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Abstract

The present paper introduces various results for studying the uniqueness of
entire functions and the linear combination of its derivatives L [ f] sharing one value
and two small entire functions. The results improve some previous results known
as the conjecture of Briick.
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1 Introduction and Main Results

In this paper, a meromorphic function will mean meromorphic in the whole complex
plane. We shall use the standard notations in Nevanlinna value distribution of mero-
morphic functions [6,8, 13] such as T'(r, f), N(r, f) and m(r, f). For any nonconstant
meromorphic function f, we denote by S(r, f) any quantity satisfying

S f)

e T (r, f)

possibly outside a set of finite linear measure in R,. A meromorphic function a is said
to be a small function of f, provided T'(r,a) = S(r, f). We say that two meromorphic
functions f and g share a IM (ignoring multiplicities) if f — a and g — a have the same
zeros. If f — a and g — a have the same zeros with the same multiplicities, then we say
that f and g share a CM (counting multiplicities).

In this paper we also need the following definitions.
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Definition 1.1 (See [6]). Let f be a nonconstant entire function. The order of f is

defined as loa T low log 1]
o (f)=lim sup—Og (r.f) = lim sup oglog M (1, f)
r—-400 10g r r——400 10g r

where, and in the following, M (r, f) = | Iax |f (2)].

Definition 1.2 (See [13]). Let f be a nonconstant entire function. The lower order of f
is defined as
loglog M (r, f)

logT
w(f) :hminfog—(r’f) = lim inf .
r—+00 log r r—+00 log r

Definition 1.3 (See [13]). Let f be a nonconstant entire function. The hyper-order of f
is defined as

s loglogT (r, f) .. logloglog M (r, f)
oy (f) = limsup——————"—= = limsup .
r—+00 lOg r r—+00 1Og r

Definition 1.4 (See [13]). Let f be a nonconstant entire function. The lower hyper-order
of f is defined as

loglogT log log log M
o () = liminf 0818 T )y plogloglog M(r, /)
r—400 log r 400 log 7

The uniqueness theory of entire and meromorphic functions has grown up to an ex-
tensive subfield of the value distribution theory, see monograph [13] by Yang and Yi.
A widely studied subtopic of the uniqueness theory has been to consider shared value
problems relative to a meromorphic function f and its derivatives f () Some of the ba-
sic papers in this direction are due to Rubel and Yang [10] (they proved that if an entire
function f shared two distinct finite complex numbers CM with f’, then f = f’), Gun-
dersen [4], Jank, Mues and Volkmann [7] and Yang [12]. A much investigated problem
in this direction is the following conjecture proposed by Briick [2]:

Conjecture. Let f be a nonconstant entire function. Suppose that

oy (f) = lim sup—IOg log T (, )
400 log r

is not a positive integer or infinite. If f and f " share one finite value a CM, then

!/

f —a

f—a
for some nonzero constant c. The conjecture has been verified, if one of the following
three assumptions is satisfied:

=C
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(i) f is of finite order, see [5];

(ii) a =0, see [2];

(iii) N (r, %) =S(r, f), see [2].

However, the corresponding conjecture for meromorphic functions fails in general, as

1
shown by Gundersen and Yang [5], while it remains true in the case of N (r, 7) =
S (r, f). Recently, Li and Yi posed the following question.

Question 1.1 What can be said when a nonconstant entire function f share one finite
value a with a linear differential polynomial related to f?

Regarding Question 1.1, they proved the following theorem. Consider the following
linear differential polynomial related to f:

L(f]= % +arf* D+ +arf +aof, (1.1)
where k is a positive integer, ax_1, . . ., a; and ag are k finite complex numbers.

Theorem 1.5 (See [9]). Let Q) (z) be a nonconstant polynomial, and let a (# 0) be a
finite complex number. If f is a nonconstant solution of the differential equation

L{f] —a=(f —a)e?®,
where L [f] is defined by (1.1), then one of the following cases will occur:

@ Ifu(f)>1 then p(f) = ocoand s (f) = 02 (f) = g, where g is the degree of

Q(2);
() Ifu(f) <1, thenp(f) =1and Q(2) = p1z + po, where p1 (# 0) and py are two
finite complex numbers, aq, aq, . . ., ai_1 are not all equal to zero.

In this paper, we will prove the following theorem which improves Theorem 1.5.

Theorem 1.6. Let () (z) be a nonconstant polynomial and let a (# 0) be a finite com-
plex number. If f is a nonconstant solution of the differential equation

L'f]—a=(f"—a)e?®), (1.2)

where L [f] is defined by (1.1) and | > 1 is an integer, then one of the following cases
will occur:

@ Ifnu(f) > 1, then p(f) = oo and we have also s (f) = o2 (f) = g, where and
in the following, ~yq is the degree of Q) (z);
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) Ifu(f) <1, then p(f) =1and Q(z) = p1z + po, where py (# 0) and py are two
finite complex numbers, ag, aq, . . ., ai_1 are not all equal to zero.

Remark 1.7. If we take [ = 1 in Theorem 1.6, then we obtain Theorem 1.5.

From Theorem 1.6, we get the following two corollaries.
Corollary 1.8. Let Q) (2) be a polynomial, and let a be a nonzero complex number. If
f is a nonconstant solution of the differential equation (1.2) such that j5 (f) is not a

positive integer, where L [f] is defined by (1.1), then f and L |f]| assume one of the
following two relations:

i L'[f]-a=c (fl — a), where ¢ (# 0) is some finite complex number;

(i) L'[f] —a = (fl —a) e 0 where 1 (f) = 1 and by (#0), by are two finite

complex numbers, and ag, a1, . . ., ap_1 are not all equal to zero.
05 ) )

Corollary 1.9. Let [ be a nonconstant entire function such that i (f) < oo, and let a be
a nonzero complex number. If f' — a and L' [f] — a share 0 CM, where L [f] is defined
by (1.1), then f and L [f] assume one of the two relations (i) and (ii) of Corollary 1.8.

Question 1.2 What can be said when a nonconstant entire function f share a small
entire function a with their derivative f*)?

Regarding Question 1.2, Xiao and Li proved the following theorem.

Theorem 1.10 (See [11]). Let Q (z) be a nonconstant polynomial, and let a (z) be a
small entire function of f, such that o (a) < vq. If f is a nonconstant solution of the

differential equation
fY —a=(f—a)e,

then oy (f) = g, and f is an entire function of infinite order.
In this paper, we will prove the following theorem which improves Theorem 1.10.

Theorem 1.11. Let Q) (z) be a nonconstant polynomial, and let b; (z) (i = 1,2) be
small entire functions of f, such that o (b;) < 1. If f is a nonconstant solution of the

differential equation
L[] = b = (f' = by) 9%, (1.3)

where L [f] is defined by (1.1), then one of the following cases will occur:
@ If u(f) > 1, then u(f) = oo and we have also s (f) = o2 (f) = g where g is

the degree of Q (2);

() Ifp(f) <1, then p(f) =1and Q(z) = p1z + po, where py (# 0) and py are two
finite complex numbers, ag, aq, . . ., ai_1 are not all equal to zero.

Remark 1.12. If we take aj,_; = ap—9 = - = ag = 0,b;y = by = aand! = 1in

Theorem 1.11, then we obtain Theorem 1.10.
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2 Auxiliary Lemmas

In order to prove our theorems, we need the following lemmas.
“+o0

Let f(z) = Zanz” be an entire function. We define by

n=0
p(r) = max{|a,|r™™ :n=0,1,2,...}

the maximum term of f, and define by v (r, f) = max{m : u (r) = |a,,| ™} the central
index of f.

Lemma 2.1 (See [9]). Let f (z) be an entire function of infinite order, with the lower
order i (f) and the lower hyper-order 15 (f). Then

(i) 1z (f) = lim inf 081087 (2 )
r—+00 logr

the central index of f (2).

, where here, and in the following, v (r, f) denotes

Lemma 2.2 (See [8]). Let g : (0,00) = R, h : (0,00) — R be monotone increasing
Sfunctions such that g (r) < h(r) outside of an exceptional set FE of finite logarithmic
measure. Then, for any o > 1, there exists ro > 0 such that g (r) < h(r?®) for all
> T

Lemma 2.3 (See [8]). If f is an entire function of order o (f), then

1
o (F) = limsup 222 F).
rstoo  lOgT
Lemma 2.4 (See [3]). If [ is a transcendental entire function of hyper-order o5 (f),

then

log 1
oy (f) = lim sup 281987 (/).
00 logr

Lemma 2.5 (See [6]). Let f be a transcendental meromorphic function and k > 1 be
an integer. Then

" (T’ #) = 0(log (4T (r, f)))

outside of a possible exceptional set E of finite linear measure, and if f is of finite order

of growth, then
f
m (r, T) =0 (logr).

Lemma 2.6 (See [1]). Let g : (0,00) — R, h : (0,00) — R be monotone increasing
functions such that g (r) < h (r) outside of an exceptional set E of finite linear measure.
Then, for any o > 1, there exists o > 0 such that g (r) < h (ar) for all > 7.
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3 Proofs of the Main Results

Proof of Theorem 1.6. Suppose that f is polynomial. Then, from (1.1) and (1.2), we
see that there exists a nonzero constant ¢ such that €?*) = ¢. We obtain a contradiction
with () a nonconstant polynomial. Next we suppose that f is a transcendental entire
function. We discuss the following two cases.
Case 1. Suppose that
lim inf M
T—+00 log r

> 1. (3.1)

Then from (3.1) and (i) of Lemma 2.1 we get

logv (r, f)

w(f) = 1$1$1£&f Tog 7 > 1. (3.2)
Because () (z) is a nonconstant polynomial, we have

Q(z) =bpz"+ -+ b1z + by, (3.3)
where b, (£ 0),...,b; and by are complex numbers. It follows from (3.3) that

Q ()]

1 v/

|z| =>+o00 |ann| a

From this, we see that there exists a sufficiently large positive number 7, such that

Q)] _ 1

o] > > |z| > ro.
n

From this and (1.2), we deduce that

log |b,| +nlog|z| — 1 <log|Q (2)| = log ‘logeQ(Z)|

L'f] —
< }loglogeQ(z)‘ = loglog%‘ (|z| > 10). (3.4)
—a
Knowing that f is a nonconstant entire function, we have
M (r, f) = 00, asr — +oc. (3.5)
Let
M (r, f) = |f (z)], (3.6)

where z, = re"™) and 6 (r) € [0,27). From (3.6) and the Wiman—Valiron theory, we
see that there exists a subset £; C (1,00) (1 < j < k) with finite logarithmic measure,
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dt A
ie., /7 < 00, such that for some point z,. = re™™ (4 (r) € [0, 27)) satisfying |z,| =

Fy

r¢ Fyand M (r, f) = |f (2)], we have

) j
ffj(if;) _ (u(?z“;f)) (1+0(1) A<j<kr¢Fur—+o00). (3.7
Set s
L'fl—a S5 — 3
e 1% (3.8)

Since f is a transcendental entire function, a is a nonzero constant. From (3.5) and
(3.6), we deduce that

ol
1 pu— 1 —_— . .
e [ ()] e MG ) o

From this and using (1.1), (3.5)—(3.8), we obtain

Ll ] — ’ Ik
‘% _ (”(Z f)> 11+ 0(1)]', (r ¢j§le,r — +oo) . (3.10)
From (3.10), we have
L )] —
log % =kl (logv (r, f) —logr)+ O (1) (r ¢ j@le,r — +00 | ;
(3.11)
from (3.4) we deduce that
l _
log |b,| +nlog|z.| — 1 < loglog%
Ll Il — . Ll ] —
L ] —
< |log log% + 2.
(3.12)

From (3.11), (3.12), Lemma 2.2 and |z,| = r, we see that for any § > 1, there exists a
sufficiently large positive number 7, such that

log |b,| + nlogr —1 <loglogv (rﬂ, f)+ loglogr? + O (1), r > ry. (3.13)
From (3.13) and Lemma 2.4, we deduce

log1 B log1
" inup 8108V (0 S) g loslosv (nf)
5 rB— 400 IOg 7P r——+00 lOg r
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By letting 5 — 17, we have
n<oy(f).

In the same manner as above and by (ii) of Lemma 2.1, we get

n < s (f).
It is well-known that
o (eQ) = 7o = n.
From (3.14) and (3.16), we get
o (e?) <o (f).
On the other hand, from (1.2), (3.7) and (3.8) we have

v(r, f) . I Q=) k
—— | (1+o0(1) =€) r¢ ‘U1Fj’ r — +00.
2y =

From this, we obtain

k
VR (r f) < Orft M (r, eQ) , T 'Ule, r — 400,
]:

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

where C' > 0 is a constant. From (3.18) and Lemma 2.2, we see that for any > 1,

there exists a sufficiently large positive number 7, such that
R (r, f) < Cr*e M (7"/6,6@) T > T.
From (3.19), Lemma 2.4 and Definition 1.3, we get

loglog v (r, f) loglog v™ (r, f)

o9 (f) = limsup = lim sup
400 logr 400 logr
log log (Cr¥P M (1P, e?
< Blim sup og og( r (7’ e ))
o0 log r#
log log M (r, e®
= Slim sup o808 (T ‘ ) = fo (eQ) ,
r—-+00 1Og r

namely
oo (f) < Bo (eQ) )
By letting 5 — 17 on both sides of (3.20) we have
o2 (f) <o (e9).
From (3.16), (3.17) and (3.21), we deduce

O'g(f):0'<€Q) =n.

(3.19)

(3.20)

(3.21)

(3.22)



Results on Shared Values of Entire Functions 11

Noting that 15 (f) < o9 (f), from (3.2), (3.15), (3.16) and (3.22), then we get

oy (f) = p2 (f) =n =10 (3.23)

If 1t (f) < +oo, then it follows from (3.23) that p5 (f) = 7o = 0. Thus ) is a constant:
a contradiction since () is a nonconstant polynomial. Hence, 1 (f) = +oc.
Case 2. Suppose that
1
T LA G
r—o+oo  logr

From (3.24) and (i) of Lemma 2.1, we have

o logu(rf)
pf) =T inf =2

<1. (3.24)

<1. (3.25)

From (1.1), (1.2) and Lemma 2.5, we deduce
T (r,e?) <O(T(r, f))+ O (logrT (r,f)), r ¢ E.
From this and Lemma 2.6, we see that for 7 a sufficiently large positive number
T (r,e?) <O(T(2r, f)) + O (log2r +1ogT (2r, f)), > ro.
From this and (3.3), we deduce
L<n=9g=0(c) =p(c) <p(f).

It follows from (3.25) that n = v = p(f) = land Q (2) = p1z +po. If a; = 0

(0 < j <k —1), then (1.2) can be rewritten as (f(k))l —a = (fl — a) "7, Using
the same reasoning as in the Case 1, we get (3.15) and so us (f) > 1, which contra-
dicts i (f) = 1. Thus, ag,ay,...,ax_1 are not all equal to zero. Theorem 1.6 is thus
completely proved. [

Proof of Theorem 1.11. Noting that b; and b, are small entire functions of f, from (1.3)
and Lemma 2.5 we deduce

T (r,e?) <O(T(r,f))+ O (logrT (r, f)),r ¢ E. (3.26)

From (3.26) and Lemma 2.6, we see that there exists a sufficiently large positive number
ro such that

T (r,e?) <O (T (2r, f)) + O (log2r +log T (2r, f)) .7 > ro. (3.27)

From (3.27), we deduce p (eQ) < u(f). Combining (eQ) =0 (eQ) =g > land
o(b;) <1(i=1,2), we get

p(f)>ab), (=12). (3.28)
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Combining (3.28) and the fact that f is a transcendental entire function, it follows from
Definition 1.1 and Definition 1.2 that

bz’ T .
C) o i=1,2)
f(z)
as |z,| — oo, and where z, = e for § (r) € [0,2n). Proceeding as in the proof of
Theorem 1.6, we obtain Theorem 1.11. O]

Proof of Corollary 1.8. If () (z) is a constant, then the conclusion (i) of Corollary 1.8
is valid. If we suppose that () (z) is not a constant, then it follows from (1.2) that f is a
transcendental entire function, and so conclusions (i) and (ii) of Theorem 1.6 hold. If
(ii) of Theorem 1.6 holds, we get (ii) of Corollary 1.8. If (i) of Theorem 1.6 holds, then
p(f) =o0and us (f) = 02 (f) = . Combining (1.2) and the condition that x5 (f) is
not a positive integer, we have v = 0 and so there exists some finite nonzero complex
number c such that L' [f] — a = ¢ (f' — a). From (3.10), we have

(M)M 1401 = |, (7" ¢ jQFj’T - +OO>

r

and so
v(r, f)

r

—o(1), (r ¢ jLiJle,r - +oo) . (3.29)

From (3.29) and Lemma 2.1, we deduce p (f) = 1 which is impossible. Corollary 1.8
is thus completely proved. [

Proof of Corollary 1.9. From the condition that f' — a and L' [f] — a share 0 CM, we
have (1.2). From (1.1), (1.2) and Lemma 2.5, we deduce

T (r,e?) <O(T(r,f)) + O (logrT (r,f)),r & E.
From this and Lemma 2.6 and the condition 4 () < oo, we deduce

o (e?) = p(e?) < pu(f) < oco.

From this, we see that () (z) is a polynomial. If () (z) is a constant, then the conclusion
(i) of Corollary 1.8 is valid. If we suppose that ) (z) is not a constant, then it follows
from (1.2) that f is a transcendental entire function, and so conclusions (i) and (ii) of
Theorem 1.6 hold. If (ii) of Theorem 1.6 holds, then we get (ii) of Corollary 1.8. If
(i) of Theorem 1.6 holds, then we have p (f) = oo. This contradicts the supposition
p(f) < oo. Corollary 1.9 is thus completely proved. O

1
Remark 3.1. In Corollary 1.9 the result remains true if we take ps (f) < 3 with o (f) =

N =

oo. Indeed, from condition (i) of Theorem 1.6 we have s (f) = . Since s (f) <
and v is a positive integer, we obtain that 7o = 0, and so () is a constant.



Results on Shared Values of Entire Functions 13

Acknowledgements

The authors are very grateful to the anonymous referee for his/her helpful remarks and
suggestions to improve the paper.

References

[1] S. Bank, A general theorem concerning the growth of solutions of first-order alge-
braic differential equations, Compositio Math. 25 (1972), 61-70.

[2] R. Briick, On entire functions which share one value CM with their first derivative,
Results Math. 30 (1996), no. 1-2, 21-24.

[3] Z. X. Chen and C. C. Yang, Some further results on the zeros and growths of entire
solutions of second order linear differential equations, Kodai Math. J. 22 (1999),
no. 2, 273-285.

[4] G. Gundersen, Meromorphic functions that share two finite values with their
derivative, Pacific J. Math. 105 (1983), no. 2, 299-309.

[5] G. Gundersen and L. Z. Yang, Entire functions that share one value with one or
two of their derivatives, J. Math. Anal. Appl. 223 (1998), no. 1, 88-95.

[6] W. K. Hayman, Meromorphic functions, Oxford Mathematical Monographs
Clarendon Press, Oxford 1964.

[7] G. Jank, E. Mues and L.Volkmann, Meromorphe Funktionen, die mit ihrer ersten
und zweiten Ableitung einen endlichen Wert teilen, (German) [Meromorphic func-
tions which share a finite value with their first and second derivative] Complex
Variables Theory Appl. 6 (1986), no. 1, 51-71.

[8] L. Laine, Nevanlinna theory and complex differential equations, de Gruyter Studies
in Mathematics, 15. Walter de Gruyter & Co., Berlin, 1993.

[9] X. M. Liand H. X. Yi, Some results on the regular solutions of a linear differential
equation, Comput. Math. Appl. 56 (2008), no. 9, 2210-2221.

[10] L. A. Rubel and C. C. Yang, Values shared by an entire function and its derivative,
Complex analysis (Proc. Conf., Univ. Kentucky, Lexington, Ky., 1976), pp. 101-
103. Lecture Notes in Math., Vol. 599, Springer, Berlin, 1977.

[11] Y. H. Xiao and X. M. Li, An entire function sharing one small function with its
derivative, Applied Mathematics E-Notes, 8 (2008), 238-245.



14 R. Bouabdelli and B. Belaidi

[12] L. Z. Yang, Solution of a differential equation and its applications, Kodai Math. J.
22 (1999), no. 3, 458-464.

[13] C. C. Yang and X. X. Yi, Uniqueness theory of meromorphic functions, Mathe-
matics and its Applications, 557. Kluwer Academic Publishers Group, Dordrecht,
2003.



