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GROWTH AND OSCILLATION THEORIES OF
DIFFERENTIAL POLYNOMIALS

Benharrat Belaidil, Abdallah El Farissi’

Abstract. In this paper we investigate the complex oscillation and the
growth of some differential polynomials generated by the solutions of the
differential equation

FHAi) f +A(z)f=F,

where A; (2), Ao (2) (#0), F are meromorphic functions of finite order.
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1. Introduction and main results

Throughout this paper we assume that the reader is familiar with the funda-
mental results and the standard notations of the Nevanlinna’s value distribution
theory (see [8, [13]). Moreover, we assume some knowledge of the application of
Nevanlinna theory into complex differential equations (see[I0]). In addition, we
will use A (f) and A (1/f) to denote respectively the exponents of convergence
of the zero-sequence and the pole-sequence of a meromorphic function f, p (f)
to denote the order of growth of f, A (f) and X (1/f) to denote respectively the
exponents of convergence of the sequence of distinct zeros and distinct poles of
f. A meromorphic function ¢ (z) is called small function of a meromorphic func-
tion f (2) it T (r,) = o (T (1, f)) as r — 400, where T (r, f) is the Nevanlinna
characteristic function of f.

In order to express the rate of growth of meromorphic solutions of infinite
order, we recall the following definition.

Definition 1.1. [5,[77,[16] Let f be a meromorphic function. Then the hyper-
order py (f) of f(2) is defined by

(1.1) pa (f) = T 1B1ET(])

r—+00 ]Og r

To give some estimates of fixed points, we recall the following definitions.
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Definition 1.2. [J, [12, [15] Let f be a meromorphic function. Then the ex-
ponent of convergence of the sequence of distinct fized points of f (z) is defined
by

I—e
(1.2) T =N —2) = T ——

)

where N (T, %) is the counting function of distinct zeros of f (z) in {|z| < r}.

Definition 1.3. [9, [T Let f be a meromorphic function. Then the hyper-
exponent of convergence of the sequence of distinct zeros of f (z) is defined by

_ _ loglog N (7“, %)
1.3 A = lim ——~.

(1.3) 2(f) = lm ——

Definition 1.4. [I1, [T Let f be a meromorphic function. Then the hyper-
exponent of convergence of the sequence of distinct fized points of f (2) is defined

by

_ loglog N (r, .iz
(1.4) To(f) = Ae (f — 2) = Tim ( ! )

r—+00 logr

Thus T2 (f) = A2 (f — 2) is an indication of oscillation of distinct fized points

of f(2).

Consider the second-order linear differential equation

(1.5) F+A R f +4@k) f=F

where Ay (2), A (2) (£ 0), F' are meromorphic functions of finite order. Many
important results have been obtained on the fixed points of general transcen-
dental meromorphic functions for almost four decades (see [I7]). However, there
are a few studies on the fixed points of solutions of differential equations. It was
in year 2000 that Z. X. Chen first pointed out the relation between the expo-
nent of convergence of distinct fixed points and the rate of growth of solutions
of second order linear differential equations with entire coefficients (see [5]). In
[4], Z. X. Chen and K. H. Shon have studied the differential equation

(1.6) FrH AL e+ Ao (2) 7 f =0
and have obtained the following result:

Theorem A. []] Let Aj(z) (#0) (j =0,1) be meromorphic functions with
p(A;) <1 (j=0,1), a, b be complex numbers such that ab # 0 and arga #
argb ora =cb (0 < ¢ < 1). Then every meromorphic solution f (z) £ 0 of the
equation (1.6) has infinite order.



Growth and oscillation theories of differential polynomials 63

In the same paper, Z. X. Chen and K. H. Shon have investigated the fixed
points of solutions, their 1st and 2nd derivatives and the differential polynomials
and have obtained the following theorem.

Theorem B. [JJ] Let A;(z) (j =0,1), a,b, c satisfy the additional hypotheses
of Theorem A. Let dy,dy,ds be complex constants that are not all equal to zero.
If f (2) # 0 is any meromorphic solution of equation (1.6), then:

(3) f, f/, f” all have infinitely many fixed points and satisfy

(L.7) TN =7(f)=7 (") =
(i) the differential polynomial

(1.8) 95 (2) = dof " +dif +dof
has infinitely many fized points and satisfies T (g¢) = oo.

The first main purpose of this paper is to study the growth, the oscillation
and the relation between small functions and differential polynomials generated
by solutions of second-order linear differential equation (1.5).

