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Uniqueness of solutions in non-Lipschitzian
dynamics!

Panagiotis T. Krasopoulos

Abstract

Results which ensure local and global uniqueness of solutions,
for a class of autonomous dynamical systems with non-Lipschitzian

right-hand side, are presented. Examples where the results can

be applied are given.

2000 Mathematics Subject Classification: 34A12, 26B10.
Key words and phrases: Non-Lipschitzian dynamics, uniqueness of

solutions, dynamical systems.

1 Introduction

There are two fundamental issues concerning the solutions of ordinary
differential equations. The first one is the existence and the second one
is the uniqueness of a solution. For the case of an autonomous dynamical

system of order n (Le. 2 = x = f(x), x(0) = xo where x € R" and
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f: R" — R"), the existence of a solution for the initial value problem is
guaranteed by the continuity of the mapping f. On the other hand, the
uniqueness of a solution can not be ensured only by the continuity of f.
Extra conditions are needed. The most common of these conditions is the
continuous differentiability of f (f € C) or at least the satisfaction of a
Lipschitz condition for f, (see e.g. [4], [5] or any usual text on differential
equations).

In non-Lipschitzian dynamics a unique solution can not always be
guaranteed. In [7], a dynamical system with non-Lipschitzian right-
hand side which admits multiple solutions is presented. The author of
[7] proves that non-Lipschitzian dynamics can exhibit a rather complex
and unpredictable behavior because of the lack of a unique solution. In
the present article we indicate that non-Lipschitzian dynamics can also
exhibit a smooth dynamic behavior. We describe a class of dynami-
cal systems with non-Lipschitzian right-hand side which, under certain
conditions, admit a unique solution. It is also shown that this class
includes the second-order (planar) Hamiltonian systems as a special case.
Note that this special case was explicitly treated in [6]. A theorem which
ensures local uniqueness and two corollaries for  global
uniqueness are proved and examples of third-order systems are given.
First, let us present a well-known result that we will need later in the

proof of Theorem 1.

For the special case of an one-dimensional autonomous dynamical
system (i.e. f: R — R), only the continuity of f is sufficient to ensure
local uniqueness as long as the initial condition xg is not an equilibrium
point, i.e. f(xg) # 0 (see [1], p.36). Consequently, if f is continuous,
multiple solutions may arise only when f(z) = 0. It is interesting to
note that a generalization of the aforementioned result has been presented

recently; see [3] and the references therein.

Now we are ready to present the structure of the dynamical system.
We consider n — 1 C! functions f, : R* -+ R, k= 1,...,n— 1. For these
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functions we define the following (n — 1) x (n — 1) Jacobian matrices:

% 8fnfl

Ox1 e Ox1

8f1 8fnfl
&vi, e 6@, .

Ji(x) = 6f11 oy | i=1....n

81‘1'4,_1 e 8l'i-‘rl

% 8fn—l

Oxn e Oxn

where the derivatives of f, k = 1,...,n— 1 with respect to x; have been

omitted. The dynamical system that we will consider throughout the

article has the following form:

(1) iy = (1) L&) =1,....n

where |J;(x)| denotes the determinant of J;(x). The initial condition
for (1) is x(0) = xo (i.e. ;(0) = xj,j = 1,...,n). From now on
all the vectors are columns and n > 1. Note that the continuity of
|J;(x)],j = 1,...,n ensures the existence of a solution for (1). We do
not claim that |J;(x)|,j = 1,...,n are continuously differentiable or

Lipschitzian, since that claim would result the uniqueness of the solution.
An important feature of the system is that along its solution the functions

fr(x) remain constant, i.e.

M:Okzl n—1
pm , ey .

We can see this fact easily if we consider the following n X n matrices:

Rk(x) = (vflm vfla vf27 AR vfn71)7k = 17 N L.

The matrix Ry (x) is singular (two same columns) and so the expansion
of its determinant along the first column is:

n

a0l = o1 B o) = BB o =1 n -1

Jj=1
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Thus fr(x(t)) = fe(%0),k = 1,...,n — 1 are considered to be constant
energy functions on the solution of (1). It is apparent now that the
dynamical system (1) for n = 2 becomes a Hamiltonian system with f;

representing its energy function.

2 Main Results

In this section we present a theorem and two corollaries, which ensure
local and global uniqueness of the solutions associated to (1). Our main

theorem follows.

Theorem 1 If there exists a nonsingular Ji(xo), then (1) admits a lo-

cally unique solution.

Proof. Without loss of generality consider that & = n (in fact we can
change the order of the elements of x properly to construct a dynamical
system similar to (1) that has |J,(x0)| # 0). First, we consider the
n —1 C* functions f;(x) — fi(xe), i = 1,...,n — 1. Since the Jacobian
matrix J,(xo) of f;(x) (or equivalent of fi(x) — fi(xo),i=1,...,n—1)
at X is nonsingular, we can apply the implicit function theorem (see e.g.
[2]) for the functions f;(x) — fi(x0),? = 1,...,n — 1 at x¢. From that
theorem we have that there are n — 1 C! unique mappings 6; defined
on a neighborhood of x,(0) = z,0 say |z, — x| < €, such that x;,p =
0i(Tno),i=1,....,n—1and f;(61(z,),...,0h-1(T0),zn) — fi(X0) =0,i =
1,...,n— 1. We define the open region M = {x € R" : |z, — z,0| < €}
of xg, where the implicit function theorem holds.

Next, consider the functions f;(x) — fi(xo),? = 1,...,n — 1, plus
fn(x) = x,. The n x n Jacobian matrix of these n functions at xg is also
nonsingular, i.e. |J(xo)| = |Jn(x0)|] # 0. We know that f;(x) — fi(xo),
i=1,...,n—1and f,(x) = z, are C'. Applying the inverse function
theorem (see [2]), we have that there is a neighborhood B of x¢ such
that for every x € B the mapping F(x) = (fi1(x) — f1(x0), -+, fu-1(X) —
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Jn_1(X0), fn(x))T is a diffeomorphism. We define the open region A =
M N B of xq, where both theorems hold.

Suppose that we have a point of the solution of (1) x(a), which belongs
to A. For this point we have that:

1. fi(x(a))—fi(x0)=0,i=1,...,n—1, from the fact that df;(x(t))/dt =
0 and fo(x(a)) = zn(a).

2. fi(01(zn(a)),...,0h-1(zn(a)), xn(a)) — fi(x0) = 0,0 =1,...,n — 1,

from the implicit function theorem and f,(x(a)) = x,(a).

Since F(x) is a diffeomorphism, it is also a bijectivity in A. Since the
images are the same, we have that the corresponding points are also the
same i.e. z;(a) = 0;(x,(a)),i =1,...,n — 1. Because x(a) was arbitrary
we conclude that for every x(t) € A, which of course belongs to the
solution of (1), it holds that x;(t) = 6;(x,(t)),i=1,...,n — 1.

Until now we have proved that every point of the solution of (1), that
belongs to A, must satisfy x;(t) = 0;(z,(t)),i = 1,...,n—1. Now we can

construct the following initial value problem in one variable:
(2) n(t) = (=1)"Ju(02(za(?)), - ., On1(20(t), 2n(t)) ], 2n(0) = Tpo.

From the fact that |J,(x0)| # 0 and the continuity of |J,(x)|, we
conclude that there is a neighborhood N of z,0 such that (2) has a
unique solution z,(t) (recall the result from Section 1). The uniqueness
for the rest x;(¢) holds, since every variable of the solution in AN N must
satisfy z;(t) = 0;(z,(t)),i = 1,...,n — 1 and z,(t) is unique. Thus x(t)
is unique in A N N and the proof is complete.

Let us now claim that for every x € R™ there is a nonsingular Ji(x).
If this holds, we have that the solution x(¢) is globally unique in R"™ for
every Xo. Note that under this assumption, the dynamical system (1)
does not have equilibrium points and vice versa. The following corollary

states exactly that:
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Corollary 1 Suppose that (1) does not have equilibrium points. Then

its solution is globally unique.

At this point it is necessary to understand that the existence and the
uniqueness theorems have a meaning only as long as the solution of (1)
has a finite norm. This means that these results may be applied locally or
globally in R™, while their application takes place on an open interval of
time (maximal interval), where the solution remains finite. For instance
in the case of finite escape time of a solution the maximal interval can
be (a,b), where b < oo.

The lack of equilibria in (1) is not the only case where the theorem
can be applied globally. Suppose that there is an f; of the n — 1 C*
functions whose value at xq is different from the value at any equilibrium
of (1). Then f;(x(t)) = ¢ guarantees that x(t), a point on the solution,
will remain away from the equilibria of (1). Thus for every x(¢) on the
solution we have that there is a |Jx(x(t))| # 0 and so the uniqueness

theorem is applied globally. We briefly state that as:

Corollary 2 Suppose that there is an f; such that f;(xo) = ¢ and f;(x) #
¢, for every x which is an equilibrium point of (1). Then the solution of

(1) is globally unique.

We stress that Corollary 2 can be applied only with respect to the
initial condition xg. It is not as general as Corollary 1 because there
might be initial points of (1) for which Corollary 2 cannot be applied.
Nevertheless, as we will see in the examples its application is sometimes

useful and effective to guarantee uniqueness of solution.

3 Examples

A third order dynamical system of the form (1) is considered. The

functions fi(z,y,z) and fo(z,y,2) are C'. Let us first assume that
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filz,y,2) = o+ 22 and fo(z,y,2) = 2% + h(y) + 2%, where h(y) =
(2/3)y*? +y for y > 0 and h(y) = (—2/3)(—y)*? + y for y < 0.
Note that h(y) is a C' function of y while its second derivative does
not exist for y = 0. Its first derivative is A'(y) = y"/2 + 1 for y > 0
and h'(y) = (—y)"? +1 for y < 0, which is continuous. Now we
have the system: @ = —2zh'(y), § = 4oz — 22, 2 = h'(y). Since
| Js(z,y,2)| = h'(y) > 0 from Corollary 1 we conclude that the system
has a unique solution globally, even if we start from points where y = 0.
We stress that A’ (y) does not satisfy a local Lipschitz condition at y = 0
and of course it has discontinuous derivatives at y = 0. Thus we cannot
conclude uniqueness of the solution from known results.

Let us next define fi(x,y,2) = k(z) + k(y) + 2% and fao(x,y,2) =
y — x, where k(x) = (2/3)2%/2 for x > 0 and k(x) = (—2/3)(—2)%? for
r < 0. Again k(z) is a C! function of x while its second derivative does
not exist for x = 0. Its first derivative is k'(z) = z'/2 for x > 0 and
E'(z) = (—2)Y? for x < 0, which is continuous. We have the system:
i = -2z, 9= —2z %=k (x)+ k'(y). The system has an equilibrium
at (0,0,0). If we start from a point xo = (o, Yo, 20) Where z¢ # yo then
fa(x0) = yo — xo # 0. Since f»(0,0,0) = 0 from Corollary 2 we have
that the solution is unique. Note that for this case the Jacobian matrix
| Js(z(t),y(t), 2(1))] = k' (x(t)) + k' (y(t)) > 0. Again we cannot imply
global uniqueness from known results (although local uniqueness for this
case is ensured), since k' (z) + k' (y) does not satisfy a global Lipschitz

condition and it has discontinuous derivatives at x=0 and y=0.
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Differential sandwich theorems for some
analytic functions defined by certain linear
operators !

M. K. Aouf, A. O. Mostafa

Abstract
In this investigation, we obtain some applications of first order
differential subordination and superordination results involving
the multiplier transformation and Al-Oboudi operator for certain

normalized analytic functions in the open unit disc.

2010 Mathematics Subject Classification: 30C45.
Key words and phrases: Analytic functions, differential
subordination , superordination, sandwich theorems, multiplier
transformation, Al-Oboudi operator.

1 Introduction

Let H(U) be the class of analytic functions in the unit disk U = {z € C :
|z| < 1} and let Hla, k] be the subclass of H(U) consisting of functions

of the form:

(1.1) f(2) =a+apz® + ap 12" (a € C).

