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Abstract. In this paper, we give a generalization of results of F. Qi [1].
We obtain by using a short proof, the following inequality between the sum
of power and the exponential of sum of nonnegative sequence

where p > 1, n > 2, x; > 0 for 1 < ¢ < n, and the constant ;—z is the best
possible.

1 INTRODUCTION

In [1], F. QI proved the following:

Theorem A For (1,2

.....

2 n n
ez ' ? < exp (Z xz) , (1.1)

is valid. Fquality in (1.1) holds if x; = 2 for some given 1 < i < n and
xz; =0 forall 1 < j <n with j # 1. So, the constant % in (1.1) is the best
possible.



Theorem B Let {z;};-, be a nonnegative sequence such that » . | x; < oo.

Then
2 o o
%vaf < exp (Z xz> : (1.2)
i=1 i=1

Equality in (1.2) holds if x; = 2 for some given i € N and z; = 0 for all
J € N with j #i. So, the constant % in (1.2) is the best possible.

The aim of this paper is to give a generalization of inequality (1.1) and (1.2).

For our own convenience, we introduce the following notations:

0,00)" £ [0,00) x [0, 00) X .. x [0,00) (1.3)

n times

and
(0,00)" £ (0,00) x (0,00) .. x (0, 00) (1.4)

J

Vv
n times

for n € N, where N denotes the set of all positive integers.
The main results of this paper are the following theorems.

Theorem 1.1 Let p > 1 be a real number. For (x1,zs _x,) € [0,00)" and

n > 2, inequality
ep n n
— xp < exp x|, (1.5)

is valid. Equality in (1. 5) holds if x; = p for some given 1 < i < n and
=0 for all 1 < j < n with j #i. So, the constant —z in (1.5) is the best
posszble

Theorem 1.2 Let {z;};-, be a nonnegative sequence such that Z x; < 00
i=1
and p > 1 1s a real number. Then

;—Z a? <exp (Z xl) : (1.6)



FEquality in (1.6) holds if x; = p for some given i € N and x; = 0 for all
j € N with j #i. So, the constant ;—p in (1.6) is the best possible.

P

Remark 1.1 In general we can’t found 0 < p,, < oo, and A, € R such that

Proof. We suppose that there exists 0 < u,, < 0o, and A, € R such that

exp (i x) <ty zn:ﬁ"
=1 =1

Then for (z1,1,...,1), we obtain as x; — +00

1<e ™, (n—1+ mi‘") e " — 0.

This is a contradiction.

Remark 1.2 Taking p = 2 in Theorems 1.1, 1.2 easily leads to Theorems A,
B.

Remark 1.3 Inequality (1.5), can be rewritten as

ep n n
p =1 =1
or
ep »
p |z, < exp |z, (1.8)

where x = (71,23, ..., z,) and |||, denotes the p-norm.

Remark 1.4 Inequality (1.6) can be rewritten as

which is equivalent to inequality (1.8) for z = (z1, 22, ...) € [0,00)™ .
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Remark 1.5 Taking z; = % for i € Nin (1.5) and rearranging gives

n

1 "1
p—plnp+1n<§ Z,—p) §§ - (1.10)
=1

i=1
Taking x; = Zi for i € Nand s > 1 in (1.6) and rearranging gives

[e.e]

1 1
p—plnp—i—ln(Zi].TS):p—plnp—l—lng(ps)gz,—szg(s), (1.11)
i=1

- 7
=1

where ¢ denotes the well-known Riemann Zéta function.

2 Lemmas

Lemma 2.1 For x € [0,00), p > 1, inequality

ep
—aP < e, (2.1)
p

is valid. Equality in (2.1) holds if © = p. So, the constant ;—Z in (2.1) is the
best possible.

Proof. Let f(x) = plnz — 2z on the set (0,00), it is easy to obtain that
the function f has a maximal point x = p and the maximal value equals
f(p) = plnp — p. Then, we obtain (2.1). It is clear that inequality (2.1)
holds also at z = 0.

Lemma 2.2 Let p > 1 be a real number. For (xi,xs
n > 2, inequality

77777

n n p
fo < (Z .rl) , 2.2
i=1 i=1

18 valid.



Proof. First we prove (2.2) for n = 2. We have for any (z1,x2) # (0,0)

{ Tt <1 (2.3)

T2
T]+x9 Sl

Then, by p > 1 we get

2 \Pe_ =
(r1+12) —x1tag (24)
(o2 <o

x]+x9 —xz]+x9

By addition from (2.4), we obtain

o+ ah < (a1 + 29)". (2.5)

It is clear that inequality (2.5) holds also at the point (0,0).
Now we suppose that

n n p
wa < (Z 9(:2) (2.6)
i=1 i=1
and we prove that
n+1 n+1 p
fo < (Z xz> : (2.7)
i=1 i=1
We have by (2.5)
n+1 p n D n D
i=1 i=1 i=1
and by (2.6) and (2.8), we obtain
n+1 n n p n+1 p
doal =Y al+ah,, < (Z az) +ah,, < (Z w) : (2.9)
i=1 i=1 i=1 i=1

Then for all n > 2 we have (2.2) holds.



3 Proofs of Theorems

Now we are in a position to prove our theorems.

T,) € [0,00)", we put x = 3 x;. Then
=1

Proof of Theorem 1.1 For (x1, x5

by (2.1), we have

.....

n p n
ep
2 (3o <o (320
pr (il > (il
and by (2.2) we obtain (1.5).

Proof of Theorem 1.2 This can be concluded by letting n — +oc in the
Theorem 1.1.
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