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\centerline{Abstract }

\centerline{ In t h i s paper , we i n v e s t i g a t e the growth o f s o l u t i o n s o f the d i f f e r e n t i a l }

\centerline{ equat ion }

\ [ f ˆ{ ( k ) } + A { k − 1 } ( z ) f ˆ{ ( k − 1 ) } + \cdot
\cdot \cdot + A { 1 } ( z ) f ˆ{ \prime } + A { 0 } ( z ) f = 0
, \ ]

\centerline{where $ A { 0 } ( z ) , . . . , A { k − 1 } ( z ) $
are e n t i r e f u n c t i o n s with $ A { 0 } ( z ) equ iva lence−n e g a t i o n s l a s h 0 . $ \quad We w i l l }

\centerline{show that i f the c o e f f i c i e n t s s a t i s f y c e r t a i n growth c o n d i t i o n s , then ev − }

\centerline{ ery f i n i t e order s o l u t i o n o f the equat ion w i l l s a t i s f y c e r t a i n other growth }

\centerline{ c o n d i t i o n s . \quad We w i l l a l s o f i n d c o n d i t i o n s on the c o e f f i c i e n t s so that every }

\centerline{ s o l u t i o n $ f equ iva lence−n e g a t i o n s l a s h 0 $ w i l l have i n f i n i t e order and we es t imate in one case the }

\centerline{ lower bounds o f the hyper − order . }

\noindent 1 \quad In t roduc t i on \quad and \quad statement \quad o f r e s u l t s

\noindent We use the standard nota t i on s o f the Nevanlinna theory [ 6 ] . \quad The order o f an
e n t i r e func t i on $ f $ i s de f i ned as

\begin { a l i g n ∗}
\sigma ( f ) = \ lim { r \rightarrow \ infty } \sup \ f r a c { \ log T ( r

, f ) }{ \ log r } = \ lim { r \rightarrow + \ infty } \sup \ f r a c { \ log \ log
M ( r , f ) }{ \ log r } { , }\ tag ∗{$ ( 1 . 1 ) $}
\end{ a l i g n ∗}

\noindent where $ T ( r , f ) $ \quad i s the Nevanlinna c h a r a c t e r i s t i c f unc t i on o f
$ f $ and $ M ( r , f ) = $

$ \max { \mid z \mid = r } \mid f ( z ) \mid ( $ see \quad [ 6 ] ) . \quad To expre s s the ra t e o f growth o f e n t i r e func t i on o f
i n f i n i t e order , we r e c a l l the f o l l o w i n g concept .

\noindent D e f i n i t i o n \quad The hyper − order [ 1 , 7 ] o f an e n t i r e func t i on $ f $ i s de f i ned as

\begin { a l i g n ∗}
\sigma { 2 } ( f ) = \ lim { r \rightarrow \ infty } \sup \ f r a c { \ log \ log

T ( r , f ) }{ \ log r } = \ lim { r \rightarrow \ infty } \sup \ f r a c { \ log
\ log \ log M ( r , f ) }{ \ log r } { . }\ tag ∗{$ ( 1 . 2 ) $}
\end{ a l i g n ∗}

\noindent We d e f i n e the l i n e a r measure o f a s e t $ E \subset [ 0 , + \ infty ) $
by $ m ( E ) = \ int ˆ{ + \ infty } { 0 } \chi E ( t ) dt $

\noindent where $ \chi E $ i s the c h a r a c t e r i s t i c func t i on o f $ E . $ The upper and the lower d e n s i t i e s
o f $ E $ are de f ined by

\ [\ begin { a l i gned }\overline {\ }{ dens } { E } = \ lim { r \rightarrow + \ infty } \sup
\ f r a c { m ( E \cap [ 0 , r ] ) }{ r } { , } dens { \underline{\ } }ˆ{ E }
= \ lim { r \rightarrow + } \ inf { \ infty } \ f r a c { m ( E \cap [ 0 , r
] ) }{ r } { . } ( 1 . 3 ) \\
\ r u l e {3em}{0 .4 pt} \end{ a l i gned }\ ]
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Order and hyper - order of entire solutions of linear
differential equations with entire coefficients ∗

Benharrat Bela ı̈ di & Karima Hamani
Abstract

In this paper , we investigate the growth of solutions of the differential

equation

f (k) +Ak−1(z)f (k−1) + · · ·+A1(z)f ′ +A0(z)f = 0,

where A0(z), ..., Ak−1(z) are entire functions with A0(z)equivalence− negationslash0. We will

show that if the coefficients satisfy certain growth conditions , then ev -

ery finite order solution of the equation will satisfy certain other growth

conditions . We will also find conditions on the coefficients so that every

solution fequivalence− negationslash0 will have infinite order and we estimate in one case the

lower bounds of the hyper - order .

1 Introduction and statement of results
We use the standard notations of the Nevanlinna theory [ 6 ] . The order of an entire function
f is defined as

σ(f) = lim
r→∞

sup
log T (r, f)

log r
= lim
r→+∞

sup
log logM(r, f)

log r ,

(1.1)

where T (r, f) is the Nevanlinna characteristic function of f and M(r, f) = max|z|=r | f(z) |
( see [ 6 ] ) . To express the rate of growth of entire function of infinite order , we recall the
following concept .
Definition The hyper - order [ 1 , 7 ] of an entire function f is defined as

σ2(f) = lim
r→∞

sup
log log T (r, f)

log r
= lim
r→∞

sup
log log logM(r, f)

log r .

(1.2)

We define the linear measure of a set E ⊂ [0,+∞) by m(E) =
∫ +∞
0

χE(t)dt
where χE is the characteristic function of E. The upper and the lower densities of E are defined
by

densE = lim
r→+∞

sup
m(E ∩ [0, r])

r ,
densE = lim

r→+
inf
∞

m(E ∩ [0, r])

r .
(1.3)
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\noindent 2 \quad Order and hyper − order o f e n t i r e so lu t i o n s \quad EJDE −− 2003 / 1 7
For $ k \geq 2 , $ we cons id e r the l i n e a r d i f f e r e n t i a l equat ion

\begin { a l i g n ∗}
f ˆ{ ( k ) } + A { k − 1 } ( z ) f ˆ{ ( k − 1 ) } + \cdot \cdot
\cdot + A { 1 } ( z ) f ˆ{ \prime } + A { 0 } ( z ) f = 0 , \ tag ∗{$ (
1 . 4 ) $}
\end{ a l i g n ∗}

\noindent where $ A { 0 } ( z ) , . . . , A { k − 1 } ( z ) $
are e n t i r e f u n c t i o n s with $ A { 0 } ( z ) \not\equiv 0 . $ I t i s we l l − known

\noindent that a l l s o l u t i o n s o f ( 1 . 4 ) are e n t i r e f u n c t i o n s , and i f some c o e f f i c i e n t s o f ( 1 . 4 )

\noindent are t ransc endenta l , then ( 1 . 4 ) has at l e a s t one s o l u t i o n with order $ \sigma
( f ) = + \ infty . $
A ques t i on a r i s e s :

\centerline{What c o n d i t i o n s on $ A { 0 } ( z ) , . . . , A { k − 1 }
( z ) $ \quad w i l l guarantee that every }

\centerline{ s o l u t i o n $ f equ iva lence−n e g a t i o n s l a s h 0 , $ o f ( 1 . 4 ) has i n f i n i t e order
$ ? $ }

\noindent According to [ 5 ] , [ 9 , pp . \ h f i l l 1 6 − 1 8 ] and [ 1 0 , pp . 65 − 67 ] , i f
$ A { 0 } ( z ) , . . . , A { k − 1 } ( z ) $ are

\noindent polynomia l s with $ A { 0 } ( z ) equ iva lence−n e g a t i o n s l a s h 0 , $ then every s o l u t i o n o f ( 1 . 4 ) i s an e n t i r e func t i on
with f i n i t e r a t i o n a l order .

In t h i s paper we prove r e s u l t s concern ing the above ques t i on and other r e s u l t s
about s o l u t i o n s o f f i n i t e order and t h e i r p r o p e r t i e s .

\centerline{ In the study o f the d i f f e r e n t i a l equat ion }

\begin { a l i g n ∗}
f ˆ{ \prime \prime } + A ( z ) f ˆ{ \prime } + B ( z ) f = 0

, \ tag ∗{$ ( 1 . 5 ) $}
\end{ a l i g n ∗}

\noindent where $ A ( z ) $ and $ B ( z ) equ iva lence−n e g a t i o n s l a s h 0 $
are e n t i r e f u n c t i o n s , Gundersen proved the f o l l o w i n g

r e s u l t .

\noindent Theorem 1 . 1 ( [ 3 , p . \quad 4 1 7 ] ) \quad Let $ A ( z ) $ \quad and
$ B ( z ) equ iva lence−n e g a t i o n s l a s h 0 $ be e n t i r e f u n c t i o n s such

that f o r r e a l cons tant s $ \alpha , \beta , \theta { 1 } , \theta { 2 }$ s a t i s f y
$ \alpha > 0 , \beta > 0 , $ and $ \theta { 1 } < \theta { 2 } , $ we have

\begin { a l i g n ∗}
\mid A ( z ) \mid \geq \exp \{ ( 1 + o ( 1 ) ) \alpha \mid

z \mid ˆ{ \beta } \} \ tag ∗{$ ( 1 . 6 ) $}
\end{ a l i g n ∗}

\noindent and

\begin { a l i g n ∗}
\mid B ( z ) \mid \ leq \exp \{ o ( 1 ) \mid z \mid ˆ{ \beta }
\} \ tag ∗{$ ( 1 . 7 ) $}
\end{ a l i g n ∗}

\noindent as $ z \rightarrow \ infty $ in $ \theta { 1 } \ leq $ arg $ z \ leq \theta { 2 }
. $ \quad Let $ \varepsilon > 0 $ be a given smal l constant , and l e t $ S ( \varepsilon
) $

denote the ang le $ \theta { 1 } + \varepsilon \ leq $ arg $ z \ leq \theta { 2 }
− \varepsilon . $ \quad I f $ f equ iva lence−n e g a t i o n s l a s h 0 $ i s a s o l u t i o n o f ( 1 . 5 ) , where

$ \sigma ( f ) < + \ infty , $ then the fo l lowing c o n d i t i o n s ho ld :

( i ) \quad There e x i s t s a constant $ b \ne 0 $ such that $ f ( z ) \rightarrow
b $ as $ z \rightarrow \ infty $ \quad in $ S ( \varepsilon ) . $

Furthermore , as $ z \rightarrow \ infty $ in $ S ( \varepsilon ) , $

\begin { a l i g n ∗}
\mid f ( z ) − b \mid \ leq \exp \{ − ( 1 + o ( 1 ) )
\alpha \mid z \mid ˆ{ \beta } \} \ tag ∗{$ ( 1 . 8 ) $}
\end{ a l i g n ∗}

\centerline {( i i ) \quad For each i n t e g e r $ k \geq 1 , $ as $ z \rightarrow \ infty $
in $ S ( \varepsilon ) , $ }

\begin { a l i g n ∗}
\mid f ˆ{ ( k ) } ( z ) \mid \ leq \exp \{ − ( 1 + o ( 1

) ) \alpha \mid z \mid ˆ{ \beta } \} . \ tag ∗{$ ( 1 . 9 ) $}
\end{ a l i g n ∗}

\centerline{ In the same paper , Gundersen proved the f o l l o w i n g s t atement . }
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For k greater equal 2 comma we consider the linear differential equation
Equation: open parenthesis 1 period 4 closing parenthesis .. f to the power of open parenthesis k closing parenthesis plus

A sub k minus 1 open parenthesis z closing parenthesis f to the power of open parenthesis k minus 1 closing parenthesis plus
times times times plus A sub 1 open parenthesis z closing parenthesis f to the power of prime plus A sub 0 open parenthesis
z closing parenthesis f = 0 comma

where A sub 0 open parenthesis z closing parenthesis comma period period period comma A sub k minus 1 open parenthesis
z closing parenthesis are entire functions with A sub 0 open parenthesis z closing parenthesis negationslash-equivalence 0 period
It is well hyphen known

that all solutions of open parenthesis 1 period 4 closing parenthesis are entire functions comma and if some coefficients of
open parenthesis 1 period 4 closing parenthesis

are transcendental comma then open parenthesis 1 period 4 closing parenthesis has at least one solution with order sigma
open parenthesis f closing parenthesis = plus infinity period

A question arises :
What conditions on A sub 0 open parenthesis z closing parenthesis comma period period period comma A sub k minus 1

open parenthesis z closing parenthesis .. will guarantee that every
solution f equivalence-negationslash 0 comma of open parenthesis 1 period 4 closing parenthesis has infinite order ?
According to open square bracket 5 closing square bracket comma open square bracket 9 comma pp period .... 1 6 hyphen

1 8 closing square bracket and open square bracket 1 0 comma pp period 65 hyphen 67 closing square bracket comma if A
sub 0 open parenthesis z closing parenthesis comma period period period comma A sub k minus 1 open parenthesis z closing
parenthesis are

polynomials with A sub 0 open parenthesis z closing parenthesis equivalence-negationslash 0 comma then every solution
of open parenthesis 1 period 4 closing parenthesis is an entire function

with finite rational order period
In this paper we prove results concerning the above question and other results
about solutions of finite order and their properties period
In the study of the differential equation
Equation: open parenthesis 1 period 5 closing parenthesis .. f to the power of prime prime plus A open parenthesis z

closing parenthesis f to the power of prime plus B open parenthesis z closing parenthesis f = 0 comma
where A open parenthesis z closing parenthesis and B open parenthesis z closing parenthesis equivalence-negationslash 0

are entire functions comma Gundersen proved the following
result period
Theorem 1 period 1 open parenthesis open square bracket 3 comma p period .. 4 1 7 closing square bracket closing

parenthesis .. Let A open parenthesis z closing parenthesis .. and B open parenthesis z closing parenthesis equivalence-
negationslash 0 be entire functions such

that for real constants alpha comma beta comma theta sub 1 comma theta sub 2 satisfy alpha greater 0 comma beta
greater 0 comma and theta sub 1 less theta sub 2 comma we have

Equation: open parenthesis 1 period 6 closing parenthesis .. bar A open parenthesis z closing parenthesis bar greater equal
exponent open brace open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha bar z bar to
the power of beta closing brace

and
Equation: open parenthesis 1 period 7 closing parenthesis .. bar B open parenthesis z closing parenthesis bar less or equal

exponent open brace o open parenthesis 1 closing parenthesis bar z bar to the power of beta closing brace
as z right arrow infinity in theta sub 1 less or equal arg z less or equal theta sub 2 period .. Let epsilon greater 0 be a

given small constant comma and le t S open parenthesis epsilon closing parenthesis
denote the angle theta sub 1 plus epsilon less or equal arg z less or equal theta sub 2 minus epsilon period .. If f

equivalence-negationslash 0 is a s o lution of open parenthesis 1 period 5 closing parenthesis comma where
sigma open parenthesis f closing parenthesis less plus infinity comma then the fo l lowing conditions ho ld :
open parenthesis i closing parenthesis .. There exists a constant b equal-negationslash 0 such that f open parenthesis z

closing parenthesis right arrow b as z right arrow infinity .. in S open parenthesis epsilon closing parenthesis period
Furthermore comma as z right arrow infinity in S open parenthesis epsilon closing parenthesis comma
Equation: open parenthesis 1 period 8 closing parenthesis .. bar f open parenthesis z closing parenthesis minus b bar less

or equal exponent open brace minus open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha
bar z bar to the power of beta closing brace

open parenthesis ii closing parenthesis .. For each integer k greater equal 1 comma as z right arrow infinity in S open
parenthesis epsilon closing parenthesis comma

Equation: open parenthesis 1 period 9 closing parenthesis .. bar f to the power of open parenthesis k closing parenthesis
open parenthesis z closing parenthesis bar less or equal exponent open brace minus open parenthesis 1 plus o open parenthesis
1 closing parenthesis closing parenthesis alpha bar z bar to the power of beta closing brace period

In the same paper comma Gundersen proved the following st atement period

2 Order and hyper - order of entire solu tions EJDE – 2003 / 1 7 For k ≥ 2, we consider
the linear differential equation

f (k) +Ak−1(z)f (k−1) + · · ·+A1(z)f ′ +A0(z)f = 0, (1.4)

where A0(z), ..., Ak−1(z) are entire functions with A0(z) 6≡ 0. It is well - known
that all solutions of ( 1 . 4 ) are entire functions , and if some coefficients of ( 1 . 4 )
are transcendental , then ( 1 . 4 ) has at least one solution with order σ(f) = +∞. A question
arises :

What conditions on A0(z), ..., Ak−1(z) will guarantee that every
solution fequivalence− negationslash0, of ( 1 . 4 ) has infinite order ?

According to [ 5 ] , [ 9 , pp . 1 6 - 1 8 ] and [ 1 0 , pp . 65 - 67 ] , if A0(z), ..., Ak−1(z) are
polynomials with A0(z)equivalence−negationslash0, then every solution of ( 1 . 4 ) is an entire
function with finite rational order .

In this paper we prove results concerning the above question and other results about solutions
of finite order and their properties .

