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ON THE FAST GROWTH OF SOLUTIONS TO
HIGHER ORDER LINEAR DIFFERENTIAL
EQUATIONS WITH ENTIRE COEFFICIENTS

Mansouria Saidani® and Benharrat Belaidi®®

Abstract. In this paper, we investigate the iterated order of solutions of
higher order homogeneous and nonhomogeneous linear differential equa-
tions

A () P+ A () f5 V4 AL (2) f Ao (2) =0
and
A () P + A () f5 V4 AL R) f Ao (2) f = F (2),

where Ao (2) #0,A:1(2), - ,Ar (2) Z 0 and F (z) # 0 are entire func-
tions of finite iterated p—order. We improve and extend some results of
He, Zheng and Hu; Long and Zhu by using the concept of the iterated
order and we obtain general estimates of the iterated convergence expo-
nent and the iterated p-order of solutions for the above equations.
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1. Introduction

In this paper, we shall assume that the reader is familiar with the fundamental
results and the standard notation of the Nevanlinna value distribution theory of
meromorphic functions see [B, @, 20], such as T' (r, f), N (r, f), m (r, f) . For the
definition of iterated order of meromorphic function, we use the same definition
asin [I2, T4]. For allr € R, we define exp, r := €" and exp,,,; 7 := exp (expp 7") ,
p € N. We also define for all r € (0, +00) sufficiently large log; r := logr and
log,, r :=log (log, ), p € N.

Definition 1.1. [02, [d] Let f be a meromorphic function. Then the iterated
p-order p, (f) of f is defined by

+
oo () 1= limsup 282 L ("2 F)

g ogr (p > 1 is an integer).
r—+00
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For p = 1, this notation is called order and for p = 2 hyper-order. If f is an
entire function, then the iterated p-order p, (f) of f is defined by

loet T T, logt M r,
pp (f) = limsupM Zlimsupw
r—+00 logr rstoo log r

where M (r, f) = max,—, | f (2) |.

, (p>1is an integer),

Definition 1.2. [I2] The finiteness degree of the order of a meromorphic func-
tion f is defined by

0, for f rational,
min{j € N :p; (f) < oo}, for f transcendental for which
some j € N with p; (f) < oo exists,
~+00, for f with p; (f) = +o0, Vj € N.

i(f):=

Definition 1.3. [2] Let n(r,a) be the unintegrated counting function for
the sequence of a-points of a meromorphic function f(z). Then the iterated
convergence exponent of a-points of f(z) is defined by

log;,|r n(r,a)

Ap (f, @) = limsup , (p>1is an integer).

r—+o00 10g r
In the definition of the iterated convergence exponent, we may replace n(r,a)
with the integrated counting function N(r,a), and we have

log™ N (r,
Ap (f,a) :=limsup M

, (p>1is an integer),
r—+o0 logr

where N(r,a) = N(r,a,f) = N (r, ﬁ) . If a = 0, then the iterated conver-

gence exponent of the zero-sequence is defined by

log;'N (r, %)
Ap (f) =limsup ————~

, (p>11is an integer),
r—+00 logr

where N r,% is the integrated counting of zeros of f(z) in {z:]|z| < r}.
Similarly, if a = oo, then the iterated convergence exponent of the pole-sequence

is defined by

1 logt N (r,

Ap () := lim sup M7 (p > 11is an integer) .
f r—+oo IOg r

Definition 1.4. [I2] The finiteness degree of the iterated convergence exponent

is defined by

0, if n(r,a) =0 (logr),
min{j € N : \; (f,a) < oo}, forsome jeN
with A; (f,a) < oo exists,
+oo, if Aj(f,a) =00 forall j € N.

ix(f,a) =
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Remark 1.5. If a = 0, then we set iy (f,a) = ix(f). If a = oo, then we set
ix (f,a) =ix (%) .

Definition 1.6. [, (6] The iterated lower p-order u, (f) of a meromorphic
function f is defined by

.. dogt T (r, f)
pp (f) = lim inf —= 2"

, (p>1is an integer) .
The Lebesgue linear measure of a set E C [0,00) is m (E) = [dt, and the
E
logarithmic measure of a set F' C (1, 400) is my (F') = f% The upper density
jg
of E C [0,00) is given by
E
dens (E) = limsup m(E00,r)
r—+o0 r
and the upper logarithmic density of the set F' C (1,+00) is defined by
— Fnll
logdens (F) = lim Supu.

r—+00 IOg r

Proposition 1.7. [2] For all H C (1,400) the following statements hold:
(¢) If my (H) = oo, then m (H) = oc;

(i3) If dens (H) > 0, then m (H) = oo;

(#) If log dens (H) > 0, then my (H) = oc.

In [0], the author extended the results of Kwon [[3], Chen and Yang [d]
from second order to higher order linear differential equations by considering
more general conditions to entire coefficients as follows.

Theorem 1.8. [1] Let H be a set of complex numbers satisfying dens{|z| :
z€ H} >0, and let Ag(2),---,Ar—1 (%) be entire functions such that for real
constants a, B, p, where 0 < f < a and p > 0, we have

Ao (2)] > eI
and

A () <P, =1, k-1

as z — oo for z € H. Then every solution f # 0 of equation

k—1
(1.1) FE 43" A D+ Aof =0,

Jj=1

has infinite order and p2 (f) > p.
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Theorem 1.9. [1] Let H be a set of complex numbers satisfying dens{|z| : z €
H} >0, and let Ay (2),- -+, Ax—1(2) be entire functions with max{p (A;) : j =
1, k=1} < p(Ag) = p < 400 such that for real constants o, 5 (0 < f < @),
we have for any given € > 0

4o (2)] = ™"

and

|AJ (Z)| S emZ‘pii’ ]: 17 7k -1

as z — oo for z € H. Then every solution f Z 0 of equation (L) has infinite
order and pa (f) = p(4Aop) .

Very recently, Long and Zhu improved the previous results in [, @, I3,
[®] by studying the growth of meromorphic solutions of higher-order linear
differential equations (L) and

k—1
(1.2) FB 43 Af9 + Aof = F,

j=1

where Ag(z) £ 0, Ay (2),-+-,Ar—1(2) and F (z) # 0 are meromorphic func-
tions. A precise estimation of the hyper-order of meromorphic solutions of
the above equations has been given provided that there exists one dominant
coefficient.

Theorem 1.10. [74] Let E be a set of complex numbers satisfying
mi({|z] : z € E}) = oo, and let Aj(z) (j=0,1,--- ,k—1), be meromorphic
functions. Suppose there exists an integer s, 0 < s < k — 1, satisfying

o0 503 ()} <0 2000 =<

S

and for some constants 0 < B < «, we have, for all € > 0 sufficiently small,
[Aj (2) | <exp (Bl21°7°), 7 # s,

[As (2)| > exp (al2]77)

as z — oo for z € E. Then every nontrivial meromorphic solution f whose
poles are of uniformly bounded multiplicities of equation (I) satisfies pa (f) =

p(As).

For the case of non-homogeneous equation, they get the following result.
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Theorem 1.11. [T4] Let E and A; (2) (j =0,1,--- ,k — 1), be defined as The-
orem I, and let F (z) # 0 be meromorphic function. Suppose there exists an
integer s, 0 < s < k — 1, satisfying

max{p(45) 252 ( 5 ) (P f <A < p(4) = p <o

and for some constants 0 < B < «, we have, for all € > 0 sufficiently small,
[Aj (2)| < exp (Bl2|°7°) . J # s,

[As (2)] > exp (af2]79),

as z — oo for z € E. Then every meromorphic solution f whose poles are of
uniformly bounded multiplicities of equation () satisfies pa (f) = p (As) .

In this paper, we consider for kK > 2 the homogeneous and the non-
homogeneous linear differential equations

(1.3) A (2) f® 4+ Ay (2) fE D 4o Ay (2) f + Ag (2) f =0,

(1.4) A () fP 4+ A1) fF V4 r A (2) f + A (2) f=F(2),

where Ao (2) # 0, A1 (2), -+, Ak (2) # 0 and F (z) # 0 are entire functions
of finite iterated p—order. It is well-known that if Ay (z) = 1, then all solu-
tions of the linear differential equation (IZ3) and () are entire functions but
when Ay is a nonconstant entire function, equation (IZ3) or () can possess
meromorphic solutions. For instance the equation

2f" 43" =27+ ((z=2)e ¥+ (32 —2)e P +2¢7) =0

has a meromorphic solution

We also know that if some of coefficients Ag (2), A1 (2), -+, Ar—1(z) are
transcendental and Ay, (z) = 1, then equation (IZ3) has at least one solution
of infinite order. Recently several authors have investigated the properties
of solutions of equations (I33), () and obtained many results about their
growth, see [, 00, I, 09]. Thus, there arise some interesting questions such
as:

Question 1.1. What conditions on Ag (2), 41 (2), -, A (2) will guarantee
that every solution f # 0 of () and () are of infinite iterated order?

Question 1.2. Can we replace the meromorphic coefficients of equations (1)
and () in Theorem I and Theorem T by entire functions for equations
() and (CA)?
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The main purpose of this paper is to consider the above questions. The
remainder of the paper is organized as follows. In Section 2, we shall show our
main results which improve and extend many results in the above-mentioned
papers, and thus the above questions are answered. Section 3 is for some
lemmas. The last section is for the proofs of our main results.

2. Main results

For equation (I23), our first result is an extension of Theorem ™9 and Theorem
1a.

Theorem 2.1. Let H be a set of complex numbers satisfying log dens{|z| : z €
H} >0 (ormy({|z| : z € H}) = 00) and let Aj (z) (j =0,1,--- k), be entire
functions such that Ai Z 0. Suppose there exists an integer s, 0 < s < k such
that i (As) = p, 0 < p < +0o0, and satisfying

maX{pp(Aj)7 j;ﬁs, j:071>"' 7k} <,U/p(As) Spp(As) < 400

(p > 1 is an integer) and for some constants 0 < B < «, we have, for alle >0
sufficiently small,

|4; (2) | < exp, (B|Z|PP(A3)—5) L jAs,j=01,-- Kk,

1A, (2)] > exp, (a|Z|PP(As)*6) 7

as z — oo for z € H. Then every nontrivial meromorphic solution f of equation
(IR) with A, (%) < pp (f) satisfies i (f) =p+1 and pp+1 (f) = pp (4s) .

When Ay (z) = 1, we obtain the following corollary for entire solutions.

Corollary 2.2. Let H be a set of complex numbers satisfying log dens{|z| :
z€H} >0 (ormy({|z]: 2 € H}) = 0) and let A; (z) (j =0,1,--- ,k—1), be
entire functions. Suppose there exists an integer s, 0 < s < k — 1 such that
i (As) =p, 0 < p < +o0, and satisfying

max{pp(Aj)a J#Sv .7:0717 ak_1}<ﬂp(As)Spp(As)<+oo

(p > 1 is an integer) and for some constants 0 < B < «, we have, for alle >0
sufficiently small,

|AJ (Z>| < epr (ﬂ|z|pp(AS)_E) ) j 7& S,j = 0717' o 7k - 17

1A, (2)] > exp, (a|2|pp(As)—a) :

as z — oo for z € H. Then every nontrivial solution f of equation (IT) satisfies
i(f)=p+1and ppi1(f) = pp (As).
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Corollary 2.3. Let A; (z) (j =0,1,--- ,k), H satisfy all of the hypotheses of
Theorem B, and let ¢ (z) (# 0) be a meromorphic function satisfying i (p) <
p+1 or ppi1 (¢) < pp (As) . Then every meromorphic solution f(z) (£ 0) with

Ap (%) < pp (f) of equation () satisfies ix (f —¢) =i (f —p) =p+1 and
Api1 (f = 9) = Aps1 (f = 0) = pps1 (F = 9) = pp (4s).

Considering nonhomogeneous linear differential equation (IA), we obtain
an extension of Theorem IT.

Theorem 2.4. Let H be a set of complex numbers satisfying log dens{|z| : z €
H} >0 (ormy({|z]: 2 € H}) = 00) and let Aj(z) (j =0,1,--- k), F(2) #0
be entire functions such that A Z 0. Suppose there exists an integer s, 0 <
s <k such that i (As) =p, 0 < p < 400, and satisfying

ma'X{pp(Aj)ﬂ ]7587 ]:()713 >k7 pp(F)}<,up(As) Spp(AS) <+OO,

(p > 1 is an integer) and for some constants 0 < B < «, we have, for alle >0
sufficiently small,

|45 (2)| < exp, (ﬂ|Z|Pp(As)—€) L j# s, =01,k

|AS (Z) | > exp,, (Oz|z|pP(As)*€) ,
as z — oo for z € H. Then every meromorphic solution [ of equation ()

with A, (%) < pp (f) satisfies Aps1 (f) = Aps1 (f) = ppr1 (f) = pp (As) .

When Ay, (2) = 1, we obtain the following corollary for entire solutions.

Corollary 2.5. Let H be a set of complex numbers satisfying log dens{|z| :
ze€ H} >0 (ormi({|z] : 2z € H}) = 00) and let A;(z) (j=0,1,--- ,k—1),
F (z) £ 0 be entire functions. Suppose there exists an integer s, 0 < s <k —1
such that i (As) = p, 0 < p < +o00, and satisfying

max{pp(Aj)a .77é87 jZO,l,“- ,]{3—17 pp(F)} <Mp(As> Spp(As) < 00,

(p > 1 is an integer) and for some constants 0 < B < «, we have, for alle >0
sufficiently small,

|A; (2) | < exp, <5|z|pp(As)fs) L iAs =01, k1,
4 ()] = exp, (a2l A7)

as z — oo for z € H. Then every solution f of equation (I2) satisfies \p11 (f) =
Api1 (F) = ppr1 (f) = pp (As) -

Corollary 2.6. Let A; (z) (j =0,1,--- k), F(z), H satisfy all of the hypoth-
esis of Theorem B4, and let ¢ (z) (£ 0) be a meromorphic function satisfying
i(p) <p+1orppr1(p) < pp(As). Then every meromorphic solution f(z)

with A\ (%) < pp (f) of equation (IA) satisfies ix (f — ) =ix (f—¢) =p+1
and Xpﬂ (f=®) =211 (f =) = pps1 (f — ) = pp (As) -
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3. Preliminary lemmas
Our proofs depend mainly upon the following lemmas.

Lemma 3.1. [i] Let f be a transcendental meromorphic function in the plane,
and let > 1 be a given constant. Then there exist a set E1 C (1,400) that has
a finite logarithmic measure, and a constant B > 0 depending only on a and
(m,n) (m,n €{0,1,--- ,k}) m < n such that for all z with |z| = r & [0, 1JUE},
we have

(2)

7o T
e

<B (lf’f)(log“ r)log T (pr, f))nm-

By using similar proof of Lemma 3.5 in [['7], we easily obtain the following
lemma when p, (f) = pp (9) = +oc.

Lemma 3.2. Let f(2) = 58 be a meromorphic function, where g (z), d(z)
are entire functions of finite iterated order satisfying p, (g) = pp (f) = p <
pp () =pp(g) < 400, 0 < p < 400, i(d) <p orp,(d) < p. Let z be a point
with |z| = r at which |g (z)| = M (r,g) and vy (r) denote be the central index
of g. Then the estimation

1) (N
= () oy nz

holds for all |z| = r outside a set Eqy of v of finite logarithmic measure.

Lemma 3.3. [3] Let g(z) be an entire function of finite iterated order satisfying

i(9) =P+ 1, ppi1(9) = pin(9) = ¢+ 1, pgr1(9) = p, 0 < p,q < oo, and let
vg (1) be the central index of g. Then we have

lmsup 81V () gl Ve (1)
oo log r e log r '

Lemma 3.4. [8] Let ¢ : [0,4+00) — R and ¢ : [0,+00) — R be monotone
nondecreasing functions such that o(r) < (r) for all r ¢ (E5U[0,1]), where
Es is a set of finite logarithmic measure. Let o > 1 be a given constant. Then
there exists an r1 = r1(a) > 0 such that o(r) < ¥(ar) for all r > rq.

Lemma 3.5. [10] Let p > 1 be an integer and let f (z) = ZE;; be a meromorphic

function, where g (z), d (z) are entire functions satisfying pp, (9) = pp (f) = p <
pp (f) = pp(g) < 400, 0 < p < 400, pp(d) = Ap <%) = B < u. Then there
exists a set By of finite logarithmic measure such that for oll |z| = r ¢ Ey and
lg (2)| = M (r,g) and for r sufficiently large, we have

’ f(z)

<7r? (s is an integer).

(z
7O ()
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Lemma 3.6. [i] Let p > 1 be an integer, and let f (z) be an entire function
such that i (f) = p, pp (f) = p < +o0. Then, there exists a set E5 C (1,400)
of r of finite linear measure such that for any given € > 0, we have

exp {—exp,_ {r"7°}} <[f(2)] < exp, {177} (r ¢ E5).

Lemma 3.7. [1] Let A;(z) (j=0,1,--- ,k), F(2)(#0) be meromorphic
functions and let f(z) be a meromorphic solution of (ILA) satisfying one of
the following conditions:

() oo (i (F) =p. 1 (4)) (= 0.1+ B} < () =p+10 <p < +20).

(i6) b = max {pp+1 (F), pp+1(4;) (J 0,1, ,k)} < ppy1 (f), then \py1(f) =
Ap+1(f) = pp+1 (f) -

Lemma 3.8. Let f(2) = 38 be a meromorphic function, where g (2), d(z)

are entire functions. If 0 < py, (d) < pp (f), then p, (g) = pp (f) and pp (9) =
pp (f) - Moreover, if py (f) = +o0, then ppi1(g) = pp+1 (f) -

Proof. We divided into the following three cases.

Case 1. p,(f) < +4oo. By definition of the iterated order, there exists an
increasing sequence {r, }, (r, — +00) and a positive integer ng such that for all
n > ng and for any given ¢ € (O7 M) (as 0 < pp (d) < pp (f) < pp (),
such that

(3.1) T (1, f) 2 exp,y {10},
and
(3.2) T (rn,d) <exp, 4 {rﬁp(d)"’E} .

Since T'(r, f) < T(r,g) + T(r,d) + O(1), we get, for all sufficiently large n,
(3.3) exp,_1 {rﬁp(f)_a} <T(rn,g) +exp,_q {Tﬁp(d)+5} +0(1).
Since € € (0 M) , then (B33) becomes

(1= o (D) exp,_, {rr =2} < T, 9) + O(1),
for all sufficiently large n. Hence

pp(f)fﬁp(ﬂ)-

On the other hand, since T'(r,g) < T(r, f) +T(r,d), and p, (d) < p, (f), so we
obtain

pp (9) < pp (f).

Therefore, we get p, (9) = pp (f). By using the similar way above and the
definition of iterated lower p-order p, (f) and p, (g), we can prove

Mp<g>zﬂp<f)~
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Case 2. p, (f) = +o00. Suppose on the contrary to the assertion that u, (g) <
tp (f). We aim for a contradiction. By the definition of iterated lower p-order,
there exists an increasing sequence {r,}, (1, — +o0) and a positive integer ng
such that for all n > ng and for any given € > 0

T(r1,) < expy {rir @) T(r,,d) < exp,, {rier @<,
Since T(rp, f) < T(rn,g) + T(rn,d) + O(1), we get, for all sufficiently large n,

T(rn, ) < exp,_y {rir@+<} 4 exp, , {rr @<} 1 0(1),

hence p, (f) < max{u, (9), pp (d)} . This is a contradiction with our assump-
tion.

Case 3. pp(f) < +oo0 and p,(f) = +o0o. By using the similar way in proving
Cases 1 and 2, we can prove Case 3.

Finally, we will prove ppi1(9) = pp+1 (f). Suppose that p, (f) = +oo.
Then there exists an increasing sequence {r,}, (r, — +00), such that

. 10g;+1 T (rn, f)
pp+1 (f) = nlgfc}o T logr,

Combining p, (d) < p, (f) and the definitions of the iterated p-order and the
iterated lower p-order, we get

T (rn,d
lim (rn, d)

A T )

Then, there exists a positive integer N, such that for n > N

Thus, pp+1 (f) < pp+1(g) . By using the similar way in proving Case 1, since
T(r,g) <T(r,f)+T(r,d), then there exists a positive integer N, such that for
n>N

T(rn,g) <2T(rp, ).

Hence, pp+1(9) < ppt1 (f) . Therefore ppi1 (f) = pps1(9) - O
Remark 3.9. Lemma B8 was obtained for p = 1 by Long and Zhu in [I5].

4. Proof of Theorems and Corollaries
Proof of Theorem 2.
Proof. By ([3), we have

f(j)
a

f k
(4.1) |As| < ‘f(s) |Ao| + E |45
=1

J#s
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Using Lemma B, there exists a set Ey C (0, +00) with m(E;) < oo and a
constant B > 0, such that for all z satisfying |z| = r ¢ E;

19 (2)

(4.2) <B[T@2r, )], j=1,2,-- k, j#s.

By Lemma B33, there exists a set E4 of finite logarithmic measure such that for
all |z| =7 ¢ E4 and |g (2) | = M (r,g) and for r sufficiently large

2s
;

(4.3)

7@ (2)

where g (z) is an entire function satisfying p, (9) = pp (f) = 1 < pp (f) =
pp (g) < 400, 0 < p < 400. By the hypotheses of Theorem B, there exists a
set H with logdens{|z| : z € H} > 0 (or my({|z] : z € H}) = o0) such that for
all z € H as z — oo, we have

(44) |AJ (Z) ‘ < epr (6|Z|pp(AS)_E) ’ .7 7é S?j = 07 17 U 7k

(4.5) |As (2) | > exp, (a|z|pP(AS)_E) .

Set Hy = {|z| : z € HI\(E1UE}), so m; (Hy) = co. It follows from (E21), (E22),
(E33), (22) and (B3) that for all z satisfying |z| = r € H; and |g(z)| = M(r, g),

exp, (a|z|pp(A5)7€> < kBr2 (T (2r, )+ exp, (5|z|pp(As)fe) ,
using 0 < § < «, we obtain
(4.6)  exp ((1=o0(1)exp,y (als74)7¢) ) < kBr2 (T (21, )
It follows from (AM) and Lemma B2

pp (As) < ppi1 (f)-

On the other hand, by the hypotheses of Theorem B, for sufficiently large r,
we have

(47) ‘A] (Z) | < €XPyp (TPP(AS)+E) ’ .7 7é 5, .7 = 07 17 e 5k

and by Lemma B®, for any given ¢ > 0, there exists a set E5 C (1,+00) of
finite linear measure, such that for all z satisfying |z| = r ¢ F5 we obtain
(4.8)

Ay (2)] > exp {_ exp,_, (Tppmk)ﬁ) } > exp {_ exp, 4 (rpp<As>+€) } .

It follows by (I=3) that

(®) (5
(4.9) ‘f @) 4o (2))]

S 19 ()
|Ak Z:: @)1 f(2)
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By Hadamard factorization theorem, we can write f as f(z) = 28, where g(z)

and d(z) are entire functions of finite iterated order satisfying p, (g) = pp (f) <

P (F) = 0y (9) < +00, 0 < p < +00, i (d) < por py (d) = Ay (d) = Ny ($) <
tp (f). By Lemma B2, there exists a set Ey of finite logarithmic measure such
that for all z satisfying |z| = r ¢ E5 at which |g (2) | = M (r, g) we have

S _ (v o i1
(4.10) ) —( . ) 140(),j=1,---,k
By substituting (£77), (=8) and (E10) into (E9), we obtain
v (1)

z

k
[1+0(1)

1 k—1

exp {— exp,_1 (rpp +E —

J
vy (1) !
z

”g

IN

k—1

-1y

Jj=1

(D] +1pexp {2 exp,_1 (TPP(ASH'E)} :

Hence
(411) Iy I+ o (D] < k¥ [1+ o (1)]exp {2exp,_, (r479) ],

for all z satisfying |z| = r ¢ ([0,1] U Ex U E5) and |g (2) | = M (r,g), r — +o0.
By (11) and Lemma B3, we get

1
(4.12) lim sup M

< py (Ag) +e.
r——+o00 IOgT _pp( )+6

Since € > 0 is arbitrary, by (E12) and Lemma B=3, we obtain

Pp (AS) > Pp+1 (g)

since p, (d) < pp, (f), so by Lemma BR we have p,11 (g) = pp+1 (f) . This and

the fact that p, (As) < ppt1 (f) yield ppi1 (f) = pp (As) and i(f) = p+ 1.
Theorem 2 is thus proved. O

Proof of Corollary 223.

Proof. Setting h = f — ¢ such that i (¢) < p+1 or pp11(p) < pp (4s). By
Theorem P, we have i (f) = p+1 and pp41 (f) = pp (As) . Using the properties
of iterated order, we get ppi1 (h) = pp+1 (f) = pp (As) . By substituting f =
h + ¢ into (I=3), we obtain

Ap (2) )+ A1 (2)RFY o 4 Ay (2) W+ A (2) b

(D] +1 pexp, (rpp(As)-i-E)
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(413)  =- <Ak (2) @™ + Ap1 (2) @5 4o+ A1 (2) @ + Ao (2) W) :

Set K (2) = Ak (2) @+ 451 (2) 9F Dt 4 A1 (2) @'+ 40 (2) . i () < pt
1or ppi1 () < pp (As) , then by Theorem P71, we deduce that ¢ is not a solution
of equation (I3), implying that K (z) # 0, and in this case we have p,41 (K) <

po+1 () < pp (As) = pp+1 (f) , so max{ppy1 (K), ppi1(4;) (G =0,1,---,k)}
< pp+1 () = pp (As) and by Lemma B4, we obtain iy (f —¢) = ix (f —¢) =

p+Land Xyt (F = ) = At (F = ) = ppis (F — @) = py (A4). O

Proof of Theorem 2Z34.

Proof. By (), we have

W& ' ' (2) ‘F(Z)
4.14 A ( + Ao (2) | +
i |Fl s Z‘ ey | T @It
By Hadamard factorization theorem, we can write f as f(z) = 387 where

g(z) and d(z) are entire functions of finite iterated order satisfying u, (¢9) =
tp (f) < pp (f) = pp(g) < 400, 0 < p < +00, i(d) < porp,(d) =, (d) =
A (4
measure such that for all z satisfying |z| = r ¢ Ey at which |g(2)| = M (r,g)
we have (B0I0). By the hypotheses of Theorem P4 and Lemma B, for any
given € > 0, there exists a set F5 C (1,+00) of a finite linear measure, such
that for all z satisfying |z| =r ¢ Ej5

(4.15)

46 ()12 exp {—exp, 1 (7494) } = exp {—exp, , (rea+)).

) < ptp (f). By Lemma B2, there exists a set Es of finite logarithmic

On the other hand, for sufficiently large r, we have

@16) |P()] < expy (1) 1y ()] < expy (12 407)
j#sv .7:03]-, ;k~

So, for any given € (0 < 2e < p,(g9) — pp(d)) and sufficiently large r, we obtain

‘F(Z) [F(2)d(2)| _ |F(2)]]d(2)]
f(z) l9(2)] M(r,g)

exp, (1774 +%) exp, (12704 e
(4.17) < o, (A -2) < exp, (,, (A)+ )

By substituting (E10), (E1H), (E16) and (EI4) into (BId), for z satisfying



14 Saidani Mansouria, Benharrat Belaidi

|z| =7 ¢ ([0,1] UE;UE5), r — 400 and |g(z) | = M (r,g) , we have

vy (r)[*
2O 14 o)
k—1 ;
1 vy (r) !
< g 1+o0(1)]+25ex (TPP(ASHE)
- exp{—expp_1 (TpP(AS)JFE)} e | (1] Pp
k—1 §
= Z vy (7) 1+0(1)|+2 exp{Zepr_1 (er(ASHE)}.
j=1
Hence

(4.18) vy (M|t +0(1)] < (+1)r* |1+ 0(1)|exp {2 exp,_; (r”P(AS)+E) } )

for all z satisfying |z| =7 ¢ ([0,1]UE2 U Es5) and |g (2)| = M (r,g) , r — +o00.
By (EO8) and Lemma B4, we get

lo vy (r
(4.19) lim sup M

< As) +e.
e log 7 = Pp (As)

Since € (0 < 2e < up(g) — pp(d)) is arbitrary, by (E19) and Lemma B33, we
obtain

Pp (As) > Pp+1 (9)

since p, (d) < pp (f), so by Lemma BR we have ppi1(9) = pp+1 (f), hence
Pp+1 (f) < pp (As) . On the other hand, by (), we have

f(j) ’
. Ayl < 1.
(4.20) |[As] < ‘ 7

’F (2)
f(z)

k

+140l + > 1451
j=1
Jj#s

f
7®

Using Lemma B, there exists a set E1 C (0,400) with m(E;) < 400 and a
constant B > 0, such that for all z satisfying |z| = r ¢ E;

f(j) (2)
f(z)

By Lemma B33, there exists a set 4 of finite logarithmic measure such that for
all |z| =7 ¢ E4 and |g (2) | = M (r,g) and for r sufficiently large

<BIT@r N, j=1,2,-- k, j#s.

(4.21) ‘

2s

f(z)
(4.22) 'f(s) &

By the hypotheses of Theorem B3, there exists a set H with logdens{|z| :
z€ H} >0 (or m({|z]| : z € H}) = 00) such that for all z € H, we have (£4)
and (E3H) hold. Set Hy = {|z]:z€ H}\ (E1UEy), so m; (H;) = co. By
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substituting (£32), (23), (E—17), (=20 ) and (722) into (E20), for z satisfying
|zl =r € Hy, r — +o0 and |g(2) | = M (r,g) , we have

exp, (alz]7(497F) < (k+ 1) Br2* (T (2, ) exp,, (82174 9))
using 0 < 8 < «, we obtain
(4.23) exp ((1 —o(1))exp,_, (a|z|pP(A5) )) < (k+1) Br® (T (2r, f))**".
It follow from (E=23) and Lemma B2

Pp (4s) < Pp+1 (f)-

This and the fact that p, (As) > ppy1 (f) yield pp (As) = pp+1 (f) and i (f) =

p+1. Since max {ppi1 (F), pps1(4;) (G =0,1,--- ,k)} < ppia (f) = pp (As),
then max {i (F) , i (A7) (j = 0,1, 1K)} < i (f) = p+1(0 < p < +00), by
Lemma B2, we obtain Ap41(f) = Apy1(f) = pp+1 (f) = pp (As) . Theorem 22
is thus proved.

O

Proof of Corollary Z®.

Proof. Setting h = f — ¢ such that i (¢) < p+1 or ppy1(p) < pp (4s). By
Theorem 24, we have i (f) = p+1 and pp41 (f) = pp (As) . Using the properties
of iterated order, we get ppi1 (h) = pp+1 (f) = pp (As) . By substituting f =
h + ¢ into (IA), we get

A ()% 4 Ay ()WY o Ay (2) W 4+ Ag (2) R

(424) = F (2)= (A () 99 + Ay () 570 o+ A1 (2) 0 + Ao () )

Set G () = F (2)— (A (=) o + A1 (2) p®D 4o+ Ay (2) ' + Ay (2) )
Ifi(p) <p+4+1orppi1(p) < pp(As), then by Theorem P4, we deduce that
© is not a solution of equation (), implying that G (z) # 0, and in this
case we have ppi1(G) < ppi1 () < pp(As) = pp+1(f), so max{p,41 (G),
pp+1(A;) (G =0,1,--  k)} < ppr1(f) = pp(As) and by Lemma B, we ob-
tain ix (f —¢) = ix(f—¢) = p+1and M1 (f =) = M (f—¢) =
pp1 (f —¢) = pp (4s) . [
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