Before we state our results, we denote by

(19) a1 = dl — dQAl, /80 = d2AOA1 — (dQAO)/ — d1A0 + d:),

(110) g = do — dgz407 ﬂl = d2A% — (dgAl)/ — d1A1 — dng + dO + dll?

(1.11) h = a1, — aof3;

and

1 (gD, — (dgF), — alF) — 51 (QD — dQF)
(1.12) ¥ = . 7
where Ay (2), Ao (2) (£0), F,d; ( =0,1,2) and ¢ are meromorphic functions
of finite order.

Theorem 1.1. Let A (), Ao (2) (£ 0), F be meromorphic functions of finite
order. Letdy (z),d1 (2),da (z) be meromorphic functions that are not all equal to
zero with p (d;) < oo (j = 0,1,2) such that h # 0, and let ¢ (z) be a meromorphic
function with finite order such that v (z) is not a solution of (1.5).

(4) If f is an infinite order meromorphic solution of (1.5), then the differ-
ential polynomial g; (z) = dof” +dif +dof satisfies

(1.13) Agr =) =p(f) = o0.
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(i) If f is an infinite order meromorphic solution of (1.5) with py (f) = p,
then we have

(1.14) A2 (g5 — ) = pa (f) = p.

Theorem 1.2. Let Ay (2), Ao (2) (£0), F be meromorphic functions of finite
order such that all meromorphic solutions of equation (1.5) are of infinite order.
Let dy (2) ,d1 (2) ,da (2) be meromorphic functions that are not all equal to zero
with p (d;) < oo (j =0,1,2) such that h # 0. Let ¢ be a finite order meromorphic
function.

(i) If f is a meromorphic solution of equation (1.5), then the differential
polynomial g¢ (2) satisfies (1.13).

(4) If f is a meromorphic solution of equation (1.5) with p, (f) = p, then
the differential polynomial g5 (2) satisfies (1.14).

Theorem 1.3. Let A (2), Ao (2), F,do (2),d1 (2),da (2), ¢ satisfy the hypothe-
ses of Theorem 1.1, such that Ay (2) or Ag (2) is transcendental. If all solutions
of equation (1.5) are meromorphic, then equation (1.5) has meromorphic solu-
tion f that gy (2) satisfies (1.13).

From Theorem 1.2, we obtain the following corollary:

Corollary 1.1. [J] Let P(2) = Y. a;2' and Q(z) = Y_b;z" be nonconstant
i=0 i=0

polynomials where a;, b; (i =0,1,...,n) are complex numbers, anb, # 0 such
that arga, # argb, or a, = cb, (0 < c<1) and 41 (2), Ao () (£ 0) be mero-
morphic functions with p(A;) <n (j =0,1). Let dy (2),d1 (2),d2 (2) be mero-
morphic functions that are not all equal to zero with p(d;) < n (7 =0,1,2),
and let ¢ (z) # 0 be a meromorphic function with finite order. If f (z) #0 is a
meromorphic solution of the differential equation

(1.15) AL (2) PO f 4 Ay (2) 23 f =0,

then the differential polynomial g5 (2) = dof” +dif +dof satisfies X (g7 — ) =
00.

The other main purpose of this paper is to investigate the relation between
infinite order solutions of higher order linear differential equations with mero-
morphic coefficients and meromorphic functions of finite order. We will prove
the following theorem.

Theorem 1.4. Let Ay, Ay, ..., Ax_1, F be finite order meromorphic functions,
and let ¢ be a finite order meromorphic function which is not a solution of
equation

(1.16) O 4 A f* D L p A+ Aof = F
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(@) If f is an infinite order meromorphic solution of the equation (1.16), then

we have X (f —¢) = p(f) = .
(id) If f is an infinite order meromorphic solution of the equation (1.16) with

p2 (f) = p, then we have Xz (f —¢) = pa () = p-
Applying Theorem 1.4 for ¢ (z) = z, we obtain the following result:

Corollary 1.2. Let Ag, Aq, ..., Ax_1, F be finite order meromorphic functions
such that zAg + Ay Z F. Then every infinite order meromorphic solution f
of equation (1.16) has infinitely many fixed points and satisfies T (f) = p(f) =
oo. If f is an infinite order meromorphic solution of the equation (1.16) with
pa (f) = p, then we have 75 (f) = py (f) = p.

