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Order and hyper - order of entire solutions of linear

differential equations with entire coefficients
Benharrat Bela idi & Karima Hamani
Abstract
In this paper , we investigate the growth of solutions of the differential
equation

F) 4 Ak71(2)f(k71) + -+ A(2)f 4+ Ao(2) f =0,

where Ag(2), ..., Ax—1(z) are entire functions with Ag(z)equivalence — negationslash0.  We will
show that if the coefficients satisfy certain growth conditions , then ev -
ery finite order solution of the equation will satisfy certain other growth
conditions . We will also find conditions on the coefficients so that every
solution fequivalence — negationslashQ will have infinite order and we estimate in one case the
lower bounds of the hyper - order .
1 Introduction and statement of results
We use the standard notations of the Nevanlinna theory [6 ] . The order of an entire function
f is defined as

b loglog M (r, f)

o(f) = Jim sup =27 = Jim log (1.1)
where T'(r, f)  is the Nevanlinna characteristic function of f and M(r, f) = max).|—, | f(2) |
(see [6]). To express the rate of growth of entire function of infinite order , we recall the

following concept .
Definition = The hyper - order [ 1, 7 ] of an entire function f is defined as

oa(f) = Tim sup loglog T'(r, f) — lim sup logloglog M (r, f)
r—00 logr r—»00 logr

(1.2)

We define the linear measure of a set E C  [0,400) by m(F) = O+OO xE(t)dt
where yF is the characteristic function of E. The upper and the lower densities of F are defined
by

m(EN|0,r])

dens? = lim inf w
r _

r—4+ oo r

(1.3)

-densg = lim sup
r—-+o00
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2 Order and hyper - order of entire solu tions  EJDE — 2003 /1 7 For k > 2, we consider
the linear differential equation

PO+ a2 f Y 4+ A2) [+ Ao(2)f =0, (1.4)

where Ag(2), ..., Ax—1(z) are entire functions with Agy(z) # 0. It is well - known
that all solutions of ( 1. 4 ) are entire functions , and if some coefficients of (1. 4 )
are transcendental , then (1. 4 ) has at least one solution with order o(f) = +0c0. A question
arises :
What conditions on Ag(z), ..., Ax—1(z)  will guarantee that every
solution fequivalence — negationslash0, of ( 1. 4 ) has infinite order 7

According to [5],[9, pp - 16-18]and[10,pp. 65-67],if Ag(2),..., Ak—1(2) are
polynomials with Ag(z)equivalence — negationslashQ, then every solution of (1. 4 ) is an entire
function with finite rational order .

In this paper we prove results concerning the above question and other results about solutions
of finite order and their properties .

In the study of the differential equation

"+ AQR)f + B(2)f =0, (1.5)

where A(z) and B(z)equivalence — negationslashQ are entire functions , Gundersen proved the
following result .

Theorem 1.1 ([3,p. 417]) Let A(z) and B(z)equivalence —negationslash0
be entire functions such that for real constants «, (3,061,602 satisfy o« > 0,8 >0, and 61 < 65,
we have

| A2) |2 exp{(1 +o(1)ar | = |} (1.6)

and

| B(z) |< exp{o(1) | = |7} (1.7)

as z —ooin 0 <argz <6y Let >0 be a given small constant , and le t S(e) denote
the angle 01 +e¢ < arg z <60y —e. If fequivalence — negationslash0 is a s o lution of (1 .
5 ), where o(f) < 400, then the fo I lowing conditions ho ld :

(i) There exists a constant b # 0 such that f(z) — bas z — oo in S(e).
Furthermore , as z — oo in S(e),

| f(z) = b|< exp{~(1+o(1)ar | = |} (1.8)

(i)  For each integer k>1, as z— oo in S(e),

| f®(2) < exp{—(1 +o(D)a | = |°}. (1.9)