! Received 9 September, 2009
Accepted for publication (in revised form) 20 October, 2010
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Also, let A be the subclass of H(U) consisting of functions of the form:
(1.2) f(2) =2+ a2 + ...

If f, g € H(U), we say that f is subordinate to g, written f(z) < g(z)
if there exists a Schwarz function w(z), which (by definition) is analytic
in U with w(0) = 0 and |w(z)] < 1 for all z € U, such that f(z) =
g(w(z)), z € U. Furthermore, if the function g(z) is univalent in U, then

we have the following equivalence, (cf., e.g.,[5], [10]; see also [11]):

f(z) < 9(2)(z € U) & f(0) = g(0) and f(U) C g(U).

Let p,h € H(U) and let ¢(r, s,t;2) : C®xU — C. If p and ¢(p(z2), 2p'(2),
2?p"(z);z) are univalent and if p satisfies the second order

superordination

(1.3) hz) < p(p(z), 20 (2),2°p"(2); 2),

then p is a solution of the differential superordination (1.3). Note that if f
is subordinate to g, then g is superordinate to f. An analytic function ¢ is
called a subordinant if ¢(z) < p(z) for all p satisfying (1.3). A univalent
subordinant ¢ that satisfies ¢ < ¢ for all subordinants of (1.3) is called the
best subordinant. Recently Miller and Mocanu [12] obtained conditions

on the functions h,q and ¢ for which the following implication holds :

(1.4) h(z) < ¢(p(2), 2p'(2), 2°p"(2); 2) = a(2) < p(2).

Using the results of Miller and Mocanu [12], Bulboa¢a [4] considered
certain classes of first order differential superordinations as well as
superordination preserving integral operators [6]. Ali et al. [1], have used
the results of Bulboac¢a [4] to obtain sufficient conditions for
normalized analytic functions to satisfy:

2f'(2)

1(2) <= =5 < @2(2),

f(2)
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where ¢; and ¢y are given univalent functions in U. Also, Tuneski [16]

obtained a sufficient condition for starlikeness of f in terms of the

"
quantity J1E)IE) Recently, Shanmugam et al. [15] obtained sufficient

(f'(z))*
conditions for the normalized analytic function f to satisfy
f(z)
2f'(2)

Q(z) < < @2(2)

and
2f'(2)
{f(2)}?

where ¢; and ¢y are given univalent functions in U with ¢;(0) = 1 and

q(z) < < @2(2),

¢2(0) = 1. They [15] also obtained results for functions defined by using
Carlson-Shaffer operator and Salagean operator.
For any real number o, Cho and Kim [7] defined the

multiplier transformations I§ of functions f € A by

R A

Obviously, we observe that
IZ(I)f(2) = ITT7 f(2) (o, real),

If(2) = f(2), Iif(2) = 2f'(2), I f(2) = 2(f'(2) + 2f"(2))

and
(1.6) I3 f(2)) = (L+O)ITH f(2) = 017 f(2).
For all real integer o and 6 = 1, the operator I was studied by

Uralegaddi and Somanatha [17], and for ¢ = —1 the operator I{ is the
integral operator studied by Owa ana Srivastava [13]. Furthermore, for
any negative real number o and 6 = 1, the operator I§ is the multiplier
transformation studied by Jung et al. [9] (see also [3]), and for any non-

negative integer o and § = 0, the operator I{ is the differential operator
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defined by Salagean [14]. In fact the operator I{ is related rather closely
to the multiplier transformation studied by Flett [8].

For f(z) € A, A > 0 real number, Al-Oboudi [2] defined the differ-
ential operator DY f(z) (n € Ny = NU {0}, where N = {1,2,...}) as
follows:

DY f(z) = f(2)
Dl f(z) = Dy f(x) = (1= M) F(2)+ Az f'(2) . A>0,
D} f(z) = Dy (Dy f(2)),

and
DY f(z) = DA(DY™" f(2)) (n € N;A>0).

When A =1 we get the Salagean differential operator [14]. It is easily
seen that

(1.7) D} f(z):z—l—i [T+ X (k—1)]"ax 2" (n € Ng; A > 0).

Obviously, we observe that

(1.8) A2(Dy f(2)) = DY f(2) = (1 =MD f(2) (A>0).

2 Definitions and preliminaries

In order to prove our results, we shall make use of the following known
results.

Definition 1 [12]. Denote by Q, the set of all functions f that are
analytic and injective on U \ E(f), where

E(f) =18 € 0U : lim f(2) = oo},

and are such that f'(§) # 0 for £ € OU \ E(f).
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Lemma 1 [11]. Let q be univalent in the unit disk U and 6 and ¢ be
analytic in a domain D containing q(U) with p(w) # 0 when w € q(U).
Set

(2.1) U(z) = 2¢'(2)p(q(z)) and h(z) = 0(q(2)) +¥(z).
Suppose that

(1) ¥(z) is starlike univalent in U,

(77) Re {ZJ;;(ZZ))} >0 for z € U.

If p is analytic with p(0) = q(0), p(U) € D and

(2.2) 0(p(2)) + 2p'(2)p(p(2)) < 0(q(2)) + 24 (2)p(q(2)),

then p(z) < q(z) and q is the best dominant.
Taking #(w) = aw and p(w) = 7 in Lemma 1, Shanmugam et al.

[15] obtained the following lemma.

Lemma 2 [15]. Let q be univalent in U with q(0) = 1. Let a € C,~y €
C* = C\{0}, further assume that

() e
Re{l—i— 702) }>max{0, Re(a/v)}.

If p is analytic in U, and
ap(z) + yzp'(z) < aq(z) + v2q'(2),

then p < q and q s the best dominant.

Lemma 3 [4]. Let q be convex univalent in U and ¥ and ¢ be analytic

in a domain D containing q(U). Suppose that

(1) Re{d'(q(2))/¢(a(2))} > 0 for z € U,
(17) ¥(2) = 2¢'(2)P(q(2)) is starlike univalent in U.
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If p(z) € H[q(0),1]NQ, with p(U) C D, and 9(p(2)) + 2p'(2)¢(p(2)) is

untvalent in U and

(2.3) (q(2)) + 2q'(2)6(q(2)) < V(p(2)) + 2p'(2)p(p(2)),

then q(z) < p(z) and q is the best subordinant.
Taking #(w) = aw and p(w) = 7 in Lemma 3, Shanmugam et al.
[15] obtained the following lemma.

Lemma 4 [15]. Let q be convex univalent in U, q(0) = 1. Let o,y € C
and Re{a/~v} > 0. If p € H[q(0),1] N Q, ap(z) + vzp'(z) is univalent in
U and

aq(z) +v2q'(2) < ap(2) +vzp/(2),

then q¢ < p and q s the best subordinant.

3 Applications to multiplier transformation

and sandwich theorems

Theorem 1 Let q be convex univalent in U with ¢(0) = 1, v € C*.

Further, assume that

(2 .
(3.1) Re{l—i— 70 } > max{0, — Re(1/7)}.
If fe A, and
750 10410\ I

52) s+ 1= SESEE <) e ),
then 17 4(2)

i R A

GBI

and q s the best dominant.
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Proof. Define a function p by

(3.3) (o) = 2IE) ey

I77f(2)

Then the function p is analytic in U and p(0) = 1. Therefore, differenti-
ating (3.3) logarithmically with respect to z and using the identity (1.6)

in the resulting equation, we have

1£1(2) | BIOEP)
7 G) THRIBIE

that is, that

+7(1+9) = p(z) + 20/ (2),

p(2) +y20'(2) < q(2) + 724 (2)

and therefore, the theorem follows by applying Lemma 2.
Now, by appealing to Lemma 4, it can be easily prove the following

theorem.

Theorem 2 Let q be convex univalent in U. Let v € C with Re~y > 0. If

rea 251G oy,

I f(2)

15 (2)
ITf(2)

1s univalent in U, and

+7u+ﬁ)b_13ﬂd¥”f@q7

I3 (=)

157 f(2)
I7Tf(2)

q(2) +v2q'(2) <

o[- BLAE ),

[I§H f(2)]?
then 17 (2)

z s i
Q< ) = ]g+1f(z)

and q is the best subordinant.

Combining Theorem 1 and Theorem 2, we get the following sandwich

theorem.
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Theorem 3 Let v € C with Rey > 0, ¢ be conver univalent in U

and gs be univalent in U, ¢2(0) = 1 and satisfies (3.1). If f € A, 0 #
1§ f(2)

]O’+1f( ) € H[L 1] N Q7
5 zZ
125(2) IR
Ty D) [1 I )P }

18 univalent i U, and

15 f(2)
I (2)

< q2(2) + 7v2q5(2),

¢ (2) +vzq1(2) <

+7(1+9) {1 - Igf(z)lgﬁf(z)}

15 f(2))?

then 17 1(2)
F A
)

and qyand qo are, respectively, the best subordinant and the best dominant.

< QQ(Z)

Taking 6 = 0 in Theorems 1, 2 and 3, we have results improve that
obtained by Shanmugam et al. [15, Theorems 5.1, 5.2 and 5.3,
respectively].

Taking 6 = ¢ = 0 in Theorems 1, 2 and 3, we obtain the results
obtained by Shanmugam et al. [15, Theorems 3.1, 3.2 and Corollary 3.3,

respectively].

Theorem 4 Let q be convex univalent in U, v € C, Re{~} > 0. Further,
assume that (3.1) holds. If f € A satisfies

ZIU—Hf() 0'+2 (Z []a—i-l (Z)P ,
o 0 | TR | TR < e ()
then I"“f( )

ya 5 z -
igrp <1

and q s the best dominant.
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Proof. Define the function p(z) by

A7 (2)
15 f(2)]?

Then, simple computations show that

p(z) = (z € U).

z
15 ”f (2)]?
Applying Lemma 2 , the theorem follows.

cr+1 (

p(2)yzp (2) = (14 (146) =27 A5 f (z] 25T f(2)P

) [[I”f( O

Theorem 5 Let q be convex univalent in U. Let v € C with Re~y > 0. If

feA, % e H[1,1]nQ,
27 f(2) JATf()] AT ()
[14+~(1+9)] TTBE + (1 +9) { [Igf(z)]2] 9 ek

1s univalent in U, and

y 217 (2) N DI Ok
02120 () < () e+ (149) [[Ié’f(Z)P} 2P
then I"+1f( )
. z 5 z
1) = erp

and q 1s the best subordinant.

Proof. The proof follows by applying Lemma 4.
Combining Theorem 4 and Theorem 5, we get the following sandwich
theorem.
Theorem 6 Let v € C with Rey > 0, ¢ be convex univalent in U and
]a—i-l
¢z be univalent in U, q2(0) = 1 and satisfies (3.1). If f € A, [f—(f)(]Q) €
H[1,1]NQ,

IO
Ik

rf“f(z)] L ARTE)P

1 +7(+9) 1R | UG

(1+5)[



20 M. K. Aouf, A. O. Mostafa

18 univalent i U, and

e I (e AP Rl GO
w(Hreae) < ol e | FEER 2
< @2(2) +72¢5(2),

then 17 ()
)< 28 T
W= Trpip <)

and qyand qo are, respectively, the best subordinant and the best dominant.

Taking 6 = 0 in Theorems 4, 5 and 6, we get the results obtained by
Shanmugam et al. [15, Theorems 5.4, 5.5 and 5.6, respectively].

Taking ¢ = 6 = 0 in Theorems 4, 5 and 6, we get the results
obtained by Shanmugam et al. [15, Theorems 3.4, 3.5 and Corollary
3.6, respectively].

