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Abstract

This thesis focuses on the applications of Nevanlinna Theory in
studying the uniqueness of meromorphic functions and solutions to
complex difference equations. The significant focus in this thesis is
on equations derived from meromorphic functions that share specific
values, particularly those that share a small entire function with
their shifts and difference operators, or share a value with two
difference operators.
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Résumé

Cette these se concentre sur les applications de la théorie de Nevanlinna
dans I'étude de |'unicité des fonctions méromorphes et des solutions des
équations aux différences complexes. L’attention principale de cette these
porte sur les équations issues des fonctions méromorphes qui partagent
des valeurs spécifiques, en particulier celles qui partagent une petite
fonction entiere avec leurs shifts et opérateurs de différence, ou qui
partagent une valeur avec deux opérateurs de différence.

Mots clés: unicité, fonction entiére, fonction méromorphe, opérateurs
de différence, équations aux différences, théorie de Nevanlinna, exposant
de convergence, ordre de croissance.
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Introduction

Nevanlinna Theory, developed by Finnish mathematician Rolf Nevanlinna! in the 1920s,
is considered one of the most significant theories in complex analysis, particularly in the study
of entire or meromorphic functions and solutions to difference equations. This theory invest-
igates the value distribution of meromorphic functions within the complex plane, offering
profound insights into their properties.

Nevanlinna published his work on the value distribution of meromorphic functions was
published in 1925. Since then, the theory has seen substantial advancement, with numerous
researchers contributing to its development. A key innovation introduced by Nevanlinna
was the characteristic function, T'(r, f), which has become an essential tool for analyzing the
growth of meromorphic functions.

Nevanlinna Theory has had a profound impact on complex analysis, especially in the
study and resolution of complex differential and difference equations. It plays a crucial role
in understanding the growth and oscillation of solutions to these equations, underscoring
its importance in the field. The first and second fundamental theorems of Nevanlinna,
established in 1929, were significant breakthroughs in the development of the theory.

Additionally, Nevanlinna Theory has become an indispensable tool for studying the
uniqueness of meromorphic functions and solutions to difference equations. A significant
focus in this domain is the relationship between meromorphic functions that share specific
values, particularly those that share two values with the difference operator, share a small
entire function with their shifts and difference operators, or share a value with two difference
operators, see e.g. [3, 5, 6, 10, 11, 12, 22, 23, 26, 27, 28, 38|.

In 1986, Jank, Mues and Volkmann [19] proved that if f(z) is a nonconstant meromorphic
functions, and a # 0 is a finite constant, and If f(z), f'(z) and f”(z) share the value a CM,
then f(z) = f'(z). Later, In [3], B. Chen and al. proved a difference analogue of this result
and obtained the following results: if f(z) is a nonconstant entire function of finite order,
and a(z) (£ 0) is a small periodic entire function with period ¢, and If f(z), A.f(z) and
A? f(2) share a(z) CM, then A.f(z) = A?f(z). And In 2015, A. El Farissi, Z. Latreuch and
A. Asiri [10] obtained the following results: if f(z) is a transcendental entire function of
finite order and f(z) # f.(z), and if f (2), f (2 +¢) and A.f (2), (n > 1), share a CM, then
a=0and f(z2) = h(z)egz, where $ # 0 and h(z) is periodic entire function of period c.

In this thesis, we mainly focus on applications of Nevanlinna Theory to difference oper-
ators, particularly on entire functions sharing a small function with two difference operators.

'Rolf Herman Nevanlinna (October 22, 1895 — May 28, 1980) was one of the most famous Finnish
mathematicians.
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This work is structured into three chapters.

Chapter One introduces the fundamental concepts of Nevanlinna theory. It covers key
definitions, examples, and formulas, including the Poisson? and Poisson-Jensen® formulas.
The chapter explains the Nevanlinna functions and discusses the first and second fundamental
theorems, which are crucial for analyzing meromorphic functions. It also addresses the
classification of meromorphic and entire functions by their order, type, and the exponent of
convergence of their zeros. The chapter ends with a discussion on meromorphic functions
with exceptional values.

Chapter Two shows the relationship between Nevanlinna Theory and the difference
operator, including the difference analogue of the Lemma on the Logarithmic Derivative
and the Second Main Theorem. Additionally, the chapter discusses the characteristics of
polynomial and rational functions in meromorphic functions and presents theorems related
to combinations of meromorphic functions.

Chapter Three contains the most important results obtained in our research. We focused
on applying Nevanlinna theory to entire functions that share a small periodic entire function
with their shifts and with difference operators, or with two difference operators. We achieved
improved results for one of the theories discussed in [10].

2Siméon Denis Poisson (June 21, 1781 — April 25, 1840) was a French mathematician, engineer, and
physicist.

(June 21, 1781 — April 25, 1840)
3Johan Ludwig William Valdemar Jensen (May 8, 1859 — March 5, 1925) was a Danish mathematician
and engineer.



Chapter 1

Basic Nevanlinna theory

In this chapter, we introduce the essential results and foundational concepts of Nevan-
linna theory for entire and meromorphic functions. For more details, see [8, 15, 18, 20, 21, 37].
Throughout this chapter, we denote the open disc of radius R (0 < R < oo) centred at
the origin as D(R) = {z € C: |z| < R}, and the closed disc of radius R centred at the origin
as D(R) ={z € C: |z| < R}.

1.1 Definitions and examples

Definition 1.1 Suppose that f % 0 is an analytic function in a neighborhood of a point
2o € C such that f(z9) = 0, we define the order or multiplicity of the zero at that point as
the least n € N such that the coefficient of (z — zo)" in the Taylor expansion of [ about zy is
non-zero.

Example 1.1 Consider
g(z) =sinz — z,

then g has a zero of order 3 at zy = 0, since g (0) =0,

and

1 1
g(z):—§z3+az5+--- 2] < o0

Definition 1.2 Suppose that zy is a point from C. We say that f has an isolated singularity
at zo if f is defined and analytic on a neighborhood of zy except at zy itself. There are three
kinds of singularities:
1) We say that f has a removable singularity at zo if lim f (z) = L € C (the limit exists
Z2—20

and is finite), and setting f (z0) = L makes [ analytic at z.

2) f has a pole at zy if lim f (2) = oo, in this case — has a zero at zy. We say that [ has
z—20

1
a pole of order n at zy if ? has a zero of order n at zy. A pole of order 1 is called a simple

pole.



3) We say that zo is an essential singularity of f if it is neither a removable singularity
nor a pole of f, or if lim f (z) does not exist.
z—20

Example 1.2 In this example, we will consider three cases to illustrate the previous defini-
tion

sin z sin z
1) The function g (z) = 1% has a removable singularity at zy = 0, since lim s — 1.

z—0 Zz

eZ
-, where n € N*, we have

(z—1)

limg (2) =00, (2—1)"g(2) =€* and lime* = e

z—1 z—1

2) Consider g (z) =

then zo = 1 is a pole of order n of g.

3) Consider g (z) = e=, then lim g(z) = 400 and lim g (z) = 0, hence zp = 0 is an
> <

z—0 z—0
zZ€R z€ER

essential singularity of g.

Definition 1.3 Suppose that B is an open set from C. A meromorphic function in B is
an analytic function in the open set B \ A, where A is closed and discrete set of B such
that every point of A is a pole of f. In the case where B = C, the function is said to be
meromorphic.

Example 1.3 1) Every rational function is meromorphic.

sin z
2) The function tan z =

18 meromorphic.
cos 2

3) The function ez is not meromorphic.

Definition 1.4 In complex analysis, an entire function, is a complex-valued function that
18 analytic on the whole complex plane.

Example 1.4 1) Every polynomial function is entire.

2) The function e?*) is entire, where p (z) is a polynomial function.



1.2 Formula of Poisson And Poisson-Jensen

Our first theorem, called the Poisson formula, allows us to express a meromorphic function
in a disc as an integral around the boundary circle.

Theorem 1.1 (Poisson formula, [8]) Assume that u is meromorphic in the open disc
D(R), and continuous on the closed disc D(R). Let z be a point inside the disc. Then

u(z) = / Pz, Re®)u (Re"’);li

0

where P(z, () denotes the Poisson kernel.

Before presenting the precise statement of the Poisson-Jensen formula, we will introduce
some additional notation. Considering a non-constant meromorphic function f and a point
a in the complex plane, we can always write f(2) = (2 —a)" ¢ (), where n is an integer,
and ¢ is analytic and non-vanishing in a neighborhood of a. The integer n is called the order
of f at the point a and is denoted ord, f. We will refer to the non-zero complex number g(a)
as the initial Laurent coefficient of f at a, denoted ilc(f, a).

Theorem 1.2 (Poisson-Jensen formula, [15]) Suppose that f # 0 is meromorphic on
D(R). Leta; (j =1,2,...,p) (respectively by, (k =1,2,...,q)) denote the zeros (respectively
the poles) of f in the open disc D (R), each zero (respectively pole) repeated according to its
multiplicity. For any z in D (R) which is not a zero or a pole of f, we have

27
R? — i R? — bz
log|f (2)] = |R€w—||10g‘f (Re”) ‘__ZIOg Zlog z—Zk)
0
2W—R2_’Z|2 log | f (Re’p)‘d—e— Z (ordcf)lo —R2_ZZ
J |Rei9—z]2 s 27 ‘ & R(z—¢)|

CeED(R)

This formula was introduced and named by Rolf Nevanlinna.

Remark 1.1 In the case where f has no zeros or poles on D(R) we get the Poisson formula
for the harmonic function log|f (2)].
If z=0 and f (0) # 0,00, we have

+Zlog

27
log |f (0)] = /1og\f (Re™)| Zlog
0

2

— /log ‘f (Rewﬂ % = Z (ord; f)log
0

CeD(R)

< Y

which is said to be the Jensen’s formula.



Corollary 1.1 ([8, 15]) Assume that f # 0 is a meromorphic function on D(R). Sup-
pose that a; (j =1,2,...,p) denote the non-zero zeros of f in D (R), repeated according to
multiplicity, and let by, (k=1,2,...,q) denote the non-zero poles of f in D (R), repeated
according to multiplicity. Then

2
log|ile(f,0)] = /log!f Reze }— —Zlog +Zlog ‘ (ordyf)log R
0
7 vy dO R
= /log{f (Re )} o Z (ord. f)log Z' — (ordy f)log R. (1.1)
0 CECE;(OR)

Remark 1.2 FEquation (1.1) in Corollary 1.1 as well as the equation in Remark 1.1 are
referred to simply as the Jensen formula.

1.3 The Nevanlinna functions

In this section, we begin by defining Nevanlinna functions and then state the first
fundamental relationship between them, known as the "First Fundamental Theorem" of
Nevanlinna theory. To proceed with these definitions and theorems, we will always assume
that f is an entire or meromorphic function. Note that most of our definitions will not
be applicable to certain constant functions f, so we exclude such constant functions from
consideration.

Definition 1.5 ([15]) For every real number x > 0, we introduce log* x by

logx ifx > 1,

10g+x:max(10g$, 0):{ 0 if0<$<1'

Note that 1
logz =log"z —logt =, = >0.
x

Lemma 1.1 ([20]) We have the following properties



a) logz < log™ x.
b) log"z <logty for 0<z<y.
+ 4+ 1
c) logz = log™ x — log™ —.
x
+ + 1
d) llogz| =log™ x + log™ —.
x

e) log™ (H 3@) < log™* ;.
j=1 1

j=
f) log™ (Z xj> <logn + Z log™ z;.
=1 =1

Definition 1.6 (Counting function, [20]) Considera € C, and suppose that f is a mero-
morphic function such that f # a, we denote by n (t,a, f) the number of zeros of f(z) —a
(i.e. the number of a-points of f) on the closed disc W, each a-point counted according to
its multiplicity and by n (t, 00, f) the number of poles of f on the closed disc D(t), each pole
counted according to its multiplicity. We define

T

N (r,a, f) = /n<t7a’f);n(o’a’f)dt—i-n(o,a,f)logr, a # oo,

0

and
,

N<T7f) :N<Taoovf):/n(t’oo’f);n(ojoovf)dt—i‘n(O,OO,f)lOgT.

0

N (r,a, f) is called the counting function of f at value a, and N (v, f) is called the counting
function of poles of f.

Example 1.5 For every an entire function g, we have

N (r,g) =0.