In the study of the differential equation

f ′′ +A(z)f ′ +B(z)f = 0, (1.5)

where A(z) and B(z)equivalence − negationslash0 are entire functions , Gundersen proved the
following result .
Theorem 1 . 1 ( [ 3 , p . 4 1 7 ] ) Let A(z) and B(z)equivalence−negationslash0
be entire functions such that for real constants α, β, θ1, θ2 satisfy α > 0, β > 0, and θ1 < θ2,
we have

| A(z) |≥ exp{(1 + o(1))α | z |β} (1.6)

and

| B(z) |≤ exp{o(1) | z |β} (1.7)

as z → ∞ in θ1 ≤ arg z ≤ θ2. Let ε > 0 be a given small constant , and le t S(ε) denote
the angle θ1 + ε ≤ arg z ≤ θ2 − ε. If fequivalence− negationslash0 is a s o lution of ( 1 .
5 ) , where σ(f) < +∞, then the fo l lowing conditions ho ld :

( i ) There exists a constant b 6= 0 such that f(z) → b as z → ∞ in S(ε).
Furthermore , as z →∞ in S(ε),

| f(z)− b |≤ exp{−(1 + o(1))α | z |β} (1.8)

( ii ) For each integer k ≥ 1, as z →∞ in S(ε),

| f (k)(z) |≤ exp{−(1 + o(1))α | z |β}. (1.9)

In the same paper , Gundersen proved the following st atement .
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\noindent Theorem 1 . 2 ( [ 3 , p . \ h f i l l 4 18 ] ) \ h f i l l Let $ A ( z ) $ \ h f i l l and
$ B ( z ) \not\equiv 0 $ be e n t i r e f u n c t i o n s , \ h f i l l and

\noindent l e t $ \alpha > 0 , \beta > 0 $ \ h f i l l be cons tant s , \ h f i l l with $ \sigma
( B ) < \beta . $ \ h f i l l Suppose that f o r any given

\noindent $ \varepsilon > 0 , $ \quad th e re \quad e x i s t two f i n i t e \quad c o l l e c t i o ns \quad o f r e a l numbers
$ \{ \phi k \} $ \quad and $ \{ \theta { k } \} $ \quad that

s a t i s f y $ \phi 1 < \theta { 1 } < \phi 2 < \theta { 2 } < \cdot \cdot
\cdot < \phi { n } < \theta { n } < \phi { n + } 1 , $ where $ \phi { n
+ } 1 = \phi 1 + 2 \pi $ and

\begin { a l i g n ∗}
n \\ \sum ( \phi k + 1 − \theta { k } ) < \varepsilon \ tag ∗{$ ( 1 .

1 0 ) $}\\ k = 1
\end{ a l i g n ∗}

\noindent such that

\begin { a l i g n ∗}
\mid A ( z ) \mid \geq \exp \{ ( 1 + o ( 1 ) ) \alpha \mid

z \mid ˆ{ \beta } \} \ tag ∗{$ ( 1 . 1 1 ) $}
\end{ a l i g n ∗}

\noindent as $ z \rightarrow \ infty $ in $ \phi k \ leq $ arg $ z \ leq \theta { k }
( k = 1 , 2 , . . . n ) . $ \ h f i l l Then every s o l u t i o n $ f equ iva lence−n e g a t i o n s l a s h
0 $ o f

\noindent ( 1 . 5 ) i s o f i n f i n i t e order .

Recent ly , f o r the second order equat ion ( 1 . 5 ) , Ki − Ho Kwon obtained in [ 7 ]
the f o l l o w i n g r e s u l t s :

\noindent Theorem 1 . 3 ( [ 7 , p . \ h f i l l 488 ] ) \ h f i l l Let $ A ( z ) $ \ h f i l l and
$ B ( z ) $ \ h f i l l be e n t i r e f u n c t i o n s s a t i s f y i n g

\noindent $ \sigma ( B ) < \sigma ( A ) . $ \ h f i l l Then \ h f i l l every s o l u t i o n
$ f \not\equiv 0 $ \ h f i l l o f f i n i t e \ h f i l l o rder o f ( 1 . 5 ) \ h f i l l s a t i s f i e s

\begin { a l i g n ∗}
\sigma ( f ) \geq \sigma ( A ) .
\end{ a l i g n ∗}

\noindent Theorem 1 . 4 ( [ 7 , p . \quad 489 ] ) \quad Let $ A ( z ) $ and $ B (
z ) $ be e n t i r e f u n c t i o n s where $ 0 < $

$ \sigma ( B ) < 1 / 2 , $ and l e t the re e x i s t a r e a l constant $ \beta
< \sigma ( B ) $ and a s e t $ E { \beta } \subset [ 0 , + \ infty ) $

with $ \ r u l e {3em}{0 .4 pt} ˆ{ dens E } { \beta } = 1 $ such that f o r a l l $ r \ in
E { \beta } , $ we have

\begin { a l i g n ∗}
\mid ˆ{ \min } z \mid = r \mid A ( z ) \mid \ leq \exp ( r ˆ{ \beta }

) . \ tag ∗{$ ( 1 . 1 2 ) $}
\end{ a l i g n ∗}

\noindent Then every s o l u t i o n $ f \not\equiv 0 $ o f ( 1 . 5 ) i s o f i n f i n i t e o rder with

\ [ \sigma { 2 } ( f ) = \ lim { r \rightarrow \ infty } \sup \ f r a c { \ log \ log
T ( r , f ) }{ \ log r } \geq \sigma ( B ) . \ ]

We s h a l l i n v e s t i g a t e g e n e r a l i z a t i o n s o f problems o f the above type to h igher
order homogeneous l i n e a r d i f f e r e n t i a l equat ions .

\noindent Theorem 1 . 5 \quad Let $ A { 0 } ( z ) , . . . , A { k −
1 } ( z ) $ with $ A { 0 } ( z ) \not\equiv 0 $ be e n t i r e f u n c t i o n s such

that f o r r e a l cons tant s $ \alpha , \beta , \theta { 1 } , \theta { 2 } , $
where $ \alpha > 0 , \beta > 0 , $ and $ \theta { 1 } < \theta { 2 }
, $ we have

\begin { a l i g n ∗}
\mid A { 1 } ( z ) \mid \geq \exp \{ ( 1 + o ( 1 ) ) \alpha
\mid z \mid ˆ{ \beta } \} \ tag ∗{$ ( 1 . 1 3 ) $}
\end{ a l i g n ∗}

\noindent and

\begin { a l i g n ∗}
\mid A { j } ( z ) \mid \ leq \exp \{ o ( 1 ) \mid z \mid ˆ{ \beta }
\} , j = 0 , 2 , . . . , k − 1 \ tag ∗{$ ( 1 . 1 4 ) $}
\end{ a l i g n ∗}

\noindent as $ z \rightarrow \ infty $ in $ \theta { 1 } \ leq $ arg $ z \ leq \theta { 2 }
. $ \quad Let $ \varepsilon > 0 $ be a given smal l constant , and l e t $ S ( \varepsilon
) $

denote the ang le $ \theta { 1 } + \varepsilon \ leq $ arg $ z \ leq \theta { 2 }
− \varepsilon . $

I f $ f equ iva l ence−n e g a t i o n s l a s h 0 $ i s a s o l u t i o n o f ( 1 . 4 ) where $ \sigma (
f ) < + \ infty , $ then the f o l l o w i n g condi −

t i o n s ho ld :
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Theorem 1 period 2 open parenthesis open square bracket 3 comma p period .... 4 18 closing square bracket closing

parenthesis .... Let A open parenthesis z closing parenthesis .... and B open parenthesis z closing parenthesis negationslash-
equivalence 0 be entire functions comma .... and

le t alpha greater 0 comma beta greater 0 .... be constants comma .... with sigma open parenthesis B closing parenthesis
less beta period .... Suppose that for any given

epsilon greater 0 comma .. th ere .. exist two finite .. collectio ns .. of real numbers open brace phi k closing brace .. and
open brace theta sub k closing brace .. that

satisfy phi 1 less theta sub 1 less phi 2 less theta sub 2 less times times times less phi sub n less theta sub n less phi sub n
plus 1 comma where phi sub n plus 1 = phi 1 plus 2 pi and

n Equation: open parenthesis 1 period 1 0 closing parenthesis .. sum open parenthesis phi k plus 1 minus theta sub k
closing parenthesis less epsilon k = 1

such that
Equation: open parenthesis 1 period 1 1 closing parenthesis .. bar A open parenthesis z closing parenthesis bar greater

equal exponent open brace open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha bar z
bar to the power of beta closing brace

as z right arrow infinity in phi k less or equal arg z less or equal theta sub k open parenthesis k = 1 comma 2 comma
period period period n closing parenthesis period .... Then every s o lution f equivalence-negationslash 0 of

open parenthesis 1 period 5 closing parenthesis is of infinite order period
Recently comma for the second order equation open parenthesis 1 period 5 closing parenthesis comma Ki hyphen Ho Kwon

obtained in open square bracket 7 closing square bracket
the following results :
Theorem 1 period 3 open parenthesis open square bracket 7 comma p period .... 488 closing square bracket closing

parenthesis .... Let A open parenthesis z closing parenthesis .... and B open parenthesis z closing parenthesis .... be entire
functions satisfying

sigma open parenthesis B closing parenthesis less sigma open parenthesis A closing parenthesis period .... Then .... every
s o lutio n f negationslash-equivalence 0 .... of finite .... o rder of open parenthesis 1 period 5 closing parenthesis .... satisfies

sigma open parenthesis f closing parenthesis greater equal sigma open parenthesis A closing parenthesis period
Theorem 1 period 4 open parenthesis open square bracket 7 comma p period .. 489 closing square bracket closing parenthesis

.. Let A open parenthesis z closing parenthesis and B open parenthesis z closing parenthesis be entire functions where 0 less
sigma open parenthesis B closing parenthesis less 1 slash 2 comma and le t there exist a real constant beta less sigma open

parenthesis B closing parenthesis and a s e t E sub beta subset open square bracket 0 comma plus infinity closing parenthesis
with hline to the power of dens E sub beta = 1 such that for al l r in E sub beta comma we have
Equation: open parenthesis 1 period 1 2 closing parenthesis .. bar to the power of minimum z bar = r bar A open

parenthesis z closing parenthesis bar less or equal exponent open parenthesis r to the power of beta closing parenthesis period
Then every s o lution f negationslash-equivalence 0 of open parenthesis 1 period 5 closing parenthesis is of infinite o rder

with
sigma sub 2 open parenthesis f closing parenthesis = limint r right arrow infinity supremum log log T open parenthesis r

comma f closing parenthesis divided by log r greater equal sigma open parenthesis B closing parenthesis period
We shall investigate generalizations of problems of the above type to higher
order homogeneous linear differential equations period
Theorem 1 period 5 .. Let A sub 0 open parenthesis z closing parenthesis comma period period period comma A sub k

minus 1 open parenthesis z closing parenthesis with A sub 0 open parenthesis z closing parenthesis negationslash-equivalence
0 be entire functions such

that for real constants alpha comma beta comma theta sub 1 comma theta sub 2 comma where alpha greater 0 comma
beta greater 0 comma and theta sub 1 less theta sub 2 comma we have

Equation: open parenthesis 1 period 1 3 closing parenthesis .. bar A sub 1 open parenthesis z closing parenthesis bar
greater equal exponent open brace open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha
bar z bar to the power of beta closing brace

and
Equation: open parenthesis 1 period 1 4 closing parenthesis .. bar A sub j open parenthesis z closing parenthesis bar less

or equal exponent open brace o open parenthesis 1 closing parenthesis bar z bar to the power of beta closing brace comma j
= 0 comma 2 comma period period period comma k minus 1

as z right arrow infinity in theta sub 1 less or equal arg z less or equal theta sub 2 period .. Let epsilon greater 0 be a
given small constant comma and le t S open parenthesis epsilon closing parenthesis

denote the angle theta sub 1 plus epsilon less or equal arg z less or equal theta sub 2 minus epsilon period
If f equivalence-negationslash 0 is a s o lutio n of open parenthesis 1 period 4 closing parenthesis where sigma open

parenthesis f closing parenthesis less plus infinity comma then the following condi hyphen
tions ho ld :

EJDE – 2003 / 1 7 Benharrat Bela ı̈ di & Karima Hamani 3
Theorem 1 . 2 ( [ 3 , p . 4 18 ] ) Let A(z) and B(z) 6≡ 0 be entire functions , and
le t α > 0, β > 0 be constants , with σ(B) < β. Suppose that for any given
ε > 0, th ere exist two finite collectio ns of real numbers {φk} and {θk}
that satisfy φ1 < θ1 < φ2 < θ2 < · · · < φn < θn < φn+1, where φn+1 = φ1 + 2π and

n∑
(φk + 1− θk) < ε (1.10)

k = 1

such that

| A(z) |≥ exp{(1 + o(1))α | z |β} (1.11)

as z →∞ in φk ≤ arg z ≤ θk (k = 1, 2, ...n). Then every s o lution
fequivalence− negationslash0 of
( 1 . 5 ) is of infinite order .

Recently , for the second order equation ( 1 . 5 ) , Ki - Ho Kwon obtained in [ 7 ] the following
results :
Theorem 1 . 3 ( [ 7 , p . 488 ] ) Let A(z) and B(z) be entire functions satisfying
σ(B) < σ(A). Then every s o lutio n f 6≡ 0 of finite o rder of ( 1 . 5 ) satisfies

σ(f) ≥ σ(A).

Theorem 1 . 4 ( [ 7 , p . 489 ] ) Let A(z) and B(z) be entire functions where
0 < σ(B) < 1/2, and le t there exist a real constant β < σ(B) and a s e t Eβ ⊂ [0,+∞) with

densE
β = 1 such that for al l r ∈ Eβ , we have

|min z |= r | A(z) |≤ exp(rβ). (1.12)

Then every s o lution f 6≡ 0 of ( 1 . 5 ) is of infinite o rder with

σ2(f) = lim
r→∞

sup
log log T (r, f)

log r
≥ σ(B).

We shall investigate generalizations of problems of the above type to higher order homogeneous
linear differential equations .
Theorem 1 . 5 Let A0(z), ..., Ak−1(z) with A0(z) 6≡ 0 be entire functions such that for
real constants α, β, θ1, θ2, where α > 0, β > 0, and θ1 < θ2, we have

| A1(z) |≥ exp{(1 + o(1))α | z |β} (1.13)

and

| Aj(z) |≤ exp{o(1) | z |β}, j = 0, 2, ..., k − 1 (1.14)

as z → ∞ in θ1 ≤ arg z ≤ θ2. Let ε > 0 be a given small constant , and le t S(ε) denote
the angle θ1 + ε ≤ arg z ≤ θ2 − ε.

If fequivalence− negationslash0 is a s o lutio n of ( 1 . 4 ) where σ(f) < +∞, then the
following condi - tions ho ld :
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( i ) \quad There e x i s t s a constant $ b \not= 0 $ such that $ f ( z ) \rightarrow

b $ as $ z \rightarrow \ infty $ \quad in $ S ( \varepsilon ) . $

\centerline{Furthermore , as $ z \rightarrow \ infty $ in $ S ( \varepsilon )
, $ }

\begin { a l i g n ∗}
\mid f ( z ) − b \mid \ leq \exp \{ − ( 1 + o ( 1 ) )
\alpha \mid z \mid ˆ{ \beta } \} . \ tag ∗{$ ( 1 . 1 5 ) $}
\end{ a l i g n ∗}

\centerline {( i i ) \quad For each i n t e g e r $ m \geq 1 , $ as $ z \rightarrow \ infty $
in $ S ( \varepsilon ) , $ }

\begin { a l i g n ∗}
\mid f ˆ{ ( m ) } ( z ) \mid \ leq \exp \{ − ( 1 + o ( 1

) ) \alpha \mid z \mid ˆ{ \beta } \} . \ tag ∗{$ ( 1 . 1 6 ) $}
\end{ a l i g n ∗}

\noindent Theorem 1 . 6 \quad Let $ A { 0 } ( z ) , . . . , A { k −
1 } ( z ) $ with $ A { 0 } ( z ) equ iva lence−n e g a t i o n s l a s h 0 $ be e n t i r e f u n c t i o n s , and

l e t $ \alpha > 0 , \beta > 0 $ be cons tant s where $ \sigma ( A { j }
) < \beta ( j = 0 , 2 , . . . , k − 1 ) . $ \quad Suppose

that f o r any given $ \varepsilon > 0 , $ the re e x i s t two f i n i t e co l l e c t i o ns o f r e a l numbers
$ \{ \phi { s } \} $

and $ \{ \theta { s } \} $ \quad that s a t i s f y $ \phi 1 < \theta { 1 } < \phi
2 < \theta { 2 } < \cdot \cdot \cdot < \phi { n } < \theta { n } < \phi { n
+ } 1 $ \quad where

\ [\ begin { a l i gned } \phi { n + } 1 = \phi 1 + 2 \pi and \\
n \\
\sum ( \phi { s + } 1 − \theta { s } ) < \varepsilon ( 1 . 1 7

) \\
s = 1 \end{ a l i gned }\ ]

\noindent such that

\begin { a l i g n ∗}
\mid A { 1 } ( z ) \mid \geq \exp \{ ( 1 + o ( 1 ) ) \alpha
\mid z \mid ˆ{ \beta } \} \ tag ∗{$ ( 1 . 1 8 ) $}
\end{ a l i g n ∗}

\noindent as $ z \rightarrow \ infty $ in $ \phi { s } \ leq $ arg $ z \ leq \theta { s }
( s = 1 , 2 , . . . n ) . $ \ h f i l l Then every s o l u t i o n $ f equ iva lence−n e g a t i o n s l a s h
0 $ o f

\noindent ( 1 . 4 ) i s o f i n f i n i t e order .