4 Applications to Al-Oboudi operator and

sandwich theorems

Theorem 7 Let q be convex univalent in U with q(0) = 1, v € C*.
Further, assume that the condition (3.1) holds. If f € A, A >0 and

Dif(z) |~ Dy f(2) Dy f(2) :
4.1 a1 - . < q(2) + 724 (2),
WD ot AT T e | )
then Dy (o)
)\ Z
A <
Dyt <)
and q s the best dominant.
Proof. Define a function p by
D3 f(z2)

(4.2) p(z) =

T Dy G
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Then the function p is analytic in U and p(0) = 1. Therefore,
differentiating (4.2) logarithmically with respect to z and using the

identity (1.8) in the resulting equation, we have

DY) v [, DRSS ()

Dyt f(z) A (DY ()]
that is, that

=p(2) +v2p'(2) (A>0),

p(2) + 720/ (2) = q(2) + y2q'(2)
and therefore, the theorem follows by applying Lemma 2.
Now, by appealing to Lemma 4, it can be easily prove the following
theorem.
Theorem 8 Let g be convex univalent in U. Let v € C with Rey > 0. If

FeAN>0, ggg e H[1,1]NQ,

Dif(z) A [, DLf()DYf(2)
.m“ﬂ@+XP‘ Lmﬂﬂmz]

1s univalent in U, and

/ Dyf(z) o[, Dif(z)Dy"f(2)
o) o) < s + 5 [1 - Hparian
then Dy F(2)
Yf(z
e
and q is the best subordinant.

Combining Theorem 7 and Theorem 8, we get the following sandwich

theorem.

Theorem 9 Let v € C with Rey > 0, ¢ be conver univalent in U
and qa be univalent in U, ¢2(0) = 1 and satisfies (3.1). If f € A\ >

D3 f(2)
O, W GH[l,l]ﬂQ,
Dif(2)

| DUEIDLRC)
Dyf(2)

(D3 f(2)]2

J
A
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18 univalent i U, and

D3 f(z)

| DMEIDG)
Dy (2)

(D3 (=)

01(2) + 7244 (=) < 1

< g2(2) +72¢5(2),

then DY)
A Z
Dy

and qyand qo are, respectively, the best subordinant and the best dominant.

G(z) <

Remark 1 (i) Taking A = 1 in Theorems 7, 8 and 9, we have results
improve that obtained by Shanmugam et al. [15, Theorems 5.1, 5.2 and
5.3, respectively].

(77) Taking A = 1 and n = 0 in Theorems 7, 8 and 9, we obtain
the results obtained by Shanmugam et al. [15, Theorems 3.1, 3.2 and
Corollary 3.3, respectively].

Theorem 10 Let q be convex univalent in U, v € C*. Further, assume
that (3.1) holds. If f € A, >0 satisfies

7, 2Dy f(2)
SN TTIBTE

Y [DE () ADEP ()P
N DR T DUGP

< q(z) +v2q'(2),

then
2Dy f(2)
[Dyf(2)]?

and q s the best dominant.

=< q(z)

Proof. Define the function p(z) by

2Dy f(2)

P& = TR

(z€U).
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Then, simple computations show that

p(x)+720 () = (145)

eDYTf(z) |y [2DRF(z) A DY ()
[DXf1 A LD (=) [DXf(2)]

Applying Lemma 2 , the theorem follows.

Theorem 11 Let q be convexr univalent in U. Let v € C with Rey > 0.

D f(z)
If fe AJA>0, —[Dﬁf(z)P € H[1,1]NnQ,
Y ZDY () oy [2DYRA) L AD )P
Y Der T [ DR 2 DGR } ’

1s univalent in U, and

e Y ZDI() oy [eDYRA) L ADY )P
12+ 720 (@) = L+ O Tpe e A[[Dx‘f(zﬂ? DI )P 1
then D"*lf( )

1) = DR

and q 1s the best subordinant.

Proof. The proof follows by applying Lemma 4.
Combining Theorem 10 and Theorem 11, we get the following

sandwich theorem.

Theorem 12 Let v € C with Rey > 0, q1 be conver univalent in U
and qa be univalent in U, q3(0) = 1 and satisfies (3.1). If f € A\ >

DI f(2)
e
VDI (2) |y [EDRf(2) 2 [DR ()P
L Dfor [ Dy P DY) }

18 uniwvalent in U, and

/ 1 2DEG) |y
() +920) < (14D B+ |

2Dy f(2) Z[Dl‘“f(?«‘)q
[Dyf(2)]? INVICIL



24 M. K. Aouf, A. O. Mostafa

< q2(2) + v2q5(2),

then
2Dy f(2)
(D} f(2)]?

and qyand qo are, respectively, the best subordinant and the best dominant.

@(z) < < q2(2)

Remark 2 (i) Taking A =1 in Theorems 10, 11 and 12, we obtain the
results obtained by Shanmugam et al. [15, Theorems 5.4, 5.5 and 5.6].

(77) Taking A = 1 and n = 0 in Theorems 10, 11 and 12, we obtain
the results obtained by Shanmugam et al. [15, Theorems 3.4, 3.5 and
Corollary 3.6].
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A strong form of strong 6-continuity *

Miguel Caldas

Abstract

A new class of function, called strongly faintly A-continuous
function, has been defined and studied. Relationships among
strongly faintly A- continuous functions and A-connected spaces,
A-normal spaces and A-compact spaces are investigated. Fur-
thermore, the relationships between strongly faintly A-continuous

functions and graphs are also investigated.
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1 Introduction

Recent progress in the study of characterizations and generalizations of
continuity, compactness, connectedness, separation axioms etc. has been
done by means of several generalized closed sets. The first step of general-
izing closed set was done by Levine in 1970 [12]. The notion of generalized
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closed sets has been studied extensively in recent years by many topolo-
gist because generalized closed sets are the only natural generalization of
closed sets. More importantly, they also suggest several new properties
of topological spaces. Maki [14] introduced the notion of A-sets in topo-
logical spaces. A subset A of a topological space (X, 7) is said to be a
A-set if it coincides with its kernel (the intersection of all open supersets
of A). As a generalization of closed sets, A-closed sets were introduced
and studied by Arenas et al. [1] and presented fundamental results for
these sets. Nasef and Noiri [21] introduce three classes of strong forms
of faintly continuity namely: strongly faint semicontinuity, strongly faint
precontinuity and strongly faint S-continuity. recently Nasef [19] defined
strongly forms of faint continuity under the terminologies strongly faint
a-continuity and strongly faint v-continuity. In this paper using A-open,
strongly faint A-continuity is introduced and studied. Moreover, basic
properties and preservation theorems of strongly faintly A\- continuous
functions are investigated and relationships between strongly faintly A-

continuous functions and graphs are investigated.

2 Preliminaries

Throughout the paper (X, 7) and (Y, o) (or simply X and Y') represent
topological spaces on which no separation axioms are assumed unless
otherwise mentioned. For a subset A of a space (X, 7), cl(A), int(A) and
X\ A denote the closure of A, the interior of A and the complement of A
in X, respectively. A subset A is said to be #-open [13] if for each x € X
there exists an open set U such that x € U C cl(U) C A. It follows
from [25] that the collection of f-open sets in a topological space (X, 7)
forms a topology 7y for X. The complement of a #-open is said to be
f-closed. A point z € X is called a -cluster point of A if c/(V) N A # ()
for every open set V of X containing x. The set of all #-cluster points of
A is called the #-closure of A and is denoted by clg(A). Alternatively A
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is O-closed if cly(A) = A.
We recall the following definitions, which are well-known and are

useful in the sequel.

Definition 1 A subset A of a space (X, 7) is called semi-open [11] (resp.
a-open [18], preopen [15], B-open [2], v-open [8]) if A C cl(Int(A))
(resp. A C int(cl(int(A))), A C int(cl((A)), A C cl(int(cl(A))), A C
cl(int(A)) Uint(cl(A))).

Let A be subset of X. Then A is said to be A-closed [1] if A = BN C,
where B is a A-set and C' is a closed set. The complement of a A-closed
set is called a A\-open set. A point x in a topological space (X, 7) is called
a A-cluster point of A [5] if every A-open set U of X containing z such
that ANU # (). The set of all A\-cluster points is called the \-closure of
A and is denoted by ¢l\(A) ([1, 5]).

A Point x € X is said to be a A-interior point of A if there exists a Al-open
set U containing x such that U C A. The set of all A-interior points of
A is said to be Minterior of A and is denoted by inty(A).

Lemma 1 [1, 5]. Let A, B and A; (i € I) be subsets of a topological
space (X, 7). The following properties hold:

(1) If A; is A-closed for each i € I, then MierA; is A-closed.
(2) If A; is A-open for each i € I, then UicrA; is A-open.
(3) A is A-closed if and only if A = cl\(A).

(4) A is X-open if and only if A = inty(A).

(5) clh(A) =n{F € \C(X,7): AC F}.

(6) A C cly(A).

(7) If A C B, then cly(A) C cl\(B).

(8) clx(A) is A\-closed.

(9) clx (X \A) = X\int)(A).

We have the following diagram in which the converses of implications

need not be true.
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A-open <  open <+ O-open —  [B-open
\ N\ T
preopen < o«-open — semiopen

Definition 2 A function f : (X, 7) — (Y, 0) is said to be strongly faintly
semicontinuous [21] (resp. strongly faintly precontinuous [20], strongly
faintly B-continuous [21], strongly faintly a-continuous [19], strongly faintly
~-continuous [19]) if for each x € X and each semiopen (resp. preopen,
B-open, a-open, y-open) set V of Y containing f(x), there exists a 0-open
set U of X containing x such that f(U) C V.

Definition 3 A function f: (X, 1) — (Y, 0) is said to be:

(i) quasi 0-continuous [10], if f~1(V) is 0-open in X for every 0-open
set V of Y.

(ii) A-irresolute [5], if f~1(V') is A-open in X for every X-open set V of
Y.

(iii) A-continuous [1], if f~1(V') is A-open in X for every open set V of
Y.

(iv) strongly 0-continuous [23], if f~1(V) is O-open in X for every open
set V of Y.

3 Strongly faintly A-continuous functions

Definition 4 A function f: (X,7) — (Y, 0) is said to be strongly faintly
A-continuous if for each x € X and each A-open set V of Y containing
f(z), there exists a 0-open set U of X containing x such that f(U) C V.

Theorem 1 For a function f : (X, 7) — (Y, 0), the following statements
are equivalent:

(i) f is strongly faintly A-continuous;

(1) f:(X,19) — (Y, 0) is strongly A-continuous;

(iii) f~1(V) is O-open in X for every A-open set V of Y;

(iv) f~Y(F) is O-closed in X for every \-closed subset F of Y.
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Proof. (i)=-(iii): Let V be an M-open set of Y and x € f~*(V). Since
f(z) € V and f is strongly faintly A-continuous, there exists a f-open
set U of X containing x such that f(U) C V. It follows that x € U C
f~Y(V). Hence f~*(V) is f-open in X.

(iii)=-(i): Let z € X and V be an A-open set of Y containing f(x).
By (iii), f7'(V) is a f-open set containing . Take U = f~'(V). Then
f(U) Cc V. This shows that f is strongly faintly A-continuous.
(iii)=(iv): Let V be any A-closed set of Y. Since Y \ V is an A-open set,
by (iii), it follows that f~'(Y\V) = X\ f~}(V) is f-open. This shows
that f~1(V) is f-closed in X.

(iv)=-(iii): Let V' be an A-open set of Y. Then Y\V is A-closed in Y. By
(iv), fFHY\V) = X\ f~}(V) is -closed and thus f~(V) is f-open.
(i)<(ii): Clear.

The relationships between this new class of functions and other cor-

responding types of functions are shown in the following diagram.
s.0-continuous <+ s.faintly\-continuous

N
4 s. faintlya-continuous
/! N
s. faintly s. faintly
precontinuous semicontinuous
N /
s. faintly~y-continuous

4

s. faintly B-continuous

However, none of these implications is reversible as shown by the

following examples and well-known facts.

Example 1 (i) In ([21], Ezamples 3.2) is showed a strong faint semi-

continuity which is not a strong faint precontinuity.
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(11) In ([19], Examples 4.3, (resp. Ezamples: 4.4 and 4.5)) is showed a
strong faint semicontinuity which is not a strong faint y-continuity resp.
a strong faint precontinuity which is not a strong faint ~v-continuity and
a strong faint y-continuity which is not a strong faint B-continuity).

