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RELATIONSHIP BETWEEN THE GOLDBERG SPECTRUM
AND THE B-FREDHOLM SPECTRA

M. BENHARRAT AND B. MESSIRDI

ABSTRACT. A classical result of J. Ph. Labrousse (Rev. Roumaine
Math. Pures Appl. 25, 1391-1394, 1980) concerning the symmetric dif-
ference between the essential quasi-Fredholm spectrum and the Gold-
berg spectrum of closed operators in Hilbert spaces is extended to the
case of B-Fredholm spectra. The obtained results are used to describe
the essential spectrum and some B-Fredholm spectra of some transport
operators.

1. TERMINOLOGY AND INTRODUCTION

Let H be complex Hilbert space and let T be closed, densely defined
linear operator on H. We denote by D(T") C H its domain, R(T') its range,
and N(T) its null space. We denote by C(H) the set of all closed, densely
defined linear operators. Let I denote the identity operator in H. T is
called a Kato type operator if we can write T = T} @& Ty where Tj is a
nilpotent operator and 77 is a semi-regular one. In 1958 Kato proved that
a closed semi-Fredholm operator is of Kato type. In 1987 J.P Labrousse
[15] studied and characterized the so-called quasi-Fredholm operators, in
the case of Hilbert spaces, and he proved that this class coincides with
the set of Kato type operators. In 1999 M. Berkani [5] studied a class of
bounded linear quasi-Fredholm operators acting on a Banach space called B-
Fredholm operators and characterized a B-Fredholm operator as the direct
sum of a nilpotent operator and a Fredholm operator. Recently in [8] Berkani
extended this characterization of B-Fredholm bounded operators to the class
of B-Fredholm closed linear operators acting on a Hilbert space H and study
its properties.
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Given n € N, we denote by T}, the restriction of T € C(H) on the subspace
R(T™). According to Berkani [8], T is said to be semi B-Fredholm (resp.
B-Fredholm, upper semi B-Fredholm, lower semi B-Fredholm), if for some
integer n > 0 the range R(T™) is closed and T,,, viewed as a operator from
the space R(T™) into itself, is a semi-Fredholm operator (resp. Fredholm,
upper semi-Fredholm, lower semi-Fredholm). Analogously, T' € C(H) is said
to be B-Browder (resp. upper semi B-Browder, lower semi B-Browder, B-
Weyl, upper semi B-Weyl, lower semi B-Weyl ), if for some integer n > 0
the range R(T™) is closed and T,, is a Browder operator (resp. upper semi-
Browder, lower semi-Browder, Weyl, upper semi-weyl, lower semi-Weyl). T
is said to be quasi-Fredholm if there exists d € N such that

(1) R(T")NN(T) = R(T*) N N(T) for all n > d.
(2) R(TY) N N(T) and R(T?%) + N(T) are closed in H.
These classes of operators motive the definition of several spectra. The
B-Ferdholm spectrum is defined by

opf(T) :={A € C : A =T is not B-Ferdholm}
the semi B-Fredholm spectrum is defined by
oaf(T):={A€C : X =T is not semi B-Fredholm}
the upper semi B-Fredholm spectrum is defined by
ouwf(T) :={A € C : A —T is not upper semi B-Fredholm}
the lower semi B-Fredholm spectrum is defined by
owf(T) :={A € C : A =T is not lower semi B-Fredholm}
the B-Browder spectrum is defined by
ow(T) :={A € C : A\ —T is not B-Browder}
the upper semi B-Browder spectrum is defined by
oub(T) :={X € C : X —T is not upper semi B-Browder}
the lower semi B-Browder spectrum is defined by
owp(T) :={A € C : A —T is not lower semi B-Browder}
the B-Weyl spectrum is defined by
op(T) :={A € C : A — T is not B-Weyl}
the upper semi B-Weyl spectrum is defined by
oupw(T) :={A € C : A — T is not upper semi B-Weyl}
the lower semi B-Weyl spectrum is defined by
oww(T) :={A € C : A —T is not lower semi B-Weyl}
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while the quasi-Fredholm spectrum is defined by
oqf(T) :={A € C: A — T is not quasi-Fredholm}