Here we es t imate the lower bounds f o r the order o f s o l u t i o n $ f equ iva lence−n e g a t i o n s l a s h
0 $ o f ( 1 . 4 )

when $ f $ i s o f f i n i t e order .

\noindent Theorem 1 . 7 \quad Let $ A { 0 } ( z ) , . . . , A { k −
1 } ( z ) $ be e n t i r e f u n c t i o n s that s a t i s f y
max $ \{ \sigma ( A { j } ) : j = 0 , 2 , . . . , k −

1 \} < \sigma ( A { 1 } ) . $ \quad Then every s o l u t i o n $ f \not\equiv
0 $ o f ( 1 . 4 )

\noindent o f f i n i t e o rder s a t i s f i e s $ \sigma ( f ) \geq \sigma ( A { 1 } )
. $

\noindent Remark \ h f i l l I f max $ \{ \sigma ( A { j } ) : j = 0 , 2 ,
. . . , k − 1 \} = \sigma ( A { 1 } ) , $ the conc lu s i on o f Theo −

\noindent rem 1 . 7 i s in gene ra l f a l s e . Indeed $ f ( z ) = z ˆ{ 2 }$ s a t i s f i e s
$ f ˆ{ \prime \prime } + z ˆ{ 2 } e ˆ{ z } f ˆ{ \prime \prime } + ze ˆ{ z } f ˆ{ \prime }
− 4 e ˆ{ z } f = $

0 .

Now , \quad we est imate the lower bounds on the hyper − order i f every s o l u t i o n
$ f \not\equiv 0 $ i s o f i n f i n i t e order .

\noindent Theorem 1 . 8 \ h f i l l Let $ A { 0 } ( z ) , . . . , A { k −
1 } ( z ) $ \ h f i l l be e n t i r e f u n c t i o n s where $ 0 < \sigma ( A { 0 } ) < $

\noindent 1 / 2 , and l e t the re e x i s t a r e a l constant $ \beta < \sigma ( A { 0 }
) $ and a s e t $ E { \beta } \subset [ 0 , + \ infty ) $ with

$ \ r u l e {3em}{0 .4 pt} ˆ{ dens E } { \beta } = 1 $ such that f o r a l l $ r \ in E { \beta }
, $ we have

\begin { a l i g n ∗}
\mid ˆ{ \min } z \mid = r \mid A { j } ( z ) \mid \ leq \exp ( r ˆ{ \beta }

) j = 1 , 2 , . . . , k − 1 . \ tag ∗{$ ( 1 . 1 9 ) $}
\end{ a l i g n ∗}

\noindent Then every s o l u t i o n $ f equ iva lence−n e g a t i o n s l a s h 0 $ o f ( 1 . 4 ) i s o f i n f i n i t e order with

\ [ \sigma { 2 } ( f ) = \ lim { r \rightarrow \ infty } \sup \ f r a c { \ log \ log
T ( r , f ) }{ \ log r } \geq \sigma ( A { 0 } ) . \ ]

4 .. Order and hyper hyphen order of entire solu tions .. EJDE endash 2003 slash 1 7
open parenthesis i closing parenthesis .. There exists a constant b negationslash-equal 0 such that f open parenthesis z

closing parenthesis right arrow b as z right arrow infinity .. in S open parenthesis epsilon closing parenthesis period
Furthermore comma as z right arrow infinity in S open parenthesis epsilon closing parenthesis comma
Equation: open parenthesis 1 period 1 5 closing parenthesis .. bar f open parenthesis z closing parenthesis minus b bar

less or equal exponent open brace minus open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis
alpha bar z bar to the power of beta closing brace period

open parenthesis ii closing parenthesis .. For each integer m greater equal 1 comma as z right arrow infinity in S open
parenthesis epsilon closing parenthesis comma

Equation: open parenthesis 1 period 1 6 closing parenthesis .. bar f to the power of open parenthesis m closing parenthesis
open parenthesis z closing parenthesis bar less or equal exponent open brace minus open parenthesis 1 plus o open parenthesis
1 closing parenthesis closing parenthesis alpha bar z bar to the power of beta closing brace period

Theorem 1 period 6 .. Let A sub 0 open parenthesis z closing parenthesis comma period period period comma A sub k
minus 1 open parenthesis z closing parenthesis with A sub 0 open parenthesis z closing parenthesis equivalence-negationslash
0 be entire functions comma and

le t alpha greater 0 comma beta greater 0 be constants where sigma open parenthesis A sub j closing parenthesis less beta
open parenthesis j = 0 comma 2 comma period period period comma k minus 1 closing parenthesis period .. Suppose

that for any given epsilon greater 0 comma there exist two finite co l lectio ns of real numbers open brace phi sub s closing
brace

and open brace theta sub s closing brace .. that satisfy phi 1 less theta sub 1 less phi 2 less theta sub 2 less times times
times less phi sub n less theta sub n less phi sub n plus 1 .. where

Line 1 phi sub n plus 1 = phi 1 plus 2 pi and Line 2 n Line 3 sum open parenthesis phi sub s plus 1 minus theta sub s
closing parenthesis less epsilon open parenthesis 1 period 1 7 closing parenthesis Line 4 s = 1

such that
Equation: open parenthesis 1 period 1 8 closing parenthesis .. bar A sub 1 open parenthesis z closing parenthesis bar

greater equal exponent open brace open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha
bar z bar to the power of beta closing brace

as z right arrow infinity in phi sub s less or equal arg z less or equal theta sub s open parenthesis s = 1 comma 2 comma
period period period n closing parenthesis period .... Then every s o lution f equivalence-negationslash 0 of

open parenthesis 1 period 4 closing parenthesis is of infinite order period
Here we estimate the lower bounds for the order of solution f equivalence-negationslash 0 of open parenthesis 1 period 4

closing parenthesis
when f is of finite order period
Theorem 1 period 7 .. Let A sub 0 open parenthesis z closing parenthesis comma period period period comma A sub k

minus 1 open parenthesis z closing parenthesis be entire functions that satisfy
max open brace sigma open parenthesis A sub j closing parenthesis : j = 0 comma 2 comma period period period comma k

minus 1 closing brace less sigma open parenthesis A sub 1 closing parenthesis period .. Then every s o lution f negationslash-
equivalence 0 of open parenthesis 1 period 4 closing parenthesis

of finite o rder satisfies sigma open parenthesis f closing parenthesis greater equal sigma open parenthesis A sub 1 closing
parenthesis period

Remark .... If max open brace sigma open parenthesis A sub j closing parenthesis : j = 0 comma 2 comma period period
period comma k minus 1 closing brace = sigma open parenthesis A sub 1 closing parenthesis comma the conclusion of Theo
hyphen

rem 1 period 7 is in general false period Indeed f open parenthesis z closing parenthesis = z to the power of 2 satisfies f to
the power of prime prime plus z to the power of 2 e to the power of z f to the power of prime prime plus ze to the power of z
f to the power of prime minus 4 e to the power of z f =

0 period
Now comma .. we estimate the lower bounds on the hyper hyphen order if every solution
f negationslash-equivalence 0 is of infinite order period
Theorem 1 period 8 .... Let A sub 0 open parenthesis z closing parenthesis comma period period period comma A sub k

minus 1 open parenthesis z closing parenthesis .... be entire functions where 0 less sigma open parenthesis A sub 0 closing
parenthesis less

1 slash 2 comma and le t there exist a real constant beta less sigma open parenthesis A sub 0 closing parenthesis and a s
e t E sub beta subset open square bracket 0 comma plus infinity closing parenthesis with

hline to the power of dens E sub beta = 1 such that for al l r in E sub beta comma we have
Equation: open parenthesis 1 period 1 9 closing parenthesis .. bar to the power of minimum z bar = r bar A sub j open

parenthesis z closing parenthesis bar less or equal exponent open parenthesis r to the power of beta closing parenthesis j = 1
comma 2 comma period period period comma k minus 1 period

Then every s o lution f equivalence-negationslash 0 of open parenthesis 1 period 4 closing parenthesis is of infinite order
with

sigma sub 2 open parenthesis f closing parenthesis = limint r right arrow infinity supremum log log T open parenthesis r
comma f closing parenthesis divided by log r greater equal sigma open parenthesis A sub 0 closing parenthesis period

4 Order and hyper - order of entire solu tions EJDE – 2003 / 1 7 ( i ) There exists a
constant b 6= 0 such that f(z) → b as z →∞ in S(ε).

Furthermore , as z →∞ in S(ε),

| f(z)− b |≤ exp{−(1 + o(1))α | z |β}. (1.15)

( ii ) For each integer m ≥ 1, as z →∞ in S(ε),

| f (m)(z) |≤ exp{−(1 + o(1))α | z |β}. (1.16)

Theorem 1 . 6 Let A0(z), ..., Ak−1(z) with A0(z)equivalence − negationslash0 be entire
functions , and le t α > 0, β > 0 be constants where σ(Aj) < β(j = 0, 2, ..., k − 1). Suppose
that for any given ε > 0, there exist two finite co l lectio ns of real numbers {φs} and {θs} that
satisfy φ1 < θ1 < φ2 < θ2 < · · · < φn < θn < φn+1 where

φn+1 = φ1 + 2πand

n∑
(φs+1− θs) < ε (1.17)

s = 1

such that

| A1(z) |≥ exp{(1 + o(1))α | z |β} (1.18)

as z →∞ in φs ≤ arg z ≤ θs (s = 1, 2, ...n). Then every s o lution
fequivalence− negationslash0 of
( 1 . 4 ) is of infinite order .

Here we estimate the lower bounds for the order of solution fequivalence − negationslash0
of ( 1 . 4 ) when f is of finite order .
Theorem 1 . 7 Let A0(z), ..., Ak−1(z) be entire functions that satisfy max {σ(Aj) : j =
0, 2, ..., k − 1} < σ(A1). Then every s o lution f 6≡ 0 of ( 1 . 4 )
of finite o rder satisfies σ(f) ≥ σ(A1).
Remark If max {σ(Aj) : j = 0, 2, ..., k − 1} = σ(A1), the conclusion of Theo -
rem 1 . 7 is in general false . Indeed f(z) = z2 satisfies f ′′ + z2ezf ′′ + zezf ′ − 4ezf = 0 .

Now , we estimate the lower bounds on the hyper - order if every solution f 6≡ 0 is of infinite
order .
Theorem 1 . 8 Let A0(z), ..., Ak−1(z) be entire functions where 0 < σ(A0) <
1 / 2 , and le t there exist a real constant β < σ(A0) and a s e t Eβ ⊂ [0,+∞) with

densE
β = 1 such that for al l r ∈ Eβ , we have

|min z |= r | Aj(z) |≤ exp(rβ) j = 1, 2, ..., k − 1. (1.19)

Then every s o lution fequivalence− negationslash0 of ( 1 . 4 ) is of infinite order with

σ2(f) = lim
r→∞

sup
log log T (r, f)

log r
≥ σ(A0).
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\noindent 2 \quad Pre l iminary \quad Lemmas

\noindent We need the f o l l o w i n g lemmas f o r the p roo f s o f our theorems .

\noindent Lemma 2 . 1 ( [ 4 , p . \ h f i l l 89 ] ) \ h f i l l Let $ w $ \ h f i l l be a t ranscendenta l e n t i r e func t i on o f f i n i t e

\noindent o rder $ \sigma . $ \quad Let $ \Gamma = \{ ( k { 1 } , j 1 )
, ( k { 2 } , j 2 ) , . . . , ( k { m } , j { m } ) \} $
denote a f i n i t e s e t o f d i s t i n c t

p a i r s o f i n t e g e r s that s a t i s f y $ k { i } > j i \geq 0 , i = 1 , .
. . , m , $ and l e t $ \varepsilon > 0 $ be a given

constant . \quad Then there e x i s t s a s e t $ E \subset [ 0 , 2 \pi ) $ that has l i n ear measure zero , such

\noindent that i f $ \psi 0 \ in [ 0 , 2 \pi ) − E , $ then th e re i s a constant
$ R { 0 } = R { 0 } ( \psi 0 ) > 0 $ such that f o r

\noindent a l l $ z $ s a t i s f y i n g arg $ z = \psi 0 $ and $ \mid z \mid \geq
R { 0 } , $ and f o r a l l $ ( k , j ) \ in \Gamma , $ we have

\begin { a l i g n ∗}
\arrowvert \ f r a c { w ˆ{ ( k ) } ( z ) }{ w ˆ{ ( j ) } ( z ) } \arrowvert
\ leq \mid z \mid ˆ{ ( k − j ) ( \sigma − 1 + \varepsilon ) } . \ tag ∗{$ (
2 . 1 ) $}
\end{ a l i g n ∗}

\noindent Lemma 2 . 2 ( [ 3 , p . \quad 421 ] ) \quad Let $ w $ be an e n t i r e func t i on such that
$ \mid w ˆ{ \prime } ( z ) \mid $ i s un −

bounded on s ome ray arg $ z = \theta . $ \quad Then there e x i s t s an i n f i n i t e s equence o f po i n t s

\noindent $ z { n } = r { n } e ˆ{ i } \theta $ where $ r { n } \rightarrow +
\ infty $ such that $ w ˆ{ \prime } ( z { n } ) \rightarrow \ infty $ and

\ [\ begin { a l i gned } \arrowvert \ f r a c { w ( z { n } ) }{ w ˆ{ \prime } ( z { n } ) }
\arrowvert \ leq ( 1 + o ( 1 ) ) \mid z { n } \mid , ( 2 .
2 ) \\

as z { n } \rightarrow \ infty . \end{ a l i gned }\ ]

\noindent Lemma 2 . 3 ( [ 3 , p . \quad 421 ] ) \quad Let $ w $ be a n a l y t i c on a ray arg
$ z = \theta , $ and suppose

that f o r s ome constant $ \alpha > 1 , $ we have

\begin { a l i g n ∗}
\arrowvert \ f r a c { w ˆ{ \prime } ( z ) }{ w ( z ) } \arrowvert = O ( \mid

z \mid ˆ{ − \alpha } ) , \ tag ∗{$ ( 2 . 3 ) $}
\end{ a l i g n ∗}

\noindent as $ z \rightarrow \ infty $ \quad along arg $ z = \theta . $ \quad Then there \quad e x i s t s a \quad constant
$ c \ne 0 $ \quad such that

$ w ( z ) \rightarrow c $ as $ z \rightarrow \ infty $ along arg $ z =
\theta . $

\noindent Lemma 2 . 4 ( [ 2 ] ) \quad Let $ f ( z ) $ be an e n t i r e func t i on o f order
$ \sigma $ where $ 0 < \sigma < 1 / 2 , $

and l e t $ \varepsilon > 0 $ be a given constant . \quad Then there e x i s t s a s e t $ E { 2 }
\subset [ 0 , + \ infty ) $ \quad with

\noindent $\overline {\ }{ dens } { E { 2 }} \geq 1 − 2 \sigma $ such that f o r a l l
$ z $ s a t i s f y i n g $ \mid z \mid = r \ in E { 2 } , $ we have

\begin { a l i g n ∗}
\mid f ( z ) \mid \geq \exp ( r ˆ{ \sigma − \varepsilon } ) . \ tag ∗{$ (

2 . 4 ) $}\\ \ r u l e {3em}{0 .4 pt}
\end{ a l i g n ∗}

\noindent Lemma 2 . 5 ( [ 1 ] ) \ h f i l l Let $ H $ be a s e t o f complex numbers s a t i s f y i n g dens
$ \{ \mid z \mid : z \ in $

\noindent $ H \} > 0 , $ \quad and l e t $ A { 0 } ( z ) , . . . ,
A { k − 1 } ( z ) $ \quad be \quad e n t i r e f u n c t i o n s such that f o r s ome

cons tant s $ 0 \ leq \beta < \alpha $ and $ \mu > 0 , $ we have

\begin { a l i g n ∗}
\mid A { 0 } ( z ) \mid \geq \exp ( \alpha \mid z \mid ˆ{ \mu } ) \ tag ∗{$ (

2 . 5 ) $}
\end{ a l i g n ∗}

\noindent and

\begin { a l i g n ∗}
\mid A { j } ( z ) \mid \ leq \exp ( \beta \mid z \mid ˆ{ \mu } )

j = 1 , . . . , k − 1 \ tag ∗{$ ( 2 . 6 ) $}
\end{ a l i g n ∗}

\noindent as \ h f i l l $ z \rightarrow \ infty $ f o r $ z \ in H . $ \ h f i l l Then every s o l u t i o n
$ f \not\equiv 0 $ o f ( 1 . 4 ) s a t i s f i e s $ \sigma ( f ) = + \ infty $

\begin { a l i g n ∗}
and \sigma { 2 } ( f ) \geq \mu .
\end{ a l i g n ∗}
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2 .. Preliminary .. Lemmas
We need the following lemmas for the proofs of our theorems period
Lemma 2 period 1 open parenthesis open square bracket 4 comma p period .... 89 closing square bracket closing parenthesis