In the same paper , Gundersen proved the following st atement .
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Theorem 1.2 ([3,p. 418]) Let A(z) and B(z) #0 be entire functions , and
let a« > 0, B> 0 be constants , with o(B) < . Suppose that for any given
e > 0, there exist two finite collectio ns  of real numbers {¢k} and {04}
that satisfy ¢l < 01 < P2 <l < -+ < ¢y, < O < Ppy 1, where ¢pyl = Pl + 27 and

n
> (gk+1-06,) <e (1.10)
k=1
such that
| A(2) |2 exp{(1 +o(1))er | = |7} (1.11)
as z—o o0 in ¢k <argz<6, (k=1,2,..n). Then every s o lution

fequivalence — negationslashQ of
(1.5 )is of infinite order .

Recently , for the second order equation ( 1. 5) , Ki - Ho Kwon obtained in [ 7 | the following
results :
Theorem 1.3 ([7,p. 488]) Let A(z) and B(z) be entire functions satisfying
o(B) < o(A). Then everysolution f % 0 offinite orderof (1. 5) satisfies

o(f) =z o(A).

Theorem 1. 4 ([ 7, p . 489 1) Let A(z) and B(z) be entire functions where
0 < o(B) <1/2, and le t there exist a real constant B < o(B) and a s et Eg C [0,400) with
7%6“515 =1 such that for al |l r € Eg, we have

|min 2 =1 | A(2) |< exp(r?). (1.12)
Then every s o lution fZ#0 of (1. 5 ) is of infinite o rder with

loglog T
oa(f) = Tim sup 88T S) o gy
T—00 logr
We shall investigate generalizations of problems of the above type to higher order homogeneous
linear differential equations .
Theorem 1 . 5  Let Ao(2),...,Ar—1(z) with Ao(z) # 0 be entire functions such that for

real constants «, 3,601,602, where o > 0,8 >0, and 61 < 03, we have

| Ai(2) |2 exp{(1 +o(1))er | z |7} (1.13)

and

| Aj(2) |[< exp{o(1) | 2 |°}, 7=10,2,..,k—1 (1.14)

as z — oo in 0 <argz <6y Let >0 be a given small constant , and le t S(g) denote
the angle 01+ ¢ < arg z <0y — €.

If fequivalence — negationslashQ is a s o lutio n of (1. 4 ) where o(f) < +oo, then the
following condi - tions ho ld :



4 Order and hyper - order of entire solu tions EJDE —2003 /17 (i) There exists a
constant b # 0 such that f(z) —bas z—o00 in S(e).
Furthermore , as z — oo in S(e),

| f(z) = b|< exp{—(1+o(1)a |z |7}. (1.15)

(it )  For each integer m > 1, as z — oo in S(e),

| f0(2) |< exp{=(1+o(1))a | = |%}. (1.16)

Theorem 1 . 6  Let Ao(2),...,Ar—1(z) with Ao(z)equivalence — negationslash0 be entire
functions , and let o> 0,3 >0 be constants where o(A;) < B(j =0,2,....,k—1). Suppose
that for any given e > 0, there exist two finite co [ lectio ns of real numbers {¢s} and {05}  that
satisfy ¢1 < 01 < 92 < By < -0 < Py < O, <  ¢ptl  where

On+1 = ¢l + 2mand

n
D (perl—0,) <e (117)
s=1
such that
| A1(2) [ exp{(1 +o(1))a | = |’} (1.18)
as z—ooin ¢s <argz<6l, (s=1,2,..n). Then every s o lution

fequivalence — negationslashQ of
(1.4 )1s of infinite order .

Here we estimate the lower bounds for the order of solution fequivalence — negationslashQ
of (1.4 ) when f is of finite order .
Theorem 1 . 7  Let Ay(z),...,Ak—1(2) be entire functions that satisfy max {o(A4;):j =
0,2,....k—1} <o(A1). Then every s o lution f#£0of (1. 4)
of finite o rder satisfies o(f) > o(A1).
Remark If max {0(A4,):j=0,2,....k — 1} = 0(A1), the conclusion of Theo -
rem 1. 7 is in general false . Indeed f(z) = 22 satisfies f” + 22 f" + ze*f' —4e*f =0 .

