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Abstract. In this paper we obtain some existence and nonexistence results of a
problem involving the pseudobilaplacian operator. By the sub and supersolutions
techniques we prove that the problem admits a positive solution when it is sub-
homogeneous. In the case where it is superhomogeneous, we prove the existence of
nontrivial solutions. The nonexistence result follows from a Pohozaev-type identity.
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1. Introduction

This paper deals with the existence and nonexistence of nontrivial solutions
of the problem,

Apzu —g(x,u)=0 in Q
P
*) U= @ =0 on 092,
on
where Q is a smooth bounded domain in RY, Apzu = A(|AulP"*4u) is the
p-bilaplacian operator, N > 2p >4 and g(x,u) is a given function that we will
specify later.

Existence and nonexistence of solutions of problems involving the bilapla-
cian operator have been a subject of active research during the last decade. As
example, we quote the works of Bernis et al. [1], Drabek and Otani [3],
Edmunds et al. [5], Van der Vorst [10] ...

Borrowing ideas from de Thelin [9] who consider the existence and
nonexistence of solutions of a problem involving the p-laplacian operator, we
extend the study to our problem (P). By the sub and supersolutions techniques
we prove that (P) admits a positive solution when it is subhomogeneous. In
the case where it is superhomogeneous, we prove the existence of nontrivial
solutions. Finally we give a nonexistence result of nontrivial solutions.
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Notation 1. L?(Q), 1 < p < oo, denote Lebesgue spaces, the norm L? is
denoted by |.[|, for 1 < p < oo.

Set E = Wy ?(Q)NL*(Q) the Banach space, with the norm |u| = | 4ul],
for 1 < p< 0.

A1 1s the first eigenvalue of the problem

Aju = ul’u inQ

(VP(Q))
U= @ =0 on 0Q,
on
and ¢, is the eigenfunction associated to A; with ¢, >0 and |¢] = 1.

Let R > 0 such that Q < B(O,R). Set « =min ¢, z >0 where ¢, p is the
first eigenfunction of VP(B(O, R)). Q

Our main results are given as follows:

Theorem 1. Suppose that there exist y; and y, : 1 <y <y, < p and u; > 0,
>0, u>0 such that

i) Forall xeQ, u>0:pu" ! <g(x,u),

i) For all xeQ, u>0:g(x,u) <pu+ wu>".

Then (P) has at least a positive solution in E.

Theorem 2. Suppose

gl) g(x,u) >0 for u>0, xeQ,

g2) g(x,u) = o(u”™") if u— 0, uniformly in x,

g3) there exist ae L*(Q), a(x)>0 in Q and ye|p,p*[ with p*=
Np/(N — 2p) such that g(x,u) = a(x)u’~', for u large enough.

Then (P) has at least a nontrivial solution in E.

Theorem 3. Let Q c RY be a bounded, smooth and strictly starshaped
domain, and g(x,u) = |u|""*u, with y > p* = Np/(N —2p). Then, problem (P)
has no positive solution in E.

The organization of the paper is as follows: In section 2, we recall some
preliminaries. In section 3, we give an existence result of positive solutions by
sub-super solutions method. In section 4, by variational methods we obtain
an existence result of nontrivial solutions when (P) is superhomogeneous and
subcritical. Finally in the last section, we give a nonexistence result of positive
solutions when (P) is supercritical.

2. Preliminaries

We start by giving some definitions (see for example J. L. Lions [7])
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Definition 1 ([2]). (uo,u°) € (W2P(Q))? is called a sub-supersolutions of

(P) if
Apzuo —g(x,u’) > 0> Apzuo —g(x,up) inQ
u® > ug in Q
u® > 0> u on 0Q
ou’ 0
61 <0< % on 09.
n n

Definition 2 ([7]). An operator 4 : E — E’ (dual of E) is hemicontinuous if
o {A(uy + Aua), u3 g g
is continuous from R to R, for all uy,us,u3 € E.

Definition 3 ([7]). An operator 4 : E — E’ is said of calculus of variations
if it is bounded and if it can be represented by A(u)= A(u,u) where
A : (u,il) — A(u, @) is an operator from E x E to E' satisfying the following
properties:

d,) For all ueE, 11— A(u,it) is hemicontinuous, bounded and satisfying
CA(uyu) — A(u, @), u — ity > 0.

dy) For all i€ E, u— A(u,it) is hemicontinuous and bounded.

dy) If (u,),.n converges weakly to u in E and if {A(uy,u,) — A(u,,u),
u, —uy — 0 as n — oo, then, for all i in E, the sequence A(u,,i) converges
weakly to A(u, i) in E’.

dy) If (uy),.n converges weakly to u in E and if A(u,,i) converges
weakly to ¢ in E’ then <A~(u,,,a),un>E,7E — L@, uypi g as n— o0.

