)2 2 d?
d—&:—ST(l—T)(BT —2)ﬁ+4(1—T) (97 _2>ﬁ
3 d g d
— 127 (1 - 7?) ﬁ+(1—1f2) yoet

We recall that m is a positive integer determined by the balancing procedure in the
resulting nonlinear ODE in P. Thus, we have an algebraic system of equations from which
the constants k,w,a;(i = 0,---,m) are obtained and determine the function U, hence we

get the exact solutions of (4.1).

4.2.2 Exp-Function Method

The method is the most recent analytical approach that has been used for solving nonlinear

differential problems in physics. Also, it seems that the Exp-function method is more
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effective and simple than other methods and a lot of solutions can be obtained by using a
simple computer program. The EFM method was first proposed in 2006 [17], also it has
been applied by and Navickas et al. in [28], and later in 2012, by Ebaid [13]. However, its
applications to fractional calculus are rare.

The EFM method is based on the fact that travelling wave solutions (as in [16]) can be

expressed as follows:

£ resptnd
U(Q) = 25— (4.7)

7 .
> bm exp(m()

m=—p

We suppose that the solution of (4.3) can be expressed as:

_ agexp(dg)+...4a—cexp(—c()
u (C) ~ bgexp(g¢)+...+b_pexp(—pC) ? (48)

we can write (4.8) in the following form

_acexp(e€)+...4a_gexp(—d¢)
U(c)= bp exp(pC)+...+b—q exp(—q¢) * (4.9)

To determine the value of ¢ and p, we balance the linear term of highest order of (4.3)
with the highest order nonlinear term. Similarly, to determine the value of d and ¢, we
balance the linear term of lowest order of (4.3) with lowest order nonlinear term. After this

separated algebraic equation, we can find a,, and b, constants.

4.3 Applications

4.3.1 Travelling Waves for the fractional Beam Equation

In this section, we are interested in using the tanh method to solve the conformable problem:

T?u + T (G(u)T3Pu) + T, (H(u)TPu) = F(u), (4.10)

To demonstrate the power of the tanh method, some of well known nonlinear equations

will be examined.
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Example 1 [31]

The oscillations and motion of waves of the elastic beams on elastic foundation scan be

described by means of the following equation [18] (G(u) =1, H(u) = 0):
T2 (z,t) + THu (2, t) = (u(x,1)3 — cu (z,t). (4.11)
Using (4.2), to change (4.11) into the following nonlinear ODE
k*Uge + wUgeee = U3 — U, (4.12)

Substituting (4.4) and (4.6) into (4.12),we can get

2
(K exw?) [ - 20(1 = 195+ (1 - 1250 ] 4wt [ - 811 - 1237 - ) %
g Y12 T (413)
+4(1 = TH2(97* — 2)d2—1D —127(1 — T2)3d3—P + (1 - T2)4d4—P} = P3—cP |
Y2 73 avil ~ “

dip

% with P3. This in turn gives

To determine the parameter m we usually balance T8

84+m—4=3m

so that m = 2. This gives the solution in the form

P(Y) =ap+ a; Y + axY>. (4.14)
Substituting (4.14) into (4.13), we can get
(k2 + c1w?) (1 — T2 [ — 2T (ay + 2as) + 2as(1 — T2)| £ wh(1 — T2 [ ~8T(372 — 2)(ay + 2a7)
+ 8ay(1 — T?)(972 — 2)] — (ap + a1 + agT?)? + c(ag + a, T + ax¥?) = 0.
(4.15)

Then, we have the system:
(

Y0 —16wtas + 2k%ay — al + cag = 0,
T!:16wia; — 2k%a; — 3aay + ca; = 0,

Y2 : 136wray — 8k2aq — 3a2a(2) — 3a%ag + cas = 0,
T3 —40w'a; + 2k%a, — 6agaiay — a3 = 0,

T4 —240way + 6k%ay — 3apa3 — 3alay = 0,

P 24wa; — 3a1a§ =0,

Y6 : 120way — a3 = 0.
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We solve the algebraic system with the aid of Maple. We obtain traveling wave solutions
of (4.11) as follows:

Case 1.
v/30c¢ v/30c¢
ag = ——,a; = 0,a; = ;
4 4
u(z,t) = iOc + iOc tanh®(¢). (4.16)
Case 2.
v30¢ v30¢
Qg = 7a1_07a2__ ’
4 4
w(w, ) = Vioc _ Vioc tanh?(€). (4.17)
Case 3.
v/ 30¢ v/ 30¢
ag = — 7a1:07a2:_ )
4 4
u(z,t) = — ioc _ Y iOC tanh?(€). (4.18)
Case 4.
v/ 30c¢ v 30¢
apg = — yap = 0,a0 = )
4 4
v 30 V30
u(z,t) = — 1 - 1 CtanhQ(f). (4.19)
Case 5.
v/ 30¢ v/30c¢
ag = — ya1 =0,a9 = )
4 4
u(z,t) = /c. (4.20)
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I A A AP R PR

Figure 4.1: 3D plot of traveling wave solution (case 1.) of (4.16) sketched within the
mntervals 0 < x <10 and 0 <t < 50.

Example 2 [31]

We now consider the nonlinear beam equation [38] (G(u) =1, H(u) = 1):

T2 (z,t) + THu (2,t) + a1 T?Pu (2, ) + cou (2, 1) + (u (z,t))? = 0. (4.21)

Using (4.2), to change (4.21) into the following nonlinear ODE

(/fz + 01w2)U§§ + w4U§5§§ + U + U? = 0, (4.22)

Substituting (4.4) and (4.6) into (4.22),we can get

dP 4P dP
2 2 . o2\ . 2\27 © 41 . 2 2 D
(F + ew?) | = 20(1 = 1%) 0 + (1= 1%) Cm] +w [ BY(1 - T%)(3T° ~2)
4P 43P Ay
232 2 - 233 _ Ar2v4 2 _
FAL = TPOT - 2) g — 12T(1 = T2 + (1= 17 —dTJ + P+ P ?4 .

Ap

To determine the parameter m we usually balance TBZZW with P?. This in turn gives

8+m—4=2m

so that m = 4. This gives the solution in the form

P(T) = ag + CLlT + CI,QTQ + &3T3 + CL4T4. (424)

Substituting (4.24) into (4.23), we can get
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(k* 4 c10?) (1 — T?) [ — 27 (ay + 2a5Y + 3asT? + 4a,T?) + (2a5 + 6a3 T + 12a4L?)(1 — TQ)]

+wl(l—T?) [ — 8Y(3Y2 — 2)(ay + 2as + 3a5 T2 + 4asY3) + 4(2as + 6a5T + 12a,1?)

x (1 —"7T2)(97% — 2) — 127 (1 — Y?)?(6as + 24a4T) + (1 — Y?)*(24ay)

+ CQ(CLO —+ CLlT -+ CLQT2 -+ CL3T3 -+ a4T4) -+ (ao + CLlT + CLQT2 -+ CL3T3 -+ CL4T4)2 =0.

(4.25)

We solve the algebraic system with the aid of Maple. We obtain traveling wave solutions

of (4.21) as follows:

Case 1.
3
g = %7% =0,az = _§7a3:0,a4:0;
(.8) = 2~ 52 tani(¢)
= <~ _ —~tan .
ulx, 5 B a
Case 2.
3 3
CLO: _%’al :O’CLQ: %’agzO;aZl:O?
3 3
u(z,t) = 2z ﬁtanhQ(f).
2 2
Case 3.
ap = —cg,a1 = 0,a2 = 0,a3 = 0,a4 =0,
u(z,t) = —co.
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Figure 4.2: 3D plot of traveling wave solution (case 1.) of (4.26) sketched within the
intervals 0 < z < 10 and 0 < ¢ < 50.

Example 3 [33]

In the third example we will bring to bear the Tanh method to find exact solutions, and

then the solitary wave solutions of Beam equation in the form [5]:
T2 (2, t) + THu (2,t) + (ny + ngu)u = 0. (4.29)
Using (4.2) to change (4.29) into the following nonlinear ODE
/{QU& + w4U§§§5 + (n1 + TLQU)U =0.

Then, we have

U + w'Uggee +mU +noU? = 0. (4.30)

Substituting (4.4) and (4.6) into (4.30), we can get

dP d*P dP

—2K°Y(1 = Y?)— + k*(1 — Y?)’—— — 8w (1 — Y?)(3Y% — 2)— + 4w*(1 — T?)?

