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Abstract

In this paper, we etablish some spectral properties for a general
class of multiplication type-operators containing n involutions on the
Hilbert space L2 (X, 1) . We construct the resolvent and we investigate
the spectrum and the spectral functions of these operators.
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1 Introduction

Every Hermitian matrix is unitarily equivalent to a diagonal one. The spectral
theorem is regarded as the generalization of this assertion to operators on
Hilbert spaces. More precisely, a version of the spectral theorem identifies a
class of linear operators that can be modelled by multiplication operators,
which are as simple as one can hope to find. Examples of operators to which
the spectral theorem applies are selfadjoint operators or more generally normal
operators on Hilbert spaces.

Then any selfadjoint operator is unitarily equivalent to a multiplication
operator. This version of the spectral theorem is usually avoided, since most
technical problems can be dealt with by the functional calculus [1], [5].
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Although the development of the spectral theory of selfadjoint operators
can be regarded as complete, there exist only a few operators for which the
resolvent and spectral functions can be given in explicit form.

In this paper, we give some spectral properties for a class of multiplication-
type operators (T'M),,, on the Hilbert space L? (X, u), containing n involu-
tions. We construct the resolvent and we investigate the spectrum and the
spectral functions of these operators.

An operator from this class has the form :

Tf=0f+Y U f
=1

where 6 and 1, (i = 1, ...,n) are measurable functions defined on a measur-
able space (X, u) with o-finite measure p and U; are involutions on L? (X, ).

Particularly, if X = R? and p is the Lebesgue measure on R?, the operator T’
is unitarily equivalent to convolution type operator on L? (RP) which represents
a large class of operators containing the differential and integrodifferential
operators with kernels depending on the difference and sum of the arguments
and other operators that appears in many fields of physics and mathematics.
As an example, we refer to the dissipation of energy in the atmosphere of
stars and planets which can be described by integral equations with kernels
depending on the difference and sum of the arguments [3].

2 (T'M), operators

2.1 Multiplication operators and involutions

Let (X, ) be a measurable space with o-finite measure p such that the Hilbert
space L? (X, 1) of square integrable function is separable. The measure y is
defined on a og—algebra of subsets of X which is not specified here.

We use the following notation: (,) for the inner product and ||| for the
L? (X, p)-norm; Ip is the characteristic function of a set £ C X; and 0
is the complex conjugate of 0; M(X, u) is the set of measurable functions
on (X,p). T, is the multiplication operator in L* (X, u) by the function ¢

T,f = @f with dense domain D(T,) = {f € L*(X,pn) ; of € L* (X, p)}

By U we denote the involution operator on L?(X,u) (U? = I, I is the
operator identity). We recall the following properties of such operators [2]:
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1) The involution U can be extented as an operation U on the set M (X, p)
perserving the multiplication : U(f.g) = U(f).U(g).

2) There exists a measurable function ¢ which is positive p-almost everywhere
on X and satisfies the conditions Uy = ¢~ U* = T,U

where U* is the adjoint operator of U. U* is defined on

DU*) ={fel’(X,n) ; oUf € L*(X,p)}
3) The maximal operator V = T 5U is unitary and selfadjoint on L*(X, ).

2.2 Adjoint of (T'M),, operators

Let 6 and (n,)1<i<n be (n+1) measurable functions on (X, x) and n involutions
U; on L*(X, u). Consider on L*(X, u1) the so-called (T'M),, operator :

n Vi Vi
Tf=Tof +> nf, [=Uf,i=1..n
=1

n v
defined on D(T) = {f €L*(X.p) ; 0f + ) _nf € L? (X,u)}.
i=1
Accordingly to property 2) of the opertors U;, there exists measurable pos-
itive functions ; such that U = T, U; for all i = 1, ..., n; therfore the adjoint

T* of T is given by
n Vi
T =Ty + Y T, U
i=1
with domain
_ n Vi Vi
D(T") = {f €L*(X,p) ;0f+> @mfel’ (X,u)}
i=1
Vi
where n = U;n,i = 1, ...,n. Thus, the operator T is selfadjoint if and only
Vi
if the function 6 is real and n, = ¢;n, 1 =1, ...,n.
Theorem 1 ([4/) The operator T is bounded if and only if the functions 6 and
\/.