Proposition 1 ([7]). Let E be a Banach space, and let A be a coercive
operator of calculus of variations. Then, for all f € E’, the equation A(u) = f,
admits at least a solution u € E.

3. Existence results by sub-supersolutions method

In this section we construct explicitly a sub and supersolutions of (P).
Next we show that the truncated problem (P) associated to (P) admits at least
a positive solution. Finally, we prove that any solution of (P) is also solution
of (P).

3.1. Existence of sub and supersolutions

For the proof of theorem 1, we require the following lemmas.
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Lemma 1. Under the hypothesis ii) of theorem 1 and for all M > 0, (P) has
a supersolution u® such that u°(x) > M, for all x € Q.

Proof. Let R>0 be a real number such that Q < B(O,R) and set
u’ = A¢ r, where A is a positive constant, then A u®=A""'i; g p.
From ii), we obtain

A = gl u®) = AP J jgl ) — AT — = K(A).
Since y, < p, Alir_{l K(4) =+o00. Thus there exists an A4y >0 such that
—-00

K(A4) =0, for all 4 > A,.

We have also du’/on = A(0$) p/0n) <0 on 0Q since d¢; z/dn <0 on 0Q
and u° >0 on dQ and if we take again Ao > M then u’(x) > M.

Thus, for A4 > max(M /x, Ag), u® = A¢, » is supersolution of (P) satisfying
ul(x) > M, VxeQ. O

Lemma 2. Under the hypothesis i) of theorem 1 and for all M > 0, (P) has
a subsolution uy such that 0 <uy(x) < M, for all xe Q.

Proof.  We purpose to construct a subsolution under the form uy = ¢¢,,
with ¢ > 0. We know that

A2ug — g(x,u0) < & gl — e ] = Gle)

As y; < p, then there exists a positive constant g such that G(g) <0 for ¢ < &,
and if

. M
elgill, <M, ie.ie< —— =g,
and as ¢, =0 on 0Q and d¢,/dn =0 on 0Q2, then, for ¢ <& = min(e,é),
up = &g, is a subsolution of (P) verifying uo(x) < M, Vx e Q. O

3.2. The truncated problem

Taking as a starting point the work of Deuel-Hess [4], we define the
truncated problem (P) associated to (P) by:
Find u € E such that

(P) Apu = g(x,u) = —y(x,u)  in Q,

where

glx,u®) if u>u’

(3.1) gx,u) =< gx,u)  if up<u<u’
g(x,up) if u < uy
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and
(3.2) y(x,u) = —(up — u)f’:l + (u— uo)ffl with w, = max(w, 0).

We define an operator 4 on E and a semilinear application a(.,.) on
E x E, associated to (P), by

(3.3) ur— A(u) = Aﬁu —g(x,u) + y(x,u) from E into E’

and

a(.,.): (u,a) — a(u,a) = J A(w)yadx  from E x E into R
Q

ie. a(u,i) = [o|Aul” > Audiv dx — [, §(x,u)it dx + [, y(x, u)i dx.
Let us give some auxiliary results.
Lemma 3. The operator A is bounded.

Proof. Using the Holder inequality, we obtain

(p=1)/p 1/p
< (J |Au|pdx) (J |Aﬁ|pdx) :
Q Q

J | Au|"2 Audi dx
Q

(3.4) U | Au|"™2 Audi dx
Q

Thus, for all @ e E\{0}

(3:5) lal| ™! < flul”™".

The applications 4; and A4, defined on E by

<A1(u>;a>Ef,E:La@c,u)adx and <Az<u>;a>E/,E:Jgﬂx,u)adx

are bounded in E’. Indeed, for all #e E

J 5%, u)i dx sj 160, )| [aldx,
Q Q

the application x — g(x,u(x)) is bounded in R (by construction).
Therefore there exists C > 0 such that: [<A(u);d)p | < Cla.
Thus for # e E\{0}, we have

(3.6) Jal| ™| <Ar ()s @ g < C.