(111) Using Ezample 3.2 of [21], this is easily observed that a strongly

faint a-continuity need not be strongly faint \-continuity.

A function f: (X,7) — (Y,0) is called strongly A-continuous if f~(V)
is open in X for every A-open set V of Y.

Theorem 2 If a function f : (X,7) — (Y,0) is strongly faintly

A-continuous function, then it is strongly \-continuous.

If (X, 7) is a regular space, we have 7 = 7y and the next theorem follows

immediately.

Theorem 3 Let (X,7) be a reqular space.  Then for a function
f:(X,7) = (Y,0) the following properties are equivalent:
(i) f is strongly A-continuous.

(1) f is strongly faintly \-continuous.

Recall that, a topological space (Y, o) is said to be locally indiscrete if

every open subset of (Y, o) is closed.

Lemma 2 [/] A space (Y,0) is locally indiscrete if and only if every
X-open set of (Y, o) is open.

A space X is said to be submaximal if each dense subset of X is open in
X and extremaly disconnected (ED for short) if the closure of each open

set of X is open in X.

Theorem 4 Let (Y,0) be a submazimal ED, locally indiscrete space.
Then the following are equivalent for a function f: (X,7) — (Y,0):
(1) [ is strongly faintly a-continuous,

(11) f is strongly faintly v-continuous,
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(111) f is strongly faintly semicontinuous.
(iv) f is strongly faintly precontinuous.
(v) [ is strongly faintly [-continuous.
(vi) f is strongly 0-continuous.

(vii) f is strongly faintly A-continuous.

Proof. By [21] we have (i) = (ii) = (iii) = (w) = (v) = (vi) =
(1) (since that X is submaximal and DE then 0 = 0“ = 7O(Y,0) =
SO(Y,0) = PO(Y,0) = BO(Y, 0)).

(vi) < (vid): This follows from the fact that if (Y, o) is locally indiscrete
then o = AO(Y, o).

Theorem 5 If f : X — Y is strongly faintly A-continuous and g - Y —
Z s A\-irresolute, then go f : X — Z is strongly faintly A-continuous.

Proof. Let G € N\O(Z). Then ¢g7'(G) € AO(Y) and hence (gof) 1 (G) =
Y9 Y@)) is -open in X. Therefore gof is strongly faintly A-continuous.

Theorem 6 The following statements hold for functions f : X —'Y and
g:Y = Z:

(1) If both f and g are strongly faintly §-almost continuous, then the
composition go f : X — Z is strongly faintly d-almost continuous.

(11) If f strongly faintly A-continuous and g is a \-continuous, then go f
15 strongly A-continuous.

(111) If [ strongly faintly \-continuous and g is a A-continuous, then go f
18 strongly 0-continuous.

() If f is quasi O-continuous and g is strongly faintly A-continuous, then
g o f is strongly faintly A-continuous.

(v) If f is strongly O-continuous and g is strongly faintly \-continuous,
then g o f is strongly faintly \-continuous.

Definition 5 A 0-frontier of a subset A of (X, 1) is Fre(A) = clg(A) N
Clg(X\A)
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Theorem 7 Let (X,7) be a regular space. Then the set of all points
x € X in which a function f: (X, 1) = (Y,0) is not strongly faintly \-
continuous at x 1s identical with the union of the 0-frontier of the inverse

images of A-open subsets of Y containing f(z).

Proof. Necessity. Suppose that f is not strongly faintly A-continuous at
x € X. Then there exists a A\-open set V' of Y containing f(z) such that
f(U) is not a subset of V' for each U € 7y containing x. Hence we have
UnN(X\f1(V)) # 0 for each U € 7 containing x. Since X is regular,
it follows that € clp(X\f~*(V)). On the other hand we have that,
re [7YV) Cclp(f~HV)). This means that z € Fry(f~1(V)).
Sufficiency. Suppose that z € Fro(f~1(V)) for some V € NO(Y, f(x)).
Now, we assume that f is strongly faintly A-continuous at x € X. Then
there exists U € 7y containing z such that f(U) C V. Therefore, we have
U C f~Y(V) and hence z € inty(f~1(V)) C X\Fro(f~*(V)). This is a
contradiction. This means that f is not strongly faintly A-continuous.

Definition 6 (i) A space (X, T) is said to be A\-connected [3] (resp. 6-
connected) if X cannot be written as the union of two nonempty disjoint
A-open (resp. 0-open) sets.

(1) A subset K of a (X, 7) space is said to be, A\-compact [3] (resp. 0-
compact [10]) relative to (X, ), if for every cover of K by A-open (resp.
0-open) has a finite subcover. A topological space (X,T) is A-compact
(resp. 0-compact) if the set X is \-compact (resp. 0-compact) relative to
(X, 7).

Theorem 8 If f : (X,7) — (Y,0) is a strongly faintly \-continuous
surjection function and (X, T) is a 0-connected space, then Y is a A-

connected space.

Proof. Assume that (Y, o) is not A-connected. Then there exist nonempty
M-open sets Vi and V5 of Y such that Vi N Vo = @ and V; U V, =Y.
Hence we have f~'(Vy) N f~1(Va) =@ and f~1(V1) U f~1(V5) = X. Since



A strong form of strong 0-continuity 35

f is surjective, f~1(V}) and f~1(V4) are nonempty subsets of X. Since
f is strongly faintly A-continuous, f~1(V}) and f~1(V%) are #-open sets
of X. Therefore (X, 7) is not f-connected. This is a contradiction and

hence (Y, 0) is A-connected.

Theorem 9 If f : (X,7) — (Y,0) is a strongly faintly \-continuous,
then f(K) is A\-compact relative to (Y,o) for each subset K which is

0-compact relative to (X, 7).

Proof. Let {V; : i € I} be any cover of cover of f(K) by A-open sets.
For each x € K, there exists i, € I, such that f(z) € V;,. Since f
is strongly faintly A-continuous, there exists U, € 7y containing x such
that f(U,) C V;,. The family {U,) : x € K} is a cover of K by 0 sets
of (X, 7). Since K is f-compact relative to (X, 7), there exists a finite
subset K, of K such that K C |J{U, : v € Ky}. Therefore, we obtain
f(K) c U{fU,) : 2 € Ko} € |U{Vi, : * € Ko}. Therefore, f(K) is
A-compact relative to (Y, o).

Theorem 10 The surjective strongly faintly A-continuous image of a 0-

compact space is A-compact.

Proof. Let f: (X,7) — (Y,0) be a strongly faintly A-continuous func-
tion from a #-compact space X onto a space Y. Let {G,: « € I} be any
A-open cover of Y. Since f is strongly faintly A-continuous, {f~}(G,):
a € I} is a f-open cover of X. Since X is f-compact, there exists a finite
subcover {f71(G;) :i =1, 2, ... n} of X. Then it follows that {G;: i =

1,2, ... n} is a finite subfamily which cover Y. Hence Y is A\-compact.

4 Separation Axioms

Recall, that a topological space (X, 7) is said to be:
(i) A-T% [5] (resp. 0-T}) if for each pair of distinct points z and y of X,

there exists A-open (resp. 6-open) sets U and V' containing z and y,
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respectively such that y ¢ U and x ¢ V.

(il) A-Ty [5] (resp. 6-T5 [24]) if for each pair of distinct points z and y in
X, there exists disjoint A-eopen (resp. 6-open) sets U and V' in X such
that re Uandy € V.

Remark 1 (i) [6] Hausdorff < 0-T;.
(’LZ) /9/ To < N1 < N Ts.

Theorem 11 If f : (X,7) — (Y,0) is strongly faintly \-continuous
injection and Y is a Ty space, then X is a 0-Ty (or Hausdorff) space.

Proof. Suppose that Y is Tj. For any distinct points z and y in X,
then by Remark 1(ii) there exist VW € AO(Y') such that f(x) € V,
fly) ¢ V, f(x) ¢ W and f(y) € W. Since [ is strongly faintly \-
continuous, f~1(V) and f~'(W) are 6-open subsets of (X, 7) such that
re Y V), yé¢ fFYV),x¢ 71 (W) and y € f~1(W). This shows that
X is 6-T' (equivalently Hausdorff by Remark 1(i)).

Theorem 12 If f : (X,7) — (Y,0) is strongly faintly \-continuous

imjection and Y s a Ty space, then X is a 0-Ty space.

Proof. Suppose that Y is 7. For any pair of distinct points z and y
in X, there exist disjoint A-open sets U and V' in Y such that f(z) € U
and f(y) € V (Remark 1(ii)). Since f is strongly faintly A-continuous,
fHU) and f~1(V) are f-open in X containing x and y, respectively.
Therefore, f~(U)N f~(V) = 0 because U NV = ). This shows that X
is 0-T5.

Theorem 13 If f,g: X — Y are strongly faintly A-continuous functions
and Y is Ty, then E = {x € X: f(z) = g(x)} is closed in X.

Proof. Suppose that x ¢ E. Then f(z) # g(x). Since Y is Ty and by
Remark 1(ii), there exist V € XAO(Y, f(z)) and W € AO(Y, g(z)) such
that VN W = (. Since f and g are strongly faintly A-continuous, there
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exist a f-open U set of X containing x and a #-open G set of X containing
x such that f(U) C V and g(G) C W. Set D =UNG. then DN E =
() with D a subset 6-open hence open such that x € D. Then z ¢ cl(E)
and thus F' is closed in X.

Definition 7 A space (X, 7) is said to be: (i) O-reqular (resp. A-regular)
if for each 0-closed (resp. A-closed) set F' and each point x ¢ F, there
exist disjoint 0-open (resp. A-open) sets U and V' such that F C U and
reV.

(i1) 0-normal (resp. A-normal) if for any pair of disjoint 0-closed (resp.
A-closed) subsets Fy and Fy of X, there exist disjoint 0-open (resp. \-
open) sets U and V' such that Fy C U and F, C V.

Recall that, a function f : (X,7) — (Y, 0) is called X-open if f(V) €
AO(Y) for each V' € 7.

Theorem 14 If f is strongly faintly A-continuous @X-open injective func-
tion from a O-reqular space (X, T) onto a space (Y,0), then (Y,0) is A-

reqular.

Proof. Let F' be an A-closed subset of Y and y ¢ F. Take y = f(z).
Since f is strongly faintly A-continuous, f~'(F) is 6-closed in X such
that f~'(y) = x ¢ f~Y(F). Take G = f~}(F). We have z ¢ G. Since X
is f-regular, then there exist disjoint -open sets U and V' in X such that
G C U and z € V. We obtain that F' = f(G) C f(U) and y = f(z) €
f(U) such that f(U) and f(V) are disjoint A-open sets. This shows that
Y is A-regular.

Theorem 15 If f is strongly faintly \-continuous O\-open injective func-
tion from a 0-normal space (X,T) onto a space (Y,o0), then Y is A-

normal.

Proof. Let F; and Fy be disjoint A-closed subsets of Y. Since f is
strongly faintly A-continuous, f~'(Fy) and f~!'(Fh) are f-closed sets.
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Take U = f~1(F)) and V = f~}(Fy). We have UNV = . Since X
is f-normal, there exist disjoint #-open sets A and B such that U C A
and V C B. We obtain that Fy, = f(U) C f(A) and Iy, = f(V) C f(B)
such that f(A) and f(B) are disjoint A-open sets. Thus, Y is A-normal.

Recall that for a function f: (X,7) — (Y, 0), the subset {(z, f(x)) :
r € X} C X xY is called the graph of f and is denoted by G(f).

Definition 8 A graph G(f) of a function f: (X,7) — (Y, 0) is said to
be (0, \)-closed if for each (x,y) € (X x Y)\G(f), there exist a 0-open
U set of X containing x and A-open V set of Y containing y such that
(UxV)nG(f) =0.

Lemma 3 A graph G(f) of a function f : (X,7) — (Y,0) is (0, ))-
closed in X XY if and only if for each (z,y) € (X xY) \ G(f), there
exist a O-open U set of X containing x and \-open V' set of Y containing

y such that f(U)NV = 0.
Proof. It is an immediate consequence of Definition 8.