.... Let w .... be a transcendental entire function of finite
o rder sigma period .. Let Capital Gamma = open brace open parenthesis k sub 1 comma j 1 closing parenthesis comma

open parenthesis k sub 2 comma j 2 closing parenthesis comma period period period comma open parenthesis k sub m comma
j sub m closing parenthesis closing brace denote a finite s e t of distinct

pairs of integers that satisfy k sub i greater j i greater equal 0 comma i = 1 comma period period period comma m comma
and le t epsilon greater 0 be a given

constant period .. Then there exists a s e t E subset open square bracket 0 comma 2 pi closing parenthesis that has lin ear
measure zero comma such

that if psi 0 in open square bracket 0 comma 2 pi closing parenthesis minus E comma then th ere is a constant R sub 0 =
R sub 0 open parenthesis psi 0 closing parenthesis greater 0 such that for

all z satisfying arg z = psi 0 and bar z bar greater equal R sub 0 comma and for all open parenthesis k comma j closing
parenthesis in Capital Gamma comma we have

Equation: open parenthesis 2 period 1 closing parenthesis .. vextendsingle-vextendsingle-vextendsingle w to the power of
open parenthesis k closing parenthesis open parenthesis z closing parenthesis divided by w to the power of open parenthesis j
closing parenthesis open parenthesis z closing parenthesis vextendsingle-vextendsingle-vextendsingle less or equal bar z bar to
the power of open parenthesis k minus j closing parenthesis open parenthesis sigma minus 1 plus epsilon closing parenthesis
period

Lemma 2 period 2 open parenthesis open square bracket 3 comma p period .. 421 closing square bracket closing parenthesis
.. Let w be an entire function such that bar w to the power of prime open parenthesis z closing parenthesis bar is un hyphen

bounded on s ome ray arg z = theta period .. Then there exists an infinite s equence of po ints
z sub n = r sub n e to the power of i theta where r sub n right arrow plus infinity such that w to the power of prime open

parenthesis z sub n closing parenthesis right arrow infinity and
Line 1 vextendsingle-vextendsingle w open parenthesis z sub n closing parenthesis divided by w to the power of prime open

parenthesis z sub n closing parenthesis vextendsingle-vextendsingle less or equal open parenthesis 1 plus o open parenthesis 1
closing parenthesis closing parenthesis bar z sub n bar comma open parenthesis 2 period 2 closing parenthesis Line 2 as z sub
n right arrow infinity period

Lemma 2 period 3 open parenthesis open square bracket 3 comma p period .. 421 closing square bracket closing parenthesis
.. Let w be analytic on a ray arg z = theta comma and suppose

that for s ome constant alpha greater 1 comma we have
Equation: open parenthesis 2 period 3 closing parenthesis .. vextendsingle-vextendsingle w to the power of prime open

parenthesis z closing parenthesis divided by w open parenthesis z closing parenthesis vextendsingle-vextendsingle = O open
parenthesis bar z bar to the power of minus alpha closing parenthesis comma

as z right arrow infinity .. along arg z = theta period .. Then there .. exists a .. constant c equal-negationslash 0 .. such
that

w open parenthesis z closing parenthesis right arrow c as z right arrow infinity along arg z = theta period
Lemma 2 period 4 open parenthesis open square bracket 2 closing square bracket closing parenthesis .. Let f open parenthesis

z closing parenthesis be an entire function of order sigma where 0 less sigma less 1 slash 2 comma
and le t epsilon greater 0 be a given constant period .. Then there exists a s e t E sub 2 subset open square bracket 0

comma plus infinity closing parenthesis .. with
overbar dens sub E sub 2 greater equal 1 minus 2 sigma such that for al l z satisfying bar z bar = r in E sub 2 comma we

have
Equation: open parenthesis 2 period 4 closing parenthesis .. bar f open parenthesis z closing parenthesis bar greater equal

exponent open parenthesis r to the power of sigma minus epsilon closing parenthesis period hline
Lemma 2 period 5 open parenthesis open square bracket 1 closing square bracket closing parenthesis .... Let H be a s e t

of complex numbers satisfying dens open brace bar z bar : z in
H closing brace greater 0 comma .. and le t A sub 0 open parenthesis z closing parenthesis comma period period period

comma A sub k minus 1 open parenthesis z closing parenthesis .. be .. entire functions such that for s ome
constants 0 less or equal beta less alpha and mu greater 0 comma we have
Equation: open parenthesis 2 period 5 closing parenthesis .. bar A sub 0 open parenthesis z closing parenthesis bar greater

equal exponent open parenthesis alpha bar z bar to the power of mu closing parenthesis
and
Equation: open parenthesis 2 period 6 closing parenthesis .. bar A sub j open parenthesis z closing parenthesis bar less

or equal exponent open parenthesis beta bar z bar to the power of mu closing parenthesis j = 1 comma period period period
comma k minus 1

as .... z right arrow infinity for z in H period .... Then every s o lution f negationslash-equivalence 0 of open parenthesis 1
period 4 closing parenthesis satisfies sigma open parenthesis f closing parenthesis = plus infinity

and sigma sub 2 open parenthesis f closing parenthesis greater equal mu period
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2 Preliminary Lemmas
We need the following lemmas for the proofs of our theorems .
Lemma 2 . 1 ( [ 4 , p . 89 ] ) Let w be a transcendental entire function of finite
o rder σ. Let Γ = {(k1, j1), (k2, j2), ..., (km, jm)} denote a finite s e t of distinct pairs of
integers that satisfy ki > ji ≥ 0, i = 1, ...,m, and le t ε > 0 be a given constant . Then
there exists a s e t E ⊂ [0, 2π) that has lin ear measure zero , such
that if ψ0 ∈ [0, 2π)− E, then th ere is a constant R0 = R0(ψ0) > 0 such that for
all z satisfying arg z = ψ0 and | z |≥ R0, and for all (k, j) ∈ Γ, we have

|w
(k)(z)

w(j)(z)
| ≤| z |(k−j)(σ−1+ε) . (2.1)

Lemma 2 . 2 ( [ 3 , p . 421 ] ) Let w be an entire function such that | w′(z) | is un -
bounded on s ome ray arg z = θ. Then there exists an infinite s equence of po ints
zn = rne

iθ where rn → +∞ such that w′(zn)→∞ and

| w(zn)

w′(zn)
| ≤ (1 + o(1)) | zn |, (2.2)

aszn →∞.

Lemma 2 . 3 ( [ 3 , p . 421 ] ) Let w be analytic on a ray arg z = θ, and suppose
that for s ome constant α > 1, we have

|w
′(z)

w(z)
| = O(| z |−α), (2.3)

as z → ∞ along arg z = θ. Then there exists a constant c 6= 0 such
that w(z)→ c as z →∞ along arg z = θ.
Lemma 2 . 4 ( [ 2 ] ) Let f(z) be an entire function of order σ where 0 < σ < 1/2, and
le t ε > 0 be a given constant . Then there exists a s e t E2 ⊂ [0,+∞) with
densE2 ≥ 1− 2σ such that for al l z satisfying | z |= r ∈ E2, we have

| f(z) |≥ exp(rσ−ε). (2.4)

Lemma 2 . 5 ( [ 1 ] ) Let H be a s e t of complex numbers satisfying dens {| z |: z ∈
H} > 0, and le t A0(z), ..., Ak−1(z) be entire functions such that for s ome constants
0 ≤ β < α and µ > 0, we have

| A0(z) |≥ exp(α | z |µ) (2.5)

and

| Aj(z) |≤ exp(β | z |µ) j = 1, ..., k − 1 (2.6)

as z →∞ for z ∈ H. Then every s o lution f 6≡ 0 of ( 1 . 4 ) satisfies σ(f) = +∞

andσ2(f) ≥ µ.
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\noindent 3 \quad Proofs \quad o f Theorem \quad 1 . 5

\noindent Suppose that $ f equ iva lence−n e g a t i o n s l a s h 0 $ i s a s o l u t i o n o f ( 1 . 4 ) with
$ \sigma ( f ) < \ infty . $ \ h f i l l Set $ \delta = \sigma ( f ) . $
\ h f i l l Then

\noindent from Lemma 2 . 1 , the re e x i s t s a s e t $ E \subset [ 0 , 2 \pi ) $
that has l i n e a r measure zero ,

\noindent such that i f $ \psi 0 \ in [ 0 , 2 \pi ) − E , $ then

\begin { a l i g n ∗}
\arrowvert \ f r a c { f ˆ{ ( j ) } ( z ) }{ f ˆ{ \prime } ( z ) } \arrowvert

= o ( 1 ) \mid z \mid ˆ{ ( j − 1 ) \delta } j = 2 , . .
. , k \ tag ∗{$ ( 3 . 1 ) $}
\end{ a l i g n ∗}

\noindent as $ z \rightarrow \ infty $ along arg $ z = \psi 0 . $

Now suppose that $ \mid f ˆ{ \prime } ( z ) \mid $ i s unbounded on some ray arg
$ z = \phi 0 $ where $ \phi 0 \ in $

$ [ \theta { 1 } , \theta { 2 } ] − E . $ \quad Then from Lemma 2 . 2 , the re e x i s t s an i n f i n i t e sequence o f po in t s

\noindent $ z { n } = r { n } e ˆ{ i } \phi 0 $ where $ r { n } \rightarrow
+ \ infty $ such that $ f ˆ{ \prime } ( z { n } ) \rightarrow \ infty $ and

\begin { a l i g n ∗}
\arrowvert \ f r a c { f ( z { n } ) }{ f ˆ{ \prime } ( z { n } ) } \arrowvert \ leq

( 1 + o ( 1 ) ) \mid z { n } \mid . \ tag ∗{$ ( 3 . 2 ) $}
\end{ a l i g n ∗}

\noindent From ( 1 . 4 ) , we have

\begin { a l i g n ∗}
\mid A { 1 } ( z ) \mid \ leq \arrowvert \ f r a c { f ˆ{ ( k ) }}{ f ˆ{ \prime }}
\arrowvert + \mid A { k − 1 } ( z ) \mid \arrowvert \ f r a c { f ˆ{ ( k
− 1 ) }}{ f ˆ{ \prime }} \arrowvert + \cdot \cdot \cdot + \mid A { 2 }
( z ) \mid \arrowvert \ f r a c { f ˆ{ \prime \prime }}{ f ˆ{ \prime }} \arrowvert
+ \mid A { 0 } ( z ) \mid \arrowvert \ f r a c { f }{ f ˆ{ \prime }} \arrowvert
. \ tag ∗{$ ( 3 . 3 ) $}
\end{ a l i g n ∗}

\noindent By us ing ( 3 . 2 ) , ( 3 . 1 ) , ( 1 . 1 3 ) , and ( 1 . 1 4 ) , we w i l l obta in a c o n t r a d i c t i o n in ( 3 . 3 ) as
$ z \rightarrow \ infty . $ There fore $ , \mid f ˆ{ \prime } ( z ) \mid $

i s bounded on any ray arg $ z = \phi $ where $ \phi \ in [ \theta { 1 } , \theta { 2 }
] − E . $

I t then f o l l o w s from the c l a s s i c a l Phragm $ \acute{e} $ n − Linde l $ \ddot{o} $ f theorem [ 8 , p . \quad 2 1 4 ] that

\noindent the re e x i s t s a constant $ M > 0 $ such that

\begin { a l i g n ∗}
\mid f ˆ{ \prime } ( z ) \mid \ leq M \ tag ∗{$ ( 3 . 4 ) $}
\end{ a l i g n ∗}

\noindent f o r a l l $ z \ in S ( \varepsilon ) . $ \quad I f $ \theta { 0 } \ in
[ \theta { 1 } + \varepsilon , \theta { 2 } − \varepsilon ] − E , $ then when arg
$ z = \theta { 0 } , $ we obta in

from ( 3 . 4 ) that

\begin { a l i g n ∗}
\mid f ( z ) \mid \ leq \mid f ( 0 ) \mid + \arrowvert \ int ˆ{ z } { 0 }

f ˆ{ \prime } ( u ) du \arrowvert \ leq \mid f ( 0 ) \mid + M \mid
z \mid . \ tag ∗{$ ( 3 . 5 ) $}
\end{ a l i g n ∗}

\noindent From ( 3 . 5 ) , ( 3 . 1 ) , and ( 1 . 4 ) , we obta in

\begin { a l i g n ∗}
\mid A { 1 } ( z ) \mid \mid f ˆ{ \prime } ( z ) \mid \ leq \{ { + }ˆ{ o }ˆ{ (

1 ) \mid z \mid ˆ{ ( k − 1 ) \delta }} { o ( 1 ) \mid z \mid ˆ{ \delta }
\mid A { 2 } ( z }ˆ{ + } { ) } \mid ˆ{ o }ˆ{ ( } { \} }ˆ{ 1 ) \mid z \mid ˆ{ (
k }} { \mid f ˆ{ \prime } ( z ) \mid }ˆ{ − 2 ) } { + }ˆ{ \delta { \mid A { k
− 1 } ( z ) \mid }} { \mid A { 0 } ( z ) \mid \{ \mid f ( 0 }ˆ{ + } { )
\mid } . . { + } .{ M } { \mid z \mid \} }\ tag ∗{$ ( 3 . 6 ) $}
\end{ a l i g n ∗}

\noindent as $ z \rightarrow \ infty $ along arg $ z = \theta { 0 } . $ From ( 3 . 6 ) , ( 1 . 1 3 ) , and ( 1 . 1 4 ) , we can deduce that

\begin { a l i g n ∗}
\mid f ˆ{ \prime } ( z ) \mid \ leq \exp \{ − ( 1 + o ( 1 )

) \alpha \mid z \mid ˆ{ \beta } \} \ tag ∗{$ ( 3 . 7 ) $}
\end{ a l i g n ∗}

\noindent as $ z \rightarrow \ infty $ along arg $ z = \theta { 0 } . $ By us ing an a p p l i c a t i o n o f the Phragm
$ \acute{e} $ n − Linde l $ \ddot{o} $ f

theorem to ( 3 . 7 ) , i t can be deduced that

\begin { a l i g n ∗}
\mid f ˆ{ \prime } ( z ) \mid \ leq \exp \{ − ( 1 + o ( 1 )

) \alpha \mid z \mid ˆ{ \beta } \} \ tag ∗{$ ( 3 . 8 ) $}
\end{ a l i g n ∗}
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3 .. Proofs .. of Theorem .. 1 period 5
Suppose that f equivalence-negationslash 0 is a solution of open parenthesis 1 period 4 closing parenthesis with sigma open

parenthesis f closing parenthesis less infinity period .... Set delta = sigma open parenthesis f closing parenthesis period ....
Then

from Lemma 2 period 1 comma there exists a set E subset open square bracket 0 comma 2 pi closing parenthesis that has
linear measure zero comma

such that if psi 0 in open square bracket 0 comma 2 pi closing parenthesis minus E comma then
Equation: open parenthesis 3 period 1 closing parenthesis .. vextendsingle-vextendsingle f to the power of open parenthesis

j closing parenthesis open parenthesis z closing parenthesis divided by f to the power of prime open parenthesis z closing
parenthesis vextendsingle-vextendsingle = o open parenthesis 1 closing parenthesis bar z bar to the power of open parenthesis
j minus 1 closing parenthesis delta j = 2 comma period period period comma k

as z right arrow infinity along arg z = psi 0 period
Now suppose that bar f to the power of prime open parenthesis z closing parenthesis bar is unbounded on some ray arg z

= phi 0 where phi 0 in
open square bracket theta sub 1 comma theta sub 2 closing square bracket minus E period .. Then from Lemma 2 period

2 comma there exists an infinite sequence of points
z sub n = r sub n e to the power of i phi 0 where r sub n right arrow plus infinity such that f to the power of prime open

parenthesis z sub n closing parenthesis right arrow infinity and
Equation: open parenthesis 3 period 2 closing parenthesis .. vextendsingle-vextendsingle f open parenthesis z sub n closing

parenthesis divided by f to the power of prime open parenthesis z sub n closing parenthesis vextendsingle-vextendsingle less
or equal open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis bar z sub n bar period

From open parenthesis 1 period 4 closing parenthesis comma we have
Equation: open parenthesis 3 period 3 closing parenthesis .. bar A sub 1 open parenthesis z closing parenthesis bar less or

equal vextendsingle-vextendsingle f to the power of open parenthesis k closing parenthesis divided by f to the power of prime
vextendsingle-vextendsingle plus bar A sub k minus 1 open parenthesis z closing parenthesis bar vextendsingle-vextendsingle f
to the power of open parenthesis k minus 1 closing parenthesis divided by f to the power of prime vextendsingle-vextendsingle
plus times times times plus bar A sub 2 open parenthesis z closing parenthesis bar vextendsingle-vextendsingle f to the power
of prime prime divided by f to the power of prime vextendsingle-vextendsingle plus bar A sub 0 open parenthesis z closing
parenthesis bar vextendsingle-vextendsingle f divided by f to the power of prime vextendsingle-vextendsingle period

By using open parenthesis 3 period 2 closing parenthesis comma open parenthesis 3 period 1 closing parenthesis comma
open parenthesis 1 period 1 3 closing parenthesis comma and open parenthesis 1 period 1 4 closing parenthesis comma we will
obtain a contradiction in open parenthesis 3 period 3 closing parenthesis as

z right arrow infinity period Therefore comma bar f to the power of prime open parenthesis z closing parenthesis bar is
bounded on any ray arg z = phi where phi in open square bracket theta sub 1 comma theta sub 2 closing square bracket minus
E period