7

V@i are p-essentially bounded on X, for all i =1,...,n. In this case

n Vi
1T < 10l + > || Ve,
i=1

where ||f|l,, = supess|f(x)|. T is compact if and only if 6 and (0;)1<i<n
reX

vanishes p-almost everywhere on X.
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2.3 Resolvent of (T'M),, operators

To illustrate the resolvent of (T'M),, operators, we consider the case n = 2.
Let a (T'M ), operator T defined on

D(T)={feL*(X,pn) ; 0f + mULf +nyUsf € L* (X, p)} by
Tf=0f+nUf+nUsf

where 0, 7]1, ny € L (X, p) and the involutions U;and U; commutes. We
note U; f = f j=12 UUyf =UU f = f

If A # 0 with

(0—A) y ™ M2 0
Y 1 \Y
m o (=X 0 5

A = Vo Va Vo (1)
M2 0 (0 —A) y m
Vi2 Vi2 12

0 Up) UA (0 —XN)

we obtain the first main result :

Theorem 2 If the functions

[ /v Y Y v v
Ry()) = L (6’1—/\) (6’2—/\) (612—/\) e (é—A) e ((f—Aﬂ

Vv Vv Vi Vo Vi
Ry(\) =% |m (77177112—7727715)—771 -2 (06—
I Vi2

v y, v Vi
Ry(A) = % [m (nwf—mﬁf)—nz 0 —X) (6 =\
1 [ vy (V2 Vig (V1
R3(\) = A~ [T 0 —X)+mmy [ 0 — A

(2)

are p-essentially bounded on X then the resolvent of the (T M)y operator T is
an (T M)s3 opertor defined on L*(X, ) by

Vi2

RA(T)f = RN f + Ri(\) f + Ra(N) f + Ra(N) | (3)

The resolvent set of T' is given by

p(T) {/\G(C Z|R |€L°°X,u)}
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Proof. By applying the operators Uy, Us and U,U; to the booth parts of the
equation T'g— A\g = f, f € L*(X, 1), we obtain the following system :

( Vi2

\Y Vv
O—=Ng+mg+ng+0g=f
Vi Vi
Mg+ (0 =N g +0G+md =1

Vo Va
M9 +0g+(0 =N g+md = f
Vi2Vi Vi2Va Vi2

Vi2 Vig
L 09+ 19 +mg+(0 —N)g=Ff

with nonvanishing determinant A. Thus, g = %Al f where

f Ui Up; 0

V1 V1 Vi

/ (0 =) 0 Up)
Alf = Vo Vo Vo

/ 0 (0 =) st

Vi2 Vio Vig Vi2

f M2 Ui (0 =N

then

Vi2

9= (T =N f = R + RN f + RN £+ By
where (R;(A))j<;<3 are given by (2). m

3 Resolvent of involution-type operators on
L*(RP)

3.1 (TM), involution-type operators

Let S(RP) stands for the Schwartz space of infinitely differentiable complex
functions ¢(x) such that

sup }xﬁDa<p(x)} < +oo forall a,f € N
r€RP

with the topology determined by this semi-norm for any a and 3 from

NP where N? is the set of multiindices o = (o, ..., ), oy € N. 2P = xfl.xg?..xgp
: olel

if x = (ZEl,...,fL'p) c Rp, ﬁ = (ﬁh'"?ﬁp) € NP and D* = m, ‘OZ‘ =
a4+ Q.

By S’(RP) we denote the dual space of S(RP), its elements are called tem-
pered distributions. Let us denote by F the Fourier transform on S(RP) :

<f@@w3/e%mwww,we5®%

RP
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extented by continuity to all f € S'(RP), or equivalently (Ff,p) = < fs .7:g0>
where (f, ) is the value of the distribution f on ¢ and Fy = Fp(—x) is the
inverse Fourier transform. It is well known that the Fourier transform acts as
an isomorphism on the spaces S(RP) and S’(R?) and it is an unitary operator
on L*(RP) (see e.g.[5]).

We recall that any measurable bounded function on RP? is an element of
S’(RP). By S7(RP) we denote the set of all distribution f € S’(RP) that have
locally square integrable Fourier transfom Ff on R? or Ff € L2 (RP).

loc

Definition 3 A (T'M),, involution-type operator on L*(RP) is defined by
n v
Af =&xf+> K= f (4)
i=1

with domain D(A) = {f € L*(R?) ; Af € L*(RP)}, where &, K; € S'(RP),
i=1,...,n and * is the convolution product on S'(RP).

By using the properties of F we obtain our second main result :

Theorem 4 The (T'M),, involution-type operator A defined on L*(RP) by (4)
is unitarily equivalent to the (T M), operator

Tf="Tof +) T, Vif
=1

where 0 = F¢, n; = FK; and V; = FUF,i=1,...,n. The resolvent Ry(A)
of A is given by Rx(A)f = FR\(T) % f where the resolvent R\(T) is given by
the relation (3).