(1= 1) 50 + (1 = 1220 — 8w (1= T3)(37% — 2) 5 + 4w'(1 = 1?)

d*P d®P d*P
2 4 213 2\4 2 _
X(QT _Q)m_12WT<1_T)ﬁ—i_(l_T)W—i_an—i_nzP —O
(4.31)

To determine the parameter m we usually balance T8§TIZ with P?. This in turn gives

8+m—4=2m
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so that m = 4. This gives the solution in the form

P(Y) = by + 01T + by T2 + b3 Y3 + by T2 (4.32)
Substituting (4.32) into (4.31), we can get
— 2k2Y(1 = Y2)(by + 26X + 3b3 Y2 + 4b,T3) + E*(1 — T2)%(20b, + 6b5Y 4 12b,Y?)
— 8w (1 — Y?)(3Y% — 2)(by + 262X + 3b3T2 + 40, T?) + 4w (1 — T)*(97? — 2)
X (2by + 6b3 T + 12b,72) — 12w* Y (1 — Y?)3(6bg 4 24b,Y) + 24by(1 — T?)*
+n1(by + b1 + b Y% + b3 4+ by L) + ng(by + b1 + by T2 + b3 + b, 74)? = 0.

(4.33)

Then, we have the system:

(

YO —16w*by + 24w*by + +2k32by + bing + bony = 0,

Y1 16wih; — 120wibs — 2k%by + 6bsk? + 2bgbing + bying = 0,

T2 136wrby — 480why — 8Kk2by + 12k%by + 2bgbany + bing + byny = 0,

T3 —40wh + 576wrbs + 2k?b; — 18Kk2b3 + 2bgbsny + 2b1byny + bsny = 0,

T4 —240wrhy + 1696wrby + 6k2by — 32k2by + 2bgbang + 2b1bsny + bing + byny = 0,
Y5 : 24wrby — 816wrbs + 12k2b3 + 2b1byng + 2bybzny = 0,

Y6 : 120wrby — 2080wby + 20520y + 2bybyng + b2ny = 0,

Y7 : 360w*bs + 2bsbsng = 0,

T8 : 840w*b, + bing = 0.

\

(4.34)
We solve the algebraic system with the aid of Maple. We obtain traveling wave solutions
of (4.29) as follows:

Case 1:
35%1 35711 35711
by = — o2 =0 by = o = (0.by = —
0 2477/27 1 y U2 1277,2’ 3 , U4 24”27
35’/11 35711 2 35”1 4
t) = — tanh — tanh . 4.35
Case 2:
11n,q 3511 3514
bop= — 2 by =0,by = — by = 0,by =
0 247’1127 1 07 2 12”2’ 3 07 4 2471/27
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1n, 35 35
= Mk (e) + o

= — tanh*(&). 4.36
2Mn, 121, A, 8 (&) (4.36)

u(z,t)

(a) Plots of solution (4.35) (b) Plots of solution (4.36)

Figure 4.3: Plots of solution with0 < x <10, 0<¢t<30andn; = —2,n, =3,a = %B =
7

1_0.

4.3.2 Travelling Waves for fractional Kdv-Burger Equation

Let us consider the following problem [33]
Tyw A+ v(uTPu) + nTu + pTPu = 0, (4.37)

where, TP T2 are the conformable fractional derivative, with 0 < o, 8 < 1.

Using (4.2), to change (4.37) into the following nonlinear ODE
kUe + vwUUs + nw?Uge + pwUsee = 0.
Integrating the above equation, we have
kU + 22U? + nw?Ug 4 pwdUge = 0. (4.38)

Substituting (4.4) and (4.6) into (4.38), we can get
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VW dpP dF o d*P
kP + —P? 2(1-7%) — —2u’Y (1 - 71%) — P1-71%"—=0. (4
T Pt (L= = 20T (1= 00 b e (1= 05)7 g = 0. (439)
To determine the parameter m we usually balance T‘fﬁ% with P?. This in turn gives
44+ m—2=2m
so that m = 2. This gives the solution in the form
P(Y) =ap+a;T + ay Y2 (4.40)

Substituting (4.40) into (4.39), we can get

k(ag + a1 + asX?) + %u(ao + a1 Y + as¥?? + nw?(1 — T?)(a; + 2a,7Y)
(4.41)
— 2 (1 — Tz) (ay + 2a) + 2agpw® (1 — T2)2} =0,

Then, we have the system:

/

YO kag + %Vwag + nw?a; + 2uw3a; = 0,
T —2uwda; + 2nw?ay + vwaga, + ka; = 0,
T2 : kas + vwagas + rwai — nw?ay — dpwdar — duwas = 0,

T3 2uwda, — 2nw?as + vwaias = 0,

| T lowad + 2pwiay + dpwias = 0.

