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Résumé :

Dans ce travail, nous étudions la croissance des solutions de certaines
équations différentielles linéaires complexes dont les coefficients sont des

fonctions analytiques dans C U {o0}\{zo}, ol1 Zo € C est un point singulier isolé.
Des estimations de la borne inférieure de la croissance des solutions de ces
¢quations différentielles sont obtenues en utilisant le concept du ¢ —ordre
inférieur.

Abstract :

In this work, we investigate the growth of solutions of some complex linear
differential equations having coefficients which are analytic functions in C U

{00}\{zo}, where z, € C is an isolated singular point. Some estimations of lower
bound of the growth of solutions of such differential equations are obtained by
using the concept of lower ¢ —order.
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INTRODUCTION

" If people do not believe that mathematics is simple,
it is only because they do not realize how complicated life is "

John Louis Von Neumann

Complex analysis is one of the fundamental branches of mathematics, focusing on the study
of complex numbers and analytic functions that depend on complex variables. This field is based
on the imaginary unit (), which is defined as the square root of (—1), a concept that revolutionized
our understanding of numbers and mathematical functions. Complex analysis has wide-ranging
applications in various fields, such as algebraic geometry, analytic number theory, and analytic
combinatorics, making it a cornerstone of many modern mathematical advancements.

The Nevanlinna Theory was discovered in 1925 when Rolf Nevanlinna studied the as-
ymptotic behavior of meromorphic functions, building on earlier ideas in complex analysis,
particularly Charles Emile Picard Exceptional Value Theory. His research focused on the dis-
tribution of values taken by these functions in the complex plane, leading him to develop new
mathematical tools such as the counting function N(r,a), which measures the frequency of a
given value up to a radius r , and the growth function T'(r, f), which describes how the function
increases toward infinity. Based on these concepts, he formulated Nevanlinna’s two funda-
mental equations, which became the cornerstone of the value distribution theory of complex
functions. This theory brought a major transformation to complex analysis, providing a system-
atic framework for studying meromorphic functions in depth and influencing other fields such as
dynamical systems and approximation theory, or more one can checks ([I7] and [25]).

Today, many concepts in complex analysis can be expressed using the language of applied
mathematics, where equations and mathematical models, especially in the form of complex differ-
ential systems, are used to study the behavior of functions and analyze the distribution of their

values.
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In this work, we focus on studying the following complex differential equation
P+ A a(z) 5D+ 4+ Aiz) f+ A(2)f =0, k> 2, (0.0.1)

where the functions A; (0 < j < k— 1) are analytic in a complex domain, and is a meromorphic
function in the punctured plane C — {2z}, where zy represents a singular point. Extensive research
has been conducted on this equation, particularly on analyzing the order of growth of its solutions
near singular points. One of the major breakthroughs in this area was Nevanlinna’s discovery,
which introduced fundamental properties and theorems that significantly advanced the field.

To further investigate the behavior of solutions to this equation, we introduce new concepts related
to the classical order of growth, as well as the p-order and ¢-type of holomorphic functions. Here,
belongs to a special function class that has been previously studied. A well-known result in this

context is the following generalized equation:
g% 4+ Ay 1(2) g5 4 Ag(2)g =0, k=2 (0.0.2)

where the coefficients A; (for (0 < j <k —1) ) are analytic, while the leading coefficient Ag
has an infinite p-order. Studying such differential equations is crucial for understanding value

distribution, asymptotic behavior of solutions, and their applications in modern complex analysis.




Chapter 1

Nevanlinna Theory Near an Essential
Singular Point

1.1 Motivation

The growth of meromorphic functions is a fundamental topic in complex analysis, pro-
viding insight into how these functions behave over different domains. Some meromorphic func-
tions exhibit rapid and unbounded growth, while others remain more controlled. Understanding
these variations is crucial for applications in differential equations and value distribution theory.
Early contributions to the study of function growth were made by Picard and Montel (see
([22]) and ([21])), who explored fundamental aspects of meromorphic function theory. Later, A.
Goldberg and I. Ostrovskii ([10]) introduced refined techniques to classify growth based on
the distribution of zeros and poles. A key question in this field is: How can we compare two holo-
morphic functions when one dominates the other in terms of growth? To address this, researchers

have examined models of the form
fO+ A (2) FED 4+ Ao(2)f =0,

where the coefficients A; (for (0 < j < k — 1)) without imposing any specific conditions and de-
termine the order and type of growth, respectively. =~ Chung-Chun Yang ([24]) introduced
alternative methods using generalized growth indicators, expanding upon classical order and type
classifications. Some studies have also employed iterated logarithmic transformations or special

function classes that exhibit similar asymptotic properties to traditional logarithmic scaling. This
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study aims to analyze the growth of solutions to a specific differential equation by compar-
ing its coefficients for A; (for (0 < j <k —1)). By investigating how these coefficients influence
function behavior, we can gain deeper insights into the structural properties of differential equa-
tions. Our analysis builds upon results by Bank and Laine([I]), who explored connections
between meromorphic growth and differential equations through the framework of generalized

order and type.

1.2 Concepts near a singular point

Let f be a meromorphic function defined in the punctured plane C — {2} for some complex
singular points.
The Nevanlinna’s fundamentals are the most important tool for our study. For that reason, we
dedicate the entire chapter to fully developing the theory for a function with singular point zg.
In order to develop our study, we firstly recall some related notations. Let f be a meromorphic
function in C — {zp}, where C = C U {00} is the whole extended complex plane, 2y € C is some
essential singularity.
Define the counting function of f near zy by the following formula

’"n(t,f)—n(oo,f)d
t

t — n(oo, f)logr,

No(rif) = - [

o0

where n (¢, f) denote the number of poles of f in the region {z € C: ¢ < |z — 29|} U {oo} counting

its multiplicities, we also define the proximity function near zy by

2m )
meo(rf) = 5o [ Tog™ (o = e do,

Summing up together, the characteristic function of f near zy will be

Tzo(rwf) = mzo(raf) +Nzo(r7f)'

Definition 1.2.1 Let f be a nonconstant meromorphic function in C — {z}. The function f is

called a transcendental or admissible meromorphic function in C — {29} provided that

TZO (T7 f) —

lim sup
r—0 10g %
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and f is a rational function in C — {29} provided that

T.
lim infL’lf) < 400.
r—0 log -

Recently, I. Chyzhykov and N. Semochko, ([7]) have given general definition of growth for an
entire function in the complex plane by introducing a new class of functions. So, as in ([7]), let ¢
be the class of positive and unbounded increasing functions ¢ on [1,+00) such that ¢(e') is slowly

growing, i.e.,

ct
Ve>0: lim p(e)

=1.
t——+o00 (p(et)

Here some useful properties of a function ¢ € ¢.

Proposition 1.2.1 ([7]) If ¢ € ¢, then the following hold:

_ o loge M1+ 6)z)
(i) ¥6>0: mgr}rloo oo @)

-1 1 m
(i) ¥m>0k>0: lim LB
r—-+00 x

(@) Ve >0, p(ct) < et < (1+0(1))p(t), t— +oo.

Now, we will define the p—orders of growth for a meromorphic function of f in whole complex

plane.

Definition 1.2.2 ([7]) Let ¢ be an increasing unbounded function on [1,+00). The p—orders of

a meromorphic function f are defined by

0(4) . 1; o (e ) Lopy o s (T (r, [f))
po(f) = lqlnszrup ogr pp(f) = liszrup ogr

If f is an entire function, then the p—orders are defined by

M log M
I

Proposition 1.2.2 ([3]) Let ¢ € ® and f be an entire function. Then
Po(f) =pp(f), i=0,1.

Here, we will define the p—orders of growth for a meromorphic function of f near a singular point.
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Definition 1.2.3 Let ¢ be an increasing and unbounded function on [1,+00). Then, the p—orders

of the growth of a meromorphic function in C — {2z} are given by

Too (1) T
2 (f, 20) = lim Sule)7 pL (f, z0) = lim supso(zoi(i’f)).
v r—0 log T v r—0 log T

If f is an analytic function in C — {2}, then the p—orders are defined by

(1. 20) = timsup 2D G g ) i s 208 M 1)

)
r—0 log % r—0 10g %

here M, (r, f) = max{|f(2)| : |z — 20| = 7}.

Remark 1.2.1 ([16]) A motivational observation of the above definition is that ¢ (r) = loglogr €
@, it’s also obvious that ﬁzp (f,20) = pfo (f,20) (i=1,2) for an analytic function in C — {z}.
In indeed, by Lemma 2.2 in ([9]), we know that if f is an analytic function in C — {29} and
g(w) = f(z0 — 1), then g(w) is an entire function in C and we have T(R,g) = T (r, f), where
R= % So, by using Pmposition we get the conclusion.

Definition 1.2.4 Let ¢ be an increasing and unbounded function on [1,+00). Then, the p—types
of the growth of an analytic and a meromorphic function in C — {z} with ﬁg(f, 20) € (0,+00)

and ﬁ;(f, 20) € (0,+00) are defined by

exp {p (M, (1, f))} exp {p (exp(T%, (1, f))}

?ng (f,z0) = limsup 1 , 73 (f, z0) = lim sup i ,
r—0 T;%(.f’z()) r—0 774%%”’20)

~ . e log M - ) e T

T; (f, ZO) — lim sup xp {¢p ( gl 20 (7, f))}7 7_%10 (f,20) = limsup xp {¢ ( 1zo (r, f))}
r—0 L(0) r—0 L(0)

Definition 1.2.5 Let ¢ be an increasing unbounded function on [1,400). The Lower p—orders

of a meromorphic function f are defined by

T(r.f)
0 p (e"9) PP o(T(r, f))
ol) '_lﬂi‘;‘f logr Holf) ‘_lﬂﬂff logr

If f is an entire function, then the lower w—orders are defined by

A0(f) = timsup 2T gy i g 2UOB M )

r——+o0o logr r——+00 log r

Proposition 1.2.3 ([3]) Let ¢ € ® and f be an entire function. Then

,U/Zo(f) - ﬂfp(f)’ 1 =0,1
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Definition 1.2.6 Let ¢ be an increasing unbounded function on [1,4+00). The lower p—orders of

a meromorphic function f are defined by

(T ()

1 9
r

(f: 20) := liminf w

0 ..
=1 f
K3(f,20) = limin mipt e

r—0 log

If f is an entire function, then the lower p-orders are defined by

(f, 29) = lim inf M, [Ll (f, z0) = lim inf ¢ (log Mz(i(Ta f))
r—0 lOg 1 ¥ 0 IOg 1

Remark 1.2.2 A motivational observation of the above definition is that ¢ (r) = loglogr € ¢, it’s
also obvious that ﬁfp (f,20) = pr (f,20) (i =1,2) for an analytic function in C — {z9}. In indeed,
by Lemma 2.2 in ([9]), we know that if f is an analytic function in C—{z} and g(w) = f(z0— ),
then g(w) is an entire function in C and we have T(R, g) = Tsy(r, f), where R = 1. So, by using
Proposition we get the conclusion.

Definition 1.2.7 Let ¢ be an increasing and unbounded function on [1,4+00). Then, the lower p—
types of the growth of an analytic and a meromorphic function in C—{z9} with ﬁg(f, 20) € (0,4+00)
and /Z}p(f, 20) € (0,+00) are defined by

M, (r, N o 2 (T
70 (f.20) = liminf exp {¢ ( : o(r f))}’ #9(f,20) = limin exp {w(engTo(T g
0 L) 0 07 20)

1

P (f,20)

iglp(fv ZO) _ hITIL%lf €xp {‘P (logleo (’I", f))}’ iglp(fv ZO) _ IIITIE(%If exXp {‘P (Tzo (T’, f))} )

P (f,20)

Proposition 1.2.4 ([16]) Let ¢ € ® and f,g be two analytic functions in C — {zy}. Then

(1)
p] (f+9720 maX{P{p f’ZO pZo(gaZO)} fOT’j = 0’1’
L (fg, 20) < max {pL(f, 20),p}(g,20)} for j=0,1.

(ii) If plo(g,20) < PL(f,20), (j = 0,1), then
ﬁcp(f—i_ga Z()) :ﬁ@(fgv ZO) :ﬁ@(f7 ZO) fOTj =0,1.

(iii)
%(f/720) :%(fazO) fO?"j:O,l.
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For k > 2 a positive integer, consider the following complex linear differential equation
O 4 A (z) 5D 4+ Ai(2)f + Aol2)f =0, (1.2.1)

where the coefficients are analytic in some complex domain. Since it’s hard to find some general
forms for the solutions of , many searchers are interested on the study of the behavior of
such solutions and specially the notion of the growth. The strongest tool they used for establishing
their results is the Nevanlinna theory which can be found in ([2]), ([10]) ([12]) ([I7]), and ([25]).
Recently in ([I8]), Liu, Long and Zeng, by using the concept of lower order have studied
the relationship between lower-order of coefficients and the growth of solutions of second order

complex differential equations near a singular point of the form
"+ AR)f + B(2)f =0, (1.2.2)

where A(z) and B(z) are analytic functions in C — {29} and established some growth properties

of the solutions of equation (|1.2.2]).

Theorem 1.2.1 ([I8]) Let A(z) and B(z) be analytic functions in C — {2} satisfying (A, z0) <
w(B, zg) < 400 Then, every nontrivial solution f of , that is analytic in C — {20}, satisfies

p(fv ZO) = M(B, Zo).

Theorem 1.2.2 ([18]) Let A(z) and B(z) be analytic functions in C—{z} satisfying the following

conditions:
(i) n(B,z0) = u(A, 20),
(ii) 7(A, 20) < 7(B, 20).
Then, every nontrivial solution f of , that is analytic in C — {20}, satisfies
p2(fs20) Z (B, 20).
Theorem 1.2.3 ([I8]) Let A(z) and B(z) be analytic functions in C — {29} satisfying
w(B, zp) < (A, 20) < 0.
Then, every transcendental solution f of that is analytic in C — {20}, satisfies

p(f;20) = 1 (A, 20) .-



1.2 Concepts near a singular point 10

In this work, by making use of the concept of lower (p-order, we obtain some theorems which

improve and generalize the results of Liu, Long and Zeng.

Theorem 1.2.4 ([5]) Let A(z) and B(z) be analytic functions in C—{z} satisfying i) (A, z0) <
[Lg(B, 20) < +oo Then, every nontrivial solution f of , that is analytic in C—{zo}, satisfies

bgla(fa ZO) = [Lg(Bv ZO)‘

Theorem 1.2.5 ([5]) Let A(z) and B(z) be analytic functions in C—{zy} satisfying the following

conditions:
(i) /13(3,2’0) = ﬂg(AJo) < 400,
(1) T, = 7)(A, 20) < 75(B, 20) = T < +o0.
Then, every nontrivial solution f of , that is analytic in C — {20}, satisfies
P (f, 20) = B(B, 20).

We get the two results above when the coefficient B(z) is a dominant coefficient. It is a natural
problem: what happen the growth of solutions of provided A(z) is a dominant coefficient

in terms of the concept of lower p—order. We consider the problem and get the following result.
Theorem 1.2.6 ([5]) Let A(z) and B(z) be analytic functions in C — {zo}. Suppose that
~0 ~0
/-Lgp(Ba ZO) < ) (A7 ZO) < 0.
Then, every transcendental solution f of that is analytic in C — {20}, satisfies
20 (4 <0
iucp( ,ZO) \pcp(faz())'

Recently in ([I6]), by introducing the concept of the @-order of growth near an essential
singularity, Khedim and Belaidi have investigated the - order of growth of solutions of some
given linear differential equations of type with analytic coefficients in C — {zp}, where
zp € C represents an essential singularity. They obtained some results which are generalization of

the work of Long and Zeng ([19]).
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Theorem 1.2.7 ([16]) Let Ag(z), A1(2), ..., Ax_1(2) be analytic functions in C—{29}, all together
satisfying max {'ﬁg (Aj,z0) 15 # 0} < ﬁ?p (Ao, 20) < oo. Then, every nontrivial solution f of

1} that is analytic in C — {20}, satisfies ﬁ;(f, 20) = ﬁg(Ag, 20)-

Theorem 1.2.8 ([16]) Let Ao(z), A1(2), ..., Ar_1(2)be analytic functions in C — {29} all together

satisfying the following conditions
max{pw Aj, z0) 1 j # ()} 2 Ao,zo) < 00,

max {7)(A;j, 20) : Pa(Aj, 20) = Pp(Ao, 20) > 0,5 # 0} < T (Ao, 20) < 00

Then, every nontrivial solution f of (1.2.1) that is analytic in C — {20}, satisfies
Py (f:20) = Pp(Ao, 20)
p\J> @\£10520)-

Now, you will find our contribution, which includes a comprehensive generalization of the

work Dahmani and Belaidi ([§]) and an extension of results of Khedim and Belaidi ([16]).
Theorem 1.2.9 ([6]) Let Ag(2), ..., Ar_1(2) be analytic functions in C — {29}. Assume that
max{p0(Aj,20) 1 j =1,...,k — 1} < iAo, 20) < p(Ao, 20) < +o0.
Then every solution f # 0 that is analytic in C — {29} of satisfies
fiy (Ao, 20) = fig(f, 20) < ([, 20) = Pip(Ao, 20)-
Theorem 1.2.10 ([6]) Let Ao(2), ..., Ax_1(2) be analytic functions in C — {z9}. Assume that
max{,bg,(Aj,zo) cj=1,...,k—1} < (A(),Z()) (Ao,zo) =p < 400

and

T = max{%g(Aj,zo) : f)g(Aj,zo) = ﬁg(Ao,z()) >0;7 #0} < j?O(Ao,zo) =7 < +00.
Then every solution f # 0 that is analytic in C — {29} of (1 satisfies

ﬁ?p(AO?ZU) /‘Lap(fa ZU) (f’ ZO) - pgo(AO,ZO)
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Theorem 1.2.11 ([6]) Let Ao(2), ..., Ax_1(2) be analytic functions in C — {z}. Assume that
max{p)(Aj, z0) : j = 1,....k — 1} < (Ao, 20) < p(Ao, 20) < +00

and

< 1.

Jim sup Z;C;ll Mz (T, A;)
r—0 Mz, (T; AO)
Then every solution f # 0 that is analytic in C — {29} of satisfies

1) (Ao, 20) = i, (f, 20) < po(f, 20) = P (Ao, 20).-

Remark 1.2.3 The condition that f is analytic in C — {zo} is necessary. The following example
shows that there exists a solution f (z) of (1.2.1) such that f (2) is not analytic in C—{zy} provided
that all coefficients A;j(z) (j =0,....,k —1) of (1.2.1) are analytic in C — {20}. For instance, we

consider the equation

” 1 , n 1 n—1 _
[+ expy {(zo—z)"}f + p— (eXpQ{(zo—z)”} + zo—z> f=0. (1.2.3)

The function f(z) = (z0 — 2)™ solves , and f(z) is not analytic in C — {z}. So, in our

results, we suppose always that f (2) is analytic in C — {z}.

1.3 Preliminary results

Now, we are going to focus on the main preliminaries needed for establishing the proofs of our
results. We firstly clarify some notations. Denote, the logarithmic measure of a set E C (0,1) by

dt
E
We also denote by v, (7) the central index of an entire function ¢ in C, for more properties, see
([13], p- 33-35). Finally, denote the central index of an analytic function f in C—{29} by v, (r, f),

reader may check ([LI1], p. 996).

Lemma 1.3.1 Let f be a nonconstant analytic function in C — {29} with ﬁg(f, 20) = p € (0,00)
and f?o(f, 20) = 1 € (0,00). Then, for any given B > T, there exists a set E C (0,1) of infinite

logarithmic measure such that for |z — zo| = r € E, we have

it

o (M, (1, f)) < log ( 5) .
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Proof. By Definition there exists a sequence {r,}°° ; tending to zero satisfying

n
n+1

Tnt1 < Tn

and

exp {p (]\4120 (rns £))} <B.

20 (F o)
rﬁap(f,z())

~0 Y
Icp(fa ZO) - ngriloo

Then, for any given € > 0, there exists an ng > 1 (ng € N) such that for all n > ny,

(Mg (s 1)) < Tog(B(—s). (1.3.1)

_n_

For € given above, there exists an n; > 1 (n; € N) such that for all n > ny and r € {nﬂrn, Tn],

1 1
< —. (1.3.2)

T e
n+1
_n_

By (1.3.1)) and (1.3.2), for all n > ny = max{ng,n1} and for any r € {nJrlrn,rn},

P01 1) < (M (7T ) ) < 108080y
< 1080y yame)) < loa()
Set . i
- num [n + 1r"’Tn] ’
we get

O

Lemma 1.3.2 ([16]) Let fi, f2 be analytic functions in C — {29} satisfying p?o(fl,zo) =p; >0,
pg(fg,zo) = py < 00 and py < p;. Then, there exists a set E C (0,1) having infinite logarithmic

measure such that for all |z — zp| = r € E one has

lim Tzo (T‘, f2)

——— =0.
r—0 TZO (Ta fl)
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Lemma 1.3.3 Let f be a nonconstant analytic function in C — {29} with /Lg(f, 20) = oy < 00.
Then there exists a set E C (0,1) having infinite logarithmic measure such that for all |z — zo| =

r € E, we have

TZ (T7f)
p(e= ™)) lim @(MZO(?f))’

= lim =
Ho = r—0 log % r—0 log

and for any given € >0 and all |z — 29| =r € E

Mzo (7“, f) < 90_1 ((/’LO + 8) log 71,> .

Proof. By the definition of the lower @-order, there exists a sequence {rn > tending to 0

satisfying rp41 < rn, and

n+1

(M, (7”117 f)) = 1p.

Tn

lim
n—-+00 log

Therefore, there exists an integer ng € N such that for all n > ng and for any r € [n s rn] we

get

QD(MZO (TTL’ f)) < QO(MZO (Tv f)) < SO(MZO(TLLHTTH f))

log = n—Hrn log % log %
Since
fim PMao(nf) gy oWaolrn 1)y oWl )
n—+00 log nLJrlﬂ’n n——+o0o 10g _|_ 10g n+1 n—+oo log T%L 0>
and
hm M = llm sD(J\4ZO('I'LL‘F].TTL’ f)) 10g 7L+].
n—-+00 log % n—-—+o00 log ﬁ log E )
_1
lim 8 T 1, g Pl D) [
n—+oo  log = " n—too log o 0
Tn n+1r"

then

lim (P(Mzo(rmf)) — lim (P(Mzo(niﬂrmf)) _

n—-+00 n—-4oo lOg 1 Fos
n+1 Tn
so for any r € [%rn,m] , we get
M
i P )
r—0 log -
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Similarly, we can prove the following two lemmas.

Lemma 1.3.4 Let f be a nonconstant analytic function in C — {2} with [Lé(f, 20) = iy < o0.
Then there exists a set E C (0,1) having infinite logarithmic measure such that for all |z — zo| =

r € E, we have

T log M.
r—0 log r—0 log

and for any given € >0 and all |z —zo| =7 € E

TZO(ry f) < 90_1 <(,Uq + 5) log i) .

Lemma 1.3.5 Let f be a nonconstant meromorphic function in C — {z} with pg,(f, 20) = p.

Then, there exists a set E C (0,1) with my(E) = 400 such that for all |z — 2| = r € E, we have

Teo (1)
lim 7('0(6 ° )

lim ST =

and for any given ¢ >0 and all |z — zo| =7 € E
. 1
Teo(r, f) 2 log(p™ | (p —€)log — )).

Lemma 1.3.6 Let f be a nonconstant analytic function in C\ {20} with 0 < ﬂg(f, 2p) = p < 00
and 0 < j?o(f, 29) = T < 00. Then there exists a set E C (0,1) having infinite logarithmic measure

such that for all |z — z0| = r € E, we have

Mey(r, ) < 7! {(T+g> log (i)“}

Proof. By the definition of lower y-order and lower ¢-type, there exists a sequence {r,,}>°_;

tending to 0 satisfying rp,+1 < =2 and

m+1
i EPPMeo(rm, ) _
m—00 (i)# o

For any r € [mlﬂrm, rm}, we have

exp(p(My(rm, £))) _ exp(p(May(r, £))) _ XPeWMa (577m, )))

(Zo h ()r h (o

Py Tm Tm
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Since .
exp(o(Mzy (rm, ) _ exp(o(My (rm, f)) G
) B (i)e (Zor
and
exp(p (M, (#Hrmvf))) exp(@(Mz, (77 7ms f))) (ﬁ)u
(5" I N S
m i Tm Tm
then
lim eXp(SO(]leo(Tm,f)» — lim eXp(‘p<M20(mL+lrm’f))> =T,
n—-00 (7m )M n—-+00 (TL)M
mt1 ™ m

so for any r € [mﬂﬂrm,rm} , we get

lim exp((p(Mzo (?“, f)))

(D

:I‘

Then, for any given € > 0, there exists a positive integer mg such that for all m > mg and for all

M, (r, f) < @{(T%—s) (i)u}
+oo

Set E= U [miﬂrm,rm}. Then for any given ¢ > 0 and all |z — 29| = r € E, we have

Mo <e{ra (1) )

“+00

dt =X 1

m=mg " m+1 r m=mo

re [mlﬂrm,rm], we have

where

Tm

O

Lemma 1.3.7 ([9]) Let f be a nonconstant meromorphic function in C —{z}, leta > 1, >0
be given real constants and j € N. Then there exist a set Es C (0,7¢], 7o € (0,1) having finite
logarithmic measure and a constant A\ > 0 that depends on « and k such that for all |z —zp| =1 €

(0,70] \ E, we have

r

A [;Tzo(;,ﬁ log T, (a,f)]j.
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Lemma 1.3.8 ([I1], Theorem 8) Let f be nonconstant analytic function in C — {z9}. Then,
there exists a set E C (0,1) that has finite logarithmic measure, such that for all j = 0,1,...k,

we have

f(j)(ZT)_ Vo (7, f) J o
f@)—(%_%)a+<m,

asrT — 0, r ¢ E, where z, is a point in the circle |z — zo| = r that satisfies |f(z,)| = max{|f(z)] :

|z — 20| =}

Lemma 1.3.9 ([19], Lemma 2.5) Let g : (0,1) — R, h: (0,1) — R be monotone decreasing
functions such that g(r) = h(r) possibly outside an exceptional set E C (0,1) that has finite
logarithmic measure. Then, for any given B > 1, there exists a constant 0 < r1 < 1 such that for

all v € (0,71), we have g(r®) = h(r).

Lemma 1.3.10 ([19]) Let f be a nonconstant meromorphic function in C—{z}. Then f satisfies
the following two properties:

(8) Teo(r, %) =T.(r, [) + O(1),

(i) Teo(r, f1) < O (Tso(r, f) +log ), r € (0,79) \ E, where E C (0,72] with my (E) < oo.

Lemma 1.3.11 [13] Let f(z) = >..%% an2" be an entire function. Let u(r) and vy(r) denote
respectively the maximum term and the central index of f, i.e., p(r) = max{|ay|r";n =0,1,...}

and v¢(r) = max{n : u(r) = |a,|r"}. Then, we have

"v(t)

mwm=mmm+A dt (lao| #0), (13.3)

M(r, f) < p(r) {l/f(R) + RRir} (R>r). (1.3.4)

Lemma 1.3.12 Let f be a nonconstant analytic function in C with ,ug(f) = g < 00. Then, we

have
vy(r)
to = lim inf ple )
r—+oo logr
vre(r)
Proof. Denote p = liminf, w(fogfr ). Then, by the definition of the lower limit, there

exists a sequence {r,,},;>] tending to +oo such that for any given e > 0, and sufficiently large 7,
we have

vi(rn) <log e (logrite). (1.3.5)
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By setting R = 2, in (|1.3.4)), we get
M(rp, f) < p(rn) (v (2rn) +2) = |ay o |77 (v5(27) + 2). (1.3.6)

Since {an }n>0 is a bounded sequence, then by using Proposition case (1), (1.3.5)) and (]1.3.6}),

we obtain

log M (ry, f) < vi(rp)logry, +logvs(2ry,) + ¢
< log go_l(log rH*%) log ry, + loglog (go_l{log(an)“ﬁ}) +

< loge ™ (log %) + log ' (log(2ry, )" ¢)

< log o H(log rtt3€), (1.3.7)

where ¢; > 0 is a real constant. From (1.3.7]), by the monotonicity of ¢, we get

O(M (10, f))

< pt3e.
log ry,

By the arbitrariness of € > 0 and Proposition ((1.2.3)), we obtain

vi(r)
;Lg(f) <pi= liminfM.

1.3.
r—+oo logr (1.3.8)

Now, we prove the reverse inequality. Without loss of generality, we may assume |ag| # 0. It

follows from (|1.3.4)) that

2r 2r
ve(t dt
log 11(2r) = log |ao| +/ ft( it > 1og ao +Vf(7")/ -
0 s

= log|ag| + v¢(r) log 2.

By Cauchy’s inequality we have p(2r) < M (2r, f) and then

log M(2r, f) log |a0\
< — < colog M(2r, f), 1.3.9
Vf(r) log 2 log 2 €208 ( " f) ( )

where co > 2 is a real constant. It follows from (1.3.9)) and Proposition (1.2.1)) case (iii) that
(p(er(T)) - o(e logM(2r,f)) B SD(e(logM(m",f))Q)

logr logr logr
(M2, )
logr
(1+0(1))p(M(2r, f)) log2r
log 2r Clogr
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Then
vg(r)
pler®) _ (L+o(1)p(M(2r. 1)) log2r L510)
logr log 27 logr
Hence
(e ) o o(M(2r, f)) g
—= < —_— = . 3.
lrlglﬁgof logr 17}_)_&25 log 2r HelJ) (13.11)
We deduce from ([1.3.8]) and ((1.3.11]) that
0 _ . (er(T))
) = it 2
O

Lemma 1.3.13 Let f be an analytic function in C — {29}. The @-order of f near zy is defined

b
y 0 plerrr0))
pp = liminf ——5—=,
r—-+00 log

where M, (r, f) = max{|f(z)| : |z — 20| =7} and v, (1, f) is the central index of f near z.

Proof. Set g(w) = f (20— 1). As the function g is entire ([LI], Remark 7), it turns out that

V(T f) =vg(R), R = %
By Lemma [1.3.6] we have
200 = fmint A
That gives
po(fy20) = pylg) = liggng-

O

Lemma 1.3.14 Let ¢ € ® and f, g be two analytic function in C, with ﬁ; as @-order of a

function f and ﬁfp as the lower w-order of a function g. Then,
0)
iL(f +9) <max {p},(f), i, (9)} for j=0,1,

i, (fg) < max {BL(f), i (g)} for j = 0,1.

i) If p,(f) < 1i,(9) » (j = 0,1), then we obtain [i,(f +g) = [i,(f9) = fi,(9) for j =0, 1.
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Proof. Using Remark and Remark [[.2.2] it is sufficient to prove as follows. Without loss
of generality,we assume that 'ﬁfp < o0 and ﬁ{o < o0. We will choose j = 1 to prove it, and apply the
same proof for 7 = 0. From the definition of the lower p-order there exists a sequence r,, — 400

(n — +00) such that
90 (T(T’fh g))

1 _
,uw(g) N n—1>+oo log

Then, for any given ¢ > 0 and all r,, — +00 (n — +00)
T(r.g9) < ¢~ ((nplg) +€)logrn)

holds for n > Nj. From the definition of ¢p—order, for any given ¢ > 0, there exists a positive

number R such that,
T(r, f) <o " ((pp(f) +e)logr), r > R,
and there exists a positive integer Ny such that r, > R and thus
T(rn, f) <" ((p5(f) +€)log )
holds for n > N5. Note that
T(r,f+g) <T(r,f)+T(r,g) +log2,and T(r, fg) < T(r, ) +T(r,9).
Then, for any given £ > 0, we have for n > max{Ny, Ny}

T(rn, f+9) < T(rn, f) +T(rn, g) + log2

<pt ((pglo(f) +¢e)logry) + ! ((,u}p(g) +¢)logry,) + log 2

<3¢~ ((max(py(f), nyp(9)) + ) log ) (1.3.12)

and

T(T’n, fg) < T(TTM f) + T(T’flag)

<o ((pL(f) +e)logra) + ¢! ((ub(g) + ) logry)

<207 ((max(py(f), 1e(9)) + &) log ) . (1.3.13)

Since ¢ > 0 is arbitrary, then from ([1.3.12)) and (1.3.13), we easily obtain

p(f +9) <max {pL(f), ny(9)} and pl(fg) < max {pL(f), ny(9)}-
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Suppose now that pls(f) < ph(g). Considering that

T(r,g) <T(r,f+g—f)<T(r,f+9) +T(r, f) +log2 (1.3.14)

and

T(r,g) < T(r, fg}) <T(r,fg)+T(r, f)+o(1). (1.3.15)

By (1.3.14)), (1.3.15)) and the same method as above, we obtain that

p(g) < max {p(f), np(f +9)} = pis(f +9)

and

15 (9) < max {p,(f), uo(f +9)} = ub(f + 9)-

Lemma 1.3.15 Let ¢ € ® and f, g be two analytic function in C — {z9}. Then
i)
i, f + g, 20) < min {7, (f, 20), i), (g, 20) } for j = 0,1,
1i,(fg, z0) < min { i, (f, 20), fil,(g, 20) } for j =0,1.

ZZ) [fﬁZp(ga'ZO) < ﬁfp(ﬁ ZO) ’ (.7 =0, 1); then ﬁ?p(f_‘_g? Zo) = ﬁfp(fg7 ZO) = ﬁ]@(ﬁ ZO) fO?“j =0, 1.

Proof. By Lemma 2.2 in [9], we know that if f is an analytic function in C — {2z} and

g(w) = f(z0 — 1), then g(w) is an entire function in C and we have T(R, g) = Tx,(r, f), where

R= % So, by using Lemma |1.3.14] we get the conclusions of Lemma |1.3.15 ([l

Lemma 1.3.16 Let ¢ € ® and f, g be two analytic function in C.
i) If 0 < pL(f) < ih(g) < o0 and 7L(f) < T(9), (j = 0,1), then
(f+9) =1L(f9) = TL(9), (5 = 0,1).
i) If 0 < pL(f) = i (9) = AL (f + g) < 00,(j = 0,1) and 7,(f) < T(9), (j = 0,1), then
F(f +9) < max(F,(f), 7 (9)), ( = 0,1).
Furthermore, if 72,(f) # 77,(9), (j = 0,1), then

L)

L(f + 9) = max(7L,(f), 75(9)), (7 = 0,1).
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i) If 0 < pl,(f) = i,(9) = i, (fg) < 00, (j = 0,1) and 7,(f) < L,(9). (j = 0,1), then
#,(fg) < max(7L(f), 7(9)), (j = 0, 1).

Furthermore, if 72,(f) # 77,(9), (j = 0,1), then
#,(fg) = max(7L,(f), 7(9)), (j = 0, 1).

Proof. We will prove the theorem for j = 0, the proofs for j = 1 are analogous.

i) The definition of the jg—type implies that for any given ¢ > 0,

B2(9)
Mir,g) > ¢! {1og<<%2,<g> 9 (1) >}. (1.3.16)

r

and for sufficiently large r

p2(9)
M(r, f) <ot {log((%g(f) +e¢) (i) )} ) (1.3.17)

We know that M(r, f + g) = |f(2) + g(2)| > |g9(2)| — |f(2)|. Then by using Proposition [L.2.]]

1 ﬁ&(g)
M(r,f +9) > |M(z.9)] — |M(z )| > ¢~ {log«%g(g) ) () >}

r

22(9) B2(g)
! {mg((%g(f) +9 () >} > ot {mg((%g(g) -29 () >} (1.3.18)

T T

7*'_0 _%O
provided ¢ € (0, M)

. It follows from Lemma [1.3.14| that ﬂ?a(f +9) = [Lg(g) and by the

monotonicity of ¢ and (1.3.18)), we get

GXp{QD( Ml(rﬂf+g))} 2187(9) +28,

PR (F+9)

~0 (. \_ =0
since € can be arbitrarily chosen such that € € (0, M), thus

F(f+9) =9 (1.3.19)
It remains to prove the converse inequality. Indeed, by applying (1.3.19]) and since

AOf +9) = igl9) > ) = H(-),
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we obtain

To(9) =1(f+9— ) 2T, (f +9). (1.3.20)

We deduce from (1.3.19) and (1.3.20) that 70(f + g) = fg,(g).

Now, we prove that jg(fg) < j?o(g). We have

B2(g) p%(f)
M(r, fg) < M(r, f)M(r,g) < ¢~ {1og<<%3<g> 9 () >} o {1og<<%2,<f> o) <) >}

i@ 1\
< (wl {log«%&(g) va(3)" >}>

By the monotonicity of ¢ and Proposition [1.2.1

o (9) 90
P(M(r, fg)) < (1+0(1))log((E5(9) +2) (1>H ") < log((22(g) +2¢) <1>M "),

r T

Since [L?O(f +g) = ﬂg(g), one can deduce that jg(fg) < f?o(g).
ii) The definition of the fg—type implies that for any given ¢ > 0, there exists a sequence {r,,n > 1}

tending to infinity such that

B2(9)
M(rag) <o~ {log«%g(g) o) <1> >} (13.21)

Tn

and for sufficiently large r

1 y NG
M(r, f) < ¢ qlog((7,(f) +¢) (T> )¢ (1.3.22)
By the assumption 0 < ﬁg(f) = ﬂg(g) = ﬂg(f + g) < 0o, we get by using Proposition m

M(r, f+g) < M(r, f) + M(r, g)

20 %(9)
<o {1og((%fl(f) ve) (7) )} e {log((%"o@(g) (%) )}

a%(f+9)
<o {1og<<max<%g<f>,%g<g> T2 (1) >} |

r

By the monotonicity of ¢, we obtain

ST ST o (59(), 29 (9)) + 2.

NLAEED)
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Since € > 0 can be chosen arbitrarily, then we get

To(f +9) < max{70(f), 75(9)}- (1.3.23)

Without loss of generality, we may suppose %g( f) < fg,(g) then by ([1.3.23|) and since /7?0( f4g) =
ﬁg(f) = ﬁg,(—f), it follows

7o(9) = 7o(f + 9 — f) Smax{ZL(f + 9), 7o ()} = T4 (f +9). (1.3.24)
We deduce from and that f?o(f +g) = max(%g(f),fg(g)).

iii) Since 0 < p(f) = 2 (9) = i) (f +g) < oo, then

M(r, fg) < M(r, f)M(r, g)

20) i

<ot {1og((%3(f) +¢) <71“>p )} & {log((%g(g) o) <7”1n>u )}
iy (f9) 2

(ot ()

By the monotonicity of ¢ and Proposition [1.2.1

1 ﬁ&(fg)
P f5)) < (14 o(0) Tog((max(22(). 25() + <) (1)

py(f9)
< log(lmax(71). 20) +29 (1))

exXp {30( Ml(raf —1—9))} < max(%g(f%fg(g) + 2e.

S (F+9)

By arbitrariness of € > 0, we deduce that
70 (f9) < max(7%(f),7%(9)). (1.3.25)

On the other hand, if we suppose that Tg(f) < fg(g), then by (|1.3.25) and since [Lg,(fg) =
) = (), we get

Tolg) = (fg ) < max{7{(f9). 75 (f)} = T5(f9). (1.3.26)

f

It follows from ([1.3.25) and (1.3.26) that fg(fg) = max(%g(f),jg(g)). O
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Lemma 1.3.17 Let o € ® and f, g be two analytic function in C — {z}.
i) If 0 < 'ﬁzp(f, 2p) < ﬁfo(g,zo) < 00, and %i(f, 20) < j{o(g,zo), (1 =0,1), then

#.(f +9,20) = 7,(fg,20) = 7,(g, 20), (j = 0,1).

i) If 0 < %(f? 20) = ﬁzo(ga 20) = ﬁgp(f"i_ga z0) < 00,(j =0,1), and %fp(f; zp) < i‘Zp(g’ 20),(j =0,1),
then

i{p(f +9720> < max<7~—{a(f7 20)7i50(9720>)7 (] = 07 1)

Furthermore, if %{'p(f, 20) # ffp(g, 20), (7 =0,1), then

i{p(f +9720> = max<7~—{0(f7 20>7i20(9720>)7 (] = 07 1)

7'7'7') Ifo < %(fa ZO) = ﬁgp(gv ZO) = ﬁ?p(fgaz()) < 09, (] = 05 ]-) and %?p(fa ZO) < fzp(gv ZO)a (.] = 07 1)’
then

(fg,20) < max(7L(f, 20), 7, (g, 20)), (j = 0, 1).

Furthermore, if %é(f, 20) # f&(g’ 20), (j =0,1), then
(f9, 20) = max(7(f, 20), 7, (g, 20)). ( = 0,1).

Proof. By Lemma 2.2 in [9], we know that if f is an analytic function in C — {29} and

g(w) = f(z0 — L), then g(w) is an entire function in C and we have T(R, g) = Ts,(r, f), where

R = % So, by using Lemma |1.3.16 we get the conclusions of Lemma O



Chapter 2

Growth of Solutions of Complex
Linear Differential Equations Near an
Essential Singular Point

"Mathematics, rightly viewed, possesses not only truth, but supreme beauty-cold
and austere, like that of sculpture-without appeal to any part of our weaker nature,
without the gorgeous trappings of painting or music, yet sublimely pure and

capable of a stern perfection such as only the greatest art can show."

Bertrand Russell

The proofs of Theorems 1.2.4-1.2.11 play a key role in understanding the behavior of non-trivial
solutions to differential equations in the complex plane near isolated singularities. These proofs
allow us to obtain precise information about the growth of solutions without explicitly solving
the equation, using analytic indicators such as fi, and p, . They also highlight the importance
of linking the properties of the coefficients with the nature of the solutions, contributing to their
classification and enriching complex analysis techniques. These results open doors to future the-

oretical and applied developments in both mathematics and physics.
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2.1 Proof of Theorems
Proof of Theorem [1.2.4]

Proof.  Set ﬁg(A, 20) = py and ﬁg(B,zU) = pp. By Definition , for any given ¢ €

<0, %), there exists m € (0, 1) such that for all |z — z9| =7 € (0,7r1), we have

B(e)| > ¢t <(u3 —¢) 1ogi) . (2.1.1)

By Lemma for all € given above, we conclude the existence a set £y C (0,1) with infinite

logarithmic measure such that for all |z — 20| = r € Ey and |Ao(z)| = M, (r, Ao)

4G < (ua+e)tog ). (2.1.2)

By Lemma there exist a set Ep C (0,72] (r2 € (0, 1)) that has finite logarithmic measure and
a constant A > 0 that depends on v > 1 such that for all |z — 29| = 7 € (0,72] \ E2 the following

occurs

R RCHCHECY) R
By (1.2.2), we get
B < |2+ 14| ). 2149

As the last step, let E5 = (0,72] N (0,71) N Ey \ Es, obviously F3 has infinite logarithmic measure.
Consequently, the combination between (2.1.1)), (2.1.2), (2.1.3) and (2.1.4) gives for any given

€€ (0, %) and for all |z — zg| = € Ejs,

! ((MB —¢)log i) <A (iTZO (; f>>4<p_1 <(uA +¢)log i) . (2.1.5)

Now, we prove that p}p (f,20) = pp. By contradiction, we suppose that

pr = pb(fs20) < pg.

Then, for any given € € <O,min{%,@}), there exists 73 € (0,1) such that for all

|z — 29| =7 € (0,73), we have

7o) <97 (o e)log ). (2.1.6)
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By (2.1.5)) and (2.1.6)), for any given ¢ € (O,min {%, %}) and |z — zg| = r € (0,73) N E3,

we obtain

o <(u3 —¢)log i) < %4 (@‘1 ((m +¢)log %))4 o <(:“A +¢)log i) :

Since pug —e > max{p; + &,y +£}, we get

- 1 A/ Y\ 5
1 _ i P 1 L
¢ <(,uB e) log r) S (gp <max {p1 +e,puy+e}log r)) . (2.1.7)

Applying the logarithm on the both sides of (2.1.7]), we find

4logr
5log ¢! (max{p; + ¢, pu4 +¢}logT)

log ™! ((1p —¢)log )
5log o' (max {p; + ¢,y +}log?)
log A
<
5log ! (max {p; + ¢, pu4 +¢}logT)

+1. (2.1.8)

»(z)

Set 1 (max{pl +e,uy+e} log%) = x. Then logr = T pry—"

+ log~ and by using

Karamata’s Theorem [[23]], p(e?) = t°(), t — +o00, we immediately get

. log r
im
=0 log o=t (max {p; +¢&,pu4 +c}log?)
~ lim (- ¢ (2) , logy
z—+oo \ max{p; +e,uy +ec}logz logz
1 o(1)
— lim |- (log z) = (2.1.9)
a—+oo \  max{p; +¢e,uy+c}logz
As we did earlier in Lemma 2.12 in([16]), we have
1 -1 —¢)log !
lim o8 " ({1 —2)log ) = too. (2.1.10)

=0 log ¢~ (max {p; + ¢, +¢}log?)
The right hand side in (2.1.8) is finite, while the left hand side is infinite, thus a contradiction
holds, i.e.,

Py (f,20) = b

Thus, by Remark and as ¢ € ¢, we obtain

ﬁ(,lp (vaO) P “B-
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Proof of Theorem [1.2.5

Proof. Set jg(B,zo) = Tp, jg(A, 2p) = T4 and ﬂg,(B,zo) = ﬁg(A,ZQ) = p. From Definition
there exists 74 € (0,1) such that for all |z — 29| =7 € (0,74)

B()| > ¢ (log 2. (2.0.11)

By Lemma there exists a set £y C (0,1) of infinite logarithmic measure such that for all
|z — 20| =7 € Ey4

[A(2)| <! (log %) : (2.1.12)

We now turns to Lemma it claims the existence of a set E5 C (0,75] (r5 € (0,1)) having
finite logarithmic measure and a constant a > 0 that depends on some given v > 1 such that for
all |z — zo| =r € (0,7r5] \ E5, we have

J

<A <:2TZO (§f> log T, (Z;f)> =12 (2.1.13)

f(z)
Set Eg = E4N(0,74)N(0,75]\ E5, for sure Eg has infinite logarithmic measure. Combining (2.1.31)),
(2.1.11) and (2.1.33)) with (2.1.4) we get for all |z — 29| = 7 € Ey,

‘ 19 (2)

N CEIRL (iTzo(a,f)f@_l (10g =4). (2.1.14)

The last inequality implies p}o( f,20) = p. To see why, we assume that pi)( f,20) < . Then, there

exists rg € (0,1) such that for all |z — 29| = r € (0,7¢) , we have

To(r, f) <o (pg log :,) (2.1.15)

for some py < p. Consequently, by (2.1.34) and (2.1.35)), for all |z — z9| =7 € Es N (0,76) , we get

1 (108 Z8) € A (071 (108 22 ) ot (108 24
7 (Ogr#>\r4 ? 8 p2 4 <Ogr#)

Applying the logarithm on both sides, we find

4logr
5log ! (log =)
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log ™! (log Z2) < log ()
5logp=t (logZ4) ~ 5log ! (log Z4)

+1. (2.1.16)

As we did before
logr

.
ey log o~ ! (log Z4)

and
in log (pfl (log %")
r—05log ! (log £2)
because T > 7 4. Since the right hand side of the inequality is bounded by 1, thus taking

:+oo

limits yielding +0o < 1 which is a contradiction. Hence, by Remark and as ¢ € ¢, we get

pL(f.20) = py(fs20) = pu. O
Proof of Theorem [1.2.6
Proof. Assume that f(z) # 0 is a rational solution of which is analytic in C — {zg}.
Then f’(z) # 0 and by (1.2.2)), we have
A(2) f'(z2) = =f"(2) = B(2) f (2).

By Lemma [I.3.7] it follows that

~0 _ ~0 ! _~0 "

:U’go(Aﬂ ZO) - /J“go(Af ’ZO) - l’l’ip (_ - Bfa ZO)

< /73 (B ) Zo),
which is a contradiction. Hence, f must be a transcendental.Suppose that f is a transcendental
solution of equation (1.2.2)) which is analytic in C — {z}. The equation (1.2.2)) yields

"
g
Y f/
By Lemma there exists a set E7 C (0,r7] for fixed r7 € (0,1) which has finite logarithmic

M, (1, A) < My ( > + My, (r, JJ:’> + my, (r, B) + log 2. (2.1.17)

measure such that for all |z — zo| = r € (0,r7] \ E7, we have

Mz (’I“, ]}/,/) + Mz <T> J{,) < 0 <TZO<T7 f) + 10g i) ' (2118)

By Lemma there exists a set Fg C (0, 1) with infinite logarithmic measure such that for all
|Z — Z()| =re kg

lim Ly (r, B)

I CASE A )}
r—0 Tzo (7‘, A) ’
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so for any given ¢ € (0, %)

My (1, B) < emy, (r, A). (2.1.19)

By (2.1.37)), (2.1.38]) and (2.1.39), we conclude that for all |z — zo| =7 € Es N (0,r7] \ E7,

1
My, (r, A) < O <TZO(T, f) +log 7") + emy,(r, A) + log 2.

So
(1= &) may (r, A) < O (TZO (r, f) + log i) . (2.1.20)

Since € € (0,%), then 1 —e > 1 — 3 = 5. From (22.1.40), we get

1

1
§m20 (T, A) g O <T20 (Ta f) + log 'I’) )

that is by f is a transcendental

e 4) < O (T f) 10 1 ) < 0T (1 ).

Using this, we get

i it 2ORr AD) o plexp(e (7, )

r—0 IOg = r—0 log %

?

where ¢ > 0 is some constant. By using Proposition case ( iii), we obtain

. A 1 1 T (va)
i DO A)) (1 0(1) el )
r—0 10g; r—0 log;

= po(f, 20).
Therefore,

p (A, z0) < pl(f, 20)
and by Remark this leads

fig (A, 20) < Py(f, 20)-

Proof of Theorem [1.2.9

Proof.  We only need to prove that every solution f # 0 that is analytic in C — {2} of
(1.2.1) satisfies /18,(140, 20) = ﬁ}p( f+20), because we already have from Theorem (|1.2.7) ﬁglp( fiz0) =
Z)g(AO,ZO).We rewrite 1} as

f9()
f(2)

FE ()

f'(z)
f(2) '

40(2)] < o

o A (2)

+ [ Ag-1(2)] (2.1.21)
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Set p = max {[)g(Aj, 20):j#0} < p= [Lg(Ao, 20). By Definition and Definition [1.2.6} for

any given ¢ € (0, £52), there exists ro € (0,1) such that for all |z — z| =7 € (0,7¢), we have

1
Mz (r, Aj) <97 ((p+e) log ) v =12k (2.1.22)
.

and
1
M (r, Ag) > ¢~ ((u —¢)log T) : (2.1.23)

By Lemma there exist a set By C (0,71] (r1 € (0,1)) that has a finite logarithmic measure
and a constant A > 0 that depends on a > 1 and j = 1,2,...,k such that for all r = |z — 2]

satisfying r € (0,r1] \ E1, we obtain

F9)(2) 1 1 1 U
f(Z) < )\ |:T'2TZO <Oér’ f> logTzo <C¥r7 f>:| 9 (] - 1a27"'7k)' (2124)

Substituting (2.1.22))-(2.1.24)) into (2.1.21)), for the above ¢ and r € (0,79) N (0,71] \ E1, we have
1 1 r r k
! ((u —¢)log > < Ak (QTZ0 (*J) log T, <f)>
r r « a

x o1 ((p—l—e) log i) (2.1.25)

By (2.1.25)) we get

1 1 2 1
o (-t < (3, (L)) o (b+omet ). 2120)
r r Q r
Now, we prove that /130( fy20) = p. By contradiction, we suppose that
py = Ay (f20) < p.

By Lemma [1.3.4] there exists a set E2 C (0,1) having infinite logarithmic measure such that for

all and all |z — 29| = r € E9, and for any given £ > 0 we have
. 1
La(r f) s o7 { (m +e)log ). (2.1.27)

By (2.1.26) and (2.1.27), for any given ¢ € (0, min{25%, 25 }) and |z — 29| = 7 € (0,79) N (0,71] N

Ey \ Ep, we obtain

& <(” ~€)leg i) S :\TIZ (7 (2 +2) 108 %))2’“
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1
x @t ((p +¢)log r) . (2.1.28)
Since p — e > max{u; +¢,p+ ¢}, we get
1 e a\ 2k+1
-1 _ L) AR o
¥ <(,u e) log r> < (go (max{,ul +e,p+cetlog r)) . (2.1.29)

Applying the logarithm on the both sides of (2.1.29)), we find

2k logr
(2k + 1)log o~ ! (max{p; +&,p+c}log 2)

N log ™" (1 — €)log ;)

(2k +1)log ! (max{u; +¢,p+c}log2)
log Ak

2k 4 1) log o=t (max{p; + &, u+ £} log 2)

< ( +1. (2.1.30)

Set ¢! (max{,ul +e,p+e}log %) = z. Then logr = —ﬁ% + log @ and by using Kara-

mata’s theorem ([23]), @(e!) = t°(), t — +o0, we immediately get
. logr
lim
r—0log =1 (max{u; +¢,p+¢c}log2)

1
— lim (- #le) Ll (2.1.31)
z—+oo \  max{u, +¢,p+etlogr  logz

Since ¢(z) = (logz)°M), we have

o(1)
lim (log @) =0
a—+oo \ max{u, +¢€,p+¢e}logx

and

i logp™" ((u—¢)log ;)
r—0log o=t (max{u; +¢,p+c}log2)
. log o1 (m max{yu; +¢&,p+¢c}log %)
> lim
r—0 log o=t (max{p; +¢&,p+c}log 1)

-1
_ oy o (A4 9)y)
y—too  logp~t(y)

= —|—OO7

then
, log ™" ((1—¢)log ;)
r—0log o=t (max{y +&,p+¢}log %)
The right hand side in (2.1.30)) is finite, while the left hand side is infinite, thus a contradiction

= +00. (2.1.32)

holds, i.e.,

ﬁ;(faaﬁ = L.
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By (TZ1), we have

P ) FE () f'(2)
/() f(2) f(2)

By Lemma there exists a set E3 C (0,1) that has a finite logarithmic measure, such that

o 1a@) | L2 1 aoe)), (2.1.33)

< JAg-1(2)] ‘

forall j =0,1,...,k and r ¢ E3, we have

f(j)(zr)
f(zr)

where z is a point in the circle |z — zo| = r that satisfies |f(z)| = M., (r, f). By Lemma [1.3.3]

— 11+ 0(1) (V(f)) (2.1.34)

20 — Zr

there exists a set F4 C (0,1) having infinite logarithmic measure, such that for any given ¢ > 0

and for all |z — z9| = r € E4, we have

[A0(a)] € Moy (r A0) < 7" (o 2)10g 7). (2.1.35)

By substituting (2.1.22), (2.1.34) and (2.1.35) into (2.1.33]), for any given ¢ > 0 and for all
|z — 20| =7 € E4N(0,r0) \ E5 and |f(2)] = M,,(r, f), we get

14 0(0)| (V1) < b (G 6o )

X |1+ o(1)] (Vo (r, )7, (2.1.36)

then we obtain

Vi (r, f) < krp™? <(u +¢)log i) 11+0(1)], r€En(0,70)\ Es. (2.1.37)

By Lemma [1.3.3] Lemma [1.3.9| and (2.1.37), we get il (f,20) < 2 (Ao, 20) +¢. Since ¢ > 0 is
@ @

arbitrary, we obtain

fis(f. 20) < (Ao, 20), (2.1.38)

from ([2.1.38) and [Li,(f, 20) = [Lg(Ao,Zo), we obtain

i, (f,20) = i (Ao, 20)-
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Proof of Theorem [1.2.10]

Proof. By Theorem we have ﬁglo(f, 20) = ﬁg(Ao,zo). We only need to prove that
i (f5 20) = (Ao, 20)-

Suppose that (f # 0) is a solution of equation which is analytic in C—{zp}. By an analogous
progress, set ﬂg(Ao,zo) = U, f?o(Ao,zo) =71. If p, = max{[)g (Aj,20) : 7 =1,k -1} <
,ZL?D (Ao, 20) = i, then by Theorem we obtain /330 (f,20) = ﬂg, (Ao, z0) . Suppose that

max{ﬁg (Aj,20) 17 =1,2,..,k—1} = ﬂg (Ao, 2z0) = p (0 < p < 400)
and
max{%g (Aj, z0) : [)3 (Aj,z0) = ﬁg (Ao, 20) > 0} < fg (Ao, 20) =7 (0 < T < +00).

Then, there exists a set I C {1,2, ...,k — 1} such that p (4, 20) = i) (Ao, 20) = p (j € I) and

%g (Aj,20) < jg (Ag,20) =7 (j € I). For any given ¢ € (0, ”;p2>, there exists r4 € (0,1) such

that for all |z — zo| = r € (0,r4), we have

45 ()] < ¢! (w o) 1ogi) Gen (2.1.39)
and
4Gl ((ateogt ) <o (s etons ) | (2.1.40)
Gell, o k—1}\1).

If ﬁg (Aj,20) = [Lg (Ao, 20) ; ?3(141,,20) <11 < fg(Ao,zo) = 7, then for any given € € (0,%52),

there exist 75 € (0, 1) such that for all |z — zg| =7 € (0,r5), we have

1\*
M.y (r,Aj) <ot {log((ﬁ +¢) (r) )} (2.1.41)
and
1\*
M, (1, Ag) = ¢t {log((r —¢) <r> )} . (2.1.42)
By substituting (2.1.24) and ([2.1.39)-(2.1.42)) into (ZI.21]), then for any given

e <0, min(p — gg,z — Tl))
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and for all |z — zg| =7 € (0,79] N (0,74) N (0,75) \ E3, has infinite logarithmic measure, we obtain

- ()3} e )

@1 {log((Tl +€) C)#)} . (2.1.43)

The last inequality implies ,&30( fy20) = ),(Ag, z0) = pu. To see why, we assume that /130( fiz0) <

fig
[LS,(A(), 20) = p. Then, there exists r¢ € (0,1) such that for all |z — 29| =7 € (0,7¢), we have

_ 1
Tzo(ra f) < ® ! <P2 log T’> ) (2144)

for some py < p. Consequently, by (2.1.53)) and (2.1.44) for all |z — 29| = 7 € (0,79] N (0,74) N
(0,75) N (0,76) \ E3, we get

o feste o (D))} < 2 (61 (mioel)) ot fontri o) (1))

< (7t {toutmax(n 1 + ) (1)>})k+ .

Applying the logarithm on both sides, we find

2% log r . log(p~! {log((r — ) (3)")})
(2k + 1)~ {log((max(py, 71 +€)) (;)")} 2k +1)p~t {log((max(py, 71 +¢)) (3)")}
log Ak +1. (2.1.45)

<
(2k+ D~ {log((max(ps, 71 +)) (1))}
As we did before
' logr
lim

r—0 =1 {log((max(pg,ﬁ +¢)) (%)“)} =0

and
log(¢~" {log((z —¢) (1))})
r—=0 =1 {log((max(py, 71 +€)) (1))}
because T — ¢ > max(p,, 71 + €). Since the right hand side of the inequality is bounded

:+Oo

by 1, thus taking limits yielding +o0co < 1 which is a contradiction. Hence, we get ﬂ}o( fiz0) =

119 (Ao, 20) = pu.
By Lemma (1.3.6]), there exists a set E2 C (0,1) having infinite logarithmic measure, such that

for all |z — 29| = r € E», we have

|[Ag(2)| < ¢! {1og((r+s) (i)u)} (2.1.46)
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By combining [@.1.33), (2.1.34), [@.1.39), [@.1.40), (2.1.41) and (2.1.46) for all |z — 2| = r €
Eyn(0,r4) N (0,75) \ Eg,7 — 0 and |f(2)| = My, (r, f), we have

1400 Vo 1) < b frogt(z+2) (1)}

|1+ o(L)] (Ve (r, )

S0
Voo (ry f) < krp™? {log((T-l- £) (i)u)} 1+ o(1)]. (2.1.47)
By Lemma , Lemma and , we obtain [Li,(f, 20) < [Lg(AU,Z[)) = U.
O
Proof of Theorem [1.2.11]
Proof. By , we have
e A0) € 3 e A7)+ Zmzo ( i ()>) +o). (21.49)
j=1

By Lemma (|1.3.10]), for a constant o € (0, 1), there is a set Eg C (0,r2] with m;(Es) < 400 such

that for all |z — z9| =7 € (0,72] \ Eg, we have

i () (5
> e, (r, ff(i))> <O (Tzo(r, f) +log i) : (2.1.49)

=1

Zf llsz(rA

Mg Ae) < B < 1. Then for r — 0, we have

Setting lim sup,._,q

k—1
ZmZO(r, Aj) < Py (r, Ag). (2.1.50)
j=1

By substituting (2.1.49), (2.1.50) into (2.1.48]) we obtain for all |z — zo| =7 € (0,72] \ Es,7 — 0

(1 — BYmay (r, Ag) < O <TZO (r, f) + log i) . (2.1.51)

By the definition of lower ¢—order, for any given € > 0, there exists r¢ € (0,1) such that for all

|z — 20| =7 € (0,r6), we have

(1, Ao) = Ty (r, As) > los(™ (1 <) loa( ). (2.152)
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By (2.1.51) and (2.1.52)), for any given ¢ > 0 and |z — z9| = 7 € (0,72] N (0,76) \ Eg,7 — 0, we

obtain

_ 1 1
(1= 3)log(y™ (0= 2)108(1))) < O (Tu(r 1) 4108 ). (2.153)
By Definition , Lemma and ( m, we have [ ,uw (f,20) = ﬂ?O(AO, 29) —€. Since € > 0

is arbitrary, we obtain

fip(f:20) = (Ao, 20)- (2.1.54)

Set max{,b?o(Aj,zo) cg=1,...,k—1} = p3 < ﬂ?o(Ao,zo) < pg(Ao,zo). Then for any given ¢ > 0,

there exists 77 € (0,1) such that for all |z — z9| = r € (0,77), we have
Mz (1, 4j) < 07" ((ps+e)log — ) <o [ (p+e)log ), (2.1.55)
(je{l,.,k—1}\1).

By substituting (2.1.34), (2.1.35) and (2.1.55) into (2.1.33]), for any given ¢ > 0 and for all
|z — 20l =7 € EN(0,77) \ Eq and |f(2)] = M, (r, f), we get

14 0(0)| (V1)) < b (G €)1 )
X 1+ o(1)] (Ve (r, £))*F, (2.1.56)
which implies
) 1
Vao(r, f) < kro™ ((M +¢)log T) I1+0(1)|, 7€ EN(0,73)\ Ey, (2.1.57)

where |z — z| =7 € EN(0,77) \ B4 and |f(z)| = M (r, f). By (2.1.57), Lemma (1.3.9) and
Lemma (|1.3.3]), we obtain
i, (f,20) < figy(Ao, 20)- (2.1.58)

Thus, from ([2.1.58]) and (2.1.54)), we have
~1 _ ~0 A
,U/@(f, ZO) - :U’ap( 0, ZO)'
By using similar method, from (2.1.51f), we have for |z — 29| = r € (0,72] \ Eg,7 — 0

(1= By (r, Ag) = (1 — B)Tso(r, Ag) < O <Tz0 (r. ) + log 7{) | (2.1.59)
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By Lemma [1.3.5] there exists a set E; C (0,1) having infinite logarithmic measure such that for

any given € > 0 and all |z — 29| =7 € E}
1
T, (1, Ag) > o1 ((pg(Ao, 29) — €) log 7“> . (2.1.60)

By substituting (2.1.60|) into (2.1.59), we obtain for any given ¢ > 0 and all |z — z9| = r €
Elﬂ(O,TQ]\E6,T‘—>O

— 1
(1= 37 ((2(Aa,0) — 2)log | ) < (1= BT (r, o)
1
<0 <Tz0 (r, f) +log 7") . (2.1.61)
Making use of Lemma and Lemma from (2.1.61f) by Remark we get
pL(f,20) = Po(Ao, 20)- (2.1.62)

By the definition of the ¢—order of f)g(Ao, z9) for any given ¢ > 0, there exists rg € (0,1) such

that for all |z — 29| = r € (0,73), we have

- 1
Mag(r Aa) < 7 ( (2 (Aa,0) + <) log ). (2.1.63)

Also, by substituting (2.1.34)), (2.1.55)), (2.1.63) into (2.1.33), for any given £ > 0 and for all
|z — 20| =7 € (0,77) N (0,78) \ B4 and |f(2)] = M, (r, f), we can find that

Voo (r, f) < kro™! <(P?0(A0, 20) +¢)log i) 114 o(1)). (2.1.64)

By using lemma [1.3.13], Lemma [1.3.9[and (2.1.64)), we get

Py (f,20) < P(Ao, 20). (2.1.65)
Thus, from (2.1.62]) and (2.1.65)), we conclude that

~1 _~0

pgp(f? ZO) - pap(A()a ZO)-

The proof is complete O



Chapter 3

Examples

Here, we provide some examples that illustrate all what we did before.

Example 3.0.1 Consider the equation

3 2

2
=20 f =0 3.0.1
P P et==0)" f =0, (3.0.1)

f”+(

3)f/_

(z — 20)?

It is not hard to see that f(z) = exp(exp( 5)) which is analytic in C — {2} is a solution for

1
(z—20)

(3.0.1). Notice that, the function ¢(t) = loglogt = logy t is a function of ¢, that is ¢ is unbounded,

increasing and 1 (t) = p(e!) = logt is clearly slowly growing. A hand wavy calculations give

ﬁ?o(Al,Z()) = 0, /jg(AO7ZO) = 27

where

Ao(2) = — 2 eC | and Ay(2) = —>— + 2
0= (z — 20)? ’ 1= z2—2z20 (2—20)3

We have /18,(141, 20) =0 < ﬂg(Ag, 20) = 2 < +o0. On the other hand, a simple computation gives

1
M, (7‘, f) = 6372
Therefore
1
er?
L(f20) = lim sup P18 Mzol(r, 1)) _ i sup 298108 I?g ) _o
v r—0 log & r—0 log <.

This emphasizes the conclusion of the first Theorem [1.2.
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Example 3.0.2 Consider the equation
1 1 6 2
P+ CH e =[G+ gle? — zelf =0, (3.02)

It is not hard to see that f(z) = exp (exp 2z ) which is analytic in C\ {0} is a solution for (3.0.2).
Notice that, the function (t) = loglogt = logyt is a function of ¢, that is ¢ is unbounded,

increasing and ) (t) = p(e!) =logt is clearly slowly growing. A hand wavy calculations give
~0 _~0 _
/J’gp(Al?O) - ,uap(A()’ 0) =2.
By using Lemma[I.3.17 we find
ig(AlaO) =1< fg(AmO) =2< 00,

where

Ao(2) = (5 + p)e — ZeFland i2) = (4 B)e.

It is clear that the conditions of Theorem [1.2.5 are satisfied and we see that
pp(f,0) =2 > 2 = [ig)(40,0).
Example 3.0.3 Consider the equation

. (2675 +—)f - ?f =0, (3.0.3)

It is not hard to see that f(z) = eaz — 1, where o € R* which is analytic in C\ {0} is a solution for
(3.0.3). Notice that, the function ¢(t) = loglogt = logy t is a function of ¢, that is ¢ is unbounded,

increasing and ¥(t) = p(e!) = logt is clearly slowly growing. A hand wavy calculations give
fig (Ao, 0) = 0 < i (A1,0) = 1 < o0,

where

2 2 _ 1 1
@, and A]_(Z) = —(26 az 4 @

Ag(z) = — ).

It is clear that the conditions of Theorem[1.2.0 are satisfied and we see that

flg (A1,0) =1 < 1=750(f,0).
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While simple calculations give

ﬁ?a(f, 0) = limsup
r—0 log -

p(logg e*(ar 1))

PO =i g =0
Example 3.0.4 Consider the equation
"+ Aa(2) 7+ Ar(2)f + Ao(2) f = 0, (3.0.4)
where
Ao(z) = (53 + 19 + e,
M) = (),
As(z) = % + ;3

It is not hard to see that f(z) = exp (exp z%), which is analytic in C\ {0} is a solution for (3.0.4).
Notice that the function p(t) = loglogt = logyt is a function of ¢, that is, ¢ is unbounded,

increasing, and ) (t) = p(e!) = logt is clearly slowly growing. A hand-wavy calculation gives
max{p)(A1,0), p(Az,0)} = 0 < fif,(Ag,0) =2 < 2 = p(Ag,0) < +oc.
We see that Ay is a dominant coefficient, so by Theorem [I.2.9, we conclude that
~1 _~0 _
p(p(f? 0) - /'ch(AOa 0) =2.

On the other hand, a simple computation gives

1
My(r, f) = e
Therefore
1
log M, log loglog e¢™
PL(f,0) = Jimn sup 2108 ol(n 1)) _ i sup P08 108 08¢ Y
r—0 Iog* r—0 lOg*

T

This emphasizes the conclusion of Theorem[1.2.9
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Example 3.0.5 Consider the equation

"+ As(2) " + Ar(2) [ + Ao(2) ] =0, (3.0.5)
where
Ao(z) = (7 + ) + ek,
A1) = (o (o p)e),
Ay(z) = % + %

It is not hard to see that f(z) = exp (exp Z%), which is analytic in C\ {0} is a solution for (3.0.5)).
Notice that the function p(t) = loglogt = logyt is a function of ¢, that is, ¢ is unbounded,

increasing, and ¥(t) = p(e!) = logt is clearly slowly growing. A hand-wavy calculation gives
max{p)(A1,0), p(Az,0)} =2 < 2 = i) (Ao, 0) < p2 (Ao, 0) =2 < +00.
By using Lemma [1.3.17 we find
max{7_(A1,0),70(A2,0)} =1 < 7 (Ag,0) = 3 < +oc.
Lossly speaking Ay is a dominant coefficient so by Theorem [I.2.10, we conclude that
Pyp(f,0) = 1i(Ao, 0) = 2.
This confirm the conclusion of Theorem[1.2.10,

Example 3.0.6 Consider the equation

"+ As(2) "+ A1(2) f + Ao(2)f =0, (3.0.6)
where

1 s
AO(Z) = a3zﬁea2’

1 2 3 2 1

) =+ 3t Ga Y @)
1 1

Ag(2) = = + —.
2(2) z + oz?

It is not hard to see that f(z) = exp (exp L), where a € R* which is analytic in C\ {0} is a
solution for . Notice that, the function p(t) = loglogt = logyt is a function of ¢, that
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is o is unbounded, increasing and ¥(t) = @(et) = logt is clearly slowly growing. A hand wavy

calculations give

max{p}(A1,0), p5(A2,0)} =1 < 1= i (Ao, 0) = p(Ag,0) < +00

and

. mo (7", Al) + myo (T7 AQ) 1

lim su =—-<1.
r—0 P mo (7“, AO) 3

Obviously the conditions of Theorem [I.2.11] are verified and we see that

A2(A40,0) = i (£,0) = 1 < 1= L(£.0) = (o, 0).



CONCLUSION

Throughout this master thesis, by using the concepts of lower @-order and lower @-type, we
obtain some growth properties of solutions of second order and higher order linear differential
equations in which the coefficients are analytic functions in the whole extended punctured plan
denoted by C — {20}, where zq is an essential singularity. We improve and extend some results
recently obtained by Khedim and Belaidi ([16]). Inspired by the results already established by
Long, Qin and Tao ([20]), one may explore analogous theorems for differential equations in which
the coefficients are analytic functions in the whole extended punctured around singular point of
[p, q] ,o-order. Furthermore, we can also study differential polynomials generated by solutions of

the differential equation

O+ A1 (z) 5D 4+ Ai(2)f + Ao(2)f =0,
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