Example 1.6 Consider
g(z) =sinz.

g has simple zeros at zp, = km, k € Z, then

n(07079) = 17
and t
n(t,O,g)—n(O,O,g)—2{—}
T
Hence
r IS rl_1 7(5+1) r
2[4 2[4 Ty ey
N(T,O,g):/T”dt—i-logr:/ tﬂ dt + / Tdt—i-/ =dt + logr
0 0 Jj=1 mj ﬂ—[i]
we have ,
{—} =0, for0<t<m,
T
then
[£]-1 7(+D) r .
2] 2 [L]
N = — —T=dt +1
(r,0,9) ]Zl | t / : + logr
[;]—1 m(j+1) [z]-1
= 2 Z / ]dt+logr—|—0 =2 Z (jlog(j +1) — jlogj) +logr + O (1)
j:l 7l'j
[ )1
= 2) ((+1log(j+1)—jlogj)—2 ) log(j+1)+logr+0(1)
J=1 j=1
r r r
— — —_ —_ j— ‘
2 [ZJon 2] s ([2]) e 00 £

using Sterling’s formula

b 1

n! ~n"e 2mn,

we get

N (r,0,9) = 2[%} log[r} 2[7r] log[r] +2[£] —log [ﬂ +logr+ O (1)

7r T T
= 2[;} log[ }—i—logr—l—O()
2r

= —+4+0(1), r— +oo.
77



Definition 1.7 (Proximity function, [20]) Consider a € C, and Assume that [ is a
meromorphic function such that f # a. We define

raf—— lg ——df, a # 00,
610 |

and

2
m(r, f) =m(r,o0, f) = %/logJr ki (rew)}dﬁ.
0

m (r,a, f) is called the proximity function of f at value a, and m (v, f) is called the proximity
function of f.

Definition 1.8 (Nevanlinna characteristic function, [20]) Consider a € C, and as-
sume that f is a meromorphic function such that f % a. We define the Nevanlinna charac-
teristic function of f by

T(r,00,f) =T (r,f) =m(r,f)+N(rf),

and

T (r,a, f) is called the Nevanlinna characteristic function of f with respect to a.

Example 1.7 Assume that the function g is defined by g (z) = e**", a € C* and n € N*.
Then
n(t,00,9) =0 and N (r,00,g) = 0.

In addition

i Arg arneznG

m(r,g) = —/ log+|g re’ !d@——/ log* [el@le de
_ ]_Og ‘a|,r ez(n6+Arga) dQ
o
we put
B =nb + Arga,

then we have
dp = ndb,



and

Hence

1 Arga+2nm

— log™ |el“™e” | 4
2nT Jarga
1 2nm - 1 "=Lop20yn s
- looct la|r™e df = — / loo™ lalr™e d
s Jy O g 2 [, T
=0 J
1 n=1  .9jr4on ol » ajrneis
- 1 alr™e* d lo + ear"el d
2nm jzzg:/%r og f= I Z/ & b
n 27r1 +( |a\r"cosﬁ) dﬁ _ 1 1 +( \a|r"cos,8) dﬁ
omr J, B \° Ton ) 8 \¢
lal 7™ 13
- " cos Bdf = 2 2
. ]a|7“ cos fdf3 o [sin 5§
Ia\r
s

T (7“, eazn) = m (r, e“zn) + N (r, eazn)

jal ™

7

Proposition 1.1 ([8, 20]) Suppose that f, f1,..., fn are meromorphic functions. We have
the following inequalities

a) m(r,zn:fj < Zm r, ;) + logn.
11

h
IN

Zm(r,fj).

j=1

c) N<7”7nfj SiN(Tf
j=1

=
=
——
=
=
S
VAN

ZN(T’ f])

e) T(r, ” fi] < ZT r, f;) + logn.

=
N~
——
=
=
S
VAN

ZT(T’ f])

9) T(r, f")y = nT(r,f), neN.



Proof. According to Lemma 1.1 we easily get a) and b).

c) If z is a pole of order A; of f;, then 2 is a pole of order at most max)\ < Z Aj of
j=1
Z fj- Hence
j=1
¥ (-2n) < 3w,
j=1 =1

d) If 2 is a pole of order A; of f;, then z; is a pole of order at most Z Aj of H fj. Hence

=1 j=1

N (T,Hfj) SZN(r,fj).

e) From a) and ¢) we get

< Zm(rafj)‘i‘ZN(T?fj)‘i‘logn

Jj=1

= ZT r, f;) +logn.

f) From b) and d) we get

T(r,ﬁfj) = m(r,ﬁfj> +N<T>ﬁfj>
< Zm(rafj)_’_ZN(nfj)
= ZT(rvfj)

g) Noting that log" |2"| = nlog™ |z|, for all z € C, we get

m (r, f*) = nm (r, ).

If zy is a pole of order A of f, then zy is a pole of order nA of f". Hence

N(r, f*) =nN(r, f).
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Then

T(r. f") = m(r, f")+N(r f")
= n(m(r,f)+N(r,f))
= nT(r, f).

which completes the proof of proposition 1.1. m

1.4 The first fundamental theorem of Nevanlinna

Lemma 1.2 ([20]) Assume that f is a meromorphic function with a-points ay,as, ..., ap,
in |z| <1 such that 0 < |ay| < |ag] < -+ <a,| <1, each a-point repeated according to its
multiplicity. Then

T T

t t —n(0
/n(aamf)dt:/n(aamf) n(’ajf)dt: Z lOgL
t t |
0 0 0<|OLj|ST‘
Proof. Denoting ; = |oj|, j=1,...,n, we obtain
r " r r’" r 3\ 2 r e\
Zlog— = Zlog—zlog—zlog 2)(2) - = —
|| . r; TiT Ty 1) \T2 Tn-1 T'n
loj|<r J j=1 J

n—1

= Zj (log 741 — logr;) +n (logr — logry,)

T T

7j=1
S rd S (ta ) (t,a.f)
n a n a
= ] — — = St b 2T
;j/ ‘ +n/t ;/ { +/ ‘

r; Tn

r

_ /n(t7a7f)dt
t
0

This completes the demonstration of lemma 1.2. m

Proposition 1.2 ([20]) Assume that f is a meromorphic function with the Laurent expan-
sion

+oo
f()=) ¢, en#0, meL,
j=m

at the origin. Then

2
log |cin| = %/log!f (rew)‘dQ—l—N(r,f) - N (r, %) )
0
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Proof. Assume the function i (z) = f (z) z=™. Clearly h (0) # 0, co.
We claim that m = n (0,0, f) —n (0,00, f) .

If m > 0, then

n (0,0, f) =m and n (0,00, f)=0.
If m < 0, then

n(0,0,f) =0 and n(0,00,f) =—m.
If m = 0, then

n(0,0,f)=0 and n(0,00,f)=0.

The functions h and f have the same poles and zeros in 0 < |z| < 7. The Jensen formula,
together with Lemma 1.2, implies

2w
log || = log|h(0)|:%/bg’f(rew)r_ﬂd@—k Z logﬁ— Z logﬁ
0 0<|b;|<r Y 0<]aj|<r J
2T T
1 : —n (0
— %/log|f(rew)‘d@—mlogr—l—/n(t’oo’f) tn( ’oo’f>dt
0 0
_/n(t,o,f>—n<0,0,f)dt
) t
2w
= i/lo |f (re)|df — [n (0,0, f) = n (0,00, f)]logr
o7 & T T &
0
rn(t,oo,f)—n(o,oo,f) rn(t,O,f)—n(0,0,f)
+ dt — dt
jremtsnnn, s
27 r
- %/log’f(reie)‘de—l—/n(t’oo’f);n(o’oo’f)dt—i—n(o,oo,f)logr
0

T

- /n(t,o,f)—n(0,0,f)

t

dt +n (0,0, f)logr
0

21
1 .
_ %/log’f(rew)‘de—i—N(r,f)—N(r,?).
0

This completes the demonstration of proposition 1.2. =

Theorem 1.3 (The first fundamental theorem, [15]) Assume that f is a meromorphic
function, let a € C and let

—+00

f(z)—a:chzj, cm#0, meZ,

j=m
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be the Laurent expansion of f — a at the origin. Then

T (n ) =T ) = Toglenl + 0010,

where
lo (r,a)| <log2+log" |al.

Proof. Assume first @ = 0. By Proposition 1.2 and ¢) from Lemma 1.1 we obtain

1

7 (re?)

2m 2
1 : 1 1
log|c,| = %/logJr | f (re)| d6 — %/long dd+ N (r,f)— N (r, ?)
0 0

= m(r,f)—m(r,%) +N(T‘,f)—N<T,l) ,
hence

m(r,%) —l—N('r,%) = m(r, f)+ N (r,f) —log|cm|,

f

which is the assertion with ¢ (r,0) = 0.
Proceeding now to the general case a # 0, we define h = f — a. Clearly

“(ri) = ()

N(Tah) = N(Taf)

) - m(irte)

log®|h| = log"|f —a| <log™|f] +log™ |a| +log2,
log*|f| = log™|h+a| <log" |h| +log" |a| + log2.

T(r,1> — T(r f) —log|ewl (1.2)

Moreover

Integrating these inequalities we see that

m (r, f) +log™ |a| + log2,
m )

<
m(r, f) < m(r,h)+log" |a] +log2,

hence
¢ (r,a) =m(r,h) —m(r, [)

which satisfies
lo(r,a)| <log2+log"|a.
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Applying equation (1.2) to h we obtain

T (7’, ﬁ) =T <r, %) =T (r,h) —log |cp|
(r,h) + N (r,h) — log|cnm|
(T,f)+(p(T,CL)+N(T,f)—lOg‘Cm|

m
= m

T (r, f)+¢(r,a) —log|cm|.
Where |¢ (r,a)| <log2+log’ |a|. m

Remark 1.3 The first fundamental theorem may be expressed as

TOvia>:TWﬁ+OuL (r — +00),

for all non-constant meromorphic function f and a € C.

Proposition 1.3 ([20]) If f is a non-constant meromorphic function, and if

_af+b
g_cf—l—d’

for constants a, b, c and d with ad — bc # 0, then

T(r,g)=T(r,f)+0(1).

—dg+b
cg—a

Proof. Since f =

, then it suffices to prove

T(rg)<T(r,f)+0(Q1).

If ¢ = 0, by Proposition 1.1, we get

af +b a b
T (7”, T) = T (T, (_lf + 8)
a
< T(T‘,E +T(r,f)+T(r,—)+log2
L|a 410
= T(r,f)+log ‘E)ﬁLlog ¥ + log 2
= T(rf)+0(Q1).
If ¢ # 0, then we write

af+b a(f—l—%)+b—a%_g+ b—at

cf +d c(f+%) ¢ c(f+%)
a bc—ad 1

+ -
1 2 f4+4d

c




14

by Proposition 1.1 and the first fundamental theorem we get

a bec—ad 1
T(r,g) = T T’E+ 5

c f+ g
+la 4 |bc—ad
< T(r, f)+log ‘E’—Hog s—| +1og2+0(1)
— T ) +0).
This concludes the proof of Proposition 1.3. =
Example 1.8 We have
sinz  e¥ —e ¥ 2
tanz = = - . .
COS 2 21 e 4 e %
e — 1 —ie? 4

Ttz 1 erral
Since —21 # 0, then

T (ritanz) = T (r,e**)+0(1)
2r

= —+0(1), r— +oo.
7r

1.5 The order, the type and the exponent of conver-
gence of zeros of a meromorphic and entire func-
tion in the complex plane

Definition 1.9 (Order of growth, [37]) Suppose that f is an entire function. The order
of f is defined by
— logTlog™ M (r, f
p(f) = lim (r.f)

r—+00 logr
where M (r, f) = max {|f (2)|,|z| =7}.
If f is a meromorphic function, then the order of f is defined by

— log" T'(r, )

)0 (f) - TEI—POO log T

Example 1.9 1) Consider g (z) = 6—, then
z

T(r,g) < T(re)+T(r,2)+01)=T(r,e*)+logr+ 0O (1)
T (r,e*)+ O (logr),
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and

hence

~
—~
=
)
~—

I

T (r,e*) + O (logr)
- 240 (logr).
s

We calculate p (g)

— log* T (r, g) = log [% + O (log 7‘)}

p(g) - rkinooW:rHJroo log’r‘
r logr
o la[z (140 (=))]
r—-+o0 log r
logry)) _
_ logr—Hog(l—i-O( . )) log
r—+o00 logr
= 1.

2) Consider g (z) = e*" forn € N*, then

= 1g" T(rg) _ log (=)

= 1 _—_—
P (g) T—1>I—‘Poo log r r—+o0 logr
i logr — logm
= m —— =nN
r—-+o0 logr

Example 1.10 Consider the entire function g(z) = e, g has infinite order because

— logTlog™ M (r,g)

= 1
plg) =  |lm g

— logTlog™ e
lim ——————
r—+00 log r

= +o0.

Definition 1.10 ([21], [18]) Assume that f is a meromorphic function in the complex
plane of order p(f) =p (0 < p < 00). We define the type of f by

r(p)= T 28I

r—+400 rP
If f is an entire function of order p (f) = p (0 < p < 00), we define the type of f by

w— log M (r, )

M (f> - TEI-‘POO rP
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Remark 1.4 In general 7 (f) does not equal Ty (f).

n

Example 1.11 Consider g(z) = ¢, n € N* we have T (r,g) = = and M (r,g) = €.
Therefore T (g) = £ and 7)1 (g) = 1.