Corollary 1.3. Let Pj(z) = > a; ;2" (j =0,...k—1) be nonconstant poly-
i=0

nomials where agj,...,an; (j =0,1,...,k —1) are complex numbers such that
Anjano # 0 (j=1,...,k—1), let A;(2)(#0) (j =0,....k —1) be meromor-
phic functions. Suppose that arga, ; # argano or an,; = Cano (0 <c<1)
(G=1,..,k—1),p(4;) <n(j=0,...,k—1). Let  # 0 be a finite order mero-
morphic function. Then every meromorphic solution f (z) Z 0 of the equation

(1.17) fO) 4 Ap_y (2) PG pE=D 4 A (2) PG F 4 Ay (2) PP f =0,

where k > 2, satisfies X\ (f — ) = p(f) = co. In particular, every meromorphic
solution [ (z) Z 0 of equation (1.17) has infinitely many fixed points and satisfies
7(f) =p(f) = o0

Remark 1.1. In Theorem 1.1 and Theorem 1.2, if we don’t have the condition
h # 0, then the differential polynomial can be of finite order. For example, if
dy (2) £ 0 is finite order meromorphic function and dy (z) = Apds (2), dy (2) =
Aqds (%), then we have gy (2) = do (2) F' is of finite order.

2. Auxiliary Lemmas
Lemma 2.1. (see [7, p. 412]) Let the differential equation

(2.1) f(k) + ak_lf(k_l) + ...+ a,of =0

be satisfied in the complex plane by the linearly independent meromorphic func-
tions f1, fo,..., fu. Then the coefficients ag_1,...,ag9 are meromorphic in the
plane with the following properties:

(2.2)  m(r,a;) = O{logmax (T (r, fs) :s=1,..,k)]} (j=0,...,k—1).

Lemma 2.2. Suppose that Ag, Ay, ..., Ax_1, F' are meromorphic functions with
at least one As (0 < s <k —1) being transcendental. If all solutions of

(2.3) B 4 A fF D 4 4 A+ Af=F

are meromorphic, then (2.3) has an infinite order solution.
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Proof. Since all the solutions of (2.3) are meromorphic, all the solutions of
the corresponding homogeneous differential equation

(2.4) FB 4 Ay fF D 4 AF + Agf =0

of (2.3) are meromorphic. Now assume that { f1, ..., fx} is a fundamental solution
set of (2.4). Then by Lemma 2.1, we have for j =0,....k — 1

(2.5) m(r, A;) = O {log max (T'(r, fs) : s =1,..., k)] }.

Since Ay is transcendental, at least one of fi, ..., f is of infinite order of growth.
Suppose f1 satisfies p (f1) = oo.

If fo is a solution of (2.3), then every solution f of (2.3) can be written in
the form

(2.6) f=Cifi+Cofo+ ... + Crfi + fo,

where C4,Cy,...,Cy are arbitrary constants. If p(fy) = oo, then Lemma 2.2
holds. If p(fo) < oo, then f = f1 + fo is a meromorphic solution of (2.3) and

p(f)=oc. =

Lemma 2.3. [6] Let Ag, Ai,..., Ak—1, F(Z£0) be finite order meromorphic
functions. If f is a meromorphic solution with p(f) = +oo of the equation

(23), then A(f) = A(f) = p(f) = +oc.

Lemma 2.4. [2] Let Ag, Ai,..., Ax—1, F(Z£0) be finite order meromorphic
functions. If f is a meromorphic solution of the equation (2.3) with p (f) = +oo

and py (f) = p, then f satisfies A (f) = A2 (f) = po (f) = p.

Lemma 2.5. Suppose that Ay (z), Ao (2) (£0), F' are meromorphic functions
of finite order. Let dy (z),dy (2),ds2 (2) be meromorphic functions that are not
all equal to zero with p(d;) < oo (j = 0,1,2) such that h % 0, where h is defined
in (1.11).

(i) If f is an infinite order meromorphic solution of (1.5), then the differ-
ential polynomial g; (2) = dof” +dif +dof satisfies

(2.7) p(gr) =p(f) = o0.

(ii) If f is an infinite order meromorphic solution of (1.5) with py (f) = p,
then the differential polynomial gy () = dof +dif +dof satisfies

(2.8) p2 (9r) = p2 (f) = p-

Proof. (i) Suppose that f is a meromorphic solution of equation (1.5) with
p (f) = co. Substituting f =F — A;f — Aof into gy, we get

(29) gf — doF = (dl — dQAl) f, + (do — dng) f
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Differentiating both sides of equation (2.9) and replacing f// with f// =F -
A f — Apf, we obtain

@—mﬁﬁ—@—@mﬂuﬂﬁﬁ_uﬁd_mm—@%+%+¢f’

(2.10) +@MMy4@%y—¢%+%j:
Set

(2.11) a1 = d1 — dgAl, Qg = do — dQAo,
(2.12) By = doA? — (do A1) — di Ay — doAg + do + dj,
(2.13) By = doAgA1 — (dzAg) — diAg + d).

Then, we have

(2.14) arf +oof =g — doF,
(2.15) Bt + Bof = g5 — (d2F) — (dy — d2Ay) F.
Set

h = alﬁo — OZ(),BI = (dl — dQAl) (d2A0A1 - (dQAO)I - d1A0 + dé)

(2.16) 44%—@mw@ﬁ—wﬂd—mm—@%+%+@)

By h # 0 and (2.14) — (2.16) , we obtain

o (g} — (doF) ~ alF) = B1 (95 — doF)
; :

If p(g9f) < oo, then by (2.17) we get p(f) < oo and this is a contradiction.
Hence p (gf) = o0.

(i) Suppose that f is a meromorphic solution of equation (1.5) with p (f) =
oo and p, (f) = p. Then, by (2.9) we get p, (97) < po (f) and by (2.17) we have

pa (f) < p2(g5). Thus py (95) = p2 (f) = p. O

(2.17) f=
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Lemma 2.6. [1] Let P;(z) = Y a;;2' (j =0,....k — 1) be nonconstant poly-
i=0

nomials where ag j,...,an; (j =0,1,....,k —1) are complex numbers such that
anjono # 0 (j=1,..,k—1), let A;(2)(#0) (j=0,....,k—1) be meromor-
phic functions. Suppose that arga, ; # argano or an; = cano (0 <c<1)
J=1,..,k=1), p(4;) <n (j=0,..,k—1). Then every meromorphic solu-
tion f (z) £ 0 of the equation

(218) f®) 4 Ay (2) D1 p=1 4 Ay (2) DB f 4 A (2) PP f =0,

where k > 2, is of infinite order.

3. Proof of Theorem 1.1

(i) Suppose that f is a meromorphic solution of equation (1.5) with p (f) =
00. Set w (z) = dof 4+ dif + dof — . Since p(p) < oo, then by Lemma 2.5
(i) we have p(w) = p(g7) = p(f) = co. In order to prove A (g5 — ) = 00, we
need to prove only A (w) = co. By gy = w + ¢, we get from (2.17)

!/
w — Bw

(3.1) F=2 . + 9,

where a1, 81, h, ¥ are defined in (1.9) — (1.12). Substituting (3.1) into equation
(1.5), we obtain

'+ by’ + oy’ + gy
(3.2) =F— (v +4() ¥ + A (2)V) = 4,

where ¢; (j = 0,1,2) are meromorphic functions with p (gbj) <o (j=0,1,2).
Since ¥ (z) is not a solution of (1.5), it follows that A # 0 and by Lemma 2.3,
we obtain A (w) = A (w) = p (w) = oo, i.e., A(gy — ) = 0.

(ii) Suppose that f is a meromorphic solution of equation (1.5) with p (f) =
oo and p, (f) = p. Then, by Lemma 2.5 (ii) we have p, (g5 — @) = py (9f) =
po (f) = p. Using a similar reasoning to that above and by Lemma 2.4, we get
(1.14).

4. Proof of Theorem 1.2

By the hypotheses of Theorem 1.2 all meromorphic solutions of equation
(1.5) are of infinite order. From (1.12), we see that v (z) is a meromorphic
function of finite order, then v (z) is not a solution of (1.5). By Theorem 1.1,
we obtain Theorem 1.2.
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5. Proof of Theorem 1.3

By Lemma 2.2, we know that equation (1.5) has an infinite order meromor-
phic solution f. Then, by Theorem 1.1, g; (2) satisfies (1.13).

6. Proof of Theorem 1.4

(i) Let f be an infinite order meromorphic solution of equation (1.16). Set
w = f—¢. Then, we have p (w) = p(f — ¢) = p (f) = co. Substituting f = w+¢p
into equation (1.16), we obtain

w® 4+ Ap w4+ Alwl + Agw

=F — ((p(k) + Ak_lgp(kil) + ...+ Algﬁl —+ AOQU) = W

Since ¢ is not a solution of equation (1.16), then we have W # 0. By Lemma
2.3, we get A (w) = X (f — ) = p(w) = p(f — ¢) = 0.

(ii) Suppose that f is a meromorphic solution of equation (1.16) with p (f) =
oo and p, (f) = p. By using a similar reasoning to that above and Lemma 2.4,

we obtain A2 (f —¢) = py (f) = p.

7. Proof of Corollary 1.3

Suppose that f (z) #Z 0 is a meromorphic solution of equation (1.17). Then
by Lemma 2.6, we have p (f) = co. Using Theorem 1.4 (i), we obtain Corollary
1.3.
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