It then follows from the classical Phragm acute-e n hyphen Lindel dieresis-o f theorem open square bracket 8 comma p
period .. 2 1 4 closing square bracket that

there exists a constant M greater 0 such that
Equation: open parenthesis 3 period 4 closing parenthesis .. bar f to the power of prime open parenthesis z closing

parenthesis bar less or equal M
for all z in S open parenthesis epsilon closing parenthesis period .. If theta sub 0 in open square bracket theta sub 1 plus

epsilon comma theta sub 2 minus epsilon closing square bracket minus E comma then when arg z = theta sub 0 comma we
obtain

from open parenthesis 3 period 4 closing parenthesis that
Equation: open parenthesis 3 period 5 closing parenthesis .. bar f open parenthesis z closing parenthesis bar less or equal

bar f open parenthesis 0 closing parenthesis bar plus vextendsingle-vextendsingle integral sub 0 to the power of z f to the
power of prime open parenthesis u closing parenthesis du vextendsingle-vextendsingle less or equal bar f open parenthesis 0
closing parenthesis bar plus M bar z bar period

From open parenthesis 3 period 5 closing parenthesis comma open parenthesis 3 period 1 closing parenthesis comma and
open parenthesis 1 period 4 closing parenthesis comma we obtain

Equation: open parenthesis 3 period 6 closing parenthesis .. bar A sub 1 open parenthesis z closing parenthesis bar bar
f to the power of prime open parenthesis z closing parenthesis bar less or equal open brace plus to the power of o sub o
open parenthesis 1 closing parenthesis bar z bar to the power of delta bar A sub 2 open parenthesis z to the power of open
parenthesis 1 closing parenthesis bar z bar to the power of open parenthesis k minus 1 closing parenthesis delta sub closing
parenthesis to the power of plus bar to the power of o sub closing brace to the power of open parenthesis sub bar f to the
power of prime open parenthesis z closing parenthesis bar to the power of 1 closing parenthesis bar z bar to the power of open
parenthesis k sub plus to the power of minus 2 closing parenthesis sub bar A sub 0 open parenthesis z closing parenthesis bar
open brace bar f open parenthesis 0 to the power of delta sub bar A sub k minus 1 open parenthesis z closing parenthesis bar
sub closing parenthesis bar to the power of plus period period plus period M sub bar z bar closing brace

as z right arrow infinity along arg z = theta sub 0 period From open parenthesis 3 period 6 closing parenthesis comma
open parenthesis 1 period 1 3 closing parenthesis comma and open parenthesis 1 period 1 4 closing parenthesis comma we can
deduce that

Equation: open parenthesis 3 period 7 closing parenthesis .. bar f to the power of prime open parenthesis z closing
parenthesis bar less or equal exponent open brace minus open parenthesis 1 plus o open parenthesis 1 closing parenthesis
closing parenthesis alpha bar z bar to the power of beta closing brace

as z right arrow infinity along arg z = theta sub 0 period By using an application of the Phragm acute-e n hyphen Lindel
dieresis-o f

theorem to open parenthesis 3 period 7 closing parenthesis comma it can be deduced that
Equation: open parenthesis 3 period 8 closing parenthesis .. bar f to the power of prime open parenthesis z closing

parenthesis bar less or equal exponent open brace minus open parenthesis 1 plus o open parenthesis 1 closing parenthesis
closing parenthesis alpha bar z bar to the power of beta closing brace
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3 Proofs of Theorem 1 . 5
Suppose that fequivalence− negationslash0 is a solution of ( 1 . 4 ) with σ(f) <∞. Set
δ = σ(f). Then
from Lemma 2 . 1 , there exists a set E ⊂ [0, 2π) that has linear measure zero ,
such that if ψ0 ∈ [0, 2π)− E, then

|f
(j)(z)

f ′(z)
| = o(1) | z |(j−1)δ j = 2, ..., k (3.1)

as z →∞ along arg z = ψ0.
Now suppose that | f ′(z) | is unbounded on some ray arg z = φ0 where φ0 ∈ [θ1, θ2] − E.

Then from Lemma 2 . 2 , there exists an infinite sequence of points
zn = rne

iφ0 where rn → +∞ such that f ′(zn)→∞ and

| f(zn)

f ′(zn)
| ≤ (1 + o(1)) | zn | . (3.2)

From ( 1 . 4 ) , we have

| A1(z) |≤ |f
(k)

f ′
|+ | Ak−1(z) | |f

(k−1)

f ′
|+ · · ·+ | A2(z) | |f

′′

f ′
|+ | A0(z) | | f

f ′
|. (3.3)

By using ( 3 . 2 ) , ( 3 . 1 ) , ( 1 . 1 3 ) , and ( 1 . 1 4 ) , we will obtain a contradiction in ( 3
. 3 ) as z → ∞. Therefore , | f ′(z) | is bounded on any ray arg z = φ where φ ∈ [θ1, θ2] − E. It
then follows from the classical Phragm é n - Lindel ö f theorem [ 8 , p . 2 1 4 ] that
there exists a constant M > 0 such that

| f ′(z) |≤M (3.4)

for all z ∈ S(ε). If θ0 ∈ [θ1 + ε, θ2− ε]−E, then when arg z = θ0, we obtain from ( 3 . 4 ) that

| f(z) |≤| f(0) | +|
∫ z

0

f ′(u)du| ≤| f(0) | +M | z | . (3.5)

From ( 3 . 5 ) , ( 3 . 1 ) , and ( 1 . 4 ) , we obtain

| A1(z) || f ′(z) |≤ {o+
(1)|z|(k−1)δ

o(1)|z|δ|A2(z
+
) |

o (
}
1)|z|(k
|f ′(z)|

−2)
+

δ|Ak−1(z)|

|A0(z)|{|f(0
+
)| ..+.M|z|} (3.6)

as z →∞ along arg z = θ0. From ( 3 . 6 ) , ( 1 . 1 3 ) , and ( 1 . 1 4 ) , we can deduce that

| f ′(z) |≤ exp{−(1 + o(1))α | z |β} (3.7)

as z →∞ along arg z = θ0. By using an application of the Phragm é n - Lindel ö f theorem to (
3 . 7 ) , it can be deduced that

| f ′(z) |≤ exp{−(1 + o(1))α | z |β} (3.8)
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\noindent as $ z \rightarrow \ infty $ in $ S ( 2 \varepsilon ) . $ This g i v e s
$ m = 1 $ in ( 1 . 1 6 ) .

Now l e t $ z \ in S ( 3 \varepsilon ) $ where $ \mid z \mid > 1 , $
l e t $ \gamma $ be a c i r c l e o f rad iu s one with cente r
at $ z , $ and l e t $ m \geq 1 $ be an i n t e g e r . Then from the Cauchy i n t e g r a l formula and
( 3 . 8 ) , we obta in as $ z \rightarrow \ infty $ in $ S ( 3 \varepsilon )

, $

\begin { a l i g n ∗}
\arrowvert f ˆ{ ( m ) } ( z ) \arrowvert \ leq \ f r a c { ( m − 1 ) ! }{ 2
\pi } \oint { \gamma } \ f r a c { \mid f ˆ{ \prime } ( u ) \mid }{ \mid z − u
\mid ˆ{ m }} \mid du \mid \ leq \exp \{ − ( 1 + o ( 1 ) ) \alpha
\mid z \mid ˆ{ \beta } \} . \ tag ∗{$ ( 3 . 9 ) $}
\end{ a l i g n ∗}

\noindent This proves ( 1 . 1 6 ) . Now f i x $ \theta , $ where $ \theta { 1 } + \varepsilon
\ leq \theta \ leq \theta { 2 } − \varepsilon , $ and s e t

\begin { a l i g n ∗}
a { 0 } = \ int ˆ{ + \ infty } { 0 } f ˆ{ \prime } ( te ˆ{ i \theta } ) e ˆ{ i
\theta } dt , \ tag ∗{$ ( 3 . 1 0 ) $}
\end{ a l i g n ∗}

\noindent where we note that $ a { 0 } \ in C $ from ( 1 . 1 6 ) . Let $ z = \mid
z \mid e ˆ{ i \psi }$ where $ \theta { 1 } + \varepsilon \ leq \psi \ leq
\theta { 2 } − \varepsilon . $

Then from the Cauchy theorem and ( 3 . 1 0 ) , we obta in

\begin { a l i g n ∗}
f ( z ) − f ( 0 ) − a { 0 } = \ int f ˆ{ \prime }ˆ{ 0 } { z } (

u ) du − \ int ˆ{ + \ infty } { 0 } f ˆ{ \prime } ( te ˆ{ i \theta } ) e ˆ{ i
\theta } dt \ tag ∗{$ ( 3 . 1 1 ) $}\\ = \ int ˆ{ \psi } { \theta } f ˆ{ \prime }
( \mid z \mid e ˆ{ i \zeta } ) i \mid z \mid e ˆ{ i \zeta } d \zeta
− \ int ˆ{ + \ infty } { \mid z \mid } f ˆ{ \prime } ( te ˆ{ i \theta } ) e ˆ{ i
\theta } dt .
\end{ a l i g n ∗}

\noindent Since

\ [ \mid f ˆ{ \prime } ( z ) \mid \ leq \exp \{ − ( 1 + o ( 1 )
) \alpha \mid z \mid ˆ{ \beta } \} \ ]

\noindent as $ z \rightarrow \ infty $ in $ S ( \varepsilon ) , $ then from ( 3 . 1 1 ) , we get

\ [\ begin { a l i gned } \mid f ( z ) − b \mid \\
= \mid \ int ˆ{ \psi } { \theta } f ˆ{ \prime } ( \mid z \mid e ˆ{ i \zeta }

) i \mid z \mid e ˆ{ i \zeta } d \zeta − \ int ˆ{ + \ infty } { \mid z
\mid } f ˆ{ \prime } ( te ˆ{ i \theta } ) e ˆ{ i \theta } dt \mid \\
\ leq \mid \psi − \theta \mid \mid z \mid \exp \{ − ( 1 + o

( 1 ) ) \alpha \mid z \mid ˆ{ \beta } \} + \ int ˆ{ + \ infty } { \mid
z \mid } \exp \{ − ( 1 + o ( 1 ) ) \alpha t ˆ{ \beta } \} dt \\
\ leq \mid \psi − \theta \mid \mid z \mid \exp \{ − ( 1 + o

( 1 ) ) \alpha \mid z \mid ˆ{ \beta } \} \\
+ \ f r a c { 1 }{ ( 1 + o ( 1 ) ) \alpha \beta \ f r a c { \mid z \mid ˆ{ \beta

− 1 }}{ 2 } \exp \{ ( 1 + o ( 1 ) ) \alpha \ f r a c { \mid z \mid ˆ{ \beta }}{ 2 }
\} } \ int ˆ{ + \ infty } { \mid z \mid } \ f r a c { ( 1 + o ( 1 ) ) \alpha
\beta \ f r a c { t ˆ{ \beta − 1 }}{ 2 }}{ \exp \{ ( 1 + o ( 1 ) ) \alpha
\ f r a c { t ˆ{ \beta }}{ 2 } \} } dt \\
\ leq \mid \psi − \theta \mid \mid z \mid \exp \{ − ( 1 + o

( 1 ) ) \alpha \mid z \mid ˆ{ \beta } \} \\
+ \ f r a c { 1 }{ ( 1 + o ( 1 ) ) \alpha \beta \ f r a c { \mid z \mid ˆ{ \beta

− 1 }}{ 2 } \exp \{ ( 1 + o ( 1 ) ) \alpha \ f r a c { \mid z \mid ˆ{ \beta }}{ 2 }
\} } \exp \{ − ( 1 + o ( 1 ) ) \alpha \ f r a c { \mid z \mid ˆ{ \beta }}{ 2 }
\} \\
\ leq \exp \{ − ( 1 + o ( 1 ) ) \alpha \mid z \mid ˆ{ \beta }

\} \end{ a l i gned }\ ]

( 3 . 1 2 )
as $ z \rightarrow \ infty $ in $ S ( \varepsilon ) , $ where $ b = f

( 0 ) + a { 0 } . $ \quad Note that $ a { 0 }$ in ( 3 . 1 0 ) i s independent
o f $ \theta . $ S ince ( 3 . 1 2 ) i s the i n e q u a l i t y ( 1 . 1 5 ) , i t remains only to show that

$ b \not= 0 . $

EJDE endash 2003 slash 1 7 .... Benharrat Bela dieresis-dotlessi di ampersand Karima Hamani .... 7
as z right arrow infinity in S open parenthesis 2 epsilon closing parenthesis period This gives m = 1 in open parenthesis 1

period 1 6 closing parenthesis period
Now let z in S open parenthesis 3 epsilon closing parenthesis where bar z bar greater 1 comma let gamma be a circle of

radius one with center
at z comma and let m greater equal 1 be an integer period Then from the Cauchy integral formula and
open parenthesis 3 period 8 closing parenthesis comma we obtain as z right arrow infinity in S open parenthesis 3 epsilon

closing parenthesis comma
Equation: open parenthesis 3 period 9 closing parenthesis .. vextendsingle-vextendsingle f to the power of open parenthesis

m closing parenthesis open parenthesis z closing parenthesis vextendsingle-vextendsingle less or equal open parenthesis m minus
1 closing parenthesis ! divided by 2 pi oint sub gamma bar f to the power of prime open parenthesis u closing parenthesis bar
divided by bar z minus u bar to the power of m bar du bar less or equal exponent open brace minus open parenthesis 1 plus
o open parenthesis 1 closing parenthesis closing parenthesis alpha bar z bar to the power of beta closing brace period

This proves open parenthesis 1 period 1 6 closing parenthesis period Now fix theta comma where theta sub 1 plus epsilon
less or equal theta less or equal theta sub 2 minus epsilon comma and set

Equation: open parenthesis 3 period 1 0 closing parenthesis .. a sub 0 = integral sub 0 to the power of plus infinity f to
the power of prime open parenthesis te to the power of i theta closing parenthesis e to the power of i theta dt comma

where we note that a sub 0 in C from open parenthesis 1 period 1 6 closing parenthesis period Let z = bar z bar e to the
power of i psi where theta sub 1 plus epsilon less or equal psi less or equal theta sub 2 minus epsilon period

Then from the Cauchy theorem and open parenthesis 3 period 1 0 closing parenthesis comma we obtain
Equation: open parenthesis 3 period 1 1 closing parenthesis .. f open parenthesis z closing parenthesis minus f open

parenthesis 0 closing parenthesis minus a sub 0 = integral f to the power of prime from 0 to z open parenthesis u closing
parenthesis du minus integral sub 0 to the power of plus infinity f to the power of prime open parenthesis te to the power of
i theta closing parenthesis e to the power of i theta dt = integral sub theta to the power of psi f to the power of prime open
parenthesis bar z bar e to the power of i zeta closing parenthesis i bar z bar e to the power of i zeta d zeta minus integral sub
bar z bar to the power of plus infinity f to the power of prime open parenthesis te to the power of i theta closing parenthesis
e to the power of i theta dt period

Since
bar f to the power of prime open parenthesis z closing parenthesis bar less or equal exponent open brace minus open

parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha bar z bar to the power of beta closing
brace

as z right arrow infinity in S open parenthesis epsilon closing parenthesis comma then from open parenthesis 3 period 1 1
closing parenthesis comma we get

Line 1 bar f open parenthesis z closing parenthesis minus b bar Line 2 = bar integral sub theta to the power of psi f to the
power of prime open parenthesis bar z bar e to the power of i zeta closing parenthesis i bar z bar e to the power of i zeta d
zeta minus integral sub bar z bar to the power of plus infinity f to the power of prime open parenthesis te to the power of i
theta closing parenthesis e to the power of i theta dt bar Line 3 less or equal bar psi minus theta bar bar z bar exponent open
brace minus open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha bar z bar to the power
of beta closing brace plus integral sub bar z bar to the power of plus infinity exponent open brace minus open parenthesis
1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha t to the power of beta closing brace dt Line 4 less
or equal bar psi minus theta bar bar z bar exponent open brace minus open parenthesis 1 plus o open parenthesis 1 closing
parenthesis closing parenthesis alpha bar z bar to the power of beta closing brace Line 5 plus 1 divided by open parenthesis
1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha beta bar z bar to the power of beta minus 1 divided
by 2 exponent open brace open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha bar z bar
to the power of beta divided by 2 closing brace integral sub bar z bar to the power of plus infinity open parenthesis 1 plus o
open parenthesis 1 closing parenthesis closing parenthesis alpha beta t to the power of beta minus 1 divided by 2 divided by
exponent open brace open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha t to the power
of beta divided by 2 closing brace dt Line 6 less or equal bar psi minus theta bar bar z bar exponent open brace minus open
parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha bar z bar to the power of beta closing
brace Line 7 plus 1 divided by open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha
beta bar z bar to the power of beta minus 1 divided by 2 exponent open brace open parenthesis 1 plus o open parenthesis 1
closing parenthesis closing parenthesis alpha bar z bar to the power of beta divided by 2 closing brace exponent open brace
minus open parenthesis 1 plus o open parenthesis 1 closing parenthesis closing parenthesis alpha bar z bar to the power of
beta divided by 2 closing brace Line 8 less or equal exponent open brace minus open parenthesis 1 plus o open parenthesis 1
closing parenthesis closing parenthesis alpha bar z bar to the power of beta closing brace

open parenthesis 3 period 1 2 closing parenthesis
as z right arrow infinity in S open parenthesis epsilon closing parenthesis comma where b = f open parenthesis 0 closing

parenthesis plus a sub 0 period .. Note that a sub 0 in open parenthesis 3 period 1 0 closing parenthesis is independent
of theta period Since open parenthesis 3 period 1 2 closing parenthesis is the inequality open parenthesis 1 period 1 5

closing parenthesis comma it remains only to show that b negationslash-equal 0 period
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as z →∞ in S(2ε). This gives m = 1 in ( 1 . 1 6 ) .