3.2 Important cases

1. If K;=0,foralli=1,... ,n and £ € S](RP), then Af =¢ x f.

The resolvent R)(A) and the spectrum o(A) of A are respectively given
by

R\(A)f =F [(FE=NT] * f (5)

and

o(A) ={F¢(x) ; z € Rr}
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2. f Af =6« f+ K« Uf is defined by one involution U, (n = 1), then A
is unitarily equivalent to the operator

Tf=0f +nUf (6)

with § = F¢ and n = FK. We have

Ry(A)f = F[RA(T)] = f (7)

where

The resolvent set is then :
V
p(T) = {)\ eC; ((9 — /\) P~Y(\) and \/gnP~'(\) € LW(RP)} (8)

Furthermore, if # = § and n = 7, then A is selfadjoint and his spectral
function is given by

E(J)f = F(@(J))  f + F(W(J)  f (9)

for all interval J C R and f € L*(R"), where

[Le) (14 p) + 1gy) (1= p)]

0

N — DN —

[1e) + Lean] m

xeR”;[\/n%JreéJr% (0—5) —i—(—l)l_i%(@—i—é)](x)eJ}, i

(0(x) — 0(x))

m \/’77 ‘"’"’P( )’ >0
if n(z) = p(z) =0

3
(=}
&
I
/_/HMIH,—/H
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4 Example
Consider in L*(R?) the (T'M), involution type-operator A defined by
_of af o*f
Af(zy) = Fo@ =)+ 5 (-2 + 55 (10)

= DO« vf + DOV « vf + DUV« f

where ¢ is the Dirac distribution on R? concentrated at the origin (0,0) and
a5
D(a’ﬁ) = {gl—ayﬁ’ C(,ﬂ € N. Let
Vi

f(2,y) = U f(2,y) = f(z, —y) and f (2, 9) = Unf(z,) = f(~2,7)

Then, U12 = U22 =71 and UlUQ = U2U1.
Consequently, A is unitarily equivalent to the (7'M), operator Tf = 0f +

V1 Vo
mf +mnyf, where 0 = F (D(l’l)é) = —drixy, n, = F(D(l’o)é) = 2z and
ny = F (DOV§) = 2iry. Thus,

Tf(x,y) = —4nwyf (v,y) + 2ina f (z, —y) + 2imy f (—z,y)  (11)

By the relation (1), we have

(—4m2xy — \) 2T 21Ty 0
A = 2T (4mzy — N) 0 —2imy
21Ty 0 (4m?zy — N) —2imx
0 —2imy —2imx (—4m2zy — \)

= (4r? 4+ 0" + 167"y £ 0

for all (x,y) € R? if z # 0 or y # 0. Then, the resolvent of T is given by

s = Ml e
+H(4n2a? + ) 2imy — 8im®y (y2 + x2)]vf1

+[(—8i7733:2 (:1:2 + y2) — 2imx (47r2:1:2 + )\))] f —8n’zy (47r23:2 + )\) f}

Remark 5 Generally, if n > 2 and T is selfadjoint operator on L? (R?) then
T is unitarily equivalent to an operator defined by a (2" x 2™) matriz. We know
that his spectral function exist and can be for example determined by Matlab
resolution.
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For the precedent example we obtain the following eigenvalues :

A o= =272 — w2y 4 Ariay? N\, = 2¢/m2a2 — w22 4 Ania?y?
A3 = —2\/47T4x2y2 —m2x? —w2y? ;N\ = 2\/47T4x2y2 — m2x2 — 72y2

respectively associated to the eingenfunctions :

0
Fu(e.y) — e (22w ay? 4y /w2 — w2y? + Amta?y?)
T,y) = . ,
ey — e (2im%2%y — dx/m2a? — w2y 4 Amiay?)
1
0

. 1

Fy(x,y) = ™

wy2—ma?

(—2im2zy?® — iy\/m22? — 72y2 + dmwia2y?)
(2im2x%y + iv\/m222 — w292 + dmia2y?)
1

(12)

T

—y
(—2im2zy + iy/—7m2a2 — m2y? + dria?y?)
0
1

_1
Fg(.flf,?J) = Ty

z

y
—%y(—?iﬁ%y — i\/—7T2I2 — m2y? + dmtay?)
0
1

F4(xay) =

T is diagonal in the basis {Fy, Fy, F3, Fy} and by using the relation A = FTF,
we directly obtain the spectral function of A.
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