Now , we estimate the lower bounds on the hyper - order if every solution f # 0 is of infinite
order .
Theorem 1 . 8 Let Ao(2),...,Ar—1(%) be entire functions where 0 < o(Ap) <
1/ 2, and le t there exist a real constant [ < o(Ag) and a s e t Eg C [0,400) with
7%19“5]5 =1 such that for al l r € Eg, we have

|rnin P |: r | A](Z) ‘S exp(rﬁ) ] = 1,27...,]{? — 1. (119)

Then every s o lution fequivalence — negationslashQ of (1. 4 ) is of infinite order with

. loglog T'(r, f
o2(f) = lim sup ug()

> o(Ao)-
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2  Preliminary Lemmas
We need the following lemmas for the proofs of our theorems .

Lemma2.1([4,p. 891]) Let w  be a transcendental entire function of finite
o rder o. Let T = {(k1,51),(k2,52), ..., (km,Jm)} denote a finite s e t of distinct pairs of
integers that satisfy k; > ji > 0,i = 1,....m, and le t ¢ > 0 be a given constant . Then

there exists a s e t E C [0,27) that has lin ear measure zero , such
that if 0 € [0,27) — E, then th ere is a constant Ry = Ro(¥0) > 0 such that for
all z satisfying arg z =0 and |z |> Ry, and for all (k,j) € ', we have

®)(2) ,

wz (k=j)(e—1+¢)

<l <] . (2.1)
Lemma2.2([3,p. 421])  Let w be an entire function such that | w'(z) | is un -

bounded on s ome ray arg z =40. Then there exists an infinite s equence of po ints
Zn = rp€'0 where T, — 400 such that w'(z,) = oo and

w'(25)

| <A +oM)[2nl (2:2)

asz, — 00.

Lemma 2.3 ([3,p. 421 1]) Let w be analytic on a ray arg z = 0, and suppose
that for s ome constant « > 1, we have

w'(2) _
=0 * 2.3
=00, (23)
as z — oo along argz = 6. Then there ezists a constant ¢# 0  such

that w(z) — ¢ as z — oo along arg z = 0.

Lemma 2.4 ([2]) Let f(z) be an entire function of order o where 0 <o <1/2, and
let €>0 be a given constant . Then there exists a s e t Es C [0,+00)  with

-densg, > 1 — 20 such that for al | z satisfying | z |=r € Ea2, we have

| f(2) [= exp(r?™9). (2.4)

Lemma2.5([1]) Let H be a s et of complex numbers satisfying dens {| z |: z €
H} > 0, andlet Ap(z),....,Ak_1(z) be  entire functions such that for s ome constants
0<B<aand p>0, we have

| Ao(2) |= exp(a | z ) (2.5)

and
| A5() | exp(B | 2 1#) j=T1,mnk—1 (2.6
as z — oo for z € H. Then every s o lution fZ#£0 of (1. 4 ) satisfies o(f)=+o0

andos(f) > p.
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3 Proofs of Theorem 1.5

Suppose that fequivalence — negationslashQ is a solution of ( 1. 4 ) with o(f) < oc. Set
d=o(f). Then
from Lemma 2 . 1, there exists a set E C [0, 27) that has linear measure zero ,

such that if 0 € [0,27) — E, then

f(J)(Z)

iy =W 1e Um0 =2,k (3.1)

as z — oo along arg z = 0.