Now let z ∈ S(3ε) where | z |> 1, let γ be a circle of radius one with center at z, and let
m ≥ 1 be an integer . Then from the Cauchy integral formula and ( 3 . 8 ) , we obtain as z →∞
in S(3ε),

|f (m)(z)| ≤ (m− 1)!

2π

∮
γ

| f ′(u) |
| z − u |m

| du |≤ exp{−(1 + o(1))α | z |β}. (3.9)

This proves ( 1 . 1 6 ) . Now fix θ, where θ1 + ε ≤ θ ≤ θ2 − ε, and set

a0 =

∫ +∞

0

f ′(teiθ)eiθdt, (3.10)

where we note that a0 ∈ C from ( 1 . 1 6 ) . Let z =| z | eiψ where θ1 + ε ≤ ψ ≤ θ2 − ε. Then
from the Cauchy theorem and ( 3 . 1 0 ) , we obtain

f(z)− f(0)− a0 =

∫
f ′0z(u)du−

∫ +∞

0

f ′(teiθ)eiθdt (3.11)

=

∫ ψ

θ

f ′(| z | eiζ)i | z | eiζdζ −
∫ +∞

|z|
f ′(teiθ)eiθdt.

Since

| f ′(z) |≤ exp{−(1 + o(1))α | z |β}

as z →∞ in S(ε), then from ( 3 . 1 1 ) , we get

| f(z)− b |

=|
∫ ψ

θ

f ′(| z | eiζ)i | z | eiζdζ −
∫ +∞

|z|
f ′(teiθ)eiθdt |

≤| ψ − θ || z | exp{−(1 + o(1))α | z |β}+

∫ +∞

|z|
exp{−(1 + o(1))αtβ}dt

≤| ψ − θ || z | exp{−(1 + o(1))α | z |β}

+
1

(1 + o(1))αβ |z|
β−1

2 exp{(1 + o(1))α |z|
β

2 }

∫ +∞

|z|

(1 + o(1))αβ t
β−1

2

exp{(1 + o(1))α t
β

2 }
dt

≤| ψ − θ || z | exp{−(1 + o(1))α | z |β}

+
1

(1 + o(1))αβ |z|
β−1

2 exp{(1 + o(1))α |z|
β

2 }
exp{−(1 + o(1))α

| z |β

2
}

≤ exp{−(1 + o(1))α | z |β}

( 3 . 1 2 ) as z →∞ in S(ε), where b = f(0) +a0. Note that a0 in ( 3 . 1 0 ) is independent
of θ. Since ( 3 . 1 2 ) is the inequality ( 1 . 1 5 ) , it remains only to show that b 6= 0.
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From Lemma 2 . 1 , the re e x i s t s a ray arg $ z = \psi 1 $ where $ \theta { 1 } +
\varepsilon \ leq \psi 1 \ leq \theta { 2 } − \varepsilon , $

\noindent such that

\begin { a l i g n ∗}
\mid \ f r a c { f ˆ{ ( j ) } ( z ) }{ f ( z ) } \mid = o ( 1 ) \mid

z \mid ˆ{ j } \delta j = 2 , . . . , k \ tag ∗{$ ( 3 . 1 3 ) $}
\end{ a l i g n ∗}

\noindent as $ z \rightarrow \ infty $ along arg $ z = \psi 1 , $ where $ \delta
= \sigma ( f ) . $ \quad Then from ( 3 . 1 3 ) , ( 1 . 1 3 ) , ( 1 . 1 4 ) ,

and ( 1 . 4 ) , we have

\begin { a l i g n ∗}
\mid \ f r a c { f ˆ{ \prime } ( z ) }{ f ( z ) } \mid \ leq \mid \ f r a c { A { 0 }

( z ) }{ A { 1 } ( z ) } \mid + \mid A { 2 } ( z ) \mid \mid \ f r a c { f ˆ{ \prime
\prime } ( z ) }{ f ( z ) A { 1 } ( z ) } \mid + . . . \\ + \mid
A { k − 1 } ( z ) \mid \mid \ f r a c { f ˆ{ ( k − 1 ) } ( z ) }{ f
( z ) A { 1 } ( z ) } \mid + \mid \ f r a c { f ˆ{ ( k ) } ( z ) }{ f
( z ) A { 1 } ( z ) } \mid \ tag ∗{$ ( 3 . 1 4 ) $}\\ \ leq \exp \{
− ( 1 + o ( 1 ) ) \alpha \mid z \mid ˆ{ \beta } \}
\end{ a l i g n ∗}

\noindent as $ z \rightarrow \ infty $ along arg $ z = \psi 1 . $ \ h f i l l By apply ing Lemma 2 . 3 to ( 3 . 1 4 ) , and not ing

\noindent that $ f ( z ) \rightarrow b $ as $ z \rightarrow \ infty $ in $ S
( \varepsilon ) $ from ( 3 . 1 2 ) , we see that $ b \ne 0 . $ \ h f i l l The proo f o f

\noindent Theorem 1 . 5 i s complete $ . \ l o z enge $

\centerline{The next example i l l u s t r a t e s Theorem 1 . 5 . }

\noindent Example 3 . 1 \quad Consider the d i f f e r e n t i a l equat ion

\begin { a l i g n ∗}
f ˆ{ \prime \prime \prime } + e ˆ{ z } f ˆ{ \prime \prime } − 2 e ˆ{ − z }

f ˆ{ \prime } + ( 1 − e ˆ{ z } ) f = 0 . \ tag ∗{$ ( 3 . 1 5 ) $}
\end{ a l i g n ∗}

\noindent In t h i s equat ion , f o r $ z = re ˆ{ i \theta } ( r \rightarrow + \ infty
) $ and $\ f r a c { 2 \pi }{ 3 } \ leq \theta \ leq \ f r a c { 3 \pi }{ 4 } { , }$ we have

\centerline{ $ \mid A { 1 } ( z ) \mid = \mid − 2 e ˆ{ − z } \mid =
2 $ exp $ ( − r $ cos $ \theta ) \geq $ exp $ ( ( 1 + o ( 1 )
) \ f r a c { r }{ 2 } ) , $ }

\centerline{ $ \mid A { 0 } ( z ) \mid = \mid 1 − e ˆ{ z } \mid \ leq
1 + $ exp $ ( r $ cos $ \theta ) \ leq $ exp $ ( o ( 1 ) r ) $ }

\centerline{ $ \mid A { 2 } ( z ) \mid = \mid e ˆ{ z } \mid = $ exp $ (
r $ cos $ \theta ) \ leq $ exp $ ( o ( 1 ) r ) . $ }

\noindent I t i s easy to see that the c o n d i t i o n s ( 1 . 1 3 ) and ( 1 . 14 ) o f Theorem 1 . 5 are s a t i s f i e d

\noindent $ ( \alpha = \ f r a c { 1 }{ 2 } { , } \beta = 1 ) . $ \ h f i l l The func t i on
$ f ( z ) = e ˆ{ z } + 2 $ with $ \sigma ( f ) = 1 $ s a t i s f i e s equat ion

\noindent ( 3 . 1 5 ) and the r e l a t i o n s ( 1 . 1 5 ) , ( 1 . 1 6 ) .

\noindent 4 \quad Proof o f Theorem \quad 1 . 6

\noindent Suppose that $ f \not\equiv 0 $ i s a s o l u t i o n o f ( 1 . 4 ) where $ \sigma
( f ) < \ infty . $ Let $ \varepsilon > 0 , \{ \phi { s } \} $ and

\noindent $ \{ \theta { s } \} $ be as in the hypothes i s . From ( 1 . 1 8 ) and $ \sigma
( A { j } ) < \beta ( j = 0 , 2 , . . . , k − 1 ) , $
i t

\noindent f o l l o w s from Theorem 1 . 5 ( i ) that $ \mid f ( z ) \mid $ i s bounded with in each ang le
$ \phi { s } + \varepsilon \ leq $

\noindent arg $ z \ leq \theta { s } − \varepsilon ( s = 1 , 2 , .
. . n ) . $ \ h f i l l Since $ \varepsilon $ can be a r b i t r a r i l y smal l , i t f o l l o w s from

\noindent ( 1 . 1 7 ) and the Phragm $ \acute{e} $ n − Linde l $ \ddot{o} $ f theorem that
$ \mid f ( z ) \mid $ i s bounded in the whole

f i n i t e plane . \quad Thus $ f $ i s a nonzero constant from L i o u v i l l e ’ s theorem , and t h i s
c o n t r a d i c t s ( 1 . 4 ) .

\centerline{The next two examples i l l u s t r a t e Theorem 1 . 6 . }
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From Lemma 2 period 1 comma there exists a ray arg z = psi 1 where theta sub 1 plus epsilon less or equal psi 1 less or

equal theta sub 2 minus epsilon comma
such that
Equation: open parenthesis 3 period 1 3 closing parenthesis .. bar f to the power of open parenthesis j closing parenthesis

open parenthesis z closing parenthesis divided by f open parenthesis z closing parenthesis bar = o open parenthesis 1 closing
parenthesis bar z bar to the power of j delta j = 2 comma period period period comma k

as z right arrow infinity along arg z = psi 1 comma where delta = sigma open parenthesis f closing parenthesis period ..
Then from open parenthesis 3 period 1 3 closing parenthesis comma open parenthesis 1 period 1 3 closing parenthesis comma
open parenthesis 1 period 1 4 closing parenthesis comma

and open parenthesis 1 period 4 closing parenthesis comma we have
bar f to the power of prime open parenthesis z closing parenthesis divided by f open parenthesis z closing parenthesis bar less

or equal bar A sub 0 open parenthesis z closing parenthesis divided by A sub 1 open parenthesis z closing parenthesis bar plus
bar A sub 2 open parenthesis z closing parenthesis bar bar f to the power of prime prime open parenthesis z closing parenthesis
divided by f open parenthesis z closing parenthesis A sub 1 open parenthesis z closing parenthesis bar plus period period period
Equation: open parenthesis 3 period 1 4 closing parenthesis .. plus bar A sub k minus 1 open parenthesis z closing parenthesis
bar bar f to the power of open parenthesis k minus 1 closing parenthesis open parenthesis z closing parenthesis divided by
f open parenthesis z closing parenthesis A sub 1 open parenthesis z closing parenthesis bar plus bar f to the power of open
parenthesis k closing parenthesis open parenthesis z closing parenthesis divided by f open parenthesis z closing parenthesis
A sub 1 open parenthesis z closing parenthesis bar less or equal exponent open brace minus open parenthesis 1 plus o open
parenthesis 1 closing parenthesis closing parenthesis alpha bar z bar to the power of beta closing brace

as z right arrow infinity along arg z = psi 1 period .... By applying Lemma 2 period 3 to open parenthesis 3 period 1 4
closing parenthesis comma and noting

that f open parenthesis z closing parenthesis right arrow b as z right arrow infinity in S open parenthesis epsilon closing
parenthesis from open parenthesis 3 period 1 2 closing parenthesis comma we see that b equal-negationslash 0 period .... The
proof of

Theorem 1 period 5 is complete period lozenge
The next example i llustrates Theorem 1 period 5 period
Example 3 period 1 .. Consider the differential equation
Equation: open parenthesis 3 period 1 5 closing parenthesis .. f to the power of prime prime prime plus e to the power of

z f to the power of prime prime minus 2 e to the power of minus z f to the power of prime plus open parenthesis 1 minus e to
the power of z closing parenthesis f = 0 period

In this equation comma for z = re to the power of i theta open parenthesis r right arrow plus infinity closing parenthesis
and 2 pi divided by 3 less or equal theta less or equal 3 pi divided by 4 sub comma we have

bar A sub 1 open parenthesis z closing parenthesis bar = bar minus 2 e to the power of minus z bar = 2 exp open parenthesis
minus r cos theta closing parenthesis greater equal exp open parenthesis open parenthesis 1 plus o open parenthesis 1 closing
parenthesis closing parenthesis r divided by 2 closing parenthesis comma

bar A sub 0 open parenthesis z closing parenthesis bar = bar 1 minus e to the power of z bar less or equal 1 plus exp open
parenthesis r cos theta closing parenthesis less or equal exp open parenthesis o open parenthesis 1 closing parenthesis r closing
parenthesis

bar A sub 2 open parenthesis z closing parenthesis bar = bar e to the power of z bar = exp open parenthesis r cos theta
closing parenthesis less or equal exp open parenthesis o open parenthesis 1 closing parenthesis r closing parenthesis period

It is easy to see that the conditions open parenthesis 1 period 1 3 closing parenthesis and open parenthesis 1 period 14
closing parenthesis of Theorem 1 period 5 are satisfied

open parenthesis alpha = 1 divided by 2 sub comma beta = 1 closing parenthesis period .... The function f open parenthesis
z closing parenthesis = e to the power of z plus 2 with sigma open parenthesis f closing parenthesis = 1 satisfies equation

open parenthesis 3 period 1 5 closing parenthesis and the relations open parenthesis 1 period 1 5 closing parenthesis comma
open parenthesis 1 period 1 6 closing parenthesis period

4 .. Proof of Theorem .. 1 period 6
Suppose that f negationslash-equivalence 0 is a solution of open parenthesis 1 period 4 closing parenthesis where sigma

open parenthesis f closing parenthesis less infinity period Let epsilon greater 0 comma open brace phi sub s closing brace and
open brace theta sub s closing brace be as in the hypothesis period From open parenthesis 1 period 1 8 closing parenthesis

and sigma open parenthesis A sub j closing parenthesis less beta open parenthesis j = 0 comma 2 comma period period period
comma k minus 1 closing parenthesis comma it

follows from Theorem 1 period 5 open parenthesis i closing parenthesis that bar f open parenthesis z closing parenthesis
bar is bounded within each angle phi sub s plus epsilon less or equal

arg z less or equal theta sub s minus epsilon open parenthesis s = 1 comma 2 comma period period period n closing
parenthesis period .... Since epsilon can be arbitrarily small comma it follows from

open parenthesis 1 period 1 7 closing parenthesis and the Phragm acute-e n hyphen Lindel dieresis-o f theorem that bar f
open parenthesis z closing parenthesis bar is bounded in the whole

finite plane period .. Thus f is a nonzero constant from Liouville quoteright s theorem comma and this
contradicts open parenthesis 1 period 4 closing parenthesis period
The next two examples illustrate Theorem 1 period 6 period
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there exists a ray arg z = ψ1 where θ1 + ε ≤ ψ1 ≤ θ2 − ε,
such that

| f
(j)(z)

f(z)
|= o(1) | z |j δ j = 2, ..., k (3.13)

as z → ∞ along arg z = ψ1, where δ = σ(f). Then from ( 3 . 1 3 ) , ( 1 . 1 3 ) , ( 1 . 1 4 ) ,
and ( 1 . 4 ) , we have

| f
′(z)

f(z)
|≤| A0(z)

A1(z)
| + | A2(z) || f ′′(z)

f(z)A1(z)
| +...

+ | Ak−1(z) || f
(k−1)(z)

f(z)A1(z)
| + | f (k)(z)

f(z)A1(z)
| (3.14)

≤ exp{−(1 + o(1))α | z |β}

as z →∞ along arg z = ψ1. By applying Lemma 2 . 3 to ( 3 . 1 4 ) , and noting
that f(z)→ b as z →∞ in S(ε) from ( 3 . 1 2 ) , we see that b 6= 0. The proof of
Theorem 1 . 5 is complete . ♦

The next example i llustrates Theorem 1 . 5 .
Example 3 . 1 Consider the differential equation

f ′′′ + ezf ′′ − 2e−zf ′ + (1− ez)f = 0. (3.15)

In this equation , for z = reiθ(r → +∞) and 2π
3 ≤ θ ≤

3π
4 ,

we have

| A1(z) |= | −2e−z |= 2 exp (−r cos θ) ≥ exp ((1 + o(1)) r2 ),
| A0(z) |=| 1− ez |≤ 1+ exp (r cos θ) ≤ exp (o(1)r)
| A2(z) |=| ez |= exp (r cos θ) ≤ exp (o(1)r).

It is easy to see that the conditions ( 1 . 1 3 ) and ( 1 . 14 ) of Theorem 1 . 5 are satisfied
(α = 1

2 ,
β = 1). The function f(z) = ez + 2 with σ(f) = 1 satisfies equation

( 3 . 1 5 ) and the relations ( 1 . 1 5 ) , ( 1 . 1 6 ) .