Similarly,

[ Aau)s iy ] < jg Iy, ) |lds.
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The relation (3.2) implies that for any x in @,
[, )] < 2777 max(|u®], Jul) ™" + 2777 max(uol, lul)”".
Thus

jg p(xa0) aldx < Cllul” ™[4l

where C is a positive constant.
Consequently, for all @ in E\{0},

(3.7) )]~ [< Ao (); a5 g < Clluaf "
It result from (3.5), (3.6) and (3.7) that the operator 4 is bounded. O

The operator A4 is of calculus of variations and coercive.
We define

CA(ur, u2), @y g = J | dus|P~* Auy ik dx — J
Q

g(x,u)u dx + J y(x,u1)u dx,
o

Q
for all uy,ur, i€ E.

Lemma 4. The operator A satisfies the properties dy),...,ds) of defini-
tion 3.

Proof. Consider a sequence of real numbers (4,),.y such that
lim 4, = /€ R, we claim that:

n—-+0o0
<A~(u1 ,Up + lnﬂz), ﬁ>E/,E — <A~(u1 ,Up + )ﬁz), a>E’,E when n — 0.

In fact, if we put F,(s) = |s|” >s with p > 2 one has

lim F,[A(ux(x) + Aptia(x))]Ati(x) = F,[A(uz(x) + Atir(x))]Ati(x) p-p XxXEQ,

—
and

(3:8)  [FAua(x) + Zuita ()| di(x)] < (|4ua(x)] + M| diia (x)])"™ | di(x).
where M) is a positive constant resulting from the convergence of (4,),.n-

Thus from the dominated convergence theorem, we obtain

11r+n J FP[A(MZ + /l,ﬂjtz)]ﬁi:l dx = J F[,[A(uz + )flg)]é’fl dx.
n—+wx | o o

Using again the dominated convergence theorem, we get

lim J g(x,ur + Ayt )u(x)dx = J g(x,uy + Ay )u(x)dx
Q

n—+o0 Q
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and
lim J y(x, w1 + Aty )d(x)dx = J y(x, uy + Ady)a(x)dx.
n—+w0 Jo Q
We know that, for all u,ue E
{Ayu— Ayissu— dyp g > 0.
Thus

CA(u,u) — A(u,t),u — yp g > 0.
By the same argument we have o).

For the condition d3), let (u,),.n be a weakly converging sequence to u € E
and suppose that

<A~(unaun) - A~(un7u)7un - u>E'«,E — 0.

Then for all @€ E, (A(un, i), .y converges weakly to A(u,i) in E'.
According to the definition of A4 it suffices to prove

(39)  G(x,u) — d(xou) in L7 (Q)  and  p(x,un) — p(x,u) in L7 (Q),

where p’ is the conjugate of p.
We know that the embedding of E in L”(Q) is compact, then we can
extract a subsequence still denoted (u,),.y such that

Uy (x) — u(x) p.p in Q when n — +4oo0.

From the construction of g, we deduce

(3.10) g(x,uy(x)) — G(x,u(x)) p.p in Q,as n— oo.
and
(3.11) |g(x, un(x))] < h(x) pp in 2 VYneN,

where / is an application from Q to R depending on u°, u, u, and y,.
Thus

lim J g(x,up)it dx = J g(x,u)i dx.
Q

n— oo Q
Similarly for j.

To show dy).
Let (u,),.n be a weakly converging sequence to u € E and suppose that

(3.12) (A(un, 1)), .y converges weakly to ¢ in E’, where u € E.
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It suffices to prove

a) lim | F,(4a)du, dx = J F,(4u)Au dx,
n—+w0 Jo Q

b) lUm | g(x,u,)u, dx = J g(x,u)u dx,
n—+o0 Jo 0

and

¢)  lim | y(x,u,)u, dx = J y(x, u)u dx.
n—+o Jo fo)

In fact, we can write

J Fy(4it) Auy dx = <A1, up Y1 g
Q
Thus

lim JQ Fy(4i1) Ay dx = lim (A, upy g = A0, u).

n—-+00

Using the Sobolev embedding and the Hoélder inequality, we obtain

J g(xv un)(un - u)dx
Q

< NG Cx, wn)llrlfetn — ]

Similarly for y(.,u), we have

J y(x, uy) (1 — u)dx
Q

=2 J (O™ 4 fatn] "™t — el
Q

<227 (157! + Ol — ull,
where C is a positive constant. From the compactness of the embedding
E — L?(Q), we get b) and c¢).