We have
obf(T) = oups(T) U oy (T) (1.1)

b (1)) = Tubw(T) U 01y (T) (1.2)
and
047 (T) C opf(T) C ot (T) C opp(T) = ourn(T) Uown(T).  (1.3)

Note that all the B-spectra are closed subsets of C (see [6], [15]), and may
be empty. This is the case where the spectrum o(7") of T is a finite set of
poles of the resolvent.

The first main question motivated by J.P Labrousse [16], in the Hilbert
spaces, is the relationship between the essential quasi-Fredholm spectrum
and the Goldberg spectrum, a subset of the spectrum containing all the
complex numbers A such that R(A — T') is not closed, noted o..(T") (see
[10]), he proved that the symmetric difference of o..(T) and o4¢(T) is at
most countable. The main purpose of this paper, is to extend the above
result to the case of B-Fredholm spectra of closed linear operators.

The second main question is to describe, by the use the stability un-
der finite-rank perturbations, the essential quasi-Fredholm and some B-
Fredholm spectra of the one-dimensional transport operator with abstract
boundary conditions on the Hilbert space. More precisely, we consider the
unbounded operator

1
Apb(,€) = ~€55w.6) ~ 20w + [ w6, €)(w. €

-1

with the boundary conditions
¢i =H (w0)7

where H is bounded linear operator defined on suitable boundary spaces and
a(.) € L*®(—1,1). Here z € (—a,a) and £ € (—1,1) and (x,&) represents
the angular density of particles (for instance gas molecules, photons, or
neutrons) in a homogeneous slab of thickness 2a. The functions «(.) and
k(.,.,.) are called, respectively, the collision frequency and the scattering
kernel. Our analysis is based essentially on Theorem 2.5, Theorem 2.8 and
the knowledge of the essential spectra of Ty where Tp (i.e., H = 0) denotes

the streaming operator with vacuum boundary conditions. We prove that,
in the Hilbert space setting, if the classes of boundary and collision operators
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are finite Rank operators then essential quasi-Fredholm and the B-Fredholm
spectra of the operators Ty and Ay coincide.

The outline of this work is as follows. In Section 2 we extend to the
B-Fredholm spectra of closed linear operators in Hilbert spaces, the results
concerning the symmetric difference between the essential qausi-Fredholm
spectrum and the Goldberg spectrum of a closed operator proved by J.P
Labrousse [16]. Section 3 is devoted to apply the obtained results to inves-
tigate the essential quasi-Fredholm spectrum and some B-Fredholm spectra
of one-dimensional transport equation with general boundary conditions.

2. MAIN RESULTS

In the following, we consider the finite rank perturbations of a B-Fredholm
(resp. quasi-Fredholm ) operator T" and their effect on the B-Fredholm (resp.
quasi-Fredholm ) spectrum. Recall that a linear bounded operator F' is
called a finite-rank operator if dimR(F') < oc.

Theorem 2.1. [12] Let T € C(H) and F' a finite-rank operator on H . Then
oqf (T + F) = 0qs(T).

This relation examined in [8] for the B-Fredholm spectrum.

Theorem 2.2. [8] Let T € C(H) be a B-Fredholm operator with D(T') dense
in H and let F be a finite-rank operator. Then T 4+ F is a B-Fredholm
operator and ind(T + F') = ind(T), where ind(T') means the index of T'.

In the sequel we need the following product theorem of two B-Fredholm
operators.

Theorem 2.3. [9, Theorem 1.1] If S,U,V,T € C(H) are commuting oper-
ators such that US + VT =1 and if S, T are B-Fredholm operators. Then
the product ST is a B-Fredholm operator and ind(ST') = ind(T) + ind(S),
where ind(T) means the index of T.