4 Proof of Theorem 1 . 6
Suppose that f 6≡ 0 is a solution of ( 1 . 4 ) where σ(f) <∞. Let ε > 0, {φs} and
{θs} be as in the hypothesis . From ( 1 . 1 8 ) and σ(Aj) < β(j = 0, 2, ..., k − 1), it
follows from Theorem 1 . 5 ( i ) that | f(z) | is bounded within each angle φs + ε ≤
arg z ≤ θs − ε(s = 1, 2, ...n). Since ε can be arbitrarily small , it follows from
( 1 . 1 7 ) and the Phragm é n - Lindel ö f theorem that | f(z) | is bounded in the whole finite
plane . Thus f is a nonzero constant from Liouville ’ s theorem , and this contradicts ( 1 . 4 )
.

The next two examples illustrate Theorem 1 . 6 .
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Example 4 . 1 \quad Consider the d i f f e r e n t i a l equat ion

\begin { a l i g n ∗}
f ˆ{ \prime \prime \prime } + \cos \sqrt { z f }ˆ{ \prime \prime } + \ sin z

f ˆ{ \prime } + \ f r a c { \ sin \sqrt{ z }}{\ sqrt{ z }} f = 0 . \ tag ∗{$ ( 4 . 1
) $}
\end{ a l i g n ∗}

\noindent Then from Theorem 1 . 6 , i t f o l l o w s that every s o l u t i o n $ f \not\equiv 0 $
i s o f i n f i n i t e order .

\noindent Example 4 . 2 Suppose $ A { 0 } ( z ) , . . . , A { k − 1 }
( z ) $ with $ A { 0 } ( z ) equ iva lence−n e g a t i o n s l a s h 0 $ be e n t i r e f u n c t i o n s
and $ n \geq 1 $ an i n t e g e r . \quad Then from Theorem 1 . 6 , i t f o l l o w s that every s o l u t i o n

$ f equ iva lence−n e g a t i o n s l a s h 0 $ o f f o l l o w i n g two equat ions i s o f i n f i n i t e order :

\ [\ begin { a l i gned } f ˆ{ ( k ) } + A { k − 1 } ( z ) f ˆ{ ( k − 1 ) }
+ \cdot \cdot \cdot + A { 2 } ( z ) f ˆ{ \prime \prime } + \ sin (
z ˆ{ n } ) f ˆ{ \prime } + A { 0 } ( z ) f = 0 , ( 4 . 2 ) \\

where \rho ( A { j } ) < n , j = 0 , 2 , 3 , . . . ,
k − 1 ; and \\

f ˆ{ ( k ) } + A { k − 1 } ( z ) f ˆ{ ( k − 1 ) } + \cdot
\cdot \cdot + A { 2 } ( z ) f ˆ{ \prime \prime } + \cos ( z ˆ{ n /
2 } ) f ˆ{ \prime } + A { 0 } ( z ) f = 0 , ( 4 . 3 ) \\

where \rho ( A { j } ) < n / 2 , j = 0 , 2 , 3 , . .
. , k − 1 . \end{ a l i gned }\ ]

\noindent 5 \quad Proof o f Theorem \quad 1 . 7

\noindent Set max $ \{ \sigma ( A { j } ) : j = 0 , 2 , . . .
, k − 1 \} = \beta < \alpha = \sigma ( A { 1 } ) . $ Suppose that
$ f equ iva lence−n e g a t i o n s l a s h 0 $ i s a

\noindent s o l u t i o n o f ( 1 . 4 ) with $ \sigma ( f ) < + \ infty . $ I t f o l l o w s from ( 1 . 4 ) , that

\begin { a l i g n ∗}
− A { 1 } ( z ) = \ f r a c { f ˆ{ ( k ) }}{ f ˆ{ \prime }} + A { k − 1 }

( z ) \ f r a c { f ˆ{ ( k − 1 ) }}{ f ˆ{ \prime }} + \cdot \cdot \cdot +
A { 2 } ( z ) \ f r a c { f ˆ{ \prime \prime }}{ f ˆ{ \prime }} + A { 0 } ( z )
\ f r a c { f }{ f ˆ{ \prime }} { . }\ tag ∗{$ ( 5 . 1 ) $}
\end{ a l i g n ∗}

\noindent Hence from Nevanlinna ’ s fundamental r e s u l t s on meromorphic f u n c t i o n s [ 6 , p .
5 ] , [ 6 , Theorem 2 . 2 , p . 34 ] and [ 6 , Theorem 3 . 1 , p . 55 ] , we have

\ [\ begin { a l i gned } m ( r , A { 1 } ) \ leq m ( r , A { 0 } ) + m
( r , A { 2 } ) + \cdot \cdot \cdot + m ( r , A { k − 1 }
) \\

+ \sum ˆ{ j = 2 } { k } m ( r , \ f r a c { f ˆ{ ( j ) }}{ f ˆ{ \prime }} )
+ m ( r , \ f r a c { f }{ f ˆ{ \prime }} ) + O ( 1 ) \\
\ leq m ( r , A { 0 } ) + m ( r , A { 2 } ) + \cdot \cdot

\cdot + m ( r , A { k − 1 } ) + m ( r , \ f r a c { f }{ f ˆ{ \prime }}
) + O ( \ log r ) \end{ a l i gned }\ ]

( 5 . 2 )
ho lds f o r a l l $ r $ out s id e a s e t $ E \subset ( 0 , + \ infty ) $ with a l i n e a r measure

$ m ( E ) = \delta < + \ infty . $
Here the notat ion $ m ( r , h ) $ f o r a meromorphic func t i on $ h $ i s de f ined by

\begin { a l i g n ∗}
m ( r , h ) = \ f r a c { 1 }{ 2 \pi } \ int ˆ{ 2 \pi } { 0 } \ log ˆ{ + } \mid

h ( re ˆ{ i \theta } ) \mid d \theta , \ tag ∗{$ ( 5 . 3 ) $}
\end{ a l i g n ∗}

\noindent which i s equal to $ T ( r , h ) $ i f $ h $ i s e n t i r e . I t f o l l o w s from ( 5 . 2 ) that f o r
$ r element−s l a s h E $

\begin { a l i g n ∗}
T ( r , A { 1 } ) \ leq T ( r , A { 0 } ) + T ( r , A { 2 }

) + \cdot \cdot \cdot + T ( r , A { k − 1 } ) + 2 T ( r
, f ) + O ( \ log r ) , \ tag ∗{$ ( 5 . 4 ) $}
\end{ a l i g n ∗}
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Example 4 period 1 .. Consider the differential equation
Equation: open parenthesis 4 period 1 closing parenthesis .. f to the power of prime prime prime plus cosine square root

sub zf to the power of prime prime plus sine z f to the power of prime plus sine square root of z divided by square root of z f
= 0 period

Then from Theorem 1 period 6 comma it follows that every solution f negationslash-equivalence 0 is of infinite order period
Example 4 period 2 Suppose A sub 0 open parenthesis z closing parenthesis comma period period period comma A sub k

minus 1 open parenthesis z closing parenthesis with A sub 0 open parenthesis z closing parenthesis equivalence-negationslash
0 be entire functions

and n greater equal 1 an integer period .. Then from Theorem 1 period 6 comma it follows that every solution
f equivalence-negationslash 0 of following two equations is of infinite order :
Line 1 f to the power of open parenthesis k closing parenthesis plus A sub k minus 1 open parenthesis z closing parenthesis

f to the power of open parenthesis k minus 1 closing parenthesis plus times times times plus A sub 2 open parenthesis z closing
parenthesis f to the power of prime prime plus sine open parenthesis z to the power of n closing parenthesis f to the power of
prime plus A sub 0 open parenthesis z closing parenthesis f = 0 comma open parenthesis 4 period 2 closing parenthesis Line
2 where rho open parenthesis A sub j closing parenthesis less n comma j = 0 comma 2 comma 3 comma period period period
comma k minus 1 semicolon and Line 3 f to the power of open parenthesis k closing parenthesis plus A sub k minus 1 open
parenthesis z closing parenthesis f to the power of open parenthesis k minus 1 closing parenthesis plus times times times plus
A sub 2 open parenthesis z closing parenthesis f to the power of prime prime plus cosine open parenthesis z to the power of
n slash 2 closing parenthesis f to the power of prime plus A sub 0 open parenthesis z closing parenthesis f = 0 comma open
parenthesis 4 period 3 closing parenthesis Line 4 where rho open parenthesis A sub j closing parenthesis less n slash 2 comma
j = 0 comma 2 comma 3 comma period period period comma k minus 1 period

5 .. Proof of Theorem .. 1 period 7
Set max open brace sigma open parenthesis A sub j closing parenthesis : j = 0 comma 2 comma period period period

comma k minus 1 closing brace = beta less alpha = sigma open parenthesis A sub 1 closing parenthesis period Suppose that
f equivalence-negationslash 0 is a

solution of open parenthesis 1 period 4 closing parenthesis with sigma open parenthesis f closing parenthesis less plus
infinity period It follows from open parenthesis 1 period 4 closing parenthesis comma that

Equation: open parenthesis 5 period 1 closing parenthesis .. minus A sub 1 open parenthesis z closing parenthesis = f to
the power of open parenthesis k closing parenthesis divided by f to the power of prime plus A sub k minus 1 open parenthesis
z closing parenthesis f to the power of open parenthesis k minus 1 closing parenthesis divided by f to the power of prime plus
times times times plus A sub 2 open parenthesis z closing parenthesis f to the power of prime prime divided by f to the power
of prime plus A sub 0 open parenthesis z closing parenthesis f divided by f to the power of prime sub period

Hence from Nevanlinna quoteright s fundamental results on meromorphic functions open square bracket 6 comma p period
5 closing square bracket comma open square bracket 6 comma Theorem 2 period 2 comma p period 34 closing square

bracket and open square bracket 6 comma Theorem 3 period 1 comma p period 55 closing square bracket comma we have
Line 1 m open parenthesis r comma A sub 1 closing parenthesis less or equal m open parenthesis r comma A sub 0 closing

parenthesis plus m open parenthesis r comma A sub 2 closing parenthesis plus times times times plus m open parenthesis r
comma A sub k minus 1 closing parenthesis Line 2 plus sum from j = 2 to k m open parenthesis r comma f to the power of
open parenthesis j closing parenthesis divided by f to the power of prime closing parenthesis plus m open parenthesis r comma
f divided by f to the power of prime closing parenthesis plus O open parenthesis 1 closing parenthesis Line 3 less or equal
m open parenthesis r comma A sub 0 closing parenthesis plus m open parenthesis r comma A sub 2 closing parenthesis plus
times times times plus m open parenthesis r comma A sub k minus 1 closing parenthesis plus m open parenthesis r comma f
divided by f to the power of prime closing parenthesis plus O open parenthesis log r closing parenthesis

open parenthesis 5 period 2 closing parenthesis
holds for all r outside a set E subset open parenthesis 0 comma plus infinity closing parenthesis with a linear measure m

open parenthesis E closing parenthesis = delta less plus infinity period
Here the notation m open parenthesis r comma h closing parenthesis for a meromorphic function h is defined by
Equation: open parenthesis 5 period 3 closing parenthesis .. m open parenthesis r comma h closing parenthesis = 1 divided

by 2 pi integral sub 0 to the power of 2 pi log to the power of plus bar h open parenthesis re to the power of i theta closing
parenthesis bar d theta comma

which is equal to T open parenthesis r comma h closing parenthesis if h is entire period It follows from open parenthesis 5
period 2 closing parenthesis that for r element-slash E

Equation: open parenthesis 5 period 4 closing parenthesis .. T open parenthesis r comma A sub 1 closing parenthesis less
or equal T open parenthesis r comma A sub 0 closing parenthesis plus T open parenthesis r comma A sub 2 closing parenthesis
plus times times times plus T open parenthesis r comma A sub k minus 1 closing parenthesis plus 2 T open parenthesis r
comma f closing parenthesis plus O open parenthesis log r closing parenthesis comma
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the differential equation

f ′′′ + cos

√
′′
zf + sin zf ′ +

sin
√
z√

z
f = 0. (4.1)

Then from Theorem 1 . 6 , it follows that every solution f 6≡ 0 is of infinite order .
Example 4 . 2 Suppose A0(z), ..., Ak−1(z) with A0(z)equivalence− negationslash0 be entire
functions and n ≥ 1 an integer . Then from Theorem 1 . 6 , it follows that every solution
fequivalence− negationslash0 of following two equations is of infinite order :

f (k) +Ak−1(z)f (k−1) + · · ·+A2(z)f ′′ + sin(zn)f ′ +A0(z)f = 0, (4.2)

whereρ(Aj) < n, j = 0, 2, 3, ..., k − 1; and

f (k) +Ak−1(z)f (k−1) + · · ·+A2(z)f ′′ + cos(zn/2)f ′ +A0(z)f = 0, (4.3)

whereρ(Aj) < n/2, j = 0, 2, 3, ..., k − 1.

5 Proof of Theorem 1 . 7
Set max {σ(Aj) : j = 0, 2, ..., k−1} = β < α = σ(A1). Suppose that fequivalence−negationslash0
is a
solution of ( 1 . 4 ) with σ(f) < +∞. It follows from ( 1 . 4 ) , that

−A1(z) =
f (k)

f ′
+Ak−1(z)

f (k−1)

f ′
+ · · ·+A2(z)

f ′′

f ′
+A0(z)

f

f ′ .
(5.1)

Hence from Nevanlinna ’ s fundamental results on meromorphic functions [ 6 , p . 5 ] , [ 6 ,
Theorem 2 . 2 , p . 34 ] and [ 6 , Theorem 3 . 1 , p . 55 ] , we have

m(r,A1) ≤ m(r,A0) +m(r,A2) + · · ·+m(r,Ak−1)

+

j=2∑
k

m(r,
f (j)

f ′
) +m(r,

f

f ′
) +O(1)

≤ m(r,A0) +m(r,A2) + · · ·+m(r,Ak−1) +m(r,
f

f ′
) +O(log r)

( 5 . 2 ) holds for all r outside a set E ⊂ (0,+∞) with a linear measure m(E) = δ < +∞.
Here the notation m(r, h) for a meromorphic function h is defined by

m(r, h) =
1

2π

∫ 2π

0

log+ | h(reiθ) | dθ, (5.3)

which is equal to T (r, h) if h is entire . It follows from ( 5 . 2 ) that for relement− slashE

T (r,A1) ≤ T (r,A0) + T (r,A2) + · · ·+ T (r,Ak−1) + 2T (r, f) +O(log r), (5.4)
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s i n c e $ m ( r , f / f ˆ{ \prime } ) \ leq 2 T ( r , f ) +

O ( 1 ) , r element−s l a s h E . $ \quad Since $ \sigma ( A { 1 } ) =
\alpha , $ the re e x i s t s $ \{ r ˆ{ \prime } { n } \} $

\noindent with $ r ˆ{ \prime } { n } \rightarrow \ infty , $ such that

\begin { a l i g n ∗}
\ lim{ \prime { n { r }}} \rightarrow \ infty \ f r a c { \ log T ( r ˆ{ \prime } { n ˆ{ , }}
A { 1 } ) }{ \ log r ˆ{ \prime } { n }} = \alpha . \ tag ∗{$ ( 5 . 5 ) $}
\end{ a l i g n ∗}

\noindent By $ m ( E ) = \delta < + \ infty , $ the re e x i s t s a po int $ r { n }
\ in [ r ˆ{ \prime } { n ˆ{ , }} r ˆ{ \prime } { n } + \delta + 1 ] − E . $
From

\begin { a l i g n ∗}
\ f r a c { \ log T ( r { n } , A { 1 } ) }{ \ log r { n }} \geq \ f r a c { \ log T
( r ˆ{ \prime } { n ˆ{ , }} A { 1 } ) }{ \ log ( r ˆ{ \prime } { n } + \delta +
1 ) } = \ f r a c { \ log T ( r ˆ{ \prime } { n ˆ{ , }} A { 1 } ) }{ \ log r ˆ{ \prime } { n }
+ \ log ( 1 + ( \delta + 1 ) / r ˆ{ \prime } { n } ) }\ tag ∗{$ ( 5
. 6 ) $}
\end{ a l i g n ∗}

\noindent we get

\begin { a l i g n ∗}
\ lim { r { n } \rightarrow \ infty } \ inf \ f r a c { \ log T ( r { n } , A { 1 }

) }{ \ log r { n }} \geq \alpha . \ tag ∗{$ ( 5 . 7 ) $}
\end{ a l i g n ∗}

\noindent So , f o r any given $ \varepsilon $ with $ 0 < 2 \varepsilon < \alpha
− \beta , $ and f o r $ j = 0 , 2 , . . . , k − 1 , $

\begin { a l i g n ∗}
T ( r { n } , A { j } ) \ leq n { r }ˆ{ \beta + \varepsilon } and T

( r { n } , A { 1 } ) > r ˆ{ \alpha − \varepsilon } { n }\ tag ∗{$ ( 5 .
8 ) $}
\end{ a l i g n ∗}

\noindent hold f o r s u f f i c i e n t l y l a r g e $ r { n } . $ By ( 5 . 4 ) and ( 5 . 8 ) , we get f o r s u f f i c i e n t l y l a r g e
$ r { n } , $

\begin { a l i g n ∗}
r ˆ{ \alpha − \varepsilon } { n } \ leq ( k − 1 ) n { r }ˆ{ \beta + \varepsilon }

+ 2 T ( r { n } , f ) + O ( \ log r { n } ) . \ tag ∗{$ ( 5 .
9 ) $}
\end{ a l i g n ∗}