According to a), b) and ¢) we can write

(3.13) lim <A(uy,it);u,Yp p= Wm (A(up,d);udp g,  VieE.
n—-+o0 ’ +o0 ’

n—

(3.12) implies that
lim Ay, @)1 g = <0, uDpr -

n—+oo

Thus

im (A, @)ty pr g = P, U - O

n—+00
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Lemma 5. The application A is coercive.
Proof. Show that

a(u,u)
[[ull

— +00 when ||u|| — +co.
From the construction of the functions g and y, we can write
—J g(x,u)u dx > — M ||u||,
e
where M) is a positive constant depending on |juo||, # and x,, and
|, x> il ~ Dol
Q

where D and D, are positive constants. Putting # = u in the definition of the
form a(.,.), we obtain
-1
a(u,u) = Oullull” + Dilfully — Daflull;™ — Millul.

Using the Sobolev embedding we have

A -1

a(u,u) > Qullull” — Dllul|”™" — M[ul],

where Q) and D are positive constants. Thus

alu,u)

” ” — 4o when ||u|| — + o0 (since p> 2). UJ
u

Lemma 6. (P) admits at least one solution in E.

Proof. From lemmas 3, 4 and 5 we deduce that
(3.14) For all g, € E', Ju* € E such that A(u*) = g;.
In particular for g; =0, there exists u* such that

2.k ~ *\ *
At —g(x,u”) = —y(x,u”). O

3.3. Existence results for positive solutions of (P)

Let us show that:

First we prove that

Put 4 := (u* —u’),.
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Multiplying the equation of (P) by # and integrating on Q, we have

(3.15) L Fy(Au™)Ai dfo

g(x,u™)a dx + J y(x,u*)adx = 0.
Q

Q

According to the definition of u°, we get
(3.16) JQ(F,,(AuO)Aﬁ — g(x,u®)i)dx = 0.
Substracting (3.16) from (3.15), we obtain
(3.17) JQ(FP(Au*) — F,(4u”)A(u* — u°)  dx
- | @) = gx ity ), ax
+ JQ[—(uo — ) = u®)? (), dx <0,
Now from the monotonicity of the functional u — [, [4u|’dx/p, we have
JQ(F,,(Au*) ~ Fy(4u) A" — u®), dx > 0,

and by construction of g, we get

then (3.17) becomes
Jg(u* —u®)?dx < 0.

Thus u* <u° in Q.
Similarly, we prove up < u* in Q.

4. Existence results by the variational method

The energy functional J associated to (P) is defined on E by
J(u) = lJ | Au|? dx — J G(x,u)dx, where G(x,u) = J g(x,s)ds.
Plo Q 0

The nontrivial critical points of J are the solutions of (P).
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To prove the theorem 2, we use the three following lemmas.
Set  J(u) :=A(u) — B(u) with  A(u) := [, |4u|’dx/p and  B(u) :=
o G(x,u)dx, where G(x,u) = [} g(x,s)ds.

Lemma 7. J is C'(E,R).
Proof. It is enough to show that 4 and B are of class C' on E.

According to an algebraic relation of Simon [8] and the Hdlder inequality
one has

14" () = A" ()| g2 < [|Fp(dur) = Fp(dus)],
< Clldur = Al (| 4|, + [ Auz]] ).

Therefore A4 is of class C! on E. Since ¢ is subcritical, then B is of class C!.

O

Lemma 8. J satisfies the Palais-Smale conditions.

Proof. Let (u,) be a Palais-Smale sequence in E (i.e. J(u,) is bounded and
J'(u,) — 0), then (u,) is bounded in E. In fact,

(4.1) J (|4un|” — |un|")dx — 0, as n— oo
Q
and
1 1 .
(4.2) J (|Aun|p —un|y)dx is bounded,
Q\pP 4

combining (4.1) and (4.2) we obtain that

1 1

() J | du,|Pdx s bounded,
P V) Ja

then (u,) is bounded when y # p.

The embedding E — L7(Q) is compact for y e ]p, p*[, then there exists a
subsequence, still denoted by (u,), which converges strongly in L7(Q).

Set

Inm= J [F,(4uy) — Fy(Auy,)|(Au, — Auyy,)dx, with m,ne N.
Q

Then we can write 1, , in the form

I;z,m = <J/(un) - J/(um)a Uy — Uy ) + Jg[g(xa un) - g(xv um)](un - um)dx'
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From the algebraic relation [8], we get

|[Au, — Aup|? < C[E,(Auy) — Fy(Auy,)|(duy — Auyy),
thus

”un - ume < CIn,rm
and therefore

lim ||u, — wy|| = 0.
n,m——+o0o

Then, (u,) converges strongly in E. O
Lemma 9. J satisfies the geometric conditions.
Proof. Since J(0) =0 and J(u) >0 for an element u > 0; u # 0, then

tkrmw J(tu) = — 0.