We solve the algebraic system with the aid of Maple. We obtain traveling wave solutions of
(4.37) as follows:

Case 1:
4n? 81° 4n? 4n? n
an = —— = —— = —— = — = ——
O ATt T 49w’ T A9 34342’ 14y
8 8’ 4n° 5
t) = — — h(¢) — tanh?(€). 4.42
Case 2:
127)° 81 4n? 4n° U]
an = —@——. Q1 = ———. Aoy = — = w =——
07 49t A9uv’ 49’ 3432’ 14p°
1207 8 4n? 2
t) = — h — tanh ) 4.43
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(a) v=1,pu=1, (b) v=-2,p=9, (c)v=2,p=-1,
_ _9 pg_1 _ _1p_1 _ _ 95 o _
T}—Q.Q’—E,B—E T?——].Q.,(I—E”B—E n_—3,a_mj =10

BEEE
-120
1254
1304

135

(a) v=1,n=1, (b) v=-2,u=09, (c) v=2,p=—1,
??:2:05:%1)8:%- ??=—12=0i=%=}9=%- 7}2—3,&:%, :%

Figure 4.5: Plots of solution (4.43) with 0 < 2 < 10 and 0 < ¢ < 30.

4.3.3 Travelling Waves for Ostrovsky Type Equation
The aim of this subsection is use the Exp-function method to study the following problem:
[30]

(T2u) (17 (Tow)) — (u) (127 (T0w)) = f (u, Tw) (4.44)
where TP, T® are the conformable fractional derivative, with 0 < a, 3 <1 and f:R? = R

is a given function.

Note, when o« = 3 = 1 and f (u,v) = u?v, so problem (4.45) is transformed into the
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Ostrovsky equation:

(tz) (tat) = () (Uaat) = (u?) () -

Example 1

We consider the following problem:

(Tu) (T (Ta)) — (u) (T2 (T7w)) = w@Teu,

Substituting (4.2) into (4.45), so
(Ue) (Uge) = UUgee = pUUk.

Therefore,

(Ue)® = UUge — 75U = 0.

3w?

Now, we can set p = c= ¢ =d = 1, then (4.8) is transformed to

_ ay exp(€)tap-ta_s exp(—€)
U(€) = Brexp(@)+horb 1 oxp(—0) °

(4.45)

(4.46)

(4.47)

(4.48)

Putting (4.48) into (4.47) so this yields a set of algebraic equations for ag, ay, a_1, by, b1, b_1, k

and w. We solve the algebraic system with the aid of Maple. We obtain traveling wave

solutions of (4.45) as follows:

Case 1
ay=0,a0 = 7=y /==, a1 =ay,
by =0,b0 = = —a%l,b—l =0,
a2
U(ﬁ) =1+ \/iexp(—f)
Case 2
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Case 3
bia—
5 a0 =0,a_1 =a_,

ap = b1

bl = blabO = 07 b*l = b*l)

2L exp(€)+a—1 exp(—€)

b
U (6) = exp(§)+b_1 exp(—¢)

Fig.1 presents the graph of solution (Case 1) for (4.45) witha_1 = -3,k =2, w=1,a =

3 _ 3
Zal’ldﬁ—g.

O
192050 4 2 @
f

1o 8 ©

x

Figure 4.6: 3D plot of traveling wave solution (Case 1) of (4.45) sketched within the
mtervals 0 < x < 10 and 0 < ¢ < 50.

Example 2

We consider the following problem:
(T7u) (T2 (Tfw) — (u) (T27 (Tw)) = 0. (4.49)
Substituting (4.2) into (4.49) , this can reduce (4.49) to the equation
(Ug) (Uge) — UlUgee = 0, (4.50)
and by integrating of (4.50) , we obtain

(Ue)* = UUge = 0. (4.51)
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Hence, we get

__ a1 exp(§)+agta_1 exp(—£)
v <£) B bi eXP(f)'i‘b(())-i-b_llexp(—f) ’ (452)

By substitution as before, we have:

(

—daja_1b3 + 4bib_1ak =0,

—a_yagh? + bob_1a? + blboag + 6ajagbib_1 — 6aja_1b1bg — alaobg =0,

biboa® | + bib_1a3 + 6a_1aghib_1 — 6a_1a1bgb_1 — 6a_1b2 — ajaph?®; =0,

—daja_1b? + 4bb_1a? =0, (4.53)
4bib_1a* | — 4ara_1b* |, =0,

—Cbo(llb% + blboa% = 0,

2 2
bob_la,_l - a_laob_l = 0,

where A = by exp (§) + by + b_1exp (=¢§).
Solving the system, we find the sets:

Case 1

a1 =ay,a=0,a_1 =0,

b1 - O,bo - bo,b_l - 0,

u(z,t) = ¢ exp (gto‘ + %xﬁ> :

Case 2

ap = ai, a0 = 0,a-1 =0,

bl = Oybo = Oa b—l = b—17

u(x,t) = "= exp (%ta + %’xﬁ> :
Case 3
a)p = Cgiblo,ao = ap, 1 = O,

bl = 07b0 = b07 b*l = b*l?

B a0+ 520 exp( Lo+ 4af)
u(x,t) = bo b exp(—gto‘—%xﬁ) .
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Case 4

Case 5

Case 6

Case 7

Case 8

Case 9

a; = Ovao = Oaa—l =a_i,
bl = b17b0 = Oabfl = 07
u(r,t) = 5+ exp (—%to‘ - %wasﬁ> .
ar = 0,a9 = ag,a—1 =0,

b1 = bl,bo — O,b_l - 0,

u(z,t) = 32exp (—gto‘ — %xﬁ)

a_1b1
bo

aq :O,Cl(): , 1 = G_1,
bl = b17b0 = b07b*1 = 07

a_1by

u(z,t) = —2

+a_1 exp(fgto‘f%xﬁ)
b1 exp(gt“—&-%xﬁ)—i—bo

a; = ay, a9 = 0,a_1 =0,

bl = b17b0 = 0,b,1 = 07

u(z,t) = &

aogbi
bo

ay = ,aozao,a,le,

bl - b17b0 = bOab—l = 07

b
7‘1201 exp(%t“-ﬁ-%xﬁ)ﬂ-ao

u(x,t) = .
( ! ) b1 exp(gta—&—%xﬁ)-l—bo
_a_ib __ a—1bg _

ap = by 20— Tp_, -1 = a1,

bl = b17b0 - bOa b—l = b—17
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ab_jfl exp(gta—‘r%xﬁ)-}—ab_ij +(1—19Xp(—§to‘—%w3>
b1 exp(gtaﬁ-%xﬁ)—s—bo-&-b_l exp<_§ta_%xﬁ>
Fig. 2 presents the graph of solution (Case 9) for (4.49) with a1 =1, by = —2,by =

1,b_1 :—1,k:1,w:2,a:%and5:%.

u(z,t) =

0
102050 420
[

10 8 ©

X

Figure 4.7: 3D plot of traveling wave solution (Case 9) for (4.49) sketched within the
intervals 0 < z < 10 and 0 < ¢ < 50.
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CHAPTER 5
Conclusion and Perspectives

In our thesis project, we have pursued two distinct approaches. Firstly, we delved into a
novel class of fractional differential equations involving sequential Caputo derivatives and in-
tricate right hand side nonlinearities, incorporating positive bounded functions with integral
and nonlocal periodic conditions. Initially, we established and validated the unique integral
equation governing the problem under study. Subsequently, we demonstrated the existence
and uniqueness of solutions using some new sufficient conditions, with an illustrative exam-
ple provided. In a separate investigation, we focused on a different class of boundary value
problems (BVPs) involving sequential Caputo derivatives. Here, we explored the uniqueness
of solutions, enabling us to examine the Ulam Hyers (UH) stability of the resulting solu-
tions. Two examples were analyzed to assess UH stability and solution uniqueness. In the
second approach of our thesis, we addressed various time and space conformable fractional
problems with the aim of discovering traveling wave solutions. We employed both the Tanh
method and the EFM method to derive new traveling wave solutions for KdV Burgers, beam
deflection, and Ostrowskii-type fractional conformable equations. These solutions were ex-
pressed in terms of hyperbolic tangent functions depending on fixed parameters. It is crucial
to investigate the analysis of the problem discussed in Chapter 2, particularly due to the
presence of nonlinearities represented by fractional functions, especially when K is singular
at the origin. Another significant research avenue involves employing Khalil derivatives to

study singular sequential problems characterized by time and/or space singularities.
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