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Abstract. In this paper we obtain some existence and nonexistence results of a

problem involving the pseudobilaplacian operator. By the sub and supersolutions

techniques we prove that the problem admits a positive solution when it is sub-

homogeneous. In the case where it is superhomogeneous, we prove the existence of

nontrivial solutions. The nonexistence result follows from a Pohozaev-type identity.
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1. Introduction

This paper deals with the existence and nonexistence of nontrivial solutions

of the problem,

D2
pu� gðx; uÞ ¼ 0 in W

u ¼ qu

qn
¼ 0 on qW;

8><
>:ðPÞ

where W is a smooth bounded domain in RN , D2
pu :¼ DðjDujp�2

DuÞ is the

p-bilaplacian operator, N > 2p > 4 and gðx; uÞ is a given function that we will

specify later.

Existence and nonexistence of solutions of problems involving the bilapla-

cian operator have been a subject of active research during the last decade. As

example, we quote the works of Bernis et al. [1], Dràbek and Ôtani [3],

Edmunds et al. [5], Van der Vorst [10] . . .

Borrowing ideas from de Thelin [9] who consider the existence and

nonexistence of solutions of a problem involving the p-laplacian operator, we

extend the study to our problem ðPÞ. By the sub and supersolutions techniques

we prove that ðPÞ admits a positive solution when it is subhomogeneous. In

the case where it is superhomogeneous, we prove the existence of nontrivial

solutions. Finally we give a nonexistence result of nontrivial solutions.



Notation 1. LpðWÞ, 1a pay, denote Lebesgue spaces, the norm Lp is

denoted by k:kp for 1a pay.

Set E ¼ W
2;p
0 ðWÞVLyðWÞ the Banach space, with the norm kuk ¼ kDukp

for 1a p < y.

l1 is the first eigenvalue of the problem

D2
pu ¼ ljujp�2

u in W

u ¼ qu

qn
¼ 0 on qW;

8><
>:ðVPðWÞÞ

and f1 is the eigenfunction associated to l1 with f1 > 0 and kf1k ¼ 1.

Let R > 0 such that WWBðO;RÞ. Set a ¼ min
W

f1;R > 0 where f1;R is the

first eigenfunction of VPðBðO;RÞÞ.

Our main results are given as follows:

Theorem 1. Suppose that there exist g1 and g2 : 1 < g1 < g2 < p and m1 > 0,

m2 > 0, mb 0 such that

i) For all x A W, ub 0 : m1u
g1�1 a gðx; uÞ,

ii) For all x A W, ub 0 : gðx; uÞa mþ m2u
g2�1.

Then ðPÞ has at least a positive solution in E.

Theorem 2. Suppose

g1Þ gðx; uÞ > 0 for u > 0, x A W,

g2Þ gðx; uÞ ¼ oðup�1Þ if u ! 0, uniformly in x,

g3Þ there exist a A LyðWÞ, aðxÞ > 0 in W and g A �p; p�½ with p� ¼
Np=ðN � 2pÞ such that gðx; uÞ ¼ aðxÞug�1, for u large enough.

Then ðPÞ has at least a nontrivial solution in E.

Theorem 3. Let WHRN be a bounded, smooth and strictly starshaped

domain, and gðx; uÞ ¼ jujg�2
u, with gb p� ¼ Np=ðN � 2pÞ. Then, problem ðPÞ

has no positive solution in E.

The organization of the paper is as follows: In section 2, we recall some

preliminaries. In section 3, we give an existence result of positive solutions by

sub-super solutions method. In section 4, by variational methods we obtain

an existence result of nontrivial solutions when ðPÞ is superhomogeneous and

subcritical. Finally in the last section, we give a nonexistence result of positive

solutions when ðPÞ is supercritical.

2. Preliminaries

We start by giving some definitions (see for example J. L. Lions [7])
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Definition 1 ([2]). ðu0; u0Þ A ðW 2;pðWÞÞ2 is called a sub-supersolutions of

ðPÞ if

D2
pu

0 � gðx; u0Þb 0bD2
pu0 � gðx; u0Þ in W

u0 b u0 in W

u0 b 0b u0 on qW

qu0

qn
a 0a

qu0

qn
on qW:

8>>>>>>><
>>>>>>>:

Definition 2 ([7]). An operator A : E ! E 0 (dual of E) is hemicontinuous if

l 7! hAðu1 þ lu2Þ; u3iE 0;E

is continuous from R to R, for all u1; u2; u3 A E.