Proposition 2.4. Let T € C(H) and X € p(T). Then
€ opp(T) if and only if p# X and (u—A)"" € app(\ = T) 7).
Proof. We start from the identity
(L= T)™ (= )7 = —(— N = TYA —T)!

Since (A\I —T)~! is a bounded invertible operator commute with T, it follows
from the Theorem 2.3 that (A — T)~! — (u — A\)~!I is B-Fredholm if and
only if (uI — T') is B-Fredholm. This is equivalent to the statement of the
theorem. g
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Note that in applications (transport operators, operators arising in dy-
namic populations, etc.) we deal with operators A and B such that B =
A+ K where A € C(H) and K is, in general, a closed (or closable) A-defined
linear operator (i.e. D(A) C D(B)). For some physical conditions, we have
information about the operator (Al — A)~! — (A — B)™! (A € p(A) N p(B)).
So the following useful stability results.

Theorem 2.5. Let T, S € C(H). If X € p(T)Np(S), such that (N[ —T)~ —
(M — S)~ ! is a finite rank operator, then

opf(T) = o (S).

Proof. The assumptions of the Theorem and the Theorem 2.2 implies that
opf (M —=T)7Y) = o (A —S)™1), and by Proposition 2.4 we have o4 (T) =
apf(S). O

Remark 2.6. Since a similar of Theorem 2.2 and Theorem 2.3 hold for the B-
Weyl and quasi-Fredholm operators, then a similar statements of Proposition
2.4 hold if, instead of oy (T), we consider o;(T'), for i = bw, ¢f , and we
have the following results.

Proposition 2.7. Let T € C(H) and A € p(T). Then
p € oi(T) if and only if p # X and (u—N)"' € o;((M —=T)71), i = bw, qf.

Theorem 2.8. Let T, S € C(H). If A € p(T)Np(S), such that (A\I —T)~! —
(M — S8)~! is a finite rank operator, then

0i(T) = 0i(S), i = bw, qf.

Note that most of the classes of linear operators, for example in Fredholm
theory, require that the linear operators have closed range. Thus it is natural
to consider the Goldberg spectrum or closed-range spectrum of the linear
operator 7', as follows

Oec(T) ={A € C; R(A\—T) is not closed}.

Note that the Goldberg spectrum spectrum is a part of the spectrum has not
good properties even for bounded operators T (See [4, p. 7-8]). However,
the spectrum o¢.(7T") can be used to obtain informations on the location
in the complex plane of the various types of essential spectra, Fredholm,
Weyl and Browder spectra etc..., for large classes of linear operators arising
in applications. For example, integral, difference, and pseudo-differential
operators (see [10] and the references therein).

In the following theorem, J. P. Labrousse in [16] characterized in the case
of Hilbert spaces, a relation of the essential quasi-Fredholm spectrum and
the Goldberg spectrum.
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Theorem 2.9. If X\ € 0c.(T) is non-isolated point then X € oq4¢(T). More-
over, oqf(T)Acec(T) is at most countable, where A is the symmetric differ-
ence of the sets oq¢(T) and oec(T).

By the inclusions (1.1), (1.2) and (1.3), similar statements of Theorem
2.9 hold if, instead of o,¢(T"), we consider the B-Fredholm spectra

Theorem 2.10. If A € 0..(T) is non-isolated point then A € o;(T). More-
over, 0;(T)Acec(T) is at most countable, i = bf, bw, bb, ubf, Ibf, ubw,
Ibw, ubb, 1bb.

In the next theorem we consider a situation which occurs in some concrete
cases.