\noindent There fore ,

\begin { a l i g n ∗}
\ lim { r { n } \rightarrow \ infty } \sup \ f r a c { \ log T ( r { n } , f ) }{ \ log

r { n }} \geq \alpha − \varepsilon \ tag ∗{$ ( 5 . 1 0 ) $}
\end{ a l i g n ∗}

\noindent and s i n c e $ \varepsilon $ i s a r b i t r a r y , we get $ \sigma ( f ) \geq \sigma
( A { 1 } ) = \alpha . $ This proves Theorem $ 1 . 7 . \ l o z enge $

\noindent The next example i l l u s t r a t e s Theorem 1 . 7 .
Example 5 . 1 \quad The equat ion

\begin { a l i g n ∗}
f ˆ{ \prime \prime \prime \prime } + e ˆ{ − z } f ˆ{ \prime } − 1 6 f

= 0 \ tag ∗{$ ( 5 . 1 1 ) $}
\end{ a l i g n ∗}

\noindent has a s o l u t i o n $ f ( z ) = 1 20 e ˆ{ 2 z } + 1 6 e ˆ{ z }
+ 1 , $ where $ \sigma ( A { 1 } ) = 1 , \sigma ( A { j } ) =
0 , j = 0 , 2 , 3 , $

\begin { a l i g n ∗}
and \sigma ( f ) = 1 .
\end{ a l i g n ∗}

\noindent 6 \quad Proof o f Theorem \quad 1 . 8

\noindent Let $ \beta < \sigma ( A { 0 } ) $ and l e t $ f \not\equiv 0 $ be a s o l u t i o n o f ( 1 . 4 ) . Suppose that
$ \beta < \alpha < \sigma ( A { 0 } ) $

\noindent and that the re i s a s e t $ E { \beta } \subset [ 0 , + \ infty ) $ o f lower dens i ty 1 s a t i s f y i n g ( 1 . 1 9 ) . Set

\ [\ begin { a l i gned } E { 1 } = \{ z : \mid z \mid = r \ in E { \beta } and
\mid A { j } ( z ) \mid = \mid ˆ{ \min } z \mid = r \mid A { j }
( z ) \mid , j = 1 , 2 , . . . , k − 1 \} { . } ( 6
. 1 ) \\

Then \ r u l e {3em}{0 .4 pt} ˆ{ dens } \{ \mid z \mid : z \ in E { 1 } \} =
1 and \\
\mid A { j } ( z ) \mid \ leq \exp ( r ˆ{ \beta } ) , j = 1 ,

2 , . . . , k − 1 ( 6 . 2 ) \end{ a l i gned }\ ]
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since m open parenthesis r comma f slash f to the power of prime closing parenthesis less or equal 2 T open parenthesis

r comma f closing parenthesis plus O open parenthesis 1 closing parenthesis comma r element-slash E period .. Since sigma
open parenthesis A sub 1 closing parenthesis = alpha comma there exists open brace r sub n to the power of prime closing
brace

with r sub n to the power of prime right arrow infinity comma such that
Equation: open parenthesis 5 period 5 closing parenthesis .. limint prime n r right arrow infinity log T open parenthesis r

sub n to the power of comma to the power of prime A sub 1 closing parenthesis divided by log r sub n to the power of prime
= alpha period

By m open parenthesis E closing parenthesis = delta less plus infinity comma there exists a point r sub n in open square
bracket r sub n to the power of comma to the power of prime r sub n to the power of prime plus delta plus 1 closing square
bracket minus E period From

Equation: open parenthesis 5 period 6 closing parenthesis .. log T open parenthesis r sub n comma A sub 1 closing
parenthesis divided by log r sub n greater equal log T open parenthesis r sub n to the power of comma to the power of prime
A sub 1 closing parenthesis divided by log open parenthesis r sub n to the power of prime plus delta plus 1 closing parenthesis
= log T open parenthesis r sub n to the power of comma to the power of prime A sub 1 closing parenthesis divided by log r
sub n to the power of prime plus log open parenthesis 1 plus open parenthesis delta plus 1 closing parenthesis slash r sub n to
the power of prime closing parenthesis

we get
Equation: open parenthesis 5 period 7 closing parenthesis .. limint r sub n right arrow infinity inf log T open parenthesis

r sub n comma A sub 1 closing parenthesis divided by log r sub n greater equal alpha period
So comma for any given epsilon with 0 less 2 epsilon less alpha minus beta comma and for j = 0 comma 2 comma period

period period comma k minus 1 comma
Equation: open parenthesis 5 period 8 closing parenthesis .. T open parenthesis r sub n comma A sub j closing parenthesis

less or equal n r to the power of beta plus epsilon and T open parenthesis r sub n comma A sub 1 closing parenthesis greater
r sub n to the power of alpha minus epsilon

hold for sufficiently large r sub n period By open parenthesis 5 period 4 closing parenthesis and open parenthesis 5 period
8 closing parenthesis comma we get for sufficiently large r sub n comma

Equation: open parenthesis 5 period 9 closing parenthesis .. r sub n to the power of alpha minus epsilon less or equal open
parenthesis k minus 1 closing parenthesis n r to the power of beta plus epsilon plus 2 T open parenthesis r sub n comma f
closing parenthesis plus O open parenthesis log r sub n closing parenthesis period

Therefore comma
Equation: open parenthesis 5 period 1 0 closing parenthesis .. limint r sub n right arrow infinity supremum log T open

parenthesis r sub n comma f closing parenthesis divided by log r sub n greater equal alpha minus epsilon
and since epsilon is arbitrary comma we get sigma open parenthesis f closing parenthesis greater equal sigma open paren-

thesis A sub 1 closing parenthesis = alpha period This proves Theorem 1 period 7 period lozenge
The next example i llustrates Theorem 1 period 7 period
Example 5 period 1 .. The equation
Equation: open parenthesis 5 period 1 1 closing parenthesis .. f to the power of prime prime prime prime plus e to the

power of minus z f to the power of prime minus 1 6 f = 0
has a solution f open parenthesis z closing parenthesis = 1 20 e to the power of 2 z plus 1 6 e to the power of z plus 1 comma

where sigma open parenthesis A sub 1 closing parenthesis = 1 comma sigma open parenthesis A sub j closing parenthesis =
0 comma j = 0 comma 2 comma 3 comma

and sigma open parenthesis f closing parenthesis = 1 period
6 .. Proof of Theorem .. 1 period 8
Let beta less sigma open parenthesis A sub 0 closing parenthesis and let f negationslash-equivalence 0 be a solution of open

parenthesis 1 period 4 closing parenthesis period Suppose that beta less alpha less sigma open parenthesis A sub 0 closing
parenthesis

and that there is a set E sub beta subset open square bracket 0 comma plus infinity closing parenthesis of lower density 1
satisfying open parenthesis 1 period 1 9 closing parenthesis period Set

Line 1 E sub 1 = braceleftbig z : bar z bar = r in E sub beta and bar A sub j open parenthesis z closing parenthesis bar =
bar to the power of minimum z bar = r bar A sub j open parenthesis z closing parenthesis bar comma j = 1 comma 2 comma
period period period comma k minus 1 bracerightbig sub period open parenthesis 6 period 1 closing parenthesis Line 2 Then
hline to the power of dens open brace bar z bar : z in E sub 1 closing brace = 1 and Line 3 bar A sub j open parenthesis z
closing parenthesis bar less or equal exponent open parenthesis r to the power of beta closing parenthesis comma j = 1 comma
2 comma period period period comma k minus 1 open parenthesis 6 period 2 closing parenthesis

1 0 Order and hyper - order of entire solu tions EJDE – 2003 / 1 7 since m(r, f/f ′) ≤
2T (r, f) +O(1), relement− slashE. Since σ(A1) = α, there exists {r′n}
with r′n →∞, such that

lim ′nr →∞
log T (r′n,A1)

log r′n
= α. (5.5)

By m(E) = δ < +∞, there exists a point rn ∈ [r′n,r
′
n + δ + 1]− E. From

log T (rn, A1)

log rn
≥ log T (r′n,A1)

log(r′n + δ + 1)
=

log T (r′n,A1)

log r′n + log(1 + (δ + 1)/r′n)
(5.6)

we get

lim
rn→∞

inf
log T (rn, A1)

log rn
≥ α. (5.7)

So , for any given ε with 0 < 2ε < α− β, and for j = 0, 2, ..., k − 1,

T (rn, Aj) ≤ nβ+εr and T (rn, A1) > rα−εn (5.8)

hold for sufficiently large rn. By ( 5 . 4 ) and ( 5 . 8 ) , we get for sufficiently large rn,

rα−εn ≤ (k − 1)nβ+εr + 2T (rn, f) +O(log rn). (5.9)

Therefore ,

lim
rn→∞

sup
log T (rn, f)

log rn
≥ α− ε (5.10)

and since ε is arbitrary , we get σ(f) ≥ σ(A1) = α. This proves Theorem 1.7.♦
The next example i llustrates Theorem 1 . 7 . Example 5 . 1 The equation

f ′′′′ + e−zf ′ − 16f = 0 (5.11)

has a solution f(z) = 120e2z + 16ez + 1, where σ(A1) = 1, σ(Aj) = 0, j = 0, 2, 3,

andσ(f) = 1.

6 Proof of Theorem 1 . 8
Let β < σ(A0) and let f 6≡ 0 be a solution of ( 1 . 4 ) . Suppose that β < α < σ(A0)
and that there is a set Eβ ⊂ [0,+∞) of lower density 1 satisfying ( 1 . 1 9 ) . Set

E1 = {z :| z |= r ∈ Eβand | Aj(z) |=|min z |= r | Aj(z) |, j = 1, 2, ..., k − 1}. (6.1)

Then dens{| z |: z ∈ E1} = 1and

| Aj(z) |≤ exp(rβ), j = 1, 2, ..., k − 1 (6.2)
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f o r a l l $ z \ in E { 1 } . $ \quad Also , from Lemma 2 . 4 , the re i s a s e t $ E { 2 }
\subset [ 0 , + \ infty ) $ o f p o s i t i v e

\noindent upper dens i ty such that f o r a l l $ z $ s a t i s f y i n g $ \mid z \mid \ in E { 2 }
, $ we have

\begin { a l i g n ∗}
\mid A { 0 } ( z ) \mid \geq \exp ( r ˆ{ \alpha } ) . \ tag ∗{$ ( 6

. 3 ) $}
\end{ a l i g n ∗}

\noindent Now l e t $ E = \{ z \ in E { 1 } : \mid z \mid \ in E { 2 }
\} . $ \quad Then , with a s e t $ E $ and the number $ \alpha , $

$ A { 0 } ( z ) , . . . , A { k − 1 } ( z ) $ s a t i s f y the hypothes i s o f Lemma 2 . 5 r e s p e c t i v e l y . Hence we
conclude by Lemma 2 . 5 that every s o l u t i o n $ f equ iva lence−n e g a t i o n s l a s h 0 $ o f ( 1 . 4 ) s a t i s f i e s

$ \sigma ( f ) = + \ infty $

\noindent and

\begin { a l i g n ∗}
\sigma { 2 } ( f ) = \ lim { r \rightarrow }ˆ{ \sup } { \ infty } \ f r a c { \ log
\ log T ( r , f ) }{ \ log r } \geq \alpha . \ tag ∗{$ ( 6 . 4 ) $}
\end{ a l i g n ∗}

\noindent Thus the r e s u l t o f the theorem f o l l o w s s i n c e $ \alpha $ i s a r b i t r a r y $ . \ l o z enge $

\centerline{The next example i l l u s t r a t e s Theorem 1 . 8 . }

\noindent Example 6 . 1 Let $ P { 1 } ( z ) , . . . , P { k − 1 } (
z ) $ \quad be nonconstant polynomia l s , \quad and l e t

$ h { 1 } ( z ) , . . . , h { k − 1 } ( z ) $ be e n t i r e f u n c t i o n s s a t i s f y i n g
$ \sigma ( h { j } ) < $ deg $ P { j }$ f o r $ j = 1 , . . . , k
− $

\noindent 1 . \quad Let $ A { 0 } ( z ) $ be an e n t i r e func t i on with $ 0 < \sigma
( A { 0 } ) < 1 / 2 . $ \quad Then , by Theorem
1 . 8 , every s o l u t i o n $ f equ iva lence−n e g a t i o n s l a s h 0 $ o f the equat ion

\begin { a l i g n ∗}
f ˆ{ ( k ) } + h { k − 1 } ( z ) e ˆ{ P { k − 1 } ( z ) } f ˆ{ (

k − 1 ) } + \cdot \cdot \cdot + h { 1 } ( z ) e ˆ{ P { 1 } ( z
) } f ˆ{ \prime } + A { 0 } ( z ) f = 0 \ tag ∗{$ ( 6 . 5 ) $}
\end{ a l i g n ∗}

\noindent i s o f i n f i n i t e order with $ \sigma { 2 } ( f ) \geq \sigma ( A { 0 }
) , $ because

\begin { a l i g n ∗}
\mid ˆ{ \min } z \mid = r ˆ{ \mid h { j } ( z ) e ˆ{ P { j } ( z ) }}
\mid \rightarrow 0 , j = 1 , . . . , k − 1 \\ as r \rightarrow
\ infty .
\end{ a l i g n ∗}
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0 comma plus infinity closing parenthesis of positive
upper density such that for all z satisfying bar z bar in E sub 2 comma we have
Equation: open parenthesis 6 period 3 closing parenthesis .. bar A sub 0 open parenthesis z closing parenthesis bar greater

equal exponent open parenthesis r to the power of alpha closing parenthesis period
Now let E = open brace z in E sub 1 : bar z bar in E sub 2 closing brace period .. Then comma with a set E and the

number alpha comma
A sub 0 open parenthesis z closing parenthesis comma period period period comma A sub k minus 1 open parenthesis z
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conclude by Lemma 2 period 5 that every solution f equivalence-negationslash 0 of open parenthesis 1 period 4 closing

parenthesis satisfies sigma open parenthesis f closing parenthesis = plus infinity
and
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Example 6 period 1 Let P sub 1 open parenthesis z closing parenthesis comma period period period comma P sub k minus

1 open parenthesis z closing parenthesis .. be nonconstant polynomials comma .. and let
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closing parenthesis be entire functions satisfying sigma open parenthesis h sub j closing parenthesis less deg P sub j for j = 1
comma period period period comma k minus
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sub 0 closing parenthesis less 1 slash 2 period .. Then comma by Theorem
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is of infinite order with sigma sub 2 open parenthesis f closing parenthesis greater equal sigma open parenthesis A sub 0
closing parenthesis comma because
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1 as r right arrow infinity period

Acknowledgement .. The authors would like to thank the referee for his slash her
helpful remarks and suggestions period
References
open square bracket 1 closing square bracket .. B period Belaidi comma .. Estimation of the hyper hyphen order of entire

s o lutions .. of complex
linear ordinary differential equations whose coefficients are entire functions comma
E period J period Qualitative Theory of Diff period Equ period comma No period 5 comma open parenthesis 2002 closing

parenthesis comma 8 pp period
open square bracket 2 closing square bracket .. A period Besicovitch comma On integral functions of order less 1 comma

Math period Ann period comma 97 open parenthesis 1 927 closing parenthesis comma
pp period 677 hyphen 695 period
open square bracket 3 closing square bracket .. G period .. Gundersen comma .. Finite .. order s o lutio ns .. of s econd ..

order linear differential
equations comma Trans period Amer period Math period Soc period 305 open parenthesis 1 988 closing parenthesis comma

pp period 4 1 5 hyphen 429 period
open square bracket 4 closing square bracket .. G period Gundersen comma Estimates for the logarithmic derivative of a

meromorphic
function comma plus s imilar estimates comma J period London Math period Soc period open parenthesis 2 closing

parenthesis 37 open parenthesis 1 988 closing parenthesis comma pp period
88 hyphen 1 4 period

EJDE – 2003 / 1 7 Benharrat Bela ı̈ di & Karima Hamani 1 1 for all z ∈ E1. Also ,
from Lemma 2 . 4 , there is a set E2 ⊂ [0,+∞) of positive
upper density such that for all z satisfying | z |∈ E2, we have

| A0(z) |≥ exp(rα). (6.3)

Now let E = {z ∈ E1 : | z | ∈ E2}. Then , with a set E and the number α, A0(z), ..., Ak−1(z)
satisfy the hypothesis of Lemma 2 . 5 respectively . Hence we conclude by Lemma 2 . 5 that
every solution fequivalence− negationslash0 of ( 1 . 4 ) satisfies σ(f) = +∞
and

σ2(f) =
sup

lim
r→ ∞

log log T (r, f)

log r
≥ α. (6.4)

Thus the result of the theorem follows since α is arbitrary . ♦
The next example illustrates Theorem 1 . 8 .

Example 6 . 1 Let P1(z), ..., Pk−1(z) be nonconstant polynomials , and let h1(z), ..., hk−1(z)
be entire functions satisfying σ(hj) < deg Pj for j = 1, ..., k−
1 . Let A0(z) be an entire function with 0 < σ(A0) < 1/2. Then , by Theorem 1 . 8 , every
solution fequivalence− negationslash0 of the equation

f (k) + hk−1(z)ePk−1(z)f (k−1) + · · ·+ h1(z)eP1(z)f ′ +A0(z)f = 0 (6.5)

is of infinite order with σ2(f) ≥ σ(A0), because

|min z |= r|hj(z)e
Pj(z) |→ 0, j = 1, ..., k − 1

asr →∞.
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