Theorem 16 If f : (X,7) — (Y,0) is strongly faintly \-continuous
function and (Y, o) is Ty, then G(f) is (6, \)-closed.

Proof. Let (z,y) € (X xY)\G(f), then f(z) # y. Since Y is Tp, then by
Remark 1(ii) there exist A-open sets V and W in Y such that f(z) € V,
y € Wand VNW = (. Since f is strongly faintly A-continuous, f~1(V)
is f-open in X containing x . Take U = f~1(V). We have f(U) C V.
Therefore, we obtain f(U)NW = (). This shows that G(f) is (6, \)-closed.

Theorem 17 Let f: (X, 7) — (Y,0) has (0, \)-closed graph G(f). If f

is a strongly faintly \-continuous injection, then (X, 1) is 0-Ty.

Proof. Let x and y be any two distinct points of X. Then since f is
injective, we have f(x) # f(y). Then, we have (z, f(y)) € (X xY)\G(f).
By Lemma 3, there exist a f-open U set of X and M\-open V set of Y such
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that (z, f(y)) € U x V and f(U)NV = (. Hence U N f~4(V) = 0 and
y ¢ U. Since f is strongly faintly A-continuous, there exists a 8-open W
set of X containing y such that f(W) C V. Therefore, we have f(U) N
f(W) = 0. Since f is injective, we obtain U N W = (). This implies that
(X,7) is 0-T5.

Remark 2 We recall that the space X is called a A-space [1] if the set of
all X-open subsets form a topology on X. Clearly a space X is a A- space
if and only if the intersection of two \-open sets is A-open. A concrete
example of a A\-space is a T% -space, where a space X s called T% if every

singleton is open or closed [7].

Theorem 18 Let (Y,0) be a A-space. If f : (X,7) — (Y,0) has the
(0, X\)-closed graph, then f(K) is A-closed in (Y,o) for each subset K

which 1s 0-compact relative to X .

Proof. Suppose that y ¢ f(K). Then (z,y) ¢ G(f) for each z € K.
Since G(f) is (0, A)-closed, there exist a §-open U, set of X containing x
and A-open V, set of Y containing y such that f(U,)NV, = (). by Lemma
4.7. The family {U, : x € K} is a cover of K by #-open sets. Since K
is O-compact relative to (X, 7), there exists a finite subset K, of K such
that K C (J{U, : x € Ko}. Set V.={V, : z € Ky}. Then V is a A-open
set in Y containing y. Therefore, we have f(K)NV C [U,cg, f(U:)]NV
C Uper, [f(Uz)NV] = 0. Tt follows that y ¢ clx(f(K)). Therefore, f(K)
is A-closed in (Y, o).

Corollary 1 Let (Y,0) be a A-space. If f : (X, 1) — (Y,0) is strongly
faintly X-continuous and (Y, o) is Ty, then f(K) is A-closed in (Y, o) for

each subset K which is 6-compact relative to (X, ).

Proof. The proof follows from Theorems 16 and 18.
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5 Conclusion.

Maps have always been of tremendous importance in all branches of
mathematics and the whole science. On the other hand, topology plays
a significant role in quantium physics, high energy physics and super-
string theory [16, 17]. Thus we have obtained a new class of mappings
called strongly faintly A-continuous which may have possible application

in quantium physics, high energy physics and superstring theory.
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functions !
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Abstract

In this paper, we obtain some subordination results for two

integral operators defined in the open unit disk.
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1 Introduction and definitions

Let A be the class of all analytic functions f(z) defined in the open unit
disk U = {z : |z| < 1} and normalized by the condition f(0) = 0 =
f(0) — 1. For the functions f and ¢ in A, we say that f is subordinate to
g in U, and write f < g, if there exists a Schwarz function w in U with
|lw(z)| < 1 and w(0) = 0 such that f(z) = g(w(z)) in U (see [9]).

L Received 16 June, 2009
Accepted for publication (in revised form) 11 February, 2010

43



44 B.A. Frasin, Abu-Saleem Ahmad

Breaz and Breaz [4] and Breaz et al. [8] introduced and studied the
integral operators

z

(1) Fu(z) = / (flit))m... (f"t(t)fn dt

(2) Faoon(2) = / L™ - (FL(0)™ dt

where f; € Aand a; > 0, foralli =1,...,n,n € N (see also [1, 2, 3, 5,
7,12, 13)).

Breaz and Giiney [6] considered the above integral operators and they
obtained their properties on the classes S(b) and C,(b) of starlike and
convex functions of complex order b and type « introduced and studied
by Frasin [10].

Recently, Frasin [11] obtained some sufficient conditions for the above
integral operators to be in the classes §*, C(a) and UCV, where C(«)
and UCV denote the subclasses of A consisting of functions which are,
respectively, close -to-convex of order a(0 < a < 1) in U and uniformly
convex functions.

In the present paper, we obtain some subordination results of the
above integral operators F,,(z) and Fi, ., (%) .

In order to derive our main results, we have to recall here the following

results:

Lemma 1 ([14]) If f € A satisfies

)\ A1

¥ U ) <moen G
for some > 1and 6 > 0, then

(4) ey <=2 ew)

b —z
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Lemma 2 ([14]) If f € A satisfies

2f"(z) 1-5
©) {5 my e
for some > 1and 6 > 0, then

1\ Bl-2)
) (75) <222 cew

2 Subordination results

We begin by proving the following theorem.

Theorem 1 Let oy > 0 be real numbers for all i = 1,...,n. If each
fie A{i=1,...,n} satisfies
; -1
(7) Re(m> cip = (zeU)
fz<z> 25(6"’ 1) Z o

i=1

for some B> 1and § > 0, then

(8) (H <f"iz))al)6<% (= € U).

i=1

Proof. It follows from (1) that

Fl(2) = (%’Z))a (ﬁ‘T("‘)Y
Thus we have

o s (-2 o (Y]

or, equivalently,

(10) 2 2) nfi(%i?*)




46 B.A. Frasin, Abu-Saleem Ahmad

Taking the real part of both terms of (10), we have

we(Fe) = Sere(FF) -

aRe (Zf{(2)> + auRe (Zfé(Z)) L

f(2) f2(2)
(11) +a,Re (ZJ{”((ZZ))) S .
Making use of the hypothesis (7), we obtain
2 (2)
()
< (1+ -l )+ (1+ -l )
Qg 2(5(54_1)[@14—-. .+an] Q2 25(5—1—1)[&14-“ . +04n]
g—1
Tt (1+25(ﬁ+1)[a1+...+an]) I
< &
20086 +1)

Applying Lemma 1, we have

(F(2))° <

or, equivalently,

[(2)) <822 cew

i=1

This completes the proof.

Lettingn =1, a; = a and f; = f in Theorem 1, we have

Corollary 1 Let a > 0. If f € A satisfies

2f'(2) B-1
(12) Re(f(z))<1+m (ZEZ/{)
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for some B> 1and § > 0, then

FE\  B-2)

(13) < . < 52 (z €el).

Next, we prove

Theorem 2 Let a; > 0 be real numbers for alli=1,... ,n. If

14 ) - P

(14) ;a,>n+2w+1)
for some > 1and § > 0, and each f; € A, {i=1,...,n} satisfies

Zf’( ))
15 Re < — zel
then

(16) (H <@)a> 4% (z e lU).

i=1

Proof. From (11) and using (14), (15) , we get

S ).

+a,Re (iﬁ—é’?) — g e%

N~ B
‘”Z’ 2(B+1)

The result of Theorem 2, now follows by applying Lemma 1.

Lettingn =1, a; = a and f; = f in Theorem 2, we have
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Corollary 2 Let > 1and § > 0 with

(17) 0<1+ % <a.

Iff € A satisfies

(18) Re <ZJ{(S)) < é (z e U)
then

(19) (f(;))a& < % (z €U).

Next, applying Lemma 2, we obtain the following two results.

Theorem 3 Let a; > 0 be real numbers for alli =1,....,n. If f; € A

forallt=1,...,n satisfies

fi(2) B

=1

(20) Re<zf5(z)) ST+ p 1-5 (= e ),
2

for some B> 1and § > 0, then

)

(21) [H(@)] <% (= ).

=1

Proof. Employing the same manner as in the proof of Theorem 1, from
(11), (20) and applying Lemma 2, it can be easily established the subor-
dination (21).

Theorem 4 Let a; > 0 be real numbers for alli=1,... ,n. If
22 i<n4 o
(22) 2 ai<n 268+ 1)

=1
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for some 5> 1and § > 0, and each f; € A, {i =1,...,n} satisfies

(23) Re (Z;(f))) > ai ( € U)

then
p)

o ([BET) <422 een

Proof. Employing the same manner as in the proof of Theorem 2, from

(22), (23) and applying Lemma 2, it can be easily established the subor-
dination (24).

Lettingn =1, a; = a and f; = f in Theorem 3, we have

Corollary 3 Let a > 0. If f € A satisfies

(25) Re (i{é?) > 1+ Wil) (z € U),
for some B> 1 and 6 > 0, then

2\ B-2)
(26) <f(z)) < 52 (z €elU).

Lettingn =1, a3 = a and f; = f in Theorem 4, we have

Corollary 4 Let > 1and § > 0 with

g—1
(27) O<a<l+ m
If f € A satisfies
2f'(z)\ _ 1
(28) Re( 8 ) > (zel)

then

(29) < - )a6<’6(1_2) (z e U).
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Now we prove

Theorem 5 Let a; > 0 be real numbers for alli =1,....,n. If f; € A

forallt=1,...,n satisfies

(30) Re (Zj{';())) P ( € U)

for some > 1and § >0, then

. 5
(1) (H <f;<z>>‘“> <H=E e
Proof. From (2) we easily get
D) s (2)
2 ey e ()

Thus we have

2 an(z)) (Zf” )>
Re | =————| = ;Re
(Fél ..... an(?) Z fi(z)
= OélR ( ) + «
From (30), it follows that

fi(z
(G
RG(ZF?—:((Z?> . (25(5 n 1)fa1_+1 ot ozn])
6(25fﬁ+1>[ﬁa1+1---+an])+"'+O‘”(25(5+1)[Ba1+1---+an]>
<%+

<Zf2 >+

+ Qo
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for all z € Y. Therefore, from Lemma 1, we obtain (31).
Applying Lemma 2, the proof of the next theorem below is much akin

to that of Theorem 5 and so we omit for details involved.

Theorem 6 Let o; > 0 be real numbers for alli=1,...,n. If f; € A
foralli=1,...,n satisfies

NEHD -5 .
(33) R (f{(z) ) > 26(ﬁ—|—1)iai (zel)

i=1

for some > 1and 6 > 0, then

en H(f{<2))°”] A=) ew,
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A note on a diophantine equation

Jozsef Sandor

Abstract

We prove, without using Catalan’s equation that, the only
solution in positive integers of the equation 5¢ — 2° = 1 is a =
1, b = 2. This shows a completely elementary method of solution

of an equation from [1].
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Introduction
1. In paper [1] it is shown that all solutions to the equation
(1) 2" + 5Y = 2?

in nonnegative integers are provided by x = 3, y =0, z = 3 and x = 2,

y=12=3.
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When z > 1, y > 1, in the proof offered in [1] we are led to the

following equation
(2) 5 — 28 = 1.

Then, the author uses the strong conjecture of Catalan, and proved

recently by P. Mihailescu ([2]), that the only solution to the equation
(3) a®—ct=1

in positive integers> 2 is offered by a = 3, b = 2, ¢ = 2, d = 3. Since
k+1 > 2, clearly, we cannot have y > 2. When y = 1, however, we get
k=1.

In what follows, we shall prove elementarily this fact (i.e., without

using the theory of equation (3)).