Now suppose that | f/(z) | is unbounded on some ray arg z = ¢0 where ¢0 € [01,02] — E.
Then from Lemma 2 . 2 , there exists an infinite sequence of points
Zn = Tpe'd0 where r,, — +oo such that f’(z,) — co and

|f/(zn)| <(A+4+o0) | zn|- (3.2)

From (1.4 ), we have
)12 1224 4 A A A / 3.3
[ ALG) S I T A () =4 A T I T Ae(2) g (3-3)

Byusing (3.2),(3.1),(1.13),and(1.14), we will obtain a contradiction in ( 3
. 3) as z — oo. Therefore ,| f'(2) | is bounded on any ray arg z = ¢ where ¢ € [01,63] — E. It
then follows from the classical Phragm é n - Lindel 6 f theorem [8 , p. 214 ] that

there exists a constant M > 0 such that

| f'(2) |I= M (3-4)

forall z € S(e). Iffy €[04 +¢,02 —e] — E, then when arg z = 6, we obtain from ( 3 . 4 ) that

| f(2) 1] f(0) | +|/OZ f'(w)du] < fO) | +M | 2. (3.5)

From (3.5),(3.1),and (1.4), we obtain

o (W]2|*D 46 (D)]2|*—2)01a, 1= 4
| A1) G IS o)z aace) 115G+ 1ot T Miziy (3.6)

as z — oo along arg z =6y. From (3.6 ),(1.13),and (1. 14 ), we can deduce that

| f'(2) I€ exp{~(1 +o(1)ar| = |} (3.7)

as z — oo along arg z = . By using an application of the Phragm é n - Lindel 6 f theorem to (
3.7),it can be deduced that

| f'(2) < exp{—(1 +o(1))a | = |’} (3-8)
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as z — 00 in S(2¢). This givesm=1in (1. 16) .

Now let z € S(3¢) where | z |> 1, let v be a circle of radius one with center at z, and let
m > 1 be an integer . Then from the Cauchy integral formula and ( 3. 8 ) , we obtain as z — co

in S(3¢),

1 (2)] < Un‘_])!j£|f%u) | du |< exp{—(1+o(1))a | z |7} (3.9)

27 z—u|m

This proves (1. 16 ). Now fix 8, where 6; + ¢ < 0 < 0, — &, and set

+oo
ao = / F(te®)edt, (3.10)
0

where we note that ag € C from (1. 16 ). Let z =| 2 | ¥ where 6; + ¢ < < 6 —e. Then
from the Cauchy theorem and (3. 10 ), we obtain

“+o0
f(z) = f(0) —ao = /J"S(U)du—/0 f'(te’)e dt (3.11)
+oo

P
- / Flze)ilz]ecdc— | f(te)edt.
0

|2l

Since

| f'(2) < exp{~(1 +o(1))e | = |°}

as z — 0o in S(e), then from (3. 11) , we get
| f(z) = b
P . ) “+o0 ) )
o [ e elic- [ petetar]
0

|2|

“+o0
<[ =0 z|exp{-(1+o(1)a |z} + / exp{~(1+o(1))at”}dt

|2l

<[ Y =0l 2| exp{~(1+0(1))a |z |’}

N 1 /+<>° (1+ o(1))aBt~ dt
(1+o(1)aB L= exp{(1 + o(1))a 2%} Jiz exp{(1+o(1))aly

<| -0 z|exp{—(1+0(1)a |z |}

1 217

! s—exp{—(1+o(1))a—7—
(15 o(1)aBEL " exp{(1 + o(1))all} | p{~(1+o(1))a"— -}
<exp{—(14o(1)a | z|%}

(3.12)asz—o00in S(¢), where b = f(0)+ag. Note that agin (3. 10) is independent
of 6. Since (3. 12) is the inequality (1. 15 ) , it remains only to show that b # 0.