Theorem 1.4 ([37]) Assume that f(z) and g(z) are two non-constant meromorphic func-
tions in the complex plane with, p (f) and p(g) as their orders respectively. Then

p(f.9) <max{p(f),p(9)},

and
p(f+g) <max{p(f),p(g)}.

Proof. Without loss of generality, we suppose that

p(f) <plg) <o

Using the definition of the order, for any € > 0, There is a positive number R such that
T (r, f) <r?F,

and
T (r,g) < r/9F,
hold for » > R. Note that
T(r,gf) <T(r,f)+T(rg).
We have

This means that log* T (r. fg)
w— log" T'(r, fg
lim —=——722 <
e Sr@te
holds for any ¢ > 0.Hence

p(f9)<p(g)

Similarly, from
T(rg+f)<T(r f)+T(r,g)+n2,

Hence we get
p(f+9)<plg).
This concludes the proof of Theorem 1.4. =
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Example 1.12 Consider g (z) = ¢*" and h(z) = ﬁ, we obtain

p(h.g) =0 <max{p(h),p(9)} =n.

Example 1.13 Consider g (z) = e* and h(z) = —g(2),

p(h+g)=0<max{p(h),p(g)} =1

Theorem 1.5 ( [37], See Theorem 1.44) Assume that h(z) is a non-constant entire
function and f(z) = e"?). Let, p be the order of f(z). We have

1) If h(2) is a polynomial of degree n, then, p = n.

2) If h(z) is a transcendental entire function, then, p = co.

Example 1.14 Consider g (z) = =3+, then we have

p(g) = p (ez273z+1> _9

Example 1.15 Consider g (z) = Cst # 0, then we have

p(g)=0.

Example 1.16 Consider g (z) = ), then we have

p(g) = oc.

Theorem 1.6 ([37]) Assume that f(z) and g(z) are two non-constant meromorphic func-

tions on the complex plane with, p (f) and p (g) as their orders respectively. If p (f) < p(g),
then

p(f.g9)=p(f+g9)=pr(g).

Proof. We have

and
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by using Theorem 1.4 we get

p(g) <max{p(f.g),p(f)} <max{p(g),p(f)}=pr(9).

Then
p(f9)=r(9).
Similarly, we can prove
p(f+9)=pr9).
This concludes the proof of Theorem 1.6. =

Example 1.17 Consider g (z) = €*" and h(z) = e*", (n < m) ,where n,m € N, we have
p(h) =n<p(g) =m,
by using Theorem 1.5 we get
phg)=p(e ") =m

and

p(h+g) = p(e +e
_ [z”(ezm Zn—i—l)}:m

then
p(h.g)=p(h+g)=p(g) =m.

Definition 1.11 (Exponent of convergence of zeros, [37]) Assume that [ is a mero-
morphic function. The exponent of convergence of zeros of f is defined by

+
A (f> - TETW%

Definition 1.12 With this definition, A\(f — a) denotes the exponent of convergence of the
sequence of a-points of f, and )\(%) 18 the corresponding exponent of convergence for the

poles of f.

Example 1.18 For every an entire function g, we have

()
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Example 1.19 Consider g (z) = ¢* — 1 . We have

z 1< 2=2kmi, ke Z

lz| < t=|(2km)| <t
—t t
— < k< —
2r T T 27

WER

Thus, using the same method as in Example 1.6, we find

Q)
I

4

4

N(r,1> = T+O(1), T — 00.
)

™

Then we conclude that

Alg) =1.

Theorem 1.7 ([37]) Assume that f (z) is a transcendental meromorphic function of order
p(f) and let A (f) be the exponent of convergence of zeros for f.Then A (f) < p(f).

Proof. We have

() = 7(+5)
= T(rf)+0(1), (r— +o0)

then

L log+N <r, l) L +
M) = Tm — T oy et T ) r{r.f)
r——+o00 log r r—+00 log r

=p(f).

This concludes the proof of Theorem 1.7. m

Example 1.20 Consider g (z) = e*, then we have

AMg)=0<p(g) =1

1.6 The second fundamental theorem of Nevanlinna

Definition 1.13 (Linear and logarithmic measure, [15]) The linear measure of a set
E C [0,400[ is defined by
+oo
m(®) = [

0
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where x g (t) is the characteristic function of the set E.

The logarithmic measure of a set F' C [1,+o00[ is defined by

+oo
dt

m (F)= [ xe )5

t
1

Example 1.21 1) The linear measure of E = [a,b], where a,b € [0, +o0], is

+o0 b

m (E) = /XE(t)dt:/dt:b—a.

0 a

2) The linear measure of any countable subset of [0, +o0] is 0.
3) The logarithmic measure of F' = [a,b], where a,b € [1,+o0[, is

+o00 b
m(F) = [xr 0 = [F =10

Definition 1.14 For a meromorphic function f, S (r, f) denotes any quantity that satisfies

S f)=0(T(r[), (r—+oo, r¢kE),

where E is a set of finite logarithmic measure.

Lemma 1.3 ([15]) Assume that f is a non-constant meromorphic function. If the order of
f 1is finite, then

m <r,f7/> =0O(logr), (r— +o00).

If the order of f is infinite, then

f/—orr r— +4oo, T
m(nT)—OGgVN,ﬁD,( oo, T ¢ ),

where Ey is a set whose linear measure is not greater than 2.

!/
Remark 1.5 If f is a non-constant rational function, so is =, and the degree of the nu-

merator is always less than that of the denominator at least by 1. Hence

m(r,fTI) =o0(1), (r— +o0).
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If f is a transcendental meromorphic function, then
logr=0(T(r,f)), (r— +c0),

and
logT (r, f)=0(T(r,f)), (r— 400).

Then Lemma 1.3 can be stated as
!
m(r,f7> =S(r,f).

For any meromorphic function f that is not constant.

Lemma 1.4 ([15, 37]) Assume that f is a non-constant meromorphic function and
a; (j=1,2,...,q) are ¢ complex numbers different from each other. Then

m(r,jif_laj) _jim@?f%ai) +0(1).

Theorem 1.8 (The second fundamental theorem, [15]) Suppose f is a non-constant
meromorphic function and a; (j =1,2,...,q) are g (> 2) distinct complex numbers. Then,
we have

m(r, f) +Z ( _a]>§2T(T,f)—N1(r)+S(r,f),

where

Proof. Let

In terms of Lemma 1.4, we have

ql m <r, - a]> +0(1). (1.3)

]:

On the other hand,
m(rF) < mr fF>+m( f,)
< e EAT0 ) =N (ng,) +0M).
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Since
Tl f) = m(f)+ N f)
< m(r, )~|—m<7“,f7> N (r, f")
—T(fﬂw( §)<NMH—NWJ% (1.4)

it follows from (1.3), (1.4) and Lemma 1.3 that

efon(ets) < wen-{wven-ven- (i)

+m (r,fTI) +m (r’éfi/a) +0(1)
< 2T(r,f)—N1(r)+m(r i/) —i-gq:m(rfi) + 0 (1)

< 2T (r, f) = Ny (r)+ S(r, f),

This concludes the proof of Theorem 1.8. =

Corollary 1.2 ([37]) Assume that f is a non-constant meromorphic function and
ai, as,...,a, are q¢ (> 3) distinct values in C U {oo}. Then

@=DT(H <N (rp2 ) = Ml +5().

where

Ny (r) = 2N (1, ) = N (r, f') + N (n l) .

m(r,f_laj) :T(r,f)—N(r,f%aj) +0(1)

holds for any finite value a;, Corollary 1.2 follows immediately from Theorem 1.8. m

Proof. Since

In the following, we prove a more precise form of the second fundamental theorem.

Definition 1.15 ([20]) Assume that f is a meromorphic function such that f # a and
a € C. We denote by  (t,a, f) the number of distinct zeros of f (z) — a on the closed disc
D(t), any of it be counted only once, and by m (t, f) or m(t,00, f) the number of distinct
poles of f on the closed disc D(t), any of it be counted only once. We define

N(r,a,ﬁ=/ﬁ<t’a’f);m0’a’f)

0

dt +m(0,a, f)logr, a # oo,
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and
,

N(nf) =N oo, )= [FE D202 Do m0,00, 1105

0

Theorem 1.9 ([37]) Assume that f is a non-constant meromorphic function and
ai, g, . ..,a, are g (> 3) distinct values in CU {oo}. Then

(q—2) <ZN( _aj)—l—S(r,f).

Proof. From Corollary 1.2, we have

(q—2)T(r,f)§ZN(r,f_1aj>—Nl(r)—l—S(r,f). (1.5)
Let )
n(t)=2n(t, f)—n(t, f+n (t, ?) .
We have

_ [ () = (0)
Ny (r) = /fdt +ny (0) log 7.

0

If zo is a pole of f of order k in D(t), then zy be counted k — 1 times by n; (f). Similarly,
for a finite value a, if zy is a zero of f — a of order k in D(t), then zy be also counted k — 1
times by n4 (t). Hence

j=1 J J
From (1.5) and (1.6), we obtain

(¢—2)T

u M

/_\
|

b@

N——
+
nn
=
=

Thus, this concludes the proof of Theorem 1.9. m

1.7 Meromorphic functions with exceptional values

Definition 1.16 ([37]) Assume that f(z) is a meromorphic function in the complex plane
and a any finite value. If f(2) — a has no zero, then a is called a Picard * exceptional value

of f(2).

4Charles E'mile Picard (July 24, 1856 — December 11, 1941) was one of the most famous French math-
ematicians.
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Definition 1.17 ([37]) Assume that f(z) is a transcendental meromorphic function in the
complex plane and a any finite value. If f(z) — a has at most finitely many zeros, then a is
called a generalized Picard exceptional value of f(z).

Example 1.22 Consider g (z) = e*, then we have 0 is Picard exceptional value of g(z).

Example 1.23 Consider g(z) = (z — 1) e* + a, for any finite value a, a is a generalized
Picard exceptional value of g(z).

Theorem 1.10 ([37], See Theorem 1.41) Any transcendental meromorphic function in
the complex plane has at most two generalized Picard exceptional values.

Theorem 1.11 ([37]) Assume that f(z) is a non-constant entire function in the complex
plane. If 0, oo are Picard exceptional values of f(z), then f(z) = e"?), where h(z) is a
non-constant entire function.

Proof. Since f(z) is an entire function without any zero, % is also an entire function. Let

2o be any fixed point in the complex plane and In f(zy) a fixed branch of In f(z). Let

= Zf,(z> z+1n f(z
h<z)_z/f(z)d 1n f ()

It is obvious that h(z) is a non-constant entire function and

4 /
h(z) _ / f' () d _
e = exp z41In f(z = f(2).
f (Z) ( 0) ( )
20
With this, This concludes the proof of Theorem 1.11. m

Example 1.24 Consider g (z) = €%, then we have, 0 and oo are Picard exceptional values

of g(z).

Based on Theorem 1.11, the following corollary can be obtained
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Corollary 1.3 Assume that f(z) is a non-constant meromorphic function in the complex
plane and a any finite value. If a and oo are Picard exceptional value of f(z), then
f(2) = e"?) + a, where h(z) is a non-constant entire function.

Example 1.25 Consider g (z) = e?*) + a, where a is finite value and p(z) is a polynomial,
then we have, a and oo are Picard exceptional values of g(z).

Definition 1.18 (Borel’s exceptional value, [37]) Assume that [ is a transcendental
meromorphic function in the complex plane with the order p(f) and let A (f) be the ex-
ponent of convergence of zeros for f. A complex number a is said to be a Borel® exceptional
value if

A(f—a) <p(f).

Theorem 1.12 ([37]) Assume that f is a transcendental meromorphic function in the com-
plex plane with finite positive order p. Then f has two Borel’s exceptional values at most.

Proof. Assume, to the contrary, that is there are three distinct Borel’s exceptional values,
say, aq, as and agz at least. Set

~log" N (r )
li =) (j=1,2,3
,,‘_li_noo lOgT J (J ) )

and
A= maX{>\1, )\2, )\3} .

Then A\ < p. Since f is of finite order, then Corollary 1.2 imply

! ) (G=12,3),

(=0 )T(rf) <N (n 520

which gives

(1—=0(1))T (r, f) < 3max N ('r, f_laj) (=1,2,3).

Using the definition of the exponent of convergence of zeros , For every € > 0, there is a
positive number R such that

(1—o()T (r, f) §3maxN(r, ) <3 (j=1,2,3), r>R

1
f—a

’E’mile Borel (January 7, 1871 — February 3, 1956) was one of the most famous French mathematicians.
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This means that
— log" T (r, f)
lim —-—— =~

<A+g,
r—+00 log r

holds for any € > 0. We have
p<A<p.

This is a contradiction. =

From the previous theorem, we conclude the following remark, which we often use to
prove some of our results in Chapter Three.

Remark 1.6 Assume that f is a transcendental meromorphic function in the complex plane
with the order p (f) and let X (f) be the exponent of convergence of zeros for f. A complex
number a is not a Borel exceptional value, then

AMf—a)=p(f).

Example 1.26 Consider g (z) = ¢?*) 4 a, where a is a non-zero finite value and p(z) is a
polynomial of degree n, then

Ag) =X’ +a)=p(e) =n.



Chapter 2

Nevanlinna theory for the difference
operator and Theorems related to
combinations of meromorphic
functions

In this chapter, we present some important theory that connect Nevanlinna theory with
difference equations. We clarify the difference analogue of the Lemma on the Logarithmic
Derivative, as well as the difference analogue of the Second Main Theorem, and we show
some theorems related to combinations of meromorphic functions.

2.1 Introduction

The difference analogue of the Lemma on the Logarithmic Derivative and the difference
analogue of the Second Main Theorem in Nevanlinna theory play a key role in studying
meromorphic solutions of complex difference equations. In 2006, Halburd—Korhonen [13] and
Chiang—Feng [9] independently obtained the difference version of the logarithmic derivative
lemma (commonly referred to as the logarithmic difference lemma), and Halburd—Korhonen
[13] obtained the difference analogue of the Second Main Theorem for meromorphic functions
with finite order on the complex plane. We say that a meromorphic function a(z) is a
small function of f(2) if T'(r,a) = S(r, f), we use S (f) to denote the family of all small
functions with respect to f(z). For a meromorphic function f(z) we define its shift by
fe(z2) = f(z2+¢), and its difference operators by

Acf(z)=f(z+c)=f(2), ALf(2) = AT (Acf (2)), n€N, n>2.

Theorems related to combinations of meromorphic functions play a crucial role in study-
ing their uniqueness. Results derived from these theories are used to investigate the beha-
vior of meromorphic functions in difference equations. Over the years, these theories have
evolved to include advanced results that deepen our understanding of meromorphic func-
tions and provide new tools for addressing complex mathematical problems. As a result,
they have become a fundamental component of research in complex analysis and have been

27
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widely cited in numerous papers. The theory and results discussed here are sourced from
1,2, 7,8, 13, 14, 15, 34, 37].

2.2 Difference analogue of the Lemma on the Logar-
ithmic Derivative

Lemma 2.1 ([14]) Suppose that f is a meromorphic function such that f(0) # 0,00 and
let ce C. Then foralla>1,6 <1 andr > 1,

n(nf557) < S (Tt o0 s ).

8lc| (Ba+1) +8a(a—1) ¢
5(1—16)(a—1)°

where

K (a,d,¢) =

Proof. Consider {a,} denote the sequence of all zeros of f , and similarly let {b,,} be the
pole sequence of f , where {a,} and {b,,} are listed according to their multiplicities and
ordered by increasing modulus. By applying Poisson-Jensen formula with s = 22 (r + |c]),
see, for instance, [15, Theorem 1.1], we obtain

2 i0 i0
_ / log!f(sewﬂRe(S? —|—z+c_se'—|—z)d_0
0

se —z—c se —z ) 2

f(z+¢)

s(z+c—ay) 8 —apz
$2—ay(z+c¢)s(z—ap)

lan|<s
s(z4+c—bp) 82— bz
N Z log 2 _ 1} —
o, 18— b (z+c¢)s(z—bp)
= 51+52,— 53

where

5 /QWIOg’f (sew)‘Re (selj(’ +z+c seZ:(?—i—z) do
0

se —z—c se —z ) 27
s(z+c—ay) $—apz
SQ = E 10g

$2—ap(z+c)s(z—ay)|’

lan|<s
s(z4+c—Dby) 82— bpz
S3 = lo = :
P R W RIER

Therefore, by denoting

f Tew—l- ¢)
eW’

).

E:{we 0, 27]
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we have

de
27

rew

. <T7 flz+ c)) f rew +¢)

IN

/Ozw E (rew)} + 82 (re?) | + [ (re™?)| Czl_f'

We will now proceed to estimate each

27 ) d
/ S, (rew)|§, j=1,2 3
0

separately. Since

2cset? do

2T
_ i0 =
151 = ‘/0 log [ f (se )‘Re<(8€i9_2_6) (se“’—z)) o
2c| s /27r N
1 L )| =
(S—T—’C|)2 0 ‘Og’f(se )H27T

(s —Qvlcjcn? ("" (8, f) +m ( %)) |

dy 4]c|s L 1
/ |51 (re’?) o §—2<T(s,f)—|—log —|f(0)|>. (2.1)

(s —r—1el)

we have

Next we consider the cases j = 2, 3 combined together. First, by denoting {qx} = {a,}U{b,.}
and using Lemma 1.1, we have

o o ¢ |do
/0 |Sg (re ){ + |53 (re |§S/ log™ 7“6“9 i -
+q,§s /o% log™ |1 = 7 +Cc— m %
27 —
+qk§|;s o o |
+q;s o%log+ b SECM % 22)

Second, for any a € C, and for all § < 1,

27 z
1 1 2
/ +5d9§4/2+5d9§—wé
o |re? —q o |re? —lall (1—0d)r

|re” — al| >r0 forall 0 <0 <

since

Do
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Therefore
2 2 5
T c do 1 [ c do
log™ |1 . — < = log™ [ 1 4 —
/0 ©8 +r619—a 2t T 5/0 ©8 <+r629—a )27
1 /2” c ° df
< = : —
- 0y |re? —a| 27
_
= 01—
and similarly
2w )
/ log™ |1 — 5 ¢ d—9 < i
0 re +c—a|2r ~ 6(1—0)r°
Third, since for all a such that |a| < s,
a 1
< Y
s2—az| ~ s—r
we have ) ¥
T ac do c
logh 1+ —————| — < ———
/0 o8 +52—6(2—|—c) 21 ~ s—1r— ||
and ) 3
/ log™ |1 — ac ﬁ < i
0

s2 —az s—1r

m
Finally, by combining inequalities (2.1), (2.2), (2.3), (2.4), (2.5) and (2.6), we obtain

3

" ( f(;J)C)) = ( = 5 <12|—C|;> ré) (

(=) (oo i)

Therefore, using the fact that

ns (s 7) < 225 (Tt i) + 1ot g )

see [15, p 37], and s = %2 (r + |¢|), we conclude

flz+¢) 8|c| (3ar+ 1) 8arc|’
m(r’ f(z) ) = ((Oz—l)Q(r+|c|)+5(1—5)(a—1)r5>
X (T (a(r+]cl), f) +log*

8lc| (B + 1) + 8a (v — 1) |¢]
- (1 —0)(a—1)%r8

)

)

This concludes the proof of lemma 2.1. =

(s,f)+n<s,%

<T (@), f) +log* WIO>|> |
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Lemma 2.2 ([8, Lemma 3.3.1]) Let F(r) and ¢(r) be positive, nondecreasing, continuous
functions defined forro < r < oo, and assume that F(r) > e forr > rq Let ((x) be a positive,
nondecreasing, continuous function defined for e < x < co. Let C > 1 be a constant, and let
E be the closed subset of [r, ,+oo| defined by

E:{TE[TO,—FOO[ZF(T—F%)ZCF(T)}.

Then,for all R < oo,
F(R)

/ dr < 1 N 1 / dx
e(r) = ¢(e) logC J x((x)

EN[ro,R] e

Theorem 2.1 ([14]) Assume that f(z) is a non-constant meromorphic function, ¢ € C,

0<1ande>0.
fEt+aN _ (Tr+ld, H™
m(r, B )— ( ;i ) (2.7)

then
for all r outside [ a possible exceptional set E with finite logarithmic measure

dr
— < 0.
-

E

Proof. Consider ((x) and ¢(r) be positive, nondecreasing, continuous functions defined for
e <z < ooandry <r < oo, respectively, where rq is such that T'(r + |c|, f) > e for all
r > 19. Then by Lemma 2.2

o(r)
T(r+|c|+C(T(r+|C|’f))>f) <+ |, f)

for all r outside of a set E satisfying

T(r+lel,f)
/ dr < 1 n 1 / dx
o(r) = ¢(e)  log2 z( ()
EN[ro,R] €

where R < oo. Therefore, by choosing ¢(r) = r and ((x) = 22 with ¢ > 0, and defining

r

a=1+ 5
(r+1c)T(r+ el f)*

) (2.8)

we have

T(a(r+|c),f)=T (r+ I+ 77 (fﬁd 7f)),f> <oT(r+lel.f)  (29)
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for all r outside of a set E with finite logarithmic measure. Hence, if f(0) # 0,00, the
assertion follows by combining (2.8) and (2.9) with Lemma 2.1. Otherwise we apply Lemma
2.1 with the function g(z) = 27f(2), p € Z is chosen such that ¢g(0) # 0, co. m

When f is of finite order, the right-hand side of (2.7) is small compared to T'(r, f), and
therefore relation (2.7) is a natural analogue of the Lemma on the Logarithmic Derivative

m (T,f7/> =0 (logT (r, f) + logr).

Concerning the sharpness of Theorem 2.1, the finite-order functions, exp(z™) and tan(z)
show that ¢ in (2.7) cannot be replaced by any number strictly greater than one. If f is of
infinite order, the quantity T'(r + |c|, f)r~° may be comparable to T(r, f). For instance, by
choosing f(z) = exp(exp(z)), we have

flz+¢) S N R P
——) = — log™ [e¢ )‘ dd, ¢ >0
f(2) 21 Jo

c __ 2w ]
_ -1 o D /0 log™ | f (re”)| d6, ¢ >0
= (e“=1)T(r,f), ¢>0.

m(r,

Therefore Theorem 2.1 is mostly useful when applied to functions with finite order, although
the assertion remains valid for all meromorphic functions. In the finite-order case we can
also remove the € in Theorem 2.1.

Corollary 2.1 ([7]) Assume that f is a non-constant meromorphic function of finite order,

ceCandd < 1. Then
m(r, f<;(:_>c)) =0 <T(T+T—6|C|’f)>

In addition, we can conclude the following:

flz+c), _ (T(r,[)

)=o0
f(z) ro

for all r outside of a possible exceptional set E with finite logarithmic measure. Then, applying

this result to the function f(z)—a(z), where a(z) is a finite-order periodic function with period
¢, we have

(2.10)

m(r,

Acf(z)

— ) = m(r ol
" T T e e )T
(Tt ) o
Then, we can conclude the following
m(r, Acf y=S(r,f —a).
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Proof. Choose any § < 1 and denote &' = @. Since f is of finite order, we have

T(r+ |c|, f) < r? for some p > 0 and for all r sufficiently large. Therefore, by Theorem 2.1

T
m(r. M) _ o (Tt Ny
i) P
where € > 0. The assertion follows by choosing ¢ = (5/;5)

Remark 2.1 ([7]) by replacing z by z+ h, where h € C, and ¢ by c—h in (2.10), and using
the inequality

T(r,f(z4+h) <(14+e)T(r+h|, f(2)), e >0, r>rg,
see [1] or [2], we immediately have

flz+¢) _, T(r+|c—h|+|h|,f)
ferh) = < re )

for all 6 <1 outside of a possible exceptional set E with finite logarithmic measure.

m(r,

2.3 Characteristics of Polynomial and Rational func-
tions in meromorphic functions
For polynomials in meromorphic functions, we have the following characteristic
Theorem 2.2 ([37]) Assume that f(z) is a meromorphic function in the complex plane and
P(z) = aof" + a1 f" '+ ...+ ap,
where ag (£ 0), ay,...,a, are small functions of f(z). Then

T(r,P(f))=nT(r,f)+S(r, f). (2.11)

Proof. Without loss of generality, we assume that ag(z) = 1.
For n = 1, the formula (2.11) is obvious. Therefore from

T(r,P(f)) < T(r.f-> a1f"*) +T(r,a,) + O (1)

k=1

< T(r f)+T(r, ) a1 f") + S (r, f)

k=1

and by using induction in the integer n, we get

T(r, P(f)) <nT(r,f)+ 5 f), (2.12)
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Now we prove the opposite inequality of above inequality. It is obvious that
N(r, P(f)) =nN(r, f)+5(r, f) (2.13)
In order to estimate m(r, P(f)), let

A@) = max o)l i=1,2m

where |z| = r. For a fixed value of r, we denote F; the set of 6§ € [0, 27] such that
|f (rew)‘ > 2A (rew)

and F5 the complement of F;. On E;, we have

P P
POL = P |1+ %t
O I 10 IR )
. 1 1
> |f] {1—5— —Q—n}
1 n
= ol
Therefore
n-m(r,f) = m(rvfn)
1 1
= o Ellogﬂf”]d&—i-%/E210g+\f”|d0
1 [ n 1 [ 0
< %/0 log™ |2 P(f)|d9+%/0 log™ [2A]" df
< m(r,P(f))+ S(r, f). (2.14)
From (2.13) and (2.14), we get
T (r,P(f)) 2 nT (r, f) + S(r, f). (2.15)

Hence (2.11) follows from (2.12) and (2.15). m

The following theorem is fundamentally attributed to Valiron. The proof we present here
was derived by Mokhon’ko .

Theorem 2.3 ([34]) Assume that f(z) is a non-constant meromorphic function in the com-
plex plane and
P(f)

where ) .
P(f) = arf* and Q(f) = > b;f
k=0 =0
are two mutually prime polynomials in f(z). If the coefficients {ar(2)}, {b;(2)} are small
functions of f(z) and a,(z) # 0, by,(z) #Z 0, then
T(r,R(f)) = max{p,q} T'(r, f) + S (r, f) - (2.16)
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Proof. Without loss of generality, we assume that p > ¢. For the opposite case, we can
consider

noting that

T(r,R =T
(0 RUP) = T(r
By applying division algorithm, we have

P(f) = Si(f)-Q(f) +Ti(f), degSi=p—gq, degTh =t <gq,
Q(f) = So(f) -Ti(f) +T2(f), degSy=q—t1, degTy =1ty <1,

Too(f) = Su(f) Tmalf)+Tn(f), degSm =tmo—ty_1, degT,, =t,, =0.

Since P(f) and Q(f) are mutually prime, we have

and
P(f)-U(f)+Q(f)-V(f) =1, (2.17)

where U(f) and V(f) are polynomials in f whose coefficients are small functions of f and
u<qg—1, v<p—1, here u =degU and v = deg V.
Since
p+u=q+vandp>q,

we see that
v > U.

By applying Theorem 2.2 and the first fundamental theorem repeat, we deduce that

Pip),
Q(f)

< T(r,5(f) +T(r,

T(r,R(f)) = T(r,

= T(r,5(f)) +T(r,

< T(r5i(f) +T(r, S2(f) + ...

T, Su(f) + T, T;ng )y +oq)

= (p—q)T(r, )+ (q—t)T(r f)+ ..
+ (tmo —tm1) T(r, f) + tmaT(r, f)+ S(r, f)
=PI, f) + 50 ). (2.18)
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Noting that v > wu, by similar procedure, we can prove that

ﬂn%%bgvﬂnﬁ+svjy

In the following, we prove the opposite inequality.
By Theorem 2.2, it follows from (2.17) that

p U QU 1

V() P)

On the other hand, by applying (2.19), we get

Ul o) (), )
Tyt eg) < Tyt (’(ﬁ)+0
V() ( Hﬁ)
T(r, T,
IEL a0

< oT(r, [) + T (r, R(f)) +
Combining (2.20) and (2.21), we get
T (r,R(f)) = pT (r, ) + S(r, f).

From (2.18) and (2.22), we get (2.16) immediately. m

(2.19)

(2.20)

(2.21)

(2.22)

2.4 Difference analogue of the Second main theorem

Lemma 2.3 ([13]) Consider ¢ € C, n € N*, and suppose that f(z) is a meromorphic
function of finite order. Then for any small periodic function a (z) with period ¢, with respect

to f(2),

() s

where the exceptional set associated with S (r, f) is of at most finite logarithmic measure.

Proof. We prove by induction that for all n € N* :
Al'f >
=S(rf
w(n L) =560
For n = 1: By applying Corollary 2.1, we deduce that

Acf ) _
m(r,f_a) =S(rf).
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Suppose the result is true for n, then

m(r —AZ+1f) = m
Y f —a -

TA?H +m|(r Afjf
b A” 7f_a

AN (821

Hence the result is true forn +1. =

Halburd-Korhonen considered a difference analogue of the second main theorem, and
proved the following Theorem

Theorem 2.4 ([13]) Consider ¢ € C, and suppose that f is a meromorphic function of
finite order such that A.f # 0. Let ¢ > 2, and let a1(z),..., a,(z) be distinct meromorphic
periodic functions with period ¢ such that ar, € S(f) for all k =1,...,q. Then

m(r,f>+2m(r»f_1ak) < 2T (r, f) = N* (. f) + S(r, ),

where
N*(r,f)=2N(r,f) = N(r,A.f) + N (T,Aif)

and the exceptional set E associated with S(r, f) is of at most finite logarithmic measure.

Proof. By denoting
q
P =110 ~a).
k=1

we have

LS

1 . (6773
P(f)_;f_ak

where oy, € S(f) are certain periodic functions with period c¢. Hence, by Lemma 2.3, we

obtain
A.f Zq A.f
" (7’, P(f)) = k:1m <7ﬂ7 f—CLk) +S(T,f) - 5(7"7f)

and so

S R R R
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By combining the first main theorem, (2.23) and Theorem 2.3, we have

T(r,A.f) = m(r,Ach) —i—N(r,ALCf) + O (1)

vV
3
N
=
i)
| =
=
Q@ N—
+
=
/N
=
s
Ny
N————
+
n
=
=

3
=
=
+
Q
3
VR
3
—
I | =
S
ol
N——
IN

T(r,f)+N(r,Acf) +m(r,Acf)

N <T’A%f) N f) + S (r f)

T(r,f)+ N(r,Acf) +m(r, f)
N (r, Aif) N f)+S(r )

IN

= 2T (r,f)+ N(r,A.f) = N (r, &)
2N (r, f)+ S (r, f).

With this, the proof of Theorem 2.4 is established. =

2.5 Theorems related to combinations of meromorphic
functions

Definition 2.1 ([20, 37]) Suppose that fi, fo,..., fn are meromorphic functions and

W (fi, far- s fu) = fl f2 fn
I O

The determinant W (f1, fa, ..., fn) is called the Wronskian of fi, fa, ..., fa-

In studying on uniqueness theorems of meromorphic functions, the following Nevan-
linna’s theorem plays an important role.
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Theorem 2.5 ([35, 37]) Assume that fi1(z), f2(2),..., fu(2) are linearly independent
meromorphic functions satisfying the following identity

Zn:fj =1. (2.24)

Then for 1 < j <n, we have

n

T f) < SN (r, %) L N(rf) + N (r,D)

k=1

n

CNON( ) - N (r, %) + 50, (2.95)

k=1
where D is the Wronskian W (f1, fa, ..., fn), and
S(ry=o(T(r)) (r—+4oc0, 1r¢&FE),
here
T (r)= max {T (r, fx)},

1<k<n

and E is a set with finite linear measure.

Proof. By taking derivatives in both sides of identity (2.24), we get

, fn (2) are linearly independent, we see that D # 0. From (2.24) and

0 (k=1,2,...,n—1). (2.26)

Since fi(2), f2(2),. ..
(2.26), we get
D=D;, (j=1.2,....n)),

where D; is the algebraic cofactor of f; in D. Hence

D1 D Al

fi = =, 2.27
VS h 0 Rl A (2.27)
where
1 1 1
1 I3 In
A — f:1 f:2 fn
fl(n'71> f2(n.71) ’SLT,,LU
f1 f2 fn

and A; is the algebraic cofactor of the element at the first column and the first row in A.
From (2.27), we have

m(r f) < m(r,Al)—l—m(r,%)

< m(r,A) +m(r,A)+ N (r,A) — N <r, %) +0(1). (2.28)
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Since D
A=
f1f2 fn
we have
N (r,A) = N (7“, A) = ) N (r, f—) =Y N (r, fi)
k=1 k=1
+N(r,D)— N (7‘, %) . (2.29)
Note that )
m(r,%)S(r,fj)S(r), <=]7€zigv’ :Z’_1>
We have

m(r, A1) + m(r, A) =S (r). (2.30)
From (2.28), (2.29) and (2.30), we get
T<T7f1> - (T,f1)+N )

< " N(r, 1>+N7"f1)+N(7’D)
— Jr

Y N (r, fu) — ( %) +S(r). (2.31)

=1

By the same method, we can prove other results similar to (2.31) for f; (2 <j <n). Hence
(2.25) holds. m

By using Theorem 2.5, Nevanlinna [35] proved the following theorem.

Theorem 2.6 ([35, 37]) Assume that f1(z), fa(2),..., [fn(2), (n > 2) are meromorphic
functions satisfying the following conditions:

ZC’ fi(z) =0, where C; (j=1,2,...,n) are constants.
(17) fj( JZ0 (j=1,2,...,n), and f; (2) /fx (2) are not constants for 1 < j < k < n.
()3 (V1) + N (1)) =0 (). (=400, ¢ B),

j=1
where T (r) = min {T (7’, ;—J>} , and E is a set with finite linear measure.
1<j<k<n k

Then C; =0 (j=1,2,...,n).

Proof. The proof can be done by mathematical induction. First of all, let n = 2. We have

lel (Z) + Cgfg (Z) =0
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If one of C; and (s, say (', is not zero, then

filz) Gy

falz) OV

which contradicts assumption (ii) . Hence Theorem 2.6 is true for n = 2.

Assuming that Theorem 2.6 is true for n = [ (> 2), we now prove it is still true for
n = [41. In fact, if meromorphic functions f; (2) (j = 1,2,...,1+ 1) satisfy the assumptions
of Theorem 2.6, then we have

I+1

E:GJM@EO. (2.32)

Suppose that one of C; (j=1,2,...,1+1) is not zero. We can prove all of them are not
zeros. Otherwise, without loss of generality, let C;.; = 0. From (2.32), we have

l
j=1

And f;(2) (j=1,2,...,1) satisfy the assumptions of Theorem 2.6, where n = [. By the
induction hypothesis, Theorem 2.6 is true for n = [. Hence C; = 0 for j = 1,2,...,L.
Therefore all C; (j =1,2,...,0+ 1) are zeros. This is a contradiction. Hence C; # 0
(j=1,2,...,01+1). Let

Cif; ()

9; (2) =
From (2.32), we have

Zgj (2) =1

If g; () (j = 1,2,...,1) are linearly dependent, then there exist constants a; (j =1,2,...,1)
(one of them is not zero) such that

l
Z (ngj (Z) = 0.
j=1

That is l

> a;Cif; (2) = 0.

j=1
Since, by hypothesis, Theorem 2.6 is true for n = [, we have ¢,C; =0 (j=1,2,...,1).
Since one of a; (j=1,2,...,1) is not zero, say a; # 0, we deduce that C; = 0, which
contradicts the known result C; #0 (j=1,2,...,1+1). Hence g; (2) (j =1,2,...,1) are
linearly independent.
Let T (r) = max {T (r,gr)}. From (2.33), we get

N (r, i) + N (r,g;) <N (r, l) +N(r,f;)) + N (r, fis1) + N (7‘, L) ,
gj g fis1
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where j = 1,2,...,1. By condition (iii), we have

N(r,i) FN(g) =St G=12....0),

9j

where S (r) =o0(T (r)) (r— 400, r¢ E). Hence

and

Applying Theorem 2.5 to functions g; (2) (j =1,2,...,1), we get
T(rg) <S0) (k=12....0).

Hence

T(r)<S(r),
which is impossible. This means that all C; (j =1,2,...,1+ 1) are zeros. Therefore The-
orem 2.6 is true forn =7+1. m

From Theorem 2.6, we can prove.

Theorem 2.7 ([37]) Assume that f1(2), f2(2),..., fn(2), (n > 2) are meromorphic func-
tions and g1 (2), 92 (2),...,gn (2) are entire functions satisfying the following conditions:

(i) Y f () en = o0,

(i7) gj (2) — gx (2) are not constants for 1 < j <k < n.
(1ii) For1<j<n, 1<h<k<n,

T(r, f;) = O{T (7’, egh’g’“)} , (r—+o0, r¢E),

where E is a set with finite linear measure.

Then

Proof. The proof can be done by using mathematical induction. When n = 2, the condition
(1) becomes
f1(2) e @) 1 fo (2) €2 = 0.

If one of f; (2) (j =1,2) is not identically zero, say f; (z) # 0, then

e91(2)—92(2) = _f2 (2)
fi(2)
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By condition (iii) , we have

T(r,egl’”) = T<r,%)

< T(r,fo) + T (r, 1) +O(1)
= O{T(r,eg“gz)},

a contradiction. Hence Theorem 2.7 holds for n = 2.

Now we assume that Theorem 2.7 is true for integer n (> 2). In the following, we prove
that Theorem 2.7 is true for n + 1. Suppose that f; (2),g;(2) (j =1,2,...,n+ 1) satisty
the conditions of Theorem 2.7 and that one of f; (z) (j =1,2,...,n+ 1) is not identically
zero. If one of f; (2) (j =1,2,...,n+ 1) is identically zero, say f,+1 (z) = 0, then from the

identity
n+1

Z fi(2)e%® =0, (2.34)

we have
Z f ) e9i (=) = .

Therefore f;(z) (j=1,2,...,n) satlsfy the conditions of Theorem 2.7. By the induc-
tion hypothesis, Theorem 2.7 is true for n. Hence f;(2) =0 (j=1,2,...,n), and thus
fi(z) =0 (j=1,2,...,n+1), which contradicts the assumption. Hence f;(z) # 0
(j=1,2,...,n+1). Let

Fj(2) = fi()e"®, Ci=1, (j=12,....n+1). (2.35)
From (2.34), we get
n+1
Z C;F;(z) =0.
j=1

Obviously, Fj () #0 (j =1,2,...,n+1). And it is easy to see that F} (z) /F} (2) are not
constants for 1 < j <k <n+ 1. Furthermore, we have

1
N(r,F;)+N(r—| = + N
nF)+ N () = NeH N (rg)
< 2T(r, f;) +O(1)
= o{T (r,e” ™)}, (r— +oo, r¢E), (2.36)
forj=1,2,....n+1, 1<h<k<n+ 1. Since

Fh fhegh 9
Fr [

9h—9k — ﬁ ﬂ
T(r,e ) = T(r, fh'Fk)

S T(?",fk)—i-T(?”,fh)—f—T( ?k) +O< )

we have

_ T(T,%)M{T(r,ewk)}, (r— +oo, r¢E).
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Hence .
T (r,e9=9%) = O (T (r, Fh)) . (r¢E). (2.37)
k
From (2.36) and (2.37), we get

vy o3 () =o{r (LB, i e

for j=1,2,...,n+1, 1 <h <k <n+ 1, which means that F;(z) (j=1,2,...,n+1)
satisfy the conditions of Theorem 2.6. Hence C; =0 (j =1,2,...,n+ 1), which contradicts
(2.35). Therefore f; (2) (j=1,2,...,n+ 1) are identically zeros. =

Theorem 2.8 ([37]) Assume that f1(2), f2(2),..., fn(2), (n > 2) are meromorphic func-
tions and g1 (2),92(2), ..., gn (2) are entire functions satisfying the following conditions:

(i) Z fi (2)e9® = fri1(2).

(17) gn (2) and gj (2) — gi (2) are not constants for 1 <h <n and1 <j<k<n.
(1ii) For1<j<n+1, 1<h<k<n,and1<I[I<n

P(fj) < p(egh—gk)7
p(f;) < ple?).

Then

Proof. If we put g,41(2) =0, (i) can be expressed as

0.

D75 (2) €4 = fun () )
j=1

Obviously f;(2),g;(2) (j=1,2,...,n+ 1) satisfy the conditions of Theorem 2.7 then
fi(x)=0 (j=12,...,n+1). m



Chapter 3

Applications of Nevanlinna Theory to
Entire Functions Sharing a Small
Function with Two Difference
Operators

In this chapter, by applying Nevanlinna theory, we explore uniqueness problems of
entire functions that share a small periodic entire function with their shifts and difference
operators, or with two difference operators. We also show that the function can be expressed
in a special form. Additionally, we enhance some results previously established in 2015 by
A. El Farissi, Z. Latreuch, and A. Asiri [10].

3.1 Introduction

Nevanlinna theory is regarded as one of the most significant theories in complex analysis,
particularly in the study of entire functions and solutions to difference equations. For an
entire function f (z) we define its shift by

fe(z)=[f(z+0),
and its difference operators by
LMf(z)=anf(z+nc)+...+a1f(z+c)+apf(2), neN, n>1

where av, (#£0), ..., a1, oy are complex numbers. In particular for the case

ai:(r,") (—1)",ieN, 0<i<n

1

we have

Lif(2) = Af (2), LIf () = Af(2) . meN, n>2.

Recently, many authors have focused on the applications of Nevanlinna Theory to com-
plex difference equations, particularly those involving meromorphic functions that share a

45
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small entire function with their shifts and difference operators, share a value with two dif-
ference operators, or share two values with the operator see e.g.[3, 4, 10, 11, 16, 17, 22, 24,
25, 29, 30, 31, 36, 38|.

Definition 3.1 Assume that f, g and, a are three meromorphic functions. If f — a and
g — a have the same zeros with the same multiplicities, we say that f and g share a C'M
(counting multiplicities) .

If f, g and a are entire functions, then f —a = e"(g — a), where h is an entire function.

In 2015, A. El Farissi, Z. Latreuch and A. Asiri [10] proved:
Theorem A Assume that f(z) is a transcendental entire function of finite order such that
f(z) Z fe(2). If f(2), f(2+4c¢)and A.f (z), share the value a C'M, then

a=0and f(2) = h(z)egz,

where [ is a nonzero complex number, and h(z) is a periodic entire function of period c.

3.2 Main results

Remark 3.1 In all the following results, we consider an entire function f(z) that shares a
small periodic entire function a(z) or a value a with its shift f (z + ¢) and with the difference
operators L f (z) or Al'f (), or shares a small periodic entire function a(z) or a value a
with two difference operators L' f (z) and L2 f (z +¢) or A f (2) and AL f (z+ ¢). In other
words, f(z) shares a small periodic entire function a(z) or a value a with two difference
operators. Hence, throughout all the results, we impose the condition f(z) #Z f.(z), so that
we do not have f(z) = f.(2), Llf(z) = LY f (24 ¢) and AL f (z2) = A f (2 + ¢), that is, we
exclude the case where f(z) shares a(z) or a value a with only one of the operators L f (z)

or A'f (z).

In this Theorem, we generalized Theorem A by replacing A.f (z), with A f (2), and
we obtained the same result.

Theorem 3.1 ([33]) Assume that f(z) is a transcendental entire function of finite order
such that f(z) £ fo(2). If f(2), f(z+4¢) and Al'f (2), (n > 1), share the value a CM, then

a=0 and f(z) = h(z)egz,

where [ is a nonzero complex number, and h(z) is a periodic entire function of period c.
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Example 3.1 The entire function
9(z) = ¢,
such that
g(z+1)=eg(z), Alg(z) =(e—1)"g(2), ne N,
and hence g (z), g(z+ 1) and Atg (%) share 0 CM.

In this corollary, we have replaced f (z + ¢) with A f (2 + ¢) in Theorem 3.1, and we
obtained the same result.

Corollary 3.1 ([33]) Assume that f(z) is a transcendental entire function of finite order
such that f(z) # fo(2). If f(2), AZf(z) and AZf (z+c¢), (n > 1), share the value a CM,
then

a=0 and f(z) = h(z)e%",

where [ is a nonzero complex number, and h(z) is a periodic entire function of period c.

Example 3.2 The entire function
9(z) =e
such that
Atg(z) =(e—=1)"g(2), Afg(z+1)=e(e—1)"g(2), n €N
and hence g (z), Atg(z) and Alg(z+ 1) share 0 CM.

It is intriguing to observe the current situation where f(2), f(z+c¢), and LI f (2) (n > 1)
share a(z) CM. The primary finding of this theorem demonstrates that the conclusion of
Theorem 3.1 holds when we substitute A” f (z) with L?f (z), replace a with a(z), leading
to results in the following theorem.

In this theorem, the function f share a small periodic entire function with two difference
operators. Therefore, in the proof, we make an exception for the case where f(z 4 ¢) =

Lif(2).

Theorem 3.2 ([32]) Assume that f(z) is an entire function of finite order such that
f(z) # fo(2), and let a(z) € S(f) be a periodic entire function with period c. If f(z),
f(z+¢) and L'f (z) (n > 1) share a(z) CM, then

f(z) = h(z)egz +a(z) anda(z) =0 or Zai —1=0,
=0

where [ is a nonzero complex number, and h(z) is a periodic entire function of period c.

In the following examples, we take several cases to illustrate Theorem 3.2:
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Example 3.3 In this example we illustrate the case > ,o; — 1 =0 and a(z) # 0.The entire
i=0
function g(z) = cos (2) €2+% + e satisfies
g (z+2mn) = €" cos (2) er* 4+ e, n €N,

Weput a; = —1,1<i<n,ap=n+1 and a(z) = e, then

Lyg(z)=—g(z+2mn) — ... —g(z+2m) + (n+1)g(2), n € N".
We can get
g(z+2m) —a(z) e cos () ezn* .,
9(2) —a(z) cos (z) e2x 7
and
Ly.g(z)—a(z)  —cos(z) ez (" + ...+ €) — ne
g(z) —a(z) cos (z) ez

+(n+1)cos(z)eiz—l—(n+l)e—e

cos (2) ez

6n+1 -

Cn+1
= ——+n
1—e ’

and hence g(z), g (z + 2m) and LY g (z) share e CM.

Example 3.4 In this example we illustrate the case a (z) =0 and Y o; —1 # 0. The entire
i=0
function g(z) = e* satisfies
g(z+n)=c¢€"e*, neN.

We put a; =1, 0 < i < n, then

Ltg(z)=g(z+n)+..+g(z+1)+g(z), neN".

We can get
gz+1) ee?
—_— = = 67
9(2) e
and
Ltg(z) e (e"+..+1)
9(2) e
1—entt
 1—e’

and hence g(z), g(z+ 1) and Lg (z) share 0 CM.
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Example 3.5 In this example we illustrate the case Y .a; —1 =0 and a (z) = 0. The entire
i=0
function g(z) = sin (z) e* satisfies

2™ gin (z) e*,n € N,

g(z+2mn)=e
Weput ; =1,1<i<n,ap=—(n—1) and a(z) =0, then

Ly g(z)=g(z+2m)+..+g(z+21)—(n—1)g(2), n e N*

We can get
g(z+2m) €Tsin(z)e*
= = €
g(2) sin (z) e ’
and
L3.g(z)  sin(z)e’ (2™ + ..+ —(n—1))
g(z) sin (2) e?
e27r(n—‘,—1) _ 2
= T aoyp th

and hence g(z), g (z + 2m) and L3 g (z) share 0 CM.

In this corollary, we have replaced f (z+ ¢) with L?f (2 + ¢) in Theorem 3.2 and we
obtained the same result.

Corollary 3.2 ([32]) Assume that f(z) is an entire function of finite order such that
f(2) # fe(2), and leta(z) € S (f) be a periodic entire function with period c. If f (z), L f (2)
and L7 f (z+¢) (n > 1) share a(z) CM, then

f(z) = h(z)egz +a(z) anda(z) =0 or Zai —1=0,
=0

where (3 is a nonzero complex number, and h(z) is a periodic entire function of period c.

Example 3.6 The entire function g(z) = e%Z, where b # 0 satisfies
g(z+nb) = e"ev*,n € N.
We put a; =1, 0<i<n and a(z) =0, then
Lyg(z) =g(z+nb)+...+g(z+b)+g(2), ne N

and
Lig(z+b)=g(z+(n+1)b)+...+g(z+2b) +g(2+b), n €N,

we can get
Lyg(z)—a(z)  gz)(e"+..+e+1) 1—e"t!

g(z)—alz) 9(2) Col-e ]
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and
Lyg(z+b) —a(z) _ g(2) (e + ... +e)
9(z) —a(z) 9(2)
e —ent?
I

and hence g(z), Lyg (z) and L}g (z 4+ b) share 0 CM.

In the following result, we added a condition to Theorem 3.2 and obtained an improved
outcome.

Corollary 3.3 Assume that f(z) is an entire function of finite order such that f(z) Z f.(2),
and let a (z) € S (f) be a periodic entire function with period c. If f (2), f (z + ¢) and L f (2)

(n > 1) share a(z) CM and > a; =0, then
i=0
f(z) = h(z)egz, and a (z) = 0,

where [ is a nonzero complex number, and h(z) is a periodic entire function of period c.

Example 3.7 The entire function g(z) = sin (z) e* satisfies
g(z+2mn) = e*™sin () e*, n € N.
We put a; =1, 1 <i<n, ag =—n and a(z) =0, then

Ly g(z)=g(z+2m)+..+g(z+27) —ng(z), neN"

We can get
g(z+2m) esin(z)e*
g(z)  sin(z)e? 0
and
L3.g(z)  sin(z)e” (2™ + ..+ € —n)
g(z) sin (2) e*
e27r(n—|—1) - 627r
B 21

and hence g(z), g (z + 2m) and L _g(z) share 0 CM.

In this corollary, we substituted f (z 4+ ¢) for L? f (2 + ¢) in corollary 3.3 and obtained
the same result.
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Corollary 3.4 Assume that f(z) is an entire function of finite order such that
f(2) # fe(2), and let a (z) € S (f) be a periodic entire function with period c. If f (z), L7 f (2)

and L7 f (z+¢) (n > 1) share a(z) CM and iai =0, then
i=0
f(z) = h(z)egz, and a (z) = 0,

where (5 is a nonzero complex number, and h(z) is a periodic entire function of period c.

Example 3.8 The entire function g(z) = sin (z) e* satisfies
g(z+42mn) = e*™sin (2) e, n € N.
We put a; =1, 1 <i<n, ag =—n and a(z) =0, then

Ly g(z)=g(z+2m)+..+g(z+27) —ng(z), neN"

and
Ly g(z+2m)=g(2+2n(n+1))+...+g(2+4m) —ng (2 +27), ne N*
We can get
g(z+2m) €Tsin(z)e*r
= = e
g(2) sin (z) e? ’
and
Ly g(z+2m)  sin(z)e? (et 4 et — ne?T)
g(2) B sin (2) e?
6271'(n—i—2) _ i o
=~ "

and hence g(z), g (z 4+ 2m) and L g (2 + 27w) share 0 C'M.

It is reasonable to wonder what would happen if L f (z) is replaced by A f (z) in The-
orem 3.2. In response to this question, we obtain the following result.

Theorem 3.3 ([32]) Assume that f(z) is an entire function of finite order such that
f(z) # fo(2), and let a(z) € S(f) be a periodic entire function with period c. If f(z),
f(z+c¢) and A f (z) (n > 1) share a(z) CM, then

f(z) = h(z)egz, and a (z) = 0,

where (3 is a nonzero complex number, and h(z) is a periodic entire function of period c.
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Example 3.9 The entire function g(z) = sin (z) ez satisfies
g(z+2mn)=e"g(z), neN.

We can get
g(z+2m) _eglz)
9(2) g9(z)

Apg(n) OG0 B () e

9(2) 9(2)
and hence g(z), g (z + 2m) and A% g (z) share 0 CM.

and

In this corollary, we substituted f (z + ¢) for A”f (z + ¢) in Theorem 3.3 and obtained
the same result.

Corollary 3.5 ([32]) Assume that f(z) is an entire function of finite order such that
f(z) # fo(2), and let a(z) € S(f) be a periodic entire function with period c. If f(z),
Af(z) and Alf (z+¢) (n > 1) share a(z) CM, then

f(z) = h(z)egz, and a (z) = 0,

where (3 is a nonzero complex number, and h(z) is a periodic entire function of period c.

Example 3.10 The entire function g(z) = sin (z) e2=* satisfies

g(z+2mn)=e"g(z), neN.

We can get
n HX (D)D)
Azﬂg()_g i=0 B n\ i
9z ) - ()< e
and . |
Ay g (2 + 2m) g<2)z=20(7;) (=)™ e “~ (n n—i it1
oG 9C) B () (=17

and hence g(z), g (z + 2m) and A} _g (z) share 0 CM.
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3.3 Auxiliary lemmas
To prove our results, we require the following lemmas.

Lemma 3.1 ([7]) Suppose that n is non negative integer, and let f(z) be a meromorphic
function

ALf(2)+ A f(2) = Alf (z+¢).

Lemma 3.2 ([33]) Assume that f(z) is an entire function of finite order, and Let a (z) be
a periodic entire function of period c. Suppose that f is a solution of the difference equation

fz+¢)—a(z)

fE—at)
where K is a nonzero constant. Then
Aif(z)—alz) . n_ al?)
IEErC R ICETIE

Lemma 3.3 ([33]) Assume that f(z) and g(z) are entire functions of finite order, and Let
a(z) be a periodic entire function of period c. Suppose that f is a solution of the difference
equation

flz+c)—a(z)=[f(2) —a(z)] e,
then

3.4 Proof of Lemmas, theorems and corollaries

Proof of Lemma 3.2. We prove by induction that for all n € N* :

AR —alz) . . a()
f) —a(zy K

For n = 1: We have
f(z+c)—a(z)

CETIC
then Fte)—alz)
[CETIC
then

flzto—f(E)—alz)  Acf(z)—a a
f(z) —a(z) f(z) —a(z) f(z)—a(z)
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Suppose the result is true for n, then

Abf(z)—alz) . .  a(?)
e KTV T e
then
Alf(z)—a(z)=[f(2) —a(2)| (K =1)" —a(2),
then
AT f(z) = [fe+o)—a(@)](K=1)"—a(z)=[f(z) —a(z)]| (K -1)"+a(z)
= [f(2) —a(@)|K(K-1)"=[f(2) —a(z)]| (K -1)"
= [f(2) —a(@)][K (K -1)" = (K —1)"]
= [f(z)—a()] (K -1)""
A F(z)—a(z) = [f(2)—a()](K-1)"" —a(z)
then
AZ+1f (Z) —a (Z) _ (K 1>n+1 B a (Z)
f(z)—a(z) f(z)—a(z)

Hence the result is true for n + 1. =
Proof of Lemma 3.3. We prove by induction that for all n € N* :

n—1
> g(z+ic)

ei:O
)

f(z+nc) —a(z) = [f (2) —a(2)]

For n = 1:
fz+c)—a(z) =[f(2) —a(z)] .

Suppose the result is true for n

Flz+m+1Dc)—az) = [f(z+nc)—a(z)]ed=tme)
- [.f (Z) —a (Z)] e gog(z-i-zc) g(z+nc)
zz:g(erlc)

Hence the result is true forn +1. =

Proof of Theorem 3.1. Assume that f(z), f(z+ ¢) and A f (z) share 0 CM, then

f(Z+C) — ep(z)

) ; (3.1)

and

== — 103 (3.2)
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where p and ¢ are polynomials. By using equation (3.1), and lemma 3.3, then

S (z+ic)
F(z4ne) = f(2) e (3.3)
By using (3.2) and (3.3), then
n—2 n—1
AP z+ic z+ic
Ji{()z) = (=1)"+n(=1)"""er® 4 +n(—1)ei§op( O HE
z

= 1), (3.4)

In order to prove that p(z) and ¢(z) are constants, we need to treat the following cases:
a-If p(z) = Cst, (e’®) = K) and ¢ (z) # Cst, then we deduce from (3.1), that

f(z+c¢)
f(z)

If K =1, then we deduce the contradiction
flz+e)=f(2).
If K # 1, by using lemma 3.2, and equations (3.2) and (3.5), then

ALF () _ o) (K —-1)",

f(2)

then, we deduce the contradiction

=K. (3.5)

deget) = p (1) = p[(K —1)"] =0,

where ¢ (2) # Cst.
= Cst

b- If ¢ (z) = Cst, (e"® = K) and p (2) # C'st, then, from (3.4), we deduce
n—2 n—1
YANK z+ic z+ic
Cf(z) — (_1)n _'_n(_l)nfl ep(z) + .. —I—’)’I,(—l) eigop( + )+ eig)p( +ic) _ K’
f(z)
then

Spetic) S p(a-tic)
_|_ 61:1 —

[(—1)" = K]e?® + . 4 n(=1)e= n(=1)",

by Theorem 2.8, we deduce the contradiction
n(—=1)" =0.

c- If p(z) # Cst and q(z) # Cst, we have two subcases:

i) degp = degq
Case (A): if p(z) = ¢(z), then, from (3.4), we deduce

e n§2 (z+ic) > p(z+ic) n
(D) = 1] @+ 4n(=1)eS e = (=),
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by Theorem 2.8, we deduce the contradiction
—(-1)"=0.

Case (B) if: p(z) — q(z) = Cst, then, from equation (3.4), we deduce,

n—1 n—1
_ (z+ic) _ — z4ic)
(_1)n e i:%p i [n (_1)n 1 e—Cst:| e i:;p( 4ot (_1) e—p(z—i—(n—l)c) _ _1’

then, by using Theorem 2.8, we deduce the contradiction
—1=0.
Case (C): p(z) — q(z) # Cst, then from (3.4), we deduce

n—2 n—1
_ > p(z+ic) > p(z+ic)
n(=1)"eP@) 4 (—1) e e et = — (—1)",

by Theorem 2.8, then we deduce the contradiction
—(-=1)"=0.

ii) degp # degq :
By using Theorem 2.8 and (3.4), then we deduce the contradiction

(-1)"=0.
Suppose that e?*) = ¢, where 3 is complex number, from (3.1), we have
flz+e)=ef(2). (3.6)
If f () and g (z) are two solution of (3.6), then h (z) = % is periodic function of period

c. Obviously ¢ (z) = e¢* is solution of (3.6), hence the entire solution of (3.6) must of the

form f(2) = h(z) e* where where 8 # 0 and h (z) is periodic entire function of period c.
Suppose now that f(z), f (z + ¢) and A” f (z) share a # 0 CM, Then

M _ ep(z), (3.7)
f(z)—a
and AT (2)
"f(z)—a
T\ P eq(z)7 3.8
() —a 9
where p and ¢ are polynomials. from (3.7) and lemma 3.3 then, we deduce that
n—1
(z+1ic)
Flztne) —a=(f(z)—ayem" (39)
by using equations (3.8) and (3.9), then
(—D)"+n(=1)" P 4
Tpletic) T plartio) a

+n (—1)€i:0 + €i=0 — m

_ 611(»2)7
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then

— = (=1)V"+n(= ”_1ep(z)
e = (Wt

n—2 n—1
> p(z+ic) > p(z+ic)
Hn(=1)eS e et (3.10)

In order to prove that p(z) and ¢(z) are constants, we need to treat the following cases:
a- If p(z) = Cst, (ep(z) = K) and ¢ (z) # Cst then, by using lemma 3.2 and equations (3.7)
and (3.8), we have

Acf(R)—alz) _ e gy ald)
o) —a o) (K —1) . (3.11)

If k = e?*) = 1, then we deduce from equation (3.7) that
fz+c)—a=f(2)—a,
then, we deduce the contradiction
fz+0)=1(2),

then
K #1.

By using equation (3.11), then we deduce the contradiction

a

0=A ————) = A((K = 1)" —e?®) = p (e13)) £ 0.
(7)== (e 2
b- If ¢ (z) = Cst, (e?® = K) and p (2) # Cst, Then we deduce from equation (3.7) that

= 3.12
fG)—a TGEro-a 12
by using equation (3.10), we then deduce
aer® (—1)" = K] ePE) 4 (—1)" epEHntto) 4
Tt —a
b5 (z+ic) S (z+ic)
+n (—1) eigﬂp + 6i§°p ; (3.13)

By using equations (3.10), (3.12), and (3.13), we then deduce

(1) — K]+ [n (~1)" = (—1)" + K] ) 4 .

T_Lilp(z—‘ric) An p(z+ic)
+[1 4+ n]ei=o — ei=0

= 0,
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then
" ~Spetio) . . Sp(eric)
(D" = K]e=" 4 [n(=1)"" = (=) + K] e
+[1 4 n] e7Pltne)
= 1,
by using Theorem 2.8, then we deduce the contradiction
1=0.
c- if p(2) # Cst and ¢(z) # Cst, we need to treat the following cases:
By using equation (3.10), then we deduce
aeP(Z) ( 1>n p(2) + ( 1)77,—1 p(2)+p(z+c) +
— = (=1)"e n(— e
f(z4+¢)—a
n—1 n
o+ n(-1) 2T | BT epetalzte),
by using equations (3.10), (3.12), and (3.14), we have
()" + [n(=1)"" = (=1)"] er® + ..
n—1 n
4 (1 i n) eigop(2+w) . eigop(erlc) . eq(z) + ep(z)+q(2+0)

= 0,

i) degp = degq
Case (A): if ¢(z) — p(z) = Cst, then we deduce from equation (3.15) that

(-1)"+ [n (—1)" ' = (=1)" = et P 4 .
n—1 n
= O7

by using Theorem 2.8, then we deduce the contradiction

(~1)" = 0.

Case (B): if ¢(z) — p(z) = h(z) # Cst, then we deduce from equation (3.15) that

(=1)"eP® 4

n—1 n
+ (1 + n) eiglp(z_HC) _ e;:lp(z—l—zc) o eh(Z) + e‘](z+c)

= ()T ()
= (-1 (n+1),

by using Theorem 2.8, then we deduce the contradiction

(=1)" (n+1) = 0.

(3.14)

(3.15)
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i) degp # degq
by using Theorem 2.8 and equation (3.15), we deduce the contradiction

(—=1)" = 0.

Finally, we deduce that p(z) and ¢(z) are constants, which is also a contradiction with
the fact that f is transcendental entire function. So, there is no entire function that satisfies
the hypothesis of Theorem 3.1 when a # 0. =

Proof of Corollary 3.1. Assume that f(z), A?f (z) and A?f (z + ¢) share 0 CM then

(3.16)

and
Agf (’Z + C) q(z)

fe

where p and ¢ are polynomials. by using lemma 3.1 and from equation (3.17), we have

AL (2) + AT (2)

(3.17)

= 1), 3.18
7 19
by using equations (3.16) and (3.18), we have
w = ¢9(2) _ eP(2),
f(z)
then
NI (2) = f(2) e = [ (2) ), (3.19)

by using equation (3.16), we have

AL (2) = f(2)e?,

then
AP () = f(z+¢) ePlEte) _ f (2) eP(?), (3.20)

by using equations (3.19) and (3.20), we have
F() et~ F (2) ) = (= 4 ) 4 — F (2) ),

then i )
z+c
— pi(z)=p(z+e) 3.21
1) 20
from (3.16) and (3.21) we deduce f(z), f (2 +¢) and A”f(z) share 0 CM, by using
Theorem 3.1 then f(z) = h(z)egz, where 5 # 0 and h(z) is periodic entire function of

period c.
Suppose now that f(z), A%f (z + ¢) and A’ f (z) share a # 0 CM, Then

A?f (Z) — a4 e
IEErE (322
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and An

where p and ¢ are polynomials. By using lemma 3.1 and equation (3.23), we have

A () + AL (2) —a
f(z)—a

by using equations (3.22) and (3.24), we have

n+1
M — 1(2) _ op(2)

— 103, (3.24)

flz)—a ’
then
AT (2) = f(2) e — £ (2) PP — ae?®) 4 qeP?) (3.25)
by equation (3.22), we have
AT (2) = f (24 ¢) ePET) — f(2) PP — qePete) 4 ger®) (3.26)

by using equations (3.25) and (3.26), we have

f(z+¢) ePlzte) _ f (2) ePZ) — qePlte) 4 qerx) = f (2) e?®) — f (2) eP) _ qei(®) 1 geP?)
fetd—a e (3.27)
fz)—a ’

by (3.22), (3.27) and Theorem 3.1, we deduce a contradiction which f(z), f(z 4 ¢) and
A'"f (2) can not share a # 0 CM. =

Proof of Theorem 3.2. Assume that f(z), f (2 +¢) and L? f (2) share a (z) CM. Then

fz+c)—alz) e

[CEICE. 328
. Lf () -a(2)
cf(Z)—alz) o .
[[CErCHE. 329
where p and ¢ are polynomials. From (3.28), and lemma 3.3, then
Flz4ne) —a(z) =[f(2) —a(@)] e, (3.30)
by using equations (3.29), and (3.30), we obtain
anlf ()=o) e=" " taz)an
f(z) —a(z)
L olf()—a(e)]+a(z)ao—alz)
f(z) —a(z)
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then
_ () (S -1)
z+1ic —
e L L g+ (ZZ—O G = 1), (3.31)
From (3.28) and (3.29), we get
Lef(z4¢) = LEf (2) anAcf (2 +nc) + ... + apAcf (2)
- (3.32)
f(z) —a(z) f(z) —a(z)
_ ) _ eals),
Set
o (2) = eP(R)tac(z) _ palz)
We show that ¢ (z) Z 0. If ¢ (2) =0, then
o) — i) -a) (3.33)
thus, by equations (3.28) and (3.33), we have
flz+c)—a(?) — 09(2)=qc(z) (3.34)
f(z) —a(z)
If g (z) is a constant, then by (3.34) we get the following contradiction
flz+0) =[(2).
By equation (3.34), and lemma 3.3, then
f (Z + nc) —a (’Z) _ eq(z)fqnc(z). (335)
f(z) —a(z)
By using equations (3.30), (3.35) and (3.31), we have
) Z ) (2) (2)
_ i=0 = qel®anex)
f(z) —a(z)
el 4e) gy — 1), (3.36)

If a(z) (Zai - 1) = 0, then
i=0

1) = 1P =ne?) 4 4 1)) 4
we get the following contradiction

T(r,e?) = S(r,e?).
If a(z) (Z%‘ - 1) # 0, then by using equations (3.34) and (3.36), we have
i=0

a(z) <iai - 1)
- (z)i:_o alz) et )

Faget®) 1) _ pa(2), (3.37)
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If deg (q) = 1, we get the following contradiction

1
O:)\(f_a) =p(cst —e?) =1.
thus, by equations (3.36) and (3.37), we have

a,,e?A)am+e(2) 4 (1 — 0, ed(F)=ane(2) o
+ (g — o) e?)=ee(2) _ o0
= 0,

as we know from the above that degq(z) > 2, then by Theorem 2.7 we get the following
contradiction
ap=0a_1—aj=09p=0,0<j7<n
thus, we deduce ¢ (2) # 0.
Since ¢ (z) #Z 0, by Lemma 2.3 and equation (3.32), we deduce that

T(TaSD) = m(T’QO)
Aof (2 +n0) ALEY o
< m(r, )+...+ (’f—a(z))+s(’f)
= S(rf). (3.38)

Note that % — e, By applying the second main theorem and equation (3.38),

o(2)
we have
q
r(n5)
2

VAN
=
N
=
|
~_
+
=
/N
=3
RS
N———
_|_
=
RS
=
R
—
—_
N~
+
wn
N
=3
|
~~

q
= S(rf)+S <r, %) . (3.39)
Thus, by equations (3.38) and (3.39), we have
T(r,e?) = S(r, f). (3.40)
Similarly, we get
T(r,e”) =5S(r, f). (3.41)

By using the first main theorem, we have

a(2) (ioa - 1)
f—a(?)

From equations (3.31) and (3.42), we deduce that

T(r, y=T(r, )+ S(r, f). (3.42)

n—1

T(r, f) < T(r,e 2" 4 ..+ T(r, ) + T(r, %) + S(r, f). (3.43)
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If a(2) (Zai - 1) # 0, by equations (3.40), (3.41) and (3.43), we deduce the contradiction
i=0

T(r, f) < S(r. f)

and from this, we deduce that either a (z) =0 or > a; — 1 = 0, and by equation (3.31), we
i=0
have

n—1
> p(z+ic)
anei:OP + ...+ ozlep(z) +ap = e?), (3.44)

Next, we prove that p(z) and ¢(z) are constants. We need to treat the following cases:
First of all, we set
p(2) = apn2" + 12" Pt ag = a2+ a (2)
and
q(2) = b 2™ 4 12"+ o+ by = bp2™ 4+ (2),

where a,, # 0, a,,_1,..., ag, by, # 0, by_1,...,by are constants, o and v are polynomials where
dega <n—1, and degy < m — 1.
On the other hand we have

7j—1

Zp(z—i—ic) = p(2)+plz+o)+ .. +plz+(G—-1)¢)
. = ja,2" + A (2),

where \; are polynomials with degree at most n — 1 for j = 1,2, ...,n. By equation (3.44),
we have
ap, (e“"z")n @ 4 e M@ gy = el 1), (3.45)

Define functions H (z) = ¢**" | and G (z) = ¢*»*". Then, equation (3.45) becomes

an [H (2)]" e + .+ H (2) eMC) 4y = G (2) e®). (3.46)

(i) If m # n, then we have two subcases:
Case (A): If m < n, then by using equation (3.46) and applying Theorem 2.3, we see that

nT(r,H)=S(r,H)

which is impossible.
Case (B): If n < m, then, by using equation (3.46) and applying Theorem 2.3, we see that

T(r,G)=S8(r,G)

which is impossible.
(ii) If n = m # 0, then we have two subcases:
Case (A): If b, = ja,, 1 < j < n, then by using equation (3.45), we have

an [H (2)]" M@ + 4 a; [H(2)] (e’\f(z) - 67(2)) 4+ H(2)eM® 400 =0,
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then by Theorem 2.3, we deduce the contradiction
nT(r,H)=S(r,H).
Case (B): If b,, # ja,, 1 < j < n, then by using equation (3.45), we have

n n n
et ) et M) g = pbme" ()

)

then by Theorem 2.7, we deduce the contradiction
l=a,=a;=0p0=0, 0< 7 <n.

Finally, we conclude that p (z) and ¢ () are constants, suppose that e?*) = ¢ where 3 # 0,
from equation (3.28), we have

flz+c)—az)=e[f(2) —a(2)]. (3.47)
If f(z) and ¢(z) are two solutions of the equation (3.47), then h(z) = J;g;g:zgg is a
periodic function of period c¢. Obviously ¢ (z) = et +a (z) is solution of (3.47). Hence

the entire solution of (3.47) must be of the form f(2) = h(2) et  +a (z), where h(z) is a
periodic entire function of period c. =

Proof of Corollary 3.2. Assume that f(z), L?f (z) and L? f (z + ¢) share a () CM. Then

Lgf (Z) — CL(Z) _ ep(z)
FG)—at) | 348
and
Ltf(z+¢)—a(z)
f(z)—a(2)

where p and ¢ are polynomials. By using equation (3.48), we deduce that

= 1), (3.49)

LYf(z+¢)—a(z) _ pleto)
FGto) —alz) . (3.50)

By equations (3.49) and (3.50), we get the following result

f(z) —a(z) ’

and finally, using equations (3.48) and (3.51), we can deduce f (z), f(z+4c¢) and L"f (2)
(n > 1) share a (z) CM, then by Theorem 3.2 we conclude that

flrteo)—alz) _ oe)-pero (3.51)

f(z) = h(z)egz +a(z) and a(z) =0 or iai —1=0,
i=0

Where § # 0 and h(z) is a periodic entire function of period c¢. m
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Proof of Corollary 3.3. Assume that f(z), f (2 +¢) and L” f (z) share a(z) CM, and

> a; =0, we follow the same steps as in Proof of Theorem 3.2. Equation (3.31) becomes
i=0

S p(ztic)

e i=0 +ot e’ +ag — —— () _ oo

f(z)—a(z) ’

because we know that

We continue with the same steps without forgetting that

Zn:Oéi =0.
1=0

In the proof of Theorem 3.2, following equation (3.43), we concluded that

a(z):OorZai—lz(),
=0

but since
n
E a; = 0,
i=0

we conclude that
a(z) =0.

From this, we continue with the same steps until the end of the previous proof. Finally, we
conclude that )
f(z) =h(z)e<*, and a(z) =0

Where 8 # 0 and h(z) is a periodic entire function of period c¢. m

Proof of Corollary 3.4. We use the same proof as in corollary 3.2. Finally, we can
deduce that f(z), f(z+¢) and L?f (2) (n > 1) share a (z) CM. We also know that

ZO&Z‘ =0.
i=0
Using the theorem 3.2, we conclude that
f(z) = h(z)e%Z and a(z) =0,
Where § # 0 and h(z) is a periodic entire function of period c¢. m

Proof of Theorem 3.3. It is easy to prove this Theorem because we know that if f(z),
f(z+c) and A?f (2) share a () CM, then

Acflz) —alz) _ Lif(z)—alz) _ 0
f(z) —a(z) f(z)—a(z) ’
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and
flz+c)—a(z) o(2)
= e s
f(z) —a(z)
where p and ¢ are polynomials and ) «; = 0. Following the same steps as in the proof of
i=0

Theorem 3.2, we conclude that
f(z) = h(z)egz and a(z) =0,
Where § # 0 and h(z) is a periodic entire function of period c¢. m

Proof of Corollary 3.5. Assume that f(z), A”f (z) and A”f (z+ ¢) share a (z) CM.

Then n
Acf(2)=alz) _ e, (3.52)
f(z)—a(z)
and n
Aifletd)—alz) _ o) (3.53)
f(z)—a(z)
where p and ¢ are polynomials. By using equation (3.52), we deduce that
Acfletc)=al2) _ piera (3.54)
f(z+c¢)—a(z)
By equations (3.53) and (3.54), we get the following result
flrto)—alz) _ ge)-pero (3.55)

f(z) —a(z) ’

and finally, using equations (3.52) and (3.55), we can deduce f(z), f(z+c¢) and A”f (2)
(n > 1) share a (z) CM, then by Theorem 3.3 we conclude that

f(z) = h(z)egz, and a(z) =0

Where § # 0 and h(z) is a periodic entire function of period c. =



Conclusion and perspective

The reader of this thesis can gain an overview of the applications of Nevanlinna theory
to complex difference equations. In the first chapter, we present the fundamental results and
the basic notions of Nevanlinna theory of meromorphic functions, including definitions and
fundamental theorems (First and Second). In the second chapter explores the relationship
between Nevanlinna theory and difference operators, focusing on the difference analog of the
logarithmic derivative lemma and the second main theorem.

The third chapter presents the most significant results obtained in our research. We
generalized some results from paper [10], specifically those stating that if f(z) is a tran-
scendental entire function of finite order and f(z) # f.(2), and if f (2), f.(z), and A.f (2),
(n > 1), share a CM, then a = 0 and f(z) = h(z)egz, where 5 # 0 and h(z) is periodic
entire function of period c. We replaced A.f (z) with A f (2) and interestingly obtained the
same result as before. Additionally, we defined difference operators L7 f (z), more general
than A f (2), by

Llf(z)=anf(z+nc)+ ... +ar1f(z+c)+aof(2), neN, n>1

where a, (#0), ..., a1, o are complex numbers, and modified the condition from sharing a
constant to sharing a periodic entire function. We obtained the following theorem: if f(z) is
an entire function of finite order and f(2) # f.(z), and if f (2), f. (2) and L2 f (2), (n > 1),

share a (z) CM, then f(z) = h(z)egz +a(z) and a(z) =0or > oy —1 =0, where 8 # 0
i=0
and h(z) is periodic entire function of period c.

Finally, we believe this work contributes to the field, leaving the extensions and general-
izations open to further exploration with the following natural questions:

The first question: Can we get the same results if we change the constants a;, 7+ € N, in
the operator L f (z) to periodic entire functions ?

The second question: Can we get the same results as before if the function f (z) is sharing
two periodic entire functions with the operator L7 f (z) 7
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