2. The proof First we prove that k+ 1 is even. If £+ 1 = b is odd,
then 2° + 1 is divisible by 2 + 1 = 3, which is impossible, as 3 doesn’t
divide 5Y. Put b = 2B. If B = 1, then we are done, as then y = 1, etc.
Let B > 1. Then we get the equation

(4) 5Y — 4P = 1.
If y = 2A4 is even, then 5*4 — 1 = 48 and as 54 — 1 is divisible by
52 — 1 = 24, which is divisible by 3, we get a contradiction, as 4” cannot
be divisible by 3. Thus y is odd; put y = 24 + 1. If A = 0, then y = 1;
so we may suppose A > 1. Then (4) implies 5 - 524 = 48 + 1.

As5=8—3,5 =254 = (8.3 + 1) = 1(mod 8), we get that

5-5%4 = —3( mod 8).
On the other hand, if B > 2, clearly 4% + 1 = 1(mod 8). As
—3( mod 8) # 1( mod 8),

the contradiction follows.
When B = 1 we get 54 = 1, which is impossible, since we have
assumed A > 1.
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Centralizers of the maximal tori of the
classical group SO(2n,R):*

Vadoud Najjari

Abstract

The main endeavor in this paper is to characterize the maxi-
mal tori of the classical group SO(2n,R). Then we calculate the
centralizers of maximal tori in this group, which may be of interest

in its own right.

2010 Mathematics Subject Classification: 11F23, 11F99 , 53D22.

Key words and phrases: Centralizer, Maximal torus.

1 Introduction

Brocker and Tom Dieck [2], Lerman and Tolman [4] have characterized
the finite subgroups of centralizers of tori in the real symplectic group
Sp(2n,R) and then Schmah [7], characterized centralizers of all tori in
Sp(2n,R). In this paper we are able to calculate the centralizers of

maximal tori of the classical group SO(2n, R), which may be of interest in
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its own right. We encourage readers to see the related useful manuscripts
[1, 5, 8, 9].

We review maximal tori in a Lie group and also several useful Lemma
and Theorem (see also [3, 6]). Let G be a Lie group. A torus 7" is maximal
it T'CU C G and U is a torus then T'=U.

Theorem 1 Any torus is contained in a mazimal torus.

Proof. Consider an increasing sequence of tori:
(1) Tchhch,c..c@G

then we must show that this sequence is finite. Take Lie algebra of this

chain to get,
(2) T(T) c T(Th) C T(Ty) C ... C T(G).

Since this is an increasing sequence of finite dimensional vector spaces,

therefor, it must be a finite sequence.

Lemma 1 If G is connected, then any element of G is conjugate to an

element in T.

Proof. See [3].
Lemma 2 In a connected group, any two maximal tori are conjugate.

Proof. See [3].

2 Spacial Case of The Centralizers

In this section we investigate maximal tori of the classical groups SO(2n, R)
and SO(2n + 1,R).
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Proposition 1 The mazimal torus of SO(2n + 1,R) is,
cosh, —sinb, 0
sinf; costy
0 cos,, —sinb,
sinb,,  cosb,

Proof. It is clear that T is a torus and so it only remains to see that
it is maximal. Let A € SO(2n + 1,R) which which commutes with T
and let V; be the subspace of R?"*! spanned by ey_; and ey. Then T

leaves each V; invariant and there are subgroups T; of T which leave V;

1

fixed. Notice that the whole of T leaves ey; 1 fixed. Now, we calculate
with t € T

(4) tAegni1 = Ateoni1 = Aeontt

since \es, 11 is the only vector fixed by the whole of T we have Aes, 1 =
Aegni. Since A € SO(2n + 1,R) its only real eigenvalues are +1 and so
Aegni1 = teoni1. Now, let t; € T; and v; € V;. Then,

Thus Av; is fixed by t; and Av; # Aeg,r1. Hence Av; € V; that each
space V; is invariant under A. Since A € SO(2n + 1,R) this means that
AeT.

Proposition 2 The mazimal torus of SO(2n,R) is,
cost; —sinb, 0
sinf;  cost,

0 cosh, —sinb,
sinb,,  cosb,




60 V. Nagjari

where 01,05, ....0, € R
Proof. Consider the injection SO(2n,R) — SO(2n + 1,R) given by,

0

(7) A A
0
0 --- 0 1
then 7T is the inverse image of the maximal torus of SO(2n + 1,R) and
so it is a maximal torus.
As it is shown by Schmah [7], all tori in Sp(2n,R) are conjugate to

one contained in the following diagonal representation of 7™:
costy,  sinb 0
—sinf; cosb,
0 cost, sind,
—sind, cosb,

where 01,60,,...,0, € R, then T" and the maximal tori of the SO(2n, R)

are the same. Thus the centralizers of them are equal. As Schmah [7],

we consider the standard T™ to be subgroups of C" in the usual way,

9) T" = {(21, 22, .., 2n) € C": |z| = 1, Vi}.

We denote by exp the map from R™ to T given by t — exp?™ (component-

wise exponentiation). Let the map diag:C" — Mat(n,C) by
21 21 0

(10) diag | @ | =
Zn, 0 Zn

We will identify Mat(n, C) with its representation in Mat(2n, R) induced
by,

(11) a+%Hﬁ<Z_j>
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All homomorphisms from 7% to T™ are of the form exp(t) — exp(Mt)
for some n x k matrix M with integer entries. For all such matrices M,
we define
OM - Tk — T

(12) :
exp(t) — diag(exp(Mt))

and let @5, = Im(pyr). All tori in the T" are of this form. Note that
), is a K-torus if and only if M has rank k£ (though ¢); need not be
faithful). If all of the PM-blocks are nonzero, then

(13) Z(®pn) = Wipt,q1) X .. i W(pr, qr)

By the definition of PM-block form (See [7]), the only block that can
be zero is the last one, M,. Suppose that M, is zero, then ®,; = {Iy,}.
So Z(®y,) = SO(2n,,R), and hence,

(14) Z(®p) =W(pt,q1) Xi oo Xg W(pr—1,qr-1) X SO(2n,, R)
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About some integral inequalities using
Riemann-Liouville integrals
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Abstract

In this paper, the Riemann-Liouville fractional integral is used

to establish some integral inequalities.
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1 Introduction

In recent years, inequalities are playing a very significant role in al fields of
mathematics, and present a very active and attractive field of research.
As example, let us cite the field of integration which is dominated by
inequalities involving functions and their integrals [6, 9]. One of the

famous integral inequalities is (see [1]):

(1) T(f,9) =0,
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where

(2)

T(f, /f dx——/f ) da / (z) dz

and f and g are two integrable functions which are synchronous on [a, b]

(te. (F(2) = F))9(x) = 9(y)) > 0, for any z,y € [a,8]).
The functional (2) has received a great deal of attention from mathe-

maticians and a number of inequalities have appeared in the literature,
see [3, 5, 7, 8.

The purpose of this paper is :

1— to give another (short) proof to Theorems (3.1, 3.2) [2] which is easy
than the previous proof of these theorems and

2— to establish some new integral inequalities involving functions and

their fractional integrals.

2 Basic Definitions

In the following, we will give some basic definitions and properties. For

more details, one can consult [4, 10].

Definition 1 A real valued function f : [0,00[— R is said to be in the
space C,, i € R if there exists a real number p > p such that f(x) =

a? f1(z), where fi € C([0, ool).
Definition 2 A function f : [0, 0c[— R is said to be in the space C}/,n €

R, if f™ € C,

Definition 3 The Riemann-Liouville fractional integral operator of
order a > 0, for a function f € C,,, (u > —1) is defined as

Jof(x fo (x =)7L f(t)dt; a> 0,2 >0,
JOf(x) = f(x),
where T'(a) := [ e " u*"du.
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For the convenience of establishing the results, we give the semigroup

property:

(4) JOJf(x) = JHPf(x),a > 0,8 >0,
and the commutative property

(5) JJPf(x) = JP T f ().

For the expression (3), when f(z) = x* we get another expression that

will be used later:

I(p+1)

(6) A T

M a>0; p>-—1,2>0.

3 Main Results

Our first result is the following theorem for which we will propose another

” short” proof.

Theorem 1 [2] Let f and g be two synchronous functions on [0, o0l
Then for allt > 0, > 0, we have:

I(a+1)

7 T(fo)t) = =

JUf@)Tg(t).

Proof. Since the functions f and g are synchronous on [0, 00|, then for
all 7> 0,p > 0, we have

(®) (£ = £0)) (9(7) = 9(0)) = 0.

Therefore
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(t*T)(t*P)>
Multiplying both sides of (9) by <F2—(a), 7€ (0,t), p € (0,1), we

obtain:

t=n-n))
> S f(7)g(p) + %J‘(p)g(ﬂ-

Integrating (10) over (0,)?, we obtain:

e [ (== ) sy

a—1

g o dy (6= =)™ F)g(p)drdp =
(1)

(G- 0) " fmglp)drdp

ﬁaﬁﬁ%@—ﬂ@—quﬂmmﬂm@.

Then we can write

t (t _ ,0 a 1 Ja .
J(fg)(t) f(p —p)*dp >
(12) /0 /
T Jo (&= 0 a(p)dp + TS [3(E = p)* " f(p)dp
Hence
(13) J(f)(t) = oy IO (1) T g(2).

Theorem 3.1 is thus proved.

The second result for which we give another proof is:
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Theorem 2 [2] Let f and g be two synchronous functions on [0, oc0].
Then for allt > 0, a > 0, § > 0, we have:

(14)

tarn ! (FO ) + iz O (Fa) (1) = T F(£)T7g(t) + TP () Tg(2).

Proof. To prove this theorem, we multiply both sides of (9) by

%; 7,p € (0,1).
We have
(t=m) ' (t=p)" (t =77t = p)"
f(m)g(T) + f(p)g(p) >
(15) C(a)T(B) L(a)L(B)

—r a—1¢_ \B—1 —r a—1(4_ \B—1
(et L0 £ (r)g(p) + SR F(p)g (7).

By integration of (15) over (0,t)*, we obtain the inequality (14).
The third result is the following theorem:

Theorem 3 Let p > 1,q > 1 such that %+% =1, if |fIP(t) and
lg|9(t);t > 0 are two functions in C,,(n > —1), then for a > 0, the

fractional integral inequality

(16) el < (71rw) " (rlgw)

18 valid.

Proof. To prove Theorem 3.3 we consider the functions:

F(r) = (t =)D f(r), G(r) = (t — ) Dg(r); 7€ (0,),
then we apply Holder inequality. We obtain:

(17)

[ Vatre=r = ( [po-rra) " ([l

Now, multiplying both sides of (17) by I'"'(a) and using the fact that
Il) + % = 1, we obtain the inequality (16).
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Corollary 1 Let f be a positive and continuous function on [0, 00, then

we have

(18) 70 2 () (5w) 22

Proof. We prove (18) by induction.

Our second corollary is the following

Corollary 2 (i) Let f be a continuous function on [0,00[. Then for all
t>0,a>0,05>0, the inequality:

(19) T + T/ ()T (f2)(t) = 2J°f (1) T f (1)

1s valid.
(13) Let f be a positive and differentiable function on [0,00] such that
f''>0. Then for allt >0, a > 0, 8 > 0, we have:

T (f2)(E) + TP )T (F)(t) >
(JPQ) IO T ()2 + (T4 Q) LI F () (T f ()%

Proof. (i) Let f be a continuous function on [0, co[. We have

(20)

2
(21) (re) = 1)) >0
We multiply both sides of (21) by %; T € (0,t), p € (0,1),

then we integrate the resulting inequality over (0,¢)?, we obtain (19).

(17) To prove (20), we remark that the conditions f > 0,f" > 0
imply that the functions f and g := f? are synchronous on [0, oo[, hence

by application of Theorem 3.2, we obtain the desired inequality.
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Relationship between a variant of essential
spectrum and the Kato essential spectrum !