_|_
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there exists a ray arg z = 11 where 61 + ¢ <Y1 <0y — ¢,
such that

19()
i)

as z — oo along arg z = 91, where § = o(f). Thenfrom (3.13),(1.13),(1.14),
and (1. 4), we have

| l=o(1)|2z]76 j=2,..k (3.13)

18 28D ey ) L

f(z) (2) f(z)Aw(2)
A ©) F®(2)
+ | Ap_1(z + 3.14
A e ! feae | (344
< exp{—(1+o(1))a |z |’}
as z — oo along arg z = 1. By applying Lemma 2 . 3to (3. 14 ), and noting
that f(z) > basz—ooin S(e) from (3. 12 ), we see that b # 0. The proof of
Theorem 1 . 5 is complete . ¢
The next example i llustrates Theorem 1. 5 .
Example 3 . 1 Consider the differential equation
fr+eff! —2e7Ff + (1 —e*)f =0. (3.15)

In this equation , for z = re?®(r — 4+-00) and %’r <6< %”7 we have
| A1(2) [= | —2e7% |=2exp (—r cos 0) > exp ((1+0(1))5),
| Ap(2) |=] 1 — € |< 1+ exp (r cos 0) < exp (o(1)r)
| Aa(z) |=| €* |= exp (r cos 0) < exp (o(1)r).
It is easy to see that the conditions (1. 13 ) and (1. 14 ) of Theorem 1 . 5 are satisfied
(a=3pB=1). The function f(z) = e* + 2 with o(f) = 1 satisfies equation
(3.15) and the relations (1.15),(1.16).
4  Proof of Theorem 1. 6
Suppose that f # 0 is a solution of ( 1. 4 ) where o(f) < co. Let € > 0, {¢s} and
{05} be as in the hypothesis . From (1. 18 ) and 0(4;) < B(j =0,2,....,k—1), it
follows from Theorem 1 . 5 (i) that | f(z) | is bounded within each angle ¢ + & <

arg z < 0, —e(s=1,2,...n). Since € can be arbitrarily small , it follows from
(1.17) and the Phragm ¢é n - Lindel 6 f theorem that | f(z) | is bounded in the whole finite
plane .  Thus f is a nonzero constant from Liouville ’ s theorem , and this contradicts (1. 4 )

The next two examples illustrate Theorem 1 . 6 .



EJDE -2003 /17  Benharrat Bela i di & Karima Hamani 9 Example 4. 1  Consider
the differential equation

" + cos \/lz/f +sinzf’ + SlI\l/\gﬁ

Then from Theorem 1 . 6 , it follows that every solution f # 0 is of infinite order .

Example 4 . 2 Suppose Ag(z2), ..., Ax—1(2) with Ay(2)equivalence — negationslash0 be entire
functions and n > 1 an integer . Then from Theorem 1 . 6 , it follows that every solution
fequivalence — negationslash0 of following two equations is of infinite order :

f=0. (4.1)

FE + A1 (@) OV - Ag(2) 7+ sin(Z) 4+ Ao(2)f =0, (4.2)
wherep(A4;) <n,j=0,2,3,...,k — 1;and
SO 4 A1 (2) fED 4o Ag(2) f7 + cos(22) f' + Ao(2)f =0, (4.3)
wherep(A;) <n/2,j=0,2,3,...,k—1.
5 Proof of Theorem 1.7
Set max {0(4;):7=0,2,....k—1} = 8 < o = 0(A1). Suppose that fequivalence—negationslash0
is a
solution of ( 1. 4 ) with o(f) < 4o0. It follows from (1. 4 ), that

f(k) f(lcfl) " f
—Ai(2) = 7t Akfl(z)T o +A2(Z)7 +A0(Z)? (5.1)
Hence from Nevanlinna ’ s fundamental results on meromorphic functions [6 , p. 5], [ 6,

Theorem 2. 2 ,p. 34 ] and [ 6, Theorem 3. 1, p . 55], we have

m(r,Ar) <m(r,Ag) + m(r, As) + - -+ m(r, Ag_1)
j=2
+> m(r, +m(r7%) +0(1)
k
<m(r,Ag) + m(r,As) + - - -+ m(r, Ax_1) + m(r, %) + O(log )