Definition 3 ([7]). An operator A : E ! E 0 is said of calculus of variations

if it is bounded and if it can be represented by AðuÞ ¼ ~AAðu; uÞ where
~AA : ðu; ûuÞ 7! ~AAðu; ûuÞ is an operator from E � E to E 0 satisfying the following

properties:

d1Þ For all u A E, ûu 7! ~AA u; ûuÞð is hemicontinuous, bounded and satisfying

h ~AAðu; uÞ � ~AAðu; ûuÞ; u� ûuib 0.

d2Þ For all ûu A E, u 7! ~AAðu; ûuÞ is hemicontinuous and bounded.

d3Þ If ðunÞn AN converges weakly to u in E and if h ~AAðun; unÞ � ~AAðun; uÞ;
un � ui ! 0 as n ! y, then, for all ûu in E, the sequence ~AAðun; ûuÞ converges

weakly to ~AAðu; ûuÞ in E 0.

d4Þ If ðunÞn AN converges weakly to u in E and if ~AAðun; ûuÞ converges

weakly to j in E 0 then h ~AAðun; ûuÞ; uniE 0;E ! hj; uiE 0;E as n ! y.

Proposition 1 ([7]). Let E be a Banach space, and let A be a coercive

operator of calculus of variations. Then, for all f A E 0, the equation AðuÞ ¼ f ,

admits at least a solution u A E.

3. Existence results by sub-supersolutions method

In this section we construct explicitly a sub and supersolutions of ðPÞ.
Next we show that the truncated problem ð~PPÞ associated to ðPÞ admits at least

a positive solution. Finally, we prove that any solution of ð~PPÞ is also solution

of ðPÞ.

3.1. Existence of sub and supersolutions

For the proof of theorem 1, we require the following lemmas.
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Lemma 1. Under the hypothesis ii) of theorem 1 and for all M > 0, ðPÞ has
a supersolution u0 such that u0ðxÞbM, for all x A W.

Proof. Let R > 0 be a real number such that WWBðO;RÞ and set

u0 ¼ Af1;R, where A is a positive constant, then D2
pu

0 ¼ Ap�1l1;Rf1;R.

From ii), we obtain

D2
pu

0 � gðx; u0ÞbAp�1l1;Rf
p�1
1;R � m2A

g2�1f
g2�1
1;R � m :¼ KðAÞ:

Since g2 < p, lim
A!þy

KðAÞ ¼ þy. Thus there exists an A0 > 0 such that

KðAÞb 0, for all AbA0.

We have also qu0=qn ¼ Aðqf1;R=qnÞ < 0 on qW since qf1;R=qn < 0 on qW

and u0 > 0 on qW and if we take again AabM then u0ðxÞbM.

Thus, for AbmaxðM=a;A0Þ, u0 ¼ Af1;R is supersolution of ðPÞ satisfying

u0ðxÞbM, Ex A W. r

Lemma 2. Under the hypothesis i) of theorem 1 and for all M > 0, ðPÞ has

a subsolution u0 such that 0a u0ðxÞaM, for all x A W.

Proof. We purpose to construct a subsolution under the form u0 ¼ ef1,

with e > 0. We know that

D2
pu0 � gðx; u0Þa e p�1l1f

p�1
1 � m1e

g1�1f
g1�1
1 :¼ GðeÞ

As g1 < p, then there exists a positive constant e0 such that GðeÞa 0 for e < e0,

and if

ekf1ky aM; i:e: : ea
M

kf1ky
¼ e1;

and as f1 ¼ 0 on qW and qf1=qn ¼ 0 on qW, then, for ea e2 ¼ minðe0; e1Þ,
u0 ¼ ef1 is a subsolution of ðPÞ verifying u0ðxÞaM, Ex A W. r

3.2. The truncated problem

Taking as a starting point the work of Deuel-Hess [4], we define the

truncated problem ð~PPÞ associated to ðPÞ by:

Find u A E such that

D2
pu� ~ggðx; uÞ ¼ �gðx; uÞ in W;ð~PPÞ

where

~ggðx; uÞ ¼
gðx; u0Þ if ub u0

gðx; uÞ if u0 a ua u0

gðx; u0Þ if ua u0

8><
>:ð3:1Þ
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and

gðx; uÞ ¼ �ðu0 � uÞp�1
þ þ ðu� u0Þp�1

þ with wþ ¼ maxðw; 0Þ:ð3:2Þ

We define an operator A on E and a semilinear application að: ; :Þ on

E � E, associated to ð~PPÞ, by

u 7! AðuÞ ¼ D2
pu� ~ggðx; uÞ þ gðx; uÞ from E into E 0ð3:3Þ

and

að: ; :Þ : ðu; ûuÞ 7! aðu; ûuÞ ¼
ð
W

AðuÞûu dx from E � E into R

i.e. aðu; ûuÞ ¼
Ð
W
jDujp�2DuDûu dx�

Ð
W
~ggðx; uÞûu dxþ

Ð
W
gðx; uÞûu dx.

Let us give some auxiliary results.

Lemma 3. The operator A is bounded.

Proof. Using the Hölder inequality, we obtainð
W

jDujp�2
DuDûu dx

����
����a

ð
W

jDujpdx
� �ð p�1Þ=p ð

W

jDûujpdx
� �1=p

:ð3:4Þ

Thus, for all ûu A Enf0g

kûuk�1

ð
W

jDujp�2
DuDûu dx

����
����a kukp�1:ð3:5Þ

The applications A1 and A2 defined on E by

hA1ðuÞ; ûuiE 0;E ¼
ð
W

~ggðx; uÞûu dx and hA2ðuÞ; ûuiE 0;E ¼
ð
W

gðx; uÞûu dx

are bounded in E 0. Indeed, for all ûu A Eð
W

~ggðx; uÞûu dx

����
����a

ð
W

j~ggðx; uÞj jûujdx;

the application x 7! ~ggðx; uðxÞÞ is bounded in R (by construction).

Therefore there exists C > 0 such that: jhA1ðuÞ; ûuiE 0;E jaCkûuk.
Thus for ûu A Enf0g, we have

kûuk�1jhA1ðuÞ; ûuiE 0;E jaC:ð3:6Þ

Similarly,

jhA2ðuÞ; ûuiE 0;E ja
ð
W

jgðx; uÞj jûujdx:
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The relation (3.2) implies that for any x in W,

jgðx; uÞja 2p�2 maxðju0j; jujÞp�1 þ 2p�2 maxðju0j; jujÞp�1:

Thus ð
W

jgðx; uÞj jûujdxaCkukp�1kûuk;

where C is a positive constant.

Consequently, for all ûu in Enf0g,

kûuk�1jhA2ðuÞ; ûuiE 0;E jaCkukp�1:ð3:7Þ

It result from (3.5), (3.6) and (3.7) that the operator A is bounded. r

The operator A is of calculus of variations and coercive.

We define

h ~AAðu1; u2Þ; ûuiE 0;E :¼
ð
W

jDu2jp�2Du2Dûu dx�
ð
W

~ggðx; u1Þûu dxþ
ð
W

gðx; u1Þûu dx;

for all u1; u2; ûu A E.

Lemma 4. The operator ~AA satisfies the properties d1Þ; . . . ; d4Þ of defini-

tion 3.

Proof. Consider a sequence of real numbers ðlnÞn AN such that

lim
n!þy

ln ¼ l A R, we claim that:

h ~AAðu1; u2 þ ln~uu2Þ; ûuiE 0;E ! h ~AAðu1; u2 þ l~uu2Þ; ûuiE 0;E when n ! y:

In fact, if we put FpðsÞ ¼ jsjp�2
s with p > 2 one has

lim
n!þy

Fp½Dðu2ðxÞ þ ln~uu2ðxÞÞ�DûuðxÞ ¼ Fp½Dðu2ðxÞ þ l~uu2ðxÞÞ�DûuðxÞ p:p x A W;

and

jFp½Dðu2ðxÞ þ ln~uu2ðxÞÞ�DûuðxÞja ðjDu2ðxÞj þMljD~uu2ðxÞjÞp�1jDûuðxÞj:ð3:8Þ

where Ml is a positive constant resulting from the convergence of ðlnÞn AN .
Thus from the dominated convergence theorem, we obtain

lim
n!þy

ð
W

Fp½Dðu2 þ ln~uu2Þ�Dûu dx ¼
ð
W

Fp½Dðu2 þ l~uu2Þ�Dûu dx:

Using again the dominated convergence theorem, we get

lim
n!þy

ð
W

~ggðx; u1 þ ln~uu1ÞûuðxÞdx ¼
ð
W

~ggðx; u1 þ l~uu1ÞûuðxÞdx
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and

lim
n!þy

ð
W

gðx; u1 þ ln~uu1ÞûuðxÞdx ¼
ð
W

gðx; u1 þ l~uu1ÞûuðxÞdx:

We know that, for all u; ûu A E

hD2
pu� D2

p ûu; u� ûuiE 0;E b 0:

Thus

h ~AAðu; uÞ � ~AAðu; ûuÞ; u� ûuiE 0;E b 0:

By the same argument we have d2Þ.

For the condition d3Þ, let ðunÞn AN be a weakly converging sequence to u A E

and suppose that

h ~AAðun; unÞ � ~AAðun; uÞ; un � uiE 0;E ! 0:

Then for all ûu A E, ð ~AAðun; ûuÞÞn AN converges weakly to ~AAðu; ûuÞ in E 0.

According to the definition of ~AA it su‰ces to prove

~ggðx; unÞ ! ~ggðx; uÞ in L
p 0
ðWÞ and gðx; unÞ ! gðx; uÞ in L

p 0
ðWÞ;ð3:9Þ

where p 0 is the conjugate of p.

We know that the embedding of E in LpðWÞ is compact, then we can

extract a subsequence still denoted ðunÞn AN such that

unðxÞ ! uðxÞ p:p in W when n ! þy:

From the construction of ~gg, we deduce

~ggðx; unðxÞÞ ! ~ggðx; uðxÞÞ p:p in W; as n ! y:ð3:10Þ

and

j~ggðx; unðxÞÞja hðxÞ p:p in W; En A N ;ð3:11Þ

where h is an application from W to R depending on u0, m, m2 and g2.

Thus

lim
n!y

ð
W

~ggðx; unÞûu dx ¼
ð
W

~ggðx; uÞûu dx:

Similarly for g.

To show d4Þ.
Let ðunÞn AN be a weakly converging sequence to u A E and suppose that

ð ~AAðun; ~uuÞÞn AN converges weakly to j in E 0; where ~uu A E:ð3:12Þ
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It su‰ces to prove

aÞ lim
n!þy

ð
W

FpðD~uuÞDun dx ¼
ð
W

FpðD~uuÞDu dx;

bÞ lim
n!þy

ð
W

~ggðx; unÞun dx ¼
ð
W

~ggðx; uÞu dx;

and

cÞ lim
n!þy

ð
W

gðx; unÞun dx ¼
ð
W

gðx; uÞu dx:

In fact, we can write ð
W

FpðD~uuÞDun dx ¼ hD2
p ~uu; uniE 0;E :

Thus

lim
n!þy

ð
W

FpðD~uuÞDun dx ¼ lim
n!þy

hD2
p ~uu; uniE 0;E ¼ hD2

p ~uu; ui:

Using the Sobolev embedding and the Hölder inequality, we obtainð
W

~ggðx; unÞðun � uÞdx
����

����a k~ggðx; unÞkp 0 kun � ukp:

Similarly for gð:; uÞ, we haveð
W

gðx; unÞðun � uÞdx
����

����a 2p�1

ð
W

ðju0ðxÞjp�1 þ junjp�1Þjun � ujdx

a 2p�1ðku0kp�1
p þ CÞkun � ukp;

where C is a positive constant. From the compactness of the embedding

E ,! LpðWÞ, we get bÞ and cÞ.
According to aÞ, bÞ and cÞ we can write

lim
n!þy

h ~AAðun; ~uuÞ; uniE 0;E ¼ lim
n!þy

h ~AAðun; ~uuÞ; uiE 0;E ; E~uu A E:ð3:13Þ

(3.12) implies that

lim
n!þy

h ~AAðun; ~uuÞ; uiE 0;E ¼ hj; uiE 0;E :

Thus

lim
n!þy

h ~AAðun; ~uuÞ; uniE 0;E ¼ hj; uiE 0;E : r
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Lemma 5. The application A is coercive.

Proof. Show that

aðu; uÞ
kuk ! þy when kuk ! þy:

From the construction of the functions ~gg and g, we can write

�
ð
W

~ggðx; uÞu dxb�M1kuk;

where M1 is a positive constant depending on ku0k, m and m2, andð
W

gðx; uÞu dxbD1kukp
p �D2kukp�1

p ;

where D1 and D2 are positive constants. Putting ûu ¼ u in the definition of the

form að: ; :Þ, we obtain

aðu; uÞbQ1kukp þD1kukp
p �D2kukp�1

p �M1kuk:

Using the Sobolev embedding we have

aðu; uÞbQ1kukp � ~DDkukp�1 �M1kuk;

where Q1 and ~DD are positive constants. Thus

aðu; uÞ
kuk ! þy when kuk ! þy ðsince p > 2Þ: r

Lemma 6. ðPÞ admits at least one solution in E.

Proof. From lemmas 3, 4 and 5 we deduce that

For all g1 A E 0; bu� A E such that Aðu�Þ ¼ g1:ð3:14Þ

In particular for g1 ¼ 0, there exists u� such that

D2
pu

� � ~ggðx; u�Þ ¼ �gðx; u�Þ: r

3.3. Existence results for positive solutions of ðPÞ

Let us show that:

u0 a u�
a u0 in W:

First we prove that

u�
a u0:

Put ûu :¼ ðu� � u0Þþ.
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Multiplying the equation of ð~PPÞ by ûu and integrating on W, we have

ð
W

FpðDu�ÞDûu dx�
ð
W

~ggðx; u�Þûu dxþ
ð
W

gðx; u�Þûu dx ¼ 0:ð3:15Þ

According to the definition of u0, we get

ð
W

ðFpðDu0ÞDûu� gðx; u0ÞûuÞdxb 0:ð3:16Þ

Substracting (3.16) from (3.15), we obtainð
W

ðFpðDu�Þ � FpðDu0ÞÞDðu� � u0Þþdxð3:17Þ

�
ð
W

ð~ggðx; u�Þ � gðx; u0ÞÞðu� � u0Þþdx

þ
ð
W

½�ðu0 � u�Þp�1
þ þ ðu� � u0Þp�1

þ �ðu� � u0Þþdxa 0:

Now from the monotonicity of the functional u 7!
Ð
W
jDujpdx=p, we haveð

W

ðFpðDu�Þ � FpðDu0ÞÞDðu� � u0Þþdxb 0;

and by construction of ~gg, we getð
W

ð~ggðx; u�Þ � ~ggðx; u0ÞÞðu� � u0Þþdx ¼ 0;

then (3.17) becomes ð
W

ðu� � u0Þpþdxa 0:

Thus u� a u0 in W.

Similarly, we prove u0 a u� in W.

4. Existence results by the variational method

The energy functional J associated to ðPÞ is defined on E by

JðuÞ ¼ 1

p

ð
W

jDujpdx�
ð
W

Gðx; uÞdx; where Gðx; uÞ ¼
ð u
0

gðx; sÞds:

The nontrivial critical points of J are the solutions of ðPÞ.
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To prove the theorem 2, we use the three following lemmas.

Set JðuÞ :¼ AðuÞ � BðuÞ with AðuÞ :¼
Ð
W
jDujpdx=p and BðuÞ :¼Ð

W
Gðx; uÞdx, where Gðx; uÞ ¼

Ð u
0 gðx; sÞds.

Lemma 7. J is C1ðE;RÞ.

Proof. It is enough to show that A and B are of class C1 on E.

According to an algebraic relation of Simon [8] and the Hölder inequality

one has

kA 0ðu1Þ � A 0ðu2ÞkE 0 a kFpðDu1Þ � FpðDu2Þkp 0

aCkDu1 � Du2kpðkDu1kp þ kDu2kpÞ
p�2:

Therefore A is of class C1 on E. Since g is subcritical, then B is of class C 1.

r

Lemma 8. J satisfies the Palais-Smale conditions.

Proof. Let ðunÞ be a Palais-Smale sequence in E (i.e. JðunÞ is bounded and

J 0ðunÞ ! 0Þ, then ðunÞ is bounded in E. In fact,ð
W

ðjDunjp � junjgÞdx ! 0; as n ! yð4:1Þ

and ð
W

1

p
jDunjp �

1

g
junjg

� �
dx is bounded;ð4:2Þ

combining (4.1) and (4.2) we obtain that

1

p
� 1

g

� �ð
W

jDunjpdx is bounded;

then ðunÞ is bounded when g0 p.

The embedding E ,! LgðWÞ is compact for g A �p; p�½, then there exists a

subsequence, still denoted by ðunÞ, which converges strongly in LgðWÞ.
Set

In;m ¼
ð
W

½FpðDunÞ � FpðDumÞ�ðDun � DumÞdx; with m; n A N :

Then we can write In;m in the form

In;m ¼ hJ 0ðunÞ � J 0ðumÞ; un � umiþ
ð
W

½gðx; unÞ � gðx; umÞ�ðun � umÞdx:
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From the algebraic relation [8], we get

jDun � Dumjp aC½FpðDunÞ � FpðDumÞ�ðDun � DumÞ;
thus

kun � umkp
aCIn;m;

and therefore

lim
n;m!þy

kun � umk ¼ 0:

Then, ðunÞ converges strongly in E. r

Lemma 9. J satisfies the geometric conditions.

Proof. Since Jð0Þ ¼ 0 and JðuÞ > 0 for an element ub 0; u2 0, then

lim
t!þy

JðtuÞ ¼ �y:

Indeed, let t be positive su‰ciently large number

JðtuÞ ¼ Atp � Btg;

where

A :¼ 1

p

ð
W

jDujpdx; and B :¼ 1

g

ð
W

aðxÞjujgdx

and since g > p, we get

lim
t!þy

J tuÞ ¼ �y:ð

Thus there exists v0 ¼ t0u such that Jðv0Þ ¼ 0. From hypothese g2Þ and g3Þ we

haveð
W

GðuÞdxa ekukp þ Cekukg; with Ce is a positive constant where e > 0;

then

JðuÞb 1

p
kukp � ðekukp þ CekukgÞ:

For kuk enough small, one obtains JðuÞb b > 0. r

Proof of Theorem 2. From the lemmas 7, 8 and 9, we deduce that there

exists u A Enf0g such thatð
W

FpðDuÞ:Dv dx�
ð
W

gðx; uÞv dx ¼ 0 Ev A E:
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5. Nonexistence results of positive solutions of ðPÞ

By a Pohozaev type identity we show the nonexistence of positive solution

of ðPÞ in the case gðuÞ ¼ ug�1, gb p� ¼ Np=ðN � 2pÞ and W is a strictly

starshaped domain.

First we need the following Lemma.

Lemma 10. Let u A E be a positive solution of ðPÞ.
Then the following identity holds

N � 2p

p

� �ð
W

jDujpdx�N

ð
W

GðuÞdx ¼ � p� 1

p

� �ð
qW

jDujpðx:~nnÞds;

where ~nn is the exterior normal to qW and GðuÞ ¼
Ð u
0 gðsÞds.

Proof. Multiplying the equation of ðPÞ by the inner product x:‘u and

integrating on W, we obtainð
W

gðuÞðx:‘uÞdx ¼
ð
W

Dwðx:‘uÞdx where w ¼ FpðuÞ:

Set

A1ðuÞ :¼
ð
W

gðuÞðx:‘uÞdx and A2ðuÞ :¼
ð
W

Dwðx:‘uÞdx:

Calculation of A1ðuÞð
W

gðuÞðx:‘uÞdx ¼
XN
j¼1

ð
W

gðuÞ xj
qu

qxj

 !
dxð5:1Þ

¼
XN
j¼1

ð
W

q

qxj
ðGðuÞÞxj dx:

According to the divergence theorem, we write

XN
j¼1

ð
W

q

qxj
ðGðuÞÞxj dx ¼ �

XN
j¼1

ð
W

GðuÞdxþ
XN
j¼1

ð
qW

GðuÞxj~nnj dsð5:2Þ

¼ �N

ð
W

GðuÞdxþ
ð
qW

GðuÞðx:~nnÞds:

Since

u ¼ 0 on qW implies GðuÞ ¼ 0 on qW;

and taking account of (5.1) and (5.2), we deduce that
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A1ðuÞ ¼ �N

ð
W

GðuÞdx ¼ �N

g

ð
W

jujgdx:ð5:3Þ

Calculation of A2ðuÞ
In [6] Mitidieri established the following relation:ð

W

ðDvðx:‘uÞ þ Duðx:‘vÞÞdx ¼
ð
qW

qv

q~nn
ðx:‘uÞ þ qu

q~nn
ðx:‘vÞ � ð‘u:‘vÞðx:~nnÞ

� �
ds

þ ðN � 2Þ
ð
W

‘u:‘v dx:

Let us apply to our case with v ¼ w ¼ FpðuÞ, we get

A2ðuÞ ¼
ð
W

qw

q~nn
ðx:‘uÞ þ qu

q~nn
ðx:‘wÞ

� �
ds�

ð
qW

ð‘u:‘wÞðx:~nnÞds�
ð
W

Duðx:‘wÞ

þ ðN � 2Þ
ð
W

‘u:‘w dx:

Put

H1 ¼
ð
qW

qw

q~nn
ðx:‘uÞ þ qu

q~nn
ðx:‘wÞ

� �
ds; H2 ¼

ð
qW

ð‘u:‘wÞðx:~nnÞds;

H3 ¼
ð
W

Duðx:‘wÞdx and H4 ¼
ð
W

‘u:‘w dx:

The fact that u ¼ ‘u ¼ 0 on qW,

we get

H1 ¼
ð
qW

qw

q~nn
ðx:‘uÞ þ qu

q~nn
ðx:‘wÞ

� �
ds ¼ 0ð5:4Þ

and

H2 ¼
ð
qW

ð‘u:‘wÞðx:~nnÞds ¼ 0:ð5:5Þ

Calculation of H3

We have

H3 ¼
ð
W

Duðx:‘wÞdx ¼ p� 1

p

� �ð
W

x:½‘jDujp�dx;

and applying the divergence theorem, we obtain

H3 ¼
p� 1

p

� �ð
qW

jDujpðx:~nnÞds�Nðp� 1Þ
p

ð
W

jDujpdx:ð5:6Þ
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Calculation of H4

Applying the generalized Green’s formula, we obtain

H4 ¼
ð
W

ð‘u:‘wÞdx ¼ �
ð
W

wDu dx;

therefore

H4 ¼ �
ð
W

jDujpdx:ð5:7Þ

Now from the relations (5.4), (5.5), (5.6) and (5.7) we obtain

A2ðuÞ ¼ � ðp� 1Þ
p

ð
qW

jDujpðx:~nnÞdsþNðp� 1Þ
p

ð
W

jDujpdx� ðN � 2Þ
ð
W

jDujpdx:

Thus

A2ðuÞ ¼ � N � 2p

p

� �ð
W

jDujpdx� ðp� 1Þ
p

ð
qW

jDujpðx:~nnÞds;ð5:8Þ

and from the relations (5.3) and (5.8) we deduce that

N � 2p

p

� �ð
W

jDujpdx�N

ð
W

GðuÞdx ¼ �ðp� 1Þ
p

ð
qW

jDujpðx:~nnÞds:ð5:9Þ

Proof of Theorem 3. We proceed by contradiction.

The lemma 10 gives

N � 2p

p

� �ð
W

jDujpdx�N

ð
W

GðuÞdx ¼ �ðp� 1Þ
p

ð
qW

jDujpðx:~nnÞds:

Owing to the fact that

GðuÞ ¼ jujg

g
we obtain

N � 2p

p
�N

g

� �ð
W

jujgdx ¼ �ðp� 1Þ
p

ð
qW

jDujpðx:~nnÞds;

and since the domain W is strictly starshaped then,

N � 2p

p
�N

g
< 0;

what contradicts the fact that gb p� ¼ Np=ðN � 2pÞ. r
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