Theorem 2.11. Let T € C(H) an operator for which o¢.(T) = o(T) and
every X is non-isolated in o(T). Then

o(T) = 0ee(T) = 04 (T) = 0b(T) = obw(T) = ow(T)-

Proof. Since X € o¢.(T) is non-isolated, according to Theorem 2.9 and The-
orem 2.10,

0ee(T) = o(T) € 044(T) € 034(T) € 03u(T) € ow(T) € o(T).

that is, the statement of theorem. O

3. APPLICATION TO TRANSPORT EQUATIONS
In this section, we shall apply the results of last section to describe the
quasi-Fredholm spectrum and some B-Fredholm spectra of the following one-
dimensional transport operator acting on Xo = L?([—a,a] x [~1,1], dz d£),
a>0:

1
Apb(,6) = =€ 50 (@,.6) = al©)v(e.O) + [ w6 W) ()

with the boundary conditions

U= H(¥°). (3.2)
Where «(.) € L®(—1,1) and H is bounded linear operator from X9 to
X with
Xg = L2[{—a} x [~1,0],€|d¢] x L2[{a} x [0, 1],]€|d¢] == X{, x X3,
and

X5 = L2[{—a} x [0,1],¢]d¢] x L*[{a} x [-1,0], |¢|d¢] := X{ 5 x X3,
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respectively equipped with the norms
1
2
lellxg = (10813, + 198l%s, )

) [/01 (e &)lds+ [ 1 yw<a,s>|2\srdg]é

and

1
'ty = (1%, + 19313, )
1 0 i
- [ /0 wi-a.&)Pelde+ [ |w<a,s>|2|5|d5} .
The operator Ay describes the transport of particle (neutrons, photons,
molecules of gas, etc.) in the domain . The function v represents the
number (or probability) density of particles having the position x and the
velocity €. The functions «(.) and &(., .) are called, respectively, the collision

frequency and the scattering kernel. Let us first introduce the functional
space W, defined by:

WQ—{¢€X2 : {%EXQ}

It is well-known that any function v in W has traces on —a and a in
X§ and Xg. They are denoted, respectively by 1° and ¢, and represent the
outgoing and the incoming fluxes.

The streaming operator Ty associated with the boundary condition (3.2) is:

Ty :D(Th) C Xo — Xo

_5871‘(1” 6) - a(f)w(% f)

D(Ty) = {4y € Wysuch that ¢’ = H(¢°)}

The spectrum of the operator Ty (i.e., H = 0) was analyzed in [18]. in
particular we have

0(Tp) = 0ee(Tp) = 0e(Tp) = {A € C : ReX < —A*}, (3.3)

where o.(Tp) is the continuous spectrum of Ty and A* = lim | g1|nf a(§) , for
—0
more detail see [17] and [18].

Combining the equality in Theorem 2.11 with Eq. (3.3) we obtain
0ei(To) ={A € C : ReX < —X\*}, i€ {qf,bf, bw,bb} (3.4)
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Let us now consider the resolvent equation for T

A=Tu)Y =¢ (3.5)

where ¢ is a given element of X5 and the unknown 1 must be found in
D(Ty). For ReA + A* > 0, where \* = —liminf|¢_,oa(§), the solution of
(3.5) is formally given by

_ Ota@)late
P(—a,§)e l€]
—Ota(@)|e—z |

+\fl|ffae €] e, &) dd f0< &<,
Y(z,§) =

_ Qta(§))la—xz|

Pla,Qe K

!
—(Ata(g))|z—= |
1 ra
1 [Te H

x

p(a’ &) dx if —1<€<0.

where

|~

—2a(At+a(§)) /a _*(>\+a(§))\ale

1/)((1,6) = ¢(_a7§)6 11 + | € l€l 90(1"5) dx

A

—a

_ 2a(0+a(8)) 1 [¢ =Qda@)|atel
w09 =v@e T 1 [ o g do

In the sequel we shall consider the following operators:

M)y : X} — X8, Myu := (M u, My u) where

—2a

M;U(—a, g) = U(—(I, 5) e Il

O+al@) jfo<e <1
[ M, u(a,§) =u(a,§) T OFa®) 4r g o £E<1

By : X} — Xp; Bau = x(—1,0)(§) By u+ X(O,l)(g)B;{u where

(BYu)(—a,§) = u(—a,§) 6*0‘2«'1(5)) ]

A
_( ‘Flg‘(ﬁ)) \a—a:|,

,if0<éE<l

(Byu)(—a,§) =u(—a,§)e if —1<&<0
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Gr: Xp — X7, Grp = (Gj\rgo,G)_\cp) where

1 [ —O+e@©),,
Glo=rf e B "o e)dr, if0<¢ <1
€1 -
1 [ —O+ae©)
Gy = A e i T o ) de, if —1<€<0
—a

Cy: Xp — Xp; Cao = X(—1,0)(§)CY 0 + x(0,1)(§)Cx ¢ where

1 [P —Ota@)),r_
Cyy= A e e 1Tl ) dr 0 < €< 1
—a

1 (% =ZO+a@)r_, .
Cho = ’5'/ e T 0 e i —1 < € <0

\

where x(_1,0) and x(g,1) denote, respectively the characteristic functions

of the intervals (—1,0) and (0,1). The operators My, By, G and C) are
bounded on their respective domains respectively, by e—2e(feA+%) [2(ReA+
A*)]%l, [(ReX + )\*)]%1 and [(ReX + A\*)]~!. We define the real Ay by

=\ if ||H|| <1

Ao =

= log||H|| — A" if [|H|| > 1
It follows from the norm estimate of M) that, for ReX > Ao, ||[MyH|| <1
and consequently

“+o00

Yo=Y (MyH)"Gyyp (3.6)
n=0
On the other hand, we have

Y = ByxHo + Crp

+oo
= (BAH Y _(MyH)"Gx + Ch)e

n=0
Hence, {\ € C such that ReA > Ao} C p(Tx) and for ReX > Ag
AN =Ty)' = B\H(I — M\H)"'Gy + Cy (3.7)

Theorem 3.1. Suppose that the boundary operator H is a finite rank oper-
ator, then
0i(Tn) = 0i(Tv), i =0bf, bw, bb, qf.
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Proof. If ReA > Ao, then X\ € p(Tx) N p(Tp) and
()\ — TH)il — ()\ . T())fl = D,
where
+o0o
D\ = B\H Z(MAH)”GA.
n=0

Since H is a finite rank operator, then D), is finite rank operator. This
implies, by Theorem 2.5 and Theorem 2.8, the statement of theorem. (]

The transport operator (3.1) can be formulated as follows Ay = Ty + K,
where K denotes the following collision operator

K XQ — X2
1

b —s / (2,6, )z, £) de'
1

and k is of the form:
K(2,6,8) = ai(@) fi()gi() (3.8)
i=1

where o;(.) € L*([~a,a],dz), fi(.) € L*([-1,1],d¢) and ¢;(.) € L*([-1,1],
d¢’).
Theorem 3.2. Suppose that the collision operator in the form (3.8) on Xo,
then
oi(Am) = 0i(Th), i =0bf, bw, bb, qf.
Furthermore, if the boundary operator H is a finite rank operator then
0i(Ag) = 0i(To) ={A € C: ReX < =X}, i =0bf, bw, bb, qf.

Proof. By virtue of the relation (3.8) the rang of operator K is contained
in the subspace of Xy spanned by the families {a1(.)f1(.), ..., an()fu()} .
Then K is of finite rank operator. Now by Theorem 2.5 and Theorem 2.8
we have

Furthermore, if the boundary operator H is a finite rank operator, the de-
sired result follows from the relation (3.4) and Theorem 3.1. O

Remark 3.3. As an example of the boundary operator H to be a finite rank
operator, we can take H as a projection operator on the subspace spanned
by a finite orthonormal basis of X{'?Q X X§’2 and equal the null operator
otherwise.
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