(5. 2) holds for all r outside a set E C (0,400) with a linear measure m(E) = § < +o0.
Here the notation m(r, h) for a meromorphic function A is defined by

@)
ff )

/

1 27 )
mir,h) = 5- /O log™ | A(rei®) | do, (5.3)

which is equal to T'(r, h) if h is entire . It follows from ( 5. 2 ) that for relement — slashE

T(r, A1) <T(r,Ag) +T(r,As)+ -+ T(r,Ap—1) + 27(r, f) + O(log ), (5.4)
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2T(r, f) + O(1),relement — slashE.  Since o(A;1) = a, there exists {r],}
with 7/, — oo, such that

loe T(r. A
lim s, — 0ol 8 UnAY _ (5.5)
log !,

By m(F) = 0 < +oo, there exists a point ,, € [r},.7], + d + 1] — E. From

log T'(7p, A1) - logT(r, A1) log T(r!,, A1) (5.6)
log 7, T log(r!, +6+1) logrl, +log(l+ (6§ +1)/r) '
we get
logT(ry, A
lim inf 08T AL o (5.7)
T —00 log 7y,
So , for any given ¢ with 0 < 2¢ < a — 8, and for j =0,2,....k — 1,
T(rn,A;) <nP and T(rp,A)) > 7o (5.8)
hold for sufficiently large r,,. By (5. 4 ) and (5. 8 ), we get for sufficiently large r,,
r= < (k— D)nfPte £ 2T(rp, f) + O(log 7). (5.9)
Therefore ,
1 T n»y
lim sup log T(rn, f) >a—¢ (5.10)
Tp—00 log r,,
and since € is arbitrary , we get o(f) > 0(A41) = a. This proves Theorem 1.7.0
The next example i llustrates Theorem 1 . 7. Example 5 . 1 The equation
e f 16f =0 (5.11)

has a solution f(z) = 120e%* + 16e* + 1, where o(4;) = 1,0(4,) =0,j =0,2,3,

ando(f) = 1.

6 Proof of Theorem 1. 8
Let § < 0(Ap) and let f # 0 be a solution of (1. 4 ) . Suppose that 5 < a < o(Ap)
and that there is a set Eg C [0,400) of lower density 1 satisfying (1. 19 ). Set

Ey={z:|z|=7r¢€ Egand | A;(2) |=[™™ z |=7r | Aj(2) |,j = 1,2,....k — 1} (6.1)
Then densf| 2 |: 2 € By} = land
| A(2) < exp(r®), j=1,2 k-1 (62)




EJDE - 2003 /17 Benharrat Bela 7 di & Karima Hamani 11forall ze E;. Also,
from Lemma 2 . 4 , there is a set Fy C [0, +00) of positive
upper density such that for all z satisfying | z |€ E», we have

| Ap(2) |> exp(r®). (6.3)

Nowlet E={z€ FE; : |z| € Es}. Then,withasetE and the number a, Ag(2),..., Ax—1(2)
satisfy the hypothesis of Lemma 2 . 5 respectively . Hence we conclude by Lemma 2 . 5 that
every solution fequivalence — negationslash0Q of (1. 4 ) satisfies o(f) = +o0

and

oa(f) = fi‘;;mloglogT(r, ) > a
r— logr

Thus the result of the theorem follows since « is arbitrary . ¢

The next example illustrates Theorem 1 . 8 .
Example 6. 1 Let P;(z), .., Pr_1(2) benonconstant polynomials, andlethqi(2),...,hx_1(2)
be entire functions satistying o(h;) < deg P; for j =1,..., k—
1. Let Ap(z) be an entire function with 0 < 0(A4g) < 1/2. Then , by Theorem 1 . 8 , every
solution fequivalence — negationslash0 of the equation

FO by (2)ePe1 @ = Loy (2)eP B 4 Ag(2)f =0 (6.5)

is of infinite order with oo(f) > o(Ap), because

|min

2= @ Lo =1 k-1

asr — oQ.
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