Mohammed Benharrat, Bekkai Messirdi

Abstract

J. P. Labrousse [8] studied and characterized in the case of
Hilbert spaces, a relation between the Kato essential spectrum
(essential quasi-Fredholm spectrum) and another essential spec-
trum defined by oc.(T) = {A € C; R(AI —T') is not closed} (see
[3]). In this paper, we investigate this relation in the case of Ba-

nach spaces.
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1 Introduction

Let X be complex Banach space and let T be closed, densely defined
linear operator on X. We denote by D(T) C X its domain, R(T") its
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range, and N(T) its null space. We denote by C(X) the set of all closed,
densely defined linear operators. Let I denote the identity operator in X.
T is called a Kato type operator if we can write 1" = T} & Ty where Tj is
a nilpotent operator and 7} is a semi-regular one. In 1958, Kato proved
that a closed semi-Fredholm operator is of Kato type, J.P Labrousse [7]
studied and characterized a new class of operators named quasi-Fredholm
operators, in the case of Hilbert spaces, and he prove that this class
coincide with the set of Kato type operators. But in the case of Banach
spaces, the Kato type operator is also quasi-Fredholm, the inverse is not
true. The study of such a class of operators give a new definition of
essential spectrum called the Kato essential spectrum which is the set of
all complex A such that A\I — T is not of Kato type.

The main question motivated by J.P Labrousse [§], in the Hilbert
spaces, is the relationship between the Kato essential spectrum and essen-
tial spectrum containing all the complex numbers A such that R(\ —T)
is not closed, noted o..(T) (see [3]), he proved that the symmetric differ-
ence between them is at most countable. In this paper, we continue the
investigation of this relation in the case of Banach spaces, and we prove
the same results given by J.P Labrousse. The poof of this property is
now made difficult, because we lose in our case the Hilbertian structure,
it requires technical methods of gap theory.

Our paper is organized as follows:

In sction 2, we give some preliminary results in which our investigation
will be done.

In section 3, we extended in the Theorem 3 to the Banach space, the
result concerning the essential spectrum of the operator 1" proved by J.P
Labrousse [8] in the case of Hilbert spaces.

In section 4, we present the relationship between the Kato essential
spectrum and another essential spectrum defined above.

Finally, in section 5 we apply the results obtained in section 4 to

study the symmetric difference between the two essential spectrum for
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two classes of operators, first class is the class of operators which satisfy
a polynomial growth condition, and the second is the class of symmetriz-
able operators, class of operators defined by P. D. Lax in [10]. We shows
that the Kato essential spectrum of symmetrizable operators is contained
in o..(T).

2 Preliminary Results

Let T be a closed, densely defined linear operator acting in complex Ba-
nach space X. The next result exhibits some useful connections between
the null spaces and the ranges of the iterates T™ of a linear operator T

on a vector space X.

Lemma 1 For a linear operator T on a vector space X the following

statements are equivalent:
1. N(T) C R(T™), for allm > 0.
2. N(T") C R(T), for alln >0 .
3. N(T™) C R(T™), for alln,m > 0.
4. N(T™) =T™(N(T"™)), for all n,m > 0.

Definition 1 (see [13]) Let T € C(X), T is said to be semi-reqular if
R(T) is closed and T wverifies one of the equivalent conditions of lemma
1.

Definition 2 An operator T € C(X), is said to be of Kato type of order
d, if there ezists d € N and a pair of closed subspaces (M, N) of X such
that :

1. X=M&N.

2. T(MND(T)) C M and Ty is semi-reqular.
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8. NC D(T), T(N) C N and (T)n)* =0 (i.e Ty is nilpotent).

An operator T is said to be of Kato type if T is a Kato type of order d,
for some d € N.

Clearly, every semi-regular operator is Kato type with M = X and N =
{0} and a nilpotent operator has a decomposition with M = {0} and
N =X.

An operator is said to be essentialy semi-reqular if it admits a decom-
position (M, N) such that N is finite-dimensional vector space. Note that
if T'is essentially semi-regular then Ty is nilpotent and T is of Kato type.

Theorem 1 ([1]) Let T € C(X), and assume that T is of Kato type of
order d Then:

1. MO N(T)=R(T")NN(T)=R(TYNN(T) for every neN, n>d.

2. R(T)+ N(T")=T(M) @ N for every natural n > d.
Moreover R(T) + N(T™) is closed in X.

Note that by results of J.P Labrousse [7], in the case of Hilbert spaces, the
set of quasi-Fredholm operators (operators verifying conditions (1) and
(2) of Theorem 1 ) coincides with the set of Kato type operators. But in
the case of Banach spaces the Kato type operator is also quasi-Fredholm,
according to the remark following Theorem 3.2.2 in [7] the converse is
true when R(TY) N N(T) and R(T) + N(T?) are complemented in the
Banach space X.

Theorem 2 ([1]) Suppose that T € C(X), is of Kato type. Then there
exists an open disc D(0,€) for which N\ =T is semi-regular for all A €

D(0,€) \ {0}.
Definition 3 Let T € C(X), the Kato essential spectrum is defined by

oek(T) = {\ € C; \I — T is not of Kato type}.
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Note that the set of all Kato type operators is open by Theorem 2 (see,
for example, [6], [1]), consequently the Kato essential spectrum is a closed
set of the spectrum o(T") of T
The reduced minimum modulus of a non-zero operator T is defined

by

inf M
2¢N(T) dist(z, N(T))
Where dist(z, N(T)) = infyenr ||z — y||. If T'= 0 then we take v(T") =
oo. Note that ( see [6]):

Y(T) =

v(T) > 0« R(T) is closed.
Let M, N be two closed linear subspaces of the Banach space X and set
(M, N) = sup{dist(z, N) : z € M, ||z| = 1},

in the case that M # {0}, otherwise we define §({0}, N) = 0 for any
subspace V.
The gap between M and N is defined by

o~

0(M,N)=max{06(M,N),6(N,M)}.

§ is a metric on the set F (X) of all linear closed subspaces of X, and the

-~

convergence M, — M in F(X) is obviously defined by §(M,,, M) — 0

as n — oo in R. Moreover, (F(X ),3\) is a complete metric space (see

[6])-

Proposition 1 ([1]) For every operator T € C(X), and arbitrary A\, i €
C, we have:
1. 4 = T)S(N(ul —T), N\ = T)) < | — A|-

~

2. min{y(pud —T),y( AN —=T)}§(N(ul =T), NN —=T)) < |p— Al
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Proof. 1. The statement is trivial for A = p. Suppose that A # p and
consider an element 0 # x € N(ul —T). Then z ¢ N(A —T') and hence
(A = Tdist(x, N(AM = T)) < ||(A = T)x||
= |[(M = T)x — (ul = T)z[| = |p— Al

From this estimate we obtain, if B ={z € N(ul —T),||z| < 1}, that

YA — T)supdist(z, NOAI = T)) < | — A

z€B

and therefore we deduce 1.

2. Clearly, the inequality follows from 1. by interchanging A and p.

Proposition 2 ([1]) Let M,N € F(X). For everyxz € X and 0 < € <
1, there exists xog € X such that (x — x9) € M and

M) l|lzol| -

(1) dist(xg, N) > <(1 - 6)1 (L)

Proof. If x € M it suffices to take ry = 0. Assume therefore that
x ¢ M. Let X = X/M denote the quotient space and put * = z + M
the equivalence class of z. Evidently, ||Z|| = inf.cz||2|| > 0. We claim

that there exists an element zg € X such that
7] = dist(zo, M) = (1 =€) [[zo] -
Indeed, when it is not so, then
12|l = ||zl < (1 —¢)||z|| for every z € Z,

and therefore
Z]| < gHZH =1 —-elz.

This is impossible since ||Z] > 0.
Let pu=dist(xg, N) =inf,en |[|zo—u||. We know that there exists y € N
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such that ||zg—y|| < pte||zo||. From that we obtain [|y|| < (14€) ||zo[+.
On the other hand, we have dist(y, M) < §(N, M) ||y|| and hence
(1 =€) ||xo]| < dist(xg, M)
< [lzo — yll + dist(y, M) < p+ € [zo]| + 6(N, M) [|y]]
< g+ €llzoll + 0(N, M)[(1 + €) [lzo| + 4.
From this we obtain that

l—€e—0(N,M)
14+ 0(N,M)

Since € > 0 is arbitrary, this implies the inequality (1).

— €| [lzoll-

=

Proposition 3 ([6]) Let X be a Banach space and suppose that T €
C(X) has a closed range. Let'Y be a (not necessarily closed) subspace of
X. if Y + N(T) is closed then T(Y) is closed.

Proof Let us denote by 7 the equivalence class x + N(T') in the quotient
space X/N(T) and by T X/N(T) — X the canonical injection defined
by T(Z) = Tz, where z € 7. Since T(X) is closed T has a bounded
inverse T~ : R(T) — X/N(T). Let Y = §:ye Y. Clearly T(Y) =
T(Y) is the inverse image of Y under the continuous map 7!, so T(Y)
is closed if Y is closed . It remains to show that Y is closed if Y + N (T)
is closed. Suppose that the sequence (Z,,) of Y converges to 7 € X/N(T)

This implies that there exists a sequence (z,) with z, € &, such
that dist(x, —x, N(T')) converges to zero, and so there exists a sequence
(z,) C N(T) such that z,, — x — z, — 0. Then the sequence (z,, — 2,,) C
Y + N(T) converges to x and since by assumption Y + N(T) is closed,
we have z € Y + N(T). This implies 7 € Y; thus Y is closed .

3 Main Results

In this section we present some results concerning the essential spectra

of the operator 1. We begin with the following preparatory result which
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is crucial for our purpose. For a a nonzero positive real number, we

introduce the following set
R(a)={reC; v(A[-T) = a}

Theorem 3 Let (A\,), C R(a) non stationary sequence and X\, — Ao
m C, then

1SN =T), NAoI —T)) < L[\, = A
2. )\0 € R(Oé)

3. Mol — T 1is semi-reqular.

Proof. 1. For n,m € N by Proposition 1 part 2., we have

R 1
SN =T), NI =T)) < S e ) Sl =T

A — Al -
}

Since by assumption y(A,I —T') > «, for all n € N we have min{~y(\,I —
T),y(Aml —T)} > o and

~ 1
(2) (NI —=T), NN\l —=T)) < a|)\n—)\m|
The sequence (N(A,I —T)),) is a Cauchy sequence in the complete

metric space F(X), thus it converges. Let F' = lim,, oo N(A\,I —T). Let
x € N(\I —T), by Proposition 1 part 1., we have

1
O(N(Aol =T), NI =T)) < o [An = Aol -

From this estimate we deduce that x € F' and N(\g/ —T) C F.
Conversely, let x € F'| by Proposition 2 for 0 < e < 1, N = F and
M = N(\,I —T) there exists x,, € X such that (z —x,) € N\, I —T)

and

dist(z,, F) > ((1 i WO =T, Fi) lzall-

1+ 6(NAJI —T), F
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From this we obtain

5(F. NOWI—T)) > dist(z, F) > ((1 ) i - gggizﬁ - g ?;) 2l

which yields, z,, — 0 as n — oco. On the other hand
(Aol =Ty =Nl —T)x — (Nl —T)(z — )
=Nl —T)z+ (A — Xo)(z — ),

and hence (A, — A\g)(z — x,) — 0. We obtain that
ol — T — (Mol — T)a.

Hence N(Aol — T) is closed, and (A — T)x = 0, consequently F' C
N(Xol —T). To end the proof of (1) we take n — oo in (2).

2. Suppose that A\ ¢ R(«), then there exists x € D(T) and 0 < € < 1
such that [|z]| =1, x ¢ N(A\oI — T) and

(Aol = Txf| < (1 —€e)erl].

We can find z,, ¢ N(\,I —T) such that (x —x,) € N(\,I —T) and take
n € N such that

A — ol < ga.

Then
[(And = T[] < [[(Aod = Tl + |An = Aol [|z]],

and therefore
€
(3) 1A = T)al] < (1 = 3)a |zl
On other hand, we have (z — x,,) € N(\,I —T) and hence

| — || < sup{dist(y, N(Anl = T));y € N(Xol = T), |lyl| = 1}
SO(N(Aol =T),N(AI =T)) |||

~

< SNl = T), N(AI = T)) |l

1 €
<~ D= ol 12l < 5 llal.
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From the last inequality it follows that

€
n >(1-= y
[Znll > ( 2)IIIL“II

and

(4) ] < =9 [EAp

From (3) and (4) we obtain
[And = T)an| < ol

what contradicts the fact that (\,), C R(«).
3. Tt is clear that N(\,I — T) C R((AoI — T)*) for every k € N. For
every t € N(Aol —T), k € N, and \,, # A\g we then have

dist(x, R((\d — T)%)) < dist(z, N(A\, I —T)) |||
O(N(Aol = T),N(Ad = T)) [
SNl =T), N(A\uI = T)) |||

VARV

This implies that x € R((AgI — T)*) for every k € N. Hence N (Aol —
T) C R((AoI —T)*) for every k € N. To establish 3. it suffices to prove
that R((AoI — T)¥) is closed for k € N. We proceed by induction. The
case k = 1 is obvious from 2. Assume that R((AoI — T)) is closed.
Then N (A —T) C R((MI — T)*) = R((MoI —T)*) and hence N (oI —
T) + R((\I — T)*) is closed. By proposition 3 we then conclude that
T(R((MoI —T)*)) = R((XoI — T)**1) is closed.

4 Relationship between Kato essential spec-

trum and another essential spectrum

The essential spectra were studied by many authors (see [1, 9, 11, 14]).

Now, the main question is the relationship between them. Motivated by
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a problem concerning the essential quasi-Fredholm spectrum posed in [9],
J. P. Labrousse [8] characterized in the case of Hilbert spaces, a relation
of the essential quasi-Fredholm spectrum (Kato essential spectrum ) and

another not closed essential spectrum defined in [3]| by
Oec(T) = {N € C; R(A] — T') is not closed}.

Now, we study this relation in the case of Banach spaces. Let X a Banach
space and 7" € C(X). We have

Corollary 1 o.4(T) NR(«) is at most countable.

Proof. Let )\ be a non-isolated point of o, (T)NR (). Then there exists
(A)n C 0ex(T) N R () such that A, — Ao, by Theorem 3 Ay ¢ e (7).
This contradicts that o, (7") is closed.

Corollary 2 0. (T) N (C\ 0ee(T)) is at most countable.

Proof. Note that C\ o..(T) = U, , R(+) and

[e.9]

0 (1) N (€ e T)) = () N R())

n=1

This union of sets is at most countable by Corollary 1, so g.,(7) N (C\
0e(T)) is at most countable.

Corollary 3 If A € 0..(T) is non-isolated point then X € o,(T).

Proof. Let A € 0..(T) be a non-isolated point. Assume that \[ — T
is of Kato type operator. Then by Theorem 2 there exists an open disc
D(A, €) such that ul — T is semi-regular in D(\, €) \ {A}, so R(ul —1T) is
closed for all € D(A €) \ {A}. This contradicts our assumption that A
non-isolated point.

Corollary 4 o.(T)Aoc..(T) is at most countable, where A is the sym-
metric difference of the sets o (T) and ce.(T).
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Proof. We have
Oek(T)Agec(T) = (Uek(T) N ((C \ UGC(T>) U (UGC(T> N ((C \ Uek(T>>>

From the Corollary 2 the set o, (T) N (C\ 0e.(T)) is at most countable,
and the set 0.(T) N (C\ 0.(T)) is discrete by Corollary 3.

5 Examples and Applications

Example 1. Let the class Py(X) of operators on a Banach space X
which satisfy a polynomial growth condition. An operator T satisfies
this condition if there exists K > 0, and 0 > 0 for which

lexp(iAT)|| < K (14 |A]°) for all X € R,

Examples of operators which satisfy a polynomial growth condition are
Hermitian operators on Hilbert spaces, nilpotent and projection oper-
ators, algebraic operators with real spectra. It is shown that P,(X)
coincides with the class of all generalized scalar operators having real
spectra. We first note that the polynomial growth condition may be re-
formulated as follows: T" € P,(X) if and only if o(7") C R and there is a
constant K > 0, and 6 > 0 such that

(5)  ||OI=T)7!|| < K(1+|ImA|™°) for all A € C with Im\ # 0,
We claim that if T € P,(X) and ¢ = ImA > 0 then
(6) M -T)"'=—i / eMe= Tt

0

Indeed, for every s > 0,

()\_[ — T) /s ei()‘I_T)tdt — /S i(ei()\I_T)t)dt — ei()\I—T)s —TI.
0 0 dt

From the estimate

||ei()\I—T)sH — e He—isTH S Ke—cs(l _'_85)7
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it follows that Hei(’\l _T)SH — 0 as s — 0o. From this we obtain that
(M —=T) / S M-Ditgy — T,
0

from which the equality (6) follows.
We recall that for every linear operator 1" on a vector space X, the

ascent of T, is the smallest positive integer p = p(T') such that
N(T?) = N(T**1).

If there is no such integer we set p(7') = oo. The descent of T' is the
smallest positive integer ¢ = ¢(7") such that

R(T9) = R(T).

If such an integer does not exist, we put ¢(7') = oo. The finiteness of
the ascent and the descent of a linear operator T is related to a certain

decomposition of X.

Theorem 4 ([6]) Suppose that T € C(X). If both p(T) and q(T) are
finite then p(T) = q(T) = p, and we have the decomposition

X = R(T”) & N(T")

Conversely, if for a natural number p we have the decomposition X =
R(TP) ® N(17) then p(T) = q(T') < p. In this case T)prvy is bijective.
Moreover, X € o(T) is a pole of the resolvent (\I — T)~1 if and only if
0<pM=T)=qM —-T) < 0.

The following proposition establish the finiteness of the ascent of a linear
operator T € Py(X).

Proposition 4 Assume that T € P,(X), for every A € o(T') we have:

L. p(AMI=T)<m< oo .
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2. R(M —T)r) = R((M —T)rtk); k € N. and p =p(N —T).

Proof. Of course, there is no loss of generality if we assume A = 0. If §

as is the appearing constant in (5), put m = [6] + 1. Then
tl_igi (it)™(itl — T)' =0.
Suppose p(T') > m. Let x € X and f € X* such that,
Ty =0, T"z #0, and f(T"z) = 1.
Define a linear continuous functional ¢ on C(X) by
o(T) = f(Tx) for every T € C(X).
From (6) we have for all ¢ > 0

(GN —T) ! = —i/ e ey,
0

and therefore, for all ¢ > 0

(N —T) ™) = —i /Ooo et <Z (_ﬁ)nqs(T")) dz.

n=0

Clearly ¢(T") = f(T"x) = 0 for all n > m, so for every ¢t > 0 we have

[e.o]

(ty ot — )t = Gy Y E [Zm“e-m

0

——(rreny L {%jﬁ”} o(1")

n=0

= —(@)*" M (m+ 1)t !

+ {terms with non-negative powers of t} .

This shows that (it)™¢((it] — T)~! does not converge to 0 as t — 0T,
which is a contradiction. Hence p(AI — T') < m for every A € C.
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Now, if T' € P,(X) then T* € P,(X*), so p = p(A] —T) < co. This
means that
N((AL=T")F) = N((\ = T*)""),

for every k£ € N, and hence

R(OM —T)7) = R(M —T)"%); k € N.
Proposition 5 Let T € P,(X), we have:

1. IfN€o(T)\ 0e(T), then X is an isolated point in o(T).

2. If X € 0e(T) and R((AI —T)P) is closed for some p € N, then X is
a pole of the resolvent of T'.

Proof. 1. If we assume that 7' € P,(X) and R((M — 7)) is closed for
some A € C then also ¢(A]—T) is finite, In fact, if R(A—T) is closed then
R((M —=T))+ N((AM —=T)?) is closed and R(AM —T))+ N((AM —=T)P) =
R((M —T)) + N((M —T)™) for all n > p, thus ¢(AI —T) < oco. Since
p(AM —T) < oo, it follows that A is an isolated point in o(7T').

2. If R((M —T)P) is closed, then R(AM —T)P) = R((MN —T)P™); k
N, so ¢(A — T) < oo, it follows that A is a pole of the resolvent of T

Corollary 5 Let T € Py(X), then o (T)Ace.(T) is at most countable.

Proof. From the proposition 5, if A ¢ o..(T), then X is a pole of the
resolvent (Al — T)~!. This implies that A & o..(T) and the set oo (T) \
0ec(T)) is empty. Now, if A € 0..(T), we have two cases. First if there
exists p € N such that R((A — T')P) is closed, by the Proposition 5 part
2, X is a pole of the resolvent and A ¢ 0. (7T)), thus c..(T)) \ oex(T) is
at most countable . Now, if R((A — T)P) is not closed for every p € N,
then R(((A —T'),a)P) is not closed for every T-invariant closed subset
M and p € N, so A\l — T is not of Kato type and A € o.(T), the set
Oec(T)) \ 0er(T) is then empty.

Example 2. Let X be a Banach space and H a Hilbert space such
that:
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1. X C H, and the embedding mapping ; X — H is continous.
2. X is dense in H.

Definition 4 ( P. D. Lax [10] ) A linear bounded operator T in X is
said to be symmetrizable over X if T' 1s symmetric with respect to the
inner product of H, i.e (Tz,y) = (x,Ty) for all x,y € X.

We note that if 7" is in X and symmetrizable it also bounded in H (with
respect to the norm of H). In the sequel, for every a bounded operator T’
in X, we shall denote by a(7T'|X) the nullity of T'| X, defined as o(T|X) =
dim N(7T'| X)), whilst the deficiency (T'|X) of T'| X is defined by S(T'|X) =
codimR(7T'|X), and the number ind(7|X) = a(T|X) — B(T|X) is called
the index of T'| X . Here we denoted T'|X the operator considered in X. If
the operator T" has a index zero, it is called a Weyl operator. We denote
Oew(T') the set of all complex A for with Al — T is not Weyl operator and
we call it the Weyl essential spectrum of T'. J. Nieto in the next theorem

characterized the Weyl essential spectrum of symmetrizable operators.

Theorem 5 ([15]) Let T be a symmetrizable operator over X. Then
Oew(T|X) consists precisely of those A € o(T|X) which are not isolated

eigenvalues of finite multiplicity.

Note that the theorem above shows that any isolated point of spectrum of
symmetrizable operator T" over X which is not in o, (7| X) is a pole of the
resolvent and both oo (T|X) and o..(T|X) are contained in ., (T|X) .
The next result shows that the Kato essential spectrum of symmetrizable

operator T is contained in o..(T'|X).
Proposition 6 Let T be a symmetrizable operator over X. Then
ek (T|X) C 0ee(T|X).

Proof. Suppose that A ¢ o..(T|X), then R(Al —T|X) is closed and, by
Theorem 5, it must be a(A —T'|X) < oo, this implies that A\ —T is upper
semi-Ferdholm operator over X, so is of Kato type, hence A ¢ 0. (T|X).
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Abstract

In this note we point out some major bugs appeared in [1].
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Halpern iteration, Uniformly Gateaux differentiable norm.

1 Introduction and Comments

In [1], Song and Chai established some results for firmly type nonexpan-
sive mappings, however their proofs contained some major bugs.

The main result presented by Song and Chai [1] is as follows:

Theorem 1 Let E be a real reflexive Banach space with a uniformly
Gateaux differentiable norm and with the fized point property for non-

expansive self-mappings. Assume that K is a nonempty closed convex
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subset of E and T : K — K is a firmly type nonexpansive mapping with
a fized point. For arbitrary initial value zg € K and fixed anchor u € K,

define iteratively a sequence {x,} as follows:
Tpr1 = o+ (1 — ap) Ty,

Suppose that {a,} is a sequence in (0, 1) satisfying the conditions (C1)
+oo

lima, =0 and (C2) E a, = +o0o. Then as n — oo, {x,} converges

n—oo

n=1
strongly to some fized point p of T.

On page 8, the following inequality holds:

(SC) |nr = pl* < llzn = plI* = k|20 = Tan||* + an M.
+oo

One can easily see that, with Z a, = 400, (SC) does not imply that the
n=1

sequence {z,} is bounded. In otherwords, if k ||z, — Tz, — anM < 0
then from (SC), we obtain that the sequence {z,} is not bounded.
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