Indeed, let ¢ be positive sufficiently large number

J(tu) = At* — Bt’;
where

1 N
Ao | arax, and B= | atoluas
Plo 2

and since y > p, we get

tllin% J(tu) = —o0.

Thus there exists vy = fou such that J(vy) = 0. From hypothese g,) and g3) we
have

J G(u)dx < ellul|” + Celul|”, with C, is a positive constant where & > 0,
Q
then
Lo P v
J(u) = ;IIHH — (ellull” + Cllull").

For ||u|| enough small, one obtains J(u) > f > 0. O
Proof of Theorem 2. From the lemmas 7, 8§ and 9, we deduce that there
exists u € E\{0} such that

J Fy(4u).4v dx—J g(x,u)vdx =0 YveE.
Q Q
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5. Nonexistence results of positive solutions of (P)

By a Pohozaev type identity we show the nonexistence of positive solution
of (P) in the case g(u)=u’"!, y>p*=Np/(N—2p) and Q is a strictly
starshaped domain.

First we need the following Lemma.

Lemma 10. Let ue E be a positive solution of (P).
Then the following identity holds

(N — 21’) JQ \Audx — N JQ G(u)dx = — <p7_1> LQ |Aul” (x.i)do,

where 7i is the exterior normal to 0Q and G(u) = [, g(s)ds.

Proof.  Multiplying the equation of (P) by the inner product x.Vu and
integrating on Q, we obtain

J g(u)(x.Vu)dx = J Aw(x.Vu)dx where w = F,(u).
Q

Q
Set
A(u) == L) g(u)(x.Vu)dx and As(u) == JQ Aw(x.Vu)dx.
Calculation of A4;(u)
N Ou
(5.1) JQ g(u)(x.Vu)dx = ; JQ g(u) (xj 6x,> dx

According to the divergence theorem, we write

N N N

52 3| Gy dr= =3[ Gl > | Gt do

1 j=1

J

_ N JQ Glu)dx + J G(w)(x.7i)do.

0Q

Since
u=0 on 0Q implies G(u)=0 on 0Q,

and taking account of (5.1) and (5.2), we deduce that
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—N ,
(5.3) Ay (u) = —NJ G(u)dx = —J lu|”dx.
Q 7 Ja
Calculation of A,(u)
In [6] Mitidieri established the following relation:

JQ(AU(X.VM) + Au(x.Vv))dx = L

o

<% (x.Vu) + %(x.Vv) - (Vu.Vv)(x.ﬁ))do

+ (N -2) J VuVu dx.
Q

Let us apply to our case with v =w = F,(u), we get

Ay (u) = L} (gi_: (x.Vu) + %, (x.Vw)) do — J

(VuVw)(x.n)do — J Au(x.Vw)
o0

Q

+ (N =2) J VuVw dx.
Q

Put

- | (”ﬁ<x.\7u>+aﬁ<x.\7w))da, Hy = | @uvw)(ri)do,
o on oQ

H; = J Au(x.Vw)dx and H, = J VuVw dx.
Q Q

The fact that u=Vu =0 on 02,

we get
ow ou
(5.4) H, = LQ <% (x.Vu) + E,(x.Vw))da =0
and
(5.5) H, = J (VuVw)(x.i)de = 0.
0Q

Calculation of H;
We have

-1
H; = J Au(x.Vw)dx = (p_) J x.[V|4u|?)dx,
Q p Q
and applying the divergence theorem, we obtain

(5.6) H = (1’771) LQ \Aul? (x.7i)do — N(I’T‘”JQ Aul” d.
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Calculation of H,
Applying the generalized Green’s formula, we obtain

H, = J (VuVw)dx = —J wAu dx,
Q Q
therefore
(5.7) Hy = fJ | Au|? dx.
Q
Now from the relations (5.4), (5.5), (5.6) and (5.7) we obtain

Ay(u) = — MJ |Au|? (x.A)do + MJ |[du|Pdx — (N —2) J | Au|” dx.
p el p Q Q
Thus

N —2p

(58)  Aa(u) = — ( > JQ AulPdx — (I’IZULQ \Aul? (x.7)do,

and from the relations (5.3) and (5.8) we deduce that

(5.9) (N;@)LMMM—NLG@ﬁ——@;ULJMWWM&

Proof of Theorem 3. We proceed by contradiction.
The lemma 10 gives

Q 0Q

Owing to the fact that

we obtain

G R
V4 Y Q V4 o

and since the domain £ is strictly starshaped then,

N-2p N
P,
P

what contradicts the fact that y > p* = Np/